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ABSTRACT

VARIATION SEMINORM AND CONVERGENCE IN VARIATION
SEMINORM FOR OPERATORS

ONAR, Gizem
M.Sc., Department of Mathematics

Supervisor: Assoc. Prof. Dr. Harun Karsh

November 2013, 68 pages

This thesis is a survey on the property of variation seminorm and on some ap-
proximation properties of operators not only in normed spaces but also in variation
seminorm. It is indicated in this thesis that the variation detracting property satisfies
the approximation.One of the fundamental problems of analysis is to approximate a
given function f in some sense or other by functions having certain properties, and
generally, by functions which have better properties than f.

This thesis consists of five chapters. In the first chapter, we have an introduction
and give some necessary definitions and concepts which is used in this thesis.In the
second chapter, we give the fundamental definitions and theorems providing the base
of approximation theory including Bernstein operators and Szdsz-Mirakjan operators.
We introduce Bernstein operators and Szasz-Mirakjan operators and we give their con-
vergence. We show the rate of convergence of these operators. In the third chapter, we
give the definition of finite variation, some important theorems about it. We introduce
the Stieltjes integral and BV[a,b]-space and its norm property and TV[a,b]-space and

its seminorm property. In chapter four, we investigate the variation detracting property

il



of Bernstein Polynomials and the convergence of the linear positive operator, Bern-
stein polynomials, in variation seminorm and the rate of its convergence in variation
seminorm. In chapter five, we investigate the variation detracting property of Szasz-
Mirakjan operator.We show the convergence of Szdsz-Mirakjan operators in variation

seminorm and its rate of convergence in variation seminorm.

Keywords: Variation seminorm; Finite variation; Stieltjes integral; TV[a,b]-space;
BV][a,b]-space; Variation detracting property; Bernstein polynomials; Szasz-Mirakjan

operators.
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OZET

VARYASYON YARI NORMU VE OPERATORLERIN VARYASYON
YARI NORMUNDA YAKINSAKLIKLARI

ONAR, Gizem
Yiiksek lisans, Matematik Bolimi

Tez Yoneticisi: Dog¢. Dr. Harun Karsl

Kasim 2013, 68 sayfa

Bu tez, varyasyon yari normu 6zelligini ve yakinsaklik teorisindeki operatorlerin
sadece normlu uzaylarda degil,varyasyon yar1 normunda da yakinsaklik ozellikleri
tizerine yapilan bir calismadir. Tezde, yaklasim saglayan 6zelligin varyasyon koru-
mal1 6zelligi oldugu belirtilmistir. Analizin temel problemlerinden biri f gibi bazi
kotii ozelliklere sahip bir fonksiyona, daha iyi 6zellikleri olan bagka bir fonksiyonla
yaklagmaktir.

Bu tez bes boliim igerir. Birinci linitede giris yapilmis ve tezde kullanilan bazi
onemli tanimlar ve yapilar verilmistir. Ikinci iinitede tezde aciklanan Bernstein poli-
nomlarinin ve Szasz-Mirakjan operatorlerinin ortaya ¢ikisini saglayan yaklasim teorisinin
temelini olusturan tanimlar ve teoremler verilmistir. Bernstein polinomlar1 ve Szasz-
Mirakjan operatdrleri tanitilmig ve yakinsakliklar incelenmistir. Ayrica bu operatorlerin
yakinsaklik hizlar1 gosterilmistir. Ugiincii iinitede sonlu varyasyon tanimi ve bununla
ilgili baz1 6nemli teoremler verilmistir. Stieltjes integrali, BV-[a,b] uzay1 tanitilmig
ve norm Ozellikleri incelenmistir, TV-[a,b] uzay1 tanitilmis ve yarmorm ozellikleri

incelenmigtir. Dordiincii initede Bernstein operatoriiniin varyasyon korumali 6zelligi,



varyasyon yar1t normunda lineer pozitif operator Bernstein operatoriiniin yakinsakligi
ve yakinsaklik hizi incelenmistir. Besinci linitede Szdsz-Mirakjan operatorlerinin varyasyon
korumal1 6zelligi incelenmistir. Szdsz-Mirakjan operatorlerinin varyasyon yari nor-

munda yakinsaklig1 ve yakinsaklik hiz1 incelenmistir.

Anahtar Kelimeler: Varyasyon yar1 normu; Sonlu varyasyon; Stieltjes integrali; TV[a,b]-
uzay1; BV[a,b]-uzay1; Varyasyon Korumali 6zelligi; Bernstein polinomlari; Szasz-

Mirakjan operatorleri.
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CHAPTER 1

INTRODUCTION AND PRELIMINARIES

In this chapter, we give some necessary definitions and concepts, which is used in

this thesis.

1.1 Introduction

In the approximation theory, we concern with the ability to approximate functions
by simpler and more easily calculated functions. In the theory of Fourier series, we
find some of the first results of approximation theory.

The first significant density result were those of Weierstrass, who proved in 1885 the
density of algebraic polynomials in the class of continuous real-valued functions on
the compact interval and the density of trigonometric polynomials in the class of 27 —
periodic continuous real — valued functions. In 1905, Borel proposed determination
of an interpolation process, that allows finding polynomials P(x), which converge
uniformly to the function f € Cla, b].

In 1912, Bernstein gave an another proof of the Weierstrass approximation theorem
on C[0, 1] instead of C[a, b] by using the probability theory. For these, Bernstein
introduced a polynomial, that is;

Let f be a function defined on the interval [0, 1] and let N = {1, 2,3, ...}. The classical

Bernstein operators B, f applied to f are defined as;
=k
B = f(=)peax) . 0<x<1, neN,
=

where py,(x) = (Z)xk(l — x)"* is the Bernstein basis.



At first, Lorentz showed the operators B, have the property

VionBuf1 < Vionlf] (n e N).

and it is called ”Variation Detracting property”.

Then,the study of Bardaro, Butzer, Stens and Vinti made the variation detracting prop-
erty more important. They pointed out that in order to obtain a convergence result in
the variation seminorm, it is necessary and important to state the variation detracting
property.

For the convergence in variation of B, f to f, if f € TV[O0, 1], then it is easy to see that
limn—on[[an - f] =0

does not hold.

However, since B, f is absolutely continuous for all » € N and the set AC[0, 1], con-
sisting of all absolutely continuous functions on [0, 1], is a closed subspace as TV[0, 1]
with respect to the convergence induced by the seminorm || f]|7v(), then it implies that
f € AC[0, 1]. In addition, it is well-known that convergence in variation of a sequence
(fn) € AC(I) towards f exactly means the convergence of the derivatives f, to f’ in the
Li(I) — norm. That is;

It lim,, o Vi[T,.f — f] = 0 holds for a sequence (f,,),c; in AC(I) , then also f € AC(I)

and V[ f, = f1= [ |f,) = f'(w)ldu.

1.2 Some Basic Concepts

Definition 1.1. [6] Let M be a subset of a metric space X. Then a point x, of X (which
may or may not be a point of M) is called an accumulation point of M (or limit point

of M) if every neighborhood of x, contains at least one point y € M distinct from x.

Example 1.1 X =R, d(x,y) = |[x—yland M = {1, 4,4, ...2. .} 0 ¢ M. let x = 0.1f

7575’ ’n,"'

we take any neighborhood of 0,then we have at least one element in that neighborhood.



Xo € M, but x; is an accumulation point of M.

Definition 1.2. [6] The set consisting of all points of M and the accumulation points

of M is called the closure of M and is denoted by M.

570 3 n’

Example 1.2. Let M = {1 11 ...,}l,...}, then M = {1,%,%,...,1 ...}U{O} since the

accumulation point of M is 0.
Note that M is the smallest closed set containing M.

Definition 1.3. [6] A subset M of a metric space X is said to be dense in X if M=X.
Definition 1.4. i) A function f : R — Ris continuous at a point x if for every € >

0 there exists a 0 > 0 such that

x — xo| <6 implies |f(x) — f(xo)| < €.
The function f is a continuous function if it is continuous at every point in its
domain.

ii) Every open image in the range has an open set in the domain, then the function

is continuous.
iii) Let f be a function. If x, —» x = f(x,) — f(x), then f is continuous.

Definition 1.5. A function f defined on an interval / is said to be uniformly continuous
on [ if to each & > 0 there exists a 6 > 0 such that | f(x,) — f(x;)| < & for every points

x1, xp of I for which |x; — x| < 6.
Example 1.3. Let X = R and f(x) = 3x + 7. Then f is uniformly continuous on X.

Proof. Choose € > 0. Let 6 = £. Choose xo € R and x € R. Let |x — xo| < 6. Then
1f () = fxo)l =1B8x+7) = (Bxo+ 7| =3lx— x| <36 =¢ O

Note that a function which is continuous and bounded on a closed interval is also

uniformly continuous at that interval. Indeed, Heine-Borel theorem proves it.



Definition 1.6. [2] Let / ¢ R be an interval. A function f : I — R is said to be

absolutely continuous on I if for every £ > 0, there exists 6 > 0 such that

DB - flal <&
k=1

for every finite number of overlapping intervals (ay, by), k = 1,2, 3, ...,n with [a;, by] C

I and
Z(bk — @) <6
k=1

The space of all absolutely continuous functions f : I — R is denoted by AC(I).
ACH)={f:1->R | feACU)}

Note that an absolutely continuous function is uniformly continuous.
Example 1.4. The function f(x) = +/x is absolutely continuous on [0, 1].

Definition 1.7. A sequence of functions f, is said to converge pointwisely on an inter-
val [a, b] to a function f if for each £ > 0 and for each x in [a, b], there corresponds an

integer N(depending on x and € both) such that
|fn(x) — f(x)| <& for all n> N.

