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ABSTRACT

CRITICAL EXPONENT FOR THE SEMILINEAR WAVE EQUATION WITH
SPACE-DEPENDENT DAMPING

AKKUS, MUZAFFER
M.Sc., Department of Mathematics
Supervisor: Assist. Prof. Dr. Yasemin BASCI
Co-Supervisor: Assoc. Prof. Dr. Davut UGURLU

December 2013, 56 pages

The thesis is a survey concerning with the global existence and blow-up of solutions

of the Cauchy problem for the semilinear damped wave equations

uy — Au+ V(x)u, = ul?, xeR", t>0,

u(-x7 O) = SMO(X)’ ut('xa 0) = 8“1(X), X € Rn’

where 1 < p < % is a real number, £ > 0 is a small number and V(x) is the potential
or the friction term like V(x) ~ V(1 + |x])~ for large |x|, where Vy > 0 and « € [0, 1)
are constants. The number p. = 1 + ﬁ is the critical value of p in the sense that if
1 < p < p., then solutions blow-up in finite time; if p. < p < f:—g, then there exist

small data global solutions.

Keywords: semilinear damped wave equation, space dependent damping, global solu-

tion, blow up of the solution, decay rate of the energy.
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OZET

UZAY DEGISKENINE BAGLI SONUM TERIMLI YARILINEER DALGA
DENKLEMI ICIN KRITiK US

MUZAFFER AKKUS
Yiiksek Lisans, Matematik Bolimii
Tez Yoneticisi: Yrd. Doc¢. Dr. Yasemin BASCI
Tez Yoéneticisi Damisman: Doc Dr. Davut UGURLU

Aralik 2013, 56 sayfa

2

Bu tezde, 1 < p < =5

bir say1 ve € > 0 kii¢iik bir say1 olmak iizere uzay degiskenine

bagl soniim terimli yar1 lineer dalga denklemi i¢in verilen

uy; — Au+ V(x)u, = ul?, xeR", t>0,

u(x,0) = sup(x), u(x,0) =eu;(x), xeR"

Cauchy probleminin global ¢oziimlerinin varlig1 ve ¢oziimlerin patlamasi incelenmistir.

Burada Vy > 0 ve a € [0, 1) olmak lizere biiyiik |x| degerleri i¢in, V(x) ~ Vo(1 + |x])™

seklinde bir siirtiinme terimi olup, p. = 1 + ﬁ sayist asagidaki anlamda p sayisinin
n+2

kritik degeridir: 1 < p < p. iken problemin ¢oziimleri patlar; p. < p < = ise

problemin kiiciik veri global ¢cozumleri vardir.

Anahtar Kelimeler: Soniim terimli yari lineer dalga denklemi, uzay bagimli séniim

terimi, global ¢oziim, ¢6ziimiin patlamasi, enerji azalma orani
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CHAPTER 1

INTRODUCTION AND BASIC FACTS

1.1 Introduction

Letn > 1 be an integer and x = (xy, x3, -+ , x,) be apointin R", and A = Z 82/(9x,.2
i=1
be the Laplace operator. We consider the Cauchy problem for the semilinear damped

wave equation with space-dependent potential

Uy — Au+ V(x)u; = |ul”, xeR", t>0, (1.1)

u(x,0) = sup(x), u x,0) =ecu;(x), xeR" (1.2)

where u = u(x, t) is scalar-valued unknown function, € > 0 is a small parameter which
measures the smallness of the amplitude of solutions, p is the power of nonlinearity

such that
+2
1<p<”_2 (n > 3), l<p<+oo (n=1,2),
’/l —
uy and u, are compactly supported initial data from the energy space:

up € H'(R"), u; € LA(R"),

supp(u;) C B(K) = {x € R": |x| < K},K>0,i=0,1



and V is a radial positive C'-function of x, referred as a friction coefficient or potential

(see Ikawa [9]), satisfying the condition
V(x) ~ Vo(1+1x)7%, [x] = oo (1.3)

where Vy > 01is a constant and « € [0, 1). Condition (1.3) and Definition 1.15 (see Sec-

tion 1.2) imply that condition (1.3) is equivalent to the following two-sided inequalities
Vi +x)™ < V(x) < V(1 +x)7, a€l0,1) (1.4)

for some positive constants V; and V.

Equations of the form (1.1) appear in models for traveling waves in a nonhomo-
geneous gas with damping that changes with the position. The term V(x)u, in (1.1) is
the space-dependent damping term (also called a dissipative term). The nonlinear term
lul” in (1.1) is the focusing type of nonlinearity, which is sometimes called ’blowing
up” term. We should say that if the nonlinear term —|u|” is replaced by |u|?, it is well
known that there exists global solutions without any smallness condition on the data
(ug, uy) ( see Grillakis [6] and Struwe [35]). The energy E, () for solutions of problem
(1.1)-(1.2) is defined by

E ) := % f (ju,* + |Vul?) dx, (1.5)
Rn

which will be often used in the sequel.
We study questions of global existence, blow up and asymptotic behavior as t — oo
for solutions of (1.1)-(1.2) by deriving sharp decay estimates. Our interest is focused

on the so-called critical exponent p., which is the number defined by the following

property:

e If p. < p, then all small data solutions of (1.1)-(1.2) are global.



e If 1 < p < p,, all solutions of (1.1)-(1.2) with data positive on average blow-up

in finite time regardless of the smallness of the data.

It is well known that if the damping is missing, that is, if V(x) = 0, the critical
exponent p,,(n) for the wave equation
u; — Au = |ulP (1.6)
is the positive root p,,(n) of the quadratic equation

n-Dp*—m+DHp-2=0, (1.7

where n > 2 is the space dimension (p,,(1) = oo, see Sideris [31], Rammaha [30]). The
proof of this fact, known as Strauss’ conjecture [33], took almost 20 years and effort
of many mathematicians, beginning with John [17], Glassey [4], Sideris [32], Strauss
[34], Zhou [46] and ending with Lindblad and Sogge [21], Georgiev, Lindblad and
Sogge [3] and Tataru [36].

In [37] and [38], Todorova and Yordanov solved the critical exponent problem for
the wave equation (1.1) when the potential V(x) = 1. The main result in [37] and [38]

is that the critical exponent p. of the damped equation
u, — Au+u, = |ul’. (1.8)

isexactly p. = 1 + %, which is the same as famous Fujita’s critical exponent (see [2])

for the semilinear heat equation
u; — Au = |ul’. (1.9)

We should clarify this fact since it has been conjectured previously that the damped



wave equation (1.8) has the diffusive structure for large times (as t — oo) (see Bellout
[1]) and this suggests that (1.8) should have a similar critical exponent as one can
observe for the semilinear heat equation (1.9).

More precisely, in [37] and [38], Todorova and Yordanov proved small data global
existence for the damped wave equation (1.1) with V(x) = 1if p > 1+%; howeverif1 <
p<l+ %, they prove blow up for all solutions of (1.1) with data positive on average. In
[38] the authors proved other results, which also indicate parabolic asymptotic profile
for solutions of equation (1.1) with constant potential V(x) for large exponent p > p..
Later on Zhang [43] proved that the critical exponent p. = 1 + % belongs to the blow
up region. Ikehata and Tanizawa [15] considered the global existence part of (1.8) for
noncompactly supported data. There are many related results to the so-called diffusion
phenomenon, and we quote some of them below: Han and Milani [5], Ikehata [10],
Ikehata et al [11], Ikehata and Nishihara [12], Ikehata and Ohta [14], Hayashi et al [7],
Hosono and Ogawa [8], Marcati and Nishihara [22], Nishihara [28, 29], Li and Zhou
[20], Narazaki [27], Zhang [43], and the references therein.

The main goal in this thesis is discuss the critical exponent problem for (1.1) under
the condition (1.3) for the potential V(x).

We observe that the critical exponent p. varies according to the slow and fast and
critically decaying potential V(x).

