ESSAYS ON SOME COMBINATORIAL
OPTIMIZATION PROBLEMS WITH INTERVAL
DATA

A THESIS
SUBMITTED TO THE DEPARTMENT OF INDUSTRIAL
ENGINEERING
AND THE INSTITUTE OF ENGINEERING AND SCIENCES
OF BILKENT UNIVERSITY
IN PARTIAL FULFILLMENT OF THE REQUIREMENTS

FOR THE DEGREE OF
MASTER OF SCIENCE

LC YOKSEKGGRETIN KORULY
DOXUMANTASYON MERKEZI

A

By $°
Hande Yaman
June, 1999



ii

I certify that I have read this thesis and that in my opinion it is fully adequate,

in scope and in quality, gs a thesis for the degree of Master of Science.

2 o

Assoc. Prof\l\}lusta}fa. C. Piar(Principal Advisor)

.....

I certify that T have read this thesis and that in my opinion it is fully adequate,

in scope and in quality, as a thesis for the degree of Master of Science.

Prof Oya Karagan

‘\ AS

Approved for the Institute of Engineering and Sciences:

/7

Prof. Mehmet Bar

Director of Institute of Engineering and Sciences




ABSTRACT

ESSAYS ON SOME COMBINATORIAL OPTIMIZATION
PROBLEMS WITH INTERVAL DATA

Hande Yaman
M.S. in Industrial Engineering
Supervisor: Assoc. Prof. Mustafa C. Pinar
June, 1999

In this study, we investigate three well-known problems, the longest path
problem on directed acyclic graphs, the minimum spanning tree problem and
the single machine scheduling problem with total flow time criterion, where
the input data for all problems are given as interval numbers. Since optimal
solutions depend on the realization of the data, we define new optimality
concepts to aid decision making. We present characterizations for these

“optimal” solutions and suggest polynomial time algorithms to find them in
some special cases.

Key words: Longest Path Problem on Directed Acyclic Graphs, Minimum
Spanning Tree Problem, Single Machine Scheduling Problem with Total Flow
Time Criterion, Interval Data, Polynomial Time Algorithms
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OZET

VERILERI ARALIK SAYILAR OLAN BAZI EN IYILEME
PROBLEMLERI UZERINE DENEMELER

Hande Yaman

Endiistri Miihendisligi Bolimi Yiksek Lisans
Tez Yoneticisi: Dog¢. Mustafa C. Pinar
Haziran, 1999

Bu ¢alismada, verileri aralik sayilarla ifade edilen yonli ¢evrimsiz gizgelerde
en uzun yol problemi, minimum kapsaragac problemi ve tek makinada toplam
akig zamamm azlama problemi incelenmigtir. En iyi ¢ézimler verilere bagh
oldugundan yeni en iyi olma kavramlan tanimlanmigtir. Bu “en iyi” ¢éziimler
karakterize edilmig ve bazi Ozel durumlarda bu g¢dziimleri bulan polinom
zamanl algoritmalar 6nerilmigtir.

Anahtar sozcikler: Yonli Donglisiz Aglarda En Uzun Yol Problemi,
Minimum Kapsaragag Problemi, Tek Makinada Toplam Akig Zamanini Azlama
Problemi, Aralik Sayilar, Polinom Zamanh Algoritmalar
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Chapter 1
Introduction

In this thesis, we investigate three well-known problems, longest path problem
on acyclic directed graphs, minimum spanning tree problem and scheduling
problem on a single machine with total flow time criterion where the data
for all problems are represented by intervals. Deterministic versions of these
problems can be solved easily. We mainly focus on the longest path problem on
acyclic directed graphs with interval arc lengths and develop some new concepts
of optimality to aid decision making in the presence of uncertainty. We give
characterizations of these “optimal” solutions and suggest procedures to find
them in some special cases. We modify some of these results for minimum
spanning tree problem, and derive some basic results for the scheduling

problem.

The main motivation for studying the longest path problem on acyclic
directed graphs with interval data comes from critical path problem in project
management. Each project consists of activities that need to be performed
obeying some precedence constraints among these activities. These precedence
constraints can be represented by an acyclic directed graph where each arc
corresponds to an activity. When the durations of activities are point values,
it is direct to determine a critical path, and schedule activities accordingly. A

path is critical if and only if it is a longest path, and an activity is critical if
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CHAPTER 1. INTRODUCTION 2

and only if it is on a critical path. However, it is usually hard to determine
point values for the activity durations, as there are various uncertain elements

that may affect the activity durations during implementation.

We encounter two ways of dealing with uncertainty in project management
literature. One is PERT (Project Evaluation and Review Technique), which
approximates activity durations with beta distribution and suggests an easy
way of determining the critical path based on the mean durations. There
are various criticisms and modifications on PERT in the literature, see for
example McCahon [7]. The second one is fuzzy project analysis, where activity
durations are fuzzy numbers, and critical activities are determined using fuzzy

arithmetic, (Rommelfanger [9], Nasution [8] and Chanas and Kamburowski [2]).

Lootsma [6] compares and criticizes these two methods in detail (also gives
further references) and concludes his discussion as follows: “ In summary,
we reject stochastic models in PERT planning when activity durations are
estimated by human experts. We hesitate to believe, however, that the fuzzy
arithmetic in its present form, should be sufficiently well established to model

the vagueness of human judgment.”

What we propose in this study differs from these two methods both in the way
we structure uncertainty and in the way we define criticality. We structure
uncertainty by taking activity durations as intervals defined by known lower
and upper bounds, and do not assume any probability distribution. The
duration of an activity can take any value in its interval independent of the
other activities. This way of defining activity durations is easy to model,
since we do not need much information compared to stochastic methods which
require the probability distribution functions and the fuzzy methods which
require the membership functions, that are hard to know in a nonrepetitive

environment.

Since in the presence of uncertainty, the critical path depends on the realization

of activity durations, we develop new concepts of criticality. These concepts
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are defined by Tansel and Scheuenstuhl [11]. We would like to distinguish
paths that are critical for all realizations and paths that are critical for some
realizations. We use this information and make a similar analysis for activities.
We would like to know which activities are critical for all realizations and which

activities are critical for some realizations.

Apart from the critical path problem, this analysis is useful for the longest
path problem on acyclic directed graphs with interval data. If there exists a
path which is a longest path for all realizations, then this path will solve the
problem. In case there does not exist such a path, then we would like to find
a path such that the error we make by picking that path as the solution will
be the smallest. Such a path is referred to as a robust path. We deal with"
two common robustness measures. The first one called absolute robustness
considers the worst case length of a path. We would like to find a path whose
shortest length among all possible realizations is the maximum. The second
measure is relative robustness. This time we would like to find a path such that
the maximum difference between the length of the longest path and the length
of this path among all scenarios is minimum. These robﬁstness measures are
defined in Kouvelis and Yu [4] for various problems. In the introduction of
their book, they motivate robust optimization in comparison with stochastic
programming, and state that robust solutions perform much better than the
solutions of stochastic programming in unique, nonrepetitive environments.
Different from our problem, the authors introduce uncertainty to the problem
by a discrete scenario set, where each scenario defines the lengths of all arcs.
They prove that the robust shortest path problems are NP-complete for discrete
scenario set and conjecture that the problems with interval data are also NP-

complete.

In the present thesis, we derive some basic results for robust path problems
with interval data and give a mixed integer programming formulation for the
relative robust path problem. We show that, knowing which arcs are always
on longest paths and which arcs are never on longest paths, we can preprocess

a given graph for robust path problems. So, the analysis we make for project
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management is useful for longest path problem. Since the longest path problem
is more general, we derive all results for the longest path problem, but give

interpretations of the results in terms of project management when necessary.

We do a similar analysis for the minimum spanning tree problem and the
scheduling problem on a single machine with total flow time criterion. We

define similar optimality concepts and give basic characterizations.

Kozina and Perepelista [5] have studied the minimum spanning tree problem
with interval edge costs. They have defined a relation order on the set of

feasible solutions and generated a Pareto set.

The rest of the thesis is organized as follows: Chapter 2 is devoted to the
longest path problem with interval arc lengths on directed acyclic graphs.
We determine which paths are longest for all realizations and which paths
are longest for some realizations. We also define absolute robust and relative
robust paths and derive some results for them. Then we investigate arcs, and
determine whether a given arc is on longest paths for all realizations or is on
longest paths for some realizations. We present mixed integer programming
formulations to solve both problems. In Chapter 3, we study the longest path
problem on layered graphs. We give polynomial time algorithms to solve arc
problems when the width of the layered graph is 2. In Chapter 4, we extend
our results to the minimum spanning tree problem with interval edge lengths.
We study the single machine scheduling problem with total flow time criterion
where processing times are intervals in Chapter 5. Finally, we give a conclusion
in Chapter 6.



Chapter 2

Longest Path Problem with

Interval Data

In this chapter, we consider the longest path problem on a directed acyclic
graph G = (V, A). There are n nodes in the graph, where node 1 is the start
node and node n is the target node. We assume that G is topologically sorted,
that is for all (¢, j) € A, we have i < j. In a directed acyclic graph, topological
sorting can be achieved in O(m) time [1], where m is the number of arcs. Also,
deterministic version of the longest path problem on directed acyclic graphs

can be solved in O(m) time [1].

We structure uncertainty by interval arc lengths. Arc (7, j) has length [;; within
the interval [L-J-,?,-j] where [;; < 7,',-. We assume that each value in the interval
can be realized by some positive probability. No probability distribution is
assumed for the arc lengths. l;; is an arbitrary value in the interval [L;,;;]. A
scenario s is a specification of all arc lengths. For scenario s, Ij; denotes the

length of arc (7, 7).

P is the set of all paths from node 1 to node n. [, denotes the length of
path p when the lengths of all arcs on it are at lower bounds and I, denotes

the length of path p when the lengths of all arcs on p are at upper bounds. We
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denote by /; the length of path p in scenario s.

A project consists of activities that need to be performed obeying some
precedence constraints. The project is completed when all activities are
completed. A project network, which specifies the precedence constraints, can
be represented by a directed acyclic graph, where arcs correspond to activities
and nodes correspond to events. Activity (¢,7) can be started when all activities
in {(k,7) : k € V} have been completed. This type of a project network is called
an AOA (Activity on Arc) network. An activity represented by arc (z,j) has

duration [;; € [lija-[ij]'

We first analyze paths and check whether there exists a path in the graph
which is a longest path for all possible realizations of arc lengths. Then we
decide whether there exists a scenario for which a given path is a longest path.
We also define two robustness measures based on the worst case performances

of paths.

Next, we distinguish arcs which are always on longest paths, and arcs that
are never on a longest path. We give mixed integer programming formulations
to check whether a given arc is always on a longest path and a given arc is
never on a longest path. We show that this analysis can be used to preprocess

the graph for robust path problems.

