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In order to manipulate Bose—Einstein condensatedifi@rent applications,
it is important to study and control their respotsdime-dependent changes of
the confining fields. A natural approach to avoiddesired excitations is to
modify the trap adiabatically, i.e. very slowly, 8@t, if the initial state is in the
ground state the final state will be the groundests well. However, this may
require very long times and become impractical.sThatural objective is to cut
down the time to arrive at the same final stategtiver words, to find shortcuts to
adiabaticity, by designing optimal adiabatic patiisva

In this thesis, fast frictionless expansion for wjry Bose—Einstein
condensates described by the Gross—Pitaevskiiggaiation is investigated. It is
shown that fast frictionless expansion can be gdized to a condensate
continuously replenished by pumping from the reservOur formalism is

applied to the harmonically trapped condensateaanajptical lattice.

Key Words: Bose—Einstein condensates, harmonically trappediersate, an
optical lattice, shortcuts to adiabaticity.



OZET

Doktora Tezi

ULTRASOGUK GAZLARDA AD IYABAT iKL iK ICiN KISAYOLLAR

Zalihe OZCAKMAKLI

Anadolu Universitesi
Fen Bilimleri Enstituisu
Fizik Anabilim Dali

Danisman: Dog. Dr. Cem YUCE
2013, 102 sayfa

Bose-Einstein ygusmasinin kontrolinde ©6nemli olan gmanin
uygulanan tuzaklama alanlarinin zamanglibdegisimine olan tepkisini kontrol
altina almaktir.istenmeyen uyariimalardan kacinmak icin fumaadiyabatik
olarak yani ¢cok yawadesistiriimesi dagzal bir yaklgimdir. Boylece ger sistem
baslangicta taban durumunda ise son durumu da tabamauolacaktir. Ancak
bu durum cok uzun zaman gerektirebilir ve bu silkeltanissiz hale gelir. Bu
nedenle ayni son duruma gii@ak icin zamani kisaltmak gal bir amagtir, bir
baska deysle, ama¢ en uygun adiyabatik geciyollarini tasarlayarak
adiyabatiklgin kisa yolunu bulmaktir.

Bu tez de, Gross-Pitaevskii g@ma denklemi ile tanimlanan icegdi
parcacik sayisi artan Bose-Einsteingygnasi icin hizli sirtinmesiz gegiee
arggtinldi. Hizl strtinmesiz gergmenin, rezervuardan pompalanan parcaciklarla
surekli artmasi <gganan y@usmaya genellgirilebilecesi gosterildi. Bu
formulasyonu sirasiyla harmonik olarak tuzaklangmogusma icin ve optik orgu
icin uygulandi.

Anahtar So6zcukler: Bose—Einstein ygusmasi, harmonik olarak tuzaklanmi

yogusma, optik 6rgu, adiyabatildin kisa yolu
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1. INTRODUCTION

It is desirable to control the quantum systems uanqum mechanics. A
standard operation to control the quantum systemsists in changing the
external parameters of the Hamiltonian. In many esasthe optimal
transformations from an initial to a final paramretenfiguration are the ones that
do not induce any transitions [1, 2]. The standanidtion to this requirement is to
perform the changes “adiabatically’. In quantum haegcs, the evolution of a
system described by a time-dependent Hamiltomén is adiabatic when the
transition probabilities between the instantanesigenstates dfl are negligible.
This happens wheRl is time-independent, or when its rate of changslasv
compared to the typical time-scales involved [3, 4]

Even adiabatic techniques are typically slow [Shilev experimentalist
physicists are often constrained by finite lifetsner coherence times of their
samples. This motivated the investigation for fashemes reproducing or
approaching adiabatic transformations. Some methads minimization
techniques to optimize the transition to a targates[6, 7], in contrast other
methods provide the exact same state that woul@ l@en reached after an
adiabatic transformation [8]. The latter technigaéled as fast frictionless process
or shortcut to adiabaticity and many physicists ptgntion to this research [9-
31]. Fast frictionless expansion of harmonicalbpped ultracol§’Rbatoms was
experimentally realized [13, 14]. In the experim§it], a 3D interacting Bose-
Einstein condensate (BEC) confined in an anisotroparmonic trap is
decompressed in a time comparable to the finalatamlapping period. The
technique is based on engineering the time depéndarameters of the
Hamiltonian. Recently, nearly perfect fidelity fatwo-level quantum system was
achieved experimentally [15]. Choi et al. discusieat optimal cooling of an
atomic species may be obtained by means of synipatt@oling with another
species whose trapping frequency is dynamicallynghd to maintain constancy
of the Lewis-Riesenfeld adiabatic invariant [16&sEfrictionless expansion of an
optical lattice was investigated in [17].



Shortcut to adiabaticity offer many hopeful resbaand application ways
with practical and elementary implications. Actyalhortcut to adiabaticity open
interesting prospects to improve quantum inforrmadad technology operations,
by implementing new fast and robust transport gra@sion approaches, internal
state manipulations, and cooling protocols. Nucteagnetic resonance is another
field where developing ideal pulses may take addgamtfrom shortcut to
adiabaticity. In this thesis, an overview of recemark on shorcuts to adiabaticity
covering a broad span of methods and physical mgsteill be presented and
shortcut to adiabaticity for growing condensatd té studied.

In this thesis, we will investigate the possipilibf fast frictionless
expansion for a condensate with variable numbepasticles. The condensate
growth by particle injection was experimentallylized with *Na [32], ‘Li [33]
and®'Rb[34]. Several methods have been introduced thieatistto account for
the growth of Bose-Einstein condensate [35—-40]. WMe use Gross-Pitaevskii
gain equation to study fast frictionless expandmmboth harmonically trapped
condensate and an optical lattice. We will show ¢heorrect choice of expansion
trajectory allows us to get a final adiabatic statea non-adiabatic way for the
growing condensate.

This thesis is divided into four chapters: thestfione contains the
background needed to address the physics of Bosgteiii condensates of neutral
atoms, both from the theoretical and experimentahtpof view. Its first section
gives a remainder of basic statistical physics. $tress is put on the results
providing experimental tools. The basic equatiossful to the description of
BECs in various geometries are given. The most napb techniques used to
produce BECs are presented: laser cooling and -fesljpency evaporative
cooling in a magnetic trap.

The second chapter details the study of shortouggliabaticity with both a
very dilute normal gas, which can be consideredljdend a dense interacting
Bose-Einstein condensate. This chapter contairtsthebretical and experimental
information of shortcuts to adiabaticity. Summarigiof the investigations up to
now on shortcuts to adiabaticity is also given Ins tchapter. We overview

different methods which used by researchers toimlsiaortcuts to adibaticity.



And at the end of this chapter, we will detail esipmental procedure of the
experimental realization of shortcuts to adibaticit
Chapter three contains our study of shortcutsdiabaticity. Differently

from the literature we will generalize fast frigtiless expansion to growing
condensates. Firstly, we will obtain the generaimi@ism and then apply it
specifically to a harmonically trapped condensatel an optical lattice. The
problem of harmonically trapped condensate is itigated in two cases, first one
is studied with Thomas-Fermi approximation andhie second one we will look
for the conditions for the fast frictionless progesf the condensate without
omitting the kinetic energy.

The last chapter is concerned with the resultsunfstudy. Interpretation of

calculations is given in this chapter.



2. THEORETICAL BASICS

There are two main purposes of this chapter. Kirsil gives the
fundamental theoretical information needed to desecand analyze the objects
which we are going to work with: trapped cold gaskseutral atoms. Secondly,
it gives a general review of the main experimem¢ghniques used to produce

such ultracold gases.

2.1. Bose-Einstein Condensation

Quantum statistics is governed by the principleinofistinguishability of
identical particles. The indistinguishability ofeidtical particles, which is the fact
that the measurable quantities should not changmwime positions of any two
particles are swapped, together with the laws @ntium mechanics lead to the
striking fact that quantum particles can be dividetb two main categories:
bosons, for which the many-body wave function ishamged by the exchange of
two particles, and fermions, for which the wavedtimn changes sign. Bosons
obey Bose-Einstein statistics in which there isrestriction on the occupation
number of any single-particle state. Fermions dbayni-Dirac statistics in which
not more than one particle can occupy any singiagba state.

The spin-statistics theorem [41] emphasizes thafiges with half-integer
spins are fermions, whereas particles with an ertegin are bosons.

Shortly, two identical neutral atoms whose nutiave an even number of
neutrons (such that they are bosons) can be gbheaame position in space and
with the same velocity, pointing in the same dimtt(same state). On the
contrary, neutral atoms with odd number of neutrobgy Pauli’'s exclusion
principle: they can not be in the same state.

Bose-Einstein condensation was first proposed #eearetical concept in
the last century. Albert Einstein was impressedbge’ s work and extended it to
a gas of massive, noninteracting particles [42]nsEgin realized that for
sufficiently low tempratures a large fraction ofrjpdes would “condense” into

the lowest energy state and hence behave all irsdh@e manner. The idea of



Bose-Einstein condensation was born and searchttifophenomenon began. In
1980s, laser and magnetic based cooling technigees developed that allowed
experimentalists to cool dilute gases of neutrahat down to extremely low
temperatures [43, 44].

In 1995 Bose-Einstein condensation in dilute algases was achieved for
the first time in a series of experiments using iBuim in the group of Eric
Cornell and Carl Wieman, Lithium in the group ofridall Hulet and Sodium in
the group of Ketterle [45-47].

2.2. Theory of the Bose-Einstein Condensates

In the present subsection we will give general nmiation about the
structure of the Bose-Einstein condensed statbarptesence of interactions. In
the following we will firstly discuss the Gross-&atvskii equation [48], which
describes the zero-temperature properties of timeundorm Bose gas when the
scattering lengtla is much less than the mean interparticle spa&@egondly, the

Thomas-Fermi approximation will be examined.

2.2.1. The Gross-Pitaevskii Equation

The equation that controls the actions of all thepprties of Bose-Einstein
condensates of dilute atomic gases is the inteiguatnany-body Schrédinger
equation. The many-body Schrédinger equation ig déficult to solve, even for
few particles, and approximations are absolutebessary.

Definitely the most popular of these approximatimethods is the famous
Gross-Pitaevskii theory which was developed inddpatly by Gross and
Pitaevskii in 1961. The Gross-Pitaevskii equat®derived as a special case of a
more general method to solve the many-body Schgédirequation [49]. It is
possible to explore inhomogeneous, interacting eosdtes in arbitrary trap
geometries with using Gross-Pitaevskii theory.

Now let us overview the Gross-Pitaevskii theory.cbordinate space the

effective interaction between two particles at l@mergies corresponds to a



contact interactiod ,o(r —r' ,)U, = 47/::°a/m, wherer andr' are the positions

of the two patrticles [50]. In the fully condensadts, all bosons are in the same

single-particle stateg(r), and therefore we may write the wave functionhefN-

particle system as
N
LP(rl, r2’---"’N) = I_J ﬂri) . (2.1)
1=
The single-particle wave functiog(r; i3 normalized as below,

[drgn) =1. 2.2)

After all the effective Hamiltonian can be writtaa

H =iz=l:[%+V(ri)}+U025(ri =), (2.3)

i<j

whereV ( )is the external potential. Hence the energy ofstiage (2.1) is given

by

(N-1)
2

E= der h—|l:|qa(r)|2 +V()|@r)|” + Uolan)[* |- (2.4)
2m

Let us explain the terms in the parenthesis, ttst fierm is kinetic energy of the
condensate, the second is the trap energy andhifte dne is the interaction
energy.

In the following we will consider a uniform Bosag In a uniform system

the interaction energy of a pair of particledUg/V , whereV is the volume of

the system. The energy of state witlbosons all in the same state is this quantity



multiplied by the number of possible ways of makpajrs of bosondN(N-1)/2.
In this approximation, the energy is

_N(N-D) |
Y,

E 0= %Vnzu0 : (2.5)

wheren= N/V . Here we have assumed thi&t>1.

The wave function of the condensed state is defased

w(r)=N"2g(r), (2.6)
and hence the density of particles is given by

n(r) =ly(r)’ (2.7)

After neglecting the terms of ordemMl/the energy of the system may be written

as,
E@) = dr[%lﬂw(r)lz VO Of +%Uolw(r)l“} @9

In order to obtain the optimal form fag, we minimize the above energy with
respect tog/(r) and its complex conjugate. Here we have a constthat the

total number of particleN is conserved
N = jdr\w(r)z\. (2.9)

The constraint is favorably determined by the mdtbbLagrange multipliers. It

can be written agkE — AN = Owhere the chemical potential is the Lagrange

multiplier. 4 chemical potential ensures constancy of the pamiember and the

variations of ¢y and ¢¢° may thus be taken to be arbitrary. This process is



equivalent to minimizing the quantiti — 4N at fixed x. Equating to zero the

variation of E— 4N with respect toy’ (r) gives the time-independent Gross-

Pitaevskii equation

— D)V ORE) U Y0 = iy (). (2.10)

The Gross-Pitaevskii equation is Schrodinger eqoan which the potential
energy is the sum of the external potential and-lm@ar interacting term. For
non-interacting particles all in the same statecti@mical potential is equal to the

energy per particle, but for interacting partidteis not.
2.2.2. Thomas-Fermi Approximation

If the number of particles in a gas is very large,accurate expression for
the ground-state energy may be obtained by negtettie kinetic energy term in
the Gross-Pitaevskii equation. Let us give an examop the harmonically trap
condensate [50], when the number of atoms is langkinteractions are repulsive,
the ratio of kinetic to interaction energy is sm&lecause of the large number of
atoms the interatomic interaction becomes largéefier approximation for the
condensate wave function for the large clouds maylbtained by solving the
Gross-Pitaevskii equation, neglecting the kinetiergy term from the beginning.

In this manner from Eq. (2.10) one finds

V() +Uop () () = s (r) (2.12)

where 1 is the chemical potential. The above simple equatias the solution

n(r) =@ (r)|” =[x -V(r]/U, (2.12)



in the region where the right hand side is positmbile ¢ =0 outside this

region. The boundary of the cloud is therefore gilg
V(r)=u (2.13)

The physical theme of the above approximationas the energy to add a particle
at any point in the cloud is the same everywhehes €nergy is given by the sum
of the external potential r ( and an interaction contributiam(r )U, which is the
chemical potential of a uniform gas having densdyal to the local density r (.)
In the Thomas-Fermi approximation the extensiothefcloud in the three

directions is given by the three semi-axBs obtained by inserting the three
dimensional harmonic oscillator potentigl(x y, z) =%m(a)lzx2 + W,y +wS’7%)

into (2.13),

R2=2H_ =123 (2.14)
ma

The lengthsR can be calculated in terms of trap parameters dmeehemical

potential has been determined. The normalizationditon on ¢, Eq. (2.9),

provides a relation between the chemical potentiabnd the total number of
particlesN. For a harmonic trap with a potential given abares finds

877 2/,1 3/2 u
N="7| 55| = (2.15)
15\ mw U,

where @ is oscillatory frequencyg = (w,w,w,)"*.

Solving Eq. (2.15) foru we can find that, the chemical potential propario
with N*®. From the thermodynamic relatiop =dE/dN, the Thomas-Fermi

energy for a trapped condensate given as



E_
N

~N o

U, (2.16)

2.3. Trapping and Cooling of Atoms

The second half of the 20th century has seen glreldpment of incredible
techniques, in which light is used to control btitl internal and external degrees
of freedom of neutral atoms, ions, molecules, €ese techniques are based on
the fact that, just like massive objects, lightrem energy, momentum, and
angular momentum, and can interact strongly withtenaln any process these
quantities are conserved so that they can be egelalpetween the field and the
matter. In brief, a good control of the light triates into a good control of the
dynamics of the atoms.

The control of the polarization can be easily dor natural materials,
such as crystals. In the 60’s, the discovery oergswhich provide intense and
directional sources of monochromatic light, has endee control of the pulsation
a of the light and therefore, the control of its Eyes« and its momentum
halc.

In this subsection, some main information is giveancerning the
experimental techniques to control the dynamicghef atoms. We begin with
magnetic traps and then discuss the laser cooligti@pping. At last we will

overview the evaporative cooling.
Magnetic traps
Magnetic trapping of neutral atoms is due to tieerdan effect: the energy
of an atomic state depends on the magnetic field,cansequently an atom in an

inhomogeneous field experiences a spatially varyatgntial. The energy of an

atom in a statecan then be given as

E =C -uB, (2.17)

10



where £ is the magnetic moment of the state @dis a constant. It is simply

seen that the magnetic contribution to the endngg provides a potential energy

— 4B for the atom. If the magnetic moment is posititres atom experiences a

force driving it to higher field regions. If it isegative, the force is towards lower
field regions. Therefore, states with a positivegnetic moment are called as
high-field seekersand those with a negative magnetic momentloag-field
seekers

The energy depth of magnetic traps is determinethb Zeeman energy,

4B . Atomic magnetic moments are of order the Bohr me&aon, 1, = e /2m,,

which in temperature units is approximately 0.67K&Ince laboratory magnetic
fields are generally considerably less than 1 takka depth of magnetic traps is
much less than a Kelvin, and therefore atoms mastdvled in order to be
trapped magnetically.

A simple magnetic field configuration in which theagnetic field vanishes
at some point is the standard quadrupole one, ichaine magnetic field varies
linearly with distance in all directions.

Bose-Einstein condensation in dilute gases wasdithieved in experiments
using a modified quadrupole trap known as the taweraged orbiting potential
(TOP) trap. In this trap one superimposes on thaedaupole field a rotating,
spatially-uniform, magnetic field [51]. The fiel¢ed in experiment is given as

B = (B'x+ B,cosat, By + B,sinat,—2B7z) . (2.18)

Laser cooling and trapping

As we know many techniques for trapping and caplitoms exploit the
interaction of atoms with radiation fields, espégithose of lasers.
The interaction between an atom and the eleatid fs given in the dipole

approximation by

11



H'=-dle (2.19)

whered is the electric dipole moment operator ands the electric field vector.
Experiments on clouds of dilute gases exploitfttees on atoms in a laser
field in a variety of ways. Let us describe thegoriof these forces. The energy
shift of an atom may be regarded as an effectitenial V in which the atom
moves. If the time-averaged electric field varieshwposition, the shift of the

energy due to the field gives rise to a forég,,. =-0V(r) on an atom. This is

often referred to as the dipole force. The quadeiptoment will also give rise to
forces, but these will usually be much less thandipole force.