In the case of slow decaying potential, that is, if V satisfies condition (1.3) when

a € [0, 1), then the critical exponent for problem (1.1)-(1.2) is

2

n—a

pc:1+

In the case of fast decaying potential, namely if @ > 1 in (1.3), then the energy



E,(¢) of the linear part of equation (1.1)
Uy — Au+V(xu, =0 (1.10)

does not decay. The result of Mochizuki [24] shows that E,(¢) of (1.10) approaches a
non-zero constant as t — oo if V(x) = O(|x|"'™°) with § > 0. In this case we expect
that equation (1.1) loses its “parabolicity” asymptotic effects and turns back to the
regime of pure wave equation. Respectively, we expect that the critical exponent p.. of
the damped wave equation in the case of fast decaying potential @ > 1 jumps to the
critical exponent of the wave equation Strauss’ number p,,(n), that is, p. = p,,(n) for
any a > 1.

The case of critically decaying potential @« = 1 is very delicate. This case is a
transition from asymptotic parabolicity to the pure hyperbolic regime. The energy
decay of equation (1.10) depends in a very interesting way on the coefficient V|, of the
potential V(x): The critical exponent p. = 1 + anl for large Vy > n — 1, while for
0 < Vy < n —1 the critical exponent p, increases when Vy, — 0.

In the thesis we show further interesting phenomena due to the presence of the
damping term. We also derive the exact decay rate for the energy E,(f) and L*-and
LP*'-norms of solutions in the global existence part for exponents of nonlinearity p >
De-

In order to get a sharp critical exponent result we will need sharp decay estimates
for the corresponding linear equation (1.10). This problem is quite delicate in the case
of space-dependent potential. Todorova and Yordanov [39, 40] already derived almost
an optimal decay for solutions of (1.10). The key idea is to derive asymptotically a
very good approximation for the fundamental solution of equation (1.10).

The thesis is organized as follows. In the next section, definitions and basic facts

are given. Chapter 2 involves the main part of the thesis. In this chapter we deal with



a particular problem (see problem (1.1)-(1.2)) due to Ikehata, Todorova and Yordanov
[16] about the critical exponent problem, for which it is shown that if p > p,, all
solutions blow-up regardless of the smallness of the initial data; and if 1 < p < p,,
depending on the smallness of the initial data, problem has a global solution. Further-
more, in the case of existence of small data global solutions, sharp decay estimates for
solutions and the energy E,(t) of (1.1)-(1.2), are derived. In Chapter 3 the results are

discussed by giving some remarks.

1.2 Basic facts and definitions

In this section we give definitions, notations and general facts which will be used

in the thesis.

Definition 1.1. Let Q be an open, connected set (domain) in R” and 1 < p be a real
number. We denote by L”(€2) the class of all measurable functions u, defined on Q2 for

which

flu(x)l”dx < 0.
Q

LP(Q) is a Banach space with the norm

], = f (o dx < oo,
Q

In particular, for p = 2, L*(Q) is a Hilbert space with the inner product

(u,v) := f u(x)v(x)dx
Q

and the norm

llull := f |u(x)|*dx
Q

for u, v € L*(Q).



For p = oo, L*(Q2) is a Banach space with the norm

llullco = ess suplu(x)|.
xeQ

Definition 1.2. Let Q ¢ R" be an open, connected set and let @ : Q — R be a function.

Support of @ can be defined as

supp(®) = {x € Q : Od(x) # 0}.

Definition 1.3. Let Q c R" be an open, connected set. A function u : Q — R is said

to be locally integrable if for every compact set K C Q,

f |u(x)|dx < oo.
K

We denote by L! (Q) the space of locally integrable functions defined on Q.

loc

Definition 1.4. Let C;7(€2) is the space of infinitely differentiable functions with com-
pact support. This space is also known as the space of all test functions defined on

Q.

Definition 1.5. Let x € R" with coordinates x = (xi, ..., x,). A multi-index is an n-

tuple @ = (ay, ..., @,) (@; € N).

If we set
n
ol = > a;,
i=1
then
po_ 9"
oxy'..xy"

represents the a-th order partial differentiation operator.

Definition 1.6. Let Q be a domain. Suppose u,v € L}OC(Q), and « is a multi-index. We



say that v is the a’"-weak partial derivative of u, written
D%u =,

provided

qu"(pdx:(—l)'a'quﬁdx
Q Q

for all test functions ¢ € C;(2).

Definition 1.7. A sequence of functions {¢,,} in C;’(€2) is said to converge to 0 if there
exists a fixed compact set K € Q such that supp(¢,,) C K for all m and {¢,,} and all its

derivatives converge uniformly to zero on K.

Definition 1.8. A linear functional T from Cy’(€) to R is said to be a distribution, or

generalized function if whenever ¢,, — 0 in Cy°, we have T'(¢,,) — 0.

Definition 1.9. The space C([0, T'], X) consists of all continuous functions

u:[0,T] — X such that

llelleorx = maxllu(t lx < oo.

Definition 1.10. Let k be a non-negative integer and let 1 < p < co. Then we define
WHP(Q) to be set of all distributions u € LP(Q) such that D%u € LP(Q) for || < k. In

WEP(Q), we define a norm by

/p
el = (Z||D“u||f’) if 1sp<o

la|<k

and

lulle.o := max [D%ulls if p = oo.
0<lal<k



For p = 2 we define an inner product by

(u, V) := Z fD"u(x)D“v(x)dx.
Q

lal<k

We also use the notation H*(Q) for W*2(Q) and L*(Q) for W*2(Q).

Definition 1.11. By Wg’p (©2) we denote the closure of C;’(€2) in W*P(Q). This means
that u € Wg’p (€2) if and only if there exist functions u,, € C;(€2) such that u,, — u €

WEr(Q).

Definition 1.12. (The divergence theorem) Let Q2 be bounded open subset of R" with

smooth (or piecewise smooth) boundary Q. Then

fF-nds:fV-Fdx.
a0 Q

Definition 1.13. ( Big O notation) We say that a function f(x) is less than order g(x)

as x approaches a, denoted by f(x) = o(g(x)) as x — a, if the ratio % approaches 0
gx
as x approaches a.

Definition 1.14. ( Little o notation) We say that a function f(x) is order of g(x) as x

approaches a, denoted by f(x) = O(g(x)) as x — a, if the ratio % is bounded for x
g(x

near a.

Definition 1.15. (Asymptotically equal) Given two functions, f(x) and g(x), we say

that f(x) is similar to (or asymptotically equal to) g(x) as x — oo, written f(x) ~ g(x)
as x — oo; iflim@ =1.
= g(x)

Inequalities

Cauchy’s inequality with &:

2

b
ab§8a2+4—, Ya,be R, VYe>0.
£



Young’s inequality: Let1 < p,g < o and % + Li] = 1. Then

P b
ab<Z 12 (@b>o0).
P q

Hélder’s inequality. Assume 1 < p, g < coand 5 + ; = 1. Then

LIM(X)V(X)Idx < lael 111l

foru € LP(Q) and v € L1(Q).
Gagliardo-Nirenberg’s inequality. Let 1 <r < p < o0, 1 < g < pandm > 0. Then,

the inequality
llull, < CID™ulllull;™ Yu € W™I(R™ N L'(R")

holds with some C = C(n, u, j,q,r,0) > 0 and

providedthat 0 <6 <1 (0<0<1if 1 <g < ocoandm — f] is a nonnegative integer).
Poincaré’s inequality. Let QQ be a bounded open set in R" and 1 < p < co. Then there

exists a positive constant C = C(€2, p) such that
llull, < Cl[Vull,
for every u € W(;’p (€2). In particular, we have
llull < C||Vul|

for every u € Hy(Q).

