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ABSTRACT

Free space optical (FSO) enjoys the high data rate of optical spectrum and have

also the flexibility of RF links. FSO systems provide many advantages to the line

of sight wireless communication technology. With the recent increasing interest

on this promising technology, there is a need for a comprehensive understanding

of system limitations which is mainly due to atmospheric conditions.

In the first part of this research, we use our custom design atmospheric chan-

nel emulator for FSO system evaluations in a controlled environment and exper-

imentally investigate the performance of FSO links. Specifically, we investigate

the geometric loss, absorption loss, different weather conditions (like foggy and

rainy), different beam shapes, and atmospheric turbulence using the atmospheric

chamber. Atmospheric turbulence is a significant impairment in FSO channels

which results in random fluctuations in the received signal level. By generating

a desired level of atmospheric turbulence in the chamber, we investigate effect of

wavelength and aperture averaging on the performance of FSO systems. Aperture

averaging extracts inherent receive diversity gains and can be used as an effective

fading mitigation technique.

Furthermore, multiple apertures systems are also adopted in practical FSO

systems to mitigate the turbulence induced fading effects and offer dramatic per-

formance improvements in terms of link reliability (via diversity gain) and data

rates (via multiplexing gain). On the other hand, the turbulence induced fading is

characterized as very slow-varying, hence reliable feedback would be possible and

adaptive transmission can be implemented in practical FSO systems and brings a

noticeable performance improvement. Although the literature for adaptive trans-

mission of RF systems is mature, it has been recently applied to SISO FSO sys-

tems and its direct application to MIMO FSO systems is challenging. Aiming to
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fill research gaps in this growing field, this work develops a framework for prac-

tical FSO systems with adaptive MIMO architectures. A MIMO system over a

frequency-flat, log-normal or Gamma-Gamma slow-fading channel is considered in

our work. In MIMO FSO systems, the space-time transmission strategy can also

be adjusted, introducing a new dimension for adaptation. This means that prac-

tical MIMO link adaptation algorithms must also provide a dynamic adaptation

between diversity and multiplexing modes of operation which needs a fundamental

understanding of diversity-multiplexing tradeoff (DMT) under log-normal fading

channels. Although there has been a growing interest on the study of DMT, the

existing works are mostly restricted to the outcomes reported for Rayleigh, Rician,

and Nakagami fading channels. In the next part of this research, we investigate

the optimal tradeoff in the presence of log-normal fading channels. We derive the

outage probability expression, and then present the asymptotical DMT expres-

sion. We further investigate DMT for finite SNRs and demonstrate convergence

to the asymptotical case.

Next, we suggest a framework for practical MIMO FSO system with adaptive

architectures and shows how to use this framework to increase either link relia-

bility (via diversity gain) and or data rates (via multiplexing gain). To illustrate

our approach, we consider three MIMO transmission mapping matrices which in-

cludes: Matrix A (multiplexing), employing only spatial multiplexing; Matrix B

(diversity), exploiting only diversity; and Matrix C (hybrid), combining diversity

and spatial multiplexing. We first obtain expressions for the outage capacity of

these matrices as the metric to maximize the rate of system for a fix target outage

probability. Limiting the adaptation modes to a small subset is the key of adap-

tive strategy. The spatial adaptation can be combined with conventional adaptive

modulation and coding (AMC) to give the optimal system performance.

Particularly, we consider multiple-input single-output (MISO) and single-input

multiple-output (SIMO) FSO systems with pulse position modulation (PPM) and

pulse amplitude modulation (PAM). We propose three adaptive algorithms where
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the modulation size and/or transmit power are adjusted according to the chan-

nel conditions. We formulate the design of adaptive algorithms to maximize the

spectral efficiency under peak and average power constraints while maintaining a

targeted value of outage probability.

In conclusion, this work propose a promising progress to overcome the main

impairments (fog attenuations and turbulence induced fading) of the FSO links in

four ways: 1) by examining the channel and proposing novel models and character-

istics for atmospheric attenuations 2) by taking advantage of aperture averaging

and wavelength dependency trade-off 3) by investigating and proposing spatial

adaptation in MIMO FSO links and 4) by employing adaptive modulation and

power control scenarios and approving the promising performance of adaptive sys-

tem.
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ÖZETÇE

Serbest uzay optik haberleşme (FSO), optik spektrumun yüksek veri hızından

yararlanır ve ayrıca RF bağlantılarının esnekliğine sahiptir. FSO sistemleri, görüş

hattı kablosuz iletişim teknolojisine birçok avantaj sağlar. Bu vaat eden teknolo-

jiye son zamanlarda artan ilgi ile birlikte, esas olarak atmosferik koşullardan kay-

naklanan sistem sınırlamalarının kapsamlı bir şekilde anlaşılmasına ihtiyaç duyul-

maktadır.

Bu araştırmanın ilk bölümünde, kontrollü bir ortamda FSO sistem değerlendir-

meleri için özel tasarım atmosferik kanal emülatörümüzü kullanıyoruz ve FSO

bağlantılarının performansını deneysel olarak araştırıyoruz. Spesifik olarak, at-

mosferik kanal emülatörünü kullanarak geometrik kaybı, absorpsiyon kaybını, fark-

lı hava koşullarını (sisli ve yağmurlu gibi), farklı ışın şekillerini ve atmosferik

türbülan- sı araştırıyoruz. Atmosferik türbülans, alınan sinyal seviyesinde rastgele

dalgalanmalara neden olan FSO kanallarında önemli bir bozulmadır. emülatörda

istenen seviyede atmosferik türbülans üreterek, dalga boyu ve delik ortalamasının

FSO sistemlerinin performansı üzerindeki etkisini araştırıyoruz. delik ortalama

özütleri, doğal olarak çeşitlilik kazanımlarını alır ve etkili bir sönümleme azaltma

tekniği olarak kullanılabilir.

Ayrıca, türbülansın neden olduğu sönümleme etkilerini azaltmak ve bağlantı

güvenilirliği (çeşitlilik kazancı yoluyla) ve veri hızları (çoklama kazancı aracılığıyla)

açısından çarpıcı performans iyileştirmeleri sunmak için pratik FSO sistemlerinde

çoklu delik sistemleri de benimsenmiştir. Öte yandan, türbülans kaynaklı sönümle-

me çok yavaş değişen olarak karakterize edilir, bu nedenle güvenilir geri besleme

mümkün olur ve pratik FSO sistemlerinde uyarlamalı iletim uygulanabilir ve

önemli bir performans artışı sağlar. RF sistemlerinin uyarlanabilir iletimi için
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literatür olgun olmasına rağmen, son zamanlarda SISO FSO sistemlerine uygu-

lanmıştır ve MIMO FSO sistemlerine doğrudan uygulanması zordur. Bu büyüyen

alandaki araştırma boşluklarını doldurmayı amaçlayan bu çalışma, uyarlanabilir

MIMO mimarileri ile pratik FSO sistemleri için bir çerçeve geliştiriyor. Çalışma-

mızda düz frekansli, log-normal veya Gamma-Gama yavaş sönümlü bir kanal

üzerinde bir MIMO sistemi ele alınmıştır. MIMO FSO sistemlerinde, mekan-

zaman iletim stratejisi de ayarlanabilir, bu da adaptasyon için yeni bir boyut sunar.

Bu, pratik MIMO bağlantı uyarlama algoritmalarının, çeşitlilik ve çoğullama çalış-

ma modları arasında dinamik bir uyarlama sağlaması gerektiği anlamına gelir. Bu,

log-normal sönümleme kanalları altında temel bir çeşitlilik-çoğullama dengeleme

(DMT) anlayışına ihtiyaç duyar. DMT çalışmasına artan bir ilgi olmasına rağmen,

mevcut çalışmalar çoğunlukla Rayleigh, Rician ve Nakagami sönümleme kanal-

ları için bildirilen sonuçlarla sınırlıdır. Bu araştırmanın bir sonraki bölümünde,

log-normal sönümlü kanalların varlığında optimal dengeyi araştırıyoruz. Kesinti

olasılığı ifadesini türetiyoruz ve ardından asimptotik DMT ifadesini sunuyoruz.

Sonlu SNR’ler için DMT’yi daha da araştırıyoruz ve asimptotik duruma yakınsama

gösteriyoruz.

Daha sonra, uyarlanabilir mimarilere sahip pratik MIMO FSO sistemi için

bir çerçeve öneriyoruz ve bu çerçevenin bağlantı güvenilirliğini (çeşitlilik kazancı

yoluyla) ve veya veri hızlarını (çoklama kazancı aracılığıyla) artırmak için nasıl

kullanılacağını gösteriyoruz. Yaklaşımımızı göstermek için, aşağıdakileri içeren

üç MIMO iletim eşleme matrisini ele alıyoruz: Matris A (çoğullama), Yalnızca

mekansal çoğullamayı kullanan ; Matris B (çeşitlilik), yalnızca çeşitlilikten yarar-

lanan; ve Matris C (hibrit), çeşitlilik ve mekansal çoğullamayı birleştiren. İlk

önce, sabit bir kesinti olasılığı için sistemin oranını en üst düzeye çıkarmak için

metrik olarak bu matrislerin kesinti kapasitesi için ifadeler elde ederiz.Uyarlama

modlarını küçük bir alt kümeyle sınırlamak, uyarlanabilir stratejinin anahtarıdır.

mekansal uyarlama, en uygun sistem performansını vermek için geleneksel uyarla-

malı modülasyon ve kodlama (AMC) ile birleştirilebilir.
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Özellikle, darbe konum modülasyonu (PPM) ve darbe genlik modülasyonu

(PAM) ile çok girişli tek çıkışlı (MISO) ve tek girişli çok çıkışlı (SIMO) FSO

sistemlerini düşünüyoruz. Modülasyon boyutunun ve/veya iletim gücünün kanal

koşullarına göre ayarlandığı üç uyarlamalı algoritma öneriyoruz. Hedeflenen bir

kesinti olasılığı değerini korurken, üst ve ortalama güç kısıtlamaları altında spek-

tral verimliliği en üst düzeye çıkarmak için uyarlanabilir algoritmaların tasarımını

formüle ediyoruz.

Sonuç olarak, bu çalışma, FSO bağlantılarının ana bozukluklarının (sis zayıfla-

maları ve türbülansın neden olduğu zayıflama) dört şekilde üstesinden gelmek

için vaat eden bir ilerleme önermektedir: 1) kanalı inceleyerek ve atmosferik

zayıflamalar için yeni modeller ve özellikler önererek, 2) delik ortalamasından ve

dalga boyu bağımlılığı değiş tokuşundan yararlanarak, 3) MIMO FSO bağlantıları-

nda mekansal uyarlamayı araştırarak ve önererek, ve 4) Uyarlanabilir modülasyon

ve güç kontrol senaryolarını kullanarak ve uyarlanabilir sistemin gelecek vaat eden

performansını onaylayarak.
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CHAPTER I

INTRODUCTION

Free space optical (FSO) communication systems have initially attracted attention

as an efficient solution for the “last mile” problem to bridge the gap between the

end user and the fiber optic infrastructure already in place. In recent years, there

has been a growing interest on FSO systems with a well-established literature,

see [1, 2] and the references therein. FSO communication systems provide point-

to-point wireless connectivity via the use of infrared laser transmitters. Over their

radio frequency (RF) counterparts, these systems bring several advantages such

as high bandwidth capacity in unlicensed spectrum, robustness to electromagnetic

interference, and inherent security among others [1, 3]. FSO communication sys-

tems can be used in a wide range of application areas including enterprise/campus

connectivity, fiber back-up, backhauling for cellular networks, and airborne com-

munications among others [3]. These systems offer a large bandwidth in unregu-

lated spectrum. As a cost-effective and high-speed wireless solution, they can be

deployed for a variety of applications such as cellular backhaul/fronthaul, tempo-

rary links for disaster recovery and emergency response, wireless video surveillance

and monitoring, high definition television (HDTV) transmission, quantum key dis-

tribution among others [3].

1.1 FSO Channel Modeling

With the recent increasing interest on this promising technology, there is a need

for a comprehensive understanding of system limitations in practical propagation

settings. Optical signal propagation in free space is affected by geometric loss,

atmospheric attenuation, turbulence, and pointing errors, which fade the signal at

the receiver and deteriorate the link performance [1,4]. Atmospheric attenuation of

FSO links is dependent on weather conditions such as fog, rain, dust, and various
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combinations of each. Furthermore, FSO links experience atmospheric turbulence

induced fading as a result of the variations in the refractive index.

Due to the difficulty to predict the occurrence of specific atmospheric effects

and to repeat the measurements under the same conditions, it is highly desirable

to evaluate the FSO system performance in a controlled laboratory environment.

Along this direction, several works have been recently reported in the literature

[5–12] where various environmental effects (turbulence, fog, smoke, dust, ash, and

sand) are investigated in custom design atmospheric chambers. Particularly, the

effect of foggy weather conditions is studied in [10–12] based on measurements in

an atmospheric chamber. The degrading effect of fog on the bit error rate (BER)

performance of the FSO link is quantified in [10]. In [12], a wavelength-dependent

model is proposed for fog and smoke channels valid within the visibility ranges of

less than 1 km.

In Chapter 2, we present our own custom design atmospheric channel emula-

tor for FSO system evaluations and experimentally investigate the performance of

FSO links in fog conditions. First, we present a link budget and quantify the geo-

metrical loss. Then we discuss atmospheric loss and its characterization. Next, we

emulate foggy weather conditions inside the chamber and quantify the absorption

loss for different wavelengths. Based on the experimental data, we also propose a

new and accurate model for the prediction of fog attenuation coefficient.

A major performance impairment in FSO systems particularly for long link

ranges is turbulence-induced fading as a result of the variations in the refractive

index [1]. Log-normal (LN) and Gamma-Gamma (GG) statistical distributions

are widely used to characterize weak and moderate/strong turbulence conditions,

respectively [4]. The most common fading mitigation technique in the context

of FSO systems is aperture averaging [4]. Based on the fact that the size of

receive aperture is much larger than operation wavelength, this technique extracts

inherent receive diversity gains.

In early experimental works [13–16], aperture averaging factor (AAF), defined
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as the ratio of scintillation index for a fixed aperture size to that of a point aperture,

was commonly used as a simple performance metric to quantify the performance

improvements. In [17–19], the effect of aperture averaging on the turbulence statis-

tics was further studied. Specifically, in [17, 18], measurements were taken for a

link length of 1500 m at three receivers with diameters 1, 5, and 13 mm. It was

observed that GG probability density function (PDF) provided a good fit to the

data collected by small size aperture. For larger apertures, due to the aperture

averaging, LN PDF provided a better fit despite the moderate/strong turbulence

conditions. Another similar experiment was conducted in [19] which compare LN

and GG model for different aperture diameters of 1.5, 4, 7, 10, 20.6, 154 mm over

a link distance of 1 km with a 532 nm solid-state laser. Similar conclusions as

in [17,18] were reported. A summary of existing experimental works can be found

in Table 1.

Table 1: Experimental Studies on Aperture Averaging

Wavelength Link Aperture Size Metric
[13] 633 nm 1 km 1, 2.25, 5, 10, 25, 50 mm AAF
[14] 633 nm 863 m Variable from 1 to 14 cm AAF
[15] 780 µm CW 1.2 km Pinhole, interchangeable AAF
[16] 633 nm 50 cm Variable from 1 to 6 mm AAF
[17] 1550 nm 1 km 1, 5, 13 mm PDF
[18] 1550 nm 1 km 1, 5, 13 mm PDF
[19] 532 nm CW 1 km 1.5,4, 10, 20.6, 154 mm PDF

In the last part of Chapter 2, we focus on three most common wavelengths

used in telecommunications, namely 850 nm, 1310 nm, and 1550 nm and present

a comparative performance evaluation of aperture averaging under the same em-

ulated atmospheric conditions. The main motivation of our work is to investigate

the trade-off between wavelength and aperture size in the context of aperture av-

eraging. Our emulator is in the form of an atmospheric chamber equipped with

adjustable heaters, coolers and fans to create the desired level of turbulence. Em-

ploying this atmospheric chamber, we conduct experiments over a link distance of
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3 m. Plano convex lens is used to expand the laser beam to mimic the condition

of outdoor transmission. At the receiver side, three aperture diameters of 1, 3.6,

8.7 mm are employed. For each of the wavelengths under consideration, received

powers are recorded at high sampling rates to characterize the turbulence induced

fluctuations. Based on these samples, the PDF of atmospheric turbulence channel

fading coefficients are determined and compared for wavelengths of 850 nm, 1310

nm, and 1550 nm.

1.2 DMT Analysis under Log-normal Fading Channel

After characterizing the atmospheric dependency of FSO links, in Chapter 2, we

dive into mitigation techniques for the major performance impairment of FSO

links, i.e. turbulence induced fading. Generally speaking, multipath induced

fading is a significant impairment in wireless channels which results in random

fluctuations in the received signal level. Multiple-input multiple-output (MIMO)

communication techniques are widely employed in major wireless standards to

mitigate the fading effects and offer dramatic performance improvements in terms

of link reliability (via diversity gain) and data rates (via multiplexing gain) [20–

22]. However, reaping the dual benefits of MIMO systems needs some caution

because maximizing one of the gains does not necessarily maximize the other one.

In fact, it has been shown by Zheng and Tse [23] that there is a fundamental

tradeoff between multiplexing and diversity gains. Under the assumption of high

signal-to-noise ratios (SNRs), they obtain the asymptotical maximum achievable

diversity gain for each multiplexing gain under the assumption of Rayleigh fading

channels. In [24], Narasimhan extends it to a non-asymptotic framework and

analyzes the tradeoff between diversity and multiplexing gains of a MIMO system

at finite SNRs. These works have triggered other research efforts to obtain the

optimal diversity-multiplexing tradeoff (DMT) for various channel and system

models [25–33].

Despite the rich literature on DMT, existing works are mostly restricted to the
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outcomes reported for Rayleigh, Rician, and Nakagami fading channels. These

models are found to be a better fit for outdoor wireless channels, on the other

hand log-normal fading provides an accurate model for indoor radio propagation

environments [34–36] and terrestrial optical wireless channels [37–39].

Existing works on log-normal fading channels: The existing works on log-

normal fading channels mainly address either the channel capacity [40–44] or

diversity gain [45–48]. Since a closed exact expression for the ergodic capacity

of log-normal fading channels is mathematically intractable, [40] provides a tight

approximation for the capacity of a single-input single-output (SISO) log-normal

channel. Laourine et. al. in [41,42] investigate the capacity of single-input multi-

output (SIMO) system with Maximum Ratio Combining (MRC) and Equal Gain

Combining (EGC) over log-normal fading channels. The work in [43] considers a

correlated log-normal fading model and investigates the effect of correlation on the

capacity. In [44], the capacity analysis for different adaptive transmission schemes

is studied.

Error rate performance of SIMO systems over log-normal fading channels is

presented in [45–48]. In [45], the average bit error probability of diversity com-

bining with two correlated log-normal fading branches is presented and the effect

of correlation is investigated. In [46], the distribution of the sum of independent

and identically distributed (i.i.d.) lognormal random variables is approximated

by an Erlang distribution and the diversity gain over correlated and uncorrelated

lognormal fading channels is derived. In [47], a SIMO system with two antennas

at the receiver is considered and the outage probability is derived for MRC, selec-

tion combining (SC), and switch-and-stay combining schemes. In [48], the outage

probability of SC is derived for more than two antennas.

In [49], Safari et. al., study the diversity gain of cooperative communication

systems over log-normal fading channels. They derive pairwise error probability

and also quantify the advantages of diversity by defining the asymptotical relative
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diversity order (ARDO). Furthermore, [50,51] analyze the performance of amplify-

and-forward multi-branch multi-hop wireless relay systems with MRC and SC

schemes and investigate the diversity gains through the derivation of ARDO.

As summarized above, there has been a growing literature on the performance

analysis of wireless systems over log-normal fading channels. However, there have

been no previous results reported on the DMT analysis to the best of our knowl-

edge. Aiming to fill this research gap, we analyze the DMT of MIMO systems over

log-normal fading channels. We first derive the outage probability expressions and

then derive asymptotical DMT (i.e., when SNR goes to infinity) and finite-SNR

DMT expressions. It is observed that the asymptotical DMT shows quadratic

behavior with infinite value at multiplexing gain r = 0, whereas, it shows common

piecewise linear behavior as (M − r) (N − r) for r > 1 where M and N denote

respectively transmit and receive antennas. Through normalization with respect

to SISO case, we obtain the relative asymptotical DMT and show that it is de-

scribed by MN(1− r)2 for 0 ≤ r ≤ 1. Furthermore, we investigate the outage

formulation and DMT behavior at finite-SNRs. Our results demonstrate that as

SNR increases and tends toward infinity, the finite-SNR DMT curve shifts up and

finally converges to the asymptotical curve. Our results further point out that

employing MIMO system in log-normal channels can be more beneficial when the

fading is weaker.

1.3 Adaptive MIMO FSO System

The understanding of DMT under log-normal fading channels will allow us to in-

vestigate practical MIMO link adaptation algorithms for FSO links which provide

a dynamic adaptation between diversity and multiplexing modes of operation.

The turbulence induced fading is characterized as very slow-varying, hence reli-

able feedback would be possible and adaptive transmission can be implemented

in practical FSO systems and brings a noticeable performance improvement. In
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chapter 4 and 5, we develop a framework for practical FSO systems with adap-

tive MIMO architectures. A MIMO system over a frequency-flat, log-normal or

Gamma-Gamma slow-fading channel is considered in our work. In MIMO FSO

systems, the space-time transmission strategy can also be adjusted, introducing a

new dimension for adaptation. In the existing literature [1,2], typically open-loop

system designs are investigated where the channel state information (CSI) is only

available at the receiver. If CSI is available at the transmitter side via a proper

feedback channel, this information can be used to adjust transmission parameters

according to channel conditions. Such closed-loop systems might not be preferable

for time-varying channels as the implementation of feedback channel is challenging.

However, for quasi-static channels as experienced in FSO channels, the transmis-

sion of feedback information is relatively easier. This has triggered interest in the

design of adaptive FSO systems to overcome signal degradations under adverse

turbulence and weather conditions where several transmitter parameters can be

adjusted according to the channel conditions.

In Chapter 4, we consider spatial dimension as an adaptation parameter in

MIMO systems. Historically, the first adaptive FSO system was introduced by

Levitt back in 1971 [52] where the period of the binary pulse position modulated

(BPPM) symbol is varied according to channel turbulence conditions. In [53],

Li and Uysal have investigated a turbo coded FSO system with on-off keying

(OOK) where the code rate is adopted as an adjustable transmission parameter.