2.1 Paths

When interval arc lengths are introduced to the problem, the concept of being
a longest path is weakened, since the longest path depends on the realizations
of arc lengths. It is necessary to distinguish paths that are longest for all
realizations, paths that are longest for some realizations and paths that are
longest for no realization. When we think in terms of the longest path problem,
if there exists a path which is longest for all realizations, we should pick
that path. But if such a path does not exist, we may still need to choose
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a “best” path. In this case, we evaluate paths according to their worst case

performances.

2.1.1 Permanent Paths

The first question we address is whether there exists a path which is longest for
all realizations or not. We call such a path permanent and give a necessary and
sufficient condition for a path to be permanent. We also present polynomial

time procedures to decide whether there exists a permanent path or not.

Definition 2.1 A path is a permanent path if it is a longest path for all

realizations of arc lengths.
The following theorem characterizes permanent paths.

Theorem 2.1 A path is a permanent path if and only if it is one of the longest
paths when the lengths of all arcs on this path are at their lower bounds and

the lengths of all other arcs are at their upper bounds.

Proof
If a path is a permanent path then it is one of the longest paths for the stated

realization by definition.

If a path p is a longest path when the lengths of all arcs on p are at their
lower bounds and the lengths of all other arcs are at their upper bounds, for

an arbitrary path p € P, we have:
2 kit X Lz X i+ Yl
(i.7)ep\p’ (i.g)epnp’ (id)er’\p (i.g)epnp’
If we consider arbitrary values in the given intervals for the lengths of arcs

(¢,7) € pN P, we obtain:

2oL+ X ki X L+ YU

(1,5)ep\p’ (4.9)epnyp’ (#.7)ep’\p (¢.5)epnp’
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Since Z:(z"j)ep\pl l,‘j 2 Z(i,j)EP\p' l.z'j and Z(i,j)Ep'\p 71'_7' 2 2(;,”&1,:\? lij, we have:

oL+ Y = Y i+ Yk
(i.9)ep\p’ (.5)epnp’! (id)ep'\p (i.g)€pnp’
So I, 2 1 for all realizations. Since p is an arbitrary path, this is true for all

paths in P. Thus, p is a permanent path. O

So given a path we can check whether it is permanent or not in polynomial
time. We simply set the lengths of all arcs on this path at lower bounds and
the lengths of the remaining arcs at upper bounds and find a longest path in
this graph. If the length of this path coincides with the length of the longest

path, then this path is permanent. Otherwise, it is not.

Proposition 2.1 Suppose there exists a permanent path p. Consider the
scenario in which all arc lengths are at lower bounds. If there ezists a path
p such that I, = Ly, then L; = 1;; for all (i,5) € p'\p. Moreover p' is also a
permanent path if and only if I, = Ly and [; = 1;; for all (i,5) € p\p .

Proof

Suppose there exists a path p' such that I, = 1y and assume there exists an
arc (i,7) € p'\p whose length is non degenerate, that is L; < 1;j. By setting
the length of arc (2, ) to its upper bound, we obtain a scenario in which p' is
longer than p. This contradicts that p is a permanent path. So for each arc

(1,7) € p'\p, we have [;; = T;;.

If there exists a path p which is also a permanent path, for all realizations
lb=1;and [;; = 1;; for all (3,7) € p'\p. Then, for all possible realization of
arc lengths we have:

Do+ Y L= Y i+ Y
(iyi)GP\P' (‘i,j)Epﬁp' (i,j)EP'\P (ivj)EPnPI

This implies that:

Yo L= Y I

(2,5)ep\p’ (i.9)ep’\p
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Since the right hand side of the inequality is a constant for all realizations, we
should have [;; = T;; for all (i,7) € p\p .

If there exists a path p' such that ,=1lyand[; = 1;; for all (4,5) € p\p', then
Yiqep\r lii = L(ij)ep\p lis for all realizations. This implies that [, = [, for

all realizations. Thus p’ is also a permanent path. O

Corollary 2.1 If all arc lengths are non degenerate and there ezists a
permanent path, it is the unique longest path when the lengths of all arcs are

at their lower bounds.

Corollary 2.2 If all arc lengths are non degenerate and there exists a

permanent path, it is unique.

Corollary 2.3 If there ezxists a permanent path p and if all arc lengths on p

are non degenerate, then p is the unique permanent path.

In case when all arc lengths are non degenerate, the previous corollaries 2.1
and 2.2 lead us to the following simple procedure to find a permanent path

when one exists.
Procedure FindPermanentPath

1. Set all arc lengths at their lower bounds.
2. Find a longest path.

3. Check whether this path is permanent or not using the characterization in
Theorem 2.1. If this path is permanent, then it is the unique permanent
path. Otherwise, there exists no permanent path in the graph due to
Corollary 2.1.

Next, we relax the assumption of non degenerate arc lengths. We present a

procedure that can find a permanent path if it exists, when some of the arcs
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have degenerate lengths. We use the fact that if there exists a permanent path
p in the graph, then the partial path of p from node 1 to any node i on p is a

permanent partial path between these nodes.

We investigate each node 7 in the topological ordering, starting from node
3 and check whether there exists a permanent partial path from node 1 to
node ¢. If there does not exist such a permanent partial path, we remove node
¢ and all arcs incident at it from the graph, since this node cannot be on a
permanent path. If there exists a unique permanent partial path from node 1
to node %, then this path uses an arc (k,1), we keep this arc and remove all
other arcs coming into node 7. If there are more than one permanent partial
path, then all arcs on these paths which have non degenerate arc lengths should
be common in these paths, and the lengths of these paths are equal when the
lengths of all arcs are at lower bounds. Proposition 2.1 implies that one of
these paths is permanent if and only if the others are permanent, so we can
pick any of these paths. Say we pick the path using arc (k, ), then we keep this
arc and remove all other arcs coming into node ¢. So to each node processed,
there exists a unique incoming arc. This implies that if we are about to process
node 7, we consider at most ¢ — 1 paths in the worst case. We either stop with
a disconnected graph at some iteration with the conclusion that there exists
no permanent path, or we end up with a unique path p and check whether this
path is permanent or not. Each path eliminated is either not permanent or is
permanent if and only if path p is permanent. So, if path p is not permanent,

we conclude that there exists no permanent path in the graph.

In checking whether there exists a permanent partial path to node ¢ from node
1, we do not need to check each path separately. Let {pi,ps,..,p;} denote the
set of paths from node 1 to node i. The cardinality of this set is bounded above
by i—1. We first consider paths p; and pa. I 31 nyeps\ps I = Y (m.n)epa\n: [
then we remove path p, from the set. We continue with paths p; and pa.
Otherwise, if 3 (m n)epy\py bmn = 2 (mon)eps\p2 Imn, then we remove path p; from
the set and continue with paths p, and ps. If none of the inequalities holds,

then we remove both paths from the set and continue with ps and ps. So we
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make at most ¢ — 2 comparisons for node ¢ in the worst case. If at the end, the
set becomes empty then none of these paths can be a permanent partial path
between nodes 1 and ¢ and thus node ¢ cannot be on a permanent path. Then

we remove node ¢ with all arcs incident at node 7 from the graph.

Proposition 2.2 Procedure FindPermanentPath can decide whether there

ezists a permanent path in an arbitrary graph in O(n?) time.

Proof
In the worst case, for each node ¢, we make ¢ — 2 comparisons and % ;71 —2 =
Yrli=(n-2)(n—-1)/2<n? O

2.1.2 Weak Paths

When there does not exist a permanent path in the graph, we would like to
find a path whose worst case performance is the best among all paths. Before
doing that, we would like to see which paths are never longest, since such paths

cannot be candidates for having a good worst case performance.

Definition 2.2 A path is a weak path if it is one of the longest paths at least

for one realization of arc lengths.

We can check whether a given path is a weak path or not in polynomial time

by the following characterization:

Theorem 2.2 A path is a weak path if and only if it is one of the longest
paths when the lengths of all arcs on this path are at their upper bounds and

the lengths of the other arcs are at their lower bounds.

Proof
If a path is longest for the stated realization of arc lengths, it is a weak path
by definition.
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If a path p is a weak path, then there exists a scenario s for which

Z l,f] 2 Z lfj Vp’ €EP

(¢.4)€p (i,3)ep’

Let p' be an arbitrary path in P. We have:

X+ Xz X W+ Y
(h3)er\p’ (i,)epnp’ (i.5)ep’\p (i,3)epnp’
When we set the lengths of all arcs in p N p’ at their upper bounds, we still

have:

oo+ > iz Y i+ Y 1

(s.3)ep\p’ (i.9)epnp’ (ii)er’\p (i,5)€pnp’
When we consider the scenario in which the lengths of all arcs on p are at

upper bounds and the lengths of the remaining arcs are at lower bounds, since

Yinen i 2 Liienw 1 a0d Cgyepno i < Tijyepnp j» We obtain:

> it X iz 3 i+ Yk
(4.9)€p\p’ (4.5)epnp! (s.9)ep’\p (4.9)€pnp’
Since p is picked arbitrarily, this is true for all paths in P. Thus p is also a
longest path when the lengths of arcs on p are at their upper bounds and the

lengths of all other arcs are at their lower bounds. O

If the number of paths is not large, the above characterization shows us an
easy way to find all weak paths. But in a complete directed acyclic graph with

n nodes, there are 2”2 paths from node 1 to node n.

The next proposition gives a necessary and sufficient condition for a given

path to be weak if there exists a permanent path in the graph.

Proposition 2.3 If there ezists a permanent path p, then a path p’ is a weak
path if and only if I, = I, in scenario s, in which the lengths of all arcs on p

are at their lower bounds and the lengths of all other arcs are at their upper

bounds.

- RETi
EMMmemmﬁgg
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Proof
If I, = I3, for scenario s, then p' is a longest path for this scenario. Thus p’ is

a weak path.

If p’ is weak path, then p' is a longest path when the lengths of all arcs on
p are at upper bounds and the lengths of the remaining arcs are at lower
bounds. So we have:
Yo i+ Y = Y i+ Y 1
(s.4)ep\p’ (4.4)epnp’ (i.d)ep'\p (i.4)epnp’
When we set the lengths of arcs in p N p’ at lower bounds, we still have:

Yo L+ D> L= ) i+ Y L

(i.9)ep\p’ (i,5)epnyp’ (i.9)ep'\p (3.3)epnp’

It

So, if there exists a permanent path p, we can find all weak paths by finding
all longest paths when the lengths of all arcs on p are at lower bounds and the

lengths of all other arcs are at upper bounds.

Corollary 2.4 If there exists a permanent path, p, and if [, > I3, Vp' € P
in scenario s in which the lengths of all arcs on p are at lower bounds and the

lengths of all other arcs are at upper bounds, then no other path can be weak.

Thus, if there exists a permanent path, we can check whether there exist other

weak paths or not simply by finding the second longest path.

