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QUANTUM DYNAMICS IN COUPLED CAVITY ARRAYS WITH
VARIATIONAL MATRIX PRODUCT STATES

SUMMARY

Matrix product state (MPS) representation is an alternative way to describe a quantum
many body system on a one dimensional lattice by means of an interconnected local tensor
array. The exponential growth of the Hilbert space of a quantum many body system is
a major limitation in numerical calculations. In variational matrix product state (VMPS)
method, the Hilbert space of a system is represented by a reduced number of basis vectors,
therefore allowing the simulation of larger systems. This truncation of the Hilbert space
in terms of product of local states is related to the entanglement in the system.

We have applied VMPS method to a model of coupled quantum cavity arrays. In our
model in one of the cavities, there is a two level system (TLS) interacting with the cavity
mode. We have studied the system in both the so-called rotating wave approximation
(RWA) and beyond including counter rotating wave (CRW) terms in Rabi model.

We have calculated the ground state particle distributions of the system with different
coupling strengths. The dependence of ground state convergence on local index
dimensions is studied for a small chain. The ground state calculation provides the initial
state that we used in scattering calculations. Because of limited resources the ground state
on the large chain is approximately obtained with small index dimensions.

Using the Suzuki-Trotter decomposition, we have investigated time dependent dynamics
of emission from the TLS. In RWA, we have observed three regimes as a function of
coupling strength. In weak coupling regime, there is a purely exponential decay to the
ground state. As the interacting strength is increased, exponential decay with secondary
Rabi oscillations emerges. In strongly interacting regime, fractional decay with significant
oscillations occur which are related to photon-atom bound states. Beyond the RWA, the
population trapping and field localization effects are much stronger.

Finally, scattering of a Gaussian shaped pulse from a TLS is simulated within RWA and
including CRW terms. In the case of single photon scattering, photon-atom bound state
does not come into play. However, two photon scattering leads the residual occupation
of the excited level after the scattering (population trapping). This is the effect of
photon-atom bound states. Additionally, we have examined scattering from a TLS
initially starting from the ground state instead of the vacuum state for large couplings.

Using MPS it is possible to study more general systems. The computational tools prepared
for this thesis can easily be extended to similar problems such as coupled quantum cavity
arrays interacting with multiple TLSs or three level systems. We want to study these
systems by variational matrix product state method in the future.
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VARYASYONEL MATRIS CARPIM DURUMLARI METODUNUN
BAGLI KOVUK ZINCIRINDE KUANTUM DINAMIGINE UYGULANMASI

OZET

Matris carpim durumlari (Ingilizce bas harflerinden kisaltilarak MPS) temsili, kuantum
mekaniksel bir sistemin durumunun birbirine bagl yerel tensorler cinsiden bir ifadesidir.
Her tensoriin bir tane fiziksel ve iki tane kendisini komsularina baglayan sanal bag indeksi
olmak iizere ii¢ indeksi vardir. Matris ¢carpim durumlari ile kuantum mekanigindeki iki
durum vektoriiniin i¢ carpimi, bir islemcinin beklenen degeri gibi hesaplar yapilabilir. Bu
hesaplar, MPS baglaminda birer tensor carpim islemine doniisiir.

Herhangi bir ¢cok parcacik kuantum durumu, matris ¢arpim durumlari ile ifade edilebilir.
Bu gecis tekil deger ayristirma (singular value decomposition, SVD) ile yapilir. Herhangi
bir A matrisi i¢in

— T
Anm = Upw Ny Vm’m

olur. Burada A, A matrisinin tekil degerlerini biiyiikten kiigiige sirali sekilde (A; > A, >
.-+ > A,) tastyan kOsegen bir matristir.

Giiclii etkilesimli ¢ok parcacikli kuantum sistemlerinin ¢oziimii genellikle sayisal
yontemler gerektirir. Sayisal yontemlerle bu sistemlerin biiyiikliikleri Hilbert uzayindaki
iistel biiylime nedeniyle kullanilan bilgisayarin hafizas1 miktarinca simirhidir. MPS ile
bir sistemin enerji 0zdurumlarimi ve Ozvektorlerini varyasyonel bir hesapla bulmak
miimkiindiir. Bu metod, varyasyonel matris carpim durumlart metodu olarak gecer.
Varyasyonel matris ¢arpim durumlart metodunda sistemin Hilbert uzayi1 daha az
miktardaki sayida durum vektoriiyle, yani bir yaklagiklikla ifade edilir. Bu yaklasikligin
bir 6l¢iitii olarak Von Neumann dolaniklik entropisi soyle verilir:

§=—Tr(plogp)

Burada p = |y) (y| sistemin yogunluk matrisidir. Tensorlerin bag boyutu (D) ve
yogunluk matrisi arasindaki iligki ise

'Mw
i)
2

I
_

olur.

Boylelikle MPS’teki tensorlerin bag boyutu D, yukaridaki iliskileri saglayacak sekilde
kiiciik secilebilir. Buradaki D boyutu ayni zamanda tekil degerleri iceren A matrisinin
sifirdan farkli kogegen elemanlarindan A; > A > -+ > Ap ’ye kadar olan tekil degerlerini
tutup, kalan tekil degerleri (Ap; > --- > 4,) ihmal etmeye karsilik gelir. MPS metoduyla
ilgili tek kisitlama fiziksel sistemin dolaniklik entropisi ile ilgilidir. Bunun disinda tensor
aglar (tensor networks, TN) metodu farkli sinir kosullari, sonlu ya da sonsuz biiyiikliige
sahip ya da bir boyut ve daha yiiksek boyutlardaki sistemlere uygulanabilir.
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Bu yontemde tipki durum vektorlerinde oldugu gibi kuantum operatorlerinin de matris
carpimlart seklinde ifade edilmesi gerekir. Operatorler icin tanimlanan bu yeni forma
matris carpim operatorleri (MPO) denir. Bir MPO, MPS iizerine uygulandiginda sonug
bagka bir MPS verir. Bu yeni MPS’nin bag boyutu MPO’dan gelen indekslerin katkisiyla
daha biiyiik olur.

Varyasyonel matris ¢carpim metodu bir sistemin enerji 6zdeger ve 6zvektorlerini bulmak
icin bir Lagrange carpani A ile asagidaki gibi kullanilir:

r?l;;lll[<‘1’|H\‘P> —A (YY)

Burada, MPS ifadesindeki her bir tensor elemani i¢in minimizasyon yapilarak sistem
icin optimal MPS ifadesi elde edilir. Bunun i¢in dnceden belirlenen bir € yaklasiklig1
saglanana kadar zincir iizerinde saga ve sola dogru ilerlenir. Bu siiplirme islemi
(sweeping) olarak bilinir. Siipiirme iglemi hesaptaki yaklasiklig1 artiran bir islemdir ve
gerektigi kadar tekrarlanir.

Isik-madde etkilesimleri, yogun madde fiziginde oldukca calisilan bir konudur. Bu
etkilesimlerle ilgili bir takim modeller gelistirilmistir. Bu modellerden en basiti tek
modlu kuantize bir 1s1k ile iki seviyeli bir sistemin etkilesimini anlatan kuantum Rabi
modelidir. Kuantize 15181n modu, kovuk modu olarak bilinir. Bu modele gore iki seviyeli
sistem, kuantize 151k moduyla etkilesimi sonucunda bir miktar uyarilir ve sonra sogurdugu
15181 salar. Bu dongii Rabi frekansi denen, kovuk modu ile atomun etkilesim giiciine
bagli olan bir siklikta olur. Bu salinimlara Rabi salinimlar1 denir. Sistemin uyarilma
say1st kovuk modunda bulunan foton sayisi ve iki seviyeli sistemin uyarilma sayisi
toplamidir. Kuantum Rabi modelinde ayni1 anda kavitede bir photon yaratan (yok eden) ve
iki seviyeli sistemi uyaran (taban durumuna gegiren) siireclerin varlig1 nedeniyle toplam
uyarilma sayis1 korunmaz. Bu siirecleri ihmal edince toplam uyarilma sayis1 korunan bir
biiyiikliik haline gelir. Bu yaklasima ingilizce bas harflerinin kisaltmasiyla RWA denir.
Bu model Jaynes Cummings modelidir ve analitik ¢ziimii mevcuttur. Bu nedenle Jaynes
Cummings modeli kuantum mekaniksel 1s1k-madde etkilesimi problemlerinde temel bir
kilometre tasidir.

Teknolojik yenilikler ve yeni deneysel tekniklerle birlikte 1s1k-madde etkilesimi
alanindaki c¢alismalarda daha karmagik sistemlerin ¢oziimiiyle ilgili ugrasilar bag
gostermistir. Bu tiir sistemlerdeki ¢alismalarda etkilesimlerin kuvvetini ayarlayabilmek
onemlidir, cilinkii etkilesimlerin giicii sistemde farkli fiziksel olgulara yol acgabilir. Bu
tezde, iki seviyeli bir sistemin kuantum kovuklardan olusan bir zincirdeki kovuklardan
biriyle etkilestigi bir model tizerinde ¢aligmalar yapilmistir. Bu ¢caligmalar, yukarida bahsi
gecen varyasyonel matris ¢arpim durumlari metodu kullanilarak yapilmistir. Boylelikle
matris ¢carpim durumlariyla hesap yapma ve bu hesaplardan yararlanarak bazi fiziksel
sonuglar elde etme tez ¢alismasi boyunca bir amag olarak goriilmiistiir.

Iki seviyeli sistem-N kovuk etkilesimi modelinin varyasyonel matris ¢carpim durumlari
metoduna uyarlayarak sistemin enerji 6zdurum ve 6zdegerleri hem RWA hem de RWA
Otesi durumlarinda elde edilmigtir. Sistemin enerji 0zdeger ve Ozvektorleri diisiikten
yiiksege farkli etkilesim gii¢lerinde hesaplanarak belirli bir etkilesim giicii degerinde g
kuantum faz gecisi oldugu tespit edilmistir.

Matris c¢arpim metoduyla zamanda evrim hesaplart da yapilabilmektedir. Bu tez
calismasinda, zamanda ilerleme operatorii icin MPO formunda Suzuki-Trotter acilimi
kullanarak zamana bagli hesaplar yapilmistir.
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Bu hesaplardan biri, baglangi¢c aninda uyarilmis durumda olan iki seviyeli sistemin yaptig1
emisyonun zamana bagli olarak hem RWA hem RWA 6tesi durumlarda incelenmesidir.
RWA durumunda, iki seviyeli sistemin emisyonu ile ilgili ti¢ farkli rejim goriilmiistiir.
Ilki iki seviyeli sistemin kendiliginden emisyonuna karsilik gelen iistel bir davranistir.
Bu durum zayif etkilesim degerlerinde goriiliir. Etkilesim artirildiinda, iki seviyeli
sistem iistel olarak taban durumuna gecmeye devam ederken ayni zamanda salinimlar
yapar. Bu, iki seviyeli sistem etrafinda yerellesmeye baglayan bir foton dagiliminin
habercisidir. Yiiksek etkilesimde ise iki seviyeli sistem emisyon yaparken ayni zamanda
diizglin olmayan biiyiik genlikli salinimlar yapar. Buna foton-atom bagli durumlar1 yol
acar.

Ikiden fazla seviyeli bir sistemin emisyonunu incelemek de aym metod ile miimkiin
olacaktir. Zincir tizerinde birden fazla sayida iki ya da daha fazla seviyeli sistem olmasi
durumunda emisyon dinamigi incelenebilir.

Zamana bagl diger bir hesap olarak ise bir foton barindiran Gaussyen bir dalga paketinin
iki seviyeli sistemden sagilmasi simiile edilmistir. Bu simiilasyon yiiksek etkilesimde
yapilmistir. Bir foton sagiliminda ilging bir fiziksel olgu ortaya ¢ikmazken ayni sacilma
simiilasyonu iki foton tasiyan bir Gaussyen dalga paketiyle yapildiginda, carpismadan
sonra iki seviyeli sistemin tamamen taban durumuna gecmedigi goriilmiistiir. iki foton
sacilma simiilasyonu farkli bir sekilde tekrarlanmistir. Bir foton tasiyan iki Gaussyen
dalga paketi zit yonlerden gonderilmis ve iki seviyeli sistemin uyarilma sayisinin sifir
olmadig1 burada da gozlenmistir. Foton-atom bagli durumlarinin etkisinin iki ve daha
fazla sayida foton sacilmalarinda ortaya c¢iktig1 anlasilmistir. Burada foton-TLS bagl
durumunun etkisini incelemek i¢in sagilma simiilasyonlar1 farkli etkilesim giiclerinde
hem RWA’da hem RWA 6tesinde yapilmustir.

Sacilma simiilasyonlarinda foton-atom bagli durumlarini incelemek igin gelen dalga
paketi farkli sekillerde hazirlanabilir. Birden fazla dalga paketi zit yonlerden farkli
momentumla ya da baglangic pozisyonlarindan baglatilarak gonderilebilir.

Emisyon ve sagilma simiilasyonlarinda kaviteler icin kalite faktorii eklenebilir. Kalite
faktorii biiyiikliigiince kavitelerde kayiplar olacaktir. Bu sekilde fiziksel sistem daha
gercekei bir hale getirilmis olup, kalite faktoriiniin foton-atom bagli durumlarina etkisi
incelenebilir.

Varyasyonel matris carpim metodu ile yapilan hesaplarda iki farkli hata kaynagi
mevcuttur. Bunlardan biri MPS’in bag boyutundan D gelen budama hatasidir. Hesabin
dogrulugu biiyiik ol¢iide bu hatanin biiyiikliigiine baghdir. Bu hatanin mertebesi
bilgisayar temsili hatasina kadar diisiiriilebilir. Diger bir hata kayna81 ise zamanda
ilerleme operatoriiniin Suzuki-Trotter acilimindan gelen hatadir. Bu hata zaman adiminin
biiyiikliigli ve kullanilan agilimin mertebesi ile ilgilidir. Yiiksek mertebedeki agilimlar
kullanarak ve zaman adimini yeterince kiigiik alarak bu hata asgari seviyeye indirilebilir.
Bu hesaplarla ilgili olan en 6nemli nokta bag boyutunun MPS’i yeterince iyi ifade
edebilecek sekilde secilmesidir. Eger bag boyutu MPS’1 yeterince iyi ifade edemezse,
hesaplardaki baskin hata kaynagi bu olacaktir.

Varyasyonel matris ¢carpim durumlari metoduyla daha gelistirilmis fiziksel problemleri
cozmek gelecekteki amacimizdir. Bu sistemler arasinda N kovuk modu ile birden fazla iki
seviyeli sistem ya da ii¢ seviyeli sistem etkilesimlerini iceren fiziksel modeller olacaktir.
Bu modellerle ilgili faz gecisleri, atomun emisyon dinamigi ve sagilmalar ilgi odagimiz
olacaktir.
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1. INTRODUCTION

Light-matter interactions in the quantum mechanical approach have an important place
in quantum many body physics. When the interactions are weak, the problem can be
tackled with perturbative methods. Whereas in the case of strong interactions new physics

emerges.