In [54], an adaptive power control strategy is proposed for a satellite-to-ground

FSO link aiming to reduce the average power consumption. In [55], Anguita et.al.

have presented an experimental demonstration of a coded FSO system where the

rates of underlying punctured low-density parity-check (LDPC) and Raptor codes

are adjusted to accommodate the varying channel conditions. In [56], Djordjevic

has investigated an adaptive modulation and coding (AMC) scheme with M-ary

pulse amplitude modulation (M-PAM) and quasi-cyclic LDPC. He has proposed

variable-rate variable-power adaptation, channel inversion, and truncated channel
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inversion schemes. Based on experiments conducted with a commercial FSO link

and its scaled-down laboratory prototype, Barsimantov and Nikulin have studied

a variable-rate and variable-power adaptation scheme in [57]. In [58], Karimi and

Uysal have proposed an adaptive FSO system where transmit power and/or mod-

ulation size are varied according to the channel conditions. They have optimized

spectral efficiency and average power consumption at a targeted value of outage

probability under peak power constraints. The works in [59, 60] have considered

the use of adaptive modulation and power control schemes to improve the achiev-

able throughput. In [61], Liu et. al. have studied a coded FSO communication

system which uses punctured LDPC codes in a rate-compatible fashion. In [62], an

adaptive power control scheme is proposed to reduce the average power consump-

tion of FSO system by regulating transmit amplifier gain. In [63], Mai and Pham

have investigated cross-layer design of FSO systems in which automatic repeat

request (ARQ) and adaptive-rate transmission are jointly considered to improve

the overall system performance.

The aforementioned works on adaptive FSO systems in [52–63] are limited

to single-input single-output (SISO) configurations. The design of adaptive FSO

systems with multiple apertures either at transmitter and/or receiver side has

attracted little attention so far [64–68]. In [64], coherent single-input multiple-

output (SIMO) and multiple-input single-input (MISO) FSO systems have been

considered. Specifically, the modulation size is adaptively changed based on the

channel conditions to maximize the spectral efficiency under constraints on average

and peak power. It has been shown that MISO/SIMO FSO systems outperform

the SISO counterparts due to available spatial diversity gains. In [65,66], adaptive

modulation has been investigated for MIMO FSO systems based on subcarrier

intensity modulation. In [67,68], the effect of imperfect feedback channel has been

studied for MISO FSO systems with adaptive beamforming.

In the MIMO FSO systems investigated in [64–66], adaptation is performed

only through the change in modulation size. In MIMO systems, spatial dimension

8



can be further considered as an adaptation parameter. To be more specific, it

is preferable to employ robust diversity methods for channels with adverse tur-

bulence conditions while spatial multiplexing methods can be used in channels

with weak turbulence conditions. A judiciously designed switching mechanism

makes it possible to extract either spatial diversity or multiplexing gains based

on channel conditions. Such switching systems have been earlier studied in the

context of MIMO radio frequency (RF) wireless systems [69–72]. For example,

in [69], either diversity or multiplexing mode is chosen to minimize the bit error

rate. In [70], a hybrid operation mode to extract partial diversity and multiplex-

ing gains is considered. In [71], a combination of coding rate, modulation type,

and spatial mode (i.e., either beamforming or spatial multiplexing) is chosen to

maximize throughput for a fixed target error rate. Inspired by those works, we

propose an adaptive MIMO FSO system with dynamic adaptation between diver-

sity and multiplexing modes of operation. In contrast to coherent RF systems over

Rayleigh fading channels studied in [69–72], we consider an FSO system with in-

tensity modulation and direct detection (IM/DD) and assume turbulence-induced

fading with log-normal distribution. Atmospheric turbulence channels with typi-

cal coherence times of 1-100 ms [73] experience quasi-static fading. Such channels

are classified as non-ergodic and the outage probability is typically considered as

a main performance metric [74]. For each operation mode, i.e., diversity, multi-

plexing and hybrid, we first derive the outage probability for MIMO FSO system

over log-normal turbulence channels. Then, we formulate the design of adaptive

FSO system as to select the MIMO mode that yields the highest throughput while

satisfying a predefined target outage probability. Extensive numerical results are

provided to demonstrate the performance of proposed adaptive scheme.
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1.4 Adaptive Modulation and Power Control

The spatial adaptation can be combined with conventional adaptive modulation

and coding (AMC) to give the optimal system performance. In Chapter 5, we for-

mulate the design of adaptive modulation and power control algorithms for mul-

tiple aperture FSO systems. Adaptive transmission has been extensively studied

in the context of radio communications [75]. In their seminal paper [76], Gold-

smith and Varaiya showed that ergodic capacity can be achieved using adaptive

transmission based on the availability of channel state information at transmitter

side. The work in [76] is based on the assumption that the fading channel changes

sufficiently fast during the duration of a codeword. In another seminal paper [77],

Caire et. al. assumed a block fading channel and discussed optimal, i.e., capacity

achieving, transmission strategies. A detailed survey on adaptive transmission

can be found in [78] where guidelines for the design of adaptive coded modulation

schemes are discussed including information-theoretic optimal power and rate al-

location schemes. It should be however noted that these works typically employ

phase shift keying (PSK) or quadrature amplitude modulation (QAM) as mod-

ulation types and use coherent detection. Furthermore, they assume Rayleigh,

Rician or Nakagami fading channels which are usually employed to characterize

multipath wireless channels. Therefore, these results are not directly applicable to

FSO systems with IM/DD where typical choice of modulation is unipolar signal-

ing such as on-off keying (OOK), pulse amplitude modulation (PAM), and pulse

position modulation (PPM). In addition, FSO systems operate over atmospheric

channels with log-normal or Gamma-Gamma turbulence statistics that differ from

their RF counterparts.

Taking into account such design choices and channel characteristics, the con-

cept of adaptive transmission has been applied to FSO systems [79–87]. For exam-

ple, in [80], an experimental demonstration of a coded FSO system was presented

where coding rates were chosen as adaptive parameters. In [81], the performance
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of an adaptive modulation and coding (AMC) scheme with M-ary PAM and low-

density parity-check code (LDPC) was analyzed. In [82], the performance im-

provements through a variable-rate and variable-power adaptation scheme were

documented. In [83], a variable-rate adaptation scheme with power control was

proposed to optimize spectral efficiency and average power consumption consider-

ing constraints on peak power. The works in [84,85] investigated adaptive modula-

tion with power control in an effort to improve the achievable throughput. In [86],

the performance of a rate-adaptive FSO communication system with punctured

LDPCs was demonstrated under different weather conditions. In [87], a cross-layer

design of FSO system was explored where automatic repeat request (ARQ) and

variable-rate transmission were jointly considered.

The above works in [79–87] are mainly limited to single-input single-output

(SISO) FSO systems. Extension to multiple transmitters/receivers has received

only some sporadic efforts. In [88], Chatzidamantis et. al. presented a study on an

adaptive multiple-input multiple-output (MIMO) FSO system based on subcarrier

intensity modulation with PSK. In their scheme, they used repetition coding to

extract diversity gains while varying the modulation size to maximize the spectral

efficiency for a pre-defined bit error rate (BER). The work in [88] was further

extended in [89] to QAM. The adaptive MIMO FSO systems presented in [88,89]

are based on subcarrier intensity modulation with PSK and QAM. However, it is

well known that most practical FSO systems, including the commercially available

FSO links in the market, rely on IM/DD principle due to their simplicity and low

cost. In a recent work [90], Nouri et. al. considered an adaptive MIMO FSO

system with IM/DD and proposed MIMO mode switching to extract diversity or

multiplexing gain according to channel conditions. The work in [90] considers only

spatial mode as an adaptive parameter and works at a fixed power and for a given

modulation type.
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In Chapter 5, we consider multiple-input single-output (MISO) and single-

input multiple-output (SIMO) IM/DD systems and formulate the design of adap-

tive modulation and power control algorithms to maximize the spectral efficiency

while maintaining a targeted value of outage probability. Unlike the earlier works

which consider BER [88, 89], we choose outage probability as a more proper

performance metric since atmospheric turbulence channels have time scales (≈

10−3 − 10−2 see [91]) far larger than the bit interval and therefore satisfy block

fading model. Our design is carried out under peak and average power constraints.

While average power constraint determines the overall power consumption and

lifetime of laser diodes, the peak power constraint is considered to comply with

eye safety standards. Numerical results are provided to present the outage per-

formance of proposed adaptive schemes and to verify their superiority over con-

ventional schemes such as non-adaptive MISO/SIMO as well as adaptive SISO

systems.

In conclusion, this thesis propose a promising progress to overcome the main

impairments (fog attenuations and turbulence induced fading) of the FSO links in

four ways: 1) by examining the channel and proposing novel models and character-

istics for atmospheric attenuations 2) by taking advantage of aperture averaging

and wavelength dependency 3) by investigating and proposing spatial adaptation

in MIMO FSO links and 4) by employing adaptive modulation and power control

scenarios and approving the promising performance of adaptive system.

The rest of the thesis is organized as follows: In Chapter II, we describe the

FSO channel model under consideration including geometrical loss, atmospheric

loss, fog Attenuations, turbulence induced fading and aperture averaging effects

on FSO links. In Chapter III, we investigate the information theoretical analysis

of DMT for log normal fading channels. In Chapter IV, we present adaptive

MIMO FSO communication systems with spatial mode switching. In Chapter

V, we propose adaptive modulation and power control for FSO communication

systems with multiple apertures. Finally, we conclude in Chapter VI.
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Notation: ( . )T and | . | denote transpose and determinant operations respec-

tively. ( . )† and ∥ . ∥F denote conjugate-transpose and Frobenius norm oper-

ations respectively. f (t) is the time average of the signal f (t). Bold upper-

case and lower-case letters denote matrices and column vectors respectively. The

(i, j)th entry of a matrix A is denoted by aij or [A]ij. E [ . ] denotes statistical

expectation. (x)+ is equivalent to max {0, x}. exp (x) is exponential function.

R denotes the set of real numbers, C is set of complex numbers, Z0 is the set

of integers ,and Z+ is the set of positive integers. IN denotes N × N identity

matrix. X ∼ N (µ, σ2) denotes Gaussian random variable with mean µ and

variance σ2. X = diag {x1, x2, ..., xM} is a M × M diagonal matrix with non-

zero elements denoted by xi’s i ∈ {1, 2, ...,M}. The Q-function is defined as

Q (x) =
√

1/2π
∫∞
x

exp (−u2/2) du.

13



CHAPTER II

FSO SYSTEM MODEL AND CHANNEL MODEL

In this section, while we discuss on the analytical models which is proposed for

specific atmospheric effects on the propagation of optical signal in free space en-

vironment, we explain our measurement methodologies and experimental results

which is carried out using our custom designed atmospheric chamber. Commonly,

in a simple point-to-point FSO link the received signal y (t) can be expressed as

y (t) = RGhghaht (t) [x (t) ∗ hTx (t) ∗ hRx (t)] + w (t) (1)

where x (t) is the transmitted signal, R is the photodetector responsivity, G is the

transimpedance amplifier gain (after photodetector), hg is the geometrical loss, ha

is the average atmospheric loss, ht (t) is the scintillation (turbulence), hRx (t) and

hTx (t) are the impulse response of receiver and transmitter, and w (t) is noise of

the system.

We consider intensity modulated direct detection (IM/DD), which is widely

employed in practical systems. The electro-optical conversion constant is denoted

by η = RG. In vector domain representation, the received signal, y, suffers from

intensity fluctuations due to atmospheric turbulence and losses due to geometrical

and absorption, as well as additive noise, and can be well modeled as [92]

y = ηhx+ w (2)

where x is the transmitted intensity, h is the channel state, y is the resulting elec-

trical signal, and w is signal-independent additive white Gaussian noise (AWGN)

with zero mean and variance of σ2
w.

The channel state, h, models the random attenuation of the propagation chan-

nel. In our model, h arises due to three factors: geometrical loss hg, atmospheric
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loss ha, and atmospheric turbulence ht. The channel state can be formulated as

h = hghaht (3)

Note that hg and ha are deterministic where the analytical models and charac-

teristics of them will be discussed in Sections 1 and 2 of this chapter respectively.

ht is random with distribution discussed in Section 3 of this chapter. Since the

time scales of this fading processes (≈ 10−3 − 10−2 s [92]) are far larger than the

bit interval, h is considered to be constant over a large number of transmitted

bits. This block fading channel is often termed as slow fading or nonergodic chan-

nel [93] and outage performances are selected as the criteria. In this channels, h

is chosen from a random ensemble according to it’s distribution and is fixed over

a long block of bits.

Being interested on the atmospheric condition effects on FSO communication

systems, in the following, after introducing our custom design atmospheric cham-

ber and link setup, we investigate geometrical and or setup loss, atmospheric loss,

and turbulence in details.

2.1 Link Setup

Due to the difficulty to predict the occurrence of specific atmospheric conditions

and to repeat the measurements under the same conditions, it is highly desir-

able to quantify the FSO system performance in a controlled laboratory envi-

ronment [94, 95]. As shown in Figure 1, our custom-design emulator is in the

form of an atmospheric chamber with dimensions of 60 cm × 40 cm × 300 cm.

It is made from plexiglas with 20 mm thickness. The chamber has two main

compartments. The upper compartment includes all electronics and control units

while the optical propagation takes place in the lower compartment. On the left-

and right-hand sides of lower compartment, we have 5 holes to launch/collect the

optical signal. Using adjustable heaters, coolers and fans, the emulator has the

capability to create the desired level of turbulence. It also houses a fog generator
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and droplet watering system to generate different weather conditions. The condi-

tions within the emulator are monitored through temperature, humidity, visibility,

altitude, pressure, dust and wind speed sensors. The functioning of the emula-

tor is controlled by a touch screen controller where heat level/uniformity, wind

speed/uniformity, rain and fog levels can be adjusted.

Figure 1: a) Atmospheric chamber b) control screen.

In our experimental set-up, we use VCSEL infrared lasers with wavelengths

of 850, 1310, and 1550 nm. A collimating lens with diameter of Dtx = 5.5 mm

and focal length of f = 4.51 mm is used at the transmitter side. At the receiver

side, a plano-convex lens of Drx = 30 mm and focal length of f = 75 mm is used

to collect the power. We use photodetectors with aperture sizes of D = 1, 3.6,

8.7 mm. We set beam divergence angles θtx =14, 17 and 20 mrad by adjusting

the distance between collimating lens and laser. The link distance (i.e., length of

chamber) is L = 3 m. The maximum optical power is 10 mW for 850 nm laser and

5 mW for 1310 and 1550 nm. The specifications of the link setup are summarized

in Table 2.

Please note that for the experiments of aperture averaging effect, at the receiver

side, plano convex lens is removed to only consider the effects of aperture size.
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Table 2: Specifications of the Link Setup

Parameters Values
Transmitter Wavelength λ = 850, 1310, 1550 nm

Maximum optical power P = 10, 5, 5 mW
Beam diameter at TX aperture b = 3, 6, 2 mm
Beam divergence θtx = 14, 17, 20 mrad
Lens diameter Dtx = 5.5 mm
Lens focal length f = 4.51 mm

Channel Dimension 3× 0.4× 0.6 m3

Link distance 3 m
Receiver Detector types Si, Avalanche

PD absorption ranges 350-1100, 1000-1700 nm
Plano-convex lens Drx = 30 mm, f = 75 mm
PD responsivity 0.65 mA/W
Efficiency 90% - 95%

2.2 Geometrical Loss

In a point-to-point FSO link, the received power Prx can be expressed as

Prx = Ptx − hg − ha [dB] (4)

where Ptx is the transmit power. To measure the geometrical loss of the system

setup in the custom design atmospheric chamber, we need to average the received

power to reduce the effect of noise and scintillation and we have

hg = Ptx − Prx − ha [dB] (5)

Usually the atmospheric loss (ha) is significant for foggy weather or when the

water-vapor density is considerably high, but it can be ignored for clear weather

conditions compared to the geometrical loss. An unguided electromagnetic wave

propagating in free space experiences power loss at the receiver end due to the

geometry of diffraction combined with the limited effective area of the receiver.

The geometric loss is the loss in power of signal which occurs due to divergence of

the laser beam (Fig. 2).

In order to maintain the link, the FSO systems needs to be engineered in

such a way that when the beam wobbles, some part of it always hit the receiver.
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Figure 2: Divergence of FSO beam.

Understanding the beam shape geometric of the transmitting laser happens to

be critical for the analysis of geometrical loss. Usually the analytical model is

provided for ideal uniform and Gaussian beam shapes. However, it is evident

that the geometrical loss formulas are due to change for other beam shapes than

uniform and Gaussian beam profile. We also look into the beam shape of currently

used laser in our experiment and it happens to be different than ideal beam shapes.

In the following, we come up with models to accurately capture the characteristics

of practical beam shapes.

2.2.1 Uniform Beam

Under the assumption of perfect alignment, geometrical loss (hg) will be analyzed

in order to quantify the effect of different beam shape profiles. Under the assump-

tion of uniform beam profile (see Fig. 3), the area of the beam at the receiver can

be calculated using a simple geometrical formula. The reduction in optical power

at the receiver due to the geometrical loss can be estimated by [96]

hg =
D2

rx

(Dtx + tan (θtx)L)
2 ≈ D2

rx

(θtxL)
2 if Drx < Dtx + tan (θtx)L (6)

where Drx is the receiving lens diameter, Dtx is the transmitting lens diameter,

θtx is the transmitted beam divergence angle, and L is the propagation distance.

Typically in an FSO link, the divergence angle θtx and Dtx are small enough where

Paraxial approximation holds and can be used in (6). Further, if the area of the

beam at the receiver is less than the aperture, we have hg = 1 and there is no

geometrical loss.

Typically in an outdoor FSO system, the divergence angle is in the order
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Figure 3: (a) Uniform beam shape profile in 3D view, (b) Uniform beam shape
profile with receiver aperture.

of mrad and over long distances, the received beam is about multi times bigger

than the receiver aperture. Here also, to mimic the practical outdoor systems

and carefully observing the effect of weather conditions on the beam we generate

wide beams by engineering the divergence angle. To measure the beam divergence

angle, θtx, we need to look at the wave-front of the beam at specific distances.

For this purpose, we take two photos of the beam wave-front 100 mm apart and

measure the beam width at each distance. For calculating the divergence angle

we have tan (θtx/2) = (r2 − r1) /d where in our case d = 100 mm distance and r1,

r2 are the beam radius at position 1 and 2 (see Fig. 4).

Figure 4: Divergence angle calculation method.

To explore the geometrical loss of the custom-design link over atmospheric
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chamber, we set beam divergence angles θtx =14, 17 and 20 mrad by adjusting

the distance between collimating lens and laser. The link distance (i.e., length of

chamber) is L = 3 m. The transmit power of laser (Ptx) is changed from 1 to 10

mW. The average received power (Prx) is measured and plotted in Fig. 5. Noting

that atmospheric loss is zero (i.e., ha = 0) under clear weather conditions, the

analytical results based on (6) are also included in Fig. 5. It can be observed that

experimental and analytical results match each other well with a small difference

about 0.34 dB. This difference comes from optical loss of the system and power

detector’s efficiency (i.e., 97% efficiency) as well as the fact that our laser diode

produces a top-hat beam shape while (6) assumes a uniform beam profile.

Figure 5: Geometrical loss for different divergence angles.

Further, for the case of transmit power equal to 10 mW and θtx = 20 mrad

we provide a link budget analysis of the link in Table 3. For this specific case hg

is calculated from (6) and compared with the value of table 1 which confirms the

accuracy of measurements.

20



Table 3: A Link budget analysis

Description Value (mW) Value (dB)
Transmit Power 10.00 mW 10 dBm
Pointing Loss - 0 dB
Setup Loss - -0.34 dB
Geometrical Loss - -7.60 dB
Received Power 1.61 mW 2.06 dBm

2.2.2 Gaussian Beam

For a Gaussian beam (see Fig. 6) an analytic geometrical formula can be devel-

oped. Denoting the normalized intensity profile at the receiver plane by IL (r), we

have

IL (r) = exp

(
−2r2

w2
L

)
(7)

where r is the radial is distance and wL is the half beam width at the receiver.

The geometrical loss can be found by calculating the portion of power collected

by the detector to the total power at the receiver plane. Therefore, we have

hg =
Preceived

Ptotal

=

2π∫
0

Drx/2∫
0

exp
(
−2r2

w2
L

)
rdrdθ

2π∫
0

∞∫
0

exp
(
−2r2

w2
L

)
rdrdθ

(8)

By performing the integrals in (8), the geometric loss can found as

hg = 1− exp

(
−D2

rx

2w2
L

)
(9)

where under Paraxial approximation, wL ≈ L · θtx/2 is the half beam width (cal-

culated at e−2 of maximum intensity) at propagation distance L.

2.2.3 Top-hat Beam

While theoretically the ideal beam shapes like uniform and Gaussian are consid-

ered for calculation of geometrical loss formula as in (6) and (9), in reality, the

beam shape of the lasers is not an ideally distributed profile. For example, we use

a VCSEL laser and look at its beam shape profile using a beam profiler. Fig. 7,
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Figure 6: (a) Gaussian beam shape profile in 3D view, (b) Gaussian beam shape
profile with depicted received beam size and aperture.

shows beam profile of this laser and as it can be seen from the figure, it can be very

well estimated by a Top-hat beam shape with super-Gaussian profile distribution

which lies between a uniform and Gaussian beam shape [97].

Figure 7: (a) Top-hat beam shape profile in 3D view (VCSEL laser), (b) Top-hat
beam shape profile with depicted received beam size and aperture.