In laser beam it is possible to create a radidfield whose intensity has a
maximum in space. If the frequency of the lightietuned to the red, the energy
of a ground state atom has a spatial minimum, gbiths possible to trap atoms.
The depth of the trap is determined by the mageitfdhe energy shift.

The situation in optical traps is quite differéot trapping by magnetic
fields, since the potential is then strongly demaridon the magnetic substate.
With magnetic traps it is difficult to investigatee influence of the interaction
energy on the spin degrees of freedom of an atahoed since the energy is
dominated by the Zeeman term. On the other hanitabgraps are well suited
for this purpose.

The main idea that led to the development of laseoling may be
understood by considering an atom subjected to dpoositely directed laser

beams of the same angular frequency,and the same intensity.

Evaporative cooling

The process of evaporative cooling was seen aaldevroute to reaching
BEC, and several groups set out to make it works &pproach was spectacularly
successful, and within a few months of each othet995, three groups reached
the regime of quantum degeneracy required for BERe first unambiguous
demonstration of BEC in an evaporatively cooledratogas was reported by the
NIST/JILA group [45] for doubly spin-polarizetiRb, followed by evidence of

12



BEC for doubly spin-polarizefLi by a group at Rice University [46] and then a
demonstration of BEC at MIT [47] in tHe=1, M=-1 lower hyperfine component
of »Na.

Evaporation from a magnetic trap overcomes the ifeasid the temperature
limits of laser cooling. The important conceptseshporative cooling of trapped
atoms were formulated by Hess in 1986, as a mdtirazboling atomic hydrogen
pre-cooled by cryogenic methods [52]. Evaporatiesliag is performed by
removing the high-energy component of the thermstridution of atoms from
the magnetic trap. The evaporated atoms carry am@g than the average, so
that when the remaining atoms re-thermalise (byetgmming elastic collisions) the
temperature of the vapour decreases. To continakngoone must continue to
remove high-energy atoms. The essential conditian effficient evaporative
cooling is a long sample lifetime compared to tledlisional re-thermalisation

time.

Fig. 2.1. Evaporative cooling basics-releasing high-enertpma from a magnetic trap and
subsequent re-thermalisation. It is continued cagpby lowering further the rim of the

trap.

13



For a dilute gas confined in a magnetic potentigcreasing the temperature
decreases the sample volume. Even though the notaber of atoms in the
sample decreases during the evaporation process,pibssible to increase the
density of the remaining atoms. When this happ#res,decreasing temperature
leads to an increasing rate of the re-thermalisatiespite the loss of atoms. This
is called runaway evaporation, because the cooblngelerates during the
evaporation.

Evaporative cooling is simple to implement anctigkly efficient, typically
providing six orders of magnitude increase in phgs&ce density at a cost of a
factor of 10 reduction in the number of atoms. Outside of thbotatory,
evaporative cooling is a familiar process- it' sshwe cool coffee in a cup and

why we feel cold after a swim.

i-) Radio-Frequency (RF) Evaporation

The evaporation could be performed convenientlyhd rim of the trap was
defined by a RF-resonance condition, rather thathéygeometry of the magnetic
field. The idea is to use an RF transition (betweersub-states) to remove atoms
from the magnetic trap (i.e. from leak) at a diseafrom the trap centre defined
by the Zeeman shift of the transition associateth whe trapping field and the
frequency of the applied RF field.

In the RF-induced evaporation, the RF radiatigmsfthe atomic spin. As a
result, the attractive force provided by the maigni¢ld becomes repulsive and
expels the atoms from the trap. This scheme isggrelective because the
resonance frequency is proportional to the magrietid strength, and therefore
to the potential energy of the atoms. In the cdsansitions between magnetic

sub-levels (i.eAm. =1), the resonance condition for the magnetic fietdrgyth
Bis, tz9:B = hvi-where g. is the Landy-factor andz;, is the Bohr magneton.
For example, the spacing between sub-states is 0.7 MHz per gauss for

transitions within thé==2 hyperfine level of'Rb frequently used to make Bose
condensates. RF induced evaporation has the verg feature that the

evaporation process can be separated from thendesithe magnetic trapping
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potential. In particular, there is no need to wealtee trapping potential in order

to lower its depth. This makes it easier to reactaway evaporation.

Resonance
condition

Fig. 2.2.Zeeman shift of magnetic sub-levels versus pasiiiw a simple quadrupole trap. A leak

is formed at the top of the trap using a RF fielthwing high energy atoms to escape.

Idealy, RF evaporation spin-flips atoms on a 3-disienal resonant shell (of
constant magnitude magnetic field) surrounding ttapped atoms. For a static
trap, such as an loffe-Pritchard style, the shajpée evaporation shell is an
ellipsoid centred on the atomic sample (if theuafice of gravity can be ignored).
However, for weak confinement gravity will displaitee atomic sample from the

centre of the trap, potentially resulting in (lefgeient) 1D evaporation. For the
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time-averaged orbiting potential (TOP) trap the psration geometry is more
complex (see Fig. 2.3.).

ii-)Evaporation in a TOP trap

Evaporation in a TOP trap is slightly more comgied than a static trap,
because of the rotating magnetic field. The spaliatribution of an atomic
sample confined in a TOP trap is determined bytithe-average of the magnetic
potential (which is harmonic), but to understanéparation in a TOP trap we

must consider the instantaneous magnetic field.

Fig. 2.3.Evaporative cooling in a TOP trap. a-) and b-)@as and elevation view, respectively.

The region over which evaporation occurs is apsid shell with aspect
ratio of 2:1 (from the quadrupolar potential), d&sged from the centre of the
cloud by the rotating bias field. Atoms are remo¥wenin the edge of the trap as
the evaporation surface rotates about the cloud.eMaporation is essentially 2-

dimensional.
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With the TOP trap, in addition to RF-induced titines, one can also
induce Majorana spin flips [53] using the zero netgnfield point of the rotating
quadrupole trap. Near the zero magnetic field pointhe quadrupole trap the
Larmor frequency becomes sufficiently small that thagnetic moment of the
atoms in this region can no-longer remain alignett whe local magnetic field
direction. In a quadrupole trap ejection occurghat trap centre. However, as
shown in Fig. 2.3., in a TOP trap the zero poiriitsrthe edge of the atomic
sample and the resulting spin-flips can be use@vaporative cooling.

The temperatures reached by laser cooling areesspely low, but they are
not low enough to produce Bose-Einstein condensatiogases at the densities
that are realizable experimentally. In the expentagBose-Einstein condensation
of alkali gases is achieved by using evaporativaicg after laser cooling. The
basic physical effect in evaporative cooling istthiparticles escaping from a
system have an energy higher than the averageyeatmarticles in the system,
the remaining particles are cooled. In brief, thiemt of evaporative cooling is to
lower the temperature of a trapped gas while semelbusly increasing the phase-
space density of the gas. The efficiency of evapaaooling is determined by
the ratio of the elastic collision rate to the rafeinelastic collisions that cause
number loss and heating. For more extensive acaafuevaporative cooling we
refer, [50, 54].
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3. SHORTCUTS TO ADIABATICITY FOR TRAPPED ULTRACOLD
GASES

In quantum mechanics, when the transition proliedslbetween the time-
dependent eigenstatestdfare negligible, the evolution of a system charaxter
by a time-dependent Hamiltoni&h(t) is adiabatic. This happens whidns either
time-independent, or when its rate of change & slompared to the typical time-
scales involved [55]. Thinking in terms of instamgaus eigenstates is much
easier than looking for the solutions of time-degesrt problems.

Yet adiabatic techniques are typically slow [56hil experimentalists are
often constrained by finite lifetimes or cohererniores of their samples. This
motivated the search for fast schemes reproducm@pproaching adiabatic
transformations. Some methods use minimization nigcies to optimize the
transition to a target state [6, 7], whereas otlygzkl the exact same state that
would have been reached after an adiabatic tramstion [8, 57, 58]. The latter
are referred to as shortcuts to adiabaticity.

In this chapter, we detail how such methods camdssl on the motional
degrees of freedom of ultracold gases confinedme-dependent harmonic traps
and overview the validity of the approach of expennts. Methods to realize
shortcuts to adiabaticity are detailed and overwievihe experimental realization

of these methods is given.

3.1. Quantum adiabatic transformations

The term adiabatic has different meanings. Fa tbason, it is a confusing
one in physics. The word itself has a Greek root means “not passing through”
[56]. In the content of thermodynamics, it is theahthat is not passing through
the walls of the container: this word describesracgess in which no heat is
exchanged. In that sense, thermo-dynamical ad@abatisformations need by no
means be slow.

In guantum mechanics, the meaning is differenfir@cess is adiabatic

when the probabilities for the system to make iteoms between the time-
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dependent (or instantaneous) eigenstates of theltdaran are negligible. Below
we recall the adiabatic theorem of quantum meclsanic

The adiabatic theorem

The exact formulation of the adiabatic theorem Wt given by Born
and Fock [3]. Let us consider a varying Hamiltonkut) of which {{A;t)} is a

basis of time-dependent eigenstates. The adialbfatiorem states that if this

Hamiltonian is slowed down (mathematically, thisashieved by evolving the

system with the new onkl , (t) = H (£ t) with £ <1) then the stat¢®,;t) of

the Schrodinger equation associatedo (t) satisfies,

/]g;t'>]dt'}

Where‘/L;t> is a basis instantaneous eigenstateHgi(t) and h&qg (t) is its

9
ot’

At (3.1)

@, ;t) = exp{— i[wAg ) =i{A;t’

spectrum. This means that when the evolution igitety slow (¢ - 0) the
instantaneous eigenstates, chosen with this apptegrhase, coincide with the
solutions of the Schrddinger equation.

The adiabatic theorem is not usually relevantrexiical problems, because
it is just valid in the limit(¢ - 0) For instance, if one wants to use it in a
problem involving a two-level atom interacting wishclassical field oscillating
with a pulsationa, the theorem can only be applied in the limit= e - , 0
which is not very useful since it corresponds &tadic field.

However, the criteria on the rate of evolution foe transformation to be

nearly adiabatic can be calculated. If the iniialte is|A;t = 0) and the spectrum

is discrete, the criteria generally used is givgn b

A't10,|A4;

2.

A'#A‘ W, (t) - Wy (t)
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where the sum is over all the instantaneous eigtssbther thap;t) .

Having given the basic information about the adiabtheorem, shortcuts to

adiabatcity will be examined in detail in the nexbsection.
3.2. Shortcuts to adiabaticity

The expression “shortcuts to adiabaticity” wasergly introduced in Chen
et al. [8], to describe protocols that speed upantum adiabatic process, through
a non-adiabatic route.

In this subsection, the definition of a shortautadiabaticity and derivation
of angular frequency trajectories for both non{iatéing gases and interacting
BECs confined in time-dependent harmonic traps kallgiven, and then studies
up to now on this area will also be reviewed.

For a system described by a Hamiltonkrt), a shortcut to adiabaticiig
realized when another Hamiltoniak'(t) can be found, such that the state
obtained after a finite time of evolution with' t (9 identicalto the final state of
the adiabatic evolution withd (t). Shortcuts to adiabaticity are generally not
adiabatic; only the final state is identical to tthabtained after an adiabatic
evolution. Shortcuts to adiabaticity can be reaiz®y simply engineering the
time-dependent parameters of the Hamiltonian (feangple, in the case of
harmonic oscillator, the angular frequency). A ficat method to find a class of
appropriate angular frequency t (Was detailed by Chen et al. [8]. Let us
overview this method. In that case, the Hamiltonianchosen to be time-
independent (but with different frequencies) owusitle time intervak O [0,t, .]
An invariant is engineered to commute with the Heonian outside this interval.

This yields a specifiae t( Yor which all the eigenstates bf (t <0) are exactly
mapped to the corresponding onedHoft >t,) after the evolution fot O [0,t, .]

Up to a global phase and a rescaling of the ereiagd lengths, the final state (at
timet =t;) is identicalto the initial onet(= 0), i.e. if the initial state is
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|¢/;t < 0> = ch n;t= 0>e-i%(0)t ' (3.3)

where {| n;t), nON} is a basis of instantaneous eigenstated @), with { 7w, (t) }

the corresponding eigenvalues, aEdn|cn|2 =1, the final state is

Witz )=y c,[n it jeT T (3.4)
where
t
J. =(/1n/h)jdt'/b2,
0
b + ()b =%, (3.5)

A = (n +1Jha)0.
2

This is true even if the initial state is not amidirium state.
In the following, firstly we will give fundamentainfo for frequency
trajectories for a non-interaction gas and forraaraction BEC.

Frequency trajectory for a non-interacting gas

The Hamiltonian is assumed to have the form

2
H =|O—+£ma)2(t)q2 +mga. (3.6)
2m 2

It is a single particle Hamiltonian for a harmomiap and a constant force. The

angular frequencyc(t) is assumed to be constant outside the interZH0,t, . ]

During this interval, the problem is to find thepappriate frequency trajectory
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a(t), connecting the initial trap of initial frequencg(0) to a final trap of
frequency a(t,), for the decompression [or compressionaf <Out,)] to

implement a shortcut to adiabaticity.
In order to best understand the frequency trajgdimr a non-interacting
gas, let us overview the strategy introduced bynCéteal. [8]. If the invariant

commutes with the Hamiltonian
[I,H]=0 (3.7)

for t<0 andt=>t,, and provided that the functidnis sufficiently continuous,
the stationary states dfi(t<  @yill be transferred to the corresponding ones of

H(t=t,). An effectively one dimensional time-dependentniamic oscillator,

H = p? /2m+ ma? (G2 /2, (3.8)

with an initial angular frequency.(0) > GGt time t=0 and final frequency
w; =awt;)<a(0)at timet, is considered. The main tool to engineet &nd

the state dynamics will be the solution of the esponding Schrédinger equation
based on the existence of invariants of motiorhefform

| (t) =1/2[(L/b*)§*maf + @/ m)7T], (3.9)
where

fr=b(t)p— mbg (3.10)

plays the role of a momentum conjugatedobb, the dots are derivatives with
respect to time, andw, is in principle an arbitrary constant. The scaling

dimensionless functiob=b (t) satisfies the condition
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b+ ()b = «ff /10b°. (3.11)

This is an Ermakov equation where real solutionstrhe chosen to make
Hermitian. An alternative, successful strategy fartvard in [8], inspired in
inverse scattering techniques for complex potemjmimization [59], is to leave
a(t) undetermined at first and impose propertiesband its derivatives at the
boundariest = 0 andt; , to assure: (i) that any eigenstateHfD) evolves as a
single expanding mode and that (ii) this expandmngde becomes, up to a
position-independent phase factor, equal to theesponding eigenstate of the
Hamiltonian H(t; ) of the final trap. This keeps the populations time
instantaneous basis equal at the initial and finales. After b(t) and its
derivatives are fixed at the boundariéft) may be chosen as a real function
satisfying the boundary conditions, for exampleaagolynomial or some other
convenient functional form with enough free paramet Onceb(t) has been

determined, the physical frequenayt (s)obtained from the Eq. (3.11).

Firstly, the conditions at0 are discussed. By choosibg0) = , H(0) =0,
H(0) and I(0) commute and have common eigenfunctions injtialve set
@, = w(0) from now on so thab(0)= Qnust hold as well. These boundary

conditions imply that any initial eigenstate léf(0) will evolve according to the
expanding mode for all later times. In genekdl(t) andl (t) will not commute
for, t >0, so that the expanding mode may have more thac@m@onent in the
“adiabatic basis” of instantaneous eigenstatesi ¢f). At time t; we want the
expanding mode to be proportional to the correspandigenstate of the final

trap. Thus, at timet,, it is secondly imposed that the following conaiis
b(t,)=y=[w,/w,]"?, b(t,)=0, b(t,) = 0 must satisfies.

Substituting the simple polynomial ansatz

bm=i¢ﬂ, (3.12)
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into the six boundary conditions gives six equatitmat can be solved to provide

5 4 3
the coefficientsb(t)=6(y—1)(%] —15(y-1){ﬂ +10(y-1)[ﬂ 1,
As an example, we will overview the method desstibn [60]. This

method is proposed to design the time dependendéeotrap frequency and
achieve in a short time an adiabatic-like (frictess) evolution of Bose-Einstein
condensates. In order to manipulate Bose-Einsteimdensates for different
applications, it is important to study and conti@ir response to time-dependent
changes of the confining fields. A general appradacavoid undesired excitations
is to modify the trap adiabatically, i.e., verywlg, so that, if the initial state is in
the ground state the final state will be the grostade as well. However, this may
require very long times and become impractical.téfaghanges are thus a
desirable objective but they will in general indweitations and oscillations, so
that the proportion of the ground state in the lfistate may be small [61-63].
These difficulties has motivated the researcherdfirid the answer of this
question: Is it possible to change the trap in ay v&hort time, taking the
condensate, up to a global phase, to the sametktdtevould be reached after a
slow (adiabatic) process? This question has beewered recently in the
affirmative for cooling expansions within the frawark of the linear Schroédinger
equation [8]. The method used to design the tinpeddence of the trap
frequency was based on Lewis-Riesenfeld invariahtsiotion [64] and simple
inverse scattering techniques that had been apgledcomplex potential
optimization [59].