10



CHAPTER 2

SEMILINEAR WAVE EQUATION WITH SPACE
DEPENDENT DAMPING TERM

2.1 Introduction

This chapter contains the main part of the thesis. We study small data global exis-
tence of solutions along with deriving decay estimates, and blow-up of local solutions

of problem (1.1)-(1.2):

u; — Au+ V(x)u; = |ul?, xeR", t>0,

u(x,0) = eup(x), u;(x,0) = eu;(x), xeR’,

where € > 0 is a small number to be chosen later at our disposal, and

e The space dependent potential V satisfies condition (1.3).

e The exponent p satisfies: 1 < p < % ifn>3,and1 < p<ooifn=1,2.

e 1y and u; are compactly supported initial data such that uy € H'(R") and u; €
L*(R").
The main reference of this chapter is [16].

2.2 Small data global existence of solutions

In this section it is shown that if p > p,, then problem (1.1)-(1.2) has small data

global solutions. In this case, the exact decay rates for the energy (see (2.1)) and L?

11



and LP*'-norms of solutions are also studied.
We start with a well known classical local existence result for (1.1)-(1.2). First, for

any T > 0, let us define the space X(0, T) as
X(0,T) := C([0,T); H'(R") N C'([0, T); L*(R"))

and denote by T'(¢) > O the life span of solutions (1.1)-(1.2): the largest value that
solutions exist for x € R", 0 < t < T(g). When T(g) = oo, problem (1.1)-(1.2) admits
a global in time solution, while we have only a local in time solution on ¢ € [0, 7T'(g))
when T'(€) < co.

Then, the following local existence of solutions for (1.1)-(1.2), which can be proved

by a simple modification of the result in Strauss [34] or [26], is as follows.

Proposition 2.1. Let V(x) satisfy condition (1.3) and p. < p < % if n > 3, and

1 < p<ooifn=1,2 Then, for each uy € H'(R") and u; € L*(R"), there exists
a maximal time T,, = T,(g) > 0 such that problem (1.1)-(1.2) has a unique solution

ueXO0,T,). If T, < +co, then

lim sup ([l (2, Il + [IVu(z, -)l) = +oo.

t—T}

Moreover, the finite propagation speed property holds:
If up(x) = u;(x) =0 for |x| >R, then u(t,x)=0 for |x| >t+R, t€[0,T,)

for some R > 0.
The small data global existence result is as the following.

Theorem 2.1. Let the potential V(x) satisfy (1.3) and p. < p < % forn > 3, and

pe < p < o forn = 1,2. Then there exists a number gy > 0 such that for any

12



0 < & < &, problem (1.1)-(1.2) has a unique solution u belongs to X(0, +oc0) and

satisfies the estimates

=027 5 et
e ult,x)dx < Ct " ra,
P
f T (u(t, x)? + [Vult, »)P)dx < Cr™ ", 2.1)

klx\z_" —m—1—
f e u(t, )P 'dx < CrmY,

for large t > 1, where

_ (m=0)V n-a
o Tom-ao " 2-a

_(p-Dmn-a)-2
’y_

~(p-16>0
> o (p—1)6>

and & > 0 is a small number.

The proof of Theorem 2.1 is quite involved and can be proved by deriving the
standard and weighted energy estimates for the solution . We mainly split the proof
Theorem 2.1 into two parts.

The first part that we begin with the observation that 7,, — oo as € — 0%, is
relatively easy and relies on the standard energy estimate, that is, it depends on an

estimate for £, (7).

2.2.1 Lower bound for the life span of solutions

Let [0,T,,) denote the maximal interval of existence of the local solution u. It
follows from Proposition 2.1 that 7,, = +co if the energy E,(¢), defined by (1.5), is
bounded on every compact subset of [0, 7),,). Hence we have to show that E,(¢), or

another equivalent norm, does not blow up in finite time. Here, we assume that £ > 0

13



is sufficiently small number.
Deriving a lower bound of 7,, — oo as € — 0% is based on the standard energy

inequality, associated with problem (1.1)-(1.2):

1
E() < Eu(0>+p (0, )||§:i el 22)
2 p+ p+1 1 p+1
= —(||u1|| + IVuoll*) +p+ ool + s

To obtain inequality (2.2) we have taken the inner product of equation (1.1) by u, in
[0, T) x R", applying the divergence theorem and using the finite speed of propagation
property.

The following lemma gives a lower bound for 7.

Lemma 2.1. Under the assumptions of Theorem 2.1, the life span of T,, and energy

satisfy
T, > Coe P-D/1-00+) _ p
E ) <2C\&%  t€[0,Coe P DI0-00+h _ p],
where = "2 qnd Cy, C, > 0 are constants depending on n, p, and the data (uy, u,).

2(p+1)

Thus, T,, = o as & — 0*.

Proof. Since & > 0is small and p > 1, e”*! < & and hence from (2.2) we have

e, S)[iae (2.3)

p+1°

Eu(l) < C182 + !
p+

where C; = 3(|lugll* + [Vuol?) + Now applying the Gagliardo-Nirenberg

Lollul27)-

and Poincaré inequalities together with finite propagation we can bound the last term

14



in (2.3) as follows:

A

*1 0(p+1 1-0)(p+1
(e, L < CIUVauCe, I+ Dlfutz, )00+

< C(L+t+ R)IPD vy, |t
Now using this bound and recalling the definition of E,(¢) we have
E, () < C1& + C(t + RO DE (1T, (2.4)

where C > 0 depends on n and p. Let us denote by T the first time such that £,(T) =
2C,&%. Since E,(t) is continuous and E,(0) < 2C,&%, we conclude that E,(¢) < 2C,&*

forall r € [0, T). From estimate (2.4) with t = T we have
2018 < & + C(T + R0 877
Solving this inequality for 7" yields the following lower bound:

T > Coe V-0t _ p

b

where C, > 0 depends on n, p, and the data (ug,u;). Since E,(f) < 2C, & for all

t € [0, T], the life span of u satisfies T,, > T. Itis clear that T — oo as & — 07. O

We can assume that C,e=?~D/1=0p+) _ R < ¢t < T, so we deal with arbitrarily
large ¢ by choosing sufficiently small &.

It remains to obtain estimates (2.1) to complete the proof of Theorem (2.1). In
this case the standard energy E,(?) is not very convenient for precise estimates of u, so
we use a weighted energy instead by constructing suitable multipliers (positive weight
functions). A starting point fully depends on the work due to Todorova and Yordanov

[39]. Indeed, for solution u on [0, T},(¢)) of problem (1.1)-(1.2) we set u = wv, or

15



v = uw™!, where w is an approximate solution of the linear part of (1.1)-(1.2)
Uy — Au+V(xu, =0

and can be defined by

wi(t, x) = e (2.5)

where m and m; are suitable parameters that can be determined explicitly in some

certain cases. Here ¢ € C*(R") is a positive solution of the Poisson equation:
Ap(x) = V(x), xeR" (2.6)

To get the main decay estimates (2.1) we need a special solution of the Poisson equa-
tion, which is important to construct the approximate solution.

For the sake of completeness we give radially symmetric positive solutions of the
Poisson equation (2.6) in the case when V is a radially symmetric ( see [39]). For
non-radial coefficient V(x) the solution ¢(x) of the Poisson equation (2.6) can be con-

structed by the method in [42].

2.2.2 Poisson equation in R"

Proposition 2.2. Let V be a radially symmetric function in C'(R"), n > 1, which

satisfies condition (1.4). Then equation (2.6) admits a solution ¢ € C*(R"), such that

(A1) o1+ x)*™ < ¢(x) < gi (1 + )™,

(A2)  m(V):=liminf V)¢

0,
e WVRE

where ¢ and ¢, are positive constants depending on V, n and a.

Proof. We first solve equation (2.6) for a radial function V(x). We will find three
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different representations of V(x) depending on whethern = 1,n =2, orn > 3.
When n = 1, we consider even functions V(x) and ¢(x). Integrating the equation

twice on [0, ] with r > 0, we have

é(r) = 1+fr(r—T)V(T)dT, reR.
0

However, we can consider only non-negative r since ¢(r) is an even function.