Therefore, an accurate mathematical analysis for calculating the geometrical

loss of practical top-hat beam shape with super-Gaussian profile distribution is

investigated in the following. A more general formulation of a Gaussian profile with
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a flat-top and Gaussian fall-off can be represented by rectangular super-Gaussian

(higher-order Gaussian) and is often used for realistic beam formulation [97]. The

normalized intensity profile can then be written as

IL (x, y) = exp

(
−2

x2n + y2n

w2n
L

)
(10)

where the profile orders n determines the degree of convergence where for a top-hat

beam shape we have n ≫ 1. The closer the order n to 1, the profile approaches to

Gaussian and for n = 1, the intensity profile is Gaussian distributed. For n → ∞,

the profile converges to an ideal uniform beam shape. The geometrical loss can

be found by calculating the portion of power collected by the detector to the total

power at the receiver plane. Therefore, we have

hg =
Preceived

Ptotal

=

Drx/2∫
−Drx/2

z∫
−z

exp
(
−2x2n+y2n

w2n
L

)
dydx

∞∫
−∞

∞∫
−∞

exp
(
−2x2n+y2n

w2n
L

)
dydx

(11)

where z =
√

(Drx/2)
2 − x2. To perform the integrals in (11) we approximate by

an integration over a square of equal area to the detector, i.e., with side length

√
πDrx/2. The integrals in (11) can also be simplified by change of variable. We

replace u = 21/2nx/wL. Therefore we can write (11) as

hg =

[
2(1−4n)/2n√πDrx/wL∫

0

exp (−u2n) du

]2
[∞∫
0

exp (−u2n) du

]2 =

[
Γ
(

1
2n

)
− Γ

(
1
2n
, πD

2n
rx2

1−4n

w2n
L

)]2
[
Γ
(

1
2n

)]2 (12)

The integrals in (12) can be solved by use of incomplete gamma function having∫
e−un

du = −Γ (1/n, un) /n. Replacing it in (12), the geometrical loss can be

written as

hg =

1− Γ
(

1
2n
, πD

2n
rx2

1−4n

w2n
L

)
Γ
(

1
2n

)
2

(13)

As a special case, replacing n = 1 in (13) and noting that Γ (1) = 1 and Γ (1, x) =

exp (−x), the geometrical loss will be similar to (9) as for Gaussian beam profile.

On the other hand, letting n → ∞ in (12) and noting that lim
n→∞

∫∞
0

exp (−un) du =
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1 and lim
n→∞

∫ a

0
exp (−un) du = a for a < 1, the geometrical loss will be similar to

(6) as for uniform beam shape letting wL ≈ L · θtx/2.

In Fig. 8, we set beam divergence angle θtx = 25 mrad by adjusting the distance

between collimating lens and laser. The transmit power of laser (Ptx) is changed

from 1 to 10 mW. The average received power (Prx) is measured and plotted in

Fig. 8. Noting that atmospheric loss is zero (i.e., hl = 0) under clear weather

conditions, the analytical results based on (6), (9) and (13) for uniform, Gaussian,

and super-Gaussian profiles are also included in Fig. 8. It can be observed that

for super-Gaussian profile with order of n = 5, experimental and analytical results

match each other very well. This comes from the fact that our laser diode produces

a top-hat beam shape with super-Gaussian distribution profile of n = 5.

Figure 8: Matching experimental data to super-Gaussian distribution profile.

In Fig. 9, we plot the geometrical loss for different divergence angles. Specif-

ically, we consider uniform, Gaussian, and top-hat beams with super-Gaussian

profiles based on (6), (9) and (13) respectively. Further, for top-hat beams we

plot the geometrical losses for the super-Gaussian orders of n = 1, 2, 3, 5, 10,
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and 30. Fig. 9 shows that super-Gaussian profile distribution lies between ideal

uniform and Gaussian profiles. Specifically, For n = 1 the geometrical loss of

super-Gaussian and Gaussian profiles match each other. By increasing the order,

n, from 1 to higher values the geometrical loss of top-hat beam shape converges

toward uniform profile.

Figure 9: Geometrical loss of Top-hat beam shape for different values of n.

2.3 Atmospheric loss and Fog Attenuation

Atmospheric loss includes weather conditions such as rain and fog. Rain has a

distance-reducing impact on FSO, although its impact is significantly less than

that of fog. This is because the radius of raindrops (200–2000 µm) is significantly

larger than the wavelength of typical FSO light sources. Fog is the most detrimen-

tal weather phenomenon to FSO because it is composed of small water droplets

with radii about the size of near infrared wavelengths. Weather conditions are

typically referred to as fog when visibilities range between 0–4,000 meters.
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2.3.1 Existing Models

According to Beer’s law, the attenuation of light traveling through the atmosphere

due to both absorption and scattering is given as [98]

ha = exp (−αfogL) (14)

where αfog is the fog attenuation coefficient. It is defined as [98]

αfog = (3.91/V ) (λ/λ0)
−q (15)

where V is the visibility in km, λ0 =550 nm is the maximum spectrum of solar band

(i.e., green light) and q is a parameter that can be determined from experimental

data. According to the Kruse model [98], we have

q =

0.585V 1/3 V < 6km

1.3 6km < V < 50km
(16)

According to Kim’s model [99], q is given by

q =



1.6

1.3

0.16V + 0.34

V − 0.5

0

for

for

for

for

for

V > 50 km

6 < V < 50 km

1 < V < 6 km

0.5 < V < 1 km

V < 0.5 km

(17)

In a recent work [12], Ijaz et al. argue that the Kim model overestimates the

fog attenuation for low visibility and propose

q = 0.1428λ− 0.0947 , V < 1 km (18)

2.3.2 Fog Attenuation Measurements

We conduct a measurement campaign using our own atmospheric emulator in

an effort to validate the existing models in the literature. We use three laser

diodes operating at λ =850, 1310, and 1550 nm. A green laser (λ0 =550 nm)

is simultaneously launched to measure the visibility. We repeat fog injection 5
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times during the experiment with a duration of 4000 seconds. In Fig. 10, we plot

normalized received power, i.e., ha = P fog
rx /P clear

rx where P clear
rx and P fog

rx respectively

denote average received power in clear and foggy conditions. Based on the received

power associated with green laser, the visibility values are estimated and thereby

different regimes of fog [98] can be defined, i.e., dense fog (V < 0.5 km), medium

fog (0.5 < V < 1 km), light fog (1 < V < 2 km), and haze (2 < V < 4 km).

It is observed that at the beginning of each injection, the received powers for all

wavelengths drop down very fast. The power reduction is relatively less for higher

wavelengths. This could also be seen from (15) where larger wavelengths result in

smaller fog attenuation coefficients.

Figure 10: Normalized received power in time during fog events.

In Figs. 11.(a-c), the fog attenuation coefficient is shown in dB/km with respect

to visibility for 850, 1310, and 1550 nm wavelengths, respectively, on a log-log scale.

Here, we consider visibility ranges up to 1 km which includes dense and medium

fog regimes. The attenuation coefficients are calculated from αfog = −log (ha)/L .

Furthermore, we include a fitted curve in the form of αfog = aV −b where the

coefficients a and b are chosen based on our experimental data. The existing
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models (Kim, Kruse, and Ijaz models) are further plotted as benchmarks.

It is observed from Fig. 11.a that our fitted curve is in a good agreement with

Ijaz model for 850 nm. However, this is not the same for 1310 nm and 1550 nm

results (see Figs. 11.b and 11.c) which show better agreement with Kruse model.

For all three wavelengths under consideration, Kim’s model fails to provide a good

match. Furthermore, both Ijaz and Kim models overestimate the fog attenuation

at λ =1310 and 1550 nm. In an attempt to compare the three wavelengths under

consideration, we plot our fitted curves together in Fig. 11.d. It is observed that

the higher the wavelength, the less is its fog attenuation coefficient and more

robust to foggy weather conditions. For example, at a visibility of V = 0.5 km,

the fog attenuation coefficients are calculated as αfog =31.5, 23.5, and 20.3 dB for

λ =850, 1310 and 1550 nm respectively.

2.3.3 Proposed Model

Having observed these discrepancies between the old models (i.e, Kruse, Kim, and

Ijaz models), here we propose our new hybrid model of fog attenuation coefficient

by accurately modeling the behavior of q parameter in (15). Kruse and Kim

proposed that q parameter is a function of visibility. On the other hand, Ijaz

et. al. in [12] show that q parameter is a function of λ. Here, for all the three

wavelength we observe the behavior of q parameter with respect to visibility. We

find that the q parameter is a function of both visibility, V and λ where it can be

estimated from the numerical results according to the following expression, i.e,

q (λ, V ) =
log (3.91)− log (V )− log (αfog)

log (λ/λ0)
(19)

Furthermore, using fitting methods and in an attempt to exactly capture the

behavior of q parameter, we propose our new hybrid model of fog attenuation as

q (λ, V ) =
(
−1.36× 10−7λ2 + 4.31× 10−4λ− 0.228

)
(ln (V ) + 5) (20)

where λ is in nm and V is in km. The proposed model is plotted in Fig. 12 for

three wavelengths of 850, 1310, 1550 nm. Further, in Fig. 12, we plot q (λ, V )
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Figure 11: Attenuation coefficient with respect to visibility for a) 850 nm, b) 1310
nm, c) 1550 nm; d) Comparison of fitted curves for three wavelengths.

29



Figure 12: Comparison of the proposed model for q parameter with experimental
data.
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from the experimental results and according to (19) for three wavelengths of 850,

1310, and 1550 nm. The Kruse and Kim models of q parameter which are only

the function of visibility is also plotted in the figure. It can be seen that Kruse

tried to capture the behavior of q parameter with V 1/3 which is more realistic

than Kim that suggests a linear behavior. Ijaz et. al. suggested that the q

parameter is a function of only wavelength which is plotted in the figure for the

three wavelengths. Leaving the dependency of q parameter on the visibility, the

Ijaz model can only be considered for low wavelength values. It can be observed

that while the proposed model is capturing the behavior of q parameter, it is the

function of both wavelength and visibility.

2.4 Turbulence

Atmospheric turbulence is a major impairment in FSO communication systems.

Based on the fact that the size of receive aperture is much larger than operation

wavelength, aperture averaging extracts inherent receive diversity gains and can

be used as an effective fading mitigation technique. We focus on three most

common wavelengths used in telecommunications, namely 850 nm, 1310 nm, and

1550 nm and present a comparative performance evaluation of aperture averaging

under the same emulated atmospheric conditions. The main motivation of our

work is to investigate the trade-off between wavelength and aperture size in the

context of aperture averaging. Employing the atmospheric chamber, we conduct

experiments over a link distance of 3 m. Plano convex lens is used to expand

the laser beam to mimic the condition of outdoor transmission. At the receiver

side, three aperture diameters of 1, 3.6, 8.7 mm are employed. For each of the

wavelengths under consideration, received powers are recorded at high sampling

rates to characterize the turbulence induced fluctuations. Based on these samples,

the PDF of atmospheric turbulence channel fading coefficients are determined and

compared for wavelengths of 850, 1310, and 1550 nm.Our results demonstrate that

by changing the wavelength and/or aperture size, a strong turbulence condition
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with Gamma-Gamma statistics can turn into a weak turbulence condition with

log-normal statistics. Such a phenomena can be observed even for relatively small

aperture sizes if the wavelength is sufficiently high.

2.4.1 Turbulence Measurements

In the atmospheric chamber, heaters are used to adjust the temperature levels

along the link range. In this way a temperature differential is produced within the

chamber to generate a controlled level of turbulence. Specifically, temperature is

kept in the range of 20 - 80◦C. Relatively high degrees of temperature are necessary

to generate sufficiently high turbulence levels for the short link distance considered

in our experiment.

Eight temperature sensors are placed at distances of 0, 20, 70, 120, 170, 220,

270, and 300 cm along the length of the chamber. Each sensor records the temper-

ature at each 4 seconds through the duration of the experiments (∼ 20 mins). Let

Ti, i = 1, 2, ..., 8 denote the instantaneous temperatures recorded by each sensor.

The average temperatures are calculated as T̄i = ⟨Ti⟩ , i = 1, 2, ..., 8 based on

the averaging over 300 samples where ⟨.⟩ denotes time average. These values are

provided in Table 4.

Table 4: Average of Measured Temperatures (◦C)

T̄1 T̄2 T̄3 T̄4 T̄5 T̄6 T̄7 T̄8

81.7 23.0 25.7 23.9 24.1 22.0 23.0 21.9

We can calculate the temperature structure constants along the transmission

path as [4]

CTi
=

√〈
(Ti − Ti+1)

2〉
R2/3

for i = 1, 2, ..., 7 (21)

The atmospheric structure constant can be then calculated by [4]

C2
n =

(
79× 10−6 P

T 2

)2

C̄2
T (22)

where C̄T = (1/7)
∑7

i=1 CTi
is the average of temperature structure constants,

P = 1007 millibar (measured) is the indoor atmospheric pressure, and T = 295k
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is the average temperature in Kelvin at the receiver. Replacing these within (22),

we obtain the atmospheric structure constant as C2
n = 3.5 × 10−10. The Rytov

variance can be then found as σ2
R = 1.23C2

nk
7/6L11/6 [4] where k = 2π/λ is the

wavenumber.

At the receiving end, no collecting lens is used to accurately observe the effect

of aperture averaging. We employ photodetectors with active areas of D = 1, 3.6,

and 8.7 mm. The voltage signal out of photodetector is fed to an oscilloscope

with high sampling rate. Irradiance fluctuations are directly proportional to the

amplitude variations of the received voltage. Based on the histogram of normalized

(i.e. normalized by mean values) irradiance fluctuation samples, we obtain the

PDF of turbulence-induced fading channel coefficient.

We modulate the optical signal with 1 MHz sinusoidal. A critical issue in signal

acquisition is sampling rate and removal of noise effects. The coherence time of

turbulence channels is typically in the order of tens of millisecond (categorized

as slow-fading channel). Hence, a sampling rate of 100 K Sample/sec would be

sufficient. However, to minimize the effect of noise on the measurements, we use

an acquisition sampling rate of 10 M sample/sec, i.e, 1 sample for each 0.1 µsec.

The frequency of the signal is 1 MHz, indicating that the signaling period is 1

µsec. The electrical voltage signal is recorded over a duration of 1 sec interval to

meet the resolution of 10 M sample/sec for the oscilloscope. Therefore, we have

10 samples per period of sinusoidal signal (i.e., 1 µsec). To acquire sufficiently

large number of samples for averaging purposes, we repeat this process 60 times

(equivalent of 60 seconds). The recorded data is processed and the entire block

of data samples is divided into smaller blocks of 100 sample per block. Each

block undergoes fast Fourier transform (FFT). FFT decomposes the signal into

its frequency components. Therefore, it gives the opportunity to only focus on

the signal of interest located at 1 MHz. Noise terms in other frequencies become

irrelevant in this case. In an attempt to reduce the effect of noise, we further

average measurement results of each 5 blocks. As an example, Fig. 13 presents
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one recorded instance of the received signal (blue plot) and normalized irradiance

fluctuations (red plot) over 10 sec time interval.

Figure 13: An instance of normalized irradiance fluctuations. 1550 nm laser and
photodetector with 1mm diameter are used.

As a final remark, it should be emphasized that the correlation scale of the

irradiance fluctuations is defined by the size of the Fresnel zone; thus, significant

effects of aperture averaging can be observed only when D/2 > (L/k)1/2. In our

experiment, we have a path link of L = 3 m and the Fresnel zones for the laser

diodes with wavelengths of 850 nm, 1310 nm and 1550 nm are calculated to be

0.65, 0.80 and 0.88 mm respectively. As mentioned above, we use photodetectors

with active areas of at least 1 mm in diameter. Although a 1 mm aperture is very

small and acts like a point receiver in outdoor environment, the effect of aperture

averaging can be observed due to the short link distance in our case.

2.4.2 Experimental Results and Discussions

In the following, we present the PDF of the log irradiance, i.e., ln(I) for three

wavelenghts under consideration. In our figures, we use log-scale axis to have

precise comparisons especially at tails of the distributions which highly affect the
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error rate performance of optical systems.

In Figure 14, we consider λ = 850 nm and present the PDF of the log irradiance

for aperture sizes of D = 1, 3.6, 8.7 mm under consideration. As the indicator

of turbulence strength, we adopt scintillation index. The scintillation indices of

σ2
I = 0.23, 0.03 and 0.006 are estimated from the PDF of experimental results.

As expected, the higher the aperture size the less it is affected by the turbulence.

Larger apertures are able to average out the turbulences with correlation widths

less than the aperture size. To verify the accuracy of the measurements, we use

the estimated value of Rytov variance σ2
R = 0.4 and calculate the scintillation

index using the expression in [4, Ch.10, P.413, Eq.(69)]. This yields σ2
I = 0.228,

0.031, 0.005 which are in good agreement with the above estimated values. LN and

GG distributions are plotted as benchmarks. For D = 1 mm, it can be observed

that GG distribution better matches to experimental data in comparison to LN

distribution. In particular, a precise match is observed for the left tail of PDF

which is particularly critical for performance analysis of communication systems

[4,17,18]. It is observed that LN PDF underestimates the behavior in the left tail

as compared with measurement results. Since detection probabilities are primarily

based on the left tail of the PDF, underestimating this region significantly affects

the accuracy of performance analysis. By increasing the aperture diameter to D =

3.6 and 8.7 mm, the turbulence effect is somewhat compensated and PDF shifts

toward LN distribution due to effect of aperture averaging. For these aperture

values, it can be observed that GG and LN curves coincide.

In Figure 15, we consider wavelength of λ = 1310 nm and diameter of D = 1

mm. Comparison with measurement results at λ = 850 nm reveals that the

degrading effect of atmospheric turbulence is less. Specifically, a scintillation index

of σ2
I = 0.07 is obtained which is smaller than σ2

I = 0.23 measured for λ = 850

nm. It is observed that while GG distribution is in better agreement with the left

tail for λ =850 nm, LN distribution interestingly has a slightly better match to

the left tail of the distribution at λ =1310 nm.
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Figure 14: PDF for λ = 850 nm assuming D = 1, 3.6, 8.7 mm.

Figure 15: Comparison of measurement results at λ = 850 nm and λ = 1310 nm
for D = 1 mm.
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Figure 16: Comparison of measurement results at λ = 850 nm and λ = 1550 nm
for D = 1 mm.

In Figure 16, we consider wavelength of λ = 1550 nm and diameter of D = 1

mm. Comparison with measurement results at λ = 850 nm reveals that turbulence

is experienced less at λ = 1550 nm. Similar to λ =1310 nm, LN has a better

match with the probability density for the left tail at λ =1550 nm under the

same atmospheric conditions. Our observations from Figure 7 and 4 indicate that

by increasing the wavelength for the same atmospheric conditions the turbulence

statistics tend to change from GG toward LN distribution.

In conclusion, we investigated the effect of wavelength on aperture averaging.

We considered the three commonly used wavelengths of λ =850, 1310, and 1550

nm. Employing a custom-design atmospheric chamber, we estimated the PDF

of atmospheric turbulence-induced fading channel coefficient for aperture sizes

of D = 1, 3.6, and 8.7 mm under the same emulated conditions. At a fixed

wavelength, the larger the aperture size is, the less it is affected by the turbulence.

At the same aperture size, when we increase the wavelength, we have observed that

1310 and 1550 nm links are least affected by the turbulence and exhibit almost

similar value of scintillation indices but significantly less than 850 nm. It has been
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also observed that the PDF tends to shift from GG toward LN distribution even for

relatively small aperture sizes if the wavelength is sufficiently high. In summary,

by increasing the aperture size and/or wavelength, the distribution shifts toward

LN statistics.
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CHAPTER III

DMT ANALYSIS UNDER LOG-NORMAL FADING

CHANNEL

After characterizing the atmospheric dependency of FSO links, in Chapter 2, we

dive into mitigation techniques for the major performance impairment of FSO

links, i.e. turbulence induced fading. Generally speaking, fading is a significant

impairment in wireless channels which results in random fluctuations in the re-

ceived signal level. Multiple-input multiple-output (MIMO) communication tech-

niques are widely employed in major wireless standards to mitigate the fading

effects and offer dramatic performance improvements in terms of link reliability

(via diversity gain) and data rates (via multiplexing gain). However, reaping the

dual benefits of MIMO systems needs some caution because maximizing one of the

gains does not necessarily maximize the other one. In fact, there is a fundamental

tradeoff between multiplexing and diversity gains. Adaptive MIMO FSO systems

can switch between modes of transmission which have to obey the diversity mul-

tiplexing tradeoff. Considering a MIMO FSO system, the spacetime transmission

strategy can also be adjusted, introducing a new dimension for adaptation. This

means that practical MIMO link adaptation algorithms must also provide a dy-

namic adaptation between diversity and multiplexing modes of operation which

needs a fundamental understanding of DMT for FSO channel model. This funda-

mental tradeoff is different under different channel models. It is well-known that a

common choose of channel model for FSO systems is Log-normal fading channel.

The understanding of DMT under log-normal fading channels will allow us to in-

vestigate practical MIMO link adaptation algorithms for FSO links which provide

a dynamic adaptation between diversity and multiplexing modes of operation.

Although there has been a growing interest on the study of diversity-multiplexing
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tradeoff (DMT), the existing works are mostly restricted to the outcomes reported

for Rayleigh, Rician, and Nakagami fading channels. In this Chapter, we inves-

tigate the optimal tradeoff in the presence of log-normal fading which provides

an accurate model for FSO, indoor wireless, optical wireless, and ultra-wideband

channels. We consider a MIMO log-normal channel, derive the outage probabil-

ity expression and then present the asymptotical DMT expression. It is shown

that the asymptotical maximum diversity gain tends to infinity with logarithm of

signal-to-noise ratio. To have further insight, we normalize the DMT with that of

SISO case and express the relative asymptotical DMT of the MIMO log-normal

channel as a function of the number of transmit and receive antennas. We further

study DMT for finite SNRs and demonstrate convergence to the asymptotical case.

Extensive numerical results are provided to corroborate the analytical derivation.

3.1 System Model and Basic Definitions

In this section, we present our system model and summarize the basic definitions

for outage probability and DMT which will be used in our derivations.

3.1.1 System Model

We consider a MIMO system with M transmit and N receive antennas over a

frequency-flat log-normal fading channel. Under the assumption of slow fading,

we assume that the channel coefficients remain constant over a block of l symbols,

i.e., l is much smaller than the channel coherence time. Let the transmitted signal

and received signal, respectively, be represented by x = (x1, x2, . . . , xM)T , x ∈ CM

and y = (y1, y2, . . . , yN)
T , y ∈ CN . The baseband signal model is then given by

y =

√
ρ

M
Hx+w (23)

where ρ is the average SNR at each receive antenna and w ∈ CN is additive white

Gaussian noise (AWGN) vector with i.i.d. entries wi ∼ CN (0, 1), i = 1, 2, . . . , N .

The autocorrelation matrix of noise signal is defined by Rw = E
(
ww†) = IN .