Technological developments have lead to various experimental techniques in field of
quantum optics. This has allowed to tune the interactions between light and matter.
Therefore, it became possible to investigate the new physics in existence of the strong
interactions. One of these control mechanisms is cavity quantum electrodynamics
(CQED) system consisting of a two level system (TLS) coupled to a single mode of the

electromagnetic field [[1].

The simplest CQED model is Quantum Rabi model which describes the TLS interacting
with a single mode electromagnetic resonator. Jaynes Cummings model which is RWA
approximation of the Quantum Rabi model has an analytical solution. For this reason it
is a milestone for theoretical and experimental QCED problems [2]. Coupled quantum
cavity arrays are formed to create strongly correlated many body system in the quantum
light-matter basis. There are some motivations to investigate these systems. These
systems can be used as quantum simulators [3]. With optical lattices and Josephson
junctions it is hard to examine individual site physics experimentally due to the small
separation between nearest neighbor sites, whereas in quantum cavity arrays (QCA), this
separation is on the order of micrometers. It is therefore possible to optically access these

sites [4].

Besides the development of these new experimental techniques, theoretical studies on
these systems have been done. Due to the strong interactions, quantum many body
problems are tackled with numerical methods. The main problem of studying a many
particle quantum system is the rapidly growing Hilbert space dimension. Some numerical
methods including series expansion [5], quantum monte carlo [6] and the numerical
renormalization group (NRG) [7] have been developed over the past few decades to

cope with the large number of degrees of freedom of such systems. The density matrix



renormalization group (DMRG) method has been introduced by S. White based on NRG
in order to tackle with strongly correlated 1-D lattice models where NRG fails to give
accurate results [8]. However, DMRG method does not give accurate results in two

dimensional systems and periodic boundary conditions [9].

Recently, tensor networks have been popularly used to investigate strongly correlated
many body systems [10]. Quantum state of the system is represented by a network of
interconnected local tensors in this context. Physical properties of the system are studied
by variational calculations using tensor networks. These are tensor network methods.
Unlike DMRG, tensor networks methods are applicable to two dimensional systems [11]
and periodic boundary conditions [12]. Therefore it is highly promising to study new

physics a variety range of strongly correlated systems with these methods.

One dimensional tensor networks are matrix product states. In this thesis, our aim is
to give basic concepts about matrix product states and how to do calculations by the
matrix product states. These discussions are given in Chapter 2| In Chapter 3] we give
motivation of the system of coupled quantum cavity arrays interacting with a two level
system. Ground state and time-dependent calculation results of the physical system are
presented in Chapter 4] A general outlook for the calculations and results are given in

Chapter 3]



2. MATRIX PRODUCT STATES (MPS)

2.1 Introduction to MPS

Strongly correlated quantum many body systems can be handled by some numerical
methods such as density matrix renormalization group (DMRG) [[13]] and tensor networks
(TN) [10]. The common feature of these methods is representing the Hilbert space of the
system by a truncated basis by selecting the most relevant state vectors. Tensor networks
have come into prominence in recent years. It is a representation of the quantum many
body state by local interconnected tensors. One dimensional tensor network is a matrix

product state (MPS).

There is an area law between the number of basis states (D) that will be kept to represent
the state faithfully and the entanglement property in the ground state of the system [|14]].
According to this area law, the number of basis vectors are bounded by the entanglement.

A measure of the entanglement of the state is the so-called Von Neumann entropy

S=—Tr(plogp) (2.1)

The rank of the density matrix of a system gives the information about entanglement. In
the case that the rank of the density matrix is D = 1, there is only one nonzero eigenvalue
which is equal to 1. This makes Von Neumann entropy in Eq. (2.1)) S = 0 meaning that the
state which is represented by the density matrix p is a state with no entanglement. Some
entangled states with D = 2 are AKLT state, W state, GHZ state etc [10]. An example for
the N = 3, GHZ state is given in Appendix

Consider a general many body state with N particles

) = Z Ciyigiy [11) @ |i2) @ -+~ ® |in) 2.2)
i1,02,5IN
Let d denote the Hilbert space dimension of the single particle. |i1), |i2),---,|ix) are the

orthonormal basis vectors for the Hilbert space .y and C;,;,...;y € C whose size grows
exponentially with the number of particles, dim(#3/) = d". This causes a restriction on

the size of the system that can be stored on a computer. It is possible to split G;,;,...iy



into smaller tensors through singular value decomposition (SVD). Each tensor represents

a local site state in this way.

Eq. (2.2) can be written alternatively as
W) =Y Ciiyiy litiz -+ in) (2.3)
{i}

which is the convention that we use in this thesis.

2.2 Singular Value Decomposition (SVD) and Schmidt Basis

Any n x m matrix A can be written in terms of its singular values in the form A = UAVT
where U and V are n X n and m X m unitary matrices and A n X m is a diagonal matrix

whose entries are the non-negative singular values A; > A; > --- > A, of the matrix A.

Schmidt decomposition is an expression of a vector in terms of tensor product of two
vectors. Eq. (2.3) can be written in the so-called Schmidt basis for two subparts. For this,
we split the chain of sites into two parts in a way that there are n sites on the left side and

N — n sites on the right side. Let us rewrite the Eq. (2.3)) for this decomposition:

lP> = Zcil"'in,in+1"'iN |i1 cee in> & |in+1 cee iN> (2.4)
{i}

By the SVD decomposition, C; = Uiy in, 00 Nety,00 Vet i1 iy SO that

1l 1IN T

D
= Y Ao | X Unaplinizein) | @ | X Voo iy linerin) | (25)
op=1 i1+in Int+1°IN

T

O in 1IN

with the definitions of |oy,) = U;

In,

o |i1i2 - +in) and ‘O‘n> lins1---in) we

obtain

D
= Z Aanvan |an>L® |al’l>R (2.6)

o,=1

in the Schmidt basis. It is possible to obtain the spectrum of the singular value matrix A

by calculating the reduced density matrix of the left (or right) side:

pr = Trr(|¥) (¥]) (2.7)
= ZA% an|ocn (ot (2.8)



The trace of the reduced density matrix is Tr(pz) = 1 for the complete spectrum of A
It is possible to cut the spectrum of A? leading an approximate representation for the
state vector Eq. (2.6). This truncation corresponds to set the bond dimension dim(o,) to a

minimal number so that the trace of the reduced density matrix Tr(pz) ~ 1 (or Tr(pg) =~ 1).

2.3 Matrix Product State Representation

@. 5 b (b) o
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31 )
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i
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Figure 2.1: Graphical representation of breaking the tensor C; ;,...;, into smaller locally
interconnected pieces of tensors. Sizes of tensors are decreased with the
number of indices.

The graphical representation for the derivation of MPS is shown in Fig. [2.I] In Fig.
R.1l(a), Cii,...iy tensor in Eq. (2.3)) is shown. In order to obtain MPS, we should apply
SVD for each separation (n = 1,2,--- ,N — 1) of the chain. Let us first separate the site

n =1 from the remaining N — 1 in Eq. @) by introducing the matrix C; (

J(iizin) =
Ui, Aoy o Val,(i2i3-~-iN) where (ipi3---iy) is a combined index.

D d
) =Y Y UraBaaVy itz iv) 2.9)

a1:1 i17i27"'7iN:1



or equivalently

D d .
|‘P> = Z Z ng Cal Jdniyeiy |i1i2i3 e iN> (2.10)

=1 i, iy=1

where Cy, jyis-iy = Aoy V;l,( - Here we changed the notation U;, o, = l//éél. This

ipi3---iy
notation change emphasizes that Yy, is a tensor whose elements depends on the local

physical index i; and o is called a bond index (virtual index). This is shown in Fig.
2.1,(b).

We continue to perform SVD decomposition between the site i = 2 and the remaining
N — 2 sites by reshaping the matrix Cg, iyiy-iy @S Coyinjis-iy- Here, (@qiz) and
(i3i4 - --in) are combined indices. The SVD decomposition of this matrix is Ce, iy is..iy =

T
Ua1i27062A0627052V

00, i3i4-++iN"

Hence Eq. (2.10) becomes

D d _
v =Y Y W UniaAaVy i, liiis--in) (2.11)
a1>a2:1 il7i27"'7iN:1

Re-write Eq. (2.11)) by changing the notation for the matrix to the tensor notation

. — w2
U061lz7052 - I//Otl (0%]

D d
i I e .
|‘P> = Z Z l[/oél V/O%l azCa27l~3l~4...l~N |lllzl3 s ZN> (2.12)
o,0=1 i, iy=1
+ e g . .
where Cq, j5i--iy = Aa27a2Va2’i3i4ml.N. This is indicated in Fig. (c).

It follows that when Schmidt decomposition is done through the lattice iteratively, the

final state that will be obtained in the MPS form as

) =Y Y v Wi, vl i i) (2.13)
@7

for the open boundaries (i; # iy 1). By the use of Einstein summation convention for the

virtual dimensions {o} Eq. (2.13]) can be written as

W) =Y Veh Vi~ Waiy s liniz -+ iw) (2.14)
{i}



Fig. 2.2 shows the graphical representation of the MPS with open boundaries. In Fig.
and Fig. [2.2] the circles on the chain represent the local tensors. The continuous lines and

the dashed lines indicate the physical indices and the bond indices of tensors respectively.

i in i3 IN_1 i

N
Cg o 4> 10%) 4>a3 ON—2 OCNAO

o I i3 iv—1 in
Vo, Yo, Yoo Yoy oy Yoy

Figure 2.2: Graphical representation of MPS where the circles indicate the tensors
associated with each site. The number of the legs for each site is equal to
the number of indices of the related tensor.

Notice from the fig that the wé}l and l//é’)l’v_l have only one subscript indicating that they
are vectors (rank 1 tensor), while the ones with two indices are matrices (rank 2 tensor).

This is valid in the case of open boundary conditions.

When the periodic boundary condition (iy = i1) is valid for the physical model, the first
site and the last site tensors have an extra virtual bond dimension (0() connecting to these

tensors. Therefore, the MPS in Eq. (2.13)) is written as

|ll/> = ngoall//31a2"'wg\1]v,1a0|i1i2"'iN> (2.15)
{i}
= Tr(y" w2y iy iy) (2.16)

where trace indicates the sum over virtual dimensions (bond dimensions). MPS with

periodic boundaries is shown in Fig. 2.3
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Figure 2.3: MPS representation with periodic boundary condition.



2.4 Matrix Product Operator Representation

We want to keep the MPS form of the state during numerical calculation. To do this, it
is useful to work with operators which are in the product form of matrices, i.e. Matrix

Product Operators (MPOs).

Our aim in this section is to obtain the MPO form of a quantum mechanical operator

shown in Fig. 2.4 from the general definition by SVD decomposition.

J1 J2 Jjn

N Y2 Yw-1 ini

@ ...... N o
i in IN

Figure 2.4: Graphical representation of MPO where the physical indices are shown by
the continuous lines and the virtual indices shown by the dashed lines.

A quantum mechanical many body operator is defined as

o= Z Oiyiy-in, jrjo-jn 1182+ in) (1 j2 - Jn| 2.17)
{i}.{/}

where Oj,i,...iy,j, j»-jy denote the matrix elements. Consider splitting the chain into two
part as one site (n = 1) is on the left and remaining N — 1 sites are on the right. In order to
do that one needs to reshape the coefficient matrix O, i,...iy,jy jo--jn = Oiy ji iz jo--in jy a0

do the SVD decomposition as O, j, i jp-injxy = Uirj1.71 A},M,IVT

Yisipjn--iy - LT 1S iIMportant to

emphasize that (i; j;) and (i3, - - - iy jy) are combined indices here. Now, let us rewrite

the Eq. (2.17) in terms of the SVD matrices:

5 T .. . .. .
O="Y UijimBDunVy iyjyiniy 122 in) (12 ] (2.18)
{i}.{/}
and change notation for the matrices (make a tensor) Uy j, .y = 0")}11'1 and
T —
Ay Vi g iyvin iy = OWiiajo-injn- Therefore Eq. (2.19) becomes
0= Z 0;/11J107’17izjz"'iNjN i1i2"'iN> <11]2JN| (2.19)
{i}.{j}



We continue with the SVD decomposition of the configuration where the two (n = 2)
sites are to the left and the remaining N — 2 sites are to the right. In order to do that,
we reshape the coefficient matrix as Oy, j,jr-ivjn ‘= Opirjn,izjs—injy- HEe, (Vii2j2)

and (i3j3---iyjy) are the combined indices. By the SVD decomposition we write,
— . T

Onizjoisjzinin = UYll2127Y2A727Y2Vyz.,i3j3---iNjN'

Rewriting Eq. li in terms of the SVD matrices with the definitions of Uy, , j, y, 1= 03,21]7,22

and AYM,ZVJr

i jaeinjy = Opiizja-—injn» We obtain in the following expression:

O="Y 030350y ijsiyiy livia---in) (jrja - jnl (2.20)
{i}.{j}

It is obvious that when the SVD decomposition is continued recursively to the end of the

chain, the final expression is

6="Y 03035 - 00N Jitia--in) (jija--- jnl 2.21)
{i} {7}
which is in the MPO form.

The graphical representation of the MPO is shown in Fig. [2.4] The virtual indices (%,) and
the physical indices ({i},{j}) in Eq. (2.21) are shown by the dashed and the continuous

lines respectively.

When we apply & in Eq. (2.21)) on the MPS form of |y) in Eq. (2.13) we get

Olyy= Y O3 'We 033w a, - O3 Wil
{i},{j}.{k} (2.22)
X |iriy---in) (j1ja2 - jnlkika - - - kn)

which is equal to

% ly) = Z nglljl wgéll 01721]7% Wf{lzl 7 0%]_/\; Il/(]).tll\\ll—l |ivia---in) (2.23)
{it.{j}

where the repeating physical indices j, are summed over. By definition of

(p(";ila e = 032&’1 T 1//&'}'1710,” where (%,—10,,—1) and (¥,0,) are combined indices we
obtain,
@) =0 |w)

_\ i i i L (2.24)
—§¢(;1“')¢(;1a1)(y2a2) ... ¢(’;N_laN_l) liyin---in)



which is again in the MPS form.

For an operator which has the form sum of product of operators, an efficient way of

choosing the 0321{”% matrices is given for one body and two body operators in [15] is

shown below.

* One body operators

For a one body operator of the form
A N A
or=Y X, (2.25)
n=1

the the local matrix representation of the operator ¢} is

i 6i11jn 0
Oinin — <X,i" jn 51.”].") (2.26)

for n =2,3,--- ,N — 1 where O"/n = (i,|X,|j,). The first and the last local matrices

are O/t = (X{'/' §7171) and OWIN = (&N XNWN)T respectively.
* Two body operators

For a two body operator of the form
. N
ﬁZ = Z XnYn-H (227)
n=1

the matrix product operator representation can be

61:11J:n 0 O
Oinin = [ Ym0 0 (2.28)
O Xrll”]” 6 injn

whereas 011 = (O,Xliljlﬁiljl) and O'N/N = (5iNjN,Y]i}NjN,O)T.