The starting point is the effective one dimensidbiss-Pitaevskii equation

for the longitudinak-direction in an elongated cigar trap,

Jow [ W0 1
in 3 —{ 2 +2mw2(t)x + gly| j|l// (3.13)

g being the coupling parameter. To solve the problietnus use the following

ansatz [60],
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W(x,t) = e PO @0 gy t) (3.14)

where time-dependent functions(t) and £ ) to be determined later. After

substituting this ansatz into Eq. (3.13), and usiegscalingo = x/b, we obtain

_0p_ h* 10% |1 o 207 L,
ih—=—-——"—T+|=mat)’ +ihd——a’ |b
at 2mb® 9p® |2 axt) m i
0y, 2 o L. hza
+ |ge @ a9 =B+ | P lp+ | in B +
: s i
o219 4292 (3.15)
| m  b| dp

where the dot means derivative with respect to .tibe¢ us now impose that the
coefficients in square brackets [...] of the last t@ons vanish. This gives us the

equation fora and S (it is assumed thdtis real)

1
=—Inb
F=5
g =-mb (3.16)
2nb

and e @4+ =yt Wjith the help of the boundary conditions given

below,

b(0) =1, b(0)=0, b(0)=0

b(t,) = (w,/w;)"?, bt;)=0 b(t,)=0 (3.17)
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b (t) is then interpolated with some functional formg.ea polynomial with
enough coefficients to satisfy all conditions, dimally «?(t) is calculated from
the Ermakow equation. Hence, frictionless trajaesofor «(t) is found.

In brief, it was shown in [60] that it is possilietake a Bose—Einstein condensate
in a very short time from an initial harmonic trap a final one without
excitations, by choosing the time dependence offbguency according to the
Ermakov equation or its modifications after matghthe time-dependence of a
scaling factor to suitable boundary conditions[@8], it was also shown that in
1D and 3D traps, this requires either a simultasechange of the time
dependence of the coupling, or a Thomas—Fermi tfpeegime. 2D traps are

privileged in this respect and do not require eitffehese conditions.

Shortcut to adiabaticity for an interacting Boseaiiiiein condensate

The rapid shortcut decompression of a 3D intengcBEC confined in an
anisotropic harmonic trap was investigated in [Hégre in order to understand
the system we prefer to follow that study. The elystvas described by a zero-

temperature BEC plus a thermal cloud, assumed baveeindependently. The

BEC component thus obeys the 3D Gross-Pitaevsiatsan
. a hz 2 2
|hat/1(r,t) = —%EI +V(r,t) +UNj@(r,b)|" j(r,t) (3.18)

where ¢ ¢ t) is the wave function of the condensate,s the massN is the

number of particles, and) is the interaction potential. The time-dependent

trapping potential/ has a cylindrical symmetry along the horizontakay)

V(r,t) =%ma)ﬂ(t)2(x2+zz)+%maﬂ (t)?y? + mgz, (3.19)
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It was emphasized that decreasing the trap fregeenot only decompresses the

BEC but also translates the harmonic potential mmimh vertically by

Az=-g(/af —1/a)fD), where w, is initial angular frequency and; is final

angular frequency. The objective is to engineeaj@dttory «.,, (t) connecting the

o
equilibrium states in the initial and final potexi$. It was stressed that the BEC is
not at equilibrium at any time during the trajegtdbut only att = 0 and t% .
Thus with using a specifically designed parametajettory for the harmonic
trapping potential, shortcut to adiabaticity tramefations on a 3D interacting
BEC was performed [14]. It is well known that akk\Wwave to do is to engineer the
time-dependent parameter of the Hamiltonian andl tire convenient trajectories
to obtain shortcut to adiabaticity.

So far, the main information of shortcuts to adiabty for both non-
interacting gas and interacting BEC with harmomaptare shortly given. After
giving the main structure of these systems, in fillowing we will briefly
mention about the studies on shortcuts to adiabatip to now [9-31, 57, 58, 65-
82] and we will overview the methods used in thedf In [8], the Lewis-
Riesenfeld invariants were used to inverse engitleertime dependence of a
harmonic oscillator frequency between predetermingl and final values so as
to avoid final excitations. That paper and itsdellon Bose-Einstein condensates
[60] have indeed initiated a surge of activity, oty for harmonic expansions
[13, 14, 18, 20, 23, 25-27, 67, 71, 75,79] butdtmm transport [9, 66, 78], optical
lattice expansions [17, 65], wavepacket splittidi@][ internal state control [68,
73, 74, 77], many-body state engineering [24, 2§,ahd other applications such
as sympathetic cooling of atomic mixtures [16, &2]cooling of nanomechanical
resonators [22]. Actually several works had presipuor simultaneously
considered to speed up adiabatic processes makmgiudifferent techniques.
For example, Masuda and Nakamura [12] developestaférward technique for
several manipulations on wavepackets such as expansransport or splitting of

Bose-Einstein condensates.
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Expansion of trapped particles

Obtaining fast expansions of trapped cold atonthawit losing or exciting
them is important for many applications: for exaengb reduce velocity
dispersion and collisional shifts in spectroscopyd atomic clocks, decrease the
temperature, adjust the density to avoid three blodges. As well as trap
compressions are also quite common.

There are several methods used in investigati@hoiftcuts to adiabaticity. Let us
mention about most using ones, (i) inverse engingeaf the external driving [8,
9, 11, 13, 14, 60, 70] based on Lewis-Riesenfeldaiiants [64] which has been
applied in several expansion experiments [13, T1d)];transitionless tracking
algorithm that adds to the original Hamiltonianrexterms to cancel transitions in
the adiabatic bases [1, 10, 15], (iii) optimal ecohinethods [6, 18, 78]; (iv) the
fast-forward approach advocated by Masuda and Nafkafi2, 19]. In [75], the
connection between fast-forward approach and ievengineering method based
on Lewis-Reisenfeld invariants was investigatede Taist-forward approach by
Masuda and Nakamura [19] generates driving potentia accelerate slow
guantum adiabatic dynamics. The objective of thdhotk is to accelerate a
standard system subjected to a slow variation dfereal parameters. A
streamlined version of the formalism that produbesmain results was presented
in a few steps and more general applications exéetplby wave splitting
processes were also discussed [75]. Firstly, amsiieed construction of local and
real fast-forward potentials were provided. Thertstg point is the 3D time-
dependent Gross-Pitaevskii equation where the HammnH is the sum of the
kinetic energyT, the external potential(t), and the mean field potenti&t). It

was assumed that an external local potential, whesal means here
(XM () X) =V (xt)d(x-xX). Then, by solving 3D time-dependent Gross-

Pitaevskii equation in coordinate spaddx, t) may be written as

in(x|0.()) = (XT|@®) = (X[Gt)|w®)

V(xt) = <x|(//(t)>

(3.20)
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with (x|¢/(t)) =¢/(x,t). The kinetic and mean field terms in the coordinat

representation have the usual forms
(T ) == 2 o
2m n
(XGMmIw®) = dw 1)@ x1), (3:21)

g being the coupling constant of the BEC. By intradg the ansatsz into Eq.
(3.20)

(X|g®) = r(x He*, r(xt),¢(x,t) OR, (3.22)

gives us the below equation wheris the modulus ang is the phase,

O%r

2 (2% M me
h (m +i0%p- (0¢)? +T) -gr’, (3.23)

V(xt) Zint —hg+
r 2m

where the dot means time derivative. The real arayiner parts are

ReM(xt)] = -h@+ h—z(— (Op)* + Der— gr® (3.24)
2m r
Im[V(xt)] = h£+h—2(m+ quoj. (3.25)
r 2m r

The purpose now is to design a local and real pi@lesuch that an initial
eigenstate of the initial Hamiltonian, typicallyetlground state but it could be
otherwise, evolves in a timg into the corresponding eigenstate of the final
Hamiltonian. It was assumed that the full Hamileoniand the corresponding
eigenstates are known at the boundary times. limpmse that Im[V (x, t)] = 0O,

i.e.
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£+i(—25¢° Or +uz¢) =0, (3.26)
ro2m r

then a local and real potential have been obtained.

In the inversion protocol, firstly(x, t) is designed, then solved far in Eq.
(3.26), and finally the potentid is obtained from Eg. (3.24). If at the boundary
times, r =0 is imposed, Eq. (3.26) has solutiopéx,t) fulfilling that ¢(x,t) is
independent ok att = 0 andt = t; . Using this in Eq. (3.51) at= 0, and

multiplying by €7, we get
[—%DZ +V (x,0) + g|(// (X’O)|2}¢/ (x,0) = =h @)y (x,0), (3.27)

The initial state is thus an eigenstate of thamtaty Gross-Pitaevskii equation at
t = 0, and-7%@(0) = E (0)is the energy of the eigenstagex (.Mote that the
above solution ofg (with r = Oat boundary times) admits the addition of an
arbitrary function that depends only on time anddifies the zero of energy. A
similar result is found at; . After giving the basic information, let us memti
about the connection with the fast-forward approaeti the connection with the
invariant based inverse engineering approach. lfirshe above results are
reformulated to connect them with the fast-forwapgiroach [12]. And after some

algebra, fast-forward potential is determined as,

dé(x, R(t))

V (x,t) =V, (x, R(t)) — hed (t)B(x, R(t)) —he’a®(t) i

- h—zezaz(t)[DH(x, R(1))]. (3.28)
2m

where R { ) is in general function of its argumerat,is small parameter angd is

magnification factor. Secondly, inverse engineerapgproach was examined. In

the inverse approach based on quadratic-in-momentarariants, the
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Hamiltonian is assumed to have the form given in B9), at all times and in

particular at initial and final instants.
1 2 2 1
V(x,t) ==F(t) D(+§ma) (t)|x| +?U (o) + h(t), (3.29)

where «(t), F(t) and h¢)are arbitrary functions of time and (o i an
arbitrary function of its argument =o(t) =(x—-a)/ p. The time-dependent

functions p t )and a ¢ ) must satisfy the auxiliary equations

% = pra o, (3.30)
FO - gv @, (3.:31)
m

with a, an arbitrary constant. Up to now, we have mentioalgout the general

content of the study given in [75]. Let us continugh the results and future
works related with that problem. Briefly, we cary $shat the inverse engineering
approach and fast-forward approach are connectadthe simple inversion
method [75]. An example of a 3D harmonic expangioyduced with the inverse
engineering approach based on invariants and wighfast forward technique
were also discussed to illustrate the links betwibentwo methods (see [75] for
more details). Consequently, it was shown that ¢dbenection between fast-
forward approach and inverse engineering basedeovistRiesenfeld invariants.
In [75], they identified in this manner applicationn which the engineered
potential does not depend on the initial statestlir from the imposing set of
equations of the fast-forward formalism as origngresented a streamlined
version was extracted. And the second aim was laterat to other inverse

engineering methods. In a previous publication, ithverse-engineering method
based on invariants, was related to the transésmtracking algorithm, and the
potential equivalence was demonstrated [77]. Shhgilan [75] the connection

between the fast-forward method and the invariased method was established
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for quadratic-in-momentum invariants. It was statkdt these relations do not
imply the full identity of the methods but their eflap and equivalence in a
common domain. They are still useful heuristicall/ separate approaches since
they are formulated in rather different terms [I9]. Moreover, they facilitate
extensions beyond their common domain, as exera@lifiy the wave-splitting
processes discussed in the content of [75]. It wamted out that further
extensions are left for separate analysis: for gtarthe possibility to transfer an
excited state into the ground state or adversalycombining the fast-forward
approach with optimal control theory without indlogl the final fidelity in the
cost function as in [6]. As a future work, it wasted that it is interesting to
consider complex potentials, either as solutionthéoshortcut dynamics, as in the
quantum brachistochrone [83], or as an effectivecdption of the system
dynamics to be accelerated [11].

As a part of shortcut to adiabaticity with expansmf trapped particles, let us
continue with the study of transitionless quantunvidgs for the harmonic
oscillator given in [79]. Muga et al. [79] comparaad distinguished two different
methods: a transitionless-tracking algorithm, andrwverse-invariant method, to
achieve transitionless dynamics for a fast frequenbange of a quantum
harmonic oscillator. The first method, a transitess-tracking algorithm, makes
use of a generalized harmonic oscillator and a looal potential. The second
method, based on engineering an invariant of mptafty modifies the harmonic
frequency in time, keeping the potential local dit ttmes. To achieving
transitionless dynamics for a fast frequency chanfea quantum harmonic
oscillator different driving Hamiltonians were ingd. The one in the inverse-
invariant method can be implemented for ultracatmres or ions in the laboratory
by varying the trap frequency in time along a dart&rajectory, and a
generalization to Bose Einstein condensates waskedorout [60], but its
extension to other potentials or systems may bicudlif and remains an open
question. By contrast, Muga et al. [79] found sodikficulties to realize the
transitionless-tracking Hamiltonian for the harnwnbscillator, but the
transitionless-tracking method has the advantadeeiofy, at least formally, more

generally applicable. The feasibility of the actwahlization is quite another
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matter and has to be studied in each case. An dgavhppplication was provided
in [1] for two-level systems.

Researchers are so much concern with a surge exesitto shorten the time it
takes to change the state of a quantum systemadibially. One of the studies on
this area is related about the transient energyitaddon in shortcuts to
adiabaticity. Chen and Muga [70] dealt with thislgem and studied the transient
energy excitation in time-dependent quantum harmoscillators engineered so
that the level populations at a final time are slane as the initial populations.
Implications for the limits imposed to the procéisses and for the principle of
unattainability of the absolute zero, in a singbgpansion or in quantum
refrigerator cycles, were drawn. Simple processesviich the only external
manipulation consists in shaping angular frequen¢y were considered. The
populations of the instantaneous levels at interatedimes are, however, not
preserved, so the transient excitation should beerstood and possibly
controlled. Bounds were obtained and examples edound in [70]. In a realistic
application, the oscillator will not be perfectharmonic and it is natural to set

some maximum value to the allowed excitation. Ttirenminimal time required

for a fast expansion scales with the final freqyeast, O w;"?, wheret, is

the total time. The results presented in [70] pitevstrong support for the validity
of this conjecture within the set of processes riefi exclusively by time-
dependent frequencies. It was also stated thag tlessilts call for further studies
[70].

The discussion mentioned previously is limited © kut real traps are three-
dimensional and at most effectively 1D. Torrontegtial. [67] found out the
theory and performed numerical simulations of &agiansions of cold atoms in a
three-dimensional Gaussian-beam optical trap. 8palty, a simple physical
realization based on an elongated cigar-shapedabglipole trap with cylindrical
symmetry was modeled. This trap is formed by alsitaser which is red detuned
with respect to an atomic transition to make theéepital attractive, and is
characterized in the harmonic approximation by iwdnal and radial
frequencies. While magnetic traps allow for an peleent control of
longitudinal and radial frequencies [13], this &t the case for a simple laser trap
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that therefore requires a special study. It waarassl that the time-dependence of
the longitudinal frequency is engineered to avamlfexcitations with a simple
1D harmonic theory and the final fidelity in thet@a trap was analyzed. Even
though for full 3D-results a purely numerical cdition was also performed. An
understanding of the effects involved was achiest by analyzing separately
longitudinal and radial motions. Let us overview thodel of the system given in
[67]. The intensity profile of a Gaussian laserrhaa the paraxial approximation

is given by

1

I(r,z,t) = 1, (Hhe? /@ -
(nzt=1,(1 1+ 2% 22

(3.32)

wherer andz are the radial and longitudinal coordinates respely, and the

variation of the spot size. with zis given by

WA(2) =, 1+(ZiJ , (3.33)

R

where z, = /)t /A is the Rayleigh rangeg, is the waist, andl is the laser

wave length. Thus cold atoms in optical Gaussiaanb&aps are exposed to the

potential of the form

= _ -2r2/a?(2) 1
V(r,zt) ==V, (te T+ 7212 e +V, (1), (3.34)
where
V, () = Io(t)hl‘2 180 1,). (3.35)

Saturation intensity is given by = 7hc/(32°r ,)and J is the detuning, the

sat

inverse of the lifetime of the excited state isegivoy " = 7. In the following the
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aim is to solve the time-dependent Schrddinger temuaassociated with the
potential given in Eqg. (3.34). The Schrédinger eigmacan be solved with
standard separation of variables method in thendsital coordinates [67]. In
[67], three different methods to avoid final mo@brexcitation were compared:
inverse engineering using Lewis-Riesenfeld invdriavhich provides the best
overall performance, a bang-bang approach, andst ddiabatic approach.
Transitionless expansion was analyzed, taking &atcount anharmonicities,
radial-longitudinal couplings and the radial-longiinal frequency mismatch. It
was concluded that the transitionless expansiopsgtical traps are feasible under
realistic conditions. Despite the relation betwé®ss longitudinal and transversal
trapping frequencies through the intensity, théed#éint timescales enable them to
design fast expansions with high fidelities witlspect to the ideal results using
the invariant-based inverse engineering methodchviig particularly suitable
compared to the two other approaches examinedil@et@nalysis of radial and
longitudinal motions reveals the weakest pointeath approach: for the inverse
engineering, the main perturbation is due to thesiimbe adiabaticity failure in the
radial direction, which can be suppressed or nteigidby increasing the laser
waist. This waist increase would also reduce smaléturbing effects due to
longitudinal anharmonicity or radial-longitudinadupling. The simple bang-bang
approach fails because the time for the radial esipa is badly mismatched with
respect to the ideal time, and the fast adiabatithod fails at short times because
of the adiabaticity failure in the longitudinal éation. In [67], complications such
as perturbations due to different noise types, @nisideration of condensates,
gravity effects, or the transient realization oagimary trap frequencies were left
for separate works.

In the following, we will continue with the discusa of the possibility of
realizing shortcut to adiabaticity in a harmonigalirapped Bose-Einstein
condensate using a scaling ansatz. One of theestwdin be found in [25]. The
conditions for quantum phase fluctuations to beligidde for shortcut to
adiabaticity were discussed in that study. In [t frictionless dynamics was
exploited as a tool-box to manipulate and contal-limensional quantum gases.