Example 1.5. Let X = [0, 1]. For every n € N and every x € [0, 1], let f, = x". Then
for every x € [0, 1], f,(x) = f(x) as n — oo, where
0, if 0<x<1,
fx) =
1, if x=1.
Definition 1.8. A sequence of functions f, is said to converge uniformly on an interval
[a,b] to a function f if for any £ > 0 and for all x € [a, b], there exists an integer N

(independent of x but dependent on ) such that for all x € [a, b],

|fn(x) — f(x)| <& for all n > N.



Example 1.6. The sequence {f,} = { ’”‘2—“} converges uniformly on the interval [1,2].

nx+1

Note that if f, =3 f on X, then f is continuous on X.



CHAPTER 2

FUNDAMENTAL THEOREMS

In this chapter, we give the fundamental definitions and theorems providing the
base of approximation theory including Bernstein polynomials and Szdsz-Mirakjan
operators. We introduce the Bernstein polynomials and Szasz-Mirakjan operators and

we give their convergence and their convergence rate.

2.1 Chebyshev System

Cla, b] denotes the space of all continuous real-valued functions and C* = C*[-nx, 7]
is the space of 2w — periodic and continuous real-valued functions.

Both of these spaces are normed spaces with the norm

f€Cla,bl, then |fll = supieamlf(X)l.

[10] A set of functions {ug, uy, u,, ...,u,} < Cla,b] is called a Chebyshev system on
[a, b] if each function u € span{uy, u,, ..., u,} has at least n zero unless it is identically
zero on [a, b].

If {ug, uy, ..., u,} = {x°, x', ..., x"}, then we get that every polynomial is in Chebyshev
system.
For the periodic case, {ug, u;, u, ...,u,} € C*[a,b] and any u € spanf{uy, uy, ..., u,} has
at most n-zeros unless it is identically zero.
U, = span{uy,uy,...,u,} is called a Chebyshev space. A chebyshev space can be
characterized as follows;

Ifa < x) <x <x<..<x,<b,andy! are real numbers, then there is a unique

u € span{uy, uy, ..., u,} such that



u(x;) = yi, 1=0,1,2,...,n.

Let f € Cla,b] (or C*) and U, be a Chebyshev subspace of Cla,b] (or C*). A

function u* € U, is called a best approximation to f from U, if

If = wll = infueu,Ilf — ull.

The following theorem of Chebyshev gives the existence and uniqueness of u*.

Theorem 2.1. Let f € Cla, b] and {uy, uy, ..., u,} be a Chebyshev system on [a, b). Then

the best approximation u* to f exists and is unique.

If u is any function in sp{uy, uy, ..., u,}, then u is the best approximation to f < there
exists points a < xp < x; < x; < ... < x, < b such that f — u takes the values ||f — u]| at

the points x;,i =0, 1,2, ...,n.

The following theorem is due to Weierstrass.

Theorem 2.2. (Weierstrass, 1885) [11] Let f be a continuous function defined on
la, b]. To each & > 0 there corresponds a polynomial P such that ||f(x) — P(x)|| < & for
all x € [a, b). That is, each continuous real-valued function f on [a, b] is approximated

by algebraic polynomials.

Proof. The original proof of Weierstrass:

Consider the following solution of the partial differential equation;

u(x, t) = \/% f e £(x)dx.
JT —00
In general, we write

n e 2 2
W,f = — f e £(x)dx.
V27T —00

Note that (W, /)(x) = = f_ O:o e’ f(x)dx is called Gauss-Weierstrass integral op-

erators with the kernel G — W kernel, w, f = \%ﬂe‘"z("")z.




We say

n 2.2
wu(2) = e"" (z=t-x),neN.

V2r

To prove the Weierstrass theorem, firstly we show the properties of w,(z).

Some properties;
i) ForVn e Nand Vz € R, w,(z) > 0.
ii) w,(z) is an even function as a function of z.
iii) Recall that [~ e"dx = . Then, [ w,(t)dt = 1.
v)

lim, 0w, (z) = 0, whenever z#0,

lim,_ ooW,(z) = +oo, whenever z=0.

v) We set any 6 > 0 and z > 4. Then w,(z) takes its supremum on [, +0c0) at the

_n_

me‘"zzz is the supremum on (—oco, —9] U6, +0).Hence,

point 8. That is, w,(z) =
lim,_ oW, (6) = 0.
In other words,
lim, 1o (sUpp>sw,(2)) = 0.
Now, we can prove the theorem.Let us consider the expansion of e,

> 2 2\k
R S G Gt
¢ B Z k!
k=0
k!

mo. 2 t— 2\k
= limy 1o Z M = liMy—s 4008 -
k=0

Now, we consider

Pu(f; %) = \% f St = 0 e
T J—o0



Firstly, we calculate W, — P,,|.

W, - P,| = \/’;_ﬂj f : e f(n)dt — f :Sm(t—x>f(t>dr
f |e_”2(’_)‘)2 St - x)' F(t.

IA

n
V2
Note that in the classical case, f is continuous and bounded,

n (o]
Wy — Pyl < N 8f |f()ld.
Vi —00

In this case, we have some additional conditions:
i) if f € Ly, this solves the problem.
i1) if we consider [a, b] instead of (—oo, +0c0).

We know that f is not in L. Therefore, we will use the second condition. This yields

n
W, — P,| < ——eM(b - a)e = €.
V2r

' _ n b m (_1)kn2k(t_x)2k
Pufi0 = = f kz(; = fr

ko ,2k
W_Z( L
74

where (t — x)* = Zp o Cr(=1)PxPrr.

K 2k

( 1)k 2 b -
Z ALY f AP f(n)dt
27T p=0 a
= ZAvxv
v=0

where A, are the coefficients.

Pu(f;x)

This means that P,(f; x) is a polynomial with degree 2m.

By the triangle inequality, we know that |f — P,,| < |f — W, | + |W,, — P,,|. Now, we will



need to show that |[f — W,| < e.

IWa(f0) — ()l

= f F(Ow (¢ = x)dr = £

- f FOwa(t - x)dt - f(x)iv_ f : wa(t = X)dt

= f £O) = FIwa(t = x)d|

- f T LAO = Fwalt = ds
n f fx+(5 f+oo d
= —_— j— n —_ t
7 Ry @) = f@)walt = x)
Here, we say
xX—0
I - f O = FOwnt — x)dr

X+0
L = f O = FOwnt - x)de

=

I3

f ) = Fwalt = X)dt
x+0

We start with 1.
From the property (v), since w,(t — x) takes its maximum value in x — §, we write

t=x-0.

I

xX—0
f O = FOwnt — x)dr

X—0
Wn(—5)f |f(0) = f(x)ldt

IA

IA

+00
Wi(—0) f lf (1) = f(o)ldt
By the triangle inequality,we find

Iy

IA

Wi(=0) f lf(Oldt + wy(=0) f |fCo)ldt
wy(—=0)2M.

IA

10



Since f_::o w,(t — x)dt = &, then f:;é w,(t — x)dt < &. So we have

X+0
L = f @) = Wl — et

-0
< &

Similarly, for 15, from the property (v), since w, (¢ — x) takes its maximum value in x+9,

we write t = x + 0.

o
I

f ; lf (1) = f(O)Iwn(t — x)dt

wa(+6) | 1f (D) = f(0)ldr

<
x+0
< Wn(+5)f lf (@) — f(0)ldt
(by the triangle inequality,) < w,,(+5)f Oolf(t)ldt+wn(+6)f 00If(x)lalt
< wu(+6)2M.

In conclusion,
[W,.(f;x) — f(x)| £ 2Mw,(=9) + & + 2Mw,(0).

Taking its limit, we have

Wa(f;0) - fol<& (V&> 0).

Definition 2.1. Let V be a real linear vector space. A function which assigns to each
vector v € V the real number ||v|| is a norm on V if and only if it satisfies, for all v,w €

V and k € R, the following axioms:
i) vl =0,

ii) |Vl =0 if and only if v =0,

11



i) |lv+wil < [vil + lwll,
i) |lkv]l = [Kl[[vI].

A linear space V together with a norm is called a normed space. The real number ||v|| is

called the norm of the vector v.

Note that seminorm satisfies the properties (i),(iii) and (iv) of the norm, but the condi-
tion that |[v|| = O implies that v = 0 is not required.When it holds, the seminorm is a

norm.

Definition 2.2. [2] The element f of the space L, is called a limit of the sequence
fis fos f35 ooes fs .. Of elements of the same space, if for every € > 0, there exists a

natural number N such that
fe — fll, <&, Vn>N.

We say that the sequence (f,) converges to the element in L, norm and we write

limy—o fu(x) = f(x) OF f, > f

or in the professional books;

Limf,(x) = f(x).
The relation f, — f means; ||f, — fll, — 0 or lim,_, fab[f,,(x) - f(x))?dx = 0.

Definition 2.3. Let X be any nonempty set. A collection A of subsets of X is called

an algebra on X if it satisfies,
)ifAe A AeA
ii) ifA,Be A, then AN B € A.

Definition 2.4. Let A be an algebra. An algebra norm A isamap |.|| : A — [0, +o0)
such that (A, ||.||) is called a normed space.

If ||la.b|| < ||all.||bll (a,b € A), then the normed algebra (A, ||.||) is a Banach algebra.

12



Definition 2.5. (Unitral subalgebra, Seperating points) Let K be a compact metric

space. Consider the Banach algebra

CK,R)y={f: K—R | f is continuous}

with the norm || f||cc = supeklf(?)]. Then,

i) A c C(K,R) is a unital subalgebraif 1 € A and f,g € A, @, € R implies that
af +Bg€Aand fg € A.

ii) A c C(K,R) seperates points of K if for all 5,7 € K with s # ¢, there exists f € A
such that f(s) # f(¢).