2.5 Calculations with MPS

In this section, scalar product of two MPSs and expectation value of a MPO are discussed.

e Scalar Product

The graphical representation of scalar product in MPS formulation is given in Fig. 2.5
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Figure 2.5: Graphical representation of the scalar product for MPSs.

The scalar product of a wave vector in MPS form as in Eq, (2.13) is calculated as in
the following arguments:

(PIO) = Y Wi W 060Gy O (e inlinia-in)
{1}

—Z‘l’"f‘ & Vg 5, 9 Vg 9a (2:29)
:5<ﬁ1a1>5<ﬁ1a1>(ﬁzaz> - S(By 1oy 1)
where &g o, 1= l//llg”*

the final expression.

. All combined repeated indices (f,,) are summed over in

* Expectation value of an MPO The graphical representation of expectation value of an

MPO is indicated in the Fig. [2.6]

iN iN
‘V(fo 1 IVOCNf 1

Figure 2.6: Graphical representation of the expectation value of an MPO.
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Expectation value of an operator in the form as in Eq. (2.21) is calculated by

sandwiching between two MPS as

- TP S TR A A vk Aknly
Wioly) = Y v On e W O Wi Vg O e
BNt INT:
X (ujz- - nlkiky - kn) (Wi - - Inliviy -+ in)
8j1k176j2k27"' 6lli17512i27"' (2'30)
- W[Jﬂ*oﬁll Wé}l IVZ&?EZ 0{’%’22 ng o ij: 0{’11:/,3\; lljflljt\zlvfl

- ¢[31 Ny ¢(ﬁ1)’1 a)(rpon) " ¢ﬁN717N7105N71

where @5 1y . ) (Burnon) = [Jil,il B, O{,Zi”l o ‘/’é?nqan- Einstein summation convention
is used for the repeating indices. According to the figure, firstly the physical indices
with continues lines are contracted. Contractions over the virtual indices (bond

dimensions) are done after the physical indices.

Expectation value of an MPO in Eq. [2.30| can be expressed by the scalar product of
two MPSs as (y|¢) where |¢) = & |y). It is indicated in Fig. [2.5/and in Eq.

2.6 Variational Matrix Product State Method

Suppose that we want to use the MPS formulation to approximate the ground state of
a physical system. We need to find the best MPS representation for the ground state
in Eq. (2.13). This is an optimization problem for the MPS where the each local tensor
coefficient wf;’gn*_] o, 18 a variational parameter. This turns out to be a minimization problem
for an effective Hamiltonian for a specific separation for the chain. The minimization is

done according to

I%lﬁl[(‘PI%”I% — A (¥[¥)] (231

The minimization problem Eq. (2.31) can be written by replacing Eq. (2.13) and
Eq. (2.21) where %7 is the Hamiltonian operator and A is the Lagrange multiplier for

the normalization by

; ey o ik kil kol Akniy
il*mzl‘zr}k (kxl: 14 1 Wﬁlﬁz ll/ﬁNqO}'l Oy Op
l7 b 7m

wﬁ] ’Wlﬁﬁz’m
% lllgll] wg?az...w&"]y_l (iyin---in|kika - kn) (Ily - - - Iy|mymy - - -my) 2.32)

-2 ; l//ilf< 1//;321732 ... 1//;31;: wg;ll a12a2 ... Oészv_1>
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where <i1i2---iN|k1k2---kN> = 5,'1](15,'2]{2---6,'1\,]{1\, and (lllz---lN|m1m2---mN> =
5[11’)1] 6[21’]’!2 e 6leN'

By defining the vectorization of the tensors as x;, := l//&”n Lo, Whose dimensions are d x

D x D, Eq. (2.32)) becomes

. * * * i1my ~iamy iNmy
min Zx‘x X X X X O 1O -0
Xt \ AT RN By By By By
1177 r,m

(2.33)

* *
—A Y X X0 X iy - X X

In Eq. , there are several minimization parameters, x; . Minimization according to
all x; simultaneously requires a huge computational effort. There is a variational method
of doing the minimization by taking the x; as a variational parameter and treating the
remaining N —n constant (n = 1,2,---) [10]. This is the so called alternating least squares
method. The same procedure is applied for each local vector coefficient (xl.*n) one by one

along the chain.

Suppose that we have decomposed the chain as n — 1 sites to the left and N —n — 1 sites
to the right as in Fig. 2.7 ﬂ The minimization parameters are the coefficients x; , in this
configuration. Since x; and 0’”’"1’7, are just numbers, their places can be changed in the

Eq. (2.33) so that it becomes:

. * ryL i,y Z
n)}_}n xlnHﬁn—l Yn—10,—1 0%1 1T ﬁn Y an A’ x xll xllle'xlz X xlel" (2.34)
in

with respect to x; as an optimization parameter. Here

L — llml iamy . In—1My—1
Hﬁn_nfn_]an 1 x 0 xmlx OYIYZ'me OYn 2— l'xmn 1 (2'35)
and
K Int1Mp 11 int2Mp 12 leN
Bnvn _xin+107’n?’n+1 X1 ln+20Yn+1Yn+2xmn+2 x OYN 1 Ymy (2’36)

which are left and right block operators for this chain separation. Instead of doing physical
index contractions for all sites through the chain for each minimization step, we contract

the local tensors once and keep in memory. We use memory efficiently in this way.

Graphical representation for the minimization step (n™ site) is shown in Fig.

13
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Figure 2.7: Graphical representation of the effective Hamiltonian (H, ) for the n™ site.

Defining H,rs and N,rr which are effective Hamiltonian and effective normalization

operator respectively

_ L iy, R
Heff_ Z <Hﬁn717/n71an71OanlﬁnHBnYnan>

in,Mp
Nepr = Z (x?‘lxilezxizx;-';xi3--~x;-kNx,-N)
{i}\in
and re-writing Eq. (2.33) in terms of the H.rs and N,sr, we obtain the following

expression:

min (x Heyfx;, — AX] Nefyxi, ) (2.37)

n

The minimization of Eq. 1' with respect to x;kn gives a generalized eigenvalue problem.

Heffx,-n = lNeffxin (2.38)

In the case of the open boundary conditions, it is possible to make N, sy = I, so the Eq.

reduces to the ordinary eigenvalue problem. Details are given in reference [|16].

Minimization procedure is done with respect to xjfl ,x;; 7x;-"3, --- one by one back and forth

until a good convergence for the MPS representation is satisfied. This is the sweeping

14



process which improves the convergence of the target state. For each decomposition H, ¢

is calculated and updated through the sweeping.

2.6.1 Excited state calculation

It is possible to calculate the first excited state in a similar fashion. By Lagrange multiplier

to ensure orthogonality to the ground state
?};?K‘I/l’f%ﬂlll’Q_;L<‘Vl“l/l>_“<llfo"lfl>] (2.39)
1

where | ) denotes the ground state in Eq. (2.13). Let us introduce the excited state with

the following notation

1) = %x’;xﬁfﬁz---xg;_l 12 in) (2.40)
J
to avoid confusion and the Hamiltonian is in Eq. (2.21).
The expression in the Eq. (2.39) with the vectorization definitions of the first excited state

n

X, = x[’;‘ B and the ground state y;, := Yg o, becomes after some manipulations as
n—

min [xj, Hes i, — Axj, NegfXi, — 1437, Ve iy | (2.41)

n

The solution of the Eq. (2.41)) is given by the generalized eigenvalue equation

PH, ;Px;, = APN,;Px; (2.42)

where PH, P and PN,ssP are the projected effective Hamiltonian and the projected

effective normalization operator of that separation, respectively.

Since we are seeking x; , the projection operator, P, is chosen as the matrix combined

from the orthonormal vectors which are all orthogonal to y; Ve .

Eq. (2.42)) is solved for the x;, for the each separation (n = 1,2,--- ,N) of the chain.

2.6.2 Variational matrix product states (VMPS) algorithm

We start with the MPS form which has random coefficients at first and then do SVD
to orthonormalize the basis. Here the algorithm of the variational matrix product state

method is summarized in a few steps:
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@)

(ii)

(111)

(iv)

v)

Create a MPS for N sites with the bond dimension D of the form in Eq. (2.13)),

whose tensor coefficients (l//(’{g”flan) are random.

Form MPO form of the Hamiltonian as in the Eq. (2.21]).

In order to minimize the expectation value of the Hamiltonian (Eq. (2.21))):

Start from the first decomposition (n = 1) for the chain:

(a) Reshape the MPS matrices (l//é’g’H «,) 1In a convenient way to the decomposition.
Do SVD decomposition to obtain the MPS in terms of the ‘Vé’gnqan =Uq, i o

matrices with local physical indices.

(b) Form H, ¢ for the decomposition (see Sec@ by summing over the all degrees
of freedom of the chain except for the n'" site as in Fig.

(c) Diagonalize H,yy, take the minimum eigenvalue as the ground state energy
and the corresponding eigenvector. Take this eigenvector as the updated

vectorization of the tensor x;, = Vg ¢, -

Continue to the decomposition with the next site. It is significant to do SVD for the
each chain decomposition in turn (n = 1,2-- ). Use the updated MPS representation
from the previous step for calculation of H,rr. This is the key step of the method.

Do the steps (a), (b), (c) for each decomposition up to the end of the chain.

Repeat the (iii)-(iv) for the reverse direction until some convergence criteria (i.e.
0(107%)) for the energy is obtained. This criteria would be change in the order of

the energies between the current and the previous steps.

2.7 Time Evolution of MPS

Time evolution of the MPS in Eq. (2.13)) is done by applying the time evolution operator

formed by the Hamiltonian 7. In order to save MPS form of |y) during the time

evolution, the time evolution operator, %/, is also required in the MPO form as in

Eq. (2.21]) [16]]. This can be handled by the variational minimization where the minimized

function is the error in the time evolution in each time step, 6¢. The minimization is done

to the norm of the difference of state |y) at ¢ and t + 6¢:

1% |w(t)) — w(t+60)) || (2.43)
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A critical point here is that when an MPO is applied to an MPS the bond dimension D
of the MPS gets bigger (see Eq. (2.24) and Appendix [B)). Therefore, the minimization
in Eq. (2.43) is done by searching the best MPS with the given bond dimension D

representing the state of the system.

Eq. (2.43) can be written explicitly in terms of Eq. (2.13)) and Eq. (2.21) as

|2 [w(0)) = Wt +80) I = |2 [yw) I + || w(t +80)|> =2 (w(n)|% | w(t + 61))
(2.44)

where

it AJ1i* Al ! in* jpin* ~loj l IN* ININ* AINJ /
1 [y () P = Wi O™ Ol i W aw O Ol W g, - VA O Ol Wy
(2.45)

and
i]* i] i2>|<

(e +80)I1* = xa" 25 X& en X5 g, -~ X Xy, (2.46)

and
(WOI% Wl +80) = Wiy O 2 W o O3 1l g, - Wi ORIl (2.47)

by the use of orthonormalization property of the basis vectors as done before. Defining the
vectorization of Wg’nqa’. (t) '=Ya, i a, and Wg’nqa’. (t+46t) :=xq, i a, SO that Eq. (2.44),

we write for the ' decomposition as
i 5 i
y(x,,_li,,(xn Oeffyﬁn—llnﬁn + x(xn_]l',,(XnNeffxﬁnflinﬁn - 2yo‘nflin Op Oeffxﬁnfljnﬂn (2'48)

where Oeff, N.rr and O.sr are the contracted tensors in Eq. ll out of the tensors

belonging to the site n.

Minimization with respect to y(Txy _yint gives
Oeffyﬁnfllnﬁn = xanllnﬁn (2'49)

2.7.1 Suzuki-Trotter expansion of the time evolution operator

Time evolution of a state |y) is done by successive iterations of time evolution operator
by time-steps Ot as
(1) = (7770700 [y (0)) (2:50)
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where 7 could be written as a sum of local bond Hamiltonian operators
H =70+ TG+ -+ Iy (2.51)

where N is the number of sites on the chain and .7 denote the bond operators.

The local bond operators J#7, .63, - - ,.7¢y_1 in general do not commute each other, i.e.

[74, 76+1] # 0. Hence it is not correct to split the time evolution operator as

e*i<9f5l ?é e*i,% 5tefi¢%ﬂ25t . .efijf]\]_l&‘ (2.52)

In order to break up the expression in an appropriate way, we group the local bond
operators as not to have any common sites so that each group consist of commuting local
bond operators. Let us group even local bond operators; ¢4 : 5¢5,.74, 7%, -- and the
other odd local bond operators; .73 : 1, 743,75, -- and J = ¢, + .7¢3. Hence we can

split the time evolution operator in terms of the commuting local bond operators as

oSt _ —iB8 ,—iAGSt (2.53a)

o~ /B0 _ ,—iH( 81 ,—iA5t (2.53b)

where %), 3 represent even bond operator group and odd bond operator group

respectively. Graphical representation of this is shown in Fig. 2.§]

H = I+ + A+ A+ S+ A
O—O0——CO0——=C @ C C

My =4 o+ ot 4
Hy = I A R s

Figure 2.8: Graphical representation for even-odd bond separation of time evolution
operator

The time evolution operator is given by the second order Suzuki-Trotter expansion which
. i . 72 . .
approximates to e % =1 — i 5t — {—;&2 + -+ expansion up to the third order terms

in Or.
o IATHSE _ (=iHA81/2 =iyt ,~i381/2 4 0(§73) (2.54)
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The error in Eq. is calculated explicitly as

2
o iHa81/2 ,— A5t ,—iA3 512 _ (1_1.%&_%’2 52— %j S8+ .. y

2
,%j& —I%St‘f— 7)

52
= 1 i+ )51 — (Ao + ) -

3 3 3 2 2 3
+(_%;1 NG %+.%‘%+%%+%>53

X(l—i%5l‘—l% 5t —l% 8+ ) x (1 —iAy &t —

31 23 3!23 30 o TR 4

(2.55)

The terms which are proportional to the third power of 8¢ (8¢%) are not equal to the third

power terms in the e ot expansion. Hence we see that the error of the expansion is the

order of 873 with small time-steps.

2.8 Reduction of the Bond Dimension for an MPS

When an MPO is applied to an MPS, the resulting MPS has a bigger bond dimension. This
is shown in Eq. (2.24). Bond dimension of the new MPS can be reducible. In other words,
state can be represented by a bond dimension less than the resulting bond dimension. In

this case, we do reduction for the bond dimension of MPS.