Weak paths and permanent paths help us in determining critical activities in
project networks. If an activity is on a permanent path, then for all realizations
of activity durations, this activity will be critical. So delaying such an activity
will cause the project to last longer. On the other hand, if an activity is on
a weak path, there exists a scenario in which this activity is critical. If no
weak path uses an arc, then this activity will not be critical for any realization.
However, we do not know exactly how long this activity can be delayed without

delaying the project.
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2.1.3 Robust Paths

Next we give a formal definition to what we mean by worst case performance.
We call a path whose worst case performance is best among all paths a robust
path. We define two different robustness measures. The first measure is
absolute robustness. We would like to find a path whose minimum length
over all scenarios is maximum. The second one is relative robustness. In this
one, we would like to find a path for which the maximum difference between
the length of the longest path and the length of this path among all scenarios
is minimum. It is clear that if there exists a permanent path in.the graph, this
path will both be an absolute robust path and a relative robust path. Though
the names may be different, both robustness concepts are due to Kouvelis and
Yu [4].

Let S denote the set of all possible scenarios.

Definition 2.3 Given a path p, the absolute worst case scenario s; is
the scenario in which the length of this path is the smallest. That is, s, =

arg minges /.

It is easy to see that the absolute worst case scenario for a path p corresponds

to the scenario in which all arcs on this path are at lower bounds.

Definition 2.4 The path whose length is the mazimum for the absolute worst
case scenario is called an absolute robust path. So the absolute robust path

. s3
® = arg maxpep Minses [, = arg max,ep lp°.

Kouvelis and Yu [4] have studied the absolute robust shortest path problem,
where the scenario set is finite. They have shown that the absolute robust
shortest path problem is NP-complete even in layered networks of width 2
and with only 2 scenarios. Moreover, they have also proved that the problem
becomes strongly NP-hard when the scenario set is unbounded. However, in our

case the absolute worst case scenarios for all paths correspond to the scenario
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in which all arc lengths are at lower bounds. So, it is enough to consider this
unique scenario. Then, the absolute robust path is the longest path for this
scenario. Thus, the absolute robust path problem with interval arc lengths can

be solved in polynomial time.

Definition 2.5 Given a path p, the relative worst case scenario sj is the
scenario in which the difference between the length of the longest path and the
length of path p is the mazimum. That is, s, = arg maXses lpe(,) — f;, wherf
p*(s) is the longest path for scenario s. We call the difference d, = l;}"(s;) — 17

the robust deviation for path p.

Definition 2.6 The path whose robust deviation is the minimum is called
a relative robust path. In other words, the relative robust path p* =

arg minyep d, = arg minyep maXses by — &

It is clear that an absolute robust path is a weak path. We show that a relative

robust path is also a weak path.
Proposition 2.4 A relative robust path is a weak path.

Proof

Let p be a path, which is not weak. Consider path p’ which is a longest path
for the scenario in which the lengths of all arcs on p are at upper bounds and
the lengths of the remaining arcs are at lower bounds. Then [, < I, for all

. . . . !
scenarios. Consider the relative worst case scenario for path p . We have:

r

s 7 7 Sy
— ] P _ 1P P __1r s —]% —
dp' = lp‘(s",) lp' < lp‘(s",) lp S I':Isleag( lp‘(s) lp = dp
P P

So p cannot be a relative robust path. O

The following proposition states a relative worst case scenario for a given path.

Proposition 2.5 The relative worst case scenario for path p is the scenario
in which the lengths of all arcs on p are at lower bounds and the lengths of all

other arcs are at upper bounds.
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Proof
Let d, be the robust deviation for path p. Then:
sy s £3A sy,
dp = lp;:(a;) - lpp = Z lz'; - Z li;
(&.9)ep*(sp)\p (t.7)ep\p*(s)

Let s be the scenario in which the lengths of all arcs on p are at their lower
bounds and the lengths of the remaining arcs are at their upper bounds. Since
sy < sy
Tiaderpw b < Liier e lii a0d Tiieprp) bf 2 Liiger\pe(sp) Lii» we
have:
< Y - XY =hn-h
(i.d)ep*(sp)\p (é.7)€p\p*(s3)
Certainly 3., 2 l;.(s;). So we have:

dy < by = B S By =

! !
3 —_— 3 —]s — ]8 —]s . .
Since dp = max, s, o'y ~ lpr We have dp = 7.,y — I5. So s is a relative worst

case scenario for path p. O

Kouvelis and Yu [4] have also proved that relative robust shortest path problem
is NP-complete even in layered networks of width 2 and with only 2 scenarios
and is strongly NP-hard with unbounded number of scenarios. In case of
interval arc lengths, Proposition 2.5 implies that we need to consider a finite
number of scenarios which is equal to the number of paths in the graph.
However the number of paths in a graph grows exponentially with the number
of nodes in the graph in the worst case. In Figure 2.1, there is the graph
on which Kouvelis and Yu (4] proved that the relative robust shortest path

problem is NP-complete by a reduction from 2-partition problem.

If we put interval arc lengths on such a graph, the relative robust path problem
can be solved easily by considering each pair of arcs separately, since the partial
path of the relative robust path from node i to node j is a relative robust path
for the subgraph between these nodes. However, this is not necessarily the case

in an arbitrary graph.

Kouvelis and Yu [4] conjecture that the relative robust path problem with
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Figure 2.1: The graph on which Kouvelis and Yu proved that relative robust
shortest path problem is NP-complete

interval arc lengths is also NP-complete.

Next we give a mixed integer programming formulation by Tansel [10] to find

the relative robust path in a graph. Define yi’s as follows:

{ 1 if arc (k,!) is on the path
Y = .
0 otherwise

We have the network flow constraints:

~ > g+ Y wm=b 1=1,2,.,n

ker— (1) e (1)
where
1 forl=1
b= 0 forl#1l,n
—1 forl=n

I~()={keV:(ki)e A},and T*({) = {h € V : (I,h) € A}

A vector y satisfying the above set of constraints defines a path in the graph.
The length of an arc (k, ) is defined as Iy = Iy — (T — Ly )y for a given vector
y. It can easily be verified that the length of an arc (k,!) on the path defined
by y is at its lower bound since yx = 1, and the length of an arc (k,1) which

is not on this path is at its upper bound since yi; = 0.

Let z; be the longest distance from node 1 to node I. We have the following

constraints which specifies these distances according to the scenario considered:

1> ok + I — (I~ Lym Yk, €A
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So z, is the length of the longest path in the graph for the scenario defined
by y. The objective is to find a path for which the difference between the
length of the longest path and the length of that path is the smallest for the
corresponding scenario, i.e. the scenario in which the lengths of all arcs on this
path are at lower bounds and the lengths of the remaining arcs are at upper

bounds.
The formulation is as follows:

(RRP)

minz, — Y. luyu
(ked

subject to
o> 2k + i — (= L)y V(k, 1) € A

- > yut+ D, ymw=b j=1,2,.,n
ker-(1) heD+ (1)

yu € {0,1} V(k,)eA 220 k=1,2,..,n

When we relax the integrality constraints in the above formulation, even when

all arc lengths are [0,1], we may not be able to obtain an integral solution.

It is easy to see that the absolute robust path and relative robust path are
not necessarily the same paths. Among the two robustness measures, relative
robustness makes more sense when interval arc lengths are considered, since
absolute robustness gives us information only about the scenario in which all
arc lengths are at lower bounds. Consider the extreme case when the lengths
of all arcs on the absolute robust path are degenerate, and all other arc lengths
correspond to large intervals. Then picking this path as a robust path would

not be a good choice.
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2.2 Arcs

We have examined the paths in a graph and developed ways to recognize paths
that are longest for all realizations, paths that are longest for some realizations
and paths that are longest for no realization. Next we would like to analyze
arcs and make similar classifications. We would like to find out which arcs
are on longest paths for all realizations, which arcs are on longest paths for
some realizations and which ones are never on a longest path. In doing this,
we use the information we obtain from analyzing paths. Moreover, we can use
the information we get from analyzing arcs to preprocess the graph for path
problems. For the relative robust path problem, if we can figure out which arcs
are not on longest paths for any realization, we can get eliminate paths using
these arcs, since a relative robust path is a weak path. On the other hand, if
we know which arcs are always on longest paths, we can divide the problem
into subproblems by forcing the relative robust path we are looking for to use

these arcs.

The analysis we make for arcs is directly related with understanding the
criticality of activities in project networks. In terms of project management,
it is useful to know which activities are critical for all realizations, and which
activities are critical for no realization. Note that, even if no permanent path

exists, there may be activities that are critical for all realizations.

2.2.1 Weak Arcs

First we would like to see which arcs are never on longest paths. We call an arc
weak if it is on a longest path for some realization. We first investigate the case
where there exists a permanent path in the graph and present a polynomial
time procedure to find the set of weak arcs in this case. We also suggest two
polynomial time procedures to detect some of the non weak arcs. Then we
give a mixed integer programming formulation to decide whether a given arc

is weak or not.
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Definition 2.7 An arc is a weak arc if it lies on at least one of the weak

paths.

The first proposition gives a necessary condition for an arc to be weak, which

is easy to check.

Proposition 2.6 If arc (i,j) is ¢ weak arc, then arc (3,5) is a weak path

between node ¢ and node j.

Proof

If arc (¢,7) is not a weak path between node ¢ and node j when the length of
arc (¢,j) is at its upper bound and the lengths of all other arcs are at their
lower bounds, there exists another path from node ¢ to node j, p;-; for which
li; < ly,_;- Let p be any path using arc (¢, j) and p’ be the path which has the
same arcs as p except for the partial path between node : and node j being

pi—j. If we set the lengths of all arcs on p to their upper bounds, we obtain:

Z Tkl + 71] < Z ikl + lp,‘_J
(k,1)ep\(4,4) (k) ep'\pi—;
So p’ is longer than p for this scenario, and thus p is not a weak path. Since

no path using arc (7, ) can be weak, arc (z,7) is not a weak arc. O

We next analyze the case in which there exists a permanent path and give

a polynomial time algorithm to find all weak arcs in this case.

Proposition 2.7 If there exists a permanent path p, arc (3,7) is a weak arc if
and only if there ezists a path p’ using arc (3,7) such that L, = I3, in scenario s
in which the lengths of all arcs on p are at their lower bounds and the lengths

of all other arcs are at their upper bounds.

Proof
Arc (Z,7) is a weak arc if and only if it lies on some weak path, p’. If there

exists a permanent path p, p’ is a weak path if and only if [, = I, for scenario
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So we can check whether arc (7, j) is weak or not, by finding the longest path
using arc (7, 7) for the scenario in which all arcs on a permanent path are at
lower bounds and the lengths of the remaining arcs are at upper bounds. If
the length of this path is equal to the length of the permanent path for this

scenario, then arc (7,7) is a weak arc. Otherwise, it is not.

The procedure below can find the set of weak arcs, the weak arc set W,, when

there exists a permanent path p.

Procedure FindWeakArc

1. All arcs on p are weak arcs, so add them to W, and remove them from

A.