The channel matrix is denoted by H ∈ RM×N whose element hij (i = 1, 2, . . . , N ,
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j = 1, 2, . . . ,M) represents the channel gain between the jth transmit antenna

and the ith receive antenna. The channel matrix elements are assumed to be

i.i.d. Dropping indexes for simplicity of the presentation, the probability density

function (pdf) of h is given by [47]

fh (h) =
1

h
√
2πσ2

x

exp

(
−(ln (h)− µx)

2

2σ2
x

)
(24)

where µx and σ2
x are, respectively, mean and variance of χ = ln (h) which follows

Gaussian distribution. To make sure that the fading does not affect the average

power level, h is normalized such that E[h2] = 1. This requires the choice of

µx = −σ2
x [49]. Typical values of σx are within the range of 3-5 dB for indoor

wireless channels [35]. Since the entries of H are independent, the pdf of H can be

obtained as pH (H) =
∏N

i=1

∏M
j=1 phij

(hij). We further assume a power constraint

on the transmitted signal given by
∑M

i=1E[|xi|2] ≤ M where the expectation is

with respect to the distributions of xi
′s, i = 1, 2, . . . ,M , i.e., p (x) =

∏M
i=1 p (xi).

In this way, ρ in (23) represents the average SNR at each receiver antenna which

is independent of the value of M and allows a fair comparison for different values

of M . The autocorrelation matrix of input signal is defined by Rx = E
(
xx†) and,

due to the power constraint, we have trace (Rx) ≤ M [100].

3.1.2 Outage Probability and DMT Definitions

Under the assumption of slow fading, the channel matrix H is chosen randomly

according to p
H
(H), but is held fixed during the block length l. Such channels are

known as non-ergodic fading channels [23] and the outage probability is typically

considered as the main performance metric. An outage is defined as the event

that the channel does not support a target data rate, or in other words, when the

instantaneous (conditioned) channel capacity, C (H), is less than the target data

rate, R (ρ)1. Therefore the outage probability is given by

Pout (R, ρ) = Pr {C (H) < R} . (25)

1To simplify notations, we write R (ρ) as R if it does not make any confusion.
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Under the assumption of Gaussian noise, the MIMO channel capacity conditioned

on H is given by [101, Ch. 8, eq. (8.15)]

C (H) = log
(∣∣∣IN +

ρ

M
HH†

∣∣∣) . (26)

Without loss of generality, for the rest of the thesis, we assume M ≥ N since

exchanging M and N has no effect on the channel capacity [101]. By replacing

(26) in (25) and applying eigenvalue decomposition on the resulting expression,

we have

Pout (R, ρ) = Pr

{
N∑
k=1

log
(
1 +

ρ

M
λk

)
< R

}
(27)

where λk, k = 1, 2, . . . , N are real non-negative eigenvalues of HH† and 0 ≤ λ1 ≤

λ2 ≤ · · · ≤ λN .

In the following we define the asymptotical DMT d∗ (r) (i.e., when SNR goes to

infinity). Let r and d respectively denote multiplexing and diversity gains. At high

SNRs, a diversity order d∗ (r) at multiplexing order r is achieved when [101, Ch.

9, eq. (9.3)]

r = lim
ρ→∞

R (ρ)

log ρ
, (28)

d∗ (r) = − lim
ρ→∞

logPout (R, ρ)

log ρ

= − lim
ρ→∞

∂ lnPout (r log ρ)

∂ ln ρ
(29)

where the second equality in (29) comes from L’Hôpital’s rule. The relation in

(29) is commonly represented by the exponential equality [23, 29, 30] denoted as

.
=, that means Pout (R, ρ)

.
= ρ−d∗(r) is identical to (29). ≥̇ and ≤̇ are similarly

defined. The above asymptotical DMT curve d∗ (.) characterizes the performance

limits of the slow-fading channel.

For finite-SNR DMT, the multiplexing and diversity gains are further defined
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as [24, eq. (5)]

r =
R (ρ)

log (1 + ρ)
, (30)

d (r, ρ) = −∂ logPout (R, ρ)

∂ log ρ

= − ρ

Pout (R, ρ)

∂Pout (R, ρ)

∂ρ
. (31)

It can be easily checked that the definition of DMT at finite-SNR converges to that

of the asymptotical DMT at high SNRs for ρ → ∞, that is, lim
ρ→∞

d (r, ρ) = d∗ (r).

We also introduce the so-called relative asymptotical DMT, d̂∗ (r) as

d̂∗ (r) =
d∗ (r)

d∗SISO (0)

= lim
ρ→∞

(∂ lnPout (r log ρ)/∂ ln ρ )

(∂ lnP SISO
out (r log ρ)/∂ ln ρ )|r=0

(32)

where asymptotical DMT is normalized with respect to asymptotical DMT of SISO

case evaluated at r = 0. Similarly, we normalize the finite-SNR DMT with the

SISO case and obtain the relative finite-SNR DMT as d̂ (r, ρ) = d (r, ρ) /d∗SISO (0).

3.2 DMT Derivations

In this section, we derive the asymptotical and finite-SNR DMTs for MIMO sys-

tems over log-normal fading channels.

3.2.1 Analytical DMT Analysis

In this subsection, we present closed form expressions for asymptotical DMT of

MIMO systems and finite-SNR DMT of MISO/SIMO systems.

Asymptotical DMT of MIMO Systems: We consider the data rate of

R = r log (ρ) for 0 ≤ r ≤ N since the maximum number of degrees of freedom is

equal to min {M,N}. Without loss of generality, we assume M ≥ N . The outage

probability in (27) for MIMO case can be found using the joint pdf of ordered

eigenvalues (i.e., 0 ≤ λ1 ≤ λ2 ≤ · · · ≤ λN). To the best of our knowledge, there is

no closed form expression for the joint pdf of λk’s where elements of the channel
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matrix H are log-normally distributed. The joint pdf of λk’s is given by [29]

pΛ (Λ) =
1

(4π)N

(
N∏
i=1

λM−N
i

)
·
∏
i<j

(λi − λj)
2

×
∫

VN,N

∫
VN,M

p
H

(
UΛ1/2Q

)
dQdU (33)

where Λ = diag {λ1, λ2, . . . , λN}, VN,N and VN,M are Stiefel manifolds and Q,

U are unitary matrices in singular value decomposition (SVD) of the matrix H.

Following the same procedure in [23], we define αk = − log λk/ log ρ and hence we

have λk = ρ−αk for k = 1, 2, . . . , N .

For high SNRs, we have (1 + ρλk/M)
.
= ρ(1−αk)

+

[23, Lemma 3] and the outage

probability in (27) can be therefore written as

Pout (r log ρ)
.
= Pr

{
N∑
k=1

log
(
ρ(1−αk)

+
)
< log ρr

}

= Pr

{
N∑
k=1

(1− αk)
+ < r

}
(34)

where αk’s show the level of singularity of matrix H. The joint pdf of αk’s can be

found by change of variables (i.e., λk = ρ−αk) in (33) which is given as [29]

pα (α) =

(
log ρ

4π

)N
(

N∏
i=1

ρ−(M−N+1)αi

)

×
∏
i<j

(
ρ−αi − ρ−αj

)2
×
∫

VN,N

∫
VN,M

p
H
(UDQ) dQdU (35)

where D = diag
{
ρ−α1/2, . . . , ρ−αN/2

}
. Therefore, we can write (34) as

Pout (r log ρ)
.
=

∫
A(r)

(
log ρ

4π

)N
(

N∏
i=1

ρ−(M−N+1)αi

)

×
∏
i<j

(
ρ−αi − ρ−αj

)2
×

 ∫
VN,N

∫
VN,M

p
H
(UDQ) dQdU

 dα (36)
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where the set A (r) = {α : α1 ≥ α2 ≥ · · · ≥ αN ,
∑

k (1− αk)
+ < r

}
denotes the

outage event.

Since we are only interested in the SNR exponent of lim
ρ→∞

logPout (r log ρ)/log ρ ,

we can simplify the integral in (36). First, the term (log ρ/4π)N has no ef-

fect on SNR exponent, since lim
ρ→∞

log[(log ρ/4π)N ]/ log ρ → 0. Second, we have

(ρ−αi − ρ−αj)
2 .
= ρ−2αj for any j > i where αj < αi [23, Lemma 3]. Therefore, the

outage probability in (36) reduces to

Pout (r log ρ)
.
=

∫
A(r)

ρ−
∑N

i=1 (M−N+2i−1)αi

×

 ∫
VN,N

∫
VN,M

p
H
(UDQ) dQdU

 dα. (37)

Next, we need to find the SNR exponent of τ (ρ) =
∫
VN,N

∫
VN,M

p
H
(UDQ) dQdU

in (37) where p
H
(H) =

∏N
i=1

∏M
j=1 phij

(hij). Replacing (24) in p
H
(H), we have

p
H
(H) =

1

(2πσ2
x)

MN/2
· 1

N∏
i=1

M∏
j=1

hij

× exp

(
− 1

2σ2
x

N∑
i=1

M∑
j=1

(ln (hij)− µx)
2

)
. (38)

To investigate the SNR exponent of the term τ (ρ), one can notice that hij =

[UDQ]ij and it is a polynomial expression of ρ where the coefficients are functions

of U and Q. At high SNR values where ρ → ∞, we can write hij
.
= ρ−αN/2 which

denotes the term with the highest order. The term 1/(2πσ2
x)

MN/2
in (38) can be

also ignored because it has no effect on SNR exponent. Therefore, we can write∫
VN,N

∫
VN,M

p
H
(UDQ) dQdU

.
= ρMNαN/2 exp

(
−MN

2σ2
x

(αN

2
ln (ρ) + µx

)2)
= ρ

[
MNαN

2
−MN

2σ2
x

(
α2
N
4

ln(ρ)+
µ2x

ln(ρ)
+αNµx

)]
. (39)

By replacing (39) in (37) and using µx = −σ2
x, we obtain

Pout (r log ρ)
.
=

∫
A(r)

ρ
−

∑N
i=1 (M−N+2i−1)αi+

[
MNαN

2
−MN

2σ2
x

(
α2
N
4

ln(ρ)+
µ2x

ln(ρ)
−αNσ2

x

)]
dα (40)

45



It can be easily shown that the integral in (40) is dominated with the largest ρ

exponent when ρ → ∞, and hence the SNR exponent of Pout can be written as

Pout (r log ρ)
.
= ρ

− inf
α∈A(r)

{∑N
i=1 (M−N+2i−1)αi−

MNαN
2

+MN

2σ2
x

(
α2
N
4

ln(ρ)+
µ2x

ln(ρ)
−αNσ2

x

)}
(41)

Using (29), the optimal DMT curve for MIMO log-normal fading channels is

obtained as

d∗ (r) = inf
α∈A(r)

{∑N

i=1
(M −N + 2i− 1)αi

−MNαN +
MNα2

N

4σ2
x

ln (ρ)

}
(42)

where A (r) = {α : α1 ≥ α2 ≥ · · · ≥ αN ,
∑

k (1− αk)
+ < r

}
. Furthermore, (42) can

be reduced to a mix of quadratic and the piecewise linear function given as

d∗ (r) =


MN(1− r)2 ln(ρ)

4σ2
x
+(M − 1) (N − 1) 0 ≤ r < 1

(M − r) (N − r) 1 ≤ r ≤ N

(43)

It can be observed from (43) that for the case of 1 ≤ r ≤ N , the DMT coincides

with the DMT of MIMO Rayleigh fading channels. For 0 ≤ r < 1, (43) indicates

that the diversity gain tends to infinity when SNR goes to infinity.

Infinite diversity gains for log-normal channels were also reported in [49, 51,

102, 103]. To deal with such cases and have some further insights into channel

limits, relative asymptotical DMT given by (32) can be used. This yields

d̂∗ (r) =


MN(1− r)2 0 ≤ r ≤ 1

0 otherwise

(44)

which shows MN -fold increase in diversity gain.

Finite-SNR DMT of MISO/SIMO Systems: A closed form expression

for finite-SNR DMT of MIMO systems is unfortunately not available. Therefore,

we consider MISO/SIMO systems as special cases and obtain closed-form expres-

sions for finite-SNR DMT. For a MISO system, we replace N = 1 in (27) and set

the data rate of R = r log (1 + ρ) for 0 ≤ r ≤ 1. The outage probability is then
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given by

Pout (r, ρ) = Pr

{
log

(
1 +

ρ

M

M∑
j=1

h2
j

)
< r log (1 + ρ)

}

= Pr

{
M∑
j=1

h2
j <

(1 + ρ)r − 1

ρ/M

}
. (45)

The summation
∑M

j=1 h
2
j in (45) is the sum ofM i.i.d. log-normal RVs which can be

well approximated as a single log-normal RV as ez with mean µz and variance of σ2
z

[104,105]. As discussed in the Appendix, for σx < 4 dB, we use Fenton-Wilkinson’s

approach [104] with σ2
z = ln

(
1 +

(
e4σ

2
x − 1

)
/M
)
and µz = ln (M) − σ2

z/2. On

the other hand, for σx > 4, we use MGF-based approach [105] where µz and σ2
z

are estimated (see Appendix). We write the outage probability expression as

Pout (r, ρ) ∼= Pr

{
z < ln

(
(1 + ρ)r − 1

ρ/M

)}
= Q

([
ln

(
ρ/M

(1 + ρ)r − 1

)
+ µz

]
/σz

)
. (46)

Replacing (46) in (31) and using Leibniz rule to perform the differentiation of Q

function, we obtain the finite-SNR DMT for MISO system as

d (r, ρ) =
1

σz

[
1− rρ(1 + ρ)r−1

(1 + ρ)r − 1

]
×

exp
(
−[Az (r, ρ)]

2/2
)

√
2πQ (Az (r, ρ))

Az (r, ρ) =

[
ln

(
ρ/M

(1 + ρ)r − 1

)
+ µz

]
/σz. (47)

It can be noted that M and N are interchangeable in (26), i.e.,

log
(∣∣∣IN +

ρ

M
HH†

∣∣∣) = log
(∣∣∣IM +

ρ

M
H†H

∣∣∣) . (48)

Therefore, the result in (47) is also valid for SIMO system where M is replaced

by N .

For ρ → ∞, it can be shown that (47) converges to (1− r)2 ln ρ/σ2
z . It can

be readily checked that this coincides with (43) for N = 1 and small values of

σx. Normalizing the finite-SNR DMT with the SISO scheme, we can obtain the

relative finite-SNR DMT as

d̂ (r, ρ) = d (r, ρ) /[ln ρ/4σ2
x]. (49)
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3.2.2 Numerical DMT Analysis

As mentioned in the previous subsection, derivation of a closed form expression

for finite-SNR DMT of MIMO systems is intractable. In this subsection, we use

numerical methods to evaluate the finite-SNR DMT of MIMO systems.

Finite-SNR DMT of MIMO Systems: For finite-SNR DMT derivation,

we use the outage probability definition in (27) and consider the data rate of

R = r log (1 + ρ) for 0 ≤ r ≤ N . To derive the outage probability, we will

approximate the joint pdf of λk’s in (27) with a log-normal distribution. This can

be readily checked from Λ = U †HH†U in which λk’s are some polynomials of hij’s.

Therefore each λk can be considered as a sum of log-normal RVs where it can be

considered as a log-normally distributed RV (see Appendix A). Noting that λk’s

are correlated log-normal RVs, we use a modified version of MGF-based approach

in [105] since it provides an accurate approximation for the sum of correlated log-

normal RVs. In this approach, we match the MGFs based on the trace equality

N∑
i=1

λi =
N∑
i=1

M∑
j=1

h2
ij. (50)

The Gauss-Hermite representation of the MGF for right hand side of (50) can be

expressed as

MN∏
j=1

Ψ̂h2
ij
(sk; 2µx, 2σx)

=
MN∏
j=1

K∑
n=1

wn√
π
exp

[
−sk exp

(
2
√
2σxan + 2µx

)]
. (51)

The left hand side of (50) is a sum of correlated log-normal RVs. The correspond-

ing Gaussian RVs, i.e., ui = ln (λi) follow the joint distribution

pu (u) =
1

(2π)N/2|C|1/2
exp

(
−(u− µµµ)†C−1 (u− µµµ)

2

)
(52)

where C is covariance matrix and µµµ is vector of means of the Gaussian RVs. Let

Csq denote the square root of C, i.e., C = CsqC
†
sq . Here, c′ij denotes the (i, j)th
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element of Csq. The MGF function of
∑N

i=1 λi is given by [105, eq. (17)]

Ψ̂
(c)

(
∑N

i=1 λi)
(sk;µµµ,C) =

K∑
n1=1

· · ·
K∑

nN=1

[
N∏
i=1

wni√
π

]

× exp

(
−sk

N∑
i=1

[
exp

(
√
2

N∑
j=1

c′ijanj
+ µi

)])
. (53)

To find C and µµµ, we should solve the following system of equations

Ψ̂
(c)

(
∑N

i=1 λi)
(sk;µµµ,C) =

MN∏
j=1

Ψ̂h2
ij
(sk; 2µx, 2σx) (54)

for k = 1, 2, ..., N (N + 1)

where
∏MN

j=1 Ψ̂h2
ij
(sk; 2µx, 2σx) and Ψ̂

(c)∑N
i=1 λi

(sk;µµµ,C) are respectively given by (51)

and (53). It has been found that K = 12 is sufficient to accurately determine the

unknown values [105] and the values of sk are optimized to reduce the mean

absolute error accuracy metric (see Appendix A).

The approximated joint pdf of λk’s can be then written as

pΛ (Λ) =
1

(2π)N/2|C|1/2
N∏
k=1

λk

× exp

(
−(ln (Λ)− µµµ)†C−1 (ln (Λ)− µµµ)

2

)
(55)

Let us denote the mutual information expression within (27) by

I =
N∑
k=1

log
(
1 +

ρ

M
λk

)
=

N∑
k=1

βk (56)

where βk = log (1 + λk (ρ/M)). Using the change of variable rule in [100], we find

the joint distribution of βk’s in (57)

pβ (β) =

exp

(
N∑
k=1

βk

)
(2π)N/2|C|1/2

N∏
k=1

(exp (βk)− 1)

×

exp

(
−(ln (B)− µ+ ln (M/ρ))†C−1 (ln (B)− µ+ ln (M/ρ))

2

)
(57)
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in which B = diag {(exp (β1)− 1) , ..., (exp (βN)− 1)}. Using (57), the outage

probability can be found by performing the following integral

Pout (R, ρ) =

∫
B(r)

pβββ (β) dβββ (58)

where B (r) =
{
β :
∑N

k=1 βk < r log (1 + ρ)
}
.

The integration in (58) is difficult to be followed mathematically for the general

case. In the following, we consider a special case where some further simplifications

can be made.

Special case 1: As a special case, we assume a MIMO system with M = N = 2.

In this case, there exist only two eigenvalues λ1 and λ2 with the corresponding

RVs β1 and β2. From (56), we have I = β1 + β2. The joint distribution of β1 and

β2 can be written from (57) as

p (β1, β2) =
exp (β1 + β2)

2πσ1σ2

√
1− c2 (exp (β1 + β2)− exp (β1)− exp (β2) + 1)

exp

(
−1

2 (1− c2)

×

[
(ln (exp (β1)− 1)− µ1 + ln (M/ρ))2

σ2
1

+
(ln (exp (β2)− 1)− µ2 + ln (M/ρ))2

σ2
2

−2c (ln (exp (β1)− 1)− µ1 + ln (M/ρ)) (ln (exp (β2)− 1)− µ2 + ln (M/ρ))

σ1σ2

])
(59)

where c is the correlation between β1 and β2. The joint pdf of I and β2 is given as

p (I, β2) =
exp (I)

2πσ1σ2

√
1− c2 (exp (I)− exp (I − β2)− exp (β2) + 1)

exp

(
− 1

2 (1− c2)

×

[
(ln (exp (I − β2)− 1)− µ1 + ln (M/ρ))2

σ2
1

+
(ln (exp (β2)− 1)− µ2 + ln (M/ρ))2

σ2
2

−2c (ln (exp (I − β2)− 1)− µ1 + ln (M/ρ)) (ln (exp (β2)− 1)− µ2 + ln (M/ρ))

σ1σ2

])
(60)

Taking integration of (60) with respect to β2, it can be found that

p (I, ρ) =
exp (I)

2πσ1σ2

√
1− c2

I/2∫
0

g (β2, I, ρ) dβ2 (61)

50



where g (β2, I, ρ) is expressed by

g (β2, I, ρ) =
1

(exp (I)− exp (I − β2)− exp (β2) + 1)
exp

(
− 1

2 (1− c2)

×

[
(ln (exp (I − β2)− 1)− µ1 + ln (M/ρ))2

σ2
1

+
(ln (exp (β2)− 1)− µ2 + ln (M/ρ))2

σ2
2

−2c (ln (exp (I − β2)− 1)− µ1 + ln (M/ρ)) (ln (exp (β2)− 1)− µ2 + ln (M/ρ))

σ1σ2

])
(62)

The integration
∫ I/2

0
g (β2, I, ρ) dβ2 can be calculated numerically for each value of

ρ and I. The outage probability for each r and ρ can be computed by

Pout (r, ρ) = Pr {I < r log (1 + ρ)} = (63)

1

2πσ1σ2

√
1− c2

r log(1+ρ)∫
0

exp (I)

 I/2∫
0

g (β2, I, ρ) dβ2

 dI.

Using the Leibniz integral rule [100], ∂Pout (r, ρ) /∂ρ can be further obtained as

∂Pout (r, ρ)

∂ρ
=

1

2πσ1σ2

√
1− c2

[
r

1 + ρ
exp (r log (1 + ρ))

×

 r log(1+ρ)/2∫
0

g (β2, r log (1 + ρ) , ρ) dβ2


+

r log(1+ρ)∫
0

exp (I)×

 I/2∫
0

∂g (β2, I, ρ)

∂ρ
dβ2

 dI

 (64)

where ∂g (β2, I, ρ) /∂ρ is given as

∂g (β2, I, ρ)

∂ρ
=

g (β2, I, ρ)

(1− c2) ρ
·
[
(ln (exp (I − β2)− 1)− µ1 + ln (M/ρ))

σ2
1

+
(ln (exp (β2)− 1)− µ2 + ln (M/ρ))

σ2
2

−c (ln (exp (I)− exp (I − β2)− exp (β2) + 1)− µ1 − µ2 + 2 ln (M/ρ))

σ1σ2

]
(65)

The integrals in above expressions can be computed using numerical methods.

After obtaining Pout (r, ρ) from (63) and ∂Pout (r, ρ) /∂ρ from (64), the relative

finite-SNR DMT can be obtained using (31).
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Special case 2: As another special case, we consider multiple-input single-

output (MISO) systems and obtain closed-form expressions for finite-SNR DMT.

We replace N = 1 in (27) and set the data rate of R = r log (1 + ρ) for 0 ≤ r ≤ 1.