During the time evolution, we apply unitary time evolution operator (MPO) to the state
(MPS). We reduce the bond dimension while solving the Eq. (2.43). To do the reduction,
we search an MPS with a minimal bond dimension. This minimal bond dimension is

equal to the bond dimension of the original MPS, dim(c,) in Eq.[2.14]
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3. COUPLED QUANTUM CAVITY ARRAYS

3.1 Quantum Rabi Model

Quantum Rabi model is a model for the interaction between a single mode of

electromagnetic field and a two level atom which is given by the Hamiltonian

Hp = Hp+ Hr + A 3.1

Here, .77, is the atom Hamiltonian given by

Ay =) Eili) (i 3.2)

where |i) denotes the states of the atom. The single mode field Hamiltonian is

S = ho (a*a + %) (3.3)

where a' (a) is creation (annihilation) operator for the photon mode and the interaction

term is

H1 = —er-E 3.4)

where r is the position operator of the electron and E is the electric field operator in the

dipole approximation.

Re-write the er by inserting the completeness relation for the atom basis as

er = Y i) (ilrlj) (il (3.5)

= Z U;jOij (3.6)
i,j
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where p;; = (i|r|j) is the electric dipole transition element and o;; = |i) (j|. The quantized

electric field is given as in [[17]]

E=¢e(a+a") (3.7)

Here, € = \/h®/2g)V where V is the volume of the quantization box and & is the
vacuum permittivity, € is the polarization unit vector. By these changes the interaction

term becomes

A ==Y gijoij(a’ +a) (3.8)
]

where g;;j = — ”';-lég. The two level system has two possible states |i) = {|0), |1)}. Electric

dipole transition is the same for transition from the ground state to the excited state with
the transition from the excited state to the ground state. Therefore, gg; = g10 = g and
g11 = goo = 0. We use the notation for the electric dipole transition moment from ground
state to the excited state operator as 6 = Oy¢ and for the reverse process 6_ = 0Op;.

Hence, Quantum Rabi Hamiltonian becomes

Q
Ay = a)aTa+§Gz+g(G_+6+)(aT+a) (3.9)

where raising and lowering operators are respectively o+ = |1) (0] and Q is the transition

frequency for the two level atom (TLS), o = |0) (1|. o is the Pauli spin matrix.

Quantum Rabi model in Eq. does not have an exact solution due to the counter
rotating terms (o1a’, 6_a), but it is solvable with some approximations. Ignoring the
counter rotating terms corresponds to rotating wave approximation (RWA). RWA is not
sufficiently good at strong coupling limit in comparison with the numerical solution of
the Rabi Hamiltonian in Eq. (3.9). There are some other approximations for the Rabi
model to capture the physics in the strong coupling limit. One of them is offered by Irish
in [[18]] which is so-called generalized RWA (GRWA). This approximation is held by a

basis transformation for the Hamiltonian in Eq.

Fig. shows ground state and the first excited state energies with different

approximations.
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Figure 3.1: Numerical, RWA, generalized RWA and adiabatic approximation energies
versus coupling strength. Red dotted dashed lines indicate the RWA, black
solid lines numerical solution, blue dashed lines generalized RWA (GRWA)
and pink dotted lines adiabatic approximation energies.

We see from the figure that adiabatic approximation works well in strong coupling limit,
whereas RWA breaks down around strong coupling limit g = 0.5. GRWA merges the
behavior of adiabatic approximation in strong coupling limit and RWA in weak coupling

limit. Therefore, it is convenient with the analytical solution of the Rabi model in Eq.[3.9]

3.1.1 Jaynes-Cummings model

Quantum Rabi model is depicted in Fig. 3.2

Q
g/
()

Figure 3.2: Graphical representation of single quantum cavity and TLS

Jaynes Cummings Model is obtained by the RWA of the Rabi model in Eq. (3.9)

introduced in [19].
i 8 f
Hc = 0a a+562+g(6+a—l—c,a ) (3.10)
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The Hilbert space of the system is spanned by the set of states {|n) |g),|n) |e)} where n is

the number of photons and e (g) indicates the atom is in the excited state (ground state).

Due to the RWA Hamiltonian commutes with the total excitation number operator which
is given by

MNe=d'a+oL0- (3.11)

hence, [77,.4;] = 0. Thus, the total excitation number is a conserved quantity of the

system. The excitation number operator acts on the bare states as

Neln,g) = nln,g) (3.12)
Neln,e) = njin,e)+1|n,e) (3.13)

giving the n and n+ 1 excitations respectively. It is only possible to couple the states with
the same excitation number i.e. {|n,e),|n+1,g)}. Therefore Hamiltonian has a block

diagonal structure with 2 x 2 matrices
Hic =D DDAy (.14

each subscript indicating the excitation number for each block.

Hamiltonian of n + 1 excitation is

Q
_ (5 t+on gvn+1
Hon = (g\/n—l—l —%—{—(D(n—l—l) (3.15)

Energy eigenvalues of Eq. (3.15]) are

1 1
& = (n+ E)a)i EQR (3.16)

where Qg = /82 +4g2(n+ 1) is the Rabi frequency of the atom and § = Q — @ detuning
frequency of the field [20].

The eigenstates are the dressed states of atom-photon field system

In,+)=cos6,|n,e)+sinb,|n+1,g) 3.17)

n,—) = —sin6,[n,e)+cosby|n+1,g) (3.18)
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with the definition of 6, as

3.19)

(Zg\/n—i- 1)
0, — arctan — 5

In Fig. Rabi oscillations of the TLS in the resonance condition with respect to

different coupling strength is shown.

Figure 3.3: Rabi oscillations for different coupling constants on resonance condition (6 =
Q — o = 0). Red dashed dotted line corresponds to g = 2, black solid line
g = 1 and the blue dashed line g = 0.5

Rabi frequency is Qg = 2gv/n+ 1 with the resonance condition (6 = 0). Therefore, as

the coupling increases the frequency of the Rabi oscillations increases.

In Fig. change on Rabi oscillations with fixed coupling respect to the detuning O is

shown.
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0

0

Figure 3.4: Rabi oscillations versus the detuning 6 = Q — @. Red dashed dotted line
corresponds to 6 = 1, blue dashed line § = 0.75 and the black solid line
0 = 0 (resonance).

As the detuning increases, Rabi frequency increases. In the resonance condition 6 = 0,
excitation probability of the TLS is at most P, = 1. With the detuning, this probability is

lower.

3.2 Coupled Cavity Array (CCA)

Interaction between the TLS and photon field is tunable when they are confined in a
cavity. In order to examine many body properties of such systems, coupled cavity arrays
is used in experiments. The one we are interested in is the coupled cavity array, one of the
cavities is interacting with a TLS. Photon hopping occurs between the nearest neighboring

cavities due to the overlap of the cavity modes [4]. The model is depicted in Fig. [3.5]

Q

g/
O O O @ O O

-/ —J —J —J —J

Figure 3.5: Graphical representation of coupled cavity array (CCA) interacting with a
TLS.

The model is a real space version of Dicke model in which the TLS interacts with

multi-mode cavity radiation field [21]. To capture this point of view, we generalize
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the Quantum Rabi model 7 in Eq. (3.9) including coupled quantum cavity array

interactions.

H = Hp+ I+ A (3.20)

Q
= Z wka}:ak + EGZ + ng(6+ak + G_a,t + G+az +0_a;) 3.21)
k k

where k is the number of modes of the wave inside the cavity. This is known as Dicke

Hamiltonian. We do Fourier transform for the real space as

(3.22)

Q

E R

I
-
.MZ
QN

5

Q
~

N
I
_

where a is the lattice parameter and x = ia. Applying Eq. (3.22) to the Dicke Hamiltonian
in Eq. (3.21)) we get for the 7% with the nearest neighbor (n.n) interaction

N
A = lz o Z eik(x—x’)ajai, (3.23)
N ii'=1
N N—1
= oY da+ Y Jialan +Ji1al,a (3.24)

i=1 i=1
where J; iy = Ji_1,; = ]%,Zk e ka hopping coefficient to the nearest neighbor is the

same for both directions and @ is the cavity mode. We take J; ;11 = J;—1; = —J [21].

The interaction term H; becomes

1
Kv)

M=

(eikx (Lra;r +e kg ai) (3.25)

=

i=1
assuming atom (TLS) is in the cavity i = ip and only interacts with the field mode in this

cavity .77 becomes

S =g (o+a,-0 to_al +oral + c,ai()) (3.26)

where g = \/LN Y, gre™ "0 and xq = iga.

Therefore, Rabi model with coupled quantum cavities is given by the Hamiltonian

N N—1 0
.t oL
H =0 Z ajai —J (a,-aLl +a;ai1)+ =0, +g(0ra;, + G_al-'o +0_aj,+ G+aj0)

i=1 i=1 2
(3.27)
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Neglecting the counter-rotating terms (RWA) gives the multi-mode Jaynes Cummings

Hamiltonian as

N N
Q
H =0 Za;rai —J;(alrlai +h.c.)+ 50 +g(oyaj,+h.c.) (3.28)

i=1 i

The excitation number operator .4, on the lattice becomes

N
Me=Y alai+oi0- (3.29)
i=1

satisfies the commutation relation with the Hamiltonian in Eq. (3.28) [#,.4,] = 0.

The eigenstate of the .4, operator with zero eigenvalue defines the so-called vacuum state

which will serve as a reference state in our numerical calculations.
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4. RESULTS

The model Hamiltonian studied for CCA has four parameters. We choose the hopping
parameter J as the energy unit and fix the cavity mode energy @ = 2J and the TLS level
spacing Q = 2J corresponding to near resonance condition for photons modes in the linear
dispersion regime. Scattering simulations have Gaussian pulses centered with momentum
in this regime. Accordingly the natural time unit is 72/J. The TLS is always located in the

middle of the chain.

4.1 Ground State of CCA

We have calculated ground state particle distributions for different coupling strengths g
with RWA and including CRW terms. The simulation parameters are set as: N = 61,
iop =31,J=0.05, Q=2 and w = 2. This implies near resonance condition. Energy unit

in the ground state calculations with J = 0.05 is not the hopping parameter.

In Fig. §.1] particle distributions in the ground state are shown. The physical index
dimension is chosen as d = 5 in the RWA and d = 10 without RWA which are shown in
the left and the right panels respectively. Increasing the physical index dimension beyond

these values does not change energy and convergence.

100 ‘ 100
P, P,
05 |- 0.3
n; - n;
0 0
0.51 2 051 2
1010 g - 10°10 L g
‘ 1 ‘ 1
30 .40 30 . 40

i i
Figure 4.1: Ground state particle distributions for 61 sites with J = 0.05. d = 5 for various

coupling strengths g with RWA in the left panel and d = 10 without RWA on
the right panel. The insets show the TLS excitation probability with these
coupling strengths.
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In RWA, TLS-photon make a bound state when g = 2 which results in non-zero field
localization and excited state occupation. The ground state is the vacuum state for other

coupling strengths.

Without the RWA the ground state is a TLS-photon bound state for all coupling strengths.
The expected value of number of excitations in the ground state increases with the

coupling strength.

We have calculated particle distributions with different coupling strengths for a longer
chain with N = 201, ip = 101, J =1, Q =2 and @ = 2. These are shown in Fig. @
We have set the physical index dimension d = 2 in RWA and d = 4 for beyond RWA.
These are not the true ground state particle distributions due to the restricted physical
index dimension d but are both shown for illustration purposes and used as initial state

distribution in scattering simulations to be presented below.

o4 fF 1.~ 4 M T

0 100 — 200 0 100 . 200

i i
Figure 4.2: Photon distribution in CCA with 201 sites for coupling strengths g =

0.1,0.5,1,2 in RWA (left panel) and with CRW terms (right panel). Inset
shows the excitation probability of the TLS for corresponding coupling
strength.

In the left panel of Fig. #.2] photon distribution in the minimum energy state found with
d =2 with different coupling strengths (g = 0.1,0.5, 1,2) within RWA are shown. In weak
coupling regime (g = 0.1), minimum energy state is the vacuum state. Therefore there is
no excitation of the TLS and on the chain. At a critical coupling strength (g ~ 0.5 for this
chain), minimum energy state photon distribution of the system differs from that of the
vacuum state. This is a critical point where a quantum phase transition occurs and this
critical point is dependent on the size of the system. The TLS excitation is shown in the

inset. As coupling gets stronger, excitations on the chain localize around the TLS.
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In the right panel of Fig. 4.2} photon distribution beyond RWA with d = 4 are shown. The
minimum energy state is not vacuum for any of the coupling strengths. As the coupling

strength is increased, chain excitations localize around the TLS as in the case of RWA.

4.2 Emission from a Two Level System

In this section we show the results on emission from the TLS which is initially in the

excited state at r = 0.

Following the work of Lombardo et al. [22], we investigated emission from the TLS
as a function of coupling in RWA. We have reproduced the same results with the MPS
method. Additionally, we have repeated the same calculations without RWA. Fig. [{4.3]

shows scape-time graphics for the photon distributions on the chain.

0.007 0.007

0 100 2000 0 100, 200
Figure 4.3: Emission from TLS shown as function of space and time within RWA (left
panel) and including CRW terms (right panel) for different coupling strengths
(g=0.1,0.5,1,2 from top to bottom).

Fig. f.4]shows TLS probability distributions and photon number expectation values in the

cavity in which TLS is located (7).

In Fig. #.4)and Fig. [4.3] there are three regimes in the emission from the TLS with respect

to coupling strength g. For weak coupling g = 0.1, TLS does spontaneous emission and
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Figure 4.4: Emission dynamics from TLS as a function of time within RWA (left panel)
and with CRW terms (right panel) for different coupling strengths (g =
0.1,0.5,1,2 from top to bottom). P, and n;, denote the excitation probability
of the TLS and occupation of the cavity mode on site iy respectively.

it emits all of its excitation to the field in long time scale in RWA case as shown in upper
left side. This is the exponential decay regime. Emitted photons go away from the TLS.
In order to see complete emission from TLS, a longer chain is required. Results are
shown up to ¢t = 407 /J to avoid boundary effects. For the coupling strength g = 0.1, there
is not any significant difference between RWA and non-RWA. For g = 0.5, TLS has an
oscillating decay in a short time in RWA. Without RWA, some residual excitation remains
in the TLS and some field localization starts, but the general emission behavior is similar.
There is another decay regime for the coupling g ~ 1 where the Rabi oscillations of the
TLS begin. This is the effect of a bound state of TLS and photons. Bound state causes
the emitted photons to be localized around the TLS. Therefore, TLS can re-absorb and
re-emit these photons. For the couplings g = 1 and g = 2, TLS oscillations never go to
zero due to the bound state. When the coupling strength is g = 2, photon population is
mostly located around TLS. Therefore, this is the third regime in [22]], where fractional

oscillations occur.
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In Fig. in weak coupling g = 0.1, the emitted photons tend to go away from TLS. We
see the Rabi oscillations of the TLS with a big period in g = 0.1. As the coupling strength
is increased period of the Rabi oscillations gets smaller. Due to the population trapping,
TLS does not emit its all excitation to the field. Excitation probability of the TLS is
greater beyond RWA for strong coupling strengths. In these cases, the Rabi oscillations

have a vanishing amplitude in time.