When n > 2, we rely on radial symmetry to simplify the Poisson equation:

d’¢ n-1do
adhe = v,
dr? * r dr ")

where r = |x|. Notice that we can multiply both sides of the equation by "~ and

rewrite the left side to obtain

d ( n—1d¢
— | =

ol
dr dr) =rove.

Integrating this on [0, r], r > 0 and using the condition ¢’(0) = 0 we get

d¢(r) _ 1 f ' 77V(r) dr. (2.7)
dr 0

If we repeat the integration and choose ¢(0) = 1, the resulting solution is

$(r) = 1+ f r (ln f)TV(T) dr. n=2, 2.8)
0 T

and

7 n—-2
¢(r) =1+ " : > f (1 - :n_z)TV(T) dr, n=>3. (2.9)
-2 Jo
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We can write the above integrals for ¢(r) in a common formula as

1
o(r)=1+ rzf K,(oV(@t)dr, r>0, (2.10)
0
where
1-71 ifn=1,
K@) ={rln! ifn =2,
1 n— :
L1(1-7"2) ifn>3.

It is easy to see that there are positive constants L, > ¢, > 0, such that
K, (1)< L,, T7€[0,1], and K,(1r)=>¢,, Te[l/4,1/2].

To estimate ¢, we substitute the lower and upper bounds of V(r) into formula (2.10).

Thus we obtain
1+ Vlé’nlo(r)r2 <¢(r) <1+ V,L,14 (r)rz, r>0, (2.11)

with

1/(2—k)
Ii(r) = f 1+rr)y*dr, k=0,1.
(1-k)/4

Now the trivial estimates

1/2

Iy(r) > A+r%dr=>0+r)%/4,
1/4

0
Li(r) < f (ro) ™ dr=r"/(1 - a),
1

and (2.11) yield the two-sided bounds on ¢(r), which is equivalent to claim (A1).
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To show the second claim (A2), we use

de(r)
dr

1
rf 7 'Wrrydr, r>0,

0
which is valid in any dimension n > 1. Clearly the assumptions on V imply

1+ ViJo(r)r <

d‘z(r) <1+ VJy(r)r. r>0, 2.12)

r
with

1
Ji(r) = f A +r)%dr, k=0,]1.
(1-k)/2

Employing the simple estimates

Jo(r) = (1 +1)7/2,

Ji(r) <r /(1 - a),
in (2.12), we can get the following two-sided inequality
$o(1 + 1) < [Vo(0)| < ga(1 + x>, |xl =1,

for some positive constants ¢, and ¢3. Thus it follows from the above two-sided bounds

for ¢(x) and |Ve(x)| that m(V) > 0, which verifies claim (A2). O

The following example shows that in some certain special cases m(V) can be cal-

culated explicitly.

Example 2.1. If V(x) > 0 is a radially symmetric C'-function and
V(x) ~ Volx[™*,  |x] — oo, (2.13)
with V; > 0, then condition (1.4) is trivially satisfied and the Poisson equation (2.6)
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has a solution with the following properties:

Vo ra W
(x) ~ - Q)|X| , [Ve(x)l p—

67, xl = oo

In this case, we can compute the limit m(V) explicitly by using (2.7) and the asymp-
totics

V(r) = Vor @ + o(r ®).

Thus we have

dg(r) _

rl_”f T”_l[VOT_(’ +o(t™)|dr, r— oo.
dr 0

Hence

d(Zi‘r) — n‘ioarl—a + 0(1"1_0),
W) = o)
T m-a)R2-a) ’

as r — oo. Now the definition of m(V) gives

n—aoa

m(V) = o

Remark 2.1. For non-radial coefficient V(x) the solution ¢(x) of the Poisson equation

(2.6) can be constructed by the method in [42].

2.2.3 Weighted energy identity

Now we derive a weighted energy identity for the solution u of problem (1.1)-(1.2)

by using the change of variables u = wv,or v = uw™', where w is a positive C? function.
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A simple computation implies the following equation on [0, 7),,(€)):
Ve — Av + A(t, X)v, + B(t, x).Vv + O(t, x)v = w? )P, (2.14)
where

Alt,x) =V + 2w lw,
B(t,x) = =2w™'Vw, (2.15)

O(t,x) = w ' (wy — Aw + Vw)),

and the dot productis x -y = x;y; + -+ + X, V.
For a given P and w in C?((0, c0) X R") we form the multiplier Pv, + wv, where the
first coefficient P and the approximate solution w will be determined later. We multiply

(2.14) with Py, + wv:
(ve — Av + A(t, x)v; + B(t, x).Vv + Q(t, x)v)(Pv, + wv) = w”_llvl”(Pvt + wv).

We will rewrite the left-hand side in divergence form and apply the divergence theorem.
There are many terms, unfortunately, so we split the work into 5 steps.
Step 1. Multiply (2.14) by v, and rearrange the terms on the left-hand side:

(v,2 + Vv

2
5 ) —V-(vth)+Avt2+v,B-Vv+Q( )
t t

v
2

1 _ _
= m(W" WPy), - m(w” Dy

Step 2. Multiply (2.14) by v and rearrange the terms on the left side:

2 2
(V) = V- (W) =12 + Vo + A (%) +B- V% + OV = wP Py
t
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Step 3. Multiply the identity from Step 1 by P and integrate by parts over R".

d [pritIVf fPV’ZJerVlzd +fVP Vvd
dl 2 X t 2 X vivv ax
) d V2 V2
+ | (PAv; +v,PB-Vv)dx + = PQE dx — (PQ),E dx
1 d

1
= Py 1% PwP~ Py dx — m f(Pwp_l),lvlpv dx.

Notice that boundary terms vanish since the support of v(z, -) is compact.

Step 4. Multiply the identity from Step 2 by w and integrate by parts over R".

d
7 fwvtv dx — szVtV dx + wa -vWvdx
d v v
+ f(levI2 — wv,z) dx + 7 fWAi dx — f(WA)’E dx
2
—fV-(wB)E dx+fwv2 dx
1 -1
= PwP™ v|Pv dx.
p+1

In the final form we have used

1 1
WY = E(w,vz)t - Ew,,vz, Vw - vVy = EV . (VZVW) — Evaw,

so the above identity becomes

d 1 1 1
o7 f(wv,v - Ewtvz) dx + fiw,,vz dx — fEvaz dx
+ f(levI2 —wv) dx + i fvav—2 dx — f(wA) v_2 dx
! dt 2 )
2
— fV . (WB)E dx + wav2 dx

1
= +1wa”_1|v|pvdx.
p

Step 5. Add the final identities from Step 3 and Step 4 and combine terms with the
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same order of derivatives. This yields the following result.

Proposition 2.3. Let v be the solution of (2.14). If P and w are C*-functions, then

%E(v,, Ww)t) + F@) +G®) (2.16)

|
_ H(r)+%{m fR Py dx}, t € [0, T, (&)

where

E@;, V(@) = f {POV? + [V + 2wy + (QP + w, + Vw)h?ldx, (2.17)
Rn

| =

is the weighted energy and

1
Fiy = 5 f (=P, + 2VP + 4P(log w), — 2w)v2dx (2.18)
Rl‘l

+ fR n(vp — 2PV log w).v,Vvdx + % Rn(—Pt +2w)|Vv|Pdx
G(t) = § [l QW — (QP) 1V,
H® = foo {0 = 55 Pwr ) v,
where the values of A(t, x) and B(t, x) from (2.15) have been used in the final form.

2.2.4 Construction of weight functions

In this section we construct the weights P and w in Proposition 2.3 so that the
weighted energy E(v, Vv)(f) becomes positive definite, that is, E(v, Vv)(¢) > 0.

Now assume that ¢ and m(V) have properties (A1)-(A2) in Proposition 2.2. For a
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given small ¢ € (0, %m(V)) and a large S > 0 we set

m:=m(V)-20;, my:=mV)-06, S(x)=mep(x)+So, (2.19)
and define
36 Sk __
P(t,x) = 7(- + —57) 'w(t, x), (2.20)

where w is the approximate solution defined in (2.5). Thus the two weights w and P
are defined by (2.5) and (2.20), respectively. First of all we note that such P and w are

defined independently of the solution itself, and satisfy the following properties.