2. Set the lengths of all arcs on p to their lower bounds and the lengths of

all other arcs to their upper bounds.
3. For each arc (3,j) € A

(a) Find the longest path from node 1 to node ¢, p;_;, and the longest
path from node j to node n, pj_n. Let p' = py_; U (¢,5) U pj—n.

(b) If I, = Iy, then all arcs on p' are weak arcs, so add them to W,
and remove them from A. If [, > I, then (4,7) is not a weak arc.

Remove it from A.

Proposition 2.8 If there ezists a permanent path in the graph, Procedure

FindWeakArc can determine all weak arcs in O(m?) time.

Proof
In the worst case, Procedure FindWeakArc solves a longest path problem for

each arc in the graph, and for a fixed scenario we can find a longest path in
O(m) time. O
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So if there exists a permanent path, we can find all weak arcs in polynomial
time. In case there does not exist a permanent path, we have two procedures to
eliminate arcs which are not weak. The first procedure is a forward pass, which
eliminates arcs that cannot be on a weak path. In this procedure, we start with
node 2 and consider all nodes one by one. For each node j, we compute a lower
bound g; and an upper bound g;, such that for all realizations, the length of
the longest path from node 1 to node j takes a value in the interval [gj, g;l. We
compute g, by picking the maximum of b;; = g, + L; over all i € I'"(j), where
I'~(j) = {¢ € V: (i,5) € A}. This is equivalent to finding the length of the
longest path from node 1 to node j, when the lengths of all arcs are at lower
bounds. Similarly, we compute g, by picking the maximum of b; = g; + Li;
over all 1 € I'"(j). If there exists a node ¢ € I'"(j) such that b;; < g, then for
all realizations the longest path from node 1 to node j will not use arc (z, 7).

So we drop arc (2, 7) from the graph, since this arc cannot be on a weak path.
The second procedure is a backward pass, which is similar to the forward
pass. In fact, it is equivalent to the forward pass applied to the mirror version
of the original graph.

First, we present the forward pass procedure.

Procedure ForwardPass

1- £1=§1=0
2. forj=2ton

(a) Compute

bij=g;+1; VieTI™ ()
- b..
9 = r¥y”
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(b) if for some i € I'~(j) &; < g, then arc (i,7) is not a weak arc and

can be eliminated.

The following proposition states that procedure ForwardPass eliminates arcs

that are not weak.

Proposition 2.9 If an arc is eliminated by the procedure ForwardPass it is

not a weak arc.

Proof

If arc (2, ) is a weak arc, then there exists a path p, which uses arc (7, j) and
which is a longest path, when the lengths of all arcs on p are at their upper
bounds and the lengths of all other arcs are at their lower bounds. Then the
partial path p,_; of p from node 1 to node j is one of the longest partial paths
from node 1 to node j for this scenario. Let k be an arbitrary node in I'" ()

and p’{_j denote an arbitrary partial path from node 1 to node j visiting node
k. We have:

Yo 2 Y, bt Y, T
(m,n)€p1—j (’m,‘n)pr___j\M—j (m,n)epf_jﬂm_j
This implies that:
S T > > Lm + 3 L.
(mn)€p1~; (mn)epf_;\p1—; (m.m)epk_;0p1-;
This is equivalent to:
Yo > Y L
(myn)€py—; (min)eps_;

Since p§_; is picked arbitrarily, we have:

bij 2 gk + lij = b
The above inequality is true for all ¥ € I'"(;) since we picked k arbitrarily.

Also, since g; = MaXker-(j) by;, we have:

bi; > 9;
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Thus arc (z,7) will not be eliminated by the ForwardPass procedure. O
Next we give the second procedure, which is a backward pass.

Procedure BackwardPass

1. f =f,=0
2. fori=n—-1tol

(a) Compute

where I't(i) = {j € V : (1,7) € A}

(b) if for some j € T*(¢) @;; < f, then arc (4, 7) is not a weak arc and

can be eliminated.

We have a similar proposition, which says that BackwardPass procedure
eliminates arcs that are not weak. Since procedure BackwardPass is equivalent
to the procedure ForwardPass applied to the mirror version of the graph, we

skip the proof.

Proposition 2.10 If an arc is eliminated by the procedure BackwardPass, it

1s not a weak arc.

Since both procedures examine each arc only once, they run in O(m) time.

Backward and ForwardPass procedures do not necessarily eliminate the same
arcs. So it is clear that none of the procedures is capable of eliminating all

non-weak arcs. Moreover, we are not able to determine all the non-weak arcs
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even if we use both procedures.

In the graph in Figure 2.2, the BackwardPass procedure eliminates arc (3,4)
and the ForwardPass procedure eliminates arc (2,3). Both arcs are not weak.

However, none of the procedures eliminates arc (2,4) which is also not weak.

Figure 2.2: The graph on which neither procedure ForwardPass nor procedure
BackwardPass can eliminate all non weak arcs

The following lemma characterizes weak arcs.

Lemma 2.1 An arc (¢,7) is weak if and only if min,,ejo(‘.’j){l;’,’(sp) -1} =0,
where F; ;) is the set of paths using arc (1,7), s, is the scenario in which the
lengths of all arcs on path p are at their upper bounds and the lengths of the

remaining arcs at lower bounds.

Proof
Since p*(s;) is the longest path in the graph for scenario s,, l;f(sp) —-L,>0¥pe

Pi,j)-
An arc (2,5) is weak if and only if there exists a weak path using arc (3, §), if
and only if there exists a path p € P; ;) such that I%, | — 7,, = 0 if and only if

~ ?*(sp)
mlnPGP(i,j){lp}‘,(sp) - ZP} =0. 0

So, we can check whether a given arc (%,j) is weak or not by the following
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mixed integer programming formulation. This formulation is similar to the

formulation we have for the relative robust path problem.

(WA)
minz, — Z [
(kD)eA
subject to
g2 ze+lg+ (u—Lya V(D)€ A
— Y ykt Y oym=b j=12,,n
kelr—~(1) helt+ (1)
Yi; =1
yu € {0,1} V(k,)€eA 2,20 k=1,2,..,n
A vector y satisfying the network flow constraints and y;; = 1 defines a

path in the graph using arc (i,5). The length of arc (k,!) is defined as
I = Ly + (Iy — lu)yw for a given vector y. So, the lengths of all arcs on the
path defined by y are at their upper bounds, and the lengths of the remaining

arcs are at their lower bounds.

Similar to the relative robust path problem, we have the following constraints

which specify the longest distances from node 1 to each node I
212+ by + (i — o)y Yk, D)€ A

Thus z, is the length of the longest path in the graph. The objective is to
find a path using arc (¢, j), for which the difference between the length of the
longest path and the length of that path is the smallest for the corresponding
scenario, i.e. the scenario in which the lengths of all arcs on this path are at

upper bounds and the lengths of the remaining arcs are at lower bounds.

Hence, we have a theorem which gives a characterization for weak arcs using
the formulation WA.

Theorem 2.3 Arc (¢,7) is a weak arc if and only if WA has an optimal

objective value of 0.
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Proof
Simply follows from Lemma 2.1. O

2.2.2 Strong Arcs

Having investigated which arcs are never on longest paths, we would like to find
arcs that are on longest paths for all realizations. We first consider the case
where a permanent path exists. Then we give a mixed integer programming
formulation to check whether an arc is always on a longest path or not. We
also characterize these arcs using unionwise permanent solutions and show that

knowing such arcs can help us in finding a relative robust path.

Definition 2.8 An arc is a strong arc, if it lies on a longest path for all

realizations of arc lengths.

We first give a necessary condition for an arc to be strong which we can check

in polynomial time.

Proposition 2.11 If arc (3,]) is a strong arc, then arc (i,}) is a permanent

path between node i and node j.

Proof

If arc (7, j) is not a permanent path between node ¢ and node j, then in scenario
s in which the length of arc (2, ) is at its lower bound and the lengths of all
other arcs are at their upper bounds there exists another path from node ¢ to
node j, p;_; for which [; < 7,,,._,. Let p be any path using arc (4,j) and p'
be the path which has the same arcs as p except for the partial path between
node ¢ and node j being p;;. Then for the above scenario, I < I3,. Thus there
exists a scenario for which no path using arc (7,j) can be longest. Then arc

(¢,7) is not a strong arc. O

Next we consider the case where a permanent path exists.

TC. YOKSEKOSRETIM Kty
DOKUMANTASYON MER 77
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Proposition 2.12 If there exists a permanent path, an arc is strong if and

only if it lies on a permanent path.

Proof

If an arc lies on a permanent path, then it is strong.

Suppose there exists a permanent path p in the graph. Assume arc (i,7) is
not on a permanent path and it is a strong arc. Consider the scenario in which
the lengths of all arcs on path p are at upper bounds and the lengths of the
remaining arcs are at lower bounds. Since (7,7) is a strong arc, there exists a
path p' which uses arc (i,7) and which is a longest path for this scenario. Then

we have:

Z 7mn + Z z‘mn = Z .Lm,-n, + Z 7m'n,

(m,n)ep\p’! (m,n)epnp’ (m.n)ep'\p {(m,n)€pnp’

Since p is a permanent path, we should have [,,,, = I, for all arcs (m,n) € p'\p
and for all arcs (m,n) € p\p'. Then I, = [, for all realizations. This implies
that p' is also a permanent path. But this contradicts that arc (4,) does not

lie on any permanent path. So (¢,7) is not a strong arc. O

We give a mixed integer programming formulation to check whether a given
arc is strong or not. This formulation is similar to the formulation we had
for the weak arc problem. Before we proceed with the formulation, we give

another characterization of strong arcs.

Lemma 2.2 Arc (3,7) is a strong arc if and only if for all scenarios in which
the lengths of all arcs on a path p are at upper bounds and the lengths of the

remaining arcs are at lower bounds, there exists a longest path using arc (3, 7).

Proof
If an arc is a strong arc then there exist longest paths using that arc for all of

the above scenarios by definition.

Let Pij = {p1,p2,..pm} be the set of paths using arc (i,j). Assume arc
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(4,7) is not a strong arc. Then there exists a scenario s, for which no path
using arc (¢, ;) is longest. Let path p ¢ P ;) be one of the longest paths for
this scenario. We have:
Iy > 1, Pk € Fij)
For an arbitrary path p; € P j), we have:
oo+ X > X W+ Y
(kYEP\pk (k,l)epnpy (kd)Epi\p (k) Epnpy
This implies that:

Z Zl + Z 71:1 > Z l/’;z + Z 7]:1

(k) Ep\ps (kyepnpy (kD)epr\p (kl)epnpy .

If we set the lengths of arcs in p\p at upper bounds, we get:
Yoot Y > Y, i+ Y I
(k1) EP\py (k)epripy (kD)Epr\p (k,yepnpy
If we set the lengths of all arcs that are not on p at lower bounds, we obtain:
oot Y > > Lyt > Iy
(k,0)Ep\ps (kyepnps (kd)epk\p (k) epnipy
Since pi is an arbitrary path in P j, the above inequality is valid for all
pr € Pij. Thus, no path p, € P ;) is longest for the scenario in which
the lengths of all arcs on p are at their upper bounds and the lengths of the

remaining arcs are at their lower bounds. O

Corollary 2.5 An arc is a strong arc if and only if maxyep{l, — l;(f, .)} =0,
%3

where s, is the scenario in which the lengths of all arcs on p are at their upper
bounds and the lengths of the remaining arcs at lower bounds and Pi,j) 1S the

longest path using arc (3,7) for scenario s,.