Theorem 2.3. (Stone-Weierstrass Theorem) Let X be a compact set and let C(X) denote
the space of continuous real-valued functions defined on X. Assume A is a subalgebra
of C(X). Then A is dense in C(X) in the uniform norm if and only if A separates points

and for each x € X there exists an f € A satisfying f(x) # 0.

Another proof of Weierstrass Theorem:
This proof is due to Bernstein(1912).

Before we give the proof of this theorem, we will give some necessary definitions.

Definition 2.6. [6] A mapping from a normed space to a normed space is called an

operator.
Definition 2.7. (Linear operator)[6] A linear operator T is an operator such that

i) the domain D(T') of T is a vector space and the range R(7') lies in a vector space

over the same field,

ii) for all x,y € D(T) and scalars «a,

T(x+y)=Tx+Ty

T(ax) = aT (x).

13



Definition 2.8. If 7(f) > 0 for f > 0, then T is called a positive operator.

If T satisfies both linearity and positivity, then T is said to be a linear positive

operator.

Lemma 2.1. Linear positive operators are monotone increasing.That is;

fsg —= TH=TQ®.

Lemma 2.2. If T is a linear positive operator, then |T(f)| < T(|f]).

2.2 Introduction to Bernstein Polynomials

Bernstein polynomials were introduced by Bernstein in 1912 to give the first con-

structive proof of the Weierstrass approximation theorem.

Definition 2.9. [1] Let f € C[0,1] ={f :[0,1] > R | f is continuous}.

Then the following polynomials are called the n-th Bernstein polynomials;
B, :C[0,1] — P[0, 1], for f € C[O0,1],

BN = Y (Jpea), 0=
k=0

where py.,(x) = (})x(1 = x)"™* > 0.

The Bernstein polynomials are connected with the theory of probability, with moment
problems. Here py;,(x) are the Binomial probabilities well known in the theory of
probability.

B, f is a polynomial of degree n and it is also linear and positive.

Proof. (linearity) For o, € R, and f, g € AC[O0, 1],

- k
Biaf +Bg.x) = ) (af +B9)( o). 0<x<l,
k=0

14



Since the domains of the functions f and g are same, we can seperate the functions

and we have the equation as below

B.(af + g, ») Z(af)( Pia(x) + Z(ﬁg) peax), 0<x<1,

k=0

= Zaf( pkn(x>+2ﬁg Pead, 0<x<1,
k=0

= a/Zf pkn(x)+,6’z pkn(x) 0<x<1,

- a(an )(x) +ﬁ(Bng)(X)

Here we have

B,(af +Bg, x) = a(B,f)(x) + B(B,g)(x).
Therefore, B, is linear. O
Now, we will show the positivity property of Bernstein Polynomials.

Proof. (positivity) Since (}) > 0, x* > 0 .and (1 = x)"* > 0 for 0 < x < 1 and for
f(x) =0,

(B,.f)(x) := Zf pin(x), 0<x<1 is positive.
k=0

In conclusion, (B, f) is a linear positive operator.
With the study of [17], we can give the main theorem which is an another form of
Weierstrass Approximation theorem according to Bernstein. Berstein proved the same

theorem for Bernstein operator which is defined on C|0, 1].

Theorem 2.4. (Bernstein, 1912) For a function f € [0, 1],

limy, o (B, f)(x) = f(x)

holds at each point. The above relation holds uniformly on [0, 1].

15



Proof.

n

(Buf)) = f) 1 )it = 1)

>~

S

(=]

= f(g)pk,n(ao —FD Y pual)
k=0

=~

s |l

(=]

= [f(%) — FO)|pra)|

k=0
< D) - oo
k=0
= G -+ Y1)
|£—xl<o FREY
< e pa+ Yy ‘f(;)—f(X) Pra()
£ —xl<s |£—xl>5
= e+ 3 |A5) - ofprato
|£—x|>6

f(x) pk,n(x)

Since f'is continuous on the closed interval [0, 1], then from the Extreme value theorem, f

1s bounded;that is;

lfCOl < M.

Hence,

S 1AE) - ol <2 Y prato

K _x>6 |k —x|>8
n

We know that 'f — x' > ¢ implies that ~—

When we write the inequality, we have

ZMZ

= o5 52 Z(k nx) i)

2

2M ) pra(x)

|&—x|>6

IA

pk n(-x)

- 252 Z(k2 2knx + n2x%)py ()

16
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To calculate this, we need to calculate (B,1)(x), (B,t)(x), (B,t*)(x).

BHE) = Y 1.(Z)x’<(1 —
k=0

1-x+x)"=1.

Secondly we find (B,(?)x).

) = S(Z)xk (1 - x)"*
=0
n k n! . -
) n x(1—=x)
“n(n—k)k!
_ z (n _ 1)‘ o
) k=1 (”—k)!(k—l)z)‘k(1 x)
- ) (n _ 1)‘ k1,1 _ n—k
i xk=1 n—Rlk— 1" (1-x)
n =1 n—k-1
= ) e Y
= (n—k—1)k!
n " 1 n—1-—
- xz k )xk(l Y-k
k=0
= x(l—x+x)n71:x

Finally, we calculate (B,t*)(x).

(B,)(x) = Z (S)Z(Z)xka - x)t

k=0

Here we have

N n!
w2 (n— kKl
k+1-1  (n—=1)!
X
n (i—-klk- 1)

k=1 -1 ol =D
P IS TR +;n(n—k)!(k—1)!x

(But*)(x) (1 -2

k=0

s |l

k(l _ .X)n_k

k(l _ x)n—k.

k=1

17



Lets say

S k-1

2,

k=1

(n—1)!

h n (n—ilk—1)!

X (1

o (k=1)

—x)"* and I, = Z -
k

(n—1)!

n

1
:]n

k—1

n

1

n

2

(n—-

(n—Kk)!(k-1)!

2+ -

1

nn-— k)‘(k 2)'
(n—1)!

)

k=2
n+2

? 2,

1

fl

n+2

nn—k\k—-2)!

n(n—k—2)k! mw
(n-=2)!

k—2(1

k(l _ x)n

1))

n_

¢!

n

1

211—1)2
(n

—X+Xx

(n—1)!

k —2)k!

)2 =

X1 = x)

(n—1)!

k
ok

(1 _ .X)n_k

0"

_ x)n—k

—k-2

n—k-2

X*(n-1)

n

nn—lk—-1)!

X

(n

In conclusion,

(Bu1*)(x) =

Now, put this results into (1), we have

262 Z:(k2 2knx + n*x* )Prn(X)

(-
i (n—k— 1)Ik!

18

2M

X -

2
-1
Xm-1)  x

1
el

[#(*

n—1

n

02 n

2Mx(1 — x)

nd?

_ x)n—k

X
+ —) — 2nxnx + n2x2]

1)+

n

_ .X)n_k



Hence,
2Mx(1 — x)
no?

(BN - f0)] <

If we take its max. value,since 0 < x(1 — x) < }—P

2Mx(1 -x)  2M
nd? ~ 4ns?

maxxe[O,l]'(an )(x) — f (X)' < MAXxe(o,1)
This implies that
limesmax.cgo.n|(Buf)(x) = ()] = 0.
(B,.f)(x) —f(x)‘ — 0 wuniformly as n — oo.
O

Another method that can be used to prove density is based on what is called
Korovkin Theorem or the Bohman-Korovkin Theorem. A primitive form of this theorem
was proved by Bohman(1952). His proof, and the main idea in his approach was a
generalization of Bernstein’s proof(1912). Korovkin, one year later (1953), proved the
same theorem for integral type operators.Korovkin’s original proof is infact based on

positive singular integral operators.

Theorem 2.5. (Bohman-Korovkin Theorem) Let (L,) be a sequence of positive linear

operators mapping Cla, b] into itself. Assume that
limyoLn(x) =x',  (i=0,1,2,..)
and the convergence is uniform on [a, b]. Then
lim, (L, f)(x) = f(x) wuniformly on [a,b].

Proof. Let f € Cla, b] and f 1s uniformly continuous. Given & > 0, there existsad > 0

such that if |x; — x| < 6, then |f(x1) — f(xp)] < €.

19



For each y € [a, b], set

2 — )2
Pu) = fO0) + &+ W
and
2 — )2
Pux) = f() — 8- W

Since | £(x) — f()| < & for [x =y < &, and |f(x) = FO)] < 2F1E2E, [x = y| > 6.

This shows that

Pi(x) < f(x) < P,(x) for all x € [a,b].

Since L, is positive linear operator, then

(anf)(x) < (Lnf)(x) < (LnPu)(x)-

Explicitely;
20/ 4y 200
- X+
52 62 62

P,(x)=f(y)+e+

Since lim,_, ;o L,(x') = x', (i = 0,1,2) uniformly on [a, b], then there exists an N such

that for all » > N and every choice of y € [a, b], we have

I(L,P)(x) = P,(0)| <& and |(L,Pr)(x)— Pi(x)| <e.

Collecting these statements one has;

JO) —e <Luf)y) < fO) +&

—& < (L) - fO) <&

(L)) = fO] < &

This completes the proof.

20



The second main question in Approximation theory is the rate of convergence.

Definition 2.10. [3] Landau symbols: (O- and o-—relationships for
integrals)

Using the notation now accepted in mathematical literature we write

u, = o(v,)

ifv,>0 (n=0,1,2,..)and =* — O at n — oo.
If ‘v‘— is bounded, we write

u, = 0O(v,).

If two positive constants A and B exist for which at sufficiently large n,

A< L <B,
Vi
then we can write
U, ~ Vy,
and finally
un ~ V}’D
will signify
U
limy—eo— = 1.

n

(in this case it is usually said that u,, and v, are asymptotically equal.)

series and

The degree of approximation of a function f(x) defined on [a, b] by polynomials may

be described in terms of its "Modulus of Continuity.”