The outage probability is then given by

Pout (r, ρ) = Pr

{
log

(
1 +

ρ

M

M∑
j=1

h2
j

)
< r log (1 + ρ)

}

=Pr

{
M∑
j=1

h2
j <

(1 + ρ)r − 1

ρ/M

}
(66)

The summation
∑M

j=1 h
2
j in (66) is the sum of M i.i.d. log-normal RVs which

can be well approximated as a single log-normal RV as ez with mean µz and

variance of σ2
z [104, 105]. As discussed in the Appendix, for σx < 4 dB, we can

use Fenton-Wilkinson’s approach [104] with σ2
z = ln

(
1 +

(
e4σ

2
x − 1

)
/M
)

and

µz = ln (M)− σ2
z/2. On the other hand, for σx > 4, we use MGF-based approach

[105] where µz and σ2
z are estimated (see Appendix A). We write the outage

probability expression as

Pout (r, ρ) ∼= Pr

{
z < ln

(
(1 + ρ)r − 1

ρ/M

)}
= Q

([
ln

(
ρ/M

(1 + ρ)r − 1

)
+ µz

]
/σz

)
. (67)

Replacing (67) in (31) and using Leibniz rule to perform the differentiation of Q

function, we obtain the finite-SNR DMT for MISO system as

d (r, ρ) =
1

σz

[
1− rρ(1 + ρ)r−1

(1 + ρ)r − 1

]
×

exp
(
−[Az (r, ρ)]

2/2
)
/
√
2π

Q (Az (r, ρ))
(68)

Az (r, ρ) =

[
ln

(
ρ/M

(1 + ρ)r − 1

)
+ µz

]
/σz

It can be noted that M and N are interchangeable, i.e.,

log
(∣∣∣IN +

ρ

M
HH†

∣∣∣) = log
(∣∣∣IM +

ρ

M
H†H

∣∣∣) . (69)

Therefore, the result in (68) is also valid for MISO systems where M is replaced

by N .
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For ρ → ∞, it can be shown that (68) converges to (1− r)2 ln ρ/σ2
z . It can be

readily checked that this coincides with (43) for N = 1. Normalizing the finite-

SNR DMT with the SISO scheme, we can obtain the relative finite-SNR DMT

as

d̂ (r, ρ) = d (r, ρ) /[ln ρ/4σ2
x] (70)

3.3 DMT Performance Evaluation

We first consider a SISO system which is used as a benchmark for this work.

By replacing M = N = 1 in (44) and (49), we obtain the relative asymptotical

DMT and relative finite-SNR DMT curves for the SISO system, respectively. We

assume σ2
x = 3 dB and plot DMT curves for SISO system in Fig. 17. As expected,

it is observed that as SNR increases, the relative finite-SNR DMT curves tend

to the relative asymptotical DMT curve of the channel. As discussed earlier, in

log-normal fading channels, infinite diversity gain is achieved at extreme point of

r = 0. This could be observed in the zoomed part of Fig. 17, which shows that

the finite-SNR curves go to very big values as r → 0.

In an attempt to compare the optimal DMT curve with the performance of

some well-known modulation schemes, the tradeoff curves for PAM and QAM

are depicted in Fig. 18. The error probability of PAM and QAM is given by

Pe (ρ, r) =
∫∞
0

Q
(√

2D2
minh

2
)
fh (h) dh. Assuming a data rate of R bits/s/Hz

and considering that there are 2R and 2R/2 constellation points for PAM and

QAM respectively, the infimum distances are approximated as Dmin ≈
√
SNR/2R

for PAM and Dmin ≈
√
SNR/2R/2 for QAM [101, Ch. 9]. The asymptotical DMT

for PAM and QAM is then found by inserting the above integral in (29) and is

plotted for high SNRs. The value d̂∗ (0) is interpreted as the decreasing rate of error

probability with SNR exponent for a fixed data rate which describes conventional

diversity gain of a scheme. For SISO system, this value is 1 for QAM and PAM, as

expected. Another extreme point is d̂∗ (rmax) = 0 where rmax describes increment

of the data rate with respect to SNR considering a fixed error probability. rmax
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Figure 17: Relative asymptotical DMT curves of SISO system over log-normal
fading channel.

is 1 for QAM and optimal DMT curve, but reduces to 0.6 for PAM. The other

values in between two end points show the possibility of extracting diversity and

multiplexing gain according to the tradeoff curve. The above discussion makes

sense due to the fact that PAM uses half degree of freedom (real dimension) and

QAM uses full degree of freedom (real and imaginary dimensions). As it is depicted

in Fig. 18, the curve of QAM achieves the optimal DMT curve.

In Fig. 19, we demonstrate the relative asymptotical DMT curves of the MIMO

log-normal fading channels using (44). First, we compare the cases of M = N = 2,

M = 3, N = 2 and M = N = 3. It can be observed that MN -fold increase in

diversity is achieved for all of the cases, however, for r > 1 no improvement is

observed and the diversity gains are so small. This means that at high SNR

values, multiplexing gains are achievable at the price of very low diversity gains.

This can also be demonstrated from (42). When SNR goes to infinity, the first

and second terms in (42) will be negligible and the remaining term after applying

normalization (i.e. inf {MNα2
N}) is equal to MN (1− r2) for 0 ≤ r ≤ 1 and

54



Figure 18: Comparison of the performance of modulation schemes with the opti-
mal DMT curve.

zero for 1 ≤ r ≤ N . This discussion is based on the definition of relative DMT

curve where the diversity is normalized by SISO benchmark. It should not be

misunderstood that the diversity gain will be zero for r > 1. The conventional

(i.e., unnormalized) asymptotical DMT curves obtained through (43) are also

depicted as an inset to clarify the above statement. All of the three curves show

quadratic behavior for 0 ≤ r ≤ 1 and tend to infinity when r → 0. However, they

have the piecewise linear behavior for r > 1 as (M − r) (N − r). Specifically, for

the case of M = N = 3, the diversity gains of 4 and 1 are achieved for r = 1 and

r = 2, respectively. For the cases of M = N = 2 and M = 3, N = 2, the diversity

gains of 1 and 2 are achieved for r = 1, respectively.

In Fig. 20, we investigate the effect of number of the antennas and channel

variance on relative finite-SNR DMT for a MISO system using (49). Particularly,

we consider M = 2, 4, 6 and consider two cases of σx = 3 and 4 dB. As a

benchmark, the performance of SISO system is also depicted in the figure. For

each case, we depict the relative finite-SNR DMT curve at SNR = 20 dB. It is
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Figure 19: Relative asymptotical DMT curves of the MIMO system over log-
normal fading channel.

observed that when M increases from 1 to 6 there is an increase in diversity gain

at all multiplexing gains. Specifically, for σx = 3 dB and SNR = 20 dB the relative

diversity gain at r = 0.1 increases from 0.25 to 0.29, 0.32, and 0.34 for M = 1,

2, 4 and 6 respectively. It is observed that this increase in maximum diversity

gain is much more pronounced when σx is small or SNR is high. This reveals that

-fold increase in diversity gain for log-normal channel is possible when SNR is high

and/or σx is small. In other words, the fading strength in log-normal channels has

an intense effect on the achievable diversity order. This can be shown by using

the relative asymptotical DMT curve of MISO system for sufficiently small values
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of σx as

d̂∗ (r) =
(1− r)2 ln ρ/σ2

z

ln ρ/4σ2
x

= (1− r)2
4σ2

x

ln (1 + (e4σ2
x − 1) /M)

≃ (1− r)2
4σ2

x

ln (1 + 4σ2
x/M)

(71)

≃ (1− r)2
4σ2

x

4σ2
x/M

= M(1− r)2

Figure 20: Effect of M and σx on the DMT of the MISO system (σx = 3, 4 dB
and M = 1, 2, 4, 6).

In Fig. 21, we investigate the relative finite-SNR DMT of a 2 × 2 MIMO

system (see Special Case). We assume SNR values of 10 and 20 dB and σx = 3

and σx = 4 dB. It can be observed that as SNR increases DMT curve shows better

performance. Specifically, at r = 0.1 and SNR = 10 dB, diversity gains of 0.64 and

0.15 are achieved respectively for the cases of σx = 3 and σx = 4 dB. These climb

up to 1.50 and 0.37 when SNR increases to 20 dB. It can be also observed that

the case of σx = 3 dB shows better performance in comparison with σx = 4 dB at
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both SNR values under consideration. Finally, all cases indicate poor multiplexing

gain performance. Specifically, for r > 1 the relative diversity gain for all of the

cases is approximately zero as earlier discussed in Fig. 19.

Figure 21: Relative finite-SNR DMT curves of the 2 × 2 MIMO system over
log-normal fading.

In conclusion of this chapter, we have investigated the DMT over MIMO log-

normal fading channels. We first have derived the asymptotical DMT for MIMO

systems. Our results have shown that the asymptotical maximum diversity gain

tends to infinity with ln (SNR). To have a fair comparison of gains between dif-

ferent cases, we have normalized the diversity gains with that of a benchmark

(i.e., SISO case) and used the concept of relative asymptotical DMT. The relative

asymptotical DMT curve is described by MN(1− r)2 and a maximum diversity

gain of MN can be obtained. Then, we have focused on finite-SNR DMT which

does not yield a closed-form expression for the general MIMO case. As special

cases, we have investigated MISO/SIMO systems and 2 × 2 MIMO system. Nu-

merical results for MIMO systems show that at high SNR values, multiplexing

gains are achievable at the price of very low diversity gains. This means that
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while designing coding schemes for MIMO systems over log-normal channel, one

may decide to invest more on extracting diversity other than multiplexing.
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CHAPTER IV

ADAPTIVE MIMO FSO SYSTEMS

As discussed in previous chapter, In MIMO FSO system, the spacetime transmis-

sion strategy can also be adjusted, introducing a new dimension for adaptation.

The understanding of DMT under log-normal fading channel in Chapter 3 will

allow us to investigate practical MIMO link adaptation algorithms for FSO links

which provide a dynamic adaptation between diversity and multiplexing modes of

operation. We suggest a framework for practical MIMO FSO system with adaptive

architectures and show how to use this framework to increase either link reliability

(via diversity gain) and or data rates (via multiplexing gain). We proposed a ju-

diciously designed switching mechanism which chooses different operation modes,

i.e., diversity, multiplexing or hybrid, based on the fundamental DMT discussed

in chapter 3.

In this Chapter, we propose an adaptive MIMO FSO system with dynamic

adaptation between spatial modes of operation. The proposed adaptive system

supports three MIMO modes. In spatial multiplexing mode, the system transmits

independent parallel data streams over multiple apertures to increase data rate.

In diversity mode, the system transmits coded streams through multiple apertures

to extract diversity gains. In the hybrid mode, a trade-off between diversity and

multiplexing gains is targeted. For each operation mode, we first derive the outage

probability for MIMO FSO system over log-normal turbulence channels. Then,

we formulate the design of adaptive FSO system as to select the MIMO mode that

yields the highest throughput while satisfying a predefined target outage proba-

bility. Extensive numerical results are provided to demonstrate the performance

of proposed adaptive scheme.
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4.1 Signal Model

We consider an adaptive MIMO FSO system with M transmit and N receive

apertures over a frequency-flat log-normal fading channel. The maximum number

of degrees of freedom is defined by min {M,N} and, without loss of generality,

we assume M ≤ N . The adaptive system supports three MIMO modes. In spa-

tial multiplexing mode, the system transmits independent parallel data streams

over M apertures to increase data rate. In diversity mode, the system transmits

coded streams through multiple apertures to extract diversity gains. Unlike RF

communications where sophisticated space-time codes are required to achieve di-

versity gains, simple repetition codes can be used for this purpose [106] and are

also adopted in our system. In the hybrid mode, a trade-off between diversity and

multiplexing gains is targeted. In this mode, k parallel streams are sent across the

M transmit apertures. In particular, we assume that k repetition codes run over

M/k different sets of apertures.

Let xi, i = 1, 2, ...,M denote the modulated symbols with unit power. We

consider intensity modulation with direct detection (IM/DD). Based on the MIMO

mode, the transmitted signal takes different forms. In multiplexing mode, we have

M independent streams of data and the transmitted signal is therefore in the form

of xA = (x1, x2, . . . , xM)T . In diversity mode, we have xB = (x1, x1, . . . , x1)
T where

the same signal is simply repeated across M transmit apertures. Here, without

loss of generality, we assume that x1 is repeated. Finally, in hybrid mode with

k parallel streams, we have xC = (x1,x2, . . . ,xk)
T where xi is a vector of length

M/k and denotes the repeated signals over M/k transmit apertures.1

The baseband signal model is then given by

y =
ηLPT

M
HxU +w, U ∈ {A,B,C} (72)

where PT is the total optical transmit power budget and η is electro-optical conver-

sion constant. In (72), w ∈ RN is additive white Gaussian noise (AWGN) vector

1We assume that M and N are multiples of k.
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with independent and identically distributed (i.i.d.) entries, i.e., wi ∼ N (0, N0/2),

i = 1, 2, . . . , N . Here, N0 [W/Hz] denotes the value of double-sided power spectral

density. In (72), L is the path loss [107, 108] which combine geometric loss in (6)

and atmospheric loss (14)-(16) defined in Chapter 2.

In (72), H ∈ RM×N denotes the fading channel matrix whose element hij

(i = 1, 2, . . . , N , j = 1, 2, . . . ,M) represents the channel gain between the jth

transmit aperture and the ith receive aperture. Under the assumption of slow

fading, we assume that the channel coefficients remain constant over a block of

r symbols, i.e., r is much smaller than the channel coherence time. The channel

matrix elements are assumed to be independent and identically distributed. Under

weak turbulence conditions, we model the turbulence-induced fading coefficient

with log-normal distribution. Dropping the index for notational convenience, we

express the probability density function (pdf) as

fh (h) =
1

h
√
2πσ2

lnh

exp

(
−(ln (h) + σ2

lnh/2)
2

2σ2
lnh

)
(73)

where σ2
lnh is the log-irradiance variance. In weak turbulence, we have σ2

lnh
∼= σ2

R

[73] where the Rytov variance is σ2
R = 1.23(2π/λ)7/6C2

nd
11/6 with C2

n denoting the

refractive-index structure constant. The pdf in (73) satisfies E[h] = 1 to ensure

that the fading does not attenuate or amplify the average power.

4.2 Adaptive Algorithm Design

The block diagrams of transmitter and receiver for the proposed adaptive MIMO

system are illustrated in Fig. 22. The transmitter is equipped with an adaptation

module which chooses one of the operation modes described in Section 4.1 (i.e.,

multiplexing, diversity or hybrid) based on the feedback. During operation, the

receiver first calculates the instantaneous signal-to-noise ratio (SNR) which is a

function of turbulence-induced fading. The SNR is compared against the SNR

thresholds available in a look-up table (LUT) and the optimal transmission mode

is selected accordingly. The transmitter is then informed of the selected mode via

a low-rate control channel and adaptively switches between MIMO modes.
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Figure 22: Block diagram of adaptive MIMO FSO communication system. a)
Transmitter, b) Receiver.

We formulate the adaptive system design, i.e., construction of LUT, to max-

imize the data rate while satisfying a predefined outage probability for a given

channel realization. An outage is defined as the event that the channel does not

support a target data rate, or in other words, when the instantaneous channel

capacity is less than the target data rate, R [bits/s/Hz]. Therefore, the outage

probability is given by

Pout (R, ρ) = Pr {C (H) < R} (74)

where C (H) denotes the instantaneous channel capacity. It is given by [109]

C (H) =
1

2
log
(∣∣∣IN +

ρ

M2
HHT

∣∣∣) (75)

where ρ is the electrical SNR defined as

ρ = 2η2L2P
2
T

N0

. (76)

Outage capacity is the maximum achievable rate while keeping the outage

probability less than a specified value denoted by ε. Mathematically, we can
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write [109]

Cε (ρ) = max {R : Pout (R, ρ) ≤ ε} (77)

= F−1
C (ε)

where FC (.) is the cumulative distribution function (CDF) of C (H).

Let D denote the set of divisors of M . Further, let P k
out (R, ρ) and Ck

ε (ρ),

k ∈ D, denote the outage probability and the outage capacity for the kth operation

mode. k = 1 and k = M correspond to diversity and spatial multiplexing modes

respectively. In the hybrid mode, we have k ∈ D and k ̸= 1, k ̸= M . The range of

SNR values under consideration is divided into regions such that, in each region,

the operation mode that provides the maximum capacity is selected. The design

problem is therefore formulated as

k̂ = argmax
k

Ck
ε (ρ) (78)

where k̂ ∈ D denotes the selected operation mode for SNR value of ρ. The

threshold points where we switch from one operation mode to another are then

determined to construct the LUT.

The derivations of outage capacity expressions for different operation modes

are provided in the following.

4.2.1 Outage Performance of Spatial Multiplexing Mode

In spatial multiplexing, the maximum number of degrees of freedom is min {M,N} =

M . Hence, the channel matrix reduces to a diagonal form ofH = diag {h1, h2, ..., hM}.

From (74) and (75), the outage probability can be written as

PM
out (R, ρ) = Pr

{
1

2

M∑
j=1

log
(
1 +

ρ

M2
|hj|2

)
< R

}
. (79)

Considering the overall data rate and the maximum number of degrees of freedom,

a rate of R/M should be supported per sub-channel. Outage occurs if a sub-

channel cannot support this rate. Mathematically speaking, the probability in
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(79) reduces to multiplication of independent outage events for each sub-channel.

Then we have

PM
out (R, ρ) =

[
Pr

{
1

2
log
(
1 +

ρ

M2
|h1|2

)
<

R

M

}]M
(80)

where the inner probability can be written in the form of a Q-function, i.e., Q (x) =√
1/2π

∫∞
x

exp (−u2/2) du. The outage probability can be then found as

PM
out (R, ρ) =

[
Q

(
1

2σlnh

ln

(
ρ/M2

22R/M − 1

)
− σlnh

2

)]M
. (81)

In order to find outage capacity, we solve (81) for R and then ε-capacity is obtained

as

CM
ε (ρ) =

M

2
log
[ ρ

M2
exp

(
−2σlnhQ

−1
(
ε1/M

)
− σ2

lnh

)
+ 1
]

(82)

4.2.2 Outage Performance of Diversity Mode

Under the assumption of repetition coding, (72) simplifies to

yi =
ηL

M

(
M∑
j=1

hij

)
xB

1
+ wi for i = 1, ..., N. (83)

The outage probability can be then found as

P 1
out (R, ρ) = Pr

1

2
log

1 +
ρ

M2

N∑
i=1

(
M∑
j=1

hij

)2
 < R

 . (84)

The term
∑N

i=1

(∑M
j=1 hij

)2
is the sum of log-normal random variables and can

be approximated by a log-normal distribution. First, we approximate the inner

sum as ezi =
∑M

j=1 hij with σ2
zi

= ln
(
1 +

(
eσ

2
lnh − 1

)
/M
)

and µzi = ln (M) −

σ2
zi
/2. Second, we approximate the outer sum as eu =

∑N
i=1 e

2zi with σ2
u =

ln
(
1 +

(
e4σ

2
zi − 1

)
/N
)
and µu = ln (N) + 2µz +

(
4σ2

zi
− σ2

u

)
/2. Therefore, (84)

can be approximated as

P 1
out (R, ρ) ∼= Pr

{
u < ln

(
22R − 1

ρ/M2

)}
= Q

(
1

σu

ln

(
ρ/M2

22R − 1

)
+

µu

σu

)
(85)

In order to find outage capacity, we solve (85) for R and then ε-capacity is

obtained as

C1
ε (ρ) =

1

2
log
[ ρ

M2
exp

(
µu − σuQ

−1 (ε)
)
+ 1
]
. (86)
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4.2.3 Outage Performance of Hybrid Mode

This method combines diversity and spatial multiplexing by constructing k parallel

streams acrossM transmit apertures. In particular, repetition codes run overM/k

different sets of apertures. The ith received signal at the lth stream is written as

yi,l =
ηL

M

M/k∑
j=1

hl
ij

xC
l
+ wi,l (87)

for i = 1, ..., N/k and l = 1, ..., k

where hl
ij is the channel coefficient from the jth transmit aperture to the ith

receive aperture in the lth stream. To simplify the notation, we further define

αi,l =
∑M/k

j=1 hl
ij
, i = 1, ..., N/k and l = 1, ..., k, which is the sum of log-normal

random variables and can be approximated by a log-normal distribution as dis-

cussed earlier.

In this transmission mode, the channel matrixH can be written in the following

format:

H =



α1,1 0 · · · 0

...
...

αN/k,1
...

0
. . . 0

...
. . . α1,k

...
...

0 · · · 0 αN/k,k


N×k

(88)

It can be readily verified that HHT is a block diagonal matrix and given by

HHT =



A1 0 · · · 0

0 A2 · · · 0

...
...

. . .
...