Implementing a fast frictionless dynamics in a Idimensional Bose-Einstein
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condensate by engineering the time dependence eoftrinsverse confining
potential in a highly anisotropic trap a method wagposed in [25]. This method
tunes the non-linearity of the effective low-dimemal (1D and 2D) dynamics of
an anisotropic Bose-Einstein condensate by engimgedhe time-modulation of
the transverse confinement. The purpose of thatysisi to find a 1D effective
non-linear Schrodinger equation or Gross-Pitaevegiiation for a BEC in an
elongated trap in which the transverse confinem&nmhodulated in time. The

corresponding potential used in [25] is similarhwiiqg. (3.19) and given as
V(r,t) =V (2) +g[a)x(t)2x2 r, )2y, (3.36)

where w, and w, are the frequencies alomgandy direction, respectively. Here

differently from Eq. (3.19) there is no trap duegtavity. The starting point is 3D
time-dependent GPE given in Eq. (3.18) which gosehe dynamics of the order
parameter. It was stated that dimensional reduatiothe 3D Gross-Pitaevskii
equation is possible. After some algebra, the 3s&iPitaevskii equation
becomes a linear Schrodinger equation for the raeigrees of freedom and after
dimensional reduction, the following effective 1DoSs-Pitaevskii equation with

a time-dependent non-linearity is derived as

im0 <[H, + g, OO W@ 337
where
"9 -
*="2mp ? +V(2)-al(t), (3.38)

and the terma (t)
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at) = Y (H,(), = 2 @)™ 0] +w, (t)°b] +af /b?) (3.39)

i=xy =xy

can be removed with a unitary transformation. Felyneve have mentioned in
detail about the scaling factdr=b (t) which is the solution of the Ermakov
differential equation. As we have indicated befoomtrol of low dimensional
quantum gases studied in [25], for that purposeadid) fast frictionless dynamics
in quasi-1D BEC and quasi-2D BEC were investigated finally the trajectories

were found as

b 2b,

z

wé(t)=(w”(o)] +(sz _b : (3.40)

and

4 Py . 2
a)Z (t) - a)Z (O) ( gZD J + gZD _ 2( gZD ) ,
" " 925 (0) 920 920

925 (1) = 9y (O)/\/l"' wf (O)t2 (3.41)

respectively. The trajectory given for the quasi-BEC induces a frictionless
dynamics in the transverse direction, which moddathe three-dimensional
density, and ultimately the effective axial norelamity in the required way

0,5 (t) = 9,5 (0)/b,(t) for the axial dynamics to be self-similar. It weigown that

a modulation of the transverse trapping frequerary loe used to tune the axial
effective coupling constant without the need to adeeschbach resonance [25].
Briefly, a scheme to implement a fast frictionlelymamics of a low-dimensional
Bose-Einstein condensate was presented, in whichios|gu excitations are
avoided without the need to fulfill adiabaticity nggraints. Exploiting the self-
similar dynamics in the strongly confined degreefr@edom, it was shown that
this can be achieved by engineering the modulaifdhe transverse confinement

of the cloud in an elongated trap. As a resuig gossible to tune the amplitude of
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non-linear interactions in these systems. The nuettoo preserve short-range
correlations in time of flight, assist shortcutsaidiabatic expansions in quasi-1D
interacting BEC, and implement nearly sudden imtgsa quenches were also
applied. More generally, it was discussed that ritvg the equations associated
with self-similar scaling laws allows to determitiee trajectory of the control
parameter for different processes, and constituggoaerful toolbox for the
manipulation of ultracold atoms.

An important simplification occurs in the Thomas+iReregime, where the mean-
field energy dominates over the kinetic part. le fthomas-Fermi regime, it is
possible to engineer a shortcut exactly, while kagphe coupling strengthp
constant [60]. Optimal control theory has been médgeapplied in this regime to
find optimal protocols with a restriction on théoaed frequencies [80].

Studies mentioned up to now were focused on sipgidele systems and a
meanfield description of Bose-Einstein condensdtelsas been obviously seen
that the inversion of scaling laws is a powerfudhigique to design shortcut to
adiabaticity in those processes where the dynaisissif-similar, e.g. expansions,
or transport. In the following, we shall mentioroabthe engineering of shortcut
to adiabaticity in strongly correlated quantum diiiof relevance to ultracold
gases experiments. For example, in [24] a metha&lpt@posed to spatially scale
up a trapped ultracold gas while conserving thentiuma correlations of the initial
many-body state. A fairly general model in dimensiD consisting of N
indistinguishable particles with coordinatess R, trapped in a time-dependent
isotropic harmonic potential of frequeney(t) and interacting with each other
through a two-body potentiaV(x, — x) was considered. The many-body
Hamiltonian describing this system reads [24]

H = ZN:[—h—zAi +%ma)2(t)xi2}+£ZV(Xi -X;) (3.42)

| 2m i<)
where A, is theD-dimensional Laplacian operator for therariable, ands = £(t)

is a dimensionless time-dependent coupling stresatisfying £ (0) = 1(for more

detail see [24]). In brief, the possibility of sicg up the system while preserving
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quantum correlations constitutes a new type of osiopy of quantum
correlations in quantum fluids was studied in [24)]. In [26], ultracold gas
trapped in a box potential was studied. del Campd Boshier [26] recently
presented a method to drive an ultrafast dynammcs iime-dependent box trap
which reproduces the adiabatic result at the enthe@fevolution. As illustrative
examples, the ultrafast expansion of a Tonk-Girandgas and of BECs in
different dimensions, where the method exhibitse&aoellent robustness against
different regimes of interactions and the featwkean experimentally realizable
box potential were considered. The method is a&skibly an auxiliary external
harmonic potential which provides the speed-ups Tinethod is also applicable to
a large family of many-body systems supporting dyical scaling laws, where it
not only leads to a robust expansion of the dermityalso preserves the non-local
correlation functions of the initial state, up to expansion factor. This method is
applicable to realistic box potentials and can m@léemented in the laboratory
with well-established technology. Its applicationsnge over all scenarios
requiring a shortcut to adiabaticity, i.e., probisgongly correlated phases,
preventing decoherence, the effect of perturbatimnd atomic losses. It was
stated that the method could be directly appliedval to ultrafast population-
preserving cooling methods and quantum heat engames refrigerators [26].
Finally, it was shown that shortcut to adiabatiagyrobust in the presence of
interactions and experimental imperfections.

The time-dependent frequency of a harmonic tra@mesion based on invariants
can be optimized with respect to time or to tramisexcitation energy, restricting
the allowed transient frequencies [18, 23]. The&cidhit cooling of trapped atoms
has an important place in modern quantum technolsignge it has created the
ultimate physical systems so far precision spectpyg, frequency standards, and
even tests of fundamental physics. In [23], a top&amal control problem related
to the frictionless cooling of atoms in a time-degent harmonic potential was
studied. It is well known that frictionless atomoting in a harmonic trapping
potential is defined as the problem of changinghéwenonic frequency of the trap
to some lower final value, while keeping the pofialas of the initial and final

levels invariant, thus without generating frictiand heating. Traditionally, an
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adiabatic process is used where the frequencyanggd slowly and the system
follows the instantaneous eigenvalues and eigessstaf the time-dependent
Hamiltonian. It has been mentioned before thatdib&tacle of this method is the
necessary of longer times which may make it imprattA way to bypass this
problem is to use the theory of the time-depend@aitum harmonic oscillator
[64] to prepare the same final states and eneeggiegth the adiabatic process at a
given final time, without necessarily following thestantaneous eigenstates at
each moment. Achieving this goal in minimum time hn@any important potential
applications. For example, it can be used to readremely low temperatures
inaccessible by standard cooling techniques [8&Metluce the velocity dispersion
and collisional shifts for spectroscopy and atomimcks [85], and in adiabatic
quantum computation [86]. It is also closely retdate the problem of moving in
minimum time a system between two thermal stat&$ 8 was initially proved
that minimum transfer time for the previously mengd problem can be achieved
with “bang-bang” real frequency controls [87]. Lati was shown that when the
restriction for real frequencies is relaxed, allogvithe trap to become an
expulsive parabolic potential at some time intesyahorter transfer times can be
obtained, leading to a shortcut to adiabaticity [8]Stefanatos et al.” s work [18],
frictionless atom cooling was formulated as a mummtime optimal control
problem, permitting the frequency to take real andginary values in specified
ranges. It was shown that the optimal solutiondgan a “bang-bang” form and
this fact was used to obtain estimates of the minintransfer times for various
numbers of switching. In [23], solution of the ecasponding time-optimal control
problem was found and the optimal syntheses wetairsd. A time-optimal
control problem related to the frictionless cooliofjatoms trapped in a time-
dependent harmonic potential was studied. It waiedtthat the results presented
in the article [23] can be immediately extendedhe frictionless cooling of a
two-dimensional Bose-Einstein condensate confinedai parabolic trapping
potential [60] and even to the implementation of gaantum dynamical
microscope, an engineered controlled expansional@aws to scale up an initial
many-body state of an ultracold gas by a desiretbbfawhile preserving the

quantum correlations of the initial state [24]. Tieehniques given above are not
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restricted to atom cooling but are applicable teaaras diverse as adiabatic
quantum computing and finite time thermodynamiapeses.

Kosloff and coworkers [31] have applied optimal tohtheory to minimize the
expansion time with frictionless conditions, i.ggking an initial thermal
equilibrium at one temperature into thermal equitiim at another temperature in
a cooling cycle, using real or imaginary bang-bamgrmediate trap frequencies,
see e.g. [31, 87].

Inverse engineering expansions using invariantrtheo scaling laws have been
applied in several contexts. For example, Chol.gtL&] discussed the possibility
of achieving deep degeneracy of Fermi gases vigatmatic cooling by changing
the trapping frequency of another species to kegystant the Lewis-Riesenfeld
invariant. The defined advantages are the maxiraat bhapacity retained by the
coolant due to the conservation of the numberahat and the preservation of its
phase-space density in the nondegenerate regineelinihs of the approach are
set by the transient excitation that should be kepdw some allowed threshold,
and by the spreading of the cooling cloud whichupes the spatial overlap with
the Fermionic cloud. The method is found to be equiibust with respect to
broadband noise in the trapping frequency [82]. $tpgeezing and robustness of
frictionless cooling strategies studied in thadgtuChoi et al. have rephrased the
cooling features in terms of a peculiar squeezifeceand used it to parameterize
the robustness of frictionless cooling techniqueth wespect to noise-induced
deviations from the ideal time-dependent trajectfny the trapping frequency
[82]. Qualitative issues for the experimental inmpéatation of this scheme were
also discussed using bichromatic optical trapslatidtes, which seem especially
suitable for cooling Fermi-Bose mixtures and foveastigating equilibration of
negative temperature states, respectively. It waked that a scheme using a
single-frequency optical dipole trap with a conbnsly tunable laser is not
feasible due to the large atom losses expectedossing the dominant atomic
transition from the red-detuned to the blue-detusielé to achieve antitrapping
[82]. However, this issue may be circumvented tblouhe use of two laser
beams at constant frequencies, opposite detunargs,a variable power ratio,

such as the bichromatic optical dipole traps predas [88] to allow optimal heat
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capacity matching between Bose and Fermi gase®{89The presence of noise
related to power fluctuations and beam-pointindpistg for both laser beams in
this configuration makes the discussion presented8R] quite relevant for
implementing frictionless cooling in bichromatictimal dipole traps. Bichromatic
trapping has been recently implemented at the megysical trap stage for a
single species [91], and two-species selectiveptrgpand cooling have been
demonstrated with hybrid traps involving magnetic aptical confinement [92,
93]. Therefore experiments involving trapping armblong of two species in a
bichromatic trap should be within reach in the Ae#ure. It was claimed that this
study should also be relevant to the case of dmd¢iss cooling in optical lattices,
as recently discussed [17]. Dynamically variablacspg (the so-called accordion
lattice) allows for a continuous increase in l&teriodicity, as experimentally
demonstrated in [94-96], without the need to chahgelaser frequency. In that
case an additional source of noise during theesggansion is due to the presence
of acousto-optic deflectors, adding up to the beamting stability of the lasers.
Implementing frictionless cooling with a negativguare frequency stage via a
bichromatic optical lattice could also be of greafevance to investigate
fundamental issues of statistical mechanics asapioach to equilibrium in
atomic systems at negative temperatures [97-99la#t found that the robustness
of the frictionless cooling method to noise canabalyzed by characterizing the
final quantum state in terms of the amount of sgungeas well as a variant of the
usual fidelity [82]. Another result is about thebustness, it was found that the
method is quite robust to the presence of broadbamide in the trapping
frequency, and further analysis involving monochatim sinusoidal modulation
has allowed us to resolve its response. The depeedef the squeezing and
fidelity were studied on the deviation from the egfed Ermakov trajectory and
identified the role of measures such as the tenhpdeasity of states and
characteristic angular frequency. Numerical simoiet indicate that, despite the

perception that a shott, could mean less time for noise to interfere witle t
system, too short & is best avoided in practice. Additively, a wayréaluce the

maximum temperature and hence atom losses was foynddding a high
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frequency sinusoidal modulation, which helps toigatie one of the limitations of
this scheme.

In [22], a scheme to cool down a mechanical reswnata three-mirror cavity
optomechanical system was proposed. The dynamitteahechanical resonator
and cavities is reduced to that of a time-dependi@nionic oscillator, whose
effective frequency can be controlled through tpgoal driving fields.

Most of the investigations so far have been basedultracold atoms in a
harmonic trap. Differently from the literature tbase of frictionless cooling in
optical lattices is firstly studied in [17]. It waghown that a correct choice of
expansion trajectory allows us to get a final adigabstate in a non-adiabatic way.
The method of obtaining fast adiabatic transforomatis to use a lattice with
dynamically variable spacing (accordion lattice)heT conditions for fast
frictionless expansion for an accordion lattice @vgiven. Such accordion lattices
are useful since the final lattice spacing can laelerlarge enough to be resolved
in an experiment. It was assumed that the transvartion of the atoms is frozen
(i.e., a 1-D problem). The description of a condémsn 1-D is based on the

Hamiltonian

2

H=P"4v) co{ZkL X J+ ma’ (1) .z (3.43)
om A() 2

wherem is the atomic masy/(t) is the lattice depth, is the optical lattice wave
number, w(t) is the time-dependent angular frequency afft) is the scale
parameter describing the expansion of the latfioefind the time evolution of the
state for the Hamilton given above, a transfornmatom the wave function is

introduced as
W(x,t) = exp{— igx’ 241 j gdt}b(x,t) , (3.44)
2m

with a subsequent transformation on the coordinate
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x = ZA\(t), (3.45)

where g(t) is a time-dependent function to be determinea@rlaffter these

transformations let us choogf) as

__MmA
gt) = Py (3.46)

then the corresponding Hamiltonian takes form as

2 2
ih%—? =1 ‘;—‘f +V cos@k )0 + Q"7 (3.47)
Y
where Q? is given by
2
Q%(t) = Na? +/\‘Zt’2\. (3.48)

The effects of lattice spacing are equivalent t® effective time-dependent mass
and the effective parabolic potential in the staity frame. The first term in the
right-hand side of the above equation is due toettternal one while the second
one is induced due to the variation of the latspacing. In the following, the
convenient trajectories will be investigated. Ii7]j1it was found that the fast

frictionless expansion can be achieved by engingdhe potential depth as

Vo
N ()

V(t) = (3.49)

As can be obviously seen from the above equatienpbtential depth decreases
as the system expands. On the other hand, thed@pendent angular frequency

was chosen as

44



0°N

W’ (t) = =N\ e

(3.50)

The Eq. (3.47) is reduced with the help of Eq. 93.4nd (3.50), and the
Schrédinger equation with constant potential degttobtained. Finally, three

different solutions of A(t) were examined, and the corresponding external

frequencyw” was plotted [17]. For a harmonically trapped systthe harmonic

potential is needed to achieve the expansion ofylseem. However, expansion
for an optical lattice can be achieved either bgnging the wavelength of the
laser or the relative angle between the two laganis. The external parabolic
potential is necessary for an optical lattice tooeh the induced parabolic
potential, which pushes the atoms out of the cosaken since it becomes
expulsive for certain time intervals. Shortly, iasvshown that the non-adiabatic
expansion of an optical lattice in few milliseconahgy lead to adiabatic final

states provided that the expansion trajectoryfgegishe boundary conditions and
the external parabolic potential is applied to siystem. It was claimed in [17]

that this prediction can be tested through experimsimilar to the one described
in [96]. Since the non-adiabatic protocol presemhesinitial state after expansion,
it allows straightforward imaging of the opticaktlee. The effect of additional

forces and harmonic trapping was also discussedia#t also argued that fast

frictionless expansion is possible even in the gmes of nonlinear interaction

provided that the scattering length is decreaseggtionally to lattice scaling\’

via Feshbach resonance [17].