Now, we proceed with the formulation of the strong arc problem.

(SA)

max Z Tayu — (zi + 95;- + L+ (s - L;i)yis)
(kd)eA
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subject to
T 2 T+ g+ (Zkl —_l.kl)ykl V(k, l) c Awithl <:
oy 2o+ L+ (I — L)y Y(k,1) € Awithk 2]

Yooyt Y, yw=b 1=12,.,n
ker'=(1) ReD+(I)

v € {0,1} V(k,DeA z,z,>0 [=1,2,..,n

Different from the weak arc problem, we have variable z, which corresponds
to the the length of the longest path from node k to node ¢ and the constraints

which specify these distances:
oy >+ b+ (= L)y Yk, 1) € Awithk > j

Next, we give a characterization of strong arcs using the formulation SA.

Theorem 2.4 Arc (z,7) is a strong arc if and only if SA has an optimal

objective value nf 0.

Proof
Simply follows from Corollary 2.5. O

The above formulation searches among all paths. In fact we can restrict it

to the paths that do not use arc (z, ).

Proposition 2.13 Arc (3,5) is a strong arc if and only if max,ep\p, {i, -
} <.

p('J)

Proof

An arc is a strong arc if and only if max,ep{l, — l;’f, A)} = 0, so we need to show
- s . : ! 7

that max,ep{l, — lP?;,,-)} = 0 if and only if maxpep\p('.d){lp pm)} <0.

If maxyep{l, — l;::i,j)} = 0, then max,,ep\P(,.,j){lp p(' J)} <0.
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Assume max,ep\p, {1, - l::.’. ')} < 0. We can easily show that maxyep {1, -
: i) ,

IPI(:;,j)} = 0. Then maxpep{l, — le(:;,j)} =0.0

Let SA" be the formulation formed by adding the constraint y; = 0 to

formulation SA. Using Proposition 2.13, we have:

Proposition 2.14 Arc (i,]) is a strong arc if and only if SA' has an optimal

objective value < 0.

Characterization of Strong Arcs Using Unionwise Permanent Sets

In case all arcs have non degenerate lengths, we give a necessary and sufficient
condition for an arc to be strong using a special subset of weak paths. This
subset contains all weak paths each of which is a unique longest path for some
scenario. We show that a given arc is strong if and only if it lies on all of these
paths. Moreover, we see that there exists a robust path using all of the strong

arcs.

Definition 2.9 A set of paths is a unionwise permanent set if for each

realization there exists a longest path in this set.

Definition 2.10 A unionwise permanent set is ¢ minimum unionwise
permanent set if it is no longer a unionwise permanent set when a path

s removed.

Lemma 2.3 There exists no scenario for which a given weak path is the unique
longest path if and only if this path is not the unique longest path when the
lengths of all arcs on it are at their upper bounds and the lengths of the

remaining arcs are at their lower bounds.

Proof

Since the path is not the unique longest path for any scenario, it won’t be the
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unique longest path for the stated scenario.

If a weak path p, is not the unique longest path when the lengths of all arcs
on p are at upper bounds and the lengths of the remaining arcs are at lower
bounds, there exists another path p’ such that

> it 3 = 3 it Y Iy

(2.3)ep\p’ (4,5)€pnp’ (i,5)€p'\p (ig)eprw’

For arbitrary lengths of arcs in pN p', we have:

> It X b= Y it Y Iy

(Z.3)Ep\p’ (i.5)epnp’ (i.5)ep’\p (i.5)epnp’

Since i penvw i 2 Lisiers lis 804 Liipens ks £ Tipepp bis» We have:

DD TR D DI TR S T N W

(4,5)EP\p’ (¢,4)E€pnip’ (i.5)Ep \p (i,5)epnp’

that is [, < 1 for all scenarios, so p can never be the unique longest path. O

From now on, we assume that all arcs have non degenerate lengths.

Lemma 2.4 In any graph, there exists at least one path which is the unique

longest path for some scenario.

Proof
Assume no such path exists. Pick an arbitrary path p;. From the proof of the
previous lemma, it follows that there exists a path p2 # p1 such that I, <1,
for all scenarios. Since p, is not the unique longest path for any scenario, there
exists another path ps # ps,p1 such that [, < [, for all scenarios. Repeating
this argument for all paths in the graph, since no path can be repeated (it is not
possible for two paths to have the same lengths for all scenarios by perturbing
the length of an arc which is on one of the paths, but not both, we can have
different lengths), and the number of paths is finite, we end up with a sequence
of paths:

Ly

<y Sy <

1 l?k
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where k is the number of paths in the graph. Since the above inequalities hold
for all realizations, py is a permanent path. But a permanent path is the unique
longest path when the lengths of all arcs are at lower bounds. This contradicts

that no path is the unique longest path for any scenario. O

Lemma 2.5 If a path p is never the unique longest path, there exists a path p
such that l, < 1, for all scenarios and p is the unique longest path for some

scenario.

Proof

If p is not the unique longest path for any scenario, there exists another path p
such that [, < [, for all scenarios. If p # pis the unique longest path for some
scenario, we are done. Assume not, then there exists another path p” # p',p
such that [,y <[ for all scenarios. If we repeat this argument, we will end up
with a sequence of paths that are not the unique longest paths for any scenario.
Again, since no path can be repeated , and the number of paths is finite, we
will either find a unique longest path and stop or we will enumerate all paths.
Since there exists at least one path which is the unique longest path for some

scenario, we will stop with a unique longest path. O

Now we give a characterization for minimum unionwise permanent set and

show that it is unique.

Theorem 2.5 If P’ is the set of paths each of which is the unique longest
path when the lengths of all arcs on this path are at their upper bounds and the
lengths of the remaining arcs are at their lower bounds, then P’ is the minimum

unionwise permanent set.

Proof

Assume P’ is not a unionwise permanent set. Then there exists a scenario s,
for which no path in P’ is longest. Then there exists a path p € P\P' such
that I3 > I7. Vp; € P'. But since p € P\P’, there exists a path p; € P’ such
that [, < I, for all scenarios. This contradicts that p is longer than all paths
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. ’ I . . .
in P. So P is a unionwise permanent set.

P’ is minimum since any path in P’ is the unique longest path for some scenario.
a

Corollary 2.6 P* is a unionwise permanent set if and only if P' C P*.

Corollary 2.7 The minimum unionwise permanent set is unique.

The following proposition gives a characterization of strong arcs using the

minimum unionwise permanent set.

Proposition 2.15 An arc is strong if and only if all paths in the minimum

unionwise permanent set share that arc.

Proof
If an arc (z, 7) is strong it is on a longest path for all scenarios. Since each path
in the minimum unionwise permanent set is the unique longest path for some

scenario, (¢,7) should lie on all of them.

If an arc (¢,7) is shared by all paths in the minimum unionwise permanent

set, then it is on a longest path for all scenarios, thus it is strong. O

It follows that a given arc is strong if and only if the set of all paths that
share that arc is a unionwise permanent set, since a set of paths is a unionwise

permanent set if and only if it contains the minimum unionwise permanent set.

Proposition 2.16 There ezists a relative robust path in the minimum

. . 1
unionwise permanent set P .

Proof

Assume none exists. Then there is a relative robust path p € P\P'. Since p is
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not the unique longest path for any scenario there exists a path p' € P’ such
that /, < [ for all scenarios. Consider the relative worst case scenario for path

!
p . we have:

o, e o s,
lp’i(s;,) - lp‘? < lpf(s;,) —lF

The left hand side of the inequality is equal to the worst case deviation for

path p’, and the right hand side of the inequality is less than or equal to the

worst case deviation for path p. That is, dy < dp. Since path p is a robust

path, this inequality holds as an equality and p’ is also a robust path. O
Corollary 2.8 There ezists a relative robust path which uses all strong arcs.

Proof
Follows from Proposition 2.15 and Proposition 2.16. O



Chapter 3

Arc Problems On Layered
Graphs

In this chapter, we consider the longest path problem with interval arc lengths
on a special class of graphs, called layered graphs. We would like to investigate

the arc problems on these graphs.

A layered graph with m layers is defined as G = (V, A) where V = {s}U{(k,!) :
k=1,2,..,m;1=1,2,..,wx} U {t}. Node s is the root and node ¢ is the sink,
nodes (k,[) for [ = 1,2, .., w constitute layer k and wy is the width of layer k.
Arcs exist only from node s to nodes in layer 1, from nodes in layer m to node
t and from nodes in layer & to nodes in layer k+1 for all k = 1,2,..,m—1. The
width of the graph w is computed as w = maxg=1,2,. m w. Figure 3.1 shows

an example of a layered graph with width 2.

In fact, this class is not restrictive since any directed acyclic graph can be
turned into a layered graph if we add dummy nodes and arcs. In Figure 3.2,
there is a complete graph with 5 nodes repfesented as a layered graph. Nodes
1,2,..,5 stand for the original nodes. The remaining nodes are dummy nodes.
To represent arc (1,3), we add node 13 and arcs (1,13) and (13,3). We set the
length of arc (1,13) to be 0, and the ‘length of arc (13,3) to be the length of

36
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Figure 3.1: An m layered graph with width 2

arc (1,3) in the original graph. Since we can reach node 13 only from node 1
and we can use arc (13,3) only to reach node 3, the partial path 1 — 13 — 3
stands for arc (1,3), and its length is the same as the length of arc (1,3). The
other arcs are represented in a similar way by adding dummy nodes and arcs.
Let [; ; denote the length of arc (7, ) in the complete directed acyclic graph G
and l denote the length of arc (¢,5) in the corresponding layered graph G .

The lengths of the arcs are as follows: li’i +1 = lizs1, L = i ; and the lengths

5,3
of the remaining arcs are 0.

ONC.

Figure 3.2: Representation of a complete directed acyclic graph with 5 nodes
as a layered graph
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We developed linear time algorithms for the weak arc and strong arc problems
on layered graphs with width two. For layered graphs with arbitrary width, we
also have algorithms to check whether arcs that are incident at the beginning
node and the ending node are weak and strong in polynomial time. However
we do not have a procedure to check the remaining arcs when the width is
larger than two. Still, we have a necessary condition for these arcs to be weak

and strong and it can be checked in polynomial time.

From now on, we assume that wx = w Vk and all arcs exist, but unless otherwise
stated, all the propositions we present below are valid when these assumptions

are relaxed.

3.1 Weak Arcs

We now consider the weak arc problem on layered graphs. First we investigate

a trivial case of the problem. Let (; ;) (x,) denote the length of arc ((z, 5), (%, 1)).