Definition 2.11. Let f € C[a,b] and 6 > 0 be given. Then the modulus of continuity

of f is given by;
wciap)(f30) = max_y<slf(x) = fO| for all a < x,y <Db.

21



Properties of Modulus of Continuity in Cla, b] :

i) w(f;0) >0 (positivity),

ii) If 61 < 03, then w(f;01) < w(f;0,) (Mmonotonity),
iii) Let m € N, then w(f; md) < mw(f;0),

iv) Let 1 € R*, then w(f; 10) < (A1 + Dw(f;0),

v) lim w(f;06) =0whend — 0%,

vi) |[f() = fOI < w(f; ] = X)),
vid) 1) = f)l < (52 + 1)(f3 0).

If w(6) is modulus of continuity of f € CI0, 1], then for each polynomial P,(x) of

degree < n such that

1
|P,(x) — f(x)| < c.w(;), c Is a constant.

Theorem 2.6. (Popoviciu) [5] If f(x) is continuous and w(9) is the modulus of conti-
nuity of f(x), then

5 .1
1) = B < G0l =)

Proof. For arbitrary x;, x, in [0, 1] and a 6 > 0, we have

IA

= BNWL < D (E) = F]p
k=0

> (= Dl s 0piao)

k=0

R -
= o(f; 6)2( & + 1)pk,n(x)
=0

n | k

IA

0

n |k _ | n
= W30 ) )+ (30) Y )
k=0 k=0

= W02 - o+ 1]
k=0

22



Now, we find

n

% afpraco
k=0

(by Cauchy — S chwartz inequality)

Calculating the last inequality,
=k
2= b
=0
. 1
(since 0 <X =x(1-x) < 4_1)

Then, we have

() = (Bu )Xl

IA

=L
Ifo = it

IA

1 1
P (0P, (%)

"k
5
[ (o) T (ph )]

k=0 k=0

D=

n n

[ ) pa] [ Y prato)

D=

& Apuaco + 1]
n

52V + 1].

3 1
() = (BN < S0 f: —=).

"

O

To define the Bernstein operators, Bernstein used the probability theory and for the

Bernstein basis, that is,

mm=©ﬂhw%
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he used binomial distribution where the probability of an experiment consisting of n

independent trials is
n

P(X:k):(k

)pk (1-py™.

By using the Poisson distribution, Otto Szdsz defined the Szdsz-Mirakjan operators on

CI0, o) in 1950 as an another concept of Bernstein operators.

2.3 Introduction to Szasz-Mirakjan Operators

A linear positive operator defined by S, : C[0, c0) — C[0, o)

SN0 = Y (5 )seato
k=0

—nx (nx)k

o for x >0, 1s called Szasz Operators.

where s;,(x) ;== e

Szasz-Mirakjan operators are linear positive operators.

Proof. (linearity) For Ve, € R and f, g € C[0, 1],

- k
(Sulaf +pNE) = Y (@f +Bg)(~)sen(x)
k=0

(o8]

= Z(af)(%)sk,n(X) + ;(ﬁg)(g)sk,n(x)

k=0

(o8]

= Z af(g)sk,n(x) + kzz(;ﬁg(g)sk,n(x)

k=0

= @ A(D)sua0+8 Y 8(H)seato)
k=0 k=0
= a(S,.)x) + B(S .8 ().

Therefore, S, is linear. |

Proof. (positivity) Since k = 0,1,2,...,n € Nand x € [0, 1], e‘”x% >0andif f >0,

(S,.f) =0, (S,)is a linear positive operator.
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Theorem 2.7. For A € R*, (S,.f)(x) is continuous on [0,A] and S,f = f at the
positive semi-axes where fis bounded.That is, if f € C[0,A], then S, f =3 f, x € [0, A].

Proof. To prove this theorem, we will use Bohman-Korovkin Theorem.

We will show that
D (S,Dx) 31,
i) (S,0)(x) 3 x,
iii) (S,1%)(x) 3 %,

Then, from the Korovkin theorem, we will say that

(Snf)x) 3 f(x).

We need to find the value of (S,1)(x), (S,0)(x), (S.£*)(x).

o k
S, DHx)=€e" Z l(nkx') = e W™ = 1.
=0 :

[ee)

x k (nx)*
) n Kl

k=0

(Sa0)(x)

e—l’l)C

(S ut*)(x)

|
|
>
3™
o
=[S
=

25



From the last equality,

(S ut*)(x)

I

|

i~

=
S
=%
| ;:
p— &
~— —
=

nx k= L\ S ek
- ¢ [;( " )(k—l)! +;Z(k—1)!]
nk—2xk—2x2 & k—lxk—lx

x - 1n
= N o L=

k=1

Then,
1
|(S,,1)(x)—1|:|1—1|:0<z -0

implies that (S ,1)(x) =3 1.

1
|(S,J)(x)—x|=|x—x|:0<;—>0

implies that (S ,1)(x) = x.

<

(S = 2l = [ + g - = E' 50

A
n
implies that (S ,#2)(x) = x°.

This completes the proof.

O

We showed the convergence of Szasz-Mirakjan operators and secondly, we will
show the convergence rate of this operator. For this, we will give the definition of

modulus of continuity in the weighted spaces.
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2.4 Modulus of Continuity in the Weighted Spaces

Definition 2.12. Let f be defined on the real line. The space of functions satisfying

|f(xX)| £ M¢p(x) is called B,(R) — space. That is;

B,(R) ={f : If(X)| < Mpp(x)}.

Here, My is a constant number of f.

Definition 2.13. The space of continuous functions in B,(R) — space is called the

C,(R) — function space. That is;
C,Ry={f : feB,R) and f is continuous}.

We say B,(R), C,(R) are weighted spaces.

Definition 2.14. C, x,[0,00) = {f : f € C,[0,00) and lim, 52 = K < oo}

For the modulus of continuity in the weighted spaces, we investigate |f(x+h)—f(x)|.
Since f(x), f(x + h) € C,[p, ), then |f(x)] < Msp(x) and choosing p(x) = 1 + X2,
VOl < My ...(2.4.1)

1+x2 =

Similarly,|f(x + )| < Mp(x) implies that L0 < pr. - (2.4.2)

1+(x+h)?

By the triangle inequality,

A

lfx+h) = fOl < |f(x+ M)+ |f(0)l

|f(x + )|
1+ (x+h)?

lf ()l

a0,

|1+ G+ ny?|+
Using (2.4.1) and (2.4.2), we have
fr+h) = fOI S ML+ + )+ (1+27)| . (243)

For Va,b € R, (a + b)> <4(a*> + b*). Fora = x,b = h, (x + h)> < 4(x* + h?).
Then,
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IA

I+@x+DH+A+xD 1+40%+h) + 1+ x°

1+4(2+h) + 1+ x> +3+ 1

IA

= 54+5%+HK)
= 51+ x>+
< 51+ X2+ W+ X0

= 51+ )1 +H)

Therefore, we have (1 + (x + h)%) + (1 + x?) < 5(1 + x2)(1 + 1?).
Using this inequality in (2.4.3),
|f(x + h) = f(0)] < M;S(1+xD)(1 + h?).

This implies that since

If(x+h) = f(0I < Cp(1 + X2 + 1),
then for Vf € C,.x,10, ), we have

[f(x+h) - f)
(L+x)(1+h»)

w(f30) = sup .o n<s

Definition 2.15. Let f € C, k[0, o). Then the modulus of continuity of f on C,, k[0, o)

is defined by;

|f(x+h) = f(x)]
1+ +h)°

W(f36) = supszopss
Properties of Modulus of Continuity in the Weighted Spaces
i) w(f;0) > 0 (positivity),
ii) If 6; < 9,, then w(f;d1) < w(f;9,) (monotonity),
iii) Letm € N, then w(f; mé) < 4m(1 + §*)w(f;0),

iv) Let 1 € R*, then w(f; 26) < 44 + 1)(1 + 6*)w(f;9),
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v) For f € Cok,[0, 00), limw(f;6) = 0 when 6 — 0,
vi) |f(®) = fOl < (1 + 321+ (t = )P (f; |t — x)),
vii) |f(t) — f(x)| < 4(@ + 1)(1 + x2)(1 + (t = )*)(1 + P)w(f; ).

Now, we will show the rate of convergence of Szasz-Mirakjan operators with the

modulus of continuity.

Theorem 2.8. If f € C, k[0, o), then

1654 = s < 400(F: ).

Proof. Since (S ,1)(x) = 1, from linearity,

NgE

(S nf)(x) = f(2)

f(%)sk,n(x) — FD) Y s1a()
k=0

T
=

[f(%) = FO)]sa)

Me

0

(%)~

IA
M ¢

ska(x) . (24.4)
k

Il
(=)

Choosing ¢ = ffl for the property (vii) of modulus of continuity,

k
5 -

)

'f(g) - f| < 4( + 1)1+ (1+ (S 2 )1+ )l f:9)

Using this inequality in (2.4.4),

k
|;—X|

41+ 2)1+P(f10) Y [

k=0

(S f)(x) = f(0)

IA

1][14 (5 ) Jseat)

= 401+ )1+ A (f:0] D sea) + (S %) s
k=0

k=0
1Sk 1k 1k
3 [~ a0+ 5 2. oG =) )
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Here,

A = i ‘S = X|Ska(X)
k=0
B = Z ‘S - x‘(% - x)zsk,,,(x)

>~
Il

0

Starting from A, we can write

1

A= -l D (e

k=0

S

Applying Cauchy-Schwarz inequality,
1

0 s
(=) (e )

k=0

A

IA

1

(5 - o e D) s, et

1

o (k NUEON:
= (Y C-afem )
Also,

k? k
—2+2x +x ]skn(x)
n

»Mg
I
I
é
S\
it
=
[

[ee)

k> —
" sk,n(x)—ZxZ Sin(X) + X Zskn(x)

0 k=0 k=0

k
= (Sur)(x) = 2x(S )(x) + X2(S , 1)(%).

||D|48

Since we calculated this values before,

o0 k
Z o —nx(nx) + E —2xx + x 1= E (245)
k=0 " "

Therefore,

b
%

...(2.4.6)
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Similarly, we can write

We know that

£ \n k! nz nd
Therefore,
Vx3xr x4
B< —n(? + 5) (2.4.7)
Using (2.4.5),(2.4.6) and (2.4.7),
5 5 ' x I ax 1 +x3x x
(S f)(x) = f(0)l <41 +x )1 +0 )w(f,5)[1 + - + S + g_n(? e
Dividing both sides with (1 + x?),
(S, )X = f) 2 e x 1 11 vx
(1 + x2)2 - 4(1+5)w(f,5)[ xz+l+xzn+6\/ﬁl+x2
PR L (3x + )
d \nl+x? n3

1 x 1 11 +x
+ -+ -—
1+x2 1+x%n 5yl + x2
111 1

V(3 2]

= 4(1 +8M)w(f;0)|

6\/7zn1+x2

= 401+ Plf10) — * 11 =

T+ T+ 5 ynl+
11 +x

5 \nl+x?