4.3 Scattering from a Two Level System

We have studied the scattering of a Gaussian wave packet with one and two photons from

the TLS in the vacuum state. We have used the same parameters as Longo et al. [21]].

One photon Gaussian wave packet prepared with momentum k = /2, width @y =9,
centered around i, = 35 is shown in Fig. This initial state is created by applying
appropriate photon creation operators to the vacuum MPS. The TLS transition frequency
is Q = 0.2 and the coupling constant is g = 1. The approximate detuning frequency for
the incoming pulse with k = 7/2 is A = 0.2. Time evolution is done with 2"¢ order

Suzuki-Trotter expansion with the time step dt = 0.1.

0.1 ; ; ; ‘
(a) (b) (©)
s 0.05 + -4 -4 -
0 | |
0.1
(d) (e) ()
< 0.05 + 4L 1L |
0 \ LN ! N
0 100 2000 2000 200

100

100

l 1 l
Figure 4.5: Snapshots in time of a Gaussian wave packet with one photon from the TLS.
Little black arrow shows the TLS location on the chain. Snapshots are at
times #[ii/J] = (a) 0, (b) 17.5, (¢) 27.5, (d) 37.5, (e) 47.5, (f) 70.

In Fig. {4.6] the incoming, reflected, transmitted pulses are shown as a surface plot in the
left panel. In the right panel, TLS excitation probability and expectation value of photon

number n;, are shown. After the scattering, the pulse splits into two parts one of which
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Figure 4.6: Left panel shows photon distribution during the scattering of one photon from

the TLS. Right panel shows TLS and TLS-cavity excitation as a function of
time.

is the reflected pulse and the other one is the transmitted pulse as seen in Fig. [{.5(d).
During the scattering process, TLS absorbs and re-emits photons, so the deformation in
the shape of the transmitted pulse in Fig. 4.5](d)-(e)-(f) is the results of interference effect
of directly transmitted pulse and the re-emitted ones. The TLS completely goes to the
ground state after scattering. The major part of the pulse is reflected by TLS after the

scattering while the transmitted pulse has a small amplitude.

As shown in the left panel of Fig. 4.6} during interaction of the incoming pulse and the
TLS, photon population increases around the TLS. After the scattering, field localization

and TLS excitation vanish as shown in the right panel of Fig. 4.6

Scattering of a Gaussian wave packet prepared with two photons is shown in Fig. {.7]
Left panel of Fig. .8|shows the transmitted and the reflected pulses where the right panel
shows the TLS excitation probability and expectation value of photon number n;,. In
the case of two photon scattering from the TLS, there is a physical phenomenon which
was studied by Longo et al. in [23]]. After scattering, the photon-atom bound state occurs,
therefore a residual occupation remains in the excited state of the TLS as shown in the
right panel of Fig. 4.8 and in Fig. 4.7(d)-(f). (The reason of the complete emission from
the TLS for one photon scattering is that photon-atom bound states are energetically far
away from the dispersion region of the system [23]].) The TLS undergoes Rabi oscillations
after scattering because of the bound state. Transmitted pulse amplitude is bigger than

case of one photon scattering.
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Figure 4.7: Scattering snapshots of the Gaussian with two photons from the TLS.
Snapshots are at times ¢[7i/J] = (a) 0, (b) 17.5, (c) 27.5, (d) 37.5, (e) 47.5, (f)
62.5.
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Figure 4.8: Left panel shows photon distribution during the scattering of a two photon

pulse from the TLS. Right panel shows TLS and TLS-cavity excitation as a
function of time.

In order to examine the effect of the direction of the incoming pulses on the photon-TLS
bound state, we studied two incoming pulses from opposite directions to the TLS. The
two Gaussian wave packets are prepared with momentum KD = —@ = 37 /4, width
wél) = éz) =7, centered around igl) = 50 and igz) = 150 and each having one photon.
The detuning frequency is near zero (resonance) for |k| = 37/4. Transition frequency
of TLS is Q = v/2 and the coupling constant is g = 1. Time evolution is done with 2"¢

order Suzuki-Trotter expansion with the time step dt = 0.1. These parameters are taken

from the reference [23]]. Fig. [4.9)indicates the initial, reflected and the transmitted wave
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packets before and after the scattering. In the left panel of Fig. .10] the space-time plot

of this event is shown.
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Figure 4.9: Scattering of two Gaussian wave packets from the TLS incoming from

different sides. Snapshots are at times ¢[7i/J] = (a) 0, (b) 10 (c) 20, (d) 30, (e)
50, (f) 68.
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Figure 4.10: Left panel shows photon distribution during the scattering of a two photon
pulses incoming from both sides of the TLS. Right panel shows TLS and
TLS-cavity excitation as a function of time.

Notice that occupation is not zero around the TLS in Fig. [#.9[e)-(f), because of the

photon-atom bound states as before.

Photon occupation on site ip and excitation probability of the TLS goes to nearly zero

after the scattering as shown in the right panel of Fig.

We have investigated the role of the coupling strength in the scattering from the TLS in

RWA and beyond. For these simulations, we have taken the minimum energy states as
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initial states at + = 0. Photon distributions to the minimum energy states was shown in
Fig. @2
Fig A.11]shows surface plots of scattering from the TLS in RWA (left) and beyond (right)

for different coupling strengths g = 0.1,0.5,1,2. Incoming pulse is a Gaussian with the

parameters k = /2, @y = 9 and i, = 35. Fig. shows the excitation probability of
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Figure 4.11: One photon scattering from the TLS in RWA (left) and beyond (right) with
coupling g =0.1,0.5, 1,2 (from top to bottom).

the TLS and photon occupation at site io (n;,) in time.

In weak coupling (g = 0.1), incoming photon and the TLS do not interact noticeably. For
g = 0.5, they interact weakly. Major part of the incoming pulse is transmitted after the
scattering in RWA. Without RWA, this interaction changes the photon distribution on the
chain. For g = 1, the reflected part of the pulse increases while the TLS excitation clearly
decreases in RWA. Beyond RWA, photon distribution on the chain changes but the TLS
excitation does not change significantly. For g = 2, interaction does not change the field

localization around the TLS and TLS excitation significantly.

In Fig. for g = 0.1, photon population increases during the interaction, but this
does not change the excitation probability of the TLS. For g = 0.5,1,2, the TLS does not
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Figure 4.12: TLS excitation probability and photon occupancy on TLS site ip as a
function of time in RWA (left) and beyond (right) for coupling g =
0.1,0.5,1,2 (from top to the bottom).

completely go to the ground state. For g = 0.5, the TLS excitation increases during the
interaction and it returns to values close to its initial values after the scattering. For g = 1
and g = 2, the TLS excitation is lower after the scattering in RWA, while beyond RWA
it remains around the same excitation probability. For g = 0.5, 1,2, excitation probability
increases during interaction and becomes smaller than the initial values in RWA. Beyond
RWA, for g = 0.5 it increases during the interaction whereas for g = 1 it decreases during

the interaction. For g = 2 it is not affected by the interaction too much.

Fig. .13]shows the surface plot of scattering two photon pulse from the TLS in RWA (left
panel) and beyond (right panel) for increasing coupling strengths from top to the bottom

g=20.1,0.5,1,2. Results are qualitatively similar to one photon scattering.

Fig. {.14] shows the excitation probability of the TLS and photon occupation at site i

(nj,) in time.
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Figure 4.13: Two photon scattering from the TLS in RWA (left) and beyond (right) with
coupling g =0.1,0.5, 1,2 (from top to bottom).

1 I . I 1
P,
Ny
P.t Lz
N\

0 Ve T 0
1 T I T I T 1
Pe 1 '-—_\/——l_' nio

—_—N_

0 e g, S - ' 0
1 . I . I 2
Pe B 1 B v nZO
0 m | 0
1 T I T I 2
PCAN = R nio
0 : ! | ! ! | ! 0
0 50 th)J 100 O 50 th).J 100

Figure 4.14: TLS excitation probability and photon occupancy on TLS site iy as a
function of time for two photon pulse in RWA (left) and beyond (right) for
coupling g =0.1,0.5,1,2 (from top to the bottom).
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S. CONCLUSIONS AND OUTLOOK

In this thesis we have performed numerical calculations on coupled quantum cavity arrays
interacting with a two level system using MPSs. We studied time dependent dynamics

including emission and scattering from the TLS within RWA and beyond.

Following the work of Lombardo et al. [22]] we studied the emission dynamics from a
TLS. We confirmed that emission from the TLS has three regimes depending on the
coupling strength. The first regime is in the weak coupling limit. In this regime, the
TLS decays exponentially. This is the spontaneous emission from the TLS. In the second
regime with higher coupling, the TLS undergoes Rabi oscillations while it decays to the
ground state. The third regime is in the strong coupling limit where the Rabi oscillations

become dominant. These last two regimes result from the photon-atom bound states.

Scattering from the TLS calculations are done by following the references [21] and [23]].
The first one is the scattering of a Gaussian wave packet with single photon from a TLS.
The second one is the scattering of a Gaussian wave packet with two photon from a TLS.
In the second case, we have observed a residual occupation of the excited state in the
TLS. This is the effect of photon-atom bound states again. As a third calculation, we
have investigated the scattering of two pulses approaching the TLS from different sides

resulting in population trapping as before.

We repeated the scattering simulations for different coupling strengths in RWA and
including CRW terms starting from the minimum energy state obtained from the ground

state calculations.

We are planning to study on coupled quantum cavity arrays interacting with multiple

TLSs or a three level system with MPS method in the future.
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APPENDIX A: MPS Examples for two and three sites
Two Sites MPS General Formulation

Consider a two site state vector

v) =Y Gy litiz) (A.1)

i1,
where C;,;, 1s the coefficient matrix. It is a tensor with two physical indices as shown in
Fig.[A.T](a). To decompose the C;,;, tensor, we form a matrix C;, ;, as in Fig. [A.T}(b). We
apply SVD for this decomposition as
Cihiz - ihocAoc ocV (A.2)

oLl

and we change the notation to l//é} :=Uj, o and l//ff = Aoc,av(;iz- We rewrite Eq. (A.1)) as

Z Vo VG litiz) (A.3)

ll 712

which is shown as graphically in Fig. [A.T](c) where the virtual index (bond index) is
shown by the dashed line.

An example for two site wave vector is given in the proceeding discussions.

@ i iy )
Cii,
(©)
i ir
bt
Vi Ve

Figure A.1: Graphical description for the derivation of the two sites MPS
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Three Sites MPS General Formulation
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Figure A.2: Graphical description for derivation of three sites MPS

A three site wave vector is given as

) =Y Ciii, liriai3) (A4)

i1,02,03

where C;,;,;, tensor is depicted in Fig. (a). We form the matrix C;, ;,;, where (izi3) is
a combined index, as it is shown in Fig. [A.2}(b). We apply SVD to the matrix C; ;,;, as

Ciyiniy = Uijay Moy Votl,izzg (A.5)
and we change the notation to l//é}l :=Uqy,.i; and Cqy, jhi; = Agy 0 VOTC1 biy- Bq. (A4 is
rewritten in terms of the decomposed matrix as

W)= Y WaCoyizis liriais) (A.6)

i1i2i3
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which is shown in Fig. [A.2](c). The virtual index (bond index, o) is shown by the dashed
line.

Indices of Cq, i, are separated by the new decomposition Cg,;, ;; Where (otiz) is a
combined index. This is shown in Fig. [A.2](d). We apply SVD for the new matrix as
(A.7)

o . T
C05112J3 - UaIIZa(XZAaZaaZVa27i3

Changing the notation to l//é%l o = U}fhaz and l[/é?z = Aaz,anT

.30 WE Tewrite Eq. (A.6
as

)= Y v v v liniis) (A.8)

i17i27i3

which is shown graphically in Fig. (e). Note here that l//é}l and wgz which are the first
and the last site tensors have only one virtual index (bond index). This is the case of open
boundary conditions as mentioned before in Chapter 2}

A three site MPS example is given in the proceeding examples.

Simple MPS Derivation Examples

Here, we give some two and three sites examples of MPS with D = 1 and D = 2 bond
dimensions.

Pure State
Pure state is the most simple exercise with D = 1 meaning that there is no entanglement.

Consider the product state of i, = {1} }, N = 3 particle state

) = N
= Y, vyRyBliias)

i1,02,3

= yryhyT|U)

in terms of product of matrices. Since there is not any contraction index of the tensors,
they are just numbers and all y'» = {1,0}.

Entangled States
Spin singlet state and GHZ are the entangled states with the bond dimension D = 2.

(i) Singlet state

_
V2

which can be written in the MPS form as

W) (It = 1) (A.9)

)= Y wivglib)
iLb={1{}
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in which « is the contraction index, hence l//é;’ are rank 1 tensors (vectors). Apparently
we can choose the vectors as

site index 1 2
Vo (1 0 —(0 1DT/Vv2
Ve o 1 (1 0T/V2

Table A.1: Singlet state vectors

Now, let us verify the Table by the SVD method. Firstly, Eq. is written in the
general form by means of the local physical variables (i, ).

) =Y Ci,lit,iz) (A.10)
i1,
where the coefficient matrix is
1 /0 1
Ciw'zzﬁ(_l 0) (A-11)
with the consistency in Eq. (AJ9). SVD decomposition is done as Cj ; =

Uil-,alA(xhalVT

o ,ip
where A matrix is formed by the square roots of the eigenvalues of the matrix A =
W . Wi i,» which is

I /10
A= E (O 1) (A.12)
and V matrix is formed by the eigenvectors of the A as in the following
1 0
V= ( 0 — 1) (A.13)
and
0 1
U= (1 O) (A.14)

where U;) o = Ci, i, Vi, o A'
Now, let us re-write Eq. @) in terms of U, A,V matrices

¥) = ZUihalAal,OqV;l,iz|i17i2> (A.15)

i1,i2
= Y Ve Va i) (A.16)
ll 712
where I//é%l = A(thCIVJr .. It is easy to check if the matrix elements give the coefficients

a1
in Eq. (A.9).
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(i1) GHZ state with N =3

1
GHZ) = —5 (1111 + )
= ZCi1i2i3|i1i2i3>
{i}

= Z ‘V&l II/(I)%I (05 wgz |l1l213>
{i}

Note here that the first (Y, ) and the last tensors (Yq,) have one index while the tensor

in the middle has two indices. Now, let us find the l;/f)’gn_lan tensors in MPS by the SVD
decomposition.