Proposition 3.1 In a layered graph, if for each layer k < m, there ezists c
such that Ck € [l.(k,l),(k+1,j))Z(k,l),(k-}-l,j)] fO'r‘ all l,j = 1,2,...,w, cs € [.l.s,1j,is,1j]
forallj =1,2,...,w and ¢; € [lmz,t,zml,t] foralll =1,2,...,w, then all arcs are

weak.

Proof

Set the lengths of arcs ((k,),(k + 1,7)) for all {,j = 1,2,..,w at ¢ for all
k=1,2,..,m—1, the lengths of arcs (s,1j) for all j = 1,2,..,w at ¢, and the
lengths of arcs (ml,t) for all [ = 1,2,..,w at ¢;. Then all paths in the graph
have the same length. O

Proposition 3.2 Consider arc ((z,1),(i + 1,1)). Assume all nodes in layer
¢ are reachable from all nodes in layer 1 — 1 and all nodes in layer i + 2
are reachable from all nodes in layer i + 1. If there exists c¢;_y such that

Ci-1 € [.l.(i—l,l),(i,j)aZ(i—l,l),(z‘,j)] foralll,j =1,2,...,w and there ezists c;yy such
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that Ci+1 € [L(i+151),(i+2,j),Z(z’+1,l),(i+2,j)] fOT‘ all la] = 132a cery Wy and Z(z',l),(i+1,1) 2

MaX; k=2,3,...w L(i,5),(i+1,k)» LPEN ((3,1), (3 +1,1)) is a weak arc.

Proof

Consider a scenario in which the lengths of arcs ((¢ — 1,1),(2,7)) for all ,j =
1,2,..,w are at c;_1, the lengths of arcs ((2+1,1), (i4+2, 7)) forall /,j = 1,2, ..,w
are at ciy1, the length of arc ((4,1), (¢ + 1,1)) is at its upper bound, and the
lengths of arcs ((z,1),(¢+1,7))for all {,j = 2,3, .., w are at lower bounds. Then
the lengths of longest paths from node s to all nodes in layer ¢ are the same
since all nodes in layer ¢ are reachable from all nodes in layer ¢ — 1. Similarly,
the lengths of the longest paths from all nodes in layer i + 1 to node ¢ are the
same. S0 if [ 1) (i41,1) = MaX;k=23,..w ki, j) (i+1,5)» then there exists a longest

path using arc ((¢,1), (¢ + 1,1)) for this scenario. O

3.1.1 Arcs Incident at Nodes s and ¢

We next present an algorithm which can decide whether arcs (s,1k) for
k=1,2,..,w and (mk,t) for k = 1,2,..,w are weak or not. The procedure is
given for arc (s,11) . But we can also decide for arcs emanating from nodes in

layer m by using the same procedure for the mirror version of the graph.

We will start with the scenario in which the lengths of all arcs that can possibly
be on a path with (s,11) are set at their upper bounds and the lengths of the
remaining arcs are set at their lower bounds. Our algorithm will construct
a weak path using arc (s,11), if such a path exists, by eliminating at each

iteration arcs that cannot possibly be on a weak path with arc (s, 11).

In the first iteration, we consider the subgraph generated by node s and the
nodes in layers 1 and 2. We find the longest paths from node s to all nodes in
layer 2. We favor paths that use arc (s,11) in finding the longest paths. We

consider three cases:
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Case 1: If all the longest paths from node s to nodes in layer 2 use arc (s, 11),
then this arc is a weak arc. With the current scenario, one of the longest paths

will definitely use arc (s,11).

Case 2: If none of the longest paths from node s to nodes in layer 2 uses arc
(s,11), then To11 + haok < MaXj=12,..wls1; + lij2k for all k = 1,2,..,w. This
proves that there cannot be a longest path using arc (s, 11) for any scenario.

Thus, this arc is not weak.

Case 3: If some of the longest paths from node s to nodes-in layer 2 use
arc (s,11), then arc (s,11) is a weak arc if and only if there exists a scenario in
which there exists a longest path using one of these longest partial paths. We
shrink the graph between node s and layer 2. We set the length of arcs (s, 25)
to be the length of the longest paths form node s to node 25 for all j = 1,2, ..w.
For a fixed j, if the longest path from node s to node 2j uses arc (s,11), we
call such a partial path “candidate partial path” and set the lengths of arcs
(27,31) at their upper bounds for all [ = 1,2,..w since these are arcs that can
possibly be on a weak path with arc (s,11). Arc (s,11) is a weak arc if and
only if one of the candidate partial paths is weak in the shrunk graph. On the
other hand, if the longest path from node s to node 2; does not use arc (s, 11),
we call such a partial path “non-candidate partial path” and set the lengths
of arcs (27, 3[) at their lower bounds for all / = 1,2, ..w since these arcs cannot
be on a weak path with arc (s, 11).

Now the problem is to check whether any of the candidate partial paths is
weak in the shrunk graph. We continue by finding the longest paths from node
s to all nodes in layer 3. If all of these paths use candidate partial paths, then
arc (s,11) is a weak arc. If none of these paths uses a candidate partial path,
then arc (s,11) is not weak. If some of them use candidate partial paths, we
shrink the graph between node s and layer 3, and determine the new candidate

partial paths and continue with the shrunk graph.

So at each iteration of the algorithm, there are 3 possible conclusions. One
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possibility is that arc (s,11) may turn out to be weak. By enlarging our
current graph to its original version keeping the arc lengths as they are set by
the procedure, we can find a longest path using arc (s, 11). This corresponds to
Case 1. Another possibility is that we might conclude that arc (s,11) cannot
be weak, which is Case 2. Other than these two cases, we may be in Case 3,
in which we need to go through the same steps at least for one more iteration.
In the worst case, we can shrink the graph till layer m, and conclude that arc

(s,11) is weak or not in that graph.

Proposition 3.3 The above procedure can decide whether arc (s,11) is weak

in O(mw?) time in an m layered graph with width w.

Proof At each iteration k — 1, finding the longest paths from node s to all
nodes in layer k takes O(w?) time, since for each node in layer k, we compare
the lengths of w paths and we have w nodes in layer k. In the worst case we

go through m iterations. O

Example 1

Below is a 3 layered graph with width 3 in Figure 3.3. We want to know

whether arc (s,11) is weak or not.

We first consider the subgraph generated by node s and layers 1 and 2, which
is given in Figure 3.4. We set the lengths of arcs (s,11), (11,21), (11,22)
and (11,23) at upper bounds and the lengths of the remaining arcs in this
subgraph at lower bounds. The dashed arcs refer to arcs whose lengths are at
lower bounds. Next we find the longest paths from node s to all nodes in layer
2.

The longest paths form node s to nodes 21 and 22 use arc (s,11) and the
longest path from node s to node 23 uses arc (s,13). We shrink the graph
and add layer 3 to obtain the graph in Figure 3.5. We set the lengths of arcs
(23,31), (23,32) and (23,33) at lower bounds and the remaining arcs in the
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Figure 3.3: 3 layered graph with width 3 on which we check whether arc (s,11)
is weak or not

Figure 3.4: Subgraph generated by node s and layers 1 and 2
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subgraph at upper bounds.

Figure 3.5: Subgraph shrunk between node s and layer 2

We find the longest paths from node s to all nodes in layer 3. Only, the longest
path from node s to node 31 uses arc (s,11). We shrink the graph again, add
node ¢ and set the lengths of arcs (32,¢) and (33,¢) at lower bounds. The

resulting graph is given in Figure 3.6.

N .
~ ’
~ .
~ ’
:‘

Figure 3.6: The final graph shrunk between node s and layer 3

There exists a longest path from node s to node ¢ using arc (s, 11) in the final
graph. So we conclude that arc (s,11) is a weak arc. The path consisting of
arcs (s,11), (11,22), (22,31) and (31,1) is a weak path.
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3.1.2 Intermediate Arcs

Now, we give a trivial necessary condition for an intermediate arc to be weak

in a layered graph, which can be checked using the above procedure.

Proposition 3.4 If arc (11,51) is weak in a layered graph, then it is weak in
the subgraph generated by node s, layers I up to i and node j1, and it is weak
in the subgraph generated by node i1, layers j up to m and node t.

We next consider the weak arc problem on an m layered graph with width
2, which is defined as G = (V, A) where V = {s} U {(k,?) : 7 = 1,2,k =
1,2,...,m}U{t} and A = {(s,11),(s,12), (m1,t), (m2,1)} U{((k,?), (k+1,5)) :
k=1,2,..m—1;1=1,2 =1,2} .

First we give a necessary and sufficient condition for an arc (il,j1) to be
weak in layered graphs with width 2. Let af be the length of the longest path
from node s to node ¢ in scenario r, and b7 be the length of the longest path

from node 7 to node ¢ in scenario r.

Proposition 3.5 Arc (i1, 1) is a weak arc if and only if there exists a longest
path using this arc for the scenario r*, in which a7, — @}, = max,es{a}; ~— al}
and b}, — b7, = max,es{b}; — b7, } and the length of arc (il,j1) is at its upper
bound and the lengths of arcs (i1,372),(42,j1) and (i2,352) are at lower bounds.

Proof
If arc (71, 1) is on a longest path for scenario r*, then by definition it is a weak

arc.

If arc (1,71) is a weak arc, then there exists a scenario r, in which there
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exists a longest path using this arc. Moreover, if we set the length of arc
(¢1,71) at its upper bound and the lengths of arcs (71, j2), (¢2, j1) and (32, 52)
at lower bounds, there still exists a longest path using arc (¢1,j1). So we have

the following inequalities:
aly +lng + 0 —afy =l jn — U =lujn + 0y —laja—0,20 (1)

aj + (2 g1+ 611 —aj— b — b§1 = 7i1,j1 +al —lpjn—a 20 (2)
ajy + laj1 + U 0 —ligja— b3 20 (3)
For scenario r*, we know:

r

* r* T r
Qi — Gip 2 Qi — Gy (4)

O — 0 205 — b, (5)

Inequalities (1) and (5) imply that:
Lajt + 8 —Lyja— b5 >0
inequalities (2) and (4) imply:
72'1,3'1 + af{ —lgj1 — af; 20
and finally inequalities (3), (4) and (5) imply that:
af; + T+ b;; —aj — Ligja — b;; >0

So, for scenario r*, there exists a longest path using arc (:1,51). O

To check whether arc (¢1,71) is a weak arc or not, we need to find the
scenario r*. From this point on, we will only look for a scenario r;; in which
e — ait = max,es{al — ah}. To do this, it is enough to consider the
subgraph generated by layers 1 up to : and node s. Once we can develop an
algorithm to find scenario r;;, we can use it to find scenario rj, for which
bt — b = maxees{bl; — b},} using the mirror version of the subgraph
generated by layers j up to m and node t. Since scenario r;; sets the lengths

of arcs among node s and layers 1 up to ¢, and scenario rj; sets the lengths of
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arcs among layers ;7 up to m and node ¢, these two scenarios will not conflict

with each other, and we can construct r* using these scenarios.