Due to the need to control and implement quantusoukes, there has been an
increasing interest in developing fast protocolshortcut adiabatic following [8,
9, 72, 77]. In [72], methods for fast productionhaghly coherent-spin-squeezed
many-body states in bosonic Josephson junctiong wescribed. The starting
point is the known mapping of the two-site Bose-bitdl Hamiltonian to that of
a single effective particle evolving according td&sehrodinger-like equation in
Fock space. Since, for repulsive interactions effiective potential in Fock space
is nearly parabolic, recently derived protocols $bortcuts to adiabatic evolution

in harmonic potentials to the many-body Bose-Hubb&atamiltonian were
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extended in [72]. As we mentioned before, the keppse to obtain the shortcuts
to adiabaticity is to engineer procedures to drigea finite time, a system from
some initial state to a final state that could bached with an adiabatic, slow
process. It should be noted that, in general, ti@al and final states are not
necessarily required to be the ground states ofylseem. In [72], however, in

transitions between ground states correspondirdifterent values of the model
parameters which can be controlled externally wengcentrated. The proposed
method was designed so that the desired final sapeoduced as a stationary
eigenstate of the Hamiltonian, with no need to stopfreeze the dynamics.
Analytical formulas to perform this type of processexist for the harmonic
oscillator [8]. It was shown that they can be egtmh to many-body states
described by the Bose-Hubbard Hamiltonian. Thabwal to computing the

dependence of the attainable coherent spin squeerzthe system on the number
of atoms,N, the atom-atom interactions, and the linear coupling To do so,

the explicit mapping was used, in the laigdimit, between the two-site Bose-
Hubbard model and an effective single particle eaystdescribed by a
Schrddinger-like equation. The dynamics of a basdoisephson junction can be
well described by a quantized two-mode model [1G@): the external bosonic
Josephson junctions case [100], or by constructiorthe internal bosonic

Josephson junctions case, the system of ultrafmoddns is well modeled by the

Bose-Hubbard Hamiltonian

Ho, =-2J J, +U J2, (3.51)

where the pseudo-angular momentum operzitsr{jx,jy,jZ is defined as

J, = W2)(4/a, +4}4,)
J, = U2i) (44, -al4,) (3.52)

J,= U244 -4ala,),
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and &' creates a boson in sife[4,4]]1=4,;, J is the hopping strength, taken

positive, andJ is the non-linear coupling strength proportiorattie atom-atom
s-wave scattering lenhtg. In [72], repulsive intti@s were considered)>0.

Time-dependent) (t) was used, keepingandN fixed during the time evolution.
The method used in that article for fast adiablite-preparation of a given
ground state requires control of the atom-atomraateon at time scales of
fractions of the Rabi time. So we can conclude gratocols for fast generation
of very coherent-spin-squeezed states in bosongephson junctions were
proposed [72]. The attained squeezing is the omeegmonding to the ordinary
adiabatic evolution in the case of repulsive atdamainteractions, but requires
much shorter preparation times. Thus, practicahoug of fast-adiabatic driving
have important advantages for any future implenmmtaof bosonic Josephson

junctions where they are used as resources of gletaent/spin squeezing. The
best scaling of the squeezing parameter for laugeber of atom# is &5 =1/ N

[for more detail see 72]. Procedures, given in [T@{uire a good control of the
time variation of the atom-atom scattering lengtinirey the desired period, from
now on a possibility at hand in that experimentaiups for internal bosonic

Josephson junctions. In [72], the methods wereindtdaby extending recently
developed protocols for fast-adiabatic evolutionthe case of a single particle
evolving in a time-dependent Harmonic oscillatotemtial, to the Bose-Hubbard
Hamiltonian. It was claimed that if confirmed expeentally, the proposal

presented in [72] represents a useful step forwatlde fast-adiabatic preparation
of many-body entangled quantum resources.

As we know, adiabatic methods are ubiquitous il @ibms and atomic physics
laboratories to control and prepare atomic states robust way. An explicit

obstacle is that the times required may be too [lmmgpractical applications.

Furthermore the ideal robustness may be damagehéyatcumulation of

perturbations and decoherence due to noise andsiwedenteractions. Studies
and experiments to speed up adiabatic processes heen realized for wave
splitting [71], transport [9, 66], expansions amaimpressions [13, 14, 18, 8, 60,
79], or internal state control [1, 77]. These reskees have been performed for

Hermitian Hamiltonians, but many systems admit &ecéve non-Hermitian
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definition. Shortcuts to adiabaticity techniques fon-Hermitian Hamiltonian
systems were generalized and provided applicattameles in [11]. Specifically,
the inverse engineering method proposed by Bertyaffd the one based on
dynamical invariants [8] were generalized. A twededecaying atom and the
motion of a classical particle in a harmonic ostdl with time-dependent
frequency were discussed. In order to understaadsyistem, we will continue
with the revision of the methods given in [11]. fHis the non-Hermitian
Hamiltonian was defined. Non-Hermitian Hamiltoniatypically describe sub-

systems of a larger system. It was assumed thahadermitian time-dependent
Hamiltonian H, ) with N non-degenerate right eigenstate@fr(t) >} ,
n=12..,N,

Ho (1) n(t)) = E, (t)|n(t)) , (3.53)
and biorthogonal partnefsi(1))}

Ho (®]A)) = E, * ©)]A)), (3.54)

where the star means complex conjugate and theedadgnotes the adjoint

operator. The time-dependent Schrédinger equafions generic stat¢lP(t)>

and for its biorthogonal partn#e@(t)> satisfying<@(t)‘ W(t)> =1 are

in0,|W(t)) = H, ()] (1)),

ind,

b)) = H,' 0 P0). (3.55)

After obtaining the main equations, the methodstioead above are generalized
to the system. M. V. Berry proposed a method tagthes Hermitian Hamiltonian
H (t) for which the approximate adiabatic dynamics enivby the Hermitian
Hamiltonian Hy (t) becomes exact [1]. This method was generalizedntm-
Hermitian Hamiltonians, too. In this instance thiBabatic approximation when
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Ho (t) is non-Hermitian is needed [101]. Lewis and Rndskel [64] proposed the
use of dynamical invariants of a quantum mechanggtem to perform
expansions of arbitrary time-dependent wave funstidy superposition of
eigenstates of the invariant. Inverse engineemeriques rely on designing the
invariant eigenvectors and phase factors firstsibbg taking into account patrtial
information on the structure of the Hamiltonian,dathen deducing the
Hamiltonian from them. To understanding shortcut amiabaticity for non-
Hermitian Hamiltonian systems, the inverse engingemethod proposed by
Berry [1] and the one based on dynamical invaridfsvere used. While these
methods are intimately connected as shown in [Ad]raay in fact be considered
potentially equivalent, they are used in differgrtys in standard applications.
These methods provide different answers so theysaparately considered (for
more detail see [11]).

There is a plenty of methods to preserve the ingiate populations in a fast
harmonic trap expansion. Some of them were examaret compared in the
review articles given in [57, 69]. The design ot tlime dependence of the
frequency using inverse techniques presents adyesitaver the slow adiabatic
approach, band-bang methods, or the non-localiti@miess tracking algorithm.
The inverse-invariant method was compared with katia and bang-bang
techniques [69]. This method was also applied teeBBinstein condensates
governed by the Gross-Pitaevskii (GP) equation. dther examined method is
the transitionless tracking method [69]. It waswhahat the inverse-invariant
method is able to cool down atoms in a harmonip tnathout phase-space
compression as in a perfectly slow adiabatic expansut in a much shorter time
by a special design of the time dependence ofrgmuéncy. For very short total
expansion times, this may require that the harmtraje becomes temporarily an
expulsive parabolic potential. There is a posdipiio take a Bose-Einstein
condensate in a very short time from an initialnm@amic trap to a final one
without excitations, by the same technique. In [5d]fferent theoretical
techniques proposed to engineer the shortcutsetperimental results and the

prospects were reviewed.
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Transport

The efficient transport of atoms and ions by mguihe confining trap is a
necessary fundamental requirement for many apmitat The transport should
ideally be lossless and fast, i.e. the final s&teuld be equal to the initial one
apart from the translation and possibly phase factdany different experimental
approaches have been implemented. Neutral atomg lhaen transported
individually, as thermal atomic clouds, or condeesausing optical or magnetic
traps. Usually, a way to avoid spilling or excitatiof the atoms is to perform a
sufficiently slow (adiabatic) transport. But for ma applications the total
processing time is limited due to decoherence anadsabatic transport may turn
out to be too long. As a part of quantum informatprocessing, transport could
occupy most of the operation time of realistic aifpns, so transport times need
to be minimized. In short, we have significant meesto reduce the transport
time, and varied theoretical and experimental wdr&ge studied ways to make
fast transport [7, 9, 12, 66, 78]. As well as exgpans, shortcut techniques can be
applied to perform fast atomic transport withoutafi vibrational heating by
combining dynamical invariants and inverse engimgerTwo basics scenarios
can be dealed in this way: first one is shortcatgtie transport of a harmonic trap
and the other is shortcuts for the transport cdirdoitrary trap.

In [78], optimal harmonic-trap trajectories weresig@ed to transport cold atoms
without final excitation, combining an inverse amggring technique based on
Lewis-Riesenfeld invariants with optimal controétry. Optimal trajectories with
bang-bang and bang-off-bang forms were respectivaiyained for time
minimization and displacement-minimization with etmined displacement
between the trap center and the center of masheofparticle density. The
transient energies for bounded and unbounded desplent were also minimized
in [78]. In the time-optimal problem, the minimame corresponds to a fixed
constrainto. Consistently with this, no solutions were fourmt €lisplacement

and energy minimization problems for transport snskorter than the minimal
time, i.e. fort, < (2/w))vd/ o, where @, is the constant harmonic frequency

andd is the final position of the center of the harnwotrap. To achieve fast and
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faithful transport in shorter times, an energy @maust be paid by increasing
which, in real traps, will also produce errors hessa of anharmonicities. The

relation between the minimal (time-averaged) enexgg the transport timé,

obtained in [78] is not at all trivial, in partial they are not simply inversely
proportional, see e.g. Egs. (56) or (70) in [78],0me might naively expect from
the form of time-energy uncertainty relations. T9waling laws found are also

peculiar of transport. In a previous work on ingats and transport [9], the

energy bound for the time-averaged potential end?gywas found using the

Euler-Lagrange equation. In [78], it was shown thav to realize this bound by

allowing the discontinuous acceleration of the teag = O andt = t, in the

unbounded control optimization. As a principle thesmd other discontinuities
found could be avoided by imposing appropriate lbisuand using a powerful

pseudospectral numerical optimization method [b8hddress the corresponding
more complex optimal control problem. Anharmoniaityuld be dealt with in a

completely different way using the protocols fohammonic transport described
in [9], which require a compensation of inertiatdes in the frame of the trap. It
was suggested in [77] that, the results may bende to Bose-Einstein

condensates which can be found in [66].

Now let us overview the study of [66] which conceate with the adiabatic

transport of a Bose Einstein condensate. An inversthod to accelerate without
final excitation of the Bose-Einstein condensates vpgoposed in [66]. The

method, applicable to arbitrary potential trapshased on a partial extension of
the Lewis-Riesenfeld invariants, and provides tpans protocols that satisfy

exactly the no-excitation conditions without coasits or approximations.

Inverse method, used in [66], was complementedpbynizing the trap trajectory

with respect to different physical criteria and diydying the effect of noise. The
effect of noise in harmonic transport was also stigated in [66]. It was assumed
that the center of physical trap is randomly péxated. For the shifted trap center,
the equation for trajectory was solved (for mortadlesee Ref. [66]). The inverse
method was also applied to anharmonic transportakarbitrary trap and a final

time t; =20ms, the maximal compensating acceleration foam®3.1m/s The
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results were given as a graphic and the averagdityicdbf harmonic transport
versus noise amplitude was plotted in [66]. Theerse method can also be
applied to anharmonic transport of condensates égns of a compensating force
[9]. In either scheme this method does not requhmat t; satisfies any
discretization condition, as it occurs with othg@peoaches [66], antl can in
principle be made as small as desired. In prathtiees are of course technical and
fundamental limitations[9]. Smaller values ®fincrease the distance from the

condensate to the trap center, and the effectlwdramonicity.

Internal State engineering

Directing the internal state of a quantum systeith wime-dependent
interacting fields is the basis of quantum infonmtprocessing and many other
fields. In those studies, we need an accurate @ootrmpulse phase and intensity.
Adiabatic passage is robust towards parameterti@argabut slow. It is moreover
leaning to decoherence because of the effect sermrer the long times required.
This motivates the investigation for fast and rdbsisortcuts, with respect to
parameter variations and noise. Several methodmdoshortcut to adiabaticity
have been proponed for two- and three-level atosystems. Among them,
methods that we have mentioned previously aboke the transitionless driving,
invariant-based engineering, or optimal controbtiye
Adiabatic passage techniques in two-level and tleeel atoms were also studied
with different ways in [10, 68, 76]. A method toesn up adiabatic passage
techniques in two-level and three-level atoms editento the short-time domain
their robustness with respect to parameter variatwas proposed in [10]. The
method used in [10], substitutes the standard |laeam setups with auxiliary
pulses that steer the system along the adiabéatic ampared to other strategies,
such as composite pulses or the original adialtatbniques, it provides a fast
and robust approach to population control.

Manipulating the state of a quantum system witretolependent interacting fields
is a fundamental operation in atomic and molecyarysics. Shortcut to

adiabaticity in two-level systems can be also foundking use of Lewis-
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Riesenfeld invariants [27, 68]. For two-level syssethere are several approaches
proposed to attain a complete population transfer, example, 7 pulses,
composite pulses, adiabatic passage and its verigtrobust option is in
principle adiabatic passage, which is however lgand decoherence because of
the effect of noise over the long times required.we have mentioned before, a
compromise is to use speeded-up shortcuts to daigypa which may be
obviously defined as the processes that lead tsadhee final populations than the
adiabatic approach in a shorter time. In that sepspulation inversion in two-
level quantum systems has been recently studi¢@i8in A key aspect to choose
among the many possible shortcuts is their stgbibt robustness towards
different perturbations. The stability versus diffiet types of perturbations of
recently proposed shortcuts to adiabaticity to dpgethe population inversion of
a two-level quantum system was examined [68]. Ogitinrobust processes using
invariant based engineering of the Hamiltonian wietend. The main aim of that
study is to find optimal protocols with respectsistematic errors. The optimality
was determined by minimizing properly defined sewvisies. It turns out that the
perturbations due to noise and systematic errocpiine different optimal
protocols, and invariant-based inverse engineemas used to find them.

Hamiltonian for the two-level system is given as

Ho(t) =

0 ( A0 20-i0 (t)J 350

2l Q) +iQ, (t) A(t)

where Q(t) = Q;(t) +iQ, (t) is the complex Rabi frequency (whefk;, and Q,

are the real and imaginary parts, respectively) @ds the time-dependent
detuning between laser and transition frequendtastly, the definition of the
Hamiltonian for two level system was given, andnthdifferent schemes to
achieve a population inversion were reviewed. B@nmgle, a simple scheme to
achieve population inversion is & pulse. Secondly, different types of possible
error sources were discussed. The stability of whffe fast protocols was
examined for exciting a two-level system with regp® amplitude-noise error

and systematic errors. First the noise error aleag studied and noise sensitivity
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introduced. It was shown that a special typernobulse is the optimal protocol
with minimal noise sensitivity. Then the systemadrcor alone was studied and
systematic error sensitivity was introduced. It vgaswn that there are protocols
for which this sensitivity is exactly zero. Finglihe general case with noise and
systematic errors together were investigated. Antheaend of that study, it was
also mentioned about future work. Future work willolve extending the present
results to different types of noise and perturbreioThe existence of a set of
optimal solutions for systematic errors also opesway to further optimization
with respect to other variables of physical interes

The transitionless driving for stimulated rapid auditic passage from level 1 to
level 3 in a lambda configuration with an internmagdi state 2 making use of a
pumping and a Stokes laser was studied in [10]. fakedriving field connects
levels |1) and|3). This implies in general a weak magnetic dipsénsition,
which limits the ability of the field to shorten ehtimes. Invariant- based
engineering solves the problem by providing altémeashortcuts that do not
couple directly level$l) and|3) [76], as discussed below.

Our investigation continue with the study of Chenl &uga which is about fast
and robust population transfers in three-levelayst [76]. They have designed
resonant laser pulses to perform fast populatiensfers in three-level systems by
invariant-based inverse engineering. In a threellsystem as the one depicted in

Fig. 3.1, stimulated Raman adiabatic passage allowsansfer the population

adiabatically from the initial statél)to the target stat¢3). To speed up the

process, a fast-driving counterdiabatic field caring levels|1) and|3) may be
used [10]. In general, though, this implies a weakgnetic dipole transition,
which limits the ability of the counterdiabaticlfieto shorten the times [10]. This
can be solved by invariant-based engineering, whiokides alternative shortcuts
without coupling directly levelsl) and|3). Let us overview the results of [76].
The laser intensities to improve the fidelity orachieve a perfect transfer were
examined for different protocols. Two different gliermode protocols were
applied first in which the fidelity is linked to ¢hlaser intensity. Shortening the
time also implies an energy cost. Interestinglyatbieve the same fidelity, it was
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found that less intensity is required when thermediate Ieve|2> is populated.

A variant of the first protocol in which the initiatate is simply the bare ste@

and the dynamics is driven by a multi-mode wavesfiom provides a stable and

less costly shortcut.

Fig. 3.1.Level scheme of stimulated Raman adiabatic passage/\ level configura’[ion.Qp
and Q. are the Rabi frequencies for the interactions wlih pump and Stokes fields

respectively, and’lp and AA; are the detunings from the resonances.

In [76], it was stated that further explorationtbé multi-mode approach in this
and other systems is left for a separate study.pbpalation of the intermediate
level is usually problematic when its time decagleds smaller than the process
time. While this may be a serious drawback for dialzatic slow process, it need
not be for a fast shortcut. Protocols that populetel 2 may thus be considered
as useful alternatives for sufficiently short preséimes. It is widely known that,
different techniques to find shortcuts to adiabgtiare strongly related, or even

equivalent. Lastly, the invariant-based inverse hoét presented in [76] was
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compared to the optimal control approach used 02]1in the optimal control
method [102], the system of control differentialuajons are the same in the
invariant method. The ultimate reason is that tleegeations are in fact equivalent
to the Schrddinger equation for a given wave-functparameterization. The
invariant dynamics provide thus a complementaryeustdnding of the optimal
control approach, whereas optimal-control techrsqakso help to optimize the
results given by the invariant-based inverse ergging.