(32 + x)%] .(2.4.8)
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On the other hand,since

1
1<1+x% then <1,
1+ x2
since
x<1+4x* then al <1,
1+ x2
and since
Vx<x<1+x% then VX <1
1+ x2
Also,
2
VX(3x% + x) <2
1+ x?
VX(3x® + x)? B VX(3x2 + x) V3P + 3x3 . x2
L+x2 1+ Ja+aep NA+2)? (1 +x2)
X x2 X X
= <ll=1 = ——«<1
1+x%)? 1+x21+x2 (1+ x%)?
and since
3
2 2 ) X
X <l+x<(+x) :>(1+—xz)2<1’

then

2 1
M <V3l+1=2.

1+ x2

Taking supremum for x > 0O into both sides in (2.4.8), we finally have

IS ,.f = fllz <401+ Dw(f:0)(1+ 1+ é%.l + %%.2)
Choosing ¢ = ‘/Lﬁ, we have
IS, = fll < 401+ Dl %)(1 F1+142)
1
< 40w(f; W).
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CHAPTER 3

FUNCTIONS OF FINITE VARIATION

In this chapter, we introduce some basic facts of finite variation,BV|,; — space,

T'V\4p) — space and the relation between T'V|, ;) — space and AC|, ) — space.

Definition 3.1. [2] A function f(x), defined on the closed interval [a, b] is said to be
increasing if

J) < fy) for x<y.

If f(x) < f(y) for x < y, then f(x) is said to be a strictly increasing function. Also, a
function f(x) is said to be decreasing(strictly decreasing)if f(x) > f)[f(x) > f(V)]
for x < y. Increasing and decreasing functions are called monotonic or monotone(strictly

monotonic).

Monotonic functions will always be considered finite.

Let f(x) be an increasing function defined on [a, ] and let

a<xyg<b.

It is elementary and well-known fact that for any sequence of points  xp, x, X3, ...

tending to xy and lying to the right of xj,

X, — Xo, Xp > Xo

the limit

limn—wOf(xn)

exists and is finite.
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3.1 Functions of Finite Variation

Let a function f(x) be defined and finite on the interval [a, b]. Subdivide [a, b] into

parts by means of the points
Xo=a<x1<x%n<..<x,=b

and form the sum

n—

V=) |f(xee1) = fxo)l.

1
k=0
Definition 3.2. [2] The least upper bound of the set of all possible sums V is called the

total variation of the function f(x) on [a, b] and is designated by V|, 4 [f].

If Vigp[f] < oo, then f(x) is said to be a function of finite variation on [a, b]. We

also say that f(x) has finite variation on [a, b].
Theorem 3.1. [2] A monotonic function on [a, b] has finite variation on |a, b].

Proof. 1t is sufficent to prove the theorem for an increasing function. If f(x) is

increasing on [a, b], then all the differences f(x; ;1) — f(x;) are non-negative and

n—

V=) {fGs) — fx)} = f(b) - f(a).

1
k=0
This completes the proof. O

Definition 3.3. [2] A finite function f(x) defined on [a, b] is said to satisfy a Lipschitz

condition if there exists a constant K such that for any two points x and y in [a, b],

lf(x) = fFO)I < Klx = yl.

If the function f(x) has a derivative f’(x) at every point of [a, b] and if f’(x) is bounded,

then, as clear from the Mean Value Theorem,

fO-fO) =f@x-y) (x<z<y).

34



If f(x) satisfies the Lipschitz condition, then

|f (Xre1) = fx)] < K (X1 — Xi),

then

V<Kb-a)

and f(x) is a function of finite variation.
Theorem 3.2. [2] Every function of finite variation in [a, b] is bounded in [a, b].

Proof. Let a function f be defined and finite on the interval [a, b]. For a < x < b,

V=1fx) = fl@l +1f) = f(O)] < Vias[f]

|f(x) = f(@)| < Viaylf].

Therefore, by the inverse triangle inequality;

If Ol < View 1+ [f(@)l.

O

Theorem 3.3. [2] The sum, difference, and product of two functions of finite variation

are functions of finite variation.

Theorem 3.4. [2] If f(x) and g(x) are functions of finite variation and if g(x) > o > 0,

then the quotient % is a function of finite variation.

Theorem 3.5. [2] Let a finite function f(x) be defined on [a, b] and let a < ¢ < b. Then

V[a,h] [f] = V[a,c] [f] + V[c,b] [f]
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Theorem 3.6. [2] A function f(x) defined and finite on [a, b] is a function of finite

variation if and only if it is representable as the difference of two increasing functions.

Proof. The sufficiency of the condition follows from theorems (3.1) and (3.3). To
prove, we set

(x) = Vianlfl (@a<x<b)
m(a) = 0.

By virtue of thm (3.5), the function m(x) is an increasing function. Setting

v(x) = 7(x) = f(x), 6]

we obtain another increasing function v(x). In fact, if a < x < y < b, then, by Theorem
(3.5),
v(y) = w(y) = f(y) = 7(x) + Vel f1 = )

and hence

v(y) = v(x) = Vi lf1 = [fO) = f(0].

However, from the very definition of total variation, it is clear that

f(y) - f(X) < V[x,y] [f]a

so that

v(y) — v(x) > 0.

Therefore,v(x) is an increasing function. It remains to write the equality (1) in the form

Jf(x) = m(x) = v(x),

in order to obtain the desired representation of f(x). O

Corollary 3.1. If a function f(x) has finite variation on [a, b], then at almost every
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point of [a, b] the derivative f'(x) exists, and is finite.

Furthermore, f'(x) is a summable function on |a, b].

3.2 Continuous Functions of Finite Variation

Theorem 3.7. [2] Let a function f(x) of finite variation be defined on the closed

interval [a, b). If f(x) is continuous at the point x,, then the function

ﬂ(x) = V[a,x] [f]

is also continuous at x.

Proof. Suppose that xy < b. We shall show that 7(x) is continuous on the right at the
point x,. For this purpose, taking an arbitrary € > 0, we subdivide the segment [x, b]
by means of the points

Xo<x1<..<x,=b

so that

n—1

V= 1) = FO > Vignlfl—2 ()

k=0

Since the sum V only increases when new points are added, we may suppose that

lf(x1) = f(xo)l < &.

It follows from (2) that

VisonLf]

A

n—1 n—1
£+ ) 1f () = Fxl+ ) 1F () = Fx0)
k=0 k=1

2e + V[xl,b] [f]

IA

Hence

Viv1Lf] < 2e,
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and consequently

m(x1) — m(xp) < 2e.

This implies that

m(xg +0) — m(xp) < 2e.

Since ¢ is arbitrary, we have

m(xg + 0) = 7(xp).

It can be shown in like manner that 7(xy — 0) = 7(xp),i.e, that m(x) is continuous on the

left(if xo > a) at the point x. |

Corollary 3.2. A continuous function of finite variation can be written as the difference

of two continuous increasing functions.

In fact, if f(x) is a continuous function of finite variation defined on [a, b], then

both of its increasing components

m(x) = Vigulf] and v(x) = n(x) = f(x)

are continuous.
Let a continuous function f(x) be defined on [a, b]. Subdivide [a, b] by means of the
points

A=X< X1 <X <..<x,=b [max(xiy — x3) = 4]

and form the sums

n— n—

V=> lfa) - fx)l, Q=

1 1
Wr,
k=0 k=0

where wy designates the oscillation of the function f(x) in the interval [x; — xz.1].
Now, we give two spaces BV[a, b] and T'V[a, b] which has the same elements, but

the definitions of their norm are different. It is important to see.
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3.3 BV[a,b]-Space

We define BV|a, b] — space as

BVla,b]l ={f : [a,b] > R | Vigp[f] < +oo}

with the norm || f]lgy = Viay[f1+ 1/ ()], a <c<b.

Now, we show the norm properties of BV[a, b] — space.

D) |Ifllsy >0,

Proof. We know that || f|[gy = Viaynf] +|f(c)l, a<c<b.
Since Vgl f1 = ZZ;(I) | f(xx11) — f(x)] = 0 and | f(c)| = 0, then || fl|zy = 0. O

ii) lfllsy = O if and only if f =0,

Proof. (=)Let Iflsy = Vienlf1 + 1£(©)l = 0, a < ¢ < b. Since Vip[f] = 0
and |f(c)| > 0, then V|, ;[ f] = 0and |f(c)| = 0.

This means that f(x;) = f(x) = ... = f(¢) = ... = f(x,) = 0, that is, f is a zero
function.