0 0 · · · Ak


N×N

= A1 ⊕A2 ⊕ · · · ⊕Ak (89)
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where Al = αT
l αl and αl = [α1,l, α2,l, . . . , αN/k,l], l = 1, ..., k with matrix dimen-

sions (N/k)× (N/k). Replacing (89) in (75) we obtain

C (H) =
1

2
log
(∣∣∣IN +

ρ

M2
(A1 ⊕A2 ⊕ · · · ⊕Ak)

∣∣∣)
=

1

2
log
(∣∣∣(IN/k +

ρ

M2
A1

)
⊕
(
IN/k +

ρ

M2
A2

)
⊕ · · · ⊕

(
IN/k +

ρ

M2
Ak

)∣∣∣)
=

1

2
log
(∣∣∣(IN/k +

ρ

M2
A1

)∣∣∣× ∣∣∣(IN/k +
ρ

M2
A2

)∣∣∣× · · · ×
∣∣∣(IN/k +

ρ

M2
Ak

)∣∣∣)
=

1

2

k∑
l=1

log
(∣∣∣(IN/k +

ρ

M2
Al

)∣∣∣) (90)

In (90), the second equality comes from the diagonality of block matrix, the third

equality comes from its determinant properties, and the last equality comes from

logarithm function properties. Replacing (90) in (74), we have

P k
out (R, ρ) = Pr

{
1

2

k∑
l=1

log
(∣∣∣(IN/k +

ρ

M2
Al

)∣∣∣) < R

}
. (91)

In hybrid transmission mode, outage occurs if a stream cannot support a rate of

R/k. Mathematically speaking, we have

P k
out (R, ρ) =

[
Pr

{
1

2
log
(∣∣∣(IN/k +

ρ

M2
Al

)∣∣∣) <
R

k

}]k
. (92)

The inner determinant can be found by replacing Al = αT
l αl and using the

Sylvester’s determinant identity, i.e.,∣∣∣(IN/k +
ρ

M2
αT

l αl

)∣∣∣ = ∣∣∣(1 + ρ

M2
αlα

T
l

)∣∣∣ . (93)

Therefore, the outage probability will be simplified as

P k
out (R, ρ) =

Pr
1

2
log

1 +
ρ

M2

N/k∑
i=1

|αi,l|2
 <

R

k


k

. (94)

It can be noted that the inner probability in (94) has a similar form to (84), i.e.,

outage probability earlier obtained for the diversity mode. The summation in (94)

can be approximated by a log-normal random variable as eu
′
=
∑N/k

i=1 |αi,l|2 with

αi,l =
∑M/k

j=1 hl
ij
. Following similar steps in Section 4.2.3, we obtain

P k
out (R, ρ) =

[
Q

(
1

σu′ (k)
ln

(
ρ/M2

22R/k − 1

)
+

µu′ (k)

σu′ (k)

)]k
. (95)
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In (95), σ2
u′ (k) and µu′ (k) respectively denote the variance and mean of u′ and

are given by

σ2
u′ (k) = ln

(
1 +

(
e
4σ2

z′i
(k) − 1

)
/ [N/k]

)
(96)

µu′ (k) = ln

(
N

k

)
+ 2µz′i (k) +

1

2

(
4σ2

z′i
(k)− σ2

u′ (k)
)

(97)

where we define z′i = lnαi,l with variance σ2
z′i

(k) = ln
(
1 +

(
eσ

2
lnh − 1

)
/ [M/k]

)
and mean µz′i (k) = ln (M/k)− σ2

z′i
/2. In order to find outage capacity, we solve

(95) for R and then ε-capacity is obtained after some mathematical manipulations

as

Ck
ε (ρ) =

k

2
log

[
1 + ρ

exp
(
µu′ (k)− σu′ (k)Q−1

(
ε1/k

))
M2

]
. (98)

4.3 Numerical Results

In this section, we consider 4 × 4 and 6 × 6 MIMO systems, construct LUTs for

adaptive systems and present their outage performance highlighting the improve-

ments. We consider an operating wavelength of λ = 1550 nm and refractive-index

structure constant C2
n = 10−14 m−2/3. This yields Rytov variance of σ2

lnh =0.2 for

d = 1 km. We further assume noise power of N0 = 10−4, receiver aperture diam-

eter Dr = 10 cm, and electro-optical conversion constant η = 1. Unless otherwise

stated, we assume visibility V = 10 km, and beam divergence angle of θtx = 1

mrad.

In Fig. 23, we plot the outage capacity of adaptive 4×4 MIMO FSO link with

a targeted outage of ε = 0.1 for three operation modes under consideration. The

outage capacity of SISO case (i.e., M = N = 1) is depicted as a benchmark. In

diversity mode, we set k = 1 and repetition code runs over all transmit apertures.

In multiplexing mode, we set k = 4 indicating four streams in parallel. In hybrid

mode, we set k = 2 where two different repetition codes run in parallel. The

corresponding outage capacities for multiplexing, diversity and hybrid modes are

obtained respectively based on (82), (86) and (98). Based on (78), the LUT is con-

structed specifying the SNR regions where each transmission mode should be used

(see Table 5 and 6). In each SNR region, the adaptive algorithm selects the mode
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which results in the highest outage capacity. The performance of the adaptive

scheme is therefore presented based on the aggregation of underlying three plots.

It can be observed that for SNR values less than 11.6 dB, the adaptive system

works in diversity mode as it yields the highest rate in poor channel conditions.

For SNR values between 11.6 and 19 dB, the adaptive system is in hybrid mode to

ensure a trade-off between the link reliability and the data rate. Finally, for SNR

values greater than 19 dB, multiplexing mode should be active to ensure highest

data rate.

Figure 23: Outage capacity of adaptive 4× 4 MIMO FSO system (d = 1 km).

In Fig. 24, we plot the outage capacity of a 6 × 6 MIMO FSO link assuming

a targeted outage of ε = 0.1. Here, we change the number of streams as k = 1, 2,

3, and 6. The cases of k = 1 and k = 6 correspond respectively to diversity and

multiplexing modes. The cases of k = 2 and k = 3 correspond to the hybrid mode.

The LUT is provided in Table 7. It is observed that for SNR values less than 9.3

dB, diversity mode should be active while hybrid mode with either k = 2 or k = 3
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Table 5: LUTs for a 4 × 4 adaptive MIMO FSO system assuming different link
distances (ε = 0.1).

Diversity Hybrid Multiplexing

(k = 1) (k = 2) (k = 4)

d = 1 km ρ < 11.6 dB 11.6 < ρ < 19.0 dB ρ > 19.0 dB

d = 2 km ρ < 14.0 dB 14.0 < ρ < 20.0 dB ρ > 20.0 dB

d = 3 km ρ < 17.8 dB 17.8 < ρ < 22.0 dB ρ > 22.0 dB

d = 4 km ρ < 20.4 dB 20.4 < ρ < 23.0 dB ρ > 23.0 dB

d = 5 km ρ < 20.0 dB 20.0 < ρ < 21.0 dB ρ > 21.0 dB

Table 6: LUTs for a 4× 4 adaptive MIMO FSO system assuming different values
of targeted outage probability (d = 1 km).

Diversity Hybrid Multiplexing

(k = 1) (k = 2) (k = 4)

ε = 10−1 ρ < 11.6 dB 11.6 < ρ < 19.0 dB ρ > 19.0 dB

ε = 10−2 ρ < 14.0 dB 14.0 < ρ < 22.5 dB ρ > 22.5 dB

ε = 10−3 ρ < 16.0 dB 16.0 < ρ < 25.0 dB ρ > 25.0 dB

ε = 10−4 ρ < 17.0 dB 17.0 < ρ < 26.9 dB ρ > 26.9 dB

ε = 10−5 ρ < 18.2 dB 18.2 < ρ < 28.5 dB ρ > 28.5 dB
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can be used for the SNR range of 9.3 dB - 20.7 dB. For SNR values greater than

20.7 dB, multiplexing mode can be used.

Figure 24: Outage capacity of adaptive 6× 6 MIMO FSO system (d = 1 km).

Table 7: LUT for a 6× 6 adaptive MIMO FSO system (d = 1 km and ε = 0.1).

Diversity Hybrid Hybrid Multiplexing

(k = 1) (k = 2) (k = 3) (k = 6)

ρ < 9.3 9.3 < ρ < 15.3 15.3 < ρ < 20.7 ρ > 20.7

While similar trends are observed for the performances of 4 × 4 and 6 × 6

MIMO FSO links, it can be noted that 6× 6 MIMO scheme gives more flexibility

by providing two regions for hybrid case, (see k = 2 and k = 3 in Fig. 24). The

partitioning of SNR region for operation modes is also different. For example, the

diversity mode is active for the 4 × 4 MIMO FSO link when ρ < 11.6 dB. This

reduces to ρ < 9.3 dB for a 6×6 MIMO FSO link. Furthermore, it can be observed

that the achievable data rates for a 6× 6 MIMO FSO link are higher than those
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in 4× 4 MIMO case as expected. Specifically, at SNR = 25 dB, a maximum data

rate of 10.7 bits/sec/Hz can be achieved for a 6 × 6 MIMO FSO link, while this

value for a 4× 4 MIMO FSO link is equal to 8.5 bits/sec/Hz.

In Fig. 25, we investigate the performance of adaptive system under different

visibility levels. Specifically, we consider V = 1, 2, 4, 7, and 10 km and plot

the outage capacity of 6× 6 MIMO FSO system with respect to optical transmit

power PT . We assume a targeted outage of ε = 0.1. Specifically, at PT = −10

dB, the outage capacities of 1.95, 4.47, 6.58, 7.88, and 8.20 bits/s/Hz are achieved

for V = 1, 2, 4, 7, and 10 km respectively. It is observed that the visibility

(determined by weather conditions) is a critical factor and the outage capacity

significantly decreases with poor visibility.

Figure 25: Effect of visibility on the outage capacity of adaptive 6 × 6 MIMO
FSO system.

In Fig. 26, we investigate the effect of beam divergence angle. We assume

ε = 0.1 km and plot the outage capacity of 6×6 MIMO FSO system for θtx = 0.5,

0.75, 1, 1.5, and 2 mrad. Specifically, at PT = −10 dB, the outage capacities

of 19.55, 12.72, 8.20, 4.46, and 2.94 bits/s/Hz are achieved for θtx = 0.5, 0.75,
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1, 1.5, and 2 mrad. For smaller divergence angles, i.e., narrower beams, since

more energy is captured by the receiver aperture, less power loss is experienced.

Consequently, the outage capacity increases.

Figure 26: Effect of transmitter divergence angle on the outage capacity of adap-
tive 6× 6 MIMO FSO system.

In conclusion of this chapter, we proposed an adaptive MIMO FSO system

where a judiciously designed switching mechanism chooses different operation

modes, i.e., diversity, multiplexing or hybrid, based on channel conditions. We

formulated the design of adaptive FSO system as a maximization problem of the

outage capacity while satisfying a predefined target outage probability. We calcu-

lated the outage capacities for each operation mode and constructed the LUTs. In

the proposed system, the received SNR is compared against the SNR thresholds

available in the LUT and the optimal transmission mode is selected accordingly.

Our numerical results revealed that the proposed system has significant improve-

ments over stand-alone diversity and multiplexing schemes and ensure an overall

robust performance throughout the SNR range.
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CHAPTER V

ADAPTIVE MODULATION AND POWER CONTROL

The understanding of DMT under log-normal fading channel created the basis for

us to investigate practical MIMO link adaptation algorithms for FSO links. An

adaptive MIMO FSO system with dynamic adaptation between spatial modes of

operation was proposed in Chapter 4. We suggested a framework for practical

MIMO FSO system with adaptive architectures and show how to use this frame-

work to increase either link reliability (via diversity gain) and or data rates (via

multiplexing gain). In summary, we proposed a judiciously designed switching

mechanism which chooses different operation modes, i.e., diversity, multiplexing

or hybrid, based on the channel conditions. The spatial adaptation can be com-

bined with conventional adaptive modulation and coding (AMC) to give the op-

timal system performance. In contrast to previous chapter where the modulation

size/type and power where constant, in Chapter 5, we extend the adaptive scheme

and formulate the design of adaptive modulation and power control algorithms for

multiple aperture FSO systems.

In this Chapter, we consider MISO and SIMO FSO systems with PPM and

PAM. We propose three adaptive algorithms where the modulation size and/or

transmit power are adjusted according to the channel conditions. We formulate the

design of adaptive algorithms to maximize the spectral efficiency under peak and

average power constraints while maintaining a targeted value of outage probability.

We present extensive Monte Carlo simulations to demonstrate the performance of

proposed adaptive schemes over turbulence channels.

5.1 System Model

In this section, we first summarize the channel characteristics, then introduce the

signal model under consideration.
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5.1.1 Channel Model

We consider an FSO system with a link distance of d. Let θtx and Drx respectively

denote the beam divergence angle and receiving lens diameter. The path loss is

then expressed as [110, 111] L = D2
rxe

−αd/(θtxd)
2 where α represents the atmo-

spheric attenuation coefficient. It is given by [111] α = (3.91/V ) (λ/550)−q where

λ is wavelength, V is visibility in kilometers (km) and q is a visibility-dependent

parameter [112]. To model atmospheric turbulence, we consider both log-normal

(LN) and Gamma-Gamma (GG) distributions, covering respectively weak and

moderate-to-strong turbulence conditions [113]. Assuming LN turbulence model,

the probability density function (pdf) of the channel coefficient h is given by

fh (h) =
1

h
√

2πσ2
lnh

exp

(
−(ln (h) + σ2

lnh/2)
2

2σ2
lnh

)
, (99)

where σ2
lnh is the log-irradiance variance and can be expressed in terms of the

scintillation index (σ2
h) as σ

2
lnh = ln (σ2

h + 1). In weak turbulence, we have σ2
lnh

∼=

σ2
R [113] where the Rytov variance is σ2

R = 1.23(2π/λ)7/6C2
nd

11/6 with C2
n denoting

the refractive-index structure constant.

Under GG model, the pdf of h is given by [113]

ph (h) =
2

Γ (α) Γ (β) I
(αβI)(α+β)/2Kα−β

(
2
√
αβI

)
, (100)

where Γ (x) is the gamma function and Kµ (x) is the modified Bessel function of

the second kind. α and β represent the effective numbers of large- and small-

scale scatterers, respectively. They are given by α = 1/σ2
x = [exp (σ2

lnx)− 1]
−1

and β = 1/σ2
y = [exp

(
σ2
lny

)
− 1]

−1
. The scintillation index is given by σ2

h =

exp
(
σ2
lnx + σ2

ln y

)
− 1 = α−1 + β−1 + (αβ)−1.

5.1.2 Signal Model

We consider a MISO system with nt transmit apertures and a SIMO system with

nr apertures. We assume the deployment of M -ary PPM and M -ary PAM where

M = 2n, n ∈ Z+. In PPM, the symbol duration Ts, is divided into M parts and
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an optical pulse is transmitted in one of these chips according to the value of the

symbol. To maintain average transmit power for all values of M , the amplitude of

the pulse in chip duration is increased with increase ofM . In PAM, the information

is modulated into the intensity of the optical pulse and each mapping represents

a constant pulse with a different amplitude through the symbol duration.

Let xi (t), i = 1, 2, . . . , nt, 0 ≤ t < Ts denote the modulation symbol trans-

mitted from the ith aperture. Furthermore, let xi denote its vector space repre-

sentation1. The transmitted symbol can be then written as xi (t) = Pt + sm (t),

m = 1, 2, . . . ,M , i = 1, 2, ..., nt where Pt represents the average optical transmit

power per symbol duration, i.e., xi (t) = Pt. Here, sm (t) denotes PAM/PPM

modulation symbol with unit power, respectively, given as

sm (t) =

(M − 1)Pt (m− 1) Ts

M
≤ t < mTs

M

−Pt otherwise
, (101)

sm (t) = (2m− 1−M)
Pt

M − 1
for 0 ≤ t < Ts. (102)

Let the transmitted and received signals be represented by x = (x1, x2, . . . , xnt)
T

and y = (y1, y2, . . . , ynr)
T , respectively. It should be noted that x and y respec-

tively reduce to scalars for MISO and SIMO systems. Unlike RF communications

where sophisticated space-time codes are required to achieve diversity gains, sim-

ple repetition codes can be used for FSO systems [114] and are also adopted in

our MISO system. The baseband signal model is then given by

y =
ηL

nt

hx+w, (103)

where η is electro-optical conversion constant which includes responsivity and

transimpedance amplifier gain of photodetector. In the MISO system, P i
t = Pt/nt

is allocated for each transmit aperture. This ensures to make a fair comparison

1The dimension of PAM is one and therefore its vector space representation reduces to a
scalar. On the other hand, PPM is represented by an M -dimensional vector. Here, we use
italic letter to represent PPM signal although it is not scalar, to avoid confusion with MIMO
representation.
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between the MISO and SIMO schemes, since the total transmit power from the

optical head is Pt in both cases.

In (103), the channel vector is denoted by h = (h1, h2, . . . , hnt), h ∈ Rnt for

MISO system and h = (h1, h2, . . . , hnr)
T , h ∈ Rnr for SIMO system. The chan-

nel matrix elements are assumed to be independent and identically distributed

(i.i.d.). Under the assumption of quasi-static fading, we assume that the channel

coefficients remain constant over a block of symbols where the block length is

smaller than channel coherence time. In (103), denotes the additive white Gaus-

sian noise (AWGN) vector with independent and identically distributed (i.i.d.)

entries wi ∼ N (0, σ2
w), i = 1, 2, . . . , nr. The variance, σ2

w = N0/2, denotes the

power of noise term. The autocorrelation matrix of noise signal is therefore defined

by Rw = E
(
wwT

)
= σ2

wIN .

In MISO system where one receive aperture exists, the received signal will be a

superposition of transmitted signals from nt transmitters whereas in SIMO system

with nr receive apertures, equal gain combining (EGC) is used. The outputs are

given as

y =
ηL

nt

nt∑
i=1

hix1 + w1 for MISO (104a)

y = ηL
nr∑
i=1

hix1 +
nr∑
i=1

wi for SIMO (104b)

5.2 Adaptive Transmission Schemes

We propose three adaptive schemes where the modulation size and/or transmit

power are adjusted according to the channel conditions. In the first algorithm

which is called “Adaptive Modulation Algorithm-1 (AMA-1)”, we assume only the

use of PPM. While keeping the outage probability less than a pre-specified value,

we aim to maximize spectral efficiency by adaptively changing the PPM size under

power constraints. In the second algorithm which is called “Adaptive Modulation

Algorithm-2 (AMA-2)”, we assume the deployment of both PPM and PAM. In this

algorithm, similar to the first one, we aim to maximize spectral efficiency, but this
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time we adaptively change both modulation type and size under power constraints.

In the third algorithm which is called “Adaptive Modulation and Power Algorithm

(AMPA)”, we aim to maximize spectral efficiency by adaptively changing the

transmit power and modulation size/type according to channel conditions.

In the proposed adaptive algorithms, the available received power region is op-

timally divided into a number of intervals and one transmission mode is assigned

for each interval. These results are pre-computed and stored at the transmitter

side as a look-up table (LUT). During the operation, receiver calculates the in-

stantaneous received power according to the channel coefficients, and a feedback

is provided to the transmitter determining the mode of transmission. The trans-

mission mode is determined by checking which interval of the LUT the calculated

received power falls in. The transmitter then switches to the selected mode of

transmission. In terms of complexity, AMA-1 is simplest which only employs

adaptation of PPM size. AMA-2 comes the second which employs both PPM

and PAM schemes. In AMPA, power adaptation is further added which is an

additional factor for complexity.

In the MISO system, as seen from (104a), the received signal is a superposition

of transmitted signals from nt transmitters. Similarly, in the SIMO system, it is

observed from (104b) that the output of EGC is a superposition of received signals

from nr receive apertures. Therefore, in both cases, the channel condition is de-

termined by heff = (1/κ)
∑κ

i=1 hi, κ ∈ {nt, nr}. Having average optical transmit

power of Pt, the average received power is given by Pr = ηLPt. The instanta-

neous received power as a function of channel condition can be then expressed as

Pr (heff ) = ηLPtheff = Prheff . The average electrical signal-to-noise ratio (SNR)

is therefore defined as

ρ̄ = η2L2 σ
2
x

σ2
w

. (105)

Consequently, the instantaneous SNR as a function of channel condition is ρ (heff ) =
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ρ̄h2
eff . For the calculation of (105), we need to determine the variances of the mod-

ulation signals which can be calculated from

σ2
x = E

[(
x (t)− x (t)

)2]

= E
[
(sm (t))2

]
=

P 2
t (M − 1) for PPM

P 2
t

(M+1)
3(M−1)

for PAM

(106)

where we assume equal-likely symbols. By replacing (106) in (105), we can write

the instantaneous SNR as

ρ (heff ) =


[Pr(heff)]

2

σ2
w

(M − 1) for PPM

[Pr(heff)]
2

σ2
w

(M+1)
3(M−1)

for PAM
. (107)

Since the modulation size and transmit power are changed according to the channel

conditions in AMPA, we denote them as a function of the channel condition, i.e.,

namely M (heff ) and Pt (heff ) in the following. In AMA-1 and AMA-2, the only

adjustable parameter is M (heff )while the transmit power is constant.

In adaptive system design, we adopt three performance measures. The first

one is the spectral efficiency. For PPM and PAM, the spectral efficiency is respec-

tively given as R (heff ) = log2[M (heff )]/M (heff ) and R (heff ) = log2[M (heff )]

(bits/s/Hz) [75]. The second performance measure is the outage probability. An

outage is defined as an event that the channel does not support a target data

rate, or in other words, when the instantaneous/conditioned channel capacity

is less than the target data rate. The third performance measure is related to

power consumption. Lifetime of the laser and eye safety standards impose some

constraints on the average and peak optical transmission power. The latter is

particularly important for FSO applications where eye safety standards impose

restrictions on the peak of the transmit power. The constraint on average power

can be expressed as

Pot = E

[
nt∑
i=1

P i
t (heff )

]

=

∞∫
0

Pt (heff ) fheff
(heff ) dheff ≤ Pot,max

(108)
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Here, Pot is the expected value of average transmit power with respect to the

distribution of heff and Pot,max is the bound on average power. Recall that Pt

earlier defined in Section 5.1 represents the average optical transmit power per

symbol duration. The peak transmit power is bounded as

Ppt =

Pt (heff ) ≤ Ppt,max for PPM

2Pt (heff ) ≤ Ppt,max for PAM
(109)

where Ppt,max is the bound on peak power.

5.2.1 Adaptive Modulation Algorithm-1 (AMA-1)

In this algorithm, we aim to maximize spectral efficiency by adaptively changing

the PPM size under power constraints. The average transmit power is fixed for

each signaling interval, therefore we simply have Pot = Pt ≤ Pot,max and Ppt =

Pt ≤ Ppt,max. In an FSO system, we typically have Pot,max < Ppt,max and hence we

can write Pt = Pot,max. We aim to keep the outage probability less than a pre-

specified value ε. To maximize the instantaneous spectral efficiency, we formulate

the problem as

M ′ = arg max
M(heff)

R (heff ) = arg max
M(heff)

log2 (M (heff ))

M (heff )

s.t.

1) Pout (R (heff ) , ρ̄) < ε

2) M (heff ) =

2 if P1 ≤ Pr (heff )

2n if Pn ≤ Pr (heff ) < Pn−1

3) Pt = Pot,max

(110)

where M ′ is the optimal value of modulation size in each signaling interval. Here

Pn, n = 1, 2, ..., log2 (M
max
PPM) denote switching thresholds between different trans-

mission modes, i.e., different modulation sizes of PPM, and Mmax
PPM is the maxi-

mum allowable modulation order (see Appendix C) to satisfy a pre-defined outage

probability. Considering that log2 (M (heff )) /M (heff ) in (110) is monotonically

decreasing, maximizing the spectral efficiency in (110) is equivalent to selecting
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the minimum modulation size, i.e., M (heff ), in each interval that meets the con-

straints.