Now let us overview another interesting investigatof shortcuts to adiabaticity.
Coherent spin manipulation in quantum dots is #edement in the state-of-the-
art technology of spintronics. Ban et al. propoaadther all-electrical technique
to flip spin with high fidelity via shortcuts to edbaticity, in a much shorter than
any decoherence time [74]. A fast and robust metiooflip electron spin in a
guantum dot with spin-orbit coupling and weak pepeular magnetic field was
proposed. An invariant-based inverse engineerinthogewas applied to control
by time-dependent electric fields electron spinaigits in a quantum dot with
spin-orbit coupling in a weak magnetic field. Thevariant-based inverse
engineering approach was chosen, because Ban elamhed that it is better
suited than the transitionless driving to be preduby the desired all-electrical
means. Let us shortly give the definition of thedmloused in [74]. Consider the
electric control of electron spin in a quantum fibwtned in thex-y plane of a two-

dimensional electron gas confined in thdirection by the coordinate-dependent
material composition, under a weak magnetic fiB[;ﬂz, as shown in [74]. The
total HamiltonianH of the electron interacting with the external &iedield E(t)

= —0Acotis H =H, +H_ +H,,, with [103]

int 7

p; +p; A
H,=—>+U(X,y)+—20,,
0 2m ( y) 2 z

H,, =(-ao, + Bo,)p, +ao,p,,

Hi == AV, (3.57)

int
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wherem s the electron effective mass andi = x, y, 2 are the Pauli matricebly

represents the kinetic energy, the potentigq, y), and the Zeeman , = gy/;B,,
where £/, is the Bohr magneton, amgds the Land’e factor. The eigenfunctions of
Ho arey, (x,y)| o), where|o) =|+1) is the eigenstate af,, and the spectrum is
given by E; +A, /2 wherek; are the orbital eigenenergies in the confinement

potential. The spin-orbit coupling is the sum alisture-related Rashba)(and
bulk-originated Dresselhau)(terms for growth axis. The vector poten#a(t) is
in the &, y)-plane and corresponding spin-dependent velogigrators are

X

v, =p,/m+pBo,-ao,,

v, =p,/m+ao,. (3.58)

y

The designed electric fields provide a shortcuad@mbatic processes that flips the
spin rapidly, thus avoiding decoherence effectsvds shown that this approach,
being robust with respect to the device-dependemten can open new
possibilities for the spin-based quantum infornragoocessing.

Multiple Schrodinger pictures and dynamics in stwuid to adiabaticity were also
discussed in [73]. Ibafiez et al., proposed schdareshich different interaction
and Schrédinger picture dynamical equations reptesdifferent physical
processes and interactions [73]. These schemes Vatee combined and
exemplified to produce better, realizable shortdotadiabaticity for population
inversion protocols, and for expansions and congwas. As it is widely known,
the Schrodinger equation may be transformed byagnaperators into dynamical
equations in different interaction pictures whidfae with it a common physical
frame, i.e., the same underlying interactions, @sses and dynamics. In contrast
to this standard scenario, other relations are ptsssible, such as a common
interaction-picture dynamical equation correspogdio several Schrédinger
equations that represent different physics. Thabtad to design alternative and
feasible experimental routes for operations thataapriori difficult or impossible
to perform. The power of this concept was exengdifiby engineering

Hamiltonians that improve the performance or madadizable several shortcuts
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to adiabaticity. It was stated that, similar mafagions may be applied as well to
facilitate or improve shortcuts to adiabaticity fother operations such as
controlled atomic transport [9]. In fact, the ide& designing the pictures to
generate alternative, easier to handle physicsapiglicable to a fullness of
guantum systems, especially, in the fields of qumantsimulations, quantum
control, or quantum information, where developiaghniques to externally drive
the systems for specific goals is a central objecti

While keeping on investigation of the studies oargtuts to adiabaticity, we will
examine the study of [77] which pointed out the resztion between Lewis-
Riesenfeld invariants and transitionless trackihgo@hm. Different methods
have been recently put forward and implemented raxeatally to inverse
engineer the time-dependent Hamiltonian of a quansystem and accelerate
slow adiabatic processes via non-adiabatic sharténtthe transitionless tracking
algorithm proposed by Berry, shortcuts Hamiltoniame designed so that the
system follows exactly, in an arbitrarily short &nthe approximate adiabatic path
defined by a reference Hamiltonian. A different mg@eh is based on designing
first a Lewis-Riesenfeld invariant to carry the engtates of a Hamiltonian from
specified initial to final configurations, again @n arbitrary time, and then
constructing from the invariant the transient Haomian connecting these
boundary configurations. It was shown in [77] ttied two approaches, apparently
quite different in form and so far in results, anefact strongly related and
potentially equivalent, so that the inverse-engimgeoperations in one of them
can be reinterpreted and understood in terms of@heepts and operations of the
other one. As explicit examples the expansionsneé-dependent harmonic traps
and state preparation of two level systems werdiediu In short, the study in [77]
provides a significant step towards a deeper utaiwigg of shortcut-to-
adiabaticity methods that will help to choose thesmadequate approach in
atomic transport, quantum gates, and generally iatomanipulation and control

applications.

Wavepacket Splitting
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Splitting a wavefunction without excitation is ionpant in matter wave
interferometry. For linear waves, described by Suhirédinger equation, it is a
peculiar operation, as adiabatic following is ratust but unstable with respect to
a small external potential asymmetry [71]. The gbstate wavefunction
collapses into the slightly lower well so that ayslow trap potential bifurcation
fails to split the wave except for perfectly symneatl potentials. A fast
bifurcation with a rapidly growing separating pdtahsucceeds to split the wave
but at the price of a strong excitation. Short¢atsdiabaticity that speed up the
adiabatic process along a non-adiabatic route owsscthese problems [71].
Numerical modeling shows that the wave splitting shortcuts is significantly
more stable than the adiabatic following with retge asymmetric perturbations
and avoids the final excitation. Specifically, Tantegui et al. [71] use the
streamlined version [75] of the fast-forward teciua@ of Masuda and Nakamura
[12], which applied to Gross-Pitaevskii or Schragin equations after having
found some obstacles to apply the invariants-baseitiod and the transitionless-
driving algorithm. The following discussion refets the Schrédinger equation
except for a final comment on the Gross-Pitaeetdiation.

We will continue with the engineering fast and fadplitting of matter waves.
Shortcut to adiabaticity is engineered to speedhepadiabatic process through
non-adiabatic transients, provide instead quiet aobust fast splitting.
Torrontegui et al. have been recently discussedvthes splitting via shortcuts to
adiabaticity in [71]. The wave splitting via sharts avoids the final excitation
and turns out to be significantly more stable thia® adiabatic following with
respect to the asymmetric perturbation. For thapgae, a simple inversion
method was specifically used: a streamlined versidie fast-forward technique
of Masuda and Nakamura [12] applied to Gross-Riskie or Schrodinger
equations. Let us shortly mention about the fast#od approach. The fast-
forward method [12] may be used to generate extgrotentials to drive the
matter wave from the initial single well to a finsymmetric double well. The

starting point of the streamlined version is thetBe-dependent GP equation
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6|t//( )> =(T+G(t) +V(t))|t//(t)> (3.59)

whereT is the kinetic energyy is the external potential and ti&is the mean
field potential. Here it is assumed thatis local, (XV (1) x') =V (x,)d(x = X').

Based on this approach simple Y-shaped potentale been generated. Simple
Y-shaped (position and time dependent) potentag bifurcations was designed
to split matter waves rapidly without final excitat, avoiding the intrinsic
instability of the adiabatic approach with respectslight asymmetries. By the
way, it also avoided or mitigated in this manner decoherence effects that affect
slow adiabatic following. The bifurcation may bepeximentally implemented by
means of spatial light modulators. It was statedt th simpler approximate
approach would involve the combination of Gausdi@ams. Further standard
manipulations may be combined with the proposethrigie, in particular a
differential phase among the two final parts maynbgrinted by illuminating one
of them with a detuned laser.

Recently, there is a very much surge of inter@stut down the time it takes
to change the state of a quantum system adialgtithd to now we have focused
on theoretical studies on shortcut to adiabticrig ghe methods used in this area,
in the following we will continue with experimentatalization of shortcuts to
adiabaticity. Researchers pay attention to the raxjeatal studies [13-15, 20] as
well as theoretical studies. In the following, wdlweverview the experimental
realization of shortcuts to adiabaticity for a nateracting and an interacting cold

atoms.
3.3. Experimental realization of shortcuts to adiahticity

In this subsection, firstly we will describe thgperimental schemes and

then investigate how the decompression is contit@ted monitored.

Control of the trapping frequencies
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In [81], the trap was well approximated by a 3Dnhanic potential for
sufficiently low temperatures. This temperature @gproximately 10QK for
typical bias of 1.5 G. In the initial compresseaptr the frequencies were

measured to be w, (0)/2mr=2281 Hz, w, (0)/2mr= 222 Hz,
w, (0)/27r=2358 Hz.

Obtaining shortcuts to adiabaticity requires acize control of the trapping
frequencies, in a dynamical fashion. In [81] quadtea-loffe-configuration trap

(QUIC) was used, this can be achieved by varyiegctirrenti, running through
the three coils, and the curremf running through an additional pair of

Helmholtz coils positioned along the axial dimensuaf the trap (compensation

coils). The resulting potential is

12

1B
U(x,y,z)=/AB\D/J[ Hog )+ B"yz} (3.60)
0

where 1/h=14MHz/G for atoms in‘52 S, F=2m = +2>, B' is the radial

magnetic field gradient whil8" corresponds to its curvature alopgThe radial

and axial angular frequencies are recalled as,

Wy = w, Uw, D\/i\/%
Ql
W, =W, =\/%1/B"(io) : (3.61)

These expressions show that the radial and axegluéncies can be controlled
independently to some extent. The experimentalizaan of the shortcut
trajectories requires a careful preliminary caliltma of the frequencies versus
currents, which was achieved by monitoring the dlsucenter-of-mass

oscillations after a small excitation.
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Shortcut to adiabaticity for a non-interacting gas

In order to produce an ultracold thermal cloudfisigntly dilute for
collisions to be negligible, the loading time ofceed magneto-optical trap
(MOT2) was reduced [81]. Then an evaporation ramplar to the one used to
obtain BECs was applied. This produced a dilutentilaé gas, with a low elastic

collision rate. It containedN 010° atoms at a temperature §f = 1.6 4K . This
corresponds to an average elastic collision rateppsicle of y,, 08 Hz, and a

collision time of 125 ms. This is 30 times the dation period, and more than 3
times the decompression time, which justifies tha-mteracting approximation.
The three dimensions of the trap are thus not esughd the system is equivalent
to N simultaneous realizations of three independent barcroscillators.

In theory, starting from a gas at equilibrium atednperatureT, in the

compressed trap, a shortcut to adiabaticity shtedd to an equilibrium state in

the final trap, with a temperaturé =T,w(t,)/w (OYhis corresponds to a

situation where entropy is not increased. On thetraoy, for a non-optimal
decompression, one expects to observe oscillabbtize cloud’'s size and center
of mass in the decompressed trap, once the decesipmeis completed. To
evaluate the efficiency of shortcut, Schaff et [@0] thus performed the fast
decompression, and hold the cloud in the decomgaetsap for a variable amount
of time. The trap was then abruptly switched offd an absorption image was
taken after a constant time of free expansion (B fitse amplitude of the dipole
(oscillation of the center of mass) and breathingdes (oscillation of the size)
give access to the excess energy provided to thedclas compared to an
adiabatic modification of the potential. If the atbis reasonably at equilibrium
after decompression, one can also directly meathwefinal temperature by
measuring the evolution of the size during a fregaasion (see [20] for detailed
experimental results).
In the following, we will overview four decompresasi trajectories which were
compared in [81]:

I-) The shortcut (given in Figs. 3.2d and 3.684]),
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ii-) A linear decompression of the same durati@® 1ns),
lii-) An abrupt decompression, which, somehowyesponds to a worst case

scenario (in practice, the decompression time 1sn6.and«(t) is not

controlled, and is imposed by the response of thgnatic trap control
electronics),
iv-) A 6-s-long linear decompression, which can d¢nsidered nearly
adiabatic.

In [81], linear decompression was referred to ctowli corresponds to both
control currents being varied linearly with timeherl corresponding frequency
trajectory is not linear.
In the case of the 6-s-long linear ramp, veryditgsidual excitation was observed
(although the residual dipole mode is still meakiga and the temperature
directly measured by time of flight was found cldsehe expected value for an
adiabatic decompression. More detailed experimeatallts were summarized on
Fig. 3.9 in [81]. In the shortcut case, clear datidbns of the cloud width and
center-of-mass position were seen, but they werehmeduced compared to the
fast linear ramp and abrupt decompression.
Compared to the linear decompression in 35 ms, sthertcut reduces the
amplitude of the dipole mode by a factor & @nd the amplitude of the breathing
mode by a factor of 3. The excess energy, whichdeasinated by the center-of-
mass energy, was thus reduced by a factor 62. In the case of the 6-s-long
ramp, a final temperature of the cloud of 130 nKswaeasured, a factor 12.5
below the initial one. This is consistent with #ected value of 15. The small
difference may arise from a small heating rate tughe fluctuations of the
magnetic trap.
The fact that the shortcut decompression still poed sizeable excitations is due
to experimental imperfections. Several possibleseawcan be called. Since the
shortcut trajectory was designed only for the radiimensions, the resulting axial
breathing mode is of the same magnitude as folirtbar decompression.
The results of the shortcut decompression to limaarps of various durations
were compared. Fulfilling the adiabaticity criteriavas found easier for the

breathing mode (size oscillation) than for the tBponode (center-of-mass
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oscillation): the oscillation amplitude was redud®da factor of 2 fot; =20 ms
for the earlier, and fag =150 ms for the latter. Using the amplitude of tiysote
mode as a criterion to compare the linear and shbschemes, one sees that the

decompression time was reduced by a factor of 37.

Shortcut to adiabaticity for an interacting condates

For best understanding the experimental proceddir¢he shortcut to
adiabaticity for an interacting condensate, leexamine the experiment of [20].
In that experiment, Schaff et al. study with theesne which the radial frequency
was decreased by a factor of 9, while the axi@jdemcy was adjusted to maintain
the axial sizeof the BEC fixedduring the whole trajectory. Accordingly, the axial
frequency was decreased by a factor of 3. In [, starting point is an initial
BEC containing Bx10 atoms in the condensed fraction, and 7 £ @6n-
condensed atoms at a temperature of 130 nK. Theriexgntal scheme is similar
to that employed for the thermal cloud. A longendiof flight of 28 ms was used
to characterize the various excitations generajethpid decompressions. Three
decompression schemes were compared in [81]:

I-) The shortcut to adiabaticity in 30 ms,

ii-) The linear decompression in 30 ms,

lii-) An abrupt decompression.
The BEC can not be held for more than 150 ms inctimapressed magnetic trap
because of a relatively high heating rate. Thusygarison of the scheme given in
[81] to the adiabatic limit corresponding to a slbmear decompression can not
be done in this case. The absorption images wkemn ta the ¥, 2 plane, after a
certain holding time in the decompressed trap pl@8-ms-long time of flight. In
the linear case the BEC undergoes large defornstiod oscillations of its aspect
ratio, whereas in the shortcut case it remains Iyeperfectly stationary.
Surprisingly, it was found that in the case of limear decompression the BEC
also oscillates angularly. This was attributedrtauacontrolled tilt of the trap axes
during the decompression. It was shown that, treglyesotropic aspect of the

BEC after the shortcut decompression is due toviee of the time of flight,
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which is close to the critical time of inversion thie aspect ratio. The thermal
component surrounding the BEC was also visible. kasurements were
performed after a 28 ms time of flight. As in these of the non-interacting cloud,
the shortcut scheme reduces the amplitude of tpelelimode compared to a
standard linear decompression, in interacting cosake case by a factor of 4.3.
For relatively long time of flight, the measuredsjpimns reflect the atomic
velocities. Thus, using the shortcut scheme redtlee&inetic energy associated
with the dipole mode by a factor of .b8compared to the linear one (and 36
compared to the abrupt decompression). The resielualgy after the shortcut
decompression is 580 nK. Both non-optimal schenmedude very large
oscillations of the BEC’s aspect ratio, with a eatltomplicated dynamics. A
Fourier analysis reveals a main oscillation fregqueof 47 Hz, consistent with a

radial breathing mode &aw,. A smaller contribution at 12.5 Hz corresponds to

the axial breathing mode a}f5/2a),,. The shortcut scheme suppresses strikingly

these breathing oscillations, yielding a BEC clégethe targeted equilibrium

state.

After comparing the decompression schemes we wiitinue with the results of
the experiment in [20]. A fast decompression argpldcement of both a non-
interacting gas and an interacting Bose-Einsteideasate which were initially at
equilibrium were especially demonstrated experi@ént The decompression
parameters were engineered such that the finad s&atentical to that obtained
after a perfectly adiabatic transformation despitee fact that the fast

decompression is performed in the strongly nonkmdia regime. During the

transfer the atomic sample goes through strongtyobequilibrium states while

the external confinement is modified until the systreaches the desired
stationary state. The transfer was achieved byneeging specific trajectories of
the external trapping frequencies. This schemesuasessfully applied to both a
thermal gas with negligible interactions and anernatting Bose-Einstein

condensate. The scheme used is flexible enougle tdbpted to both situations
even though, in the thermal gas, interactions dopiay a significant role while

the Bose-Einstein condensate is strongly affecyeithés-wave repulsion between

atoms. Theoretically, the design of the transfecpss was based on the invariant
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of motion and scaling equations techniques whiche out to be possible thanks
to the harmonic shape of the external potentidhteothe criteria for adiabaticity.
In the scheme [20] the invariant of motion techmeig(for non-interacting
particles) and the scaling equations techniquadval both the non-interacting
and the interacting gas) are tightly connected. ifita@riant of motion used in [20]
Is a time-independent harmonic oscillator Hamiléanthat can be obtained by a
time-dependent canonical transformation of theahiamiltonian. In the scaling
equations technique, a transformation involvinghbescaling and a displacement
of the coordinates that allowed the equations dfioncof the system to be time-
independent was investigated. In experiments wittacold gases, samples are
often prepared by transferring atoms from some inenient to another, e.g.,
from a magneto-optical trap to a magnetic quadedobm a quadrupole trap to a
loffe-Pritchard trap, from a harmonic confinemeatan optical lattice, etc. the
major limitation being that, for short transfer &g parasitic excitations may
show up. The main application of the scheme is tbugiide this transfer in order
to prepare a very cold sample in a very short tivith the desired geometry and
without undesired excitations. It was stated tha¢ shortcut-to-adiabaticity
scheme proposed in [20] could be applied to noeraating particles such as cold
gases or ultracold spin-polarized fermions, to raror superfluid (bosonic or
fermionic as well) gases in the hydrodynamic regnand to strongly correlated
systems such as the Tonks gas.