Lemma 2.2. Let a € [0, 1) given as in condition (1.3). There exists a large number

to > 0 such that for t > t the following inequalities hold
(i) CiP(t,x) = t*w(t, x),
(ii)  [w(t, %) < Ci(#w(t, x),
(iii) —-P,+w >0,
(iv) >0, 0,<0, Ow—-(QP),=0w-P)-0Q,P >0,
(v) (=P, +2w)(—= P, + 2VP + 4P(Inw), — 2w) > [VP — 2PV In w|?
with some constant C; > 0.

Proof. By a simple calculation we first obtain

t2—a

-, —1
Prw 6t + (m(V) — 0)p(x)

[2 -a

3
4
3
46t + Co(1 + |x) 2
3
4

t2—a

61+ Co(l +1+ R)* @
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for some constant Cy > 0. Since

P 1

I - _— >0,
S 6+ Co(l+1+ R C,

claim (i) is verified. By a similar way we can show claim(ii).

Proof of (iii). We first show that

0,P(t, x) < -m+1 N é_lS(x)
Pt,x) ~ t 3 2

We calculate 9,P/P = 9, 1In P using definition (2.5):

OPt,x) _ m m S S(x) (6 . 2S(x))(6 . S()c))‘l

Pit,x) t £\t 12 t

Since
S(x))‘1 1
6+ —| <-,
( ) %%

we have

0,P(t, x) < —?+ S (x) . 6(6 2S(x))_ -m+1 N ilS(x)

Pt,x) ~ 2 t 2 t 3 2

Thus using definitions (2.5)and (2.20) we find that

o,P
—81P+W ( T Y)
Z( 4S(x)+4S(x))
3 72 3 72
> 0.

Proof of (iv). It is enough to show that O > 0 and Q, < O since the third inequality

follows from (iii) and these inequalities. Let us calculate the first-order and second-
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order derivatives of P:

W,:(—ﬂ-i-s(x))w, wﬂ:( m+S(x))2P+(m M)w

t 2 t 2 2 I8
AA) AS VS (x))?
Vw = - t(x) w, Aw= ( - t(x) + | t(zx)l )w.

Substituting these derivatives into (2.15) we get

Q

AS —mV VS —|VS(x) ( m  Sx) )2 m  25(x)
= + +|-—+—=] + = - ——.
t 2 t 2 2 IR

Also, by the definition, we can list a few useful properties of S (x) (see [39] for details).
(S1) AS(x) =(@m+96)V(x) for all x,
(S2) S(x) = O(|x|*) for large x,

(S3) (1- YW (x)S (x) — [VS (x)]> > 0 forall x.

_90_
2m(V)

Now employing these properties in the formula for Q we see that

0> oV(x) N 61V(x2)S(x) B 25 (x) _ oV(x) N Sx)(01V(x) =2/t
t t 1 t 12

b

where 6, = 6/(2m(V)). Clearly we can assume that |x| < 7+ R in these estimates. From
V(x) = Vi(1 +|x|)~, with a € [0, 1), we conclude that 6, V(x) — 2/t > O for sufficiently
large time ¢. Hence Q > 0.

The proof of Q, < 0 is similar, since —¢Q, and Q have identical leading coeflicients
! and proportional coeflicients 2.

Proof of (v). We can estimate the first factor on the left-hand side by (iii):
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The second factor needs more work. We rewrite
P, W, w
P, +2VP + 4P(Inw), — 2w = ( L 2V)P n (4— _ 2—)P
P w P
and use the estimate for —P,/P in the proof of (iii) :

—P,+2VP +4P(Inw), — 2w
S (m— 1 _é_lS(x)
t 3 7

Fave)ps (-, 5@ S5y,

2 3 £

Regrouping terms on the right-hand side, we obtain
P, +2VP + 4P(Inw), - 2w > (@ +2V@)P 2 VOOP,
for sufficiently large z. The latter inequality follows from
V) > Vi(l+t+R)™>QCm+ 17)",

whenever |x| < t + R and ¢ is sufficiently large. Thus we multiply the above lower

bounds of the two factors in (v):

(=P; +2w)(— P, + 2VP + 4P(Inw), — 2w) > wVP
B 4V(x)(6t + S (x)) P2
- 3
V@S @ o
l2

4
> — 2.21
27 , (2.21)

where we have used w/P = 4(6t + S(x))/(3%) from the definitions of w and P. It

remains to bound the right-hand side of inequality (iii). Since VP/P = VInP, we
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calculate

VP -2PInw=(VInP -2VInw)P
VS (x) N VS (x)

:(_6t+S(x) t )P
(5t + S())(VS (%)
T 6+ S(%)
and from its square
(VP — 2Py = O SCIIVS@F 1

(61 + S (x))?

Condition (S 3) implies that [VS (x)|> < V(x)S (x), so the above expression can be com-

pared with the lower bound (2.21):

(5t + S (x)*|VS (x)]? P < V(x)S (x)(5t + S (x))2 P < V(x)S (x) P
12(61 + S (x))? 2(61 + S (x))? 2

Hence condition (iii) holds. O

Remark 2.2. Based on Lemma 2.1 by taking € > 0 sufficiently small we can make the
life span T,, = T,(g) of the solution of (1.1)-(1.2) large enough such that T,(g) >
Cog= = D/U=00+D) _ R > 1t where ty > 0 is the time defined in Lemma 2.2 and
Coe=P=D/U=00+D) _ R s the lower bound for the life span from Lemma 2.2. This gives

us an important bound for E,(ty):

E,(t)) < 2C, €, (2.22)

which will be used in the sequel.
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2.2.5 Weighted energy estimates

In this section we show that the weighted energy E(v,, Vv)(¢) is a bounded function
of time for the weights P and w constructed in Lemma 2.2. Another problem is to
show that the weighted energy E(v,, Vv)(?) is positive definite, so it can be used for
decay estimates of v and the original solution u = wv.

By using conditions (ii7) and (v) in Lemma 2.2 we see that F'(¢) in (2.18) is a positive
definite quadratic form, therefore F () > 0. Also G(f) > 0 because of condition (iv).

Therefore, after integrating (2.16) over [ty, t], where 7y < t < T,,, we have

E(,, Vv)(©) < E(v,, Vv)(1o) + pl ; f P(to, x)w(to, X)" (1o, )P dx

+

1 !
PwP Pt dx + | H(s)ds. (2.23)
p+1 Jge f

We need estimates for the third and fourth terms of the right hand side of the inequality(2.23).

Now we introduce a new function:

W(t) := f P(t, x)(v? + |Vv[Pdx + f V(x)w(t, x)v(t, x)*dx.
Rn Rn

For the third term of the right hand side of (2.23) we have the following crucial esti-

mate. In order to proceed, however, we will show that W(¢) is bounded by E,(?).

Lemma 2.3. Foreacht <€ [0,T,,) it is true that

f w(t, X)v(t, x)>dx < Cr()||Vult, )|,

E(v,, Vv)(1) < Cr(DE,(D),

with some t-dependent constant Cg(t) satisfying
lim Cg(t) = +oo.
t—+00
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We omit the proof since it elementarily follows from the fact that v = u/w, w =
tme~™?®M/ and the compact support of the data.
Thus, W(¢) is well defined and continuous for ¢ € [fy, T},). For the fourth term of

the right-hand side of (2.23) we have the following crucial estimate.