Let Cth =0.5 log (1 + ρ (heff )) denote the highest conditional channel capacity

(conditioned on fading coefficient) for MISO system that is acceptable by the sys-

tem for a fixed SNR. The outage probability is Pout (R (heff ) , ρ̄) = Pr {R (heff ) > Cth}

(see Appendix B for derivation details1). First note that we must have R (heff ) <

Cth to prevent outage. Therefore, we can write

R (heff ) <
1

2
log2 [1 + ρ (heff )] . (111)

We replace (107) in (111) and replace R (heff ) = log2[M (heff )]/M (heff ) in the

resulting expression. This yields a lower bound on the instantaneous received

power as

Pr (heff ) > σw


(
[M (heff )]

2/M(heff) − 1
)

M (heff )− 1

1/2

. (112)

Next, we consider the second constraint in (110) which dictates the discreteness

of modulation size. Replacing each value of modulation size in (112), it provides

a specific region for the received power. Therefore, the minimization problem

reduces to choosing the minimum value of modulation size in each region. Finally,

the maximization problem in (110) reduces to

M ′ =


BPPM σw ≤ Pr (heff )

2n-PPM σw

√
2
2n
2n −1
2n−1

≤ Pr (heff ) < σw

√
2
2(n−1)

2n−1 −1
2n−1−1

. (113)

Paying attention to the intervals in (113), the switching thresholds are determined

as

Pn = σw

(
22n/2

n − 1

2n − 1

)1/2

for n = 1, 2, ..., log2 (M
max
PPM) . (114)

In the light of above descriptions, the algorithm flow is provided in Fig. 27a.

1Here, without loss of generality, we only consider MISO system. The outage results can be
easily extended for SIMO system. We avoid repeating the same derivations for SIMO system;
instead, we discuss and compare the numerical results in Section 5.4.
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5.2.2 Adaptive Modulation Algorithm-2 (AMA-2)

In this algorithm, we consider both PPM and PAM as modulation types. This

aims to exploit high spectral efficiency of PAM and also high reliability of PPM

whenever needed. As discussed earlier, we have Pot = Pt ≤ Pot,max and Ppt = Pt ≤

Ppt,max for PPM. For PAM, we have Pot = Pt ≤ Pot,max and Ppt = 2Pt ≤ Ppt,max.

We can therefore write Pt = min {Pot,max, 0.5Ppt,max}. For a typical FSO system,

we can assume Pot,max < 0.5Ppt,max and hence we have Pt = Pot,max. To maximize

the instantaneous spectral efficiency, we formulate the problem as

M ′ = arg max
M(heff)

 log2 (M (heff )) /M (heff ) for PPM

log2 (M (heff )) for PAM

s.t.

1) Pout (R (heff ) , ρ̄) < ε

2) M (heff ) =



2n-PAM if P ′
n ≤ Pr (heff ) < P ′

n+1

2-PAM if P ′
1 ≤ Pr (heff ) < P ′

2

2-PPM if P1 ≤ Pr (heff ) < P ′
1

2n-PPM if Pn ≤ Pr (heff ) < Pn−1

3) Pt = Pot,max

(115)

where P ′
n’s, n = 1, 2, ..., log2 (M

max
PAM) are switching thresholds between transmis-

sion modes for PAM while Pn’s, n = 1, 2, ..., log2 (M
max
PPM) are defined for PPM.

P ′
1 also serves as the threshold for switching between PPM and PAM schemes.

Following similar steps as in the previous section, the above maximization problem

reduces to

M ′ =



2n-PAM
√
3σw [2n − 1] ≤ Pr (heff ) <

√
3σw [2n+1 − 1]

OOK
√
3σw ≤ Pr (heff ) < 3

√
3σw

BPPM σw ≤ Pr (heff ) <
√
3σw

2n-PPM σw

√
2
2n
2n −1
2n−1

≤ Pr (heff ) < σw

√
2[

2(n−1)

2n−1 ]−1
2n−1−1

(116)
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This can be further written as

M ′ =



2n-PAM P ′
n+1/ (ηLPot,max) > heff ≥ P ′

n/ (ηLPot,max)

OOK P ′
2/ (ηLPot,max) > heff ≥ P ′

1/ (ηLPot,max)

BPPM P ′
1/ (ηLPot,max) > heff ≥ P1/ (ηLPot,max)

2n-PPM Pn−1/ (ηLPot,max) > heff ≥ Pn/ (ηLPot,max)

(117)

where

P ′
n =

√
3σw (2n − 1) , n = 1, 2, ..., log2 (M

max
PAM) (118)

are the switching thresholds for PAM transmission modes. The switching thresh-

olds for PPM transmission modes, i.e. Pn’s, remain the same as in (114).

The algorithm flow diagram of this algorithm is presented in Fig. 27b. It

basically remains the same as AMA-1 with some modifications. Specifically, the

rate optimization is now based on (115) and the switching thresholds between

PAM transmission modes are further included.

Figure 27: Algorithm flow diagram of a) AMA-1 and b) AMA-2.
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5.2.3 Adaptive Modulation and Power Algorithm (AMPA)

In this scheme, we aim to maximize spectral efficiency by adaptively changing

both transmit power and modulation size of PPM/PAM according to channel

conditions while keeping the outage probability equal to ε.

Considering the transmit power as a function of channel condition, i.e. Pt (heff ),

we must have at least R (heff ) = Cth to prevent the outage event. Therefore,

ρ (heff ) is obtained as

ρ (heff ) =
(
22R(heff) − 1

)
. (119)

Noting ρ (heff ) = ρ̄h2
eff and using (105) and (106), we can find Pt (heff ) as

Pt (heff ) =
σw

heffηL

√
K1 (M) (120)

where K1 (M) is given by

K1 (M) =


(M2/M−1)

(M−1)
for PPM

3(M − 1)2 for PAM
(121)

For small values of heff , Pt (heff ) may violate peak power constraint. To avoid

this, we apply peak power constraints, i.e., Pt (heff ) ≤ Ppt,max for PPM (c.f. sec-

tion 5.2.1) and 2Pt (heff ) ≤ Ppt,max for PAM (c.f. section 5.2.2). Then, we find a

threshold on the value of heff , i.e., heff ≥ thM to determine the switching thresh-

old where a transmission mode switches to a lower spectral-efficient modulation

with higher reliability. This is defined as

thr
M =

σw

Ppt,maxηL

√
K2 (M) (122)

where r ∈ {PAM,PPM} and K2 (M) is given by

K2 (M) =


(M2/M−1)

(M−1)
for PPM

12(M − 1)2 for PAM
(123)

Therefore, we can write (120) as

Pt (heff ) =


σw

heffηL

√
K1 (M) heff ≥ thr

M

σw

heffηL

√
K1

(
M̂
)

heff < thr
M

(124)
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where M̂ is the second highest spectral-efficient modulation under consideration,

i.e., M̂ = 2M , for PPM and M̂ = M/2 for PAM. The average power constraint

should also be conserved. The switching thresholds thr
M divides the region of

heff into different intervals assigned to one transmission scheme. Therefore, the

average power constraint in (108) can be written as

Pot =

∞∫
0

Pt (heff ) fheff
(heff ) dheff

=
∑
M

∫
thr

M

Pt (heff ) fheff
(heff ) dheff

(125)

Considering having thr
M , r ∈ {PAM,PPM} as the switching thresholds, it

can be noted from (122) that we always have thPAM
M > thPPM

M and thPAM
M is an

increasing function of M , while thPPM
M is a decreasing function of M . Therefore,

we can divide the integral region in (125) as

Pot =
2∑

M=Mmax
PPM

P PPM
ot (M) +

Mmax
PAM∑

M=2

P PAM
ot (M) (126)

where P PPM
ot (M) and P PAM

ot (M) are average powers within one interval assigned

toM for PPM and PAM schemes respectively. Using (124), we can write P PPM
ot (M)

and P PAM
ot (M) as

P PPM
ot (M) =

thPPM
M/2∫

thPPM
M

σw

ηLheff

√√√√(M 2
M − 1

)
(M − 1)

fheff
(heff ) dheff

= Ppt,maxth
PPM
M

thPPM
M/2∫

thPPM
M

1

heff

fheff
(heff ) dheff

(127)

P PAM
ot (M) =

thPAM
M∫

thPAM
M/2

σw

ηLheff

√
3(M − 1)2fheff

(heff ) dheff

=
Ppt,maxth

PAM
M

2

thPAM
M∫

thPAM
M/2

1

heff

fheff
(heff ) dheff

(128)

where we used the definition of thr
M , r ∈ {PAM,PPM} in (122).

85



The derivation of the integrals in (127) and (128) is provided in the Appendix

D. It is seen that Pot is an increasing function of Mmax
PAM , therefore, the constraint

Pot ≤ Pot,max determines the maximum modulation order of PAM scheme, i.e.,

Mmax
PAM . If Pot,max is small enough that Pot ≤ Pot,max does not hold for any PAM

modulation order, then we need to consider the minimum PPM modulation order,

i.e., Mmin
PPM . In this case, adaptive system reduces to only PPM scheme. To avoid

this, we assume that the value of Pot,max is sufficiently high and that it holds for

at least one MPAM . Clearly, the outage occurs when heff < thMmax
PPM

and this

imposes a constraint on Mmax
PPM whose calculation is provided in the Appendix C.

To maximize the spectral efficiency, we should find the maximum value of M

(denoted by M ′) that satisfies the constraints. Hence, we formulate the problem

as

M ′ = arg max
M(heff)

R (heff )

s.t.

1) Pt (heff ) =
σw

heffηL

√
K1 (M) heff ≥ thM

2) M (heff ) =



2n-PAM if P ′
n ≤ Pr (heff ) < P ′

n+1

2-PAM if P ′
1 ≤ Pr (heff ) < P ′

2

2-PPM if P1 ≤ Pr (heff ) < P ′
1

2n-PPM if Pn ≤ Pr (heff ) < Pn−1

3) Mmax
PPM is found from Appendix C.

4) Mmax
PAM is found from Appendix D.

(129)

The switching thresholds, Pn and P ′
n, can be found by replacing heff = thM

in (124) and calculating the received power, i.e. Pn = ηLPT (thM) thM . The

switching thresholds are found as

Pn = σw

(
2

2n
2n − 1

2n − 1

)1/2

for PPM (130)

P ′
n =

√
3σw (2n − 1) for PAM (131)
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It can be noticed from (130) and (131) that the switching thresholds are the

same as the ones in (116). It should be however noted that power is adaptively

changed in AMPA. Hence, it is not fair to compare AMPA with AMA-2 and

AMA-1 in terms of received power. Alternatively, we can compare the schemes

with respect to channel condition heff . A better scheme is supposed to provide

higher data rate at worse channel conditions (i.e., lower values of heff ). From

(122), we have switching thresholds of cn = thPPM
M=2n for PPM and c′n = thPAM

M=2n for

PAM given as

cn =
σw

ηLPpt,max

(
22n/2

n − 1

2n − 1

)1/2

=
Pn

ηLPpt,max

for PPM (132)

c′n = 2
√
3

σw

ηLPpt,max

(2n − 1)=
P ′

n

0.5ηLPpt,max

for PAM (133)

Therefore, the maximization problem in (129) reduces to

M ′ =



2n-PAM P ′
n

(0.5ηLPpt,max)
≤ heff < P ′

n+1

(0.5ηLPpt,max)

OOK P ′
1

(0.5ηLPpt,max)
≤ heff < P ′

2

(0.5ηLPpt,max)

BPPM P1

(ηLPpt,max)
≤ heff < P ′

1

(0.5ηLPpt,max)

2n-PPM Pn

(ηLPpt,max)
≤ heff < Pn−1

(ηLPpt,max)

(134)

The optimized transmit power for adaptive scheme can be found by replacing M ′

in (124). The algorithm flow steps are summarized in Fig. 28.

5.3 Average Achievable Spectral Efficiency

As discussed in the previous section, the aim of the proposed adaptive schemes is

to maximize the instantaneous spectral efficiency denoted by R (heff ). However,

in order to compare the performance of proposed adaptive schemes in different

turbulence statistics, average achievable spectral efficiency (average data rate in

a given bandwidth) will be a more proper metric. Mathematically speaking, this

will be given by

R̄ =
S

W
= Eheff

[R (heff )] (bits/sec/Hz) (135)

where S denotes the transmission data rate.
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Figure 28: Algorithm flow diagram of AMPA.
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5.3.1 AMA-1

For AMA-1, we can write the average achievable spectral efficiency as

R̄ =
N∑

n=1

Pr {cn < heff < cn−1}
log2 (Mn)

Mn

(136)

where N = log2 (M
max
PPM) and the thresholds are given by

cn =
Pn

ηLPot,max

=
1

PM

(
2

2n
2n − 1

2n − 1

)1/2

(137)

In (137), power margin is defined as PM = ηLPot,max/σw. Note that Mmax
PPM , and

consequently N , are functions of PM and pre-specified outage probability of ε.

Replacing Mn = 2n in (136) and writing it in term of the pdf of heff , we have

R̄ =
N∑

n=1

n

2n

cn−1∫
cn

fheff
(heff ) dheff

=
N∑

n=1

n

2n
[
Fheff

(cn−1)− Fheff
(cn)

] (138)

where Fheff
(·) is the cumulative density function (CDF) of heff . Note that

c0 → ∞ and therefore Fheff
(c0) → 1. Similarly, we have cN → 0 implying

that Fheff
(cN) → 0. Therefore, (138) reduces to

R̄ =
1

2
−

N−1∑
n=1

n− 1

2n+1
Fheff

(cn) (139)

From (139), it is observed that 0.5 bit/sec/Hz is the maximum achievable rate by

PPM. Using the derived expressions for the CDF of heff in Appendix B, we obtain

the average achievable spectral efficiency of AMA-1 over LN and GG turbulence

fading channels as

R̄ =
1

2
−

N−1∑
n=1

n− 1

2n+1
Q

(
− 1

2σu

ln (cn)−
σu

2

)
for LN (140a)

R̄ =
1

2
−

N−1∑
n=1

n− 1

2n+1

Γ (ν, νκcτn/ω̂
τ )

Γ (ν)
for GG (140b)

where the definition of parameters σu, ν, τ and ω̂ can be found in Appendix B.
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5.3.2 AMA-2

In this algorithm, the ordering of adaptive scheme starts from lowest spectral

efficiency which is the maximum order of PPM. Then it moves toward BPPM and

then OOK. Finally, it increases to the maximum order of PAM. Therefore, we can

write the average achievable spectral efficiency as

R̄ =
N∑

n=1

Pr {cn < heff < cn−1}
log2 (Mn)

Mn

+
N ′∑
n=1

Pr {c′n < heff < c′n+1} log2 (Mn)

(141)

where N = log2 (M
max
PPM) and N ′ = log2 (M

max
PAM). Here, cn is as defined in (137)

while the PAM thresholds are given by

c′n =
P ′

n

ηLPot,max

=

√
3 (2n − 1)

PM

(142)

Replacing Mn = 2n in (141) and writing the resulting expressions in terms of the

CDF of heff , we obtain

R̄ =
N∑

n=1

n

2n
[
Fheff

(cn−1)− Fheff
(cn)

]
+

N ′∑
n=1

n
[
Fheff

(c′n+1)− Fheff
(c′n)

] (143)

Note that, unlike AMA-1, c0 is not unbounded and it is basically determined by the

threshold that the adaptive strategy switches from PPM to PAM (i.e., c0 = c′1).

Therefore, Fheff
(c0) = Fheff

(c′1). Similarly we have cN → 0 and c′N ′+1 → ∞

implying that Fheff
(cN) → 0 and Fheff

(c′N ′+1) → 1, respectively. Consequently,

(143) reduces to

R̄ = N ′ −
N−1∑
n=1

n− 1

2n+1
Fheff

(cn)−
1

2
Fheff

(c′1)−
N ′∑
n=2

Fheff
(c′n) (144)

From (144), it can be observed that N ′ = log2 (M
max
PAM) bit/sec/Hz is the maximum

achievable rate by AMA-2. Using the derived expressions for the CDF of heff in

Appendix B, we can write the average achievable spectral efficiency over LN and
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GG turbulence fading channels respectively as

R̄ = N ′ −
N−1∑
n=1

n− 1

2n+1
Q

(
−1

2σu

ln (cn)−
σu

2

)
(145a)

− 1

2
Q

(
−1

2σu

ln (c′1)−
σu

2

)
−

N ′∑
n=2

Q

(
−1

2σu

ln (c′n)−
σu

2

)

R̄ = N ′ −
N−1∑
n=1

n− 1

2n+1

Γ (ν, νκcτn/ω̂
τ )

Γ (ν)
(145b)

− 1

2

Γ (ν, νκc′1
τ/ω̂τ )

Γ (ν)
−

N ′∑
n=2

Γ (ν, νκc′n
τ/ω̂τ )

Γ (ν)

where the definition of parameters σu, ν, τ and ω̂ can be found in Appendix B.

5.3.3 AMPA

The average achievable spectral efficiency of AMPA algorithm has a similar form

of that of AMA-2 algorithm. Mathematically speaking, it is given by (145) where

the values of switching thresholds cn and c′n should be calculated from (132) and

(133).

5.4 Numerical Results

In this section, we present simulation results to collaborate analytical derivations.

We consider an operating wavelength of λ = 1550 nm and refractive-index struc-

ture constant C2
n = 3.5 × 10−14 m2/3. We consider d = 1 km. We set the outage

probability threshold as ε = 10−7. We further assume noise power of σw = 10−4,

visibility V = 10 km, receiver aperture diameter Dr = 10 cm, beam divergence

angle of θtx = 3 mrad, average power bound of Pot,max = 100 mW, and maximum

allowable peak power of Ppt,max = 800 mW [115].

First, we present comparisons of adaptive algorithms using instantaneous spec-

tral efficiency based on the derivations in Section 5.2. It should be emphasized that

adaptive algorithms change the parameters according to the instantaneous value

of fading channel coefficient (i.e., based on a realization of fading channel) and
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therefore the optimal data rates obtained in (113), (116), and (134) are obviously

independent of the channel statistics.

In Fig. 29, we plot the instantaneous spectral efficiency of AMA-1 and AMA-2

for MISO/SIMO FSO systems with respect to instantaneous received power based

on (113) and (116) respectively. From (168) of Appendix C, to maintain an outage

of ε = 10−7, Mmax
PPM are calculated as 2, 16, and 32 for SIMO, MISO, and SISO

systems respectively. From Fig. 29, it is observed that, in the MISO system

with AMA-2, 4-PAM is employed for Pr (heff ) ≥ −2.84 dBm achieving a spectral

efficiency of 2 bits/sec/Hz. When received power is less than -2.84 dB, the system

switches to 2-PAM (OOK) with spectral efficiency of 1 bits/sec/Hz. For the range

of −12.38 ≤ Pr (heff ) ≤ −7.62 dB, 2-PPM/4-PPM is employed with spectral

efficiency of 0.5 bits/sec/Hz. On the other hand, it is observed that SIMO system

with AMA-2 system employs 16-PAM, 8-PAM and 2-PPM/4-PPM, respectively,

for received power ranges of Pr (heff ) ≥ −1.87 dB, −5.19 ≤ Pr (heff ) ≤ −1.87

and −18.38 ≤ Pr (heff ) ≤ −13.64. Therefore, spectral efficiency of 4, 3, and 0.5

bits/sec/Hz are respectively obtained. In SIMO and MISO system, -13.64 dB

and -7.62 dB are respectively found to be the threshold values where the AMA-2

algorithm switches from PAM to PPM. This indicates a power improvement gain

of almost 6 dB in favor of SIMO system.

Comparison of AMA-1 and AMA-2 plots reveals that the maximum spectral

efficiency that can be achieved by AMA-1 is limited to 0.5 bits/s/Hz. However,

AMA-2 based on the joint use of PPM and PAM, gives the flexibility to cover

more transmission modes and achieves higher spectral efficiencies. The existence

of different PPM modulation orders makes it possible to achieve higher reliability

at low power values where the channel experiences adverse conditions.

In Fig. 30, we plot the instantaneous spectral efficiency of AMPA and compare

it with AMA-2. As earlier discussed in Section 5.2.3, since it is unfair to make

comparisons with respect to power, we present the spectral efficiency with respect

to heff , see (117) and (134). The heff values in Fig. 30 are given in dB meaning
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Figure 29: Instantaneous spectral efficiencies of proposed adaptive algorithm
AMA-1 and AMA-2.
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that heff = 0 dB (i.e., heff = 1) is the mean value of the channel fading coefficient.

This indicates heff > 0 dB (i.e., heff > 1) amplifies the signal and heff < 0 dB

(i.e., 0 < heff < 1) attenuates the signal. As expected, AMPA outperforms

AMA-2 due to the additional flexibility given by power control. Specifically, for

MISO system, a rate of 0.5 bits/s/Hz is achieved for AMA-2 while it increases to 1

bits/s/Hz for AMPA assuming heff = −2 dB. For SIMO system, this changes to 1

bits/s/Hz for AMA-2 and 2 bits/s/Hz for AMPA. This improvement comes from

the fact that AMPA tries to compensate the power loss due to channel fading

fluctuations by supplying more power but limited to Ppt,max. In this way, the

modulation order and rate can be kept at higher values. Finally, comparing MISO

and SIMO systems, it can be concluded that SIMO system with AMPA gives the

best performance among others. SIMO system with AMPA outperforms MISO

system with AMA-2 by a gain of 12 dB where 6 dB of this comes from the use of

receive apertures and another 6 dB from the power gain of AMPA.

In the following, we demonstrate the effect of turbulence on the performance

of proposed algorithms. For this purpose, we use average achievable spectral ef-

ficiency which was obtained through the expectation over relevant channel statis-

tics (see Section 5.3). For LN turbulence channel, we assume a Rytov variance

of σ2
R = 0.7 (weak/medium turbulence) for d = 1 km. For GG turbulence chan-

nel, we assume a Rytov variance of σ2
R = 5 and scintillation index of σ2

h = 3.33

with parameters of α = 0.69 and β = 1.30. As an example, we consider SIMO

(nt = 1, nr = 4) case.

In Fig. 31 and 32, we plot the average achievable spectral efficiency (R̄) of

AMA-1, AMA-2, and AMPA versus power margin (PM) based on (140) and (145).

It is worth mentioning that unlike instantaneous spectral efficiencies with staircase

characteristics (see Figs. 29 and 30), the average spectral efficiencies are contin-

uous. The reason is that for instantaneous spectral efficiencies, the algorithm

switches at each interval region of channel fading coefficient. However, in the
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Figure 30: Instantaneous spectral efficiencies of proposed adaptive algorithm
AMPA and comparison with AMA-2.
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calculation of average spectral efficiencies, averaging is performed over the chan-

nel statistics and therefore the resulting plots have continuous characteristics. It

should be further noted that the average spectral efficiency of non-adaptive sys-

tem (included as a benchmark in Fig. 31 and 32) still shows staircase format since

its spectral efficiency is fixed independent of the channel statistics. In the non-

adaptive system, we choose the highest rate that satisfies the predefined outage

probability of less than ε = 10−7 for each value of PM .