(<:) Let f = 0. This means that the value of f is zero for every partition on [a, b].
Hence, |f(c)| = 0 and Vi [ f] = 0.

This completes the proof. |

i) |If + gllsv < Ifllsv + lIgllsv,

Proof.

Vienlf + g1 +1(f + &)l

Ilf + gllav

nZ_l |(f + 8)(xps1) — (f + g)(xk)‘ + '(f + g)(c)'
k=0

n—1
D e + gl = £ = g + £ + g(0)
k=0
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By the triangle inequality, we have

IA

If + gllsv 2 [FCxkn) = fno)| + ZI] g — g + |£@)] + [scc)|
k=0 k=0

lf 1l + lgllsy-

iv) |lafllgy = lall|fllpy for any scalar a.

Proof.

llaf1lpy

Vienlaf1 + [(af)(c)l

gl

@) = @)0xw)] + @)

T
Lg

[

@) = af )| + o f©)

T
- o

= a”f(XkH) - f(xk)| + ‘a”f(c)'

=~
(=]

n—1

= ol ) [If o) = f0l + 1]
k=0

= lalllfllav.

3.4 TV[a,b]-Space

We define T'V[a, b] — space as
TVia,b]l ={f :[a,bp] > R | f € BV]a,b]}

with the seminorm || f|l7y = Vs [f].

Now, we show the seminorm properties of TV[a, b] — space.
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D) fllzv = 0.
Proof. \|flirv = Viaw[f] = Xico |f (Gaer) = fx0)l = 0.
ii) Ifll;v =0 = f = 0is not required.

Proof. Let ||fliry = Viawlf] = 0. Since Vi, [f] > 0, then
S(x1) = fx2) = ... = f(x).

This does not mean f = 0.

iii) If + gllry < I fllrv + ligllrv,
Proof.

Vianlf + &l

ILf + gllrv

n—1
DI + @) = (f + @0l
k=0

n—1
D1 @) + 8 = £x) = g(x0)
k=0

By the triangle inequality, we have

IA

n—1 n—1
I +gllry < > 1F () = F0l+ D 18(xen) — (o)
k=0 k=0

Vien [f1+ Viaw gl

If 17y + lIgllry.

) |lefllry = ledllfllry for any scalar o

Proof.

lafllry = Vigwlaf]

n—1
D@ Cxien) = (@)l
k=0
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Here we find

n—

M2

lafllry = |l f (1) — af ()l

S
- o

||l f Cre1) = f )
0

>~

n—1

= lal ) 1fGan) = Fx0)
k=0

= | Vianlf]

= lalllfllrv.

Convergence in the TV-norm is defined as;

Definition 3.4. [1] If the convergence in variation of (7, f),c; where / = N or R*
towards f, such as

limwamVI[wa - f] =0

holds for a sequence (f,,),c; in AC(I), then also f € AC(I) and
Vit 1= [ 11200 - folan
1

3.5 Relation Between AC|[a, b] and TV|a, b] — space

Lemma 3.1. [1] AC[a,b] is a closed subspace of TV[a,b] in the variation seminorm.

Proof. Let (f,)xen) be a sequence of functions in AC[a,b] that converges in the variation

seminorm to f. Then, given € > 0, there exists a natural number n such that

Viewlfn = 1= = fllzv < €/2

As, f, € ACla, b], then there exists a ¢ > 0 such that for every finite set [a;, b;] : i = 1,2,3, ..,k
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of non-overlapping intervals for which Zf-‘:l(bi —a;) < 9, we have

k
P>
2 hb) = fula)l < 3
i=1
Hence, there follows

Zk: 'f(bi) - f(ai)‘

i=1

jf(b) fb) + fulli) = fa) - fn<a>+fn<a>1

M- 2D

(F = 1B = (f - ft )\

2 |fb) = fita )

Il
—_

i

Va,b[f - fn] +

IA

Therefore, f € AC[a, b] and so AC[a,b] is closed.

This completes the proof. O

3.6 The Stieltjes Integral

Let f(x) and g(x) be finite functions defined on the closed interval [a, b]. Subdivide

[a, b] into parts of means of the points

Xo=a<x1<xn<..<Xx,=b,

choose a point g; in [xy, x41] for k =0, 1,...,n — 1, and form the sum

:
,_

o= f(Sk)[g(Xk+1) - g(xp)].

0

o~
1l

If the sum o tends to a finite limit I as

A =max(xp1 — x,) — 0,

independently of both the method of subdivision and the choice of the points &, this

limit is called the Stieltjes Integral of the function f(x)withrespect to the function
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g(x) and designated by

b b
f f(0)dg(x) or (S) f Jf(0)dg(x).

It is clear that the Riemann integral is a special case of the Stieltjes integral,
obtained by setting g(x) = x.

Properties of Stieltjes Integral:

D [ A+ AW@]dg) = [7 Awdg@) + [ H0dg).
i) [ fdg1(0) + 0] = [ f0dgi (0 + [ f(x)dga(x)

iii) If k and 1 are constants, then
b b
[ rrwatseo =kt [ s
iv) If a < ¢ < b, and all three integrals involved in the equality

b C b
ff(x)dg(x):ff(x)dg(x)+f J(x)dg(x) ...(%)

exists, then () holds.

v) The existence of one of the integrals L b f(x)dg(x) and fa b g(x)d f(x) implies the

existence of the other. In this case, the equality

b
a

b b
f FOdg(x) + f g f () = | (80|

holds, where
b

|f0e)] = fb)eb) - fla)g(a)
Theorem 3.8. [2] The integral

b
f f(x)dg(x)
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exists if the function f(x) is continuous and g(x) is of finite variation on [a, b].

Theorem 3.9. [2] If the function f(x) is continuous on [a, b] and if the function g(x)

has a Riemann integrable derivative g'(x) at every point of |a, b], then

b b
(S) f f(0)dg(x) = (R) f F0)g (x)dx.

Theorem 3.10. [2] If the function f(x) is continuous on [a,b] and g(x) has finite

variation on |a, b], then

b
‘ f f(X)dg(x)' < M(f)Vianlgl

where M(f) = max|f(x)|.

Proof. Let f be continuous on [a, b] and let g has finite variation on [a, b].

A

b b
| f fdg)| < f F)ldg()

IA

b
f max| f(0lldg (o)

b
M(f) f Idg()

M(f)lim, o ) 18(xi11) = 8
i=1

M()Vianlgl-

O

Theorem 3.11. [2] Let g(x) be a function of finite variation defined on the closed
interval |a,b), and let f,(x) be a sequence of continuous functions on [a, b], which

converges uniformly to the (necesserily continuous) function f(x). Then

b b
limy e f Fi(x)dg(x) = f FOOdg(0.
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CHAPTER 4

BERNSTEIN POLYNOMIALS

In this chapter, we show the variation detracting property of Bernstein polynomials.
We show the convergence of Bernstein polynomials on the variation seminorm and its

rate of convergence on the variation seminorm.

4.1 Approximation by Bernstein Polynomials

Consider the Bernstein polynomial of f : [0, 1] — R of degree n,
<&mm:§yﬁ»Mn
=

where py,(x) := (’Z)xk(l - x)"*k>0.

n

Ton(x) = D (k= nx) pen(x),  (r € Ny)

k=0

Then for X := x(1 — x), there holds for all x € R the identities

1, r=90
0, r=1
nX, r=2
T) = nX(1 - 2x), r=3
3(nX)? + (1 — 6X)nX, r=4
(10(nX)* + (1 — 12X)nX)(1 - 2x), r=>5
15(nX)* + (25 — 130X)(nX)* + (1 — 30X + 120X*)nX, r=06
(105(nX)* + (56 — 462X)(nX)*> + (1 — 60X + 360X*)nX)(1 — 2x), r=1.
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We know that d (k = nx).pra(x)

apk,n(x) = X

There follow by differentiation the two fundamental representation for (B, f)’,

-1

(B.f)(x) = n Z

k=0

ED - O @

- k
BufY ()= X ) f(=)k = n)pra(x)
k=0
Proposition 4.1. /5] If f € TV[0, 1], then

VienlBuf1 < Vianlfl.  (4.1)

Proof. Observe that by the representation (3)

1
Viaw[Bnf] f |(B,.f) (x)ldx

LIS - e - o

0
n—1
k:l- l) _f(g)'(n; 1)£1 xk.(l _ x)(n—l—k)dx

IA
S
[
Y

IA
S
B
s
=

noting that the evaluation of the beta integral

-1\ ! -1
nl" f F(1 =0 Pax=nl" T Bk +1n—k) =1,
k1) k

where the Beta-integral is defined as;

1
Bm+1,n+1)= f u"(1 —u)'du
0
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Proposition 4.2. Let f € TV[0, 1]. There holds f € AC[0, 1] if and only if

lim, o Vio1[Bnf — f1=0.

One would think that convergence in variation of the B,f to f would hold
provided f € TV[O,1]. But one needs the stronger class AC[0,1]. This surprising
fact follows from the result that AC[0,1] is a closed subspace of TV[0,1]. Since the
Bernstein polynomials B, f belongs to AC[0,1], the limit function f has to belong to
AC[0,1],too. Corresponding results hold whenever a function f is approximated by a
sequence (f,)uen) C AC.

In addition to the property (4.1), the operator B, is bounded with respect to the

BV-norm, namely

B, fllav < lfllsv := Vio,ulf]+ 1f(0)].