The first decomposition is done to the matrix C;, ;,;; in which one of the sites is on left
side the remaining two are on the right side.

o _(Yyv2 00 0
C1171213_( 0 00 _1/\/5) (A.17)

where non-zero elements are the coefficients of the states 1,11 and |,/]. By the SVD
decomposition C;, j,i; = Uj, o, Ay oy V;l iin® It is simple to find the relevant matrices as

10
Uil,Oll = <O 1) (A.18)

which is equal to the local tensor of the first site l//é}l, and

_(1/V2 0 00
Aal,al—( 0 1/\/5 0 0) (A.19)

and finally

(A.20)

S O O

Vo iniy =

S oo -
o= O O
S o= O

—1

In Eq. (A.20) the first two rows corresponds to the non-zero singular values which are
()ia=1/ /2 and the last two rows correspond to the zero singular values of the Ao, o
matrix.

After the first SVD decomposition we obtain the matrix Wy, i, = Aaho‘lVT for the

j - ) a o,izi3
right side of the chain, that is

(1200 0
wou,lzls_( 0 0 0 _1/\/5) (A.21)
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For the new decomposition, one need to obtain the matrix

1/v2

0

0 0

Yoip,is = 0 0 (A.22)
0

_1/\/§

where the non-zero elements correspond to {Ag,iz,iz} = 1/ V2 1,1 and {Ag 12,13}
1/ V2 2 |, | respectively. One do the SVD decomposition as Wq,;, i; = Ug, ,27a2Aa27a2Va2 is
where the relevant matrices are

1 0 00
0 0 01
Uoyir,on = 0010 (4.23)
0100
which is equal to the local tensor 11131 s
1/v2 0
0 1/v/2
0 0
and
1 0
Voy.is = <0 _1) (A.25)

i
(0%) Vaz,i3 :

Notice from the Equations (A.19HA.25) that one could obtain the same results just keeping
the only non-zero singular values and the corresponding columns of the V matrices.

so that the local site tensor for the last site is Yg, ;; = Aq,,
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APPENDIX B: Tensor Contraction Implementation in Matlab/Octave

Consider the tensors Xy, a,.-opy With N indices and Yg, g,...5,, wWith M indices. We would
like to contract the set of mixed indices @; - - - & of X and f - - - B; of Y. Here it is explained
how to contract these specific indices of X and Y in Eq. (A.1I)) in MATLAB in a few steps:

Xoyoy-—-ay Y, BBy (A.D)
where o;---aj € {aop---on} and BB € {BiB2--- Bu}-

1. Indices of X and Y are permuted by the command permut{] in such a way that
contraction indices of X, ¢;--- ;, are the rightmost indices of X and the contraction
indices of Y, B - - - B;, are the leftmost indices of Y.

Xal"'aNai"'anBk'“Blﬁl ﬁM

2. We make combined index from the contraction indices and non-contracted ones of X
and Y as

Xal...aN7ai...aj

Yg, .88y By

by the reshapﬂ command. Here, o --- oy and ¢; - - - & are combined indices of X and
Bi--- By and By - - - By are combined indices of Y.

3. Do the matrix multiplication as in the following:

Zal"'anﬁl"'ﬁM - Xal...aN7ai...aj aai7ﬁk e 6a_j7ﬁlYﬁk"'ﬁlvﬁl"'ﬁM (A.Z)

In Eq. |D kronecker delta Oy, g, is inserted to indicate that the column and row
indices of the X and Y tensors have to be matched. Note that ¢ --- oy and B --- By
do not contain o; - - - ¢¢; and f - - - B respectively anymore.

4. A new tensor can be set from the matrix Zg,..qup,.-y ‘= Zay-ay,Bi--pu OY the
command reshape.

http://www.mathworks.com/help/matlab/ref/permute.html
Zhttp://www.mathworks.com/help/matlab/ref/reshape.html
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Tensor Contraction Examples

In this section, the application an operator in the MPO form to a quantum state in the MPS
form as in Eq. (2.24)) is indicated. For this aim, consider we have chosen an operator as

O=0Q 0, (A.3)

where the ¢ and 0, are applied to the first and the second sites respectively of a two
sites chain. Hence, the general form of this quantum mechanical operator is of the form

in Eq. (2.17).
We want to apply MPO form of Eq. (A.3) to the MPS form of a two site state as in

Eq. (A.3). To do this, we need to find MPO representation for the Eq. (A.3) by applying
SVD decomposition.

Coefficient matrix of Eq. is Oiyiy, i j» = (i1i2| 0| j1j2). As mentioned in Chapter [2}
in order to do the SVD decomposition to the Oj,;,,j,j, matrix in Eq. (A.3), it must be
reshaped as O;, , i, j,- Therefore, the indices i», j; change the places. To be more explicit,
we write the matrix elements of the 0,-1 j1,irj» 1 terms of the O;j, j, jy:

O1,11 O1,12 02111 On12

O ivinis = O1121 O1122 O1221 O (Ad)
’ 02111 O21,12 0211 O212
02121 02122 Oxp21 O

Here, the practical way to obtain the MPO form for the Eq. (A.3) in MATLAB after
obtaining the Eq. (A.4)) is given in a few steps:
. Oil ir,j1j» Matrix in Eq. is converted to a tensor by the command
reshape(Oii,.j,j,-|[d d d d]), whose each index has the local site Hilbert space
dimension, d. This is the tensor O; j, j, j,-

e The permutation procedure for the indices is done by the command
permute(Oj,iyji j,,[1 3 2 4]) so that the indices i <+ j; change places. This gives
the tensor O, j,iy j» -

» We need to make it a matrix as in the Eq. (A.4). The command reshape(O;, j,i,j,[d *
d,d d)) gives the desired matrix 0y, j, ;,, in Eq. (A.4).

* Eq. (A.4) is of the form which we want to apply SVD decomposition to find the local
MPO tensors.

The SVD decomposition of the Oil J1yinjn 18

o = Z 0~i1j17i2j2|i1i2> (J12 (A.S)
{i}.{j}

= Y UijiApV y12]2|lll2> (12| (A.6)
{it {7}

= ), O0y'0y"litia) (ol (A7)
{i}.{j}
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where O"Jn = (i,|0|j,) is the coefficient matrix and O}”' := Uy}, , and 057 :=

T
Am’v%lzjz
A two site MPS is of the form

Z Vi v litia) (A.8)

i1,i2

We apply the MPO to the MPS as in the following:

I
Qv

|®) = O['¥)

S}leél 012]2 J2 |]1]2> (A9)

I
M

—~
-

Now, we turn back to the tensor notation for MPOs O, j,y := 0;}j ' and Oyiyjp = Oisz

and for MPSs yj, o := l//g} and Yy j, = l,l/é?. Contraction is done by following the steps
written above.

Eq. (A.9) becomes

@) = Z Oi1y.1 ¥i1,aOiy. o Vir.a | J1J2) (A.10)
i1,
- Z O y,aPiy.aliriz) (A.11)

i1,i2

where @, y.¢ := Oiyy,j; Vj,a and @iyy,¢ := Oiyy, j, Vjy,a- We rewrite the above expression
by writing the physical indices as superscript as

@) =Y 007 liri2) (A.12)

where 11 = ya combined index. Notice that the bond dimension gets bigger when we
apply an MPO to the MPS.

We give some examples for Eq. (A.12)) in this formulation with two site operators and
states as in the following:

1. one body operator

O=0,xI1

This operator has a bond dimension one (rank(A) = 1). Therefore, it is already in the
matrix product form. Here, we apply this operator to a product state in (a) and the
singlet state in (b).

@ [y) =[Nl

Bond dimension of a product state is one (rank(A) = 1). When we apply & to the

) Eq. is
=l

where the bond dimension 1 is equal to one.
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®) lv)=H (Nl -)et)

Bond dimension of the singlet state is two, since there is two non-zero singular
value of A matrix. Since ¢ matrix has a bond dimension one, & |y) operation
does not raise the bond dimension. Hence,

1

9)=—(hel)-Mmael)

S

2

2. two body operator

O=0,[+1® oy

As O operator has two non-zero singular values, it has bond dimension two. Therefore,
O |y) operation alters the bond dimension whatever MPS it is.

@ [y) =)
Now, we apply an MPO with bond dimension two to a product state. This
operation gives an MPS which is not a product state.

_ 1
V2

It can be easily checked that |@) has only two non-zero singular values.

19) (e +m)elt)

Bond dimension 7 in Eq. (A.12) can be bigger than the value 1 = yo after the contraction.
We know that MPS in Eq. (A.I2) is represented faithfully by the bond dimension n =
yo.. Therefore, the bond dimension is reducible in these cases. However, with any bond
dimension 11 > yo , quantum state vector is recovered from the MPS formulation by
contracting the virtual indices in Eq. (A.12)).
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APPENDIX C: Variational Matrix Product State Method Matlab Code

Variational matrix product states code is mainly taken from the reference [16] and
modified for the coupled cavity array with a TLS Hamiltonian in Eq. (3.27).

In main program, there is a logical parameter (flag) which controls the input for the initial
MPS. For energy minimization, number of time step parameter is set to zero (Nt = 0). If
flag = 0, ground state calculation is done and the MPS of the ground state is written in a
.mat file. If flag = 1, it is possible to read the ground state MPS from .mat file and find
the excited state calculations using it. When Nt > 0, time dependent algorithm works. In
this case, if flag = 1 TLS is prepared in the excited state. This case is for the emission
from TLS. If flag = 2, a wave packet is prepared for the scattering from TLS. We do
preparation of the wave packet in two ways: Applying a Gaussian particle distribution
to the vacuum state in MPS form and applying the Gaussian particle distribution to the
ground state of the system in MPS form.

Listing C.1: main program

function main_mps
maxNumCompThreads (4) ;

global N d D jO sO kO J U w0 VO Omega Epsilon g0 gl i0 dt Nt flag <«
precision CN Nex mps

tO=tic;
read_input('mps.in');
fid = fopen('mps.out','w');

[hset,n,mpo_odd,mpo_even]=prepare_hset(J,U,w0,V0,0Omega,g0,gl,i0,N,d,+
CN,Nex) ;

if Nt==0
switch flag
case 0 Y%ground state
[EO,mpsO]=minimizeE(hset,D,i0,precision,[]) ;

case 1 % first excited state calculation
load(strcat('mpsO_psi.mat'), 'mps0');
[EQO,mpsl]=minimizeE(hset,D,10,precision, mps0);
mpsO=mpsl;

end

fprintf('E0 = %g\n' ,E0+CN*Nex”"2);

nexp=measurement (N,d,i0,n,mps0);

disp('initial expectation value')
save(strcat('mps0_psi.mat'), 'mps0');

fprintf( fid, '%$3d %9.3e \n', [(1:N+1); nexp ] );

fprintf( fid, '# E %f $f $f \n', [ EO+CN#Nex”2; g0; gl] );

elseif Nt>0

57



35

37

39

41

43

45

47

49

51

53

55

57

59

61

63

65

67

69

71

73

75

71

79

81

83

85

87

&9

%Evolution of a gaussian wave packet

Yorandn ('state ',0)
if flag==1
mps=createinitialmps(N,D,d,i10,k0,j0,s0,precision,—1);
elseif flag==
if exist('mpsO_psi.mat', 'file')==2
mps=createinitialmps(N,D,d,i0,k0,3j0,s0,precision,0);
else
mps=createinitialmps(N,D,d,10,k0,j0,s0,precision,—1);
end
end
mps=createinitialmps(N,D,d,10,k0,j0,s0,precision, flag);
disp('initial state set')
nexp=measurement (N,d,i0,n,mps);
sum(nexp)
fprintf( fid, '%3d %9.3e %9.3e \n', [(1:N+1); Oxdtxones(l,size(nexp+
,2)); nexp]l );
fprintf( fid, '\n' );
for it=1:Nt
Jotprintf ('it %d: \n',it);
[mps,K]=reduceD(mps,mpo_even,D,10,precision);
[mps,K]=reduceD(mps,mpo_odd ,D,i0,precision);
[mps,K]=reduceD(mps,mpo_even,D,10,precision);
%if mod(it ,20)==
fprintf('it :%d / %d \n',it,Nt);
nexp=measurement (N,d,i0,n,mps);
sum(nexp)
fprintf( fid, '%$3d %9.3e %$9.3e \n', [(1:N+1); itxdtxones¢
(1,size(nexp,2)); nexp | );
fprintf( fid, '\n' );
Yoend
end
mps0=mps ;
save(strcat('mps_t_',num2str(Ntxdt, '$11.3e'),'_psi.mat'), 'mps0<«
")
end
fprintf( fid, '# time= %$12.4g \n', toc(t0) );
fclose(fid);
end
VLt laedledede e dledledledlede el edledlede el el edledledledledledledle e ledledledlede e dleedledlede ool edledle e dledledledledle lelededledlede e ledledlede e e
function read_input(inputfile)

global N d D jO sO kO J U w0 VO Omega Epsilon g0 gl i0 dt Nt flag ¢
precision CN Nex

fid= fopen(inputfile, 'r');

N = fscanf(fid, 'N=%d\n', 1);
d = fscanf(fid, 'd=%d\n', 1);
D = fscanf(fid, 'D=%d\n', 1);
30 = fscanf(fid, 'J0=%f%f\n', 2);
s0 = fscanf(fid, 's0=%£%f\n', 2);
k0 = fscanf(fid, 'k0=%f%f\n', 2);
J = fscanf(fid, 'J=%f\n', 1);
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U = fscanf(fid, 'U=%f\n', 1);

w0 = fscanf(fid, 'w0=%f\n', 1);
VO = fscanf(fid, 'V0=%f\n', 1);
Omega = fscanf(fid, 'Omega=%f\n',1l);
Epsilon = fscanf(fid, 'Epsilon=%f\n',kl);
g0 = fscanf(fid, 'g0=%f\n',l);
gl = fscanf(fid, 'gl=%f\n',l1);
i0 = fscanf(fid, 'i0=%f\n',1);
dt = fscanf(fid, 'dt=%f\n', 1);
Nt = fscanf(fid, 'Nt=%d\n', 1);
flag = fscanf(fid, 'flag=%d\n', 1);
precision = fscanf(fid, 'eps=%f\n', 1);
CN = fscanf(fid, 'CN=%f\n', 1);
Nex = fscanf(fid, 'Nex=%d\n', 1);
fclose(fid);
end

Input file for the parameters.

Listing C.2: mps.in

N= 201
d= 2
D= 2
0= 20 20
s0= 4 4
k0= 1.57 1.57
J= 1
U= 0
w0= -2
V0= 0
Omega= 1
Epsilon= 0.0
g0= 0.5
gl= 0
i0= 101
dt= 0.01
Nt= 0
flag= 0
eps= 1e—08
CN= 1000
Nex= 1

This function minimizes energy of the system given by the Hamiltonian with N sites and
M operators. This operators are kept in a cell function as h=hset{i,j}. Therefore, h is the
i"" Hamiltonian operator with the bond dimension ¥ = 1 for the site j. This function calls
functions calculating the effective Hamiltonian, doing minimization and updating MPS
tensors. There are two outputs for this function one of which is minimized energy and
the other one is the optimized MPS. Each local sites on the chain is updated by sweeping
back and forth until precision condition is satisfied.