In order to understand the experimental procediir¢ghe shortcuts to
adiabaticity, above we prefer to examine the swid0] which is reviewed form
of [13, 14]. After detailed investigation of [20]hich depicted the experimental
realization of shortcuts to adiabaticity very welle will continue with the other
experimental articles studied in this area [13-15][13], the first experimental
realization of the faster-than-adiabatic displaceiand cooling of an ensemble
of magnetically trapped ultracold atoms were presgbnusing an optimal
decompression sequence based on invariants of mdtising this formalism,
optimal trap frequency trajectories were derivedhie case of a time-dependent
harmonic potential plus a time-independent lineamt accounting for gravity.

The solution also applies to the simpler case pfirely harmonic potential such
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as that treated in Ref. [8]. The validity of theneme by applying a fast (35ms)
15-fold frequency decompression to the trap inwbgical dimension was also
demonstrated, vyielding a residual center-of-massillason of the cloud
equivalent to that of 1.3-s-long linear decomp@sga reduction by a factor of
37). It was claimed that as a future prospect, andd apply this technique to
more isotropic traps (such as crossed dipole trpsptain a faster and efficient
cooling in 3D and produce very low temperaturestir@g trajectories could also
be searched for in other situations such as theangayuadrupole magnetic traps
often used to transport cold atoms [104]. This métban also be readily applied
to Bose-Einstein condensates with some restricttonthe dimensionality due to
the scaling of the interaction term [60]. More getlg, these optimal faster-than-
adiabatic schemes could be adapted to many aregshysics where time-
dependent Hamiltonians are employed. The methodhwhkas studied in [13], is
experimentally applied to the fast decompressiomrofultracold cloud of'Rb
atoms held in a harmonic magnetic trap in the presef gravity. Let us briefly
mention about the experimental procedure used B]. [To experimentally
investigate the shortcuts to adiabaticity, a saropldtracold®’Rb atoms held in a
magnetic loffe-Pritchard trap were employed. Thigpydar type of trap is
harmonic (for cold enough atoms) and anisotropithva typical ratio of 10
between the oscillation frequencies in the radiaemsionsw, , and the axial one
w, (see Fig. 3.2.) yielding the well known cigar-shaespect of the trapped
cloud. For shallow traps, gravity significantly edts the potential in the vertical
dimension, yielding a displacementt the trap minimum-g/«’ compared to a
tight trap.

The magnetic trap used in [13] is of the quadrupolte-configuration type
(QUIC trap) introduced in [105], the three-coilduge sketched in Fig. 3.2. For

sufficiently cold atoms(k,T << 1B, the magnetic potential is harmonic of the

form [106],

B, 2

'UB=/1|:BO+1(BIZ B"

2 2 1 " 2
> J(x +Z)+28y} (3.62)
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where y/h=14MHz/G for the atoms in|F =2,m: =+2>. B' is the radial
gradient of the magnetic field whilB" represents its curvature alongB, is the

minimum of the magnetic field at the trap centenjali can be adjusted using two

independent parameters: the currgntrunning in the three QUIC coils or the

currenti, in a pair of compensation coils providing a umifofield alongy (see

Fig. 3.2).
iQ
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Fig. 3.2. Trapping geometry (figure in the horizontal planéltracold®’Rb atoms are trapped in
an loffe-Pritchard-type magnetic trap created byrent iq running through the three
QUIC coils1, 2, and3. An additional pair of coilsi(andii) produces a homogeneous

field alongy,which allows an independent tuning of the trapmiunin field By via the

currentlg .
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The initial sample was a smaN & 10> atoms) and coldTp = 163 1K) atomic
cloud. The low temperature guarantees that thenpateseen by the atoms
remains harmonic even for large decompression rfiactbhe small number of
atoms was chosen to reduce the density and thuseldstic collision rate
responsible for the energy transfer between dinoassand thermalization. In the
compressed trap with the previously mentioned patars, the typical time
between two elastic collisions #28 ms, quite larger than the radial oscillation
period of 4 ms. It was illustrated that the effrmg of the shortcut method by
realizing a fast tf =35ms) trap decompression optimized for the vdrtica
dimensionz, where gravity strongly affects the cloud’s motidrhe employed
solution for the vertical trap frequeneyt ) was shown. Because of the finite time
response of the trap electronic circuit, the messurap field profile was found
different from the computed one. Thug was monitored by interrupting the
sequence at different times and adjusted the cosapien field to obtain a
measured,(t) close to the theoretical one (deviatoh%). The time evolution of
the cloud’s center-of-mass positiag, was also plotted once the decompression
sequence was completed, and that of the cloud&sesiz (for more detail see
[13]).

Schaff et al. have another experimental study oortsht to adiabaticity, in
connection with an interacting Bose-Einstein corsdés [14]. In that study, a
method was presented to perform shortcut to ad@tyatransformations on a 3D
interacting BEC, using a specifically designed peater trajectory for the
harmonic trapping potential [14]. A large trap degwession and displacement
within a time comparable to the final radial trappiperiod were experimentally
performed. By simultaneously monitoring the BEC ati non-condensed
fraction, it was demonstrated that the specifip thi@jectory is valid both for a
guantum interacting many-body system and a cldssec@emble of non-
interacting particles. The rapid shortcut decomgoesof a 3D interacting BEC
confined in an anisotropic harmonic trap was pentxt in [14]. The trap
frequencies were decreased by a factor of 9 (lgliahd 3 (axially) in a time
comparable to the final radial trapping period,ngsa trajectory based on the

scaling properties of the time-dependent Grosseis#idi equation in the Thomas-
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Fermi limit [61]. This shortcut trajectory leadsadinal state identical (in theory)
to the equilibrium state obtained via a perfectliabatic process. Experimentally,
it was demonstrated that the collective excitatidi®’, 108] associated with the
rapid trap decompression were strongly reducedhéyshortcut scheme (see fig. 1
in [14]), the residual excitation being due to expental imperfections.
Additionally, it was showed that the trajectory asso valid for a classical
ensemble of non-interacting particles, as demotestray monitoring the non-
condensed fraction of the finite-temperature BERe $ystem was described by a
zero-temperature BEC plus a thermal cloud, assumdaehave independently.
The ultracold ®Rb atoms were trapped in a quadrupole-loffe-coméition
magnetic trap [105]. In its compressed initial estétis trap is anisotropic with

radial and axial frequenciesw, /2r =235.8 Hz and @, [2n =22.2 Hz,

respectively. In that experiment, firstty a BEC IWF (radio frequency)
evaporation in the compressed trap was produce@ ddndensed fraction
(N=1.3x10) represents 60% of the total number of atoms.ifittial temperature,
inferred from the size of the non-condensed fractadter time of flight, is T
=130 nK. Then a decompression sequence was aphlédi the ultracold cloud
for a certain timdy, in the decompressed trap, then released it andtonea the
cloud’s parameters after a 28 ms time of flight afssorption imaging. This time
of flight is close to the critical time~B0 ms) where the aspect ratio of the
decompressed BEC inverts, which explains its igatraspect. By varying,, the
magnitude of the various modes excited by the decession process were
characterized. To extract quantitative estimates,2D column density profiles
were fitted by a two-component distribution allogifor different angles for the
BEC (Thomas-Fermi profile) and thermal fraction (Gsian profile). The fit
results were averaged over three different imagkent in the same conditions.
Throughout [14], three different decompression sod® were compared: an
abrupt jump from the initial to final frequencieslinear ramp of duration 30 ms,
and the 30ms shortcut trajectory depicted. Themhdacompression was used as
a worst case to measure the magnitude of excittgsociated with a strongly
non-adiabatic transformation [14]. It was claimhbdtt the performances could be

further improved using better-controlled potentialsch as in optical traps or
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lattices, where time-dependent manipulations ae easier and faster. Very short
transition times could in principle be achieved tgnsiently applying negative
(i.e. expelling) curvatures [8]. It was stated tttad further work may include the
direct comparison with other methods such as bamg 87] or optimal control
techniques. It was claimed that, more general shbrsolutions will also be
searched for, and applied to other dimensionalitesion-harmonic potentials
[109]. These fast-transition methods are not m&stli to cold-atom manipulation,
and can be readily adapted to topics as diverse.gs, macroscopic resonator
cooling [22], temporal [10] and spatial [110] codetr population transfer, or
quantum computation [111].

Completely controlling a quantum system is a basiguirement in quantum
information processing and the coherent manipulatibomolecular systems. The
main goal in quantum control is to prepare a ddsstate with the highest fidelity
allowed by the available resources and the expatamheonstraints. In [15], two
optimal high-fidelity control protocols using a tvevel quantum system
comprising Bose—Einstein condensates in opticdlcést was experimentally
implemented. The first one is a shortcut protodwttreaches the maximum
quantum-transformation speed compatible with theiséfderg uncertainty
principle. In the opposite limit, the recently poged transitionless superadiabatic
protocols were realized in which the system follaws instantaneous adiabatic
ground state nearly perfect. It was demonstratatigiperadiabatic protocols are
extremely robust against control parameter vamatianaking them useful for
practical applications. The evolution of a two-lewystem in a timeT, as

illustrated in Fig. 1a in [15], was investigateavd state§0) and|1), the diabatic

levels, are coupled via a time-dependent LandaweZdamiltonian of the form

H=rI(r)o,+awr)o, (3.63)

(o,, being the Pauli operators witho,|0)=|1)) characterized by the

Z,X

instantaneous adiabatic levels of the sys1¢rfr)>, where « is the coupling

between the diabatic levels. The energy spectrutheotystem for a constant
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and a linear dependence 0f(r) on the rescaled timeg =t/T O[O, 1] with
@ =-r©) was shown in [15], which features an avoided d¢ngs®f the
adiabatic Ievelért//(r)> at ['(r) = O with an energy gap 02« . In the experiment,

'(r) and « ¢ ) can be controlled through the quasimomentuamd the deptWV,

of the optical lattice, respectively (for detailses[15]). The system was initially

prepared in the lowest energy band of the latticé \y=0 (corresponding to

| ), and the target state is to redgh,,, ) after an evolution duratiof

The starting point is to consider a protocol witmstanta which, in principle,

drives the system from |¢,..) O ‘zpﬁna|> with  fidelity

¥ ground (1)>‘2 =1 in the shortest possible ting,,. By analogy with the

F= K‘/f final

equivalent classical case this kind of protocol bhagn called the “quantum
brachistochrone”. Imposing only the constraint tlkatbe constant (otherwise
Thino 0 @S @ —» o), it was found that the protocol shown in Fig. iBc[15]

minimizes T. Different protocols were studied and fidelities these protocols
were also determined [15]. Finally, the speed o Buperadiabatic tangent
protocol with the composite pulse protocol as acfiom of ', was compared.

Where for the superadiabatic tangent protacois given as

arctan(g) 2
W

o = w1+ 5
(Tw)

, (3.64)

and for the composite pulse protocol givendas= « . Solving Eq. (3.63) foil
gives a total time for the superadiabatic tangeotgeol that depends on both
and o' (with &' > ). It is, therefore, possible to minimidefor a givena' by
choosing an appropriate value far. The detailed result of this minimization can
be found in [15]. Let us summarize the resultshef $tudy given in [15]. It was
shown that the superadiabatic transformations miakeossible to readily
implement protocols ensuring near-perfect adiabgtilowing in a variety of

existing applications. In practice, of course, theice of protocol will depend on
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the boundary conditions and physical limitations tife system under
consideration. It was stated that if both and « can be controlled, the
superadiabatic protocols provide the possibilitystafte preparation with close to
100% fidelity, with high stability against parametariations. That stability, in

particular, should prove useful for improving ekigtadiabatic control protocols
that already achieve high fidelities [112].

We have presented an overview of recent works barcsts to
adiabaticity. Shortcuts to adiabaticity offer mapyomissing research and
application avenues with practical and fundamentgblications. In the next
section, we will introduce our problem. In this $l® we investigate fast
frictionless expansion for growing Bose Einsteimdensates described by the
Gross-Pitaevskii gain equation [65]. Here we wileuthe method which is
proposed to design the time-dependence of theftempiency and achieve in a
short time a frictionless evolution of Bose-Einstebndensates governed by the

Gross-Pitaevskii equation [60].
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4. SHORTCUTS TO ADIABATICITY FOR GROWING CONDENSATE S

At first view, the fast adiabatic expansion inhe finite time looks like
having the opposite meaning. However, in quantunthaeics, an adiabatic
process is a slow process where the system folédvedl times the instantaneous
eigenvalues and eigenstates of the time-dependamiltdnian. This is in a sense
maximally efficient as the populations do not chanige. there is no heating or
friction, but the negative side is that the longds needed may make the process
useless or even impossible to implement. Thus,ghlyidesirable goal is to
prepare the same final states and energies offiabatic process in a given finite

time t,, without necessarily following the instantaneougenstates along the

way. This has motivated researchers to find a wapeed up the process to reach
the same final state as the state obtained by abaitt process. As we
mentioned before, a new technique called fastidnétss process or shortcut to
adiabaticity has been introduced [8, 10] and h&sadaéd a lot of attention. In
addition, fast frictionless expansion of harmoricéiapped ultracold’Rb atoms
was experimentally realized [13, 14].

Up to now, all studies on the subject of shorttmtadiabaticity have
concentrate on condensates with fixed number diges. So that, differently
from the litterateur in this thesis, we will expothe answer of the following
question: Is fast frictionless expansion possibkegrowing condensates? We will
investigate the possibility of fast frictionlesspaxsion for a condensate with
variable number of atoms in this thesis. Severahods have been introduced
theoretically to account for the growth of BEC [4B}. In [40], an asymptotic
analytic solution for the generic atom-laser systeith gain in aD-dimensional
trap is given and it is shown that this has a nbofilas-Fermi behavior. The
description of BEC growth [113-115] has become ingdt for the physics of
atom lasers [116]. These recently developed devltatsemit coherent wavelike
beams of atoms promise a new generation of precisieeasurements,
applications in nanotechnology, and novel testsfusfdamental concepts in
guantum theory. In [40], an analytic asymptoticusoh to the Gross-Pitaevskii
equation describing the early stages of conderggateth in a trap is given. The
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physical insight they obtain from this is that aowmg non-equilibrium
condensate has a non-uniform momentum distribuaioross the condensed
region.

Let us roughly overview the Gross-Pitaevskii gaiodel [40]. We start by
considering a commonly used model of a one-compoimapped Bose-Einstein
condensate—the Gross-Pitaevskii equation [48] mexdliby a linear gain term
y(t) [117], of the form

5 0 (x1) _ {ihy+(—ﬁlil2 +V(X) + g(t)lllllzﬂl// : (4.1)
ot 2m

Here ¢ k1) is the mean-field amplitude (so th;lzt(x,t)|2 Is the particle number

density),mis the atomic mass, andl is the effective interaction potential. In the

treatment ofD equal to one, two, or three space dimensi@nss given by
g =47%*aN"® /m, wherea is the scattering length and is the confinement

length. The potential ter(x) is due to aroptical or magnetic trap, which is

assumed harmonic. In the simplest rotationally swtnic case, the trap potential

is given byV(x) = mw’x®> /2 wherea is the trap oscillation frequency. In [40],
the field in terms of the amplitude and phase wasparded as,
w(xt) = A(x t)e™™V /.[g. And after some algebra, the coupled equations are

obtained (for details see [40]). Next, the aim s ihvestigate the possible
asymptotic solutions for long times, i.e., steadjipwing solutions, valid some
time after initial nucleation of the condensate, lyefore any gain saturation has
occurred. In brief, they have found an asymptaticitson to the Gross-Pitaevskii
equation with gain, which has the advantage oflyngl an explicit analytic result
of great physical transparency. The solution shdhet the nonequilibrium
behavior of a growing Bose-Einstein condensate rgélgeincludes an outward
momentum component and spatial oscillations.

The condensate growth by particle injection wageexnentally realized
with *Na[32], 'Li [33] and®’Rb[34]. By continuous evaporative cooling, Kéhl et

al. [34] directly control the thermal cloud from igh the condensate grows. They
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compare the experimental data with the results tifearetical model based on
quantum kinetic theory. Quantitative agreement wiitbory for the situation of
strong cooling is found, whereas in the weak capiiegime a distinctly different
behavior is found in the experiment.