This result follows from proposition (4.1), since B, f(0) = f(0). The operator B,
satisfying the inequality (4.1) will be called variation detracting(or non—augmenting).
Lorentz actually considered a modification of the Bernstein polynomials for L!(0, 1) —
functions in regard to proposition (4.2), one due to Kantorovich [7], namely the

polynomials
k+1

(Knf)(x) := Z(” + Dpia(x) f:ﬂ fwdu O<x<1),
k=0 e+l

n+1

for which (B, f) (x) = (K,-1f")(x), provided f € AC[O, 1](yielding that " € L(0, 1)
and f(x) = fox f'(w)du + f£(0). Thus he basically proved that

1
VioulBuf — f1= f (K_1 f)(x) = F/(x)ldx = 0 as n — oo.
0

The Kantorovich operator K, is also variation detracting as well as bounded with

respect to the BV-norm.Indeed,
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Proposition 4.3. If f € TV][0, 1], then
VionlKuf1 < Vioulfl (meN), (4.3)

IKufllsv < 2/ fllpy  (n€N),  (4.4).

Proof. Defining

k+1

T 1 k
Fi, ::(n+1)fk f(u)du:j;f(::l)dv 0 <k <n),

n+l1

one has as in (3),

n—1
(KnfY () =1 Y (Fictn = Fin)Pin-1 ().
k=0
1
VionlKnfl = (K f) (x)ldx
0
n—1 n— 1
< n |Fk+1n Fknl( )f xk(l - x)n_k_ldx
k=0 0
n—1
= |Fk+1,n - Fknl
k=0

So let us show that ZZ;(; |Fre10 — Frnl < VioyLf]. With the abbreviation v_; := 0 and

vei=(w+k)/(n+1)for0<k<n,and v,;; := 1 we have

1
Fiyin— Frn = f (1) = fvi)dv - (0 <k < n),
0

and there follows

n—1 1 n-1
|Firin — Fral < f Z |fVis1) = fooldv
k=0 0 %=0
1 n
< [ 1000 - iy
0 x="1
< Vionlf]
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Since the inner term of the foregoing integral has itself the estimate V(o ;[ f], noting
that (v,,)Zi , 1s a particular partition of [0, 1]. This proves (4.3).
As to (4.4), we have

1K fllgv VoK f1 + I(Kn f)O)]
Vioulf1+ £ (O] + [(K,. f)(0) = f(0)]

ILfllav + [(K,.f)(0) = f(O)]

IA

On the other hand,

(K, f)(0) = f(O)

o+ 1) [ w0 - 0y

IA

(n+ l)jo‘m{l(f(u)—f(())l+ If (1) = fw)l}du

< Vionylf]

This establishes (4.4) and so the proposition.

O

We can also show the convergence of the Kantorovich operators in variation semi-

norm [13], but we do not concern with it in this thesis.

4.2 Convergence in Variation Seminorm

Theorem 4.1. If f is bounded on [0,1] and f"’(x) exists in a certain point x € [0, 1],

then

(1-2x)
2

x(1-x)

limy-soon| (B,f) (%) = f'(0)] = 2

J () +

fl/l(x).

Proof. For the proof of this theorem, we benefit from [14]. By Taylor’s formula, we

have

1) = 100 (=)0 (=) 52 (=) [ G- )
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where A(y) := h,(y) is bounded for all y, |A(y)| < M and converges to zero with y. So

(B.f) (%) =

n

x 1y f(%).(k — 1X).Pin(X)

k=0
% Z(k nx)pra(X) + f,( ) Z(k nx) ~ = x)pea)
k=0
fzg) k:o(k - nx)(ﬁ - x)zpk,n(x) + f Lo Z(k nx) o X) Pra(X)
1 ¢ k
¥ ;(k - nx)(; - x) h(— - X)Pkn(x)
f’( ) f,, f///( )
“nX + X (1 - 20 + E S 30007 + (1= 6X0nX ] + Ry ()
£+ (1 =2x)f"(x) Xf (x) N (I-6X)f""(x) +R,(0)

2n 2n 6n?

where the remainder is given by R, (x).

Firstly, we calculate the remainder;

We know that

2]“ - (—_xﬁkdﬂ

= LS e I E

|5 —xl<6  1E-x>6

Z Iy

1 2

R,(x)

6/ _ "Wl

6n2 - 6n?

So that it can be neglected.

So let us study only the Remainder R, (x).

For any € > 0 there exists a ¢ > 0 such that |h(y)| < € forany 0 <y < 6.

Now, one has by the case r = 4 of T,,(x), since 0 < X S <, where X := x(1 — x), we

calculate /; and I,.
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Lets start with /;.

_ 4
So= o S o

1 |&-xl<6

= 2, (k=n0'p )

|&—x|<6
& ) £
3en’X + (1 — 6X)n

IA

n3
36X 2
- Z i Za-en< =
n n n

_ 4
o= o S

2 |£—x|>6

1 & (k- 4 (k- 2k
P Z ( Xn 2 (k- nx) h(r_l - X)pk,n(x)
=0

IA

n262
M <~ (k—nx)°
g D Pl

k=0

Then we have

3
= s D amn

2 i=

3 .
M a0
B EZ hS=i

~—~~ =

where az := 15, |ay(x)| := [25 — 130X| < 25 and |a;(x)| := |1 — 30X + 120X?| < 16.

collecting the results

56 M
£6?

<3e for n>

56
nlR,(x)| < 2e + n

This result shows that the error (B, f)'(x) — f’(x) is of order no better than O(%) if,

e.g., f"”’(x) # 0, so even for very smooth functions.
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4.3 The Rate of Convergence in Variation Seminorm

The Jackson-type inequality for the approximation of a function g by the Bernstein

polynomials B,g with respect to the variation seminorm reads

Proposition 4.4. If g’ € AC|O0, 1], then

c 7’
VinlBug = 81 < ~{Vinlgl + Vounlg 1| (22 3).

Proof. This time we make use of Taylor’s formula with integral remainder term,

’” 1 —X
28"(0) + = f (t—x—uyg” (x + uydu
0

8(1) = g(x) + (1 = 08" () + (1 =)= c

As in proof of theorem (4.1),

(1-2x)
2n

(B.g) (x) = g'(x) + g"(x) + (R,8)(x),

the remainder now being

R = 2= )| fo B wduth - nopeao)
k=0

Thus, since |1 — 2x| < 1,

2

B,g) — ¢ < — R 4.
H( n8) 8 Lo~ 2n L‘(0,1)+ n8 L1(0,1) 45)

Substituting x + u = v, and noting that | — v[> < |* — x* for £ <v<xandx<v <

S|

b

we obtain for the remainder term

A

k
f & ()| pra(x)

1 . 3
(R < = ;m—m

n k
1 " 1244
= o D k=) f 18 0)ldvpin(x)
k=0 x
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Continuing with the inequality,

(k- nx)3 "
Raglooy < = [ >4 f ¢ (ldvpa(d
nJo i
(k- nx)3 "
- Ly f ¢ (ldvpr (D - Ayg
nJo i

Here we have added and then substracted term

1 (& (k- nx)?
ag = o [ I f 8" )ldvpea()dx

6”2 0 =0
1 1

= &3 n(1—2x)f 12"’ (v)|dvdx
n= Jo 0

which is in absolute value less than 6% fol lg””" (v)|dv.

Applying Fubini’s theorem;
1 ( -
IR.&llLr 0,1 < 'f lg (v)ldvf pkn(x)d-x +1A,gl.

The inner integral can be evaluated and estimated by;

'fl (k — nx)? J ‘ | 2Ck—n)n < 2n?
; Tpk,n(x) X = m+1Dm+2D)! " m+ D +2)

and summing the former integral over all k = 0, 1, 2, ..., n, yields

L 2n*(n+ 1)
6n2 (n + 1)(n +2)

_ n+2 f 1 ()l

—f lg”'Wldv = _”gm”L'(O i)

IR,gllL 0,1

1
f lg”" W)ldv + |A,gl

We need to give a definition to find the result,
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Definition 4.1. [4] (Stein’s Inequality) Let f(x), f'(x), f2(x),...f™(x) be continuous

and bounded on the interval —co < x < 4o00. Then:
IFPCOI < Ceall FIS I Gl
where 0 < k < n, and Cy,, = (K,_;)"/(K,,)" ¥, and where
K;=4/n i(—)k/(Zk + )™
k=0

for even i, while K; = 4/n Y12, 1/(2k + 1)"*! for odd i.

Returning to proof, inserting this estimate for ||[R,gll.1(0,1) into (3.5), the proof finally

follows by collecting the estimates, observing Stein’s inequality,

18"l < C VIl llzllg” Nl < CUIg M + 118" M1z

for a constant C > 1.
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CHAPTER 5

SZASZ-MIRAKJAN OPERATORS

In this chapter, we show the variation detracting property of Szdsz - Mirakjan
operators. We investigate the convergence of Szdsz-Mirakjan operators on the variation

seminorm and its rate of convergence on the variation seminorm.

5.1 Approximation by the Szasz-Mirakjan Operator

Consider the counterpart of the Bernstein operator on the positive real line, namely

the above operator and its Kantorovich-type variant

S = f(f)sk,nu) (x20),
k=0

00 k+1

S:H =D f fdu)sin(x)  (x 2 0).

k=0 n

k
where s;,(x) := exp(—nx) (”,f!) for x > 0. Here

, 00 © k kk k—1
Suf) () = —n;f(—)skn<x>+2f(;)n ,j
= n%f Skn(-x)+Zf (k— !
_ nif Skn(x)+sz+lnnx
k=0
- —n;f( Jsia(+n Y (A
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From the last equation, we have

($nf) (%)

i D)= 15t
k=0

i[ f F@)du]sia() = (1))
k=0 n

provided f € AC[0, ), i.e, f € L'(0,00) with f(x) = [ f'(u)du + f(0).

Proposition 5.1. If f € TV][0, 00), then

Vio,o) [Snf1 < Vioeoy[f]
and
1S /. f11Bvi0.c0) < N1 flBVi0,00) := Vio,eoy[f]+ 1 (O)].

Thus the operators S, are variation detracting and also bounded with respect to the

BV — norm.