Lemma 2.4. Let V(x) satisfy condition (1.3) and « € [0, 1). If p. < p, then there is a

number y > 0, which depends on p, n, a and 6 such that

S(x)

(1+ T)PWP—HVWde < CrOWOPHI2, ety Tl
Rn

Proof. From definitions of w(¢, x) and P(¢, x) we have

36 S

Pwp—llvlpﬂ _ Z(;+t_2)—1wp|vlp+1
< CtwPpPH,
and
S 38 S _
—(;C)Pw"_llvlp+1 = Zt—(tx)(6+—(tx)) PPt
< étw”Ivlp+1
< 7 .
Therefore,
S
+—x) PwP P dx <Ct | wPvP*ldx (2.24)
1+
Rn» n
_ CcypmD f PSP+ g
Rl‘l
By setting
185(x) 2p
t7 == ’ = )
v == 1=
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we can rewrite (2.24) in the form

S
f (14 29 Pttt < cromDpem ey ) (2.25)
Rn

¢ p+1°

To estimate the weighted norm |le™"")v||,,; we use Gagliardo-Nirenberg inequality

and get
eyl < [le™ V||V (e )|, (2.26)
where
b=1-n(t-—)
= —nl— — .
2 p+1
Since

V(e ™ v)|* = e M |Vy*v? = 2ne vV Vv + e 2 V),

integrating by parts we obtain

2n f e MyWy - Viydx n f e Vv - Vipdx

= n | (&2Vy)- VWidx
Rn

— f (e A — 2ne MV P)dx

= 2772f e_ZUwvzlvwlzdx—nf vie ™M Aydx.

Thus we find

f V(e ™v)|2dx
Rn

f e M| VyPPdx + f e Ay — | VylPvidx

f e |VvlPdx + 1 f e M ( Ay W dx.
Rl’l n

IA
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Therefore, we can rewrite (2.26), as follows

lle™™ OVl < IIe_”W)VIIH( f e M |VvPdx

Rl‘l

(1-6)/2
) 2.27)

+7 f e (AY)WV dx

Now we estimate the right-hand side of (2.2.5). The definitions of ¥(, x) and ¢(x)

imply that
1 m(V) =6 m(V) -6
AY(t, x) = A8 (x) = ————Ad(x) = ———V(x)
and hence we have
V-6
f e‘z”w(Aw)v(t, x)de — & f V(x)e—ZUlﬁ(t,x)v(t’ x)2dx.
R 2t Rn
Also since
e WD) = o= o T <t ), (2.28)
we get
f e (Ag)v(t, x)*dx < C1"! f V(w(t, )v(t, x)dx. (2.29)
R» Rn

To estimate the weighted norm |le”™®y|| in (2.2.5) we use the following decomposition:

eI (1 x)2 = @ SO =S p= 1)/ (p+ 1) =0/ 2-a) gl =) 2

= W(t, X)W(t, x)2e~ PO (DD =af2-0) i 2=), (2.30)

Furthermore, there exists a constant C > 0 such that for any x > 0 it is true that

(0

XD < Ce PV g e [0, 1) <1
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So, with a generous constant C > 0 we have

Co~P-DS@/(p+1i—a/C-0) < Ct—a/@-a)(@)—a/(z_a)
1

= CS(x)*

= C(m(V) - 5)—a/(2—a) o( x)—a/(Z—a)

IA

CV(x).
This inequality combined with (2.30) implies
e M EDy(t, x)* < CE"w(t, )t (1, x)*V (%),

and we get

e M y(1, x)F < CrE Oyt x)v(t, x)?V(x),

which shows the desired estimate

||e"7‘/’(t)v||2 < Cl.m+(a/(2—a)) f

V(x)w(t, x)v(t, x)*dx. (2.31)
Rn

On the other hand, in order to estimate the quantity ||e”#*“Vy|| of (2.2.5) we use (2.28).

In fact, from the definition of P and (2.28) we see that

_ _plSW
e 2MWED = My(r x)e o

4 p-l
"= 6 + S(x) )P(t, x)e ri1 e

3¢ 1?
4 S p1 s
= 3rPEI6+ S e

5

< Cr"'P@,x),
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where C > 0 is a constant determined by the fact that the function
x> (6+xe ™ (K>0)
is bounded above, that is, for all x > 0, (6 + x)e ¥* < C. This implies
f n e M |VyPdx < Cr! j}; PG, x)|Vvfdx. (2.32)
Therefore, by using (2.2.5), (2.29), (2.31) and (2.32) we have

(p+1)60/2
uawmmﬁiﬁcpﬂwgmlf‘“”Mﬁﬂwn@%ﬁ
Rﬂ

n

(p+1)(1-6)/2
x(t(’"“) f V(xw(t, x)v(t, x)>dx + " f P(z, x)|Vv(t, x)|2dx)

" OW ()

IA

)(p+1)9/2( )(p+1)(l—9)/2

C(l,m+(a/(2—a)) W)

= CAm D0 D (s ),

This inequality together with (2.25) gives

S +1
O+J?ﬂmrwwuxg COWMH'T, 1>,
Rl‘l

where

a
2 —

- (p—1o.

y:@m—n—&m+ J§+m—nl§%@+n,
(p-Dn-a)-2
B 2 -«
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Finally, from the assumption p. < p we find y > 0, which implies the desired estimate.

O

Now by using the result in Lemma 2.4 we are able to estimate the fourth term of

the right hand side of (2.23) as follows.

Lemma 2.5. Under the assumptions in Lemma 2.4 we have

! !
f H(s)ds < C f sTIYW() PV 2ds, 1 e [ty T
o 1o

with some constant C > 0 and y > 0 is the constant determined in Lemma 2.4.

Proof. It follows from the definitions of P and w that

K#t,x): = w”—lﬁ(Pw”_l)t
= P DR - - (= D
Since
E _(9 S(x)) ( 2S(x))+;
and

ﬁ:_T+S(x)W_‘_L(§ S(_x))

w t 2

35



we have

K(”)_Ppl{3(f S(X))_ f—l(St(ZX)_?)
p+1(§ S(x)y( 2S(x))}
3 v
= Pwr (8 + ppf‘l) + gs(tx)}

s
<o pwi(1+ 29

which implies
1 S
w(t, x)P — —— (P, )w(s, )P, <cri(1+ %)P(z, Xw(t, x)PL.
p

This shows

fH(s)ds < ff (w(s, x)P — ;(P(s, x)w(s, x)”_l),)lv(s, 0P dxds
1o toJR? p + 1

< Cf s f (1+ @)P(s, Xw(s, x)P (s, x)|P dxds. (2.33)

Thus, by using Lemma 2.4 and estimate (2.33) we can derive the estimate in Lemma
2.5.
From Lemma 2.4, Lemma 2.5, and the weighted energy inequality (2.23) we get

the following estimate

1 1
E(v,,Vv) = 3 f P(t, x)(v? + |Vv|Pdx + > f [2wv,v + (QP + w, + Vwh*]dx

n

!
< E(v,, V)(to) + CW()P*V2 4 C f sTIYW() PV 2ds, 1> 1. (2.34)

fo
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Since w > 0 satisfies

wy;—Aw+ Vw, >0,
and P > 0, then QP > 0. Since 4£(wv?) — wp? = 2wvv,, we can rewrite (2.34) as

follows:

1 1 1d
EG,V) == | PEx)0? +VvP)d +—fv 2d +——f 2d
(v, Vv) > fl; ) , x)(v; +|Vv[")dx 2 e wvdx 20 e wvdx

!

< E(v, VV)(to) + CW(t)P*V2 4 C f sTIYW()PTV s, 1> 1. (2.35)
to

We need one more preparation.