Listing C.3: minimize energy

function [E,mps]=minimizeE(hset,D,10,precision,mpsB)
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[M,N]=size(hset);
d=size(hset{1,1},1);
mps=createrandommps(N,D,d,i0);
mps=prepare(mps) ;

% storage—initialization
Hstorage=initHstorage(mps,hset,d,i0);

if ~isempty(mpsB), Cstorage=initCstorage(mps,[] ,mpsB,N); end

P=[];

% optimization sweeps
while 1
tic
Evalues=[];

o sewsewsmswsorsknskkkknsk cycle 1: jJ —> j+1 (from 1 to N—1) scsseoosmsonsorsoksskorskok

for j=1:(N—-1)
% projector—calculation

if ~isempty(mpsB)
B=mpsB{J};
Cleft=Cstorage{j};
Cright=Cstorage{j+1};
P=calcprojector_onesite(B,Cleft,Cright);

end

% optimization

Hleft=Hstorage(:,J);

Hright=Hstorage (:,j+1);

hsetj=hset (:,]J);
[A,E]=minimizeE_onesite(hsetj,Hleft,Hright,P);
[A,U]l=prepare_onesite(A,'1lr'");

mps{Jj}=A;

Evalues=[Evalues,E];

% storage —update
for m=1:M
if §==i0
h=reshape (hset{m,j},[1,1,2%d,2%d]);
else
h=reshape(hset{m,j},[1,1,d,d]);
end
Jh=reshape (hset{m,j},[1,1,d,d]);
Hstorage{m, j+1}=updateCleft (Hleft{m},A,h,R7);
end

if ~isempty(mpsB)
Cstorage{j+l}=updateCleft(Cleft,A,[],B);

end

end

o #ssskeswsrskssksserrxsr cycle 2: j —> j—1 (from N to 2)
for j=N:(—1):2
% projector—calculation
if ~isempty(mpsB)
B=mpsB{J};
Cleft=Cstorage{j};
Cright=Cstorage{j+1};
P=calcprojector_onesite(B,Cleft,Cright);
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end

% minimization
Hleft=Hstorage(:,7J);
Hright=Hstorage(:,Jj+1);
hsetj=hset (:,7);
[A,E]=minimizeE_onesite(hsetj,Hleft,Hright,P);
[A,U]l=prepare_onesite(A, 'rl');
mps{J}=A;
Evalues=[Evalues,E];

% storage —update
for m=1:M
if 4==10
h=reshape(hset{m,j},[1,1,2%d,2xd]);
else
h=reshape (hset{m,j},[1,1,d,d]);
end
Jh=reshape (hset{m,j},[1,1,d,d]);
Hstorage{m, j}=updateCright (Hright{m},A,h,R7);
end

if ~isempty(mpsB)
Cstorage{j}=updateCright(Cright,A,[],B);
end

end
if (std(Evalues)/abs(mean(Evalues))< precision)
mps{1l}=contracttensors(mps{1},3,2,U0,2,1);
mps{1}=permute(mps{1},[1,3,2]);
break;
end
toc
end

During time evolution we apply unitary time evolution operator in the MPO form to the
MPS with this function. It does this by reducing the bond dimension of MPS to DB, since
the bond dimension is increased after MPO is applied to the MPS.

Listing C.4: apply time evolution and reduce bond dimension for MPS

function [mpsB, Kvalues]=reduceD(mpsA,mpoX,DB,i0,precision)

N=length(mps2);

d=size(mpsA{1},3);

mpsB=createrandommps (N,DB,d,i0);
mpsB=prepare(mpsB) ;

J%mpsB=mpsA ;

% initialization of the storage
Cstorage=initCstorage(mpsB,mpoX,mpsA,N);

% optimization sweeps

while 1

Kvalues=[];

Do sxssxskxsrrkxskskrxsk cycle 1: j —> j+1 (from 1 to N—1) sesesossemsesrsrsenskrss
for j=1:(N—-1)

% optimization
Cleft=Cstorage{j};
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Cright=Cstorage{j+1};

A=mpsA{j}; X=mpox({j};
[B,K]=reduceD2_onesite(A,X,Cleft,Cright);
[B,U]l=prepare_onesite(B,'lr'");

mpsB{j}=B;

Kvalues=[Kvalues,K];

% storage—update
Cstorage{j+1}=updateCleft(Cleft,B,X,A);
end

Do sxssxskxsrrskxskkrnsk cycle 2: jJ —> j—1 (from N €0 2) stk soskoseokosk ko k
for j=N:(—1):2

% optimization

Cleft=Cstorage{j};

Cright=Cstorage{j+1};

A=mpsA{j}; X=mpoX{j};
[B,K]=reduceD2_onesite(A,X,Cleft,Cright);
[B,U]l=prepare_onesite(B, 'rl1'");

mpsB{Jj}=B;

Kvalues=[Kvalues,K];

% storage —update

Cstorage{ j}=updateCright (Cright,B,X,A);
end

if std(Kvalues)/abs(mean(Kvalues) )<precision
mpsB{1l}=contracttensors(mpsB{1},3,2,0,2,1);
mpsB{l}=permute(mpsB{1},[1,3,2]);

break;

end

end

To st sk s s sk sk skotosk ok ok ok ke one—site optimization <=
S st st sk sk sk sk s sk sk sk sk st sk sk sk sk sk skosk sk sk sk ok ok

function [B,K]=reduceD2_onesite(A,X,Cleft,Cright)

Cleft=contracttensors(Cleft,3,3,A,3.,1);

Cleft=contracttensors(Cleft,4,[2,4].X,4,[1.,4]);

B=contracttensors(Cleft,4,[3,2],Cright,3,[2,3]);

B=permute(B,[1,3,2]);

b=reshape(B,[prod(size(B)) ,1]);

K=—b'xb;

Auxiliary Functions

This function creates an MPS with virtual bond dimensions D and physical bond
dimensions d.

Listing C.5: form random MPS

function [mps]=createrandommps(N,D,d,i0)

mps=cell(l,N);
mps{l}=randn(1,D,d)/sqrt(D);
mps{N}=randn(D,1,d)/sqrt(D);

for 1i=2:(N—-1)

if i==i0
mps{i}=randn(D,D,d*2)/sqrt(D);
else

mps{i}=randn(D,D,d)/sqrt(D);
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12 end
end

In order to orthogonalize the basis for MPS, we use the function prepare.m

Listing C.6: make MPS entries orthogonal

function [mps]=prepare(mps)

% takes mps with random entries and calls the functions doing SVD <«
decompositon
4 N=length(mps); % number of sites (cells)
for i=N:—-1:2
6 [mps{i},U]l=prepare_onesite(mps{i}, 'rl'");
mps{i—1}=contracttensors(mps{i—1},3,2,U0,2,1);

8 mps{i—1}=permute(mps{i—1},[1,3,2]); % make a cell again
end
This is a part for the Hamiltonian that restricts the Hilbert space of the system to a
particular particle number sector. This term is C(N — N,)> (N is the total particle
operator) which adds a cost for the energy quadratic in particle number if N > Ny..
Listing C.7: restriction for the Hilbert space
function hset=HCN(hset,ad, sigmap, n, id, idimp, N, M, MO, CN, Nex,i0)
2

a=ad';
4 sigmam=sigmap';
M=M+(N+1) *(N+2);

for i=1:(N+1)=*(N+2)
8 for j=1:N
if j==i0
10 hset {M0+2+1i, j}=kron(id,idimp) ;
else
12 hset {MO+2+1i, j}=1id;
end
14 end
end
16
for i=1:N
18 for j=1:N
if i==i0 && j~=1i0

20 hset {MO+2+(i—1)*(N+1)+7,1i}=CN*kron(ad*a,idimp);
hset {MO+2+(1i—1)*(N+1)+7, j}=ad=*a;
22 hset {MO+2+N#(N+1)+7J,1}=CN*kron(id, sigmap*sigmam) ;
hset {MO+2+N=*(N+1)+7, j}=adx*a;
24 elseif j==i0 && i~=i0
hset {MO+2+(i—1)*(N+1)+7j,1i}=CN*ad=a;
26 hset {MO+2+(i—1)*(N+1)+7, j}=kron(ad*a,idimp) ;
hset {MO+2+(i—1)*(N+1)+N+1,1i}=CN=*adx*a;
28 hset {MO+2+(1i—1)*(N+1)+N+1,j}=kron(id, sigmap#*sigmam) ;
elseif i==i0 && j==i0
30 hset {MO+2+(1i—1)*(N+1)+7,1i}=CN+kron(ad*a,idimp)”2;
hset {MO4+2+N*(N+1)+7j,1i}=CNxkron(ad+*a,sigmap*sigmam) ;
32 hset {MO+2+(1i—1)*(N+1)+N+1,1i}=CNxkron(ad*a,sigmap*sigmam) ;

hset {MO+2+N#(N+1)+N+1,i}=CN+xkron(id,sigmap*sigmam)"2;
34 else
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if i==7

hset {MO+2+(i—1)*(N+1)+7j,1i}=CN*adxa*xad=a;

else

hset {MO+2+(i—1)*(N+1)+7j,1i}=CN=*ad=a;
hset {MO+2+(1i—1)*(N+1)+7, J}=ad=*a;

end
end
end
end

for j=1:N
if §==i0

hset {M—(N+1)+7, j}=—2%CN=xNex*n{Jj,J};

hset {M, j}=—2%CN#Nex*n{N+1,10};

else

hset {M—(N+1)+7, j}=—2%CN=«Nex*n{Jj,j};

end
end

This is for preparing wave packet in the MPS form for two time dependent scenario:
emission and scattering

Listing C.8: Initial MPS

function mps=createinitialmps(N,D,d,10,k0,j0,s0,precision, flag)

10

12

14

16

18

20

22

24

26

28

30

32

34

global ad id idimp mps

switch flag
case —1
Jovacuum state

mps{1}=zeros(D,d);

mps{1}(1,1)=1;

mps{1}=permute(mps{1},

for j=2:N—-1
if §==10

(31 2]);

mps{j}=zeros(D,D,d*2);
mps{j}(l7192)=l,

else

mps{j}=zeros(D,D,d);

mps{j}(1,1,1
end
end

)=1;

mps{N}=zeros(D,d);

mps{N}(1,1)=1;

mps {N}=permute (mps{N},
disp('initial state set to vacuum state')

case 0 % read initial

load('mps0O_psi.mat',

mps=mps0;

[1 3 2]);

mps from file

'mps0 ') ;

disp('initial state set from file')

case 1 % emission from

mps{i0}(1,1,2)=0;
mps{i0}(1,1,1)=1;

excited

state
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case 2 % Gaussian wave packets

Opsi=ce
Gaussia
Nph=len
for k=1

for

11(1,N);
n=zeros(1,N);
gth(k0);
:Nph

J=1:N

Gaussian(j)=exp(li*k0(k)*j—(3—30(k))"2/(2%xs0(k)"2));

end

Opsi{l}=zeros(1,2,d,d); % identity and one—body operator <

for

for each site

1=1:2

Opsi{l1}(1,1,:,:)=1id;

end

Opsi{1}(1,1,:,:)=Gaussian(1l)=*ad;

for

end

J=2:N—1

if 4==10
Opsi{j}=zeros(2,2,d*2,d=2);
Opsi{j}(1,1,:,:)=eye(2xd,2xd);
Opsi{J}(2,2,:,:)=eye(2%xd,2xd);
Opsi{j}(1,2,:,:)=2zeros(2xd,2xd);
Opsi{3J}(2,1,:,:)=kron(Gaussian(j)=*ad,idimp);
else
Opsi{j}=zeros(2,2,d,d);
Opsi{J}(1,1,:,:)=eye(d,d);
Opsif{j}(2,2,:,:)=eye(d,d);
Opsi{j}(1,2,:,:)=zeros(d,d);
Opsif{j}(2,1,:,:)=Gaussian(j)=*ad;

end

Opsi{N}=zeros(2,1,d,d);

for 1=1:2

Opsi{N}(1,1,:,:)=1id;
end
Opsi{N}(2,1,:,:)=Gaussian(N)=xad;

[mps,K]=reduceD(mps,Opsi,D,1i0,precision);

end
end
mps=prepare (mps

)

Hamiltonian in the MPO form with the bond dimensions ¥ = 1 and unitary time evolution

operators with Suzuki-Trotter expansion.

Listing C.9: MPO for Hamiltonian and Time Evolution Operator

function [hset,n,mpo_odd,mpo_even]=prepare_hset(J,U,w0,V0,0Omega,g0,gl+

,i0,N,d,CN,Nex)

global dt Epsil

on

global a ad id idimp sigma_z sigmap sigmam

MO0=2#%(N—1)+N; % number of terms
and external potential

interaction
M=MO+2;

hset=cell(M,N);

% + Himp + Hint

in

the Hamiltonian with on—site <
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a=zeros(d, d);

for i=1:d-1
a(i,i+l)=sqrt(i);

end

ad=a';

id=eye(d,d);
idimp=eye(2,2); % TLS
sigma_z=[1 0; 0 —1];
sigmap=[0 1; 0 O0];
sigmam=sigmap';

for m=1:M
for j=1:N
if 4==1i0
hset{m, j}=kron(id,idimp);
else
hset{m, j}=1id;
end
end
end

%IB Hamiltonian

for j=1:(N—-1)
if §==10
hset {2%(J—1)+1,j}=—Jxkron(ad,idimp); hset{2%(j—1)+1,j+1}=a;
hset {2%(J—1)+2,j}=—Jxkron(a,idimp); hset{2%(j—1)+2,j+1}=ad;
elseif j==i0-1
hset {2*(j—1)+1,j}=—J*%ad; hset{2«(j—1)+1,j+1}=kron(a,idimp);
hset {2%(j—1)+2,J}=—J%a; hset{2*(jJ—1)+2,j+1}=kron(ad,idimp);
else
hset {2%(J—1)+1,j}=—Jxad; hset{2x(J—1)+1,j+1}=a;
hset{2%(j—1)+2,3}=—J%a; hset{2«(j—1)+2,j+1}=ad;
end

end

% on—site interaction
for j=1:N
if 4==10
hset {2%(N—1)+7, j}=(U/2) *kron(ad*a*(ad*a—id) ,idimp)+w0*(kron(adxa+>
,idimp)+0s«kron(id, sigmap*sigmam) )+V0xpotential (J,N)s*skron(ad*<«
a,idimp);
else
hset {2%(N—1)+7, 7}=(U/2) *ad*a*(ad*a—id)+wO*ad*xa+V0xpotential (j,N)<
kad*xa;
end
end