Now, we will show that finding the scenario r;; is equivalent to finding a path

from node s to node i1 such that, the maximum difference ai* — 3! is attained
when the lengths of all arcs on this path are at upper bounds and the lengths

of the remaining arcs are at lower bounds.

Proposition 3.6 Let p be the longest path from node s to node il for scenario

ri1. Consider the scenario r , in which the lengths of all arcs on p are at upper

B . ! !
bounds and the remaining arcs are at lower bounds. Then, ajji' —ali' = af, —al,.

Proof

When we move from scenario r;; to scenario =, it is easy to show that path p
has the higher increase in length, since no other path can have all arcs of p.
This proves that azfll - a}l, > ai! —a. So a{-i — a}'; =a; —aq. 0

The above proposition suggests that we can restrict the set of scenarios to
search to a smaller set of scenarios in each of which the lengths of all arcs on
a path from node s to node i1 are at upper bounds and the lengths of the
remaining arcs are at lower bounds. We can take the length of this path to
be the length of the longest path from node s to node 71, since if it is not the
longest path for this scenario, it is clear that we cannot attain alj! — alj! for

this path. We developed a procedure to compute aj' — ajs'.

We start with node 21. We first consider path s — 11 — 21 and set the
lengths of arcs on this path at upper bounds and the lengths of the other
arcs at lower bounds. We find the difference between the length of this path
and the length of the longest path to node 22, which is d},. We repeat the
same calculations for path s — 12 — 21 and find d%,. We pick the maximum
difference dy;. We do the same computations for node 22 and find dy;. Then
we shrink the graph among node s and layer 2. We set the upper length of
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arc (s,21) to be dy; and the upper length of arc (s,22) to be dy2. The lower
lengths for both arcs are 0. Next, we repeat the same steps for nodes in layer

3, and continue till we reach layer :.
Procedure ComputeMaxDifference

for k=2 to 1 do

1. dfy = Zs,(k—l,l) + 7(1:—1,1),(1:,1) - maX{Zs,(k—l,l) + l(k_1,1),(k,2),ls,(k_1,2) +
Le-1.2),(k,2) :
@ = lyg-12) + lp—r2),k) — max{logk-12) + Lr-1,2),(k2) bs,k-11) +

l(k—1,1),(k,2)}
d = ma‘x{dllclv dil}

2. 7s,(k,1) =du

3. diy = 73,(k_1,1) + T(k—x,l),(kﬂ) 2 max{zs,(k-l,l) + l(k—l,l),(k,l)als,(k—l,z) +
Lk-1,2),(k2)}
di, = 73,(1:—1,2) + Z(k—1,2),(k,2) - max{?s,(k-l,z) + Lk-1,2),(k,2)0 Lo(k-1,1)
Lk-1,1), (k) }
dyy = max{dy,, d},}

4. I (k2) = dia
Ly =0

In the procedure, diy = af* — ai! and diy = a2 — a;f?. So at iteration
k —1, di; and diy are computed using di—1,1 and dg—1,2. In fact, at the k — 1st
iteration, we work with the shrunk graph in Figure 3.7.

The lengths of the arcs are as follows: [, x_13) = 0, s k=1,1) = k1,1, L5 (k1,2) =

0 and I (k-1,2) = dr-1,2-

Proposition 3.7 The above procedure computes ajj* — a3’ .
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Figure 3.7: Graph shrunk between node s and layer k£ — 1

Proof

The proof is done by induction on .

Let ¥k = 2 and | = 1. We have two paths from node s to node 21. Consider
scenario ry;. Proposition 3.6 implies that in this scenario, the arcs on one of
the paths from s to 21 are set at upper bounds and the remaining arcs are at

lower bounds. Consider the equalities below:
dyy = loay + huor — max{ls 11 + L ooy Loaz + bz 22}

d%l =5 Zs,12 + 712,21 - ma,x{is,m + 112,227L9,11 + 111,22}
dy = max{dy,,d3,}

The first inequality computes the difference between the length of path s —
11 — 21 and the length of the longest path from s to 22 when the arcs on
path s — 11 — 21 are at upper bounds and the remaining arcs are at lower
bounds. The second inequality does the same for the second path which is
s — 12 — 21. We pick the one with the maximum difference in the third

inequality. So dg; = a3 — al3.

Assume that the algorithm computes differences di_,,; = a;"_"f,'ll - a;"_'ll,'; and

di—12 = a. -2 — a2 correctly. We will show that it can compute difference
, k-1,2 k-1,1 Yy

7 T 3 - Tkl Tkl
ais — af%. Let iy be the scenario for which aif' — a%! = max,es{a}; — a};}.

Then

Tk TRl __ Tkl 7 Tkl 7
ai — ais = max{ag?; ) + l(k-1,1),k1)s Fi1 2 + lk-1.2),(k1) }
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—max{ a1 + Le-1,),k2) a;ck—ll,z + l(k—1,2),(k,2)}
= max{min{l(e-1,1),61) = Le=1,1),(2)» G511 F Lk-1,0),001) — 0k1 2 — Lk-1,2),6,2) )
min{azk_ll,z + 7(1c-1,2>),(k,1) - 02’111,1 - l(k—l,l),(k,2)17(k—1,2),(k,1) - L(k—1,2),(k,2)}}

Consider d}, and d%, computed by the procedure.
dh = 73,(1:—1,1) + ?(k—l,l),(k,l) - ma'x{zs,(k—l,l) +l(k-1,1),(k,2)»Lx,(k-m) + l(k-1,2),(k,2)}

= min{Te-1,1),61) — Lpor,0),06,2) Tn(e-10) F L1, 061) — Loye-1.2) = Lpkm1.2), 002}
= min{lk-1.1),(k.1) — Lk-1,1),(k.2)> Te-1,1 + Tk-1,1), (k1) — Lk=1,2),(k.2)}
= min{T(e-1,1),(k.1) — Kko1,0),(k,2) Feord — a3 + k-1, k0) — k-2, 6}
> miﬂ{z(k—l,l),(k,l) = l(k—l,l),(k,2)’ azxfl,l - ‘12"—11,2 + 7(k—l,l),(k,l) - l(k—lﬂ),(kﬂ)}
&y =T, ko12) + le-r2),0,1) — DXL (ko1,2) + Lpo1,2), (0200 Lo, (k-1,1) T Hp1,1), (020}
= min{{(x-1,2),(k1) — l(k_l,z),(k,z),73,(k—1,2) + z(1rc—1,2),(k,1) = Loe-1,1) — l(k—l,l),(k,z)}
= min{l(x-1,2),(k1) — Lik—1,2),(k,2)» Fe—1,2 + Tk-1.2),k1) — Lik—1,1),(k,2)}
= min{7(k—1,2),(k,1) — Lk—1,2),(k,2)> a;ck:f,’; - ‘12"——11,'12 + Z(k—1,2),(k,1) - l(k—lyl),(kﬂ)}

> min{lge-1,2),(61) = Lik-1.2),(k2) Tk 12 — G T Lk-1,2),061) — Lp-1),(52)}
d1 = max{dy;, d}; }

So diy > ai¥ — afy'. Since ajf — afy is the maximum difference, we have

— Tk T
din = 6y’ — @53 - O

Some of the di’s may turn out to be negative. Though the interval [0, du]
does not make much sense in this case, this does not cause any problem as far

as the computations are concerned.

.. . . i L . .
Proposition 3.8 We can compute a™i* —ai and b —b3' in O(m) time usin
i1 12 1 72

the above procedure.
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Proof
For each node, we make two comparisons, which takes constant time. After we
do the mirror version, total number of steps repeated is in O(m). O

Ti1 i1 b"'.‘il

After we compute a}i* — a5 and b; 3! we construct the following graph
71 2 71 72 g8

in Figure 3.8, in which we check whether arc (i1, ;1) is weak or not.

Figure 3.8: Graph in which we check if arc (i1,51) is weak

Scenario ™ is constructed by setting the following arc lengths: I = aif' —

Til - o, = Bt UEL I D U R S
aii sls,i2 - Oaljl,t = bjl - bj27 i2,t — Oalzl,Jl - lzl,]lalzl,]2 - 13‘1,_7‘27112,11 -

:l.iz,jl’ li2;j2 = L‘z,jz-

Example 2

As an example, we check whether arc (22,31) is a weak arc or not in the graph

in Figure 3.9.

We first would like to compute a32 — al?. We consider the subgraph in

Figure 3.10 generated by node s and layers 1 and 2.

We set the length of arcs (s,11) and (11,22) at upper bounds and the lengths

of the remaining arcs at lower bounds and compute:

diy = Toa1 + L2 — max{ls11 + h1a1ylega + lign} =26 —21 =3

TC. YOXSEKGGRETIM KURULY
DOKUMANTASYON MERKEZ]
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[12, 16]

(7,17] /;\

[5,12] [15,23]

[13,14] (14,17]

{5,13] (11,17} (14,17]

Figure 3.9: 5 layered graph with width 2 in which we check if arc (22,31) is
weak

[13, 14]
(S, 13]

Figure 3.10: Subgraph generated by node s and layers 1 and 2
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Next we set the length of arcs (s,12) and (12,22) at upper bounds and the

lengths of the remaining arcs at lower bounds and compute:
42, = 1513 + l12.22 — max{l,12 + hootlsin iy} =27—-22=5
We pick the maximum difference:
dpy = max{d},,d3;} =5

and set 1,52 = 5 and [, 5; = 0.

Next we would like to find 55} — a3}'. We first consider the subgraph in
Figure 3.11 generated by node ¢ and layers 4 and 5.

O C
(15, 23]

[15, 16]

[15, 19]
[14, 17]

[9, 10]

Figure 3.11: Mirror version of the subgraph generated by node ¢ and layers 4
and 5

We do the same computations and find that dy; = 3 and dyy = 12. We set
l;y1 =3 and L4y = 0 and I, 4, = 12 and 42 = 0. We shrink the graph, add
layer 3 and obtain the graph in Figure 3.12.

This time we find that d3; = 5. We set I3, = 5 and l35; = 0. We consider the
small graph in Figure 3.13 and decide if there exists a longest path using arc

(22,31) in this graph.

Since the longest path uses arc (22,31), we conclude that this arc is weak. In
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[12, 16]

[0, 3]

[0, 12]
[14, 17]

Figure 3.12: Mirror version of the subgraph shrunk between node ¢ and layer
4

Figure 3.13: Final graph in which we check whether arc (22,31) is weak or not
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fact, there are two weak paths using this arc. One is s — 11 — 22 — 31 —
41 — 52 — t and the other oneis s — 12 — 22 — 31 — 41 — 52 — ¢.

3.2 Strong Arcs

We shall now investigate the strong arc problem on layered graphs, and modify
the procedures we have presented for the weak arc problem to solve the strong

arc problem.