From Fig. 31 presented for LN turbulence channel, it is observed that non-

adaptive system provides more efficiency than AMA-1 for high power margins.

However, this is not the case for AMA-2 and AMPA, and they always outperform

the non-adaptive case by employing PAM scheme. From Fig. 32 presented for GG

turbulence channel, it can be observed that the efficiency of non-adaptive case is

very poor. This is expected due to strong turbulence conditions. Unlike LN

channels, AMA-1 algorithm with the PPM scheme brings improvement over non-

adaptive case. While the performance of AMA-2 is similar to AMA-1 algorithm for

small power margins, it does not saturate at higher power values and can achieve

at maximum log2 (M
max
PAM) bits/sec/Hz unlike AMA-1 with a maximum value of

0.5 bits/sec/Hz. It can be concluded from comparisons of Fig. 31 and Fig. 32

that adaptive systems are particularly beneficial in strong turbulence conditions.

In conclusion of this Chapter, we have proposed variable-rate and variable-

power MISO and SIMO FSO systems. The proposed three adaptive algorithms,

namely AMA-1, AMA-2, AMPA, maximize the spectral efficiency under peak and

average power constraints while maintaining a targeted value of outage probability.

In AMA-1, the spectral efficiency is maximized by adaptively changing the PPM

size. In AMA-2, both PPM and PAM are deployed, and modulation type/size is

changed to maximize the spectral efficiency. In AMPA, in addition to modulation

size/type, transmit power is further adapted to channel conditions. Numerical re-

sults demonstrate the superiority of proposed adaptive schemes over non-adaptive

systems. It is also observed that AMA-2 based on the joint use of PPM and PAM
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Figure 31: Average achievable spectral efficiencies over LN turbulence model for
1× 4 SIMO case.
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Figure 32: Average achievable spectral efficiencies over GG turbulence model for
1× 4 SIMO case.
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gives the flexibility to cover more transmission modes and achieves higher spec-

tral efficiencies in comparison to AMA-1. AMPA provides further performance

gains where instantaneous transmit power is adjusted according to the channel

conditions. Numerical results of average achievable spectral efficiencies under dif-

ferent turbulence regimes demonstrate that the proposed adaptive systems are

particularly beneficial in strong turbulence conditions.
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CHAPTER VI

CONCLUSION

In this thesis, we have investigated the performance limitations of FSO communi-

cation systems and proposed models and methods to mitigate and overcome the

system limitations. These limitations are mostly due to system losses, atmospheric

conditions and turbulence induced fading. While we specify accurate models for

the FSO channel, we proposed adaptive algorithms in combination to multiple

aperture FSO systems to significantly mitigate the turbulence induced fading and

improve it’s performance via increasing the achievable data rate and limiting the

outage.

In the first part of this research, we used our custom design atmospheric chan-

nel emulator for FSO system evaluations in a controlled environment and ex-

perimentally investigated the performance of FSO links. Specifically, we investi-

gated the geometric loss, absorption loss, foggy weather conditions, different beam

shapes, and atmospheric turbulence using the atmospheric chamber. The exist-

ing fog channel models were compared against the experimental results. Having

observed that the existing models are not universal, a new refined model is pro-

posed that provides a good match for 850, 1310, and 1550 nm wavelengths under

consideration. Furthermore, we investigated the effect of wavelength on aperture

averaging. We considered the three commonly used wavelengths of λ =850, 1310,

and 1550 nm. Employing a custom-design atmospheric chamber, we estimated

the PDF of atmospheric turbulence-induced fading channel coefficient for aper-

ture sizes of D = 1, 3.6, and 8.7 mm under the same emulated conditions. At

a fixed wavelength, the larger the aperture size is, the less it is affected by the

turbulence. At the same aperture size, when we increase the wavelength, we have
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observed that 1310 and 1550 nm links are least affected by the turbulence and ex-

hibit almost similar value of scintillation indices but significantly less than 850 nm.

It has been also observed that the PDF tends to shift from GG toward LN distri-

bution even for relatively small aperture sizes if the wavelength is sufficiently high.

In summary, by increasing the aperture size and/or wavelength, the distribution

shifts toward LN statistics.

Next, we have investigated Log-normal fading modek and the DMT over MIMO

channels. We first have derived the asymptotical DMT for MIMO systems. Our

results have shown that the asymptotical maximum diversity gain tends to infinity

with ln (SNR). To have a fair comparison of gains between different cases, we

have normalized the diversity gains with that of a benchmark (i.e., SISO case)

and used the concept of relative asymptotical DMT. The relative asymptotical

DMT curve is described by MN(1− r)2 and a maximum diversity gain of MN

can be obtained. Then, we have focused on finite-SNR DMT which does not yield

a closed-form expression for the general MIMO case. As special cases, we have

investigated MISO/SIMO systems and 2×2 MIMO system. Numerical results for

MIMO systems show that at high SNR values, multiplexing gains are achievable

at the price of very low diversity gains. This means that while designing coding

schemes for MIMO systems over log-normal channel, one may decide to invest

more on extracting diversity other than multiplexing.

Having a fundamental analysis of DMT, we proposed an adaptive MIMO FSO

system where a judiciously designed switching mechanism chooses different opera-

tion modes, i.e., diversity, multiplexing or hybrid, based on channel conditions. We

formulated the design of adaptive FSO system as a maximization problem of the

outage capacity while satisfying a predefined target outage probability. We calcu-

lated the outage capacities for each operation mode and constructed the LUTs. In

the proposed system, the received SNR is compared against the SNR thresholds

available in the LUT and the optimal transmission mode is selected accordingly.
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Our numerical results revealed that the proposed system has significant improve-

ments over stand-alone diversity and multiplexing schemes and ensure an overall

robust performance throughout the SNR range.

Furthermore, we have proposed variable-rate and variable-power MISO and

SIMO FSO systems. The proposed three adaptive algorithms, namely AMA-1,

AMA-2, AMPA, maximize the spectral efficiency under peak and average power

constraints while maintaining a targeted value of outage probability. In AMA-1,

the spectral efficiency is maximized by adaptively changing the PPM size. In

AMA-2, both PPM and PAM are deployed, and modulation type/size is changed

to maximize the spectral efficiency. In AMPA, in addition to modulation size/type,

transmit power is further adapted to channel conditions. Numerical results demon-

strate the superiority of proposed adaptive schemes over non-adaptive systems. It

is also observed that AMA-2 based on the joint use of PPM and PAM gives the

flexibility to cover more transmission modes and achieves higher spectral efficien-

cies in comparison to AMA-1. AMPA provides further performance gains where

instantaneous transmit power is adjusted according to the channel conditions.

Numerical results of average achievable spectral efficiencies under different tur-

bulence regimes demonstrate that the proposed adaptive systems are particularly

beneficial in strong turbulence conditions.

In conclusion, this work propose a promising progress to overcome the main

impairments (fog attenuations and turbulence induced fading) of the FSO links in

four ways: 1) by examining the channel and proposing novel models and charac-

teristics for atmospheric attenuations trade-off 2) by taking advantage of aperture

averaging and wavelength dependency 3) by investigating and proposing spatial

adaptation in MIMO FSO links and 4) by employing adaptive modulation and

power control scenarios and approving the promising performance of adaptive sys-

tem.
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CHAPTER VII

FUTURE WORK

Although the proposed channel models and adaptive schemes have demonstrated

a promising performance improvement for FSO links and overcoming the impair-

ments in both ways of increasing reliability and if possible the data rate of the

system, the investigation cannot stop at this point and always there is room for

improvement. In this direction, we discuss possible future works for continuation

of the topic.

First of all, the DMT analysis in this thesis has been carried out under Log-

normal fading channel. Log-normal fading channel accurately captures the charac-

teristics of FSO channel model for weak turbulence regime. However, in strong tur-

bulence regions different channel models such as Gamma-Gamma, α-µ, Nakagami-

m fading models are introduced. A future work would be analyzing the DMT under

these type of channel fading models.

Furthermore, the adaptive modulation and power control algorithm introduced

in Chapter 5, is analyzed for MISO and SIMO system. Another future work would

be analyzing and extending the performance of adaptive modulation and power

proposed in chapter 5, in conjunction with spatial adaptation proposed in Chapter

4. Although the mathematical derivation would be difficult for such a work, but

the derivations provided in this thesis can be a lead and insight to follow a complete

adaptive scheme for MIMO FSO system with spatial adaptation in conjunction

with adaptive modulation and power which gives a total flexibility to the system

to completely adapt to severe channel conditions.
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APPENDIX A

APPROXIMATING THE SUM OF LOG-NORMAL

RANDOM VARIABLES

In this Appendix, we provide a summary of two methods used in approximating

the sum of log-normal random variables with another log-normal random variable.

Fenton-Wilkinson method: This method [104] works based on matching the

first and second central moments. The mean and variance of log-normal RV ap-

proximating the sum is found as the summation of the mean and variance of the

RVs. In our case, we have

exp (z) =
M∑
j=1

h2
j =

M∑
j=1

exp (2χj) (146)

where z ∼ N (µz, σ
2
z). The first and second central moments are given by E[exp (z)] =

M · E[exp (2χj)] and Var[ exp (z) ] = M · Var[exp (2χj)] which yield

exp
(
µz + σ2

z/2
)
= M · exp

(
2µx + 2σ2

x

)
, (147)

exp
(
2µz + σ2

z

) (
exp

(
σ2
z

)
− 1
)

= M · exp
(
4µx + 4σ2

x

) (
exp

(
4σ2

x

)
− 1
)
. (148)

Solving the above two equations and applying µx = −σ2
x, we can find the mean

and variance of z as

σ2
z = ln

(
1 +

e4σ
2
x − 1

M

)
, (149)

µz = ln (M)− σ2
z

2
. (150)

MGF-based approach: This method [105], works based on the MGF matching.

According to the fact that the product of MGF of the RVs results in the total
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MGF of the sum PDF, a closed-form expression for MGF of log-normal distribu-

tion would be required in MGF-based approach. Although a general expression

is not available, the log-normal MGF can be obtained based on Gauss-Hermite

integration [116] using a series expansion. The Gauss-Hermite representation of

the log-normal MGF is defined as [105]

Ψ̂(s;µ, σ) ≜
K∑

n=1

wn√
π
exp

[
−s exp

(√
2σan + µ

)]
(151)

where s is an adjustable parameter of MGF and K is the Hermite integration

order. wn and an in (151) represent respectively the weights and abscissas which

are tabulated in [116, Tbl. 25.10] for K up to 20. Since MGF of the sum of i.i.d.

RVs can be written as the product of the MGFs of individual RVs, in order to

find µz and σz, we should solve the following system of two equations:

Ψ̂z(sk;µz, σz) =
M∏
j=1

Ψ̂χj
(sk;µχj

, σχj
), for k = 1,k = 2 (152)

Replacing (151) in (152), the system of equations can be written as

K∑
n=1

wn√
π
exp

[
−sk exp

(√
2σzan + µz

)]
=

M∏
j=1

K∑
n=1

wn√
π
exp

[
−sk exp

(√
2σχj

an + µχj

)]
, k = 1, 2 (153)

These non-linear equations can be readily solved numerically. Increasing the Her-

mite integration order K results in more accurate estimate of µz and σz. It has

been found that K = 12 is sufficient to accurately determine the values of µz and

σz [105]. Furthermore, optimizing s1 and s2 reduce the accuracy metric (mean

absolute error) which is defined in the following. Let F(s1,s2) (.) and G denote

respectively the log-normal CDF and the empirically observed CDF using Monte

Carlo simulations. We consider n reference points as p1, ..., pn. The mean absolute

error accuracy metric for CDF is defined by

Mcdf =
n∑

i=1

1

n

∣∣G (pi)− F(s1,s2) (pi)
∣∣

G (pi)
. (154)
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APPENDIX B

OUTAGE PERFORMANCE CALCULATIONS

Based on [124], the channel capacity conditioned on h can be written as

C (h) =
1

2
log

1 +
η2L2σ2

x

n2
tσ

2
w

(
κ∑

i=1

hi

)2
=

1

2
log
(
1 + ξρ̄h2

eff

)
(155)

where ζ = 1 for MISO and ζ = n2
r for SIMO systems. The outage probability is

then given by [124]

Pout (R, ρ̄) = Pr

{
1

2
log
(
1 + ζρ̄h2

eff

)
< R

}
=Pr

{
heff <

(
22R − 1

ζρ̄

)1/2
}

= Fheff

((
22R − 1

ζρ̄

)1/2
) (156)

where Fheff
(·) is the CDF of heff .

LN distribution: heff in (156) is the sum of i.i.d. log-normal random vari-

ables (RVs) which can be well approximated as a single log-normal RV [125], i.e.,

heff = eu with variance of σ2
u = ln

(
1 +

(
eσ

2
lnh − 1

)
/κ
)
and mean µu = −σ2

u/2.

Therefore, we can write (156) as

Pout (R, ρ̄) ∼= Pr

{
u <

1

2
ln

(
22R − 1

ρ̄

)}
= Q

(
1

2σu

ln

(
ζρ̄

22R − 1

)
− σu

2

) (157)

GG distribution: We write the outage probability expression in (156) in term

of the sum of i.i.d. Gamma-Gamma RVs as

Pout (R, ρ̄) = Pr

{
κ∑

i=1

hi < κ

(
22R − 1

ζρ̄

)1/2
}

(158)

While no exact distribution is available for the sum of GG random variables, we

follow the methodology in [126], [127] to approximate Ω =
∑κ

i=1 hi with α−µ dis-

tribution. The corresponding CDF is given by [128] FΩ (ω) = Γ (ν, νωτ/ω̂τ )/Γ (ν)

where Γ (z, x) =
∫ x

0
e−ttz−1dt is the lower incomplete Gamma function, ν and τ are
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two positive parameters and ω̂ = (E [ωτ ])1/τ is a scale parameter. Using moment-

based parameter estimators [128] (Eqs. 5,15,16), we can find values of unknown

parameters ν, τ and ω̂. Specifically, we need to solve the following system of

equations:

Γ2 (ν + 1/τ)

Γ (ν) Γ (ν + 2/τ)− Γ2 (ν + 1/τ)
=

E2 [Ω]

E [Ω2]− E2 [Ω]
(159)

Γ2 (ν + 2/τ)

Γ (ν) Γ (ν + 4/τ)− Γ2 (ν + 2/τ)
=

E2 [Ω2]

E [Ω4]− E2 [Ω2]
(160)

ω̂ =
ν1/τΓ (ν)E [Ω]

Γ (ν + 1/τ)
(161)

For the solution of above system of equations, the first, the second, and the fourth

moments of Ω are required. Note that the mean of Ω is simply obtained as E [Ω] =

κ. In general, by using multinomial expansion theorem, the jth moment of Ω can

be computed by

E
[
Ωj
]
=

j∑
n1=0

n1∑
n2=0

· · ·
nκ−2∑

nκ−1=0 j

n1


n1

n2

 · · ·

nκ−2

nκ−1

E
[
hj−n1

1

]
E
[
hn1−n2
2

]
· · ·E [hnκ−1

κ ]

(162)

In (162), the jth moment of hi can be obtained using [129] (Eq. 6.561–16) as:

E
[
hj
i

]
=

Γ (α + j) Γ (β + j)

(αβ)jΓ (α) Γ (β)
(163)

Eventually, the outage probability of (158) can be written using the CDF of Ω as

Pout (R, ρ̄) = FΩ

(
κ

(
22R − 1

ζρ̄

)1/2
)

=

Γ

(
ν, νκ

(
22R−1

ζρ̄

)τ/2
/ω̂τ

)
Γ (ν)

(164)

Note that the outage probability expression of (164) is not applicable to the SISO

case (i.e., nt = 1, nr = 1). For the SISO case, instead, the direct derivation should

be made. For this purpose, the CDF of h can be derived with the aid of [130] (Eq.

26) as:

Fh (h) =
(αβh)

α+β
2

Γ (α) Γ (β)
G2,1

1,3

αβh
∣∣∣∣∣∣∣

1− α+β
2

α−β
2
, β−α

2
,−α+β

2

 (165)

107



where Gm,n
p,q [x|

a1, ..., ap

b1, ..., bq

] is Meijer’s G-function [130] (Eq. 9.301). Using (165), the

outage probability of SISO FSO link can be written in closed-form as

Pout (R, ρ̄) =
1

Γ (α) Γ (β)

(
αβ

(
22R − 1

ρ̄

)1/2
)α+β

2

×

G2,1
1,3

αβ(22R − 1

ρ̄

)1/2

∣∣∣∣∣∣∣
1− α+β

2

α−β
2
, β−α

2
,−α+β

2


(166)
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APPENDIX C

CALCULATION OF MMAX
PPM

AMA-1/AMA-2: Mmax
PPM dictates the maximum modulation size that can be

selected, and outage occurs for the case of Pr (heff ) Plog2(Mmax
PPM)

. Mathematically

speaking, we have

Pout (R (heff ) , ρ̄) = Pr
{
Pr (heff ) Plog2(Mmax

PPM)

}
=Pr

heff <

(
[Mmax

PPM ]2/M
max
PPM − 1

ζρ̄

)1/2
 (167)

Using (157) for LN distribution we have

Q

(
1

2σu

ln

(
ζρ̄

[Mmax
PPM ]2/M

max
PPM − 1

)
− σu

2

)
< ε (168)

On the other hand, using (164) for GG distribution we have

Γ

ν, νκ

(
[Mmax

PPM ]2/M
max
PPM − 1

ζρ̄

)τ/2

/ω̂τ

 /Γ (ν) < ε (169)

AMPA: In case of AMPA, the outage occurs when heff < thMmax
PPM

and this can

be expressed as

Pout (R (heff ) , ρ̄) = Pr
{
heff < thMmax

PPM

}
=Pr

heff <
σw√

ζPpt,maxηL


(
[Mmax

PPM ]2/M
max
PPM − 1

)
(Mmax

PPM − 1)

1/2


(170)

Using (157) for LN distribution, we obtain

Q

 1

2σu

ln

√
ζP 2

pt,maxη
2L2 (Mmax

PPM − 1)

σ2
w

(
[Mmax

PPM ]
2

Mmax
PPM − 1

)
− σu

2

 < ε (171)

On the other hand, using (164) for GG distribution, we obtain

Γ

ν,
νκσw√

ζPpt,maxηL


(
[Mmax

PPM ]
2

Mmax
PPM − 1

)
(Mmax

PPM − 1)


τ
2

/ω̂τ

/Γ (ν) < ε (172)
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APPENDIX D

CALCULATION OF POT

It can be noted from (127) and (128) that the calculation of Pot requires the

channel statistics of heff . In the following, we present the derivations for both LN

and GG distributions.

LN distribution: In this case, heff = (1/κ)
∑κ

i=1 hi, κ ∈ {nt, nr} (c.f. Section

5.2) is the sum of i.i.d. LN RVs which can be well approximated as a single log-

normal RV, i.e., heff = eu with mean µu and variance of σ2
u. For weak turbulence

conditions (σx < 4 dB), we can safely use Fenton-Wilkinson’s approach [125]. The

variance and mean of heff can be found as σ2
u = ln

(
1 +

(
eσ

2
lnh − 1

)
/nt

)
and

µu = −σ2
u/2. Using LN approximation for heff and replacing it in (127) and

applying change of variable u = ln (heff ), we can simplify it as

P PPM
ot (M) = Ppt,maxth

PPM
M

thPPM
M/2∫

thPPM
M

e−u√
2πσ2

u

exp

(
−(u− µu)

2

2σ2
u

)
du

= Ppt,maxth
PPM
M eσ

2
u

thPPM
M/2∫

thPPM
M

1√
2πσ2

u

exp

(
−(u+ 1.5σ2

u)
2

2σ2
u

)
du

= Ppt,maxth
PPM
M eσ

2
u×Q( ln

(
thPPM

M

)
+ 1.5σ2

u

σu

)
−Q

 ln
(
thPPM

M/2

)
+ 1.5σ2

u

σu



(173)

where M ≤ Mmax
PPM . For PAM scheme, P PAM

ot (M) can be derived in a similar

manner and it is given by

P PAM
ot (M) =

Ppt,maxth
PAM
M

2
exp

(
σ2
u

)
×[

Q

(
ln
(
thPAM

M

)
+ 1.5σ2

u

σu

)
−Q

(
ln
(
thPAM

2M

)
+ 1.5σ2

u

σu

)] (174)

where M ≤ Mmax
PAM . We consider thPPM

Mmax
PPM

= 0 and thPAM
2Mmax

PAM
→ ∞ to cover the
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whole integral region in (127). It can be easily seen that the switching thresh-

old between PPM and PAM schemes is equal to thPAM
2 . Therefore, we consider

thPPM
1 = thPAM

2 for continuity of the integral region. Then, we can write the

average power of the system based on (126) as

Pot =
2∑

M=Mmax
PPM

Ppt,maxth
PPM
M exp

(
σ2
u

)
×

Q( ln
(
thPPM

M

)
+ 1.5σ2

u

σu

)
−Q

 ln
(
thPPM

M/2

)
+ 1.5σ2

u

σu


+

Mmax
PAM∑

M=2

Ppt,maxth
PAM
M

2
exp

(
σ2
u

)
×[

Q

(
ln
(
thPAM

M

)
+ 1.5σ2

u

σu

)
−Q

(
ln
(
thPAM

2M

)
+ 1.5σ2

u

σu

)]
(175)

which should satisfy Pot ≤ Pot,max.

GG distribution: In this case, heff = (1/κ)
∑κ

i=1 hi, κ ∈ {nt, nr} (c.f. Section

5.2) is the sum of i.i.d. GG RVs. Based on (126), the integrals of Pot can be

written as

Pot =
2∑

M=Mmax
PPM

Ppt,maxth
PPM
M

thPPM
M/2∫

thPPM
M

1

heff

fheff
(heff ) dheff



+

Mmax
PAM∑

M=2

Ppt,maxth
PAM
M

2

thPAM
M∫

thPAM
M/2

1

heff

fheff
(heff ) dheff

 ≤ Pot,max

(176)

Unfortunately, there is no closed form expression for (176). However, these inte-

grals can be efficiently calculated through numerical methods.
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