% number operator
n=cell(N+1,N);
for i=1:N+1
for j=1:N
if j==i0
n{i,j}=kron(id,idimp);
else
n{i,j}=id;
end
end
end
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for j=1:N
if §==i0
n{j,j}=kron(ad*a,idimp);
n{N+1,j}=kron(id, sigmap*sigmam) ;

else
n{j,Jj}=ad=a;
end
end
for j=1:N
hset{MO+1,73}=1id;
end

hset{M0O+1,i0}=0Omega/2*kron(id,sigma_z)+Epsilon*kron(id, sigmap+sigmam) ;

for j=1:N
hset{MO+2,73}=1id;

end

hset{M0+2,i0}=g0*(kron(a,sigmap)+kron(ad,sigmam) )+gl=*(kron(a,sigmam)+<+
kron(ad,sigmap));

WIS TIISITITIISITI o testriction on a particular number of particle <«
sector YIISTISTISTISTEISTEISIEISIEIS o

Y%hset=HCN(hset , ad, sigmap, n, id, idimp, N, M, MO, CN, Nex, i0);

To+—
IITTTIEITTITIITTTTIITTTIII TSI TSI TSI TTIIT TSI TSI TSI IS

% time evolution operator
hbond=—J#*(kron(a,ad)+kron(ad,a)) ...
+(U/4) %x( kron(ad*a=x(adxa—id), id)+kron(id, ad=xax(adxa—id)) ) ...
+w0/2%(kron(ad*a,id)+kron(id,ad*a)); %tight binding bond <«
hamiltonian
Id=reshape(id,[1,1,d,d]);

mpo_even=cell(l,N);
mpo_odd=cell(1,N);
for j=1:N, mpo_even{j}=Id; mpo_odd{j}=Id; end;

w=expm(—lis*dt+hbond) ;

w=reshape(w,[d,d,d,d]); w=permute(w,[1,3,2,4]); w=reshape(w,[d"2,d"2]);
[Ub,S,Vb]=svd(w, "econ'); Vb=Vb'; eta=size(S,l);

Ub=Ub#xsqrt(S); Vb=sqrt(S)=*Vb;

Ub=reshape(Ub,[d,d,eta]); Ub=permute(Ub,[4,3,2,1]);
Vb=reshape(Vb,[eta,d,d]); Vb=permute(Vb,[1,4,3,2]);

for j=3:2:(N—1), mpo_odd{j}=Ub; mpo_odd{j+1}=Vb; end

w=expm(—1i*dt *( hbond+(U/4)+kron(id, adxa=x(adxa—id))+w0/2xkron(id,ads*<+
a) ));

w=reshape(w,[d,d,d,d]); w=permute(w,[1,3,2,4]); w=reshape(w,[d"2,d"2]);

[Ub,S,Vb]=svd(w, "econ'); Vb=Vb'; eta=size(S,l);

Ub=Ubs#xsqrt(S); Vb=sqrt(S)=*Vb;

Ub=reshape(Ub,[d,d,eta]); Ub=permute(Ub,[4,3.,2,1]);

Vb=reshape(Vb,[eta,d,d]); Vb=permute(Vb,[1,4,3,2]);

mpo_odd{1}=Ub; mpo_odd{2}=Vb;

w=expm(—1ixdt/2=+hbond) ;
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w=reshape(w,[d,d,d,d]); w=permute(w,[1,3.,2,4]); w=reshape(w,[d"2,d"2]);
[Ub,s,Vb]=svd(w, 'econ'); Vb=Vb'; eta=size(S,1);

Ub=Ub#*sqrt(S); Vb=sqrt(S)=Vb;

Ub=reshape(Ub,[d,d,eta]); Ub=permute(Ub,[4,3,2,1]);
Vb=reshape(Vb,[eta,d,d]); Vb=permute(Vb,[1,4,3,2]);

for 7=2:2:(N-3), mpo_even{j}=Ub; mpo_even{j+1}=Vb; end

w=expm(—1i%dt/2%( hbond+(U/4)xkron(adxa*(adxa—id) ,id)+w0/2+kron(ad*a,<+
id) ));

w=reshape(w,[d,d,d,d]); w=permute(w,[1,3,2,4]); w=reshape(w,[d"2,d"2]);

[Ub,S,Vb]=svd(w, 'econ'); Vb=Vb'; eta=size(S,l);

Ub=Ub#xsqrt(S); Vb=sqrt(S)=*xVb;

Ub=reshape(Ub,[d,d,eta]); Ub=permute(Ub,[4,3,2,1]);

Vb=reshape(Vb,[eta,d,d]); Vb=permute(Vb,[1,4,3,2]);

mpo_even{N—1}=Ub; mpo_even{N}=Vb;
% hbond for the impurity

id_i0=kron(id,idimp);
id_iO=reshape(id_i0,[1 1 2xd 2=xd]);
mpo_even{i0}=id_i0;
mpo_odd{i0}=id_i0;

hbond_1i0=—J#*(kron(a,kron(ad,idimp) )+kron(ad,kron(a,idimp))) ...
+Omega/4+kron(id,kron(id,sigma_z)) ...
+g0/2*(kron(id,kron(a,sigmap) )+kron(id,kron(ad,sigmam))) ...
+gl/2*(kron(id,kron(a,sigmam))+kron(id,kron(ad,sigmap))) ...
+w0 /2% (kron(id,kron(ad+*a,idimp) )+kron(ad*a,kron(id,idimp)));

w=expm(—lisdtshbond_1i0);

w=reshape(w,[2%d,d,2%xd,d]); w=permute(w,[1,3,2,4]); w=reshape(w,[(2*xd+
)2, dr2]);

[Ub,S,Vb]=svd(w, 'econ'); Vb=Vb'; eta=size(S,1);

Ub=Ub#*sqrt(S); Vb=sqrt(S)=Vb;

Ub=reshape(Ub,[2xd,2xd,eta]); Ub=permute(Ub,[4.,3,2,1]);

Vb=reshape(Vb,[eta,d,d]); Vb=permute(Vb,[1.,4,3,2]);

mpo_odd{i0}=Ub; mpo_odd{i0+1}=Vb;

hbond_i0=—J#(kron(kron(ad,idimp) ,a)+kron(kron(a,idimp) ,ad)) ...
+Omega/4+kron(kron(id,sigma_z) ,id) ...
+g0/2*(kron(kron(a,sigmap) ,id)+kron(kron(ad, sigmam) ,id)) ...
+gl/2*(kron(kron(a,sigmam) ,id)+kron(kron(ad,sigmap) ,id)) ...
+w0/2*(kron(kron(ad+a,idimp) ,id)+kron(kron(id,idimp) ,adx*a));

w=expm(—lixdt/2xhbond_i0);

w=reshape(w,[d,2%d,d,2+xd]); w=permute(w,[1,3,2,4]); w=reshape(w,[d+
N2,(2+d)M2])

[Ub,S,Vb]=svd(w, 'econ'); Vb=Vb'; eta=size(S,1);

Ub=Ub#sqrt(S); Vb=sqrt(S)=*xVb;

Ub=reshape(Ub,[d,d,eta]); Ub=permute(Ub,[4,3,2,1]);

Vb=reshape(Vb,[eta,2xd,2xd]); Vb=permute(Vb,[l,4,3,2]);

mpo_even{i0—1}=Ub; mpo_even{i0}=Vb;

TSI o

function vi=potential(i,N)
vi=(i—N/2.—-.5)"2;
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Listing C.10: effective Hamiltonian

function [Hstorage]=initHstorage(mps,hset,d,i0)
% initialization of storage

[M,N]=size(hset);

Hstorage=cell(M,N+1);
for m=1:M, Hstorage{m,l1}=1; Hstorage{m,N+1}=1; end
for J=N:—1:2

for m=1:M
%takes hset elements seperately for each operator
if §==i0
h=reshape (hset{m, j},[1,1,2%d,2xd]);
else
h=reshape (hset{m,j},[1,1,d,d]);
end
Hstorage{m, j}=updateCright (Hstorage{m, j+1},mps{j},h,mps{j});
end
end

Formation of effective Hamiltonian, minimization of energy and updating the local MPS
tensor for the chain decomposition.

Listing C.11: minimize energy

function [A,E]=minimizeE_onesite(hsetj,Hleft,Hright,P)
global precision

DAl=size(Hleft{1},1); % left block dimension
DAr=size(Hright{1},1); % right block dimension
d=size(hsetj{l1},1);
% calculation of Heff
M=size(hset],1);
Heff=0;
for m=1:M
Heffm=contracttensors(Hleft{m},3,2 ,Hright{m},3,2);
Heffm=contracttensors(Heffm,5,5 ,hsetj{m},3,3);
Hef fm=permute(Heffm,[1,3,5,2,4,6]);
Heffm=reshape(Heffm,[DAl*DAr*d,DAl*DAr=d]) ;
Heff=Heff+Heffm;
end

% projection on orthogonal subspace
if ~isempty(P), Heff=P'sxHeff*P; end

% optimization

options.disp=0;
options.maxit=2000;
options.tol=precision;
[A,E]=eigs(Heff,1,"'SR',options);
%[A,E]l=eig (Heff);

Y%A=A(1:end,1);

9E=E(1,1);

if ~isempty(P), A=PxA; end
A=reshape(A,[DAl,DAr,d]);

Listing C.12: SVD for a specific chain decomposition
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function [B,U,DB]=prepare_onesite(A,direction)

9%D1 row, D2 columns, d many matrices
[D1,D2,d]=size(2); % row, column,

switch direction

case 'lIr'

number of cells

A=permute(A,[3,1,2]); A=reshape(A,[d*D1,D2]);
DB=size(S,1);
B=reshape(B,[d,D1,DB]); B=permute(B,[2,3,1]);

[B,S,U]l=svd(A, 'econ'); U=U";

U=Sx*U;
case 'rl'

Ycreates a matrix from the local
A=permute(A,[1,3,2]); A=reshape(A,[D1,dxD2]);
DB=size(S,1); %rank of the singular <

[U,S,B]=svd(A,'econ'); B=B';
value matrix

tensor whose columns is of d

B=reshape(B,[DB,d,D2]); B=permute(B,[1,3,2]);

U=U*S;

end

% reshape (B,[DB,d,D2]) makes the matrix DB row, d column and D2 cell

Listing C.13: tensor contraction

function [X,numindX]=contracttensors(X,numindX, indX,Y,numindY,indY)

Xsize=ones (1l ,numindX); Xsize(l:length(size(X)))=size(X);
Ysize=ones (1l ,numindY); Ysize(l:length(size(Y)))=size(Y);

indXl=1:numindX; indX1l(indX)=[];
indYr=1:numindY; indYr(indY)=[];

sizeX1l=Xsize(indX1l);
sizeX=Xsize(indX);
sizeYr=Ysize(indYr);
sizeY=Ysize(indY);

if prod(sizeX)~=prod(sizeY)

error('indX and indY are not of same dimension.');

end

%if all the indices will be contracted

if isempty(indYr)
if isempty(indXl)
X=permute(X,[indX]) ;

X=reshape(X,[1 ,prod(sizeX)]);

Y=permute(Y,[indY]);

Y=reshape(Y,[prod(sizeY) ,1]);

X=X*Y; % a scalar
Xsize=1;

return;

else
X=permute (X,[ indX1l,indX]) ;

X=reshape (X,[prod(sizeXl) ,prod(sizeX)]);

Y=permute(Y,[indY]) ;

Y=reshape(Y,[prod(sizeY) ,1]);
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X=X*Y;
Xsize=Xsize(indX1l);
X=reshape(X,[Xsize,1]);
end
end

X=permute(X,[indX1l,indX]) ;
X=reshape(X,[prod(sizeXl) ,prod(sizeX)]);
Y=permute(Y,[indY,indYr]);
Y=reshape(Y,[prod(sizeY) ,prod(sizeYr)]);
X=X#Y ;

Xsize=[Xsize(indX1l) ,Ysize(indYr) ];
numindX=length(Xsize);
X=reshape(X,[Xsize,1]);

Listing C.14: update left side basis

function [Cleft]=updateCleft(Cleft,B,X,A)

d=size(A,3);
if isempty(X), X=reshape(eye(size(B,3)).[1,1,d,d]); end

Cleft=contracttensors(A,3,1,Cleft,3,3);
Cleft=contracttensors(X,4,[1,4],Cleft.,4,[4.,2]);
Cleft=contracttensors(econj(B) ,3,[1,3],Cleft,4,[4,2]);

Listing C.15: update right side basis

function [Cright]=updateCright(Cright,B,X,A)
d=size(A,3);
if isempty(X), X=reshape(eye(size(B,3)).[l,1,d,d]); end

Cright=contracttensors(A,3,2,Cright,3,3);
Y%cl= size (Cright)
Cright=contracttensors(X,4,[2,4],Cright,4,[4,2]);
9%c2= size (Cright)
Cright=contracttensors(conj(B) ,3,[2,3],Cright,4,[4,2]);
J%c3=size (Cright)

Listing C.16: the scalar product of two MPSs for each decomposition of the chain

function [Cstorage]=initCstorage(mpsB,mpoX,mpsA,N)

Cstorage=cell(1,N+1);
Cstorage{l}=1;
Cstorage{N+1}=1;
for i=N:—-1:2
if isempty(mpoX), X=[]; else X=mpoX{i}; end
Yosize (X);
Yosize (mpsB{i});
Yosize (mpsA{i});
Cstorage{i}=updateCright(Cstorage{i+1},mpsB{i},X,mpsA{i});
end
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Calculating projection operator for the excited state calculation is done by this function.

Listing C.17: projection operator

function [P]=calcprojector_onesite(B,Cleft,Cright)

y=contracttensors(Cleft,3,3,B,3,1);
y=contracttensors(y,4,[2,3].Cright,3,[2,3]);
y=permute(y,[1,3,2]);
y=reshape(y,[prod(size(y)) ,1]);
Q=orth([y,eye(size(y,1))]);

P=Q(:,2:end);

We calculate the expectation value of particle number operator.

Listing C.18: expectation values

function e=measurement(N,d,i0,0p, mps)

for i=1:N+1 % the number of operators
e(i)=0;
em=1;
for j=N:—-1:1 % the number of sites
Opi=Op{i,J}; 9% n{i,j} —> j: site number, i: ¢
operator
if 4==10
Opi=reshape(Opi,[1,1,2%d,2%d]);
else
Opi=reshape(Opi,[1,1,d,d]);
end
em=updateCright (em, mps{j}, Opi, mps{j});
end
e(i)=e(1i)+em;
end
norm=1;

X=eye(d); X=reshape(X, [1,1,d,d]);
XO=eye(2#d); XO=reshape(xX0, [1,1,2%d,2%d]);

for i=N:-—-1:1

if i==i0
norm=updateCright (norm, mps{i}, X0, mps{i});
else
norm=updateCright (norm, mps{i}, X, mps{i});
end
end

e=e/norm;
e=abs(e);

72



CURRICULUM VITAE

Name Surname: Nur Aslan
Place and Date of Birth: Istanbul, 25.09.1990
E-Mail: aslann@itu.edu.tr

B.Sc.: Istanbul Technical University (January, 2013)

73