Proof.

V[O,OO) [S nf]

| (Snf>'<x>1dx

RS k + 1 k
= f n skn(x)'dx
0 I’l

k:O

k +1
k=0 ( n )_f(;l)"f(; Ska(X)dx
kz:(; (k; )- f(g)‘” fow Sea(X)dx

Vio.eo) L1,

IA

IA

noting that fooo Ska(x)dx = % for k,n e N, and S, f(0) = f(0).

Now, note that
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0, r=1
Z(k —nx) si,(X) =4 nx, r=2
nx, r=3

nx +3nx%, r==4.
5.2 Convergence in Variation Seminorm

As the study of [12],the Voronovskaja-type result in the Szasz-Mirakjan situation,it

states that if f is bounded in R, and f"”’(x) exists at x € R, then

lim, (S, () = £/ ()] = /(6) + 517/,

Proof. By Taylor’s formula, we have

ko 2f"(x)  (k
) 2x +(

f(S) = f(0) + (S )@+ (- x - x)S[éf’”(x) " h(% ~ )]

where h(y) := h,(y) is bounded for all y, |2(y)| < M and converges to zero with y. So

(Suf)() = ZO () = A5 seat)
- Z[f<x>+<L—>f<> (G
k=0
b () e ()

O L A L g A
S G [ TSR (| PSS

_— f(x)skn(x>+n2[(k 0 1)+ 53 00 sea)

=0 k=0
o0 Y - "

. n; [3(k n3nx) N 3(kn3nx) N %]f 6(X)Sk,n(x)

S 3 Le-L N YL PP of S T e
p k=0
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From the previous equality, we find

i _ 2 1
Suf) () = f’<x>+nzinzf“<x>+n23(k nsnx) ! 6(X)

k=0

sk,n (X)

1 777
) L0 4 R - R,
k=0

That is;
1 1

(Suf)(@) = () + 5170+ 2= f7() + 5 f"/(0) + Ri() = Ro()
n 2n 6n

where the remainders are given by;

Ri(x)=n Z (k LN 1)%(% - x)sk,n(x)
k=0

Ry(x) = n i (= ”x)3h(§ — x)St(X)

Let us study only the remainders R, and R;.

Rix) = i komr, 1 (’%l—x)sk,nu)

k=0

Z Z k nx )3h(k :l' 1 B x)Sk’n(x)

|k+l X|<(5 |k+1 X|>5

S+ sa

1 2

For any € > 0 there exists a ¢ > 0 such that |h(y)| < e for 0 <y < 6.

0 3 () o

[

1 |k+] x|<6
k — nx)? 3(k — nx)?
< ne Z ( ) ———Ska(X) + ne Z (—3)sk7n(x)
n
|A+1 |<(5 |k+]—x|<6
3(k — nx 1
+ ne Z %sk,n(x) + ne Z ;sk,n(x)
[Etl _xj<é [Etl_x<é
nx 3nx 1
= ne— +tne— +ne—
n3 n? n
_ @nx+1)
= -
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Secondly, we calculate }, .

Y= 3 s

2 |u—xl>6
< o (k- :5); 2+ 1)5 k +1 x)sk,,,(x)
= Z (knsgzx)S el X)sia(x) + 1 i Sk S;X)“ k+ 1
k=0
* ”Z 10(1:155;1X)3h(k+1 Skn( )+ i IO(k nx)2 k+1 )
k=0 -

— X)Sta(x)

— XSk (X)

« 0y L ooy %W‘Z = 2

k=0
1
= nM——[(nx)(1 + 10nx) + 10(2x + 3nx?) + 10nx + Snx|
n°s?

E.

IA

Now we can calculate R,(x).

3
Z(k (S~ a0

Z Z k nx ——x)skn(x)

|E-xl<s  |E-x>0

Z + Z say.
3 4
Here we calculate ) ; and ), .

Z =n Z (k n;zx)3 (Z _ x)skn(x) < ng’;—f = 8%

3 & —x|<o

R>(x)

IA

Z Z *= nx)3 ——x)skn(x)

4 |&-x>0

5
Z(" A~ x)seao

n362

= nMS—éz(nx)(l +10nx) < &
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This shows that

1
limesct($,f) (D) = /(D] = 5700 + 57 (.

5.3 The Rate of Convergence in Variation Seminorm

If f € AC[0, o0), then one has by a general theorem on singular integrals that

%MBJ—H=£|@HXM<NWM—W (n — co).

Vioeo[Snf — f1 = 0, since S, f € AC[0, 00) yields that f € AC[O, o).

Proof. As shown in [16], we prove the theorem in a similar way for Szdsz-Mirakjan

operators.

By Taylor formula with integral remainder term;

f(%) = f(x)+ (S — x)f'(x) + (S - X)Zfﬂzm * % fon—x (E rT ”)zfm(x tudu..(1)

n

If we apply the operator S, to both sides of the equality (1), one has,

i D) - 5o

k=0

(1) (%)

k+1 2 f"(x)
- x)
n

M@+$%LquH( .

Ehg

k=

- %f (M —x—u) 7 (x + u)du

n

(=]

- - (——xﬁ«m (5 a2

- % i -——Xx- u) " (x+ u)du”sk,n(x)

= n fU “"Qm)+;ﬂmhmnmﬂm
k=0
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Firstly, we will calculate R,(f).

Here R, (f) is as below;

R.f(x) = nZ % f ]il - X - u) f(x + u)dusy ,(x)
k=0 0
nZ % ‘[0 ——Xx—u f’”(x + w)dus ,(x).

>~
Il

0
Here, we have
1
(S ()= f'(x) = %f"(X) + (R, f)(x).
Since

Vinlf1= | 1f'®lds,

[1]
in order to prove the theorem in convergence in variation seminorm, we need the L, —

norm of the difference between (S, f)" and f’.

”(Snf)/ - f,HLl[O,OO)

IA

L
5 fo Lf” Oldx + (R I, 0,00)

1 44
= %“f O 10,000 + R L110,00)-

Note that

holds for S <v < xandforx < v < % Substituting x + # = v in the definition of

k
(R,.f)(x) and observing that kK — nx and L " |...]dv have the same sign, we get for the

remainder term

(R, )] < %;UHI—M)Z fx N Lf" W)ldvsya(x)

| < g
5o D k—n? f [ O)ldvsin(x)
k=0 X
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Now, we can show the norm of (R, f)(x) in L;o.co)-

0 (<38
1 * " 117
IRl = 5 f D+ 1 - nxy f | 0)ldvsi(x)dx
0 k=0 X

5 fom D k= [y onassiwas

—+

Here, we say

00 ktl
1 ;
L= 4 f D e+ 1 —nx) f 1 W)ldvsy(x)dx
nJo 1= x

& k
1 0 n

b= 3 f D (k= nxy f " ldvsin(x)dx.
- Jo k=0 X

Now, we start with /;.

00 k1
1 (= G
L= 5 f D+ 1 - nxy f " W)|dvsin(x)dx
nJo i 0
I *
S f D+ 1 - nxy f | Vs u(x)dx
nJo 1= 0
k+1

2| [l [ e -]
k=0

1 o 2 x
'Zfo kZ:(;(k+l—nx)2fO If"'(v)ldvsk,n(x)dx‘_

IA

+

Since
Z(k +1- nx)zsk,,,(x) =1+ nx,
k=0

then the second integral of the last inequality can be estimated as follows;

% f:o kzz(;(k+ 1 — nx)? f: L Wldvsi(x)dx % fom(l + nx) f: Lf"”" (v)|dvdx

1 o] X
(since 1 +nx<n+nx) < — f (n+ nx)f Lf"”" (v)|dvdx
2n 0 0
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From the last inequality, we have

% fo i kZ:(;(k+1—nx)2 fo L 0ldvsin(dx % fo T+ fo L 0)ldvdx

1 * 444
> fo I/ (W)ldv

1
= §||fm||L1 [0,00)-

IA

In addition,

F[2+k]'

‘fom(k“—nx)%k,n(x)dx‘s' —

since n > 0 and k > —1, where I'(m) = (m — 1)! is the gamma function. Here,

‘(k+1)!':|k+l‘:k+l
|

n

| f k41— n0)2 s, (x| <
0

n

since k,n > 0.

Thus, we have

k 1
n o< (& f 0y + ~ f )l
k 1
_ (& f ).

B % fom ;(k—nxf fo ) ldvsi(dx
1 o & x
T fo ;("‘”X)z fo | Idvsin(x)dx

If we take the absolute value,

< - ) 7If”'(v)| m(k—nx)zsk,,,(x)dx dv
Zn k=0 0 0
" 'ﬁ fo ik—nx)z fo x | )ldvsiu(x)dx].
k=0
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Since

Z(k — nx)zsk,n(x) =nx
k=0

then the second integral of the last inequality can be estimated as follows;

%L kzz(;(k—nx)zj(; L W)dvsi(x)dx %‘fo nxfo Lf"" (v)|dvdx

_ 1 f T f L) ldvdx
2 0 0

1 *® 244

Ej(: |/ (W)ldv

1
= Sl 121 10.00)-

IA

In addition,

'f (k — ) S (0dx ' ‘ (2+k)F[1+k]]'

sincen > 0and k > —1.

Here,

im0 - 252

since k,n > 0.

Thus, we have

k 2 1
o< (& 2— f 0y + f )y

n

k 2
- (& f )y

Now,

11/

2k 3
- (A f )y

2k+3
( 5

IR fllLi10.00)

f L O)ldv

+ DI lgo.0-
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Then, we have;

! ’ 1 /! 1 117
”(Snf) _f ”Ll[O,oo) < E”f (x)”Ll[O,oo) + %”f (x)”Ll[O,oo)~

In conclusion,

Voo [Suf = f1—=0 for n— oo,
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