3.2.1 Arcs Incident at Nodes s and ¢

We first modify the algorithm we have given to check whether arcs (s, 1k) for
k=1,2,..,w and (mk,t) for k£ = 1,2,..,w are weak or not to check whether
the same arcs are strong. The procedure is changed to answer the question

whether arc (s,11) is strong or not.

We will start with the scenario in which the lengths of all arcs that can possibly
be on a path with (s,11) are set at their lower bounds and the lengths of the
remaining arcs are set at their upper bounds. We try to obtain a scenario in
which no longest path uses arc (s,11). So at each iteration, we set the lengths
of arcs that can possibly be on a path that is longer than all paths using arc
(s,11) to their upper bounds. Since this is equivalent to checking whether any
of the remaining arcs is weak or not, favoring paths that use arc (s,11) in case
of equalities, we do not give a separate procedure here, the procedure we have

given for weak arc problem can be used.

3.2.2 Intermediate Arcs

Next, we give a trivial necessary condition for an intermediate arc to be strong

in a layered graph, which can be checked using the above procedure.
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Proposition 3.9 If arc (il,51) is strong in a layered graph, then it is stroné
in the subgraph generated by node s, layers 1 up to ¢ and node j1, and it is

strong in the subgraph generated by node i1, layers j up to m and node t.

Now, we consider the strong arc problem on an m layered network with width
2. All results we obtained for the weak arc problem are modified for the strong

arc problem.

Proposition 3.10 Arc (il,j1) is a strong arc if and only if there exists a
longest path using this arc for the scenario r*, in which af; —al, = min,es{al; —
al,} and b — b5, = min.es{j; — by} and the length of arc (il,j1) is at its
lower bound and the lengths of arcs (i1,32),(32,51) and (22,52) are at upper

bounds.

Proof

If arc (:1,71) is a strong arc, then it is on a longest path for scenario r*.

If arc (¢1,71) is on a longest path for scenario r* then the following inequalities
hold:

aff +lij A8 —al —lajp— =Ly + b —laa— b, >0 (1)

ay + L+ 85 — oy —laj — b =l +ay —laja—a; 20 (2)
0 +laji+ b —ah —lojpp— 0,20 (3)

For an arbitrary scenario r, we know:
a —ah <a.—al (4)
il i2 = 05 — 05

oy~ by < b — b, (5)

— Y71

:"1,]'1 2 lil,jl (6)

21,;‘2 < lil,ﬂ (7)
l’z".2,j1 < 7«'2,1'1 (8)

:"2,]'2 < li2,j2 (9)
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Inequalities (1), (5), (6) and (7) imply that:
T = =020
inequalities (2), (4), (6) and (8) imply:
hptah—lhn—ap >0
and finally inequalities (3), (4), (5), (6) and (9) imply that:
ahy + 1+ 05 —aly =l —0,20

So, for any scenario r, there exists a longest path using arc (¢1,31). So (i1,71)

is a strong arc. O

To check whether arc (¢1, 1) is a strong arc or not, we need to find the scenario
r*. Similar to the work we have done for weak arcs, from this point on, we will
Ti1

only look for a scenario r;pin which aij* — aj§' = min,es{al; —al,}. To do this,

it is enough to consider the subgraph generated by layers 1 up to ¢ and node s.

Now, we will show that finding the scenario r;; is equivalent to finding a path
from node s to node 71 such that, the minimum difference a{' — a3 is attained
when the lengths of all arcs on this path are at lower bounds and the'lengths

of the remaining arcs are at upper bounds.

Proposition 3.11 Let p be the longest path from node s to node il for scenario
ri1. Consider the scenario r , in which the lengths of all arcs on p are at lower

4 ’
Y9 Ti1 Til . T T
bounds and the remaining arcs are at upper bounds. ai' — ali! = a7, — al,.

Proof

When we move from scenario r;; to scenario r, it is easy to show that path p
has the higher decrease in length, since no other path can have all arcs of p.

I ? ! 1
] r T i1 i1 r T — il Ti1
This proves that a7, — a}, < ajj' —aji!. So al; —al, = ajf' —al'. O

We developed a procedure similar to ComputeMaxDifference to find aij* —a3i'.
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Procedure ComputeMinDifference

for k=2 to i do

Lody = L1 + lp-r,wn — max{lgor1) + le-1,0),02) b (k-12) +
lk-1,2),(k,2)}
iy = Lyg-12) + Lk-12),61) — max{lk_12) + T(k=1,2),(k2)s Lsy(k=1,1) +
T(k-1,0),(ki2) }
dy; = min{d},, d% }

3. dk = Lgee1ny + Lpmrayee) — max{l 1) + lk-12),(k1)) lo(k-1,2) +
Tk-1,2),(61) }
dy = Lig-12) + le-12),02) — max{l km12) + le-1,2),(k1)0 Lo (h-r.1) +
7(/!:-1,1),(1c,1)}
diz = min{diz, dzz}

l

Lsk2 = dka

ls,kl =0
Proposition 3.12 The above procedure computes aij* — aii.

Proof

The proof is done by induction on k.

Let k =2 and [ = 1. We have two paths from node s to node (21). Consider
scenario ry;. In this scenario, the arcs on one of the paths from s to 21 are
set at lower bounds and the remaining arcs are at upper bounds. Consider the

below equalities:
dyy = Lg1 + Linor — max{l, 11 + T .22, Lo + Ti2.22}

&, = Liaz + higor — max{l; 15 + Li222, Ls11 + 11,22}
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dyn = min{dél’ dgl}

The first inequality computes the difference between the length of path s —
11 — 21 and the length of the longest path from s to 22 when the arcs on
path s — 11 — 21 are at lower bounds and the remaining arcs are at upper
bounds. The second inequality does the same for the second path which is
s — 12 — 21. We pick the one with the minimum difference in the third

inequality. So d2; = a3}' — a%%'.

Assume that the algorithm computes differences di-11 = @73 — ax7s

Tl—e Th— . .
and dy_15 = a3 — apy; correctly. We will show that it can compute

difference aj®' — a%'. Let riy be the scenario for which ajf' — aiy =

: r T Tkl Thi : Tkl Tkl
min,es{aj; — al}. Then aif' — aps' = mln{ak—l,l + L(k—l,l),(k,l),ak—l,z +

l(k—-1,2),(k,1)} — max{al*; ; + 7(k-1,1),(k,2), apty o+ i(k_lyg),(k,z)}. This is equivalent

1 Tkl 3 J T T
to aif’ — a3 = mln{i(k—l,l),(k,l) - l(k—l,l),(kﬂ)’akk—ll,l + l(k—l,l),(k,n 5 “k’°—11,2 -

Teo1.2). (k.2 %2 + Lo 2, k1) — 981 — Jke1,00, 0820 Lkm1,2), k1) — TGk-1,20,002 )

Consider d}, and d%, computed by the procedure.
diy = Lo (k—1,1) + Lk=1,1),(6,1) — max{ Ly (k-1,1) + T(hm1,1),(k2) bos(k=1.2) T+ L(e=1,2),(k:2) }

= min{lp—1,1),(,1) = L(k=1,),(k2)s Lo, (k=1,1) + Lr—1,1),(8,1) — Tsk=1,2) — L(k=1,2),(k:2)}
= min{&k_m),(k,n - Z(k-lyl),(kﬂ)’ de-11 + l(k—l,l),(k,l) - 7(k—1,2),(k,2)}
= min{i(k_l,l),(k,l) — 7(k-1,1),(k,2), 011;:1,'11 - a;ck——ll,'z1 + l(k—l,l),(k,l) - 7(k—1,2),(k72)}
< min{l(k_l,n,(k,n - Z(k—l,l),(k,2), 02'31,1 - ‘12"—11,2 + _l.(k—l,l),(k,l) - z(1=—1,2),(1=,2)}
dry = Ly k-1,2) + Li-1,2),06,1) — MaX{Ly ko1.2) Tko1,2),(k.2)s Dos(h—1,1) F Ige—1,1), (62 }
= min{lx—1,2),(6,1) — {(k=1,2),(k2)» Ls,(k—1.2) T Lik-1,2),(8,1) — T, (k-11) = Le-1,0),(52)}
= min{{(x_12),k,1) — 7(1:-1,2),(1:,2), dr-1,2 + Lk—1,2), (k1) — 7(k--l,l),(k,2)}
= min{l_1,2) (k1) — T(k-1,2),(k2)> 0211_11,'22 - “11;11—11,’12 + Lik—1,2),06,0) — Te-1,1), 620}
< min{l_1.2),001) — Jk-1,2),(k:2) Toor,2 = Gro1 F Lk=1,2),(61) — Ik-1,1),(k,2) }
dyy = min{d,, di}

= min{l(e_1,1), (k1) = Hb-12),002) G-11 + Lp-1,0), (1) = Uk=1,2),(2)5
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dy-12 + i(k-1,z),(k,1) - 7(k-1,1),(k,2),l(k—l,z),(k,n - Z(k—1,2),(k,2)}

So diy < aift —a;k. Since aif* —ajs! is the minimum difference, diy = ajf! —a;5
. 0

« e . . Tq T4 . .
Proposition 3.13 We can compute aif' — aj3' and b;1' — b3 in O(m) time

using the above procedure.

: ; T; r; . .
We can compute aj' — aj5' and b,{' — b3’ using the above procedure. Scenario

r* is constructed by setting the following arc lengths: [, ;1 = ajj' — aii!, ls2 =

_ ATl TS ) T o RS S S Ten
0, ljm = bjl - bjz 71]2,t =0, lzl,Jl = Lll,jlal%l,ﬁ = 41,52, lzZ,Jl = %2,1'1’12'24'2 = 42,52



Chapter 4

Minimum Spanning Tree

Problem with Interval Data

In this chapter, we consider the minimum spanning tree problem with interval
edge costs. We figure out if there exists a spanning tree which is minimum
for all realizations. We also determine if there exists a realization for which a
given spanning tree is minimum. We define two robustness measures. Then
we investigate which edges are on minimum spanning trees for all realizations,

and which edges are on a minimum spanning tree for no realization.

Let G = (V, E) be an undirected graph with n nodes. Each edge (i,7) has
cost ¢i; € [¢;,Ci;). No probability distribution is assumed for edge costs. ci;
denotes the cost of edge (4, 7) in scenario s. We denote by c;; an arbitrary cost

for edge (4,7) in [¢;, @;)-

I' denotes the set of all spanning trees. We denote the cost of spanning tree T'
in scenario s by ¢§. ¢y denotes the cost of spanning tree T when the costs of
all edges on this tree are at lower bounds and @r denotes the cost of spanning

tree T' when the costs of all edges on this tree are at upper bounds.

60
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4.1 Spanning Trees

First we analyze spanning trees. We define permanent, weak and robust trees

and derive some results for them.

4.1.1 Permanent Trees

We first investigate whether there exists a spanning tree which has a minimum
cost for all realizations of edge costs. We present a procedure to find such a

spanning tree if there exists one, when all edges have non degenerate costs.

Definition 4