Lemma 2.6. Leta € [0,1),¢co > 0,a > 0,R > 0 and Ey > 0 be given real numbers, and
let f € C([ty, Tn)) be a monotone increasing function. If a function h € C'([ty, T,n))

satisfies the inequality

/ ‘o
h (t) + mh([) < E() + f(t), (236)

then the following estimate holds
h(t) < h(ty) + C(Eg + f())(a+t+R), t=t1,

with some constant C > Q.
Proof. Since

%{elcoﬂ(erR)l_ah(l)} — e%(a+t+R)""(h/(t) n

Co

mh(ﬂ),
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(a+t+R)!~

we multiply both sides of inequality (2.36) by eTa we get

d, - e : -
TAer (@) < e + £(7)

and integrating over [t, t] (¢ < T,,) we have

( C t C
e%(a+z+R)l’”h(t) < elfoa(a+m+R)1’“h(t0) + Eof elfoa(a+s+R)'*ads

fo

!
€0 X 1-a
+ f e (a+s+R) f(S)dS

fo

)lfn

t
< l-a <
< e O ty) + (Eo + f(1) f ers T g,
]

where the monotone increasing property of the function f(#) has been used. Since

t < . +1+R .
— - -
fel-a(‘””R) ds f eC]‘r dr
to a+ty+R

1 (a+t+R)!~
- eC|ZzﬁdZ
I =@ Jasrsry-o
Citarisry— (@ + 1+ R)*

< )
Ci(1-a)
where C| = ¢o/(1 — @), we obtain the desired estimate. O
Let
M(t) := max W(s). (2.37)

0<s<t

Note that the function + — M(¢) is monotone increasing and continuous in [t, 7,,). To

verify the latter property, let o < t; < t, < t3 < T, and use

0 <M(r,) - M(t))

< sup{IW(sz) — W(S1)| th<s1<sy<trands,— s <t — l‘]}.

The upper bound goes to 0 as t, — t; — 0, since W is uniformly continuous on [7y, #3].
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After the above results we can prove the following lemma.

Lemma 2.7. Let a € [0, 1). Then the following bound holds

wildx < wyldx li=to
Rl'l n

+C(E(v;, Vv)(to) + M(r)P+D/2

t
+f sTIOYW(s) P2 g6),

1o

fort € [ty, T,,) with large ty > O.

Proof. It follows from (2.2.5) that
1 1d
7 fn V(x)wvidx + 3% . wvldx

f
< E(v,, Vv)(10) + CW(H)P*V2 4 C f sTYW() P2, 1 e [y, T

fo

Now by using condition (1.3) and (2.37) we get

S dx+ < d
2(1+t+R)afRnwv ST

A
< 2E(v,, V)(to) + CM(1)P*V?2 4 C f s-‘-VW(s)%ds, t € [ty, Ty

)

Since the function

t
t > CM®T +C f sSIW(s)'T ds

To

1s monotone increasing, we can apply Lemma 2.6 with

h(t) = f wvidx, Eo=2EW,VV)(t), a=1, cy=—,
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()= C(MD'= + f sSIYW(s)'T ds),

To

and obtain the desired estimate. m]

Employing these results, we go to the final stage of the proof of Theorem 2.1.

Proof of Theorem 2.1. Let ty) < T < T,,. The Cauchy-Schwarz inequality implies that

2wy < O'IOZWV,2 + ol wy?

for any o > 0. So, we have

2
t

2

2wy > —otwv? — ol w.

Thus from (2.34) we get

f PO + |Vy)dx — f ot*wvidx — o't f wvidx + f (w; + Vw)v?dx
n Rn Rll Rll

!
< 2E(,, V)(to) + CW()P*V/2 4 C f sTIYW ()P 2 g5, (2.38)

to

This implies

(P — ot"w)(v} + |Vv[*)dx + f (w; + Vw — o' wnPdx
R» R®

!
< 2E(v,, V)(to) + CW(@©)P*V2 4 C f sTITYW(s) PV 2ds, 1 e [ty, T

fo

Because of Lemma 2.2 we have

!
2E(v,, Vv)(to) + CW (P2 4 C f SITW(s) P2

1o

> f P - O'Cl)(v,2 + |[VvP)dx + f (Vw + (w, — o~ 7 w))v2dx

n
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> (1-0C)) f PO? + [VyP)dx + f Vwvidx — (Cy + o)™ f wvrdx.
R® R® R0

for t € [ty, T,,). This together with Lemma 2.7 yields

(1-0Cy) P(vt2 + Vv )dx + f Vwvidx

R R

t
< 2E(v,, V)(1) + CW ()" + C f sTTW ()PP ds

4}

+C(C, + a—l)z—“{ f wvidx|i—, + t(E(v,, Vv)(to)

!
MO 4 f s_l_VW(s)(p“)/zds}

o

< 2E(v,, V)(ty) + Ct™® f wv2dx|,—;, + CE(v;, Vv)(ty)

!
+CM()P*V? 4 C f sTTYW ()P 2ds, 1€ [to, Th),
fo
where C = C, > 0 is a constant (recall (2.37) for the definition of M(t)). By taking

o > 0 sufficiently small we have

fP(vf+|Vv|2)dx+f Vwvldx
R® R®

< C(E(Vh Vv)(to) + f wvzdxlt:to) + CM(r)'P*)2

!
+C f sTITYW(s) PV ds,
1o
for all ¢ € [ty, T,,). This estimate together with Lemma 2.3 gives the following crucial

bound:

Y (p+D)/2
) ) re [IO’ Tm)-

1
W(t) < Cyy Eu(to) + CM(1) P12 0—({)naXW(s)
Y <s<t
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We know from the bound (2.22) that E,(t,) < 2C;&?, so we have the inequality
M(t) < Ce* + CM(O)PV2, tet,,T,)

with another constant C,,, which also depends on 7, p and the initial data (ug, ;). By
Lemma 2.3, it is obvious that M(t;) < C*&?, where C* is a constant. By using the
above estimate and standard arguments as in [41], upon possible additional decreasing
of £ > 0, we get

M(t) < C&*,  telty, Ty (2.39)

This implies T, = +c0 .

Finally, we derive the decay estimates in Theorem 2.1. Indeed from (2.39) we have

f P(t, x)(v,(t, X)* +|Vv(t, x)|P)dx + f V(x)w(t, x)v(t, x)?dx < C&* (2.40)
R R»

for t > t,. It follows from the definition of v = uw™! that the second term of the

left-hand side of (2.40) satisfies the estimate
(m=8)p(x)

f VOw(t, x) u(t, x)*dx < " f e V(x)utdx < Ce. (2.41)

Further, by using the bounds for ¢(x), namely

Go(1 +1x)>™ < ¢(x) < ¢ (1 + [x)*™®
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for x € R" and (1.3) we get the estimate

V(x) > C((x)) =

¢(tx) )‘2

—

= Cl 2—0(

a é(x)

> Crraed T, (2.42)

where C > 0 and ¢ > 1 is sufficiently large. We complete the decay estimate for
L?-norm of solution u by substituting this lower bound for V(x) into inequality (2.41).
Next, we derive the energy decay estimate for the solution u of problem (1.1)-(1.2).
Notice that

1
v,2 = (—wlwu+wlu) > —w zutz - 3w 4w,2u2,
2

and

1
IVv? = | = w2uVw + w ! Vu> > Ew—2|vu|2 - 3w Vw]hul.

Thus we have

1
EPW_Z(MIZ + |Vul?) < POZ + [VvP) + 3Pw™ (w? + [Vw[H)u?.

Integrating this inequality over R", and applying (2.40) we obtain
1
3 f n Pw™2(u} +|Vul)dx < Ce* +3 f ,, Pw™tW? + [VwP)udx. (2.43)

It is easy to check that P and w satisfy

Pw 3 (w? + |Vwl?) < CV(x).
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By using the above inequality and estimates (2.43) and (2.41) we get

1
3 f Pw 2 + [VuP)dx < C&* + C f W V(ouldx < Ce2.
n Rl‘l

This implies the energy decay estimate in Theorem 2.1.

Finally, from (2.39) and Lemma 2.4 we find that

6 S(x)._
f (5 + t(—zx)) "l dx < Cr,
Rn

so that the decay estimate for the L”*! norm as written in Theorem 2.1 holds.

Corollary 2.1. Under the same assumptions as in Theorem 2.1 the following estimates

hold

f u(t,x)’dx < Cr==a720

n—a

O (Ee+1-20)

IA

f (u,(t, x)* + |Vu(t, x)|*)dx
Rn

lu(t, )|P'dx < CrPre—2%— (Do)
R]‘l

for large t > 1, and small 6 > 0.
Another important consequence of the main theorem is the following.

Corollary 2.2. Under the same assumptions as in Theorem 2.1, the solution of (1.1)-
(1.2) satisfies

f (u,(t, x)* + |Vu(t, x))dx < Crt™"e™"
|x|2—112t1+p
for an arbitrary fixed p > 0.

Namely, the decay rate of the energy under consideration in the region |x|>*~ >
t'*7 (p > 0), is exponential. This shows parabolic asymptotic profile of solutions of

the problem (1.1)-(1.2).
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2.3 Blow-up of solutions

In this section we prove that solutions of problem (1.1)-(1.2) blow-up in the case
when the power p of the nonlinearity |u|” is subcritical or critical, thatis, 1 < p < p,.
We apply the method of test functions developed by Zhang [43, 45].

The blow-up result in the case when 1 < p < p, is as follows.
Theorem 2.2. Let the potential V(x) satisfy condition (1.3) and let 1 < p < p.. If the

initial data (uy, u,) satisfies

f (u1(x) + V(x)up(x)) dx > 0,
Rl‘l

then the solution of problem (1.1)-(1.2) does not exist globally for any & > 0.

Proof. First we find a non-negative ¢ € C;’(R X R"), such that

1, if (¢, x) € [-1,1] x B(R),
é(t, x) =
0, if(t,x) € RxR"\ ([-2,2] x B2R)),

satisfying the condition
ID*$(1, ) +1Dé(1, x)P* < Ch(1,x), (1,x) € RxR",

where R > 0 1is a constant, D = (d,,V) and C > 0 is some constant. We can see the
reference [43] for the existence of such functions. Then the test function ¢7 is defined
by

(t,x) € RxR",

6r(t,0) = o 7 )

with some large parameter 7. Let P7 be the subset of R X R" where ¢7 = 1 and
Or = (supp(D*¢r) U supp(Dér)) N ([0, +00) X R™),
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that is, Qr is the support of derivatives restricted to ¢ > 0. It is easy to see that
Pr O {(t,x):t <T*"and |x| < RT},

Qr c{(t,x) :t>T*%r |x| > RT). (2.44)

We will prove the theorem by making use of the method of contradiction. To do so, we

assume that a global solution u exists. This means that 7}, = +co when
l<p<p.=1+2/(n-a),

and
f (ur(x) + V(x)uo(x)) dx > 0.
Rn

2p

To arrive at a contradiction, we multiply equation (1.1) by ¢, with ¢ = ot and
integrate by parts over [0, +00) X R™:
f f W@ — A — VO,¢)dxdi = f f ¢ dxdr
0 JR® 0 R
+ (Vuy + uy)dx. (2.45)

Rn

Here we use ¢7(0,x) = 1, 0,67(0, x) = 0, and the initial conditions on u to evaluate
boundary integrals at + = 0. Next, we estimate the integral on the left-hand side by
Holder’s inequality and compare it with the integral on the right-hand side. A straight-

forward calculation yields

10207 — Apl. — VALl < C(¢% " |D*pr| + ¢2° DG P + Vi 10,¢7])
< C(T2a—4¢‘1—3/4 + T—2¢q—3/4)
- T T

+ C(T20" + T3¢0 4 T2yt ')
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for (t,x) € Qr, while 82¢% — A¢% — V,¢% is identically O for (r,x) ¢ Qr. Since

a € [0,1) and ¢ < C, the expression is bounded by C(T‘Zqﬂ_1 + T“‘2V¢qT_l/ %). Thus,

the left side of identity (2.45) satisfies

f f u(@; ¢ — Agl — Vo, )dxdt
0 n

<C f ul(T~2¢%" + T2V~ ") dxdt
0 Or

00 1/
sc( [ [ wpatasar) "y,
0 Or

with

I(T) = T—Zp/(p—l)f f ¢qT_p/(p_1)dxdt
0 n

+ T(a—2)p/(p—l)f f VP/(P—I)¢;—p/(2(p—l))dxdt.
0 n

Notice that in the above identity all exponent of ¢ are positive since
V(x) = Vo(1 +[x)™

satisfies the condition (1.3). Hence

2T27a
I(T) < CT~*/?=D f f dxdt
0 |x|<2RT

2T2—a/
+CT((l—2)[J/(P—1)f f a+ |x|)_”p/(p_l)dxdt,
0 |x|<2RT

which simplifies to
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T—Zp/(p—1)+2—a+n + T(a—2)p/(p—1)+2—a, if a,p/(p _ 1) > n,
I(T) <C T72p/(p71)+27a+n + T(af2)p/(p71)+27a lOg T, if ap/(p _ 1) =n,

T—Zp/(p—l)+2—a+n + T—2p/(p—l)+2—oz+n’ 1f a,p/(p _ 1) <n.

An upper bound for I(T) is

I(T) < CT—Zp/(p—1)+2—oz+n.

We can return to (2.46) and write

f f u(@; ¢ — Ag? - vanqu)dxdt‘
0 n

<C ( f |ul? ¢‘§dxdt) T2+C-atn(p=Dip,
0 Or

where C is independent of 7. Substituting this estimate into (2.45) we have

f |ul? ¢7.d xdt
0 Jre

00 1/p
sC( f f Iul”qﬁquxdt) T2+ C-asmp=1/p, (2.47)
0 Or

Finally, we show that the above inequality can not hold as T — oo. If p < p,, then
2+Q2-a+n)(p-1)/p <0,

and (2.3) shows that

0 (p—D/p
( f f |u|”dxdt) <cC.
0 Pr

Letting T — oo and using (2.44), we conclude that u € L?([0,+oc0) X R™). Hence

48



(2.44) also implies that || u [|;r(,)— 0 as T — oco. Passing to the limit in (2.3), we see
that [|ull1r(j0.+c0)xrmy < O for any 1 < p < p.. This is impossible, since u is non-trivial

solution. O
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CHAPTER 3

CONCLUSION

In the thesis we have investigated global existence and long time behavior of solu-
tions as t — oo of a Cauchy problem for the semilinear damped wave equations (1.1)

having the power type of nonlinearity:
uy — Au+ V(x)u; = |ul?

in [0, o0) X R", where u = u(t, x) is a real-valued unknown function, p is the exponent

of the nonlinear term with 1 < p < %, and V is a positive space-dependent potential
behaving like |x|™* with @ € [0, 1), which decays to zero for large x (see (1.3)). The
initial data (uo, u;) (see (1.2)) are compactly supported and taken from the energy space
H' x L?. and satisfy the smallness condition.

We have observed that existence of solutions as a global or local depends on a value
of p, called a critical value and denoted by p., which separates the values of p such
that for the values p on the left side of p., thatis, 1 < p < p., we have a global solution
provided that the initial data is small; while there is no global solution when p < p.
whatever the initial data is. It is shown that p, = 1 + ﬁ, which depends not only p
and the space dimensions n (n > 1), but also «, the decay rate of the potential V.

In the case of existence of small data global solutions, this occurs when 1 < p < p,,
the long-time behavior of solutions have been studied by deriving decay rates of the
energy E, (1) (see (1.5) for the definition) and L”*!-norms of solutions as t — oco. It is

shown that the decay rates are polynomial and depend on the parameters p, @ and n

(see Theorem 2.1). Here the method for obtaining these decay rates, the strengthened
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multiplier method developed in Todorova and Yordanov [39] for the corresponding
linear equation of (1.1), has been used, and it has relied on the positive solutions of the
Poisson equation (see (2.6)).

We have also seen that in deriving precise decay rates for solutions weighted energy
method is more appropriate if we can construct suitable weight functions. The con-
struction of these weights is based on diffusive structure of the semilinear damped wave
equations, meaning that solutions of the damped wave equations have same asymptotic
profile with solutions of semilinear heat equation for large times. This fact can be.

Finally, in the case when p > p, it is proved that there is no longer a global solu-
tion by constructing suitable test functions developed by Zhang [43, 45] and using the

method by contradiction.
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