In the following, we will use Gross-Pitaevskii gagquation to study fast
frictionless expansion for both harmonically trappmndensate and an optical
lattice. We will show that a correct choice of empian trajectory allows us to get

a final adiabatic state in a non-adiabatic waytli@ growing condensate
Gross-Pitaevskii Gain Equation

The Gross-Pitaevskii equation, also called the-limwar Schrodinger
equation, describes zero-temperature Bose-Einsteimlensates for which the
scattering length between atomasjs smaller than the spacing between atoms. It
defines the ground state of a quantum system afticl bosons using the
Hartree—Fock approximation and the pseudopoteimialaction model. It takes
into account the trapping and the interaction®iend@tomic gas and also allows the
study of the relationship between BEC and supelitjui As well as the mean-
field dynamics of the BEC can also be well desdtilby the Gross-Pitaevskii
equation. To account for the mechanism of loaditgma into the BEC by
optically pumping them from the external cold s@yra linear gain/loss term is
phenomenologically added to the GP equation. lerottords, the correction of
ground state energy of one-dimensional Gross-Fstaeequation is done by
adding a gain-loss term as a time-dependent extpotantial. The interesting
purpose of this term is that it can be used toarphe experimental results. The
GP equation with the complex linear gain or logsteoften called as GP gain
equation, was used to model the dynamics of groBiag. In this thesis, we start
by considering GP equation modified by a complexnteThe reduced 1-D GP

gain equation for cigar-shaped traps reads

A K% 0° 2 .
i—= ————=+V (Xt )W ay(t) (W 4.2
150 =2V a0l im0 @2
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wherem is the atomic mass/ (x, ) is the trap potentialgy(t) is the nonlinear
interaction strength ang(t) is the gain/loss coefficient. The interaction st
can be varied by tuning of the s-wave scatterimggtle due to the Feshbach
resonance. With this experimental degree of freedbms possible to study the
dynamics of BEC with variable particle number. Td@nplex linear term with

positive y € ) accounts for particle pumping. For the negativieles of y € ), the

above equation describes a BEC that is continuadespfeted by loss. Note that

the number of particles changes according to

N = Nl 7O (4.3)

whereN is the initial number of particles. It is very fitlilt to obtain closed form
solution to the GP gain Eq. (4.2). However, we o#étain conditions for fast
frictionless expansion without getting the exactlgic solution. Suppose the
system is initially in the ground state. To fineg thme evolution of the state, we

introduce a transformation on the wave function as

LlJ(X,t) — eiA(t)X2+B(t)q)(X,t) (4.4)

where the unknown time-dependent functié(g andB(t) will be defined below.
Adding particles into the system and time-dependpatential cause the
condensate to expand. Hence, let us now introdusmale transformation on the

coordinate

X

= m, (45)

q

where the time-dependent dimensionless fundtighaccounts for the expansion
of the condensate. Substituting Eq. (4.4) into Eg2) and using the scaling
giving in Eg. (4.5) and redefined wavefunctidr{g,t) = ® x t(, we get

77



2
+ [hA+ 2% Az}qusz + g()e®|d| "o

L 0P __h? 197

"ot T am1? aq°

(4.6)

, .
+Vq>+[—ihB+ihy—ih—A}¢+[i£—ZiﬁA}hqaﬁ
m L m dq

where the dot means derivative with respect to .tibe¢ us now impose that the
coefficients in square brackets [- - -] of the tast terms vanish. Hence

m L
Alt) =——,
®) 2h L

B(t) = j ()t —%In L (4.7)

L(t) is to be defined below. The functional form loft) depends on the time
dependent parameters in the Hamiltonian. Here wendéerested in some special
forms of L(t). To avoid vibrational excitation at the final &nwe demand that
some conditions on the scale functiof) are imposed. Suppose first thgt) in
(4.4) vanishes at both initial and final timégt = 0) =A(t = t;) = 0. Furthermore
the accelerationl_, is set to zero at initial and final times. Henttes conditions
onL(t) read

L(0)=L(t,)=0,

[(0)=L(t,)=0. (4.8)

There are infinitely many different solutions ta8% Here we are interested in

two of them [1, 10]. The first one is given by

4
f f f

t3 t4 t°
L,(t) =1+ (k-1 10t—3—15—+6t—5 (4.9)

and the second one is given by
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_ t 1 . 2nmt
L(t) =1+ (x -1 t——%sm( " ) (4.10)

wheren is an an integer and the constantis the ratio of final spacing to the

iAX?

initial spacing. Although eliminating the phasettace™ at initial and final
times from (4.4) is necessary, it is not sufficiértfrictionless expansion. To get
the sufficient conditions, let us substitute the @&g7) into Eq. (4.6). Then we get

the following time-dependent equation,

ihai:__ h? 9%®
ot 2ml? aq®

. ]
+V(q,t)CD+mTLLq2<D+geT|CD|2<D, (4.11)

where we express the resulting wave equation mgef a new scaled time,
M) = j 2(t")dt’ . (4.12)

The transformations (4.4) and (4.5) allow us tderstand the dynamics of
the expanding system. The first term in Eq. (4i$1he kinetic energy term and it
changes withl/ L?. This is reasonable since kinetic energy scaleheasnverse
square of length. The second term is the trap patan scaled coordinate. The
next term tells us that variation of the latticeagpg induces an effective
harmonic potential. Note that the induced effectpaential vanishes at both
initial and final times. Finally, it can be seeorfr the last term that the effective

non-linear interaction strength changes with the/tgss termy andL. This is

simply because the number of particles in the systereases witle” while the
density decreases witli L as the system expands.

After obtaining the general formalism, in the @olling subsections let us
apply it specifically to harmonically trapped condate and optical lattice. For
this purpose we will use the Gross-Pitaevskii gajnation and we will show that
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a correct choice of expansion trajectory allowsaisbtain a final adiabatic state

in a non-adiabatic way for the growing condensate.

4.1. Fast Frictionless expansion for the harmoniaap

In this subsection, we will look for the correttoice of expansion trajectory
to get a final adiabatic state in a non-adiabatay ior the harmonically trap
growing condensate.

Suppose first that the atoms are trapped by hampartential,

V(x,t) = @xz, (4.13)
where «(t) is the time-dependent angular frequency.
In this case Eqg. (4.11) becomes,
2 2 2] 2 B r
A 26 q;+m(“’ L +LL)q2¢+ge—|(D|2(D. (4.14)
ot 2mL° aq 2 L

The harmonic potential is composed of externaliaddced ones. Now our aim is
to find out the conditions for the fast transitiess expansion of the harmonically
trapped condensate. Below we will consider two saB&st one is Thomas-Fermi
approximation and the other is the exact treatroénhe system. The latter case
will be studied with no approximations, we will lofor the conditions for the fast
frictionless process of the harmonically trappeddamsate without omitting the

kinetic energy.
a-) Thomas-Fermi (TF) Approximation
The Eq. (4.14) can be solved analytically if weuass that the zero-point kinetic

energy associated with the density variation beconsgligible in comparison to

both the trap energy and the nonlinear interacgoergy. If we use the TF
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approximation, in which the kinetic energy operasneglected in the equation
(4.14), we obtain

. aq) m 2,2 oo 2 er 2
ih—=—(wL +LL)gP+g—|P| P 4.15
5 = o )a* P+ g [P (4.15)
Suppose that the following relation is satisfiedthg control parametera(t),

g(t) andy ¢)

WL+l = 3 (4.16)
9o L

where the constantgy, and g, are the initial trap frequency and interaction

strength. Let us substitute (4.16) into (4.15). The get

: ) 2
in aq)a((j-, T) =(m20 q2 + go|q)(qlz-)| Jq)(q,z-) (417)

This equation is expressed in terms of a new sdates]

.
T= Edt' . (4.18)
9ol

Now we are left with the equation which has timddpendent coefficients. We
conclude that undesired excitations can be avaidée trajectories of the control
parameterse t(,) g(t) and y € ), are designed in such a way that the Eq. (4.16)
holds. It is interesting to observe that fast foiotess expansion is in principle
possible even if both the trap frequency and itéva strength are constants,
at) =w,, g(t)=9,. In that case, the trajectory fort (rpust be designed
according to the Eg. (4.16). In other words, thademsate can be expanded by
adding particles to the system while the trap fegmy and interaction strength are
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left unchanged. Changing the gain parameigy is not the only way to achieve

frictionless expansion. One can also either chan@® or g(t).
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Fig. 4.1. @’ (t)/ &f versustlt; for Ly(t) with K =4 in the TF regime. The solid, dotted and

dashed curves are fgr = 04w, y = 03w, y = 0, respectively.

In Fig.4.1, we plot the trajectory o’ (t)/«f for Ly(t), where w, = 2/1100Hz

andg(t) = go. The condensate is assumed to be decompressethbtpaof 4 in 5
milliseconds. This time is too short for an adiatstexpansion. However, the
designed trajectory leads to the same final staddp a global phase, as the state
obtained by a slow adiabatic process for such gramsion. In the figure, the

solid, dotted and dashed curves are fpr 04w,, y=03w, and y= Q

respectively. For the system with constant particlenber, y = Q &’ takes

negative values on some interval and one may cdadhat this accelerates the
spreading. As can be seen from the solid curvetidriless expansion is possible

even if &’ is positive all the time. It is also surprisinggee that the final trap

frequency is bigger than the initial one for thédsourve, w; >w),. By inspecting

the Eq. (4.16) it can be seen that the final aitéhirirap frequencies are equal to

each other,w,; =w,, at a critical valuey, =3In(x ) This can be explained as
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follows. The extension of the cloud in the TF regimepends strongly on the
interaction strength. Adding particles into the teys increase the effective

interaction strength. This leads to the expansifadhecondensate. Fgr>y,, the

ratio of final spacing to the initial one due teethonlinear interaction is bigger
than k. So,a« must be increased to compensate the change.
Having studied the conditions, let us now get thalgical solution in the

TF regime. It is given by,

d(q,t) = e " P(q) (4.19)

1/2
where ®(Qq) =(gi(,u—m7wgq2)) and u is a constant. Note that does not
0

coincide in general with the chemical potentialcsirthe parameters are time
dependent for the original Hamiltonian. The paetidensity in terms of the
original variables is given by

r 2 2
|L|J(X,t)|2 — e (/j— majy X

—)- 4.20
goL 2 L2 (4.20)

The normalization condition yields a relation betwethe constanj: and the

total number of particleN,
9
# = (35 Mg gsNg) ™. (4.21)

So far we have only investigated the problem in atimension. It is
straightforward to generalize our formalism to tawd three dimensional traps

with trap frequenciesy t(,)wherei = 1, 2, 3. Then the conditions (4.16) are

modified
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i
W+l =af, 32 (4.22)
"gy L

where g is the corresponding interaction strengta,; are constant angular

frequencies in each directions dbds the dimension of the space.
b-) Exact Treatment

In this subsection, we will look for the condit®rfor fast frictionless
process of the harmonically trapped condensateowittomitting the kinetic
energy term.

It is easy to see that fast transitionless expanisigossible if parabolic potential

and nonlinear interaction terms in Eq. (4.14) seald/?,

W?L? + LL =ﬁ,
L2
g& =9 4.23)
I '

where w, andgp are constant.

Substitute these conditions into Eq. (4.14) andtheaew scaled time,
r= j L72(t")dlt". (4.24)

Then we obtain,

0D n? 9% may
iho—=| o 0
ar 2maqg> 2

q° + goltblz)cb . (4.25)

We are now left with a new time-independent Hamikao,
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2

[} p 0 2 2
H' = 4+ 0 ol
2m+ 2 9"+ o[ P

(4.26)

The final state oH’ att; can be made identical up to a global phase faotting
final state of the adiabatic evolution with

H _ P’ me(t)
2m

. Q%+ g(t)|¥|" +inp(t) .

(4.27)

Note that at intermediate times the solution doet ooincide with the
instantaneous eigenstates.

0.5k

Fig. 4.2. ° (t)/ & versust/t; . The system is decompressed by a factor of 4 disaed (solid)
curve is forL,(t) (Lo(t) with n = 3).

The Eg. (4.23) are the conditions to avoid the gindd excitations. Compare
them to the one in the TF limit (4.16). As opposethe TF limit, the trajectory of
«(t) does not depend opt (dndg(t). In other words, shortcut to adiabacity is

not possible without designing t ( The parameterg t (andg(t) can to be used
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singly to design frictionless expansion as in Tgime. Adding particle into the
system modulates interaction strength. To avoidesmdd excitations, the

interaction strength must be changed to opposechliamge due to the atom

injection. In Fig.4.2, we plot the trajectory af’(t)/ «f (4.18) forL,(t) (dashed
curves) andLp(t) (solid curves), respectively, wherey, =27100Hz. The

condensate is assumed to be decompresses by a daetan 10 milliseconds.
The final frequency is smaller than the initial aseexpected.

Finally, let us write down the general conditions two and three
dimensional traps,

WL+ LE =2,
L
e _g
TCREER (4.28)

whereD is the dimension of the space. Atom injection itite expanding system

leads to modulation of interaction strength. In twad three dimensions,

interaction strength must be decreased according g(v) =g,e”’ and

g(t) = g,Le™", respectively as atoms are injected into théesys

After examining fast frictionless expansion foretharmonically trapped
growing condensate, let us investigate the frequerajectories for an optical

lattice.

4.2. Fast Frictionless expansion for an optical late

In this section, we will explore fast frictionlegxpansion for an optical
lattice continuously replenished by pumping frora thservoir.

The physics of fast frictionless expansion forogtical lattice was explored
in [17]. An expansion trajectory that yields a fistate identical to the initial state
up to an irrelevant phase factor was designed. ussgon of the effect of

additional force and nonlinear interaction on thst ffrictionless expansion were
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also given. Their method of obtaining fast adiabatansformation is to use a
lattice with dynamically variable spacing (accordiattice).
In an optical lattice, potential depth and lattispacing can be changed
experimentally by changing the power of the laset the wavelength of the laser,
respectively [81].

Consider ultracold atoms in an optical lattice witariable spacing and

potential depth,

V(x,t) =V (1) co{ZkL Lz(t )] + m“’; ® o (4.29)

where V (t) is the time-dependent lattice depHy,is the optical lattice wave
number, «(t) is the time-dependent angular frequency & is the scale
parameter describing the expansion of the accoiditine.

Initially, only the periodic potential is presentthe systema(t=0)= 0
The external parabolic potential is applied justhessystem starts to expand. The
combined presence of the periodic and parabolierias enables us to get fast
frictionless expansion. Finally, the parabolic puig is turned off at = t; such

that w(t =t,;) =0. To obtain frictionless expansion, we demand tiwaeffective

harmonic potential acts on the system. In othemsowe choosev” t (i such a
way that it cancels the effective parabolic potndio that there is only periodic
potential in the system from= 0 tot = t; . Secondly, we demand that effective

nonlinear interaction strength and potential desoéile as /L.%. Hence, we choose

W’L>+LL=0,
€ _9% (4.30)
LT '

This choice of the control parameters guarantez$at$t frictionless expansion.
The above conditions reduce the equation (4.11)Herpotential (4.29) to the

following one
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2 2
0P _ 17 9%

ar  2m G +V, cos@k )P + go|q)|ZCD (4.31)

In the last step, we made another transformatiotinog,

r=jL*avmt (4.32)

Compare (4.30) to the condition (4.23) for the hamioally trapped condensate.
The right hand side of the first condition in (4.3 equal to zero. This is because
changing the wavelength of the laser is responditmethe expansion of the

optical lattice. However, expansion is achieveabgnging the trap frequency for
the harmonically trapped system.
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Fig. 4.3. @’ (t)/ af versustit; . The system is decompressed by a factor of 4.dEisked (solid)
curve is forL,(t) (Ly(t) with n = 3).
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In Fig.4.3, we plotw’ (t)/ «f for Ly(t) (dashed) andy(t) (solid), respectively. The
external frequency oscillates in positive and neggategion. In fact there are
infinitely many other solution foik(t). All the trajectories oscillates since the
initial and final accelerationd, , are zero and the acceleration takes both negative

and positive values at intermediate times. Notéetthatrajectories ot.(t) are the

same for linear and non-linear optical lattice. Ron-linear lattice, interaction

strength must satisfy the second condition in (#.30
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5. CONCLUSION

In this dissertation, fast frictionless expansion growing Bose Einstein
condensates described by the Gross-Pitaevskii gajonation has been
investigated. So far, all the investigations hagerbfocused on condensates with
fixed number of particles. This dissertation hasspnted investigation of the
possibility of fast frictionless expansion for andensate with variable number of
atoms. Gross-Pitaevskii gain equation has been tsextudy fast frictionless
expansion for both harmonically trapped condenaatean optical lattice. It has
been shown that a correct choice of expansionctaje allows us to get a final
adiabatic state in a non-adiabatic way for the gngwondensate.

Firstly, our aim is to find out the conditions fthe fast transitionless
expansion of the harmonically trapped condensat®o ases have been
considered; Thomas-Fermi approximation and exaatriment.

For the Thomas-Fermi regim, the trajectory f(t)/«f for Li(t), where
w, =2mM00Hz andg(t)=go has been plotted in Fig.4.1. The condensate has bee
assumed to be decompresses by a factor of 4 inliSeoonds. This time is too
short for an adiabatical expansion. However, thaghed trajectory leads to the
same final state, up to a global phase, as the statined by a slow adiabatic
process for such an expansion.

In the exact treatment, the conditions for fasttifsnless process of the
harmonically trapped condensate without omitting Kmetic energy have been
explored. Differently from the TF limit, the trajecy of «(t) does not depend on
y(t) and g(t). In other words, shortcut to adiabacity is nosgble without
designing « { ) The parameterg/ t ( and g(t) can be used singly to design
frictionless expansion as in TF regime. The trajgctof «’(t)/a«f (4.18) for
L1(t) (dashed curves) ard(t) (solid curves), respectively, whetg, = 277100Hz
has been plotted in Fig. 4.2. Here, the condensaesumed to be decompresses
by a factor of 4 in 10 milliseconds.

Secondly, fast frictionless expansion for an ati@ttice continuously

replenished by pumping from the reservoir has heesstigated. Ultracold atoms
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in an optical lattice with variable spacing and gumiial depth have been
considered. The trajectory of the’(t)/«f for Li(t) (dashed) and.(t) (solid),

respectively has been plotted in Fig. 4.3.

As a result, it has been shown that fast fricesal expansion can be
generalized to growing condensates. Our formalisms been applied to a
harmonically trapped condensate and an opticatéatlt has been found that fast
frictionless expansion is possible in the TF litoyt changing the gain parameter
while trap frequency and nonlinear interaction rsgta are left unchanged. It has
been shown that the interaction strength must laegdd to oppose the change
due to the atom injection to avoid undesired eXoitain an accordion optical
lattice.

Finally, it has been shown that fast transitioglegpansion is possible for
harmonically trapped condensates and an optidatdatontinuously replenished

by pumping from the reservoir [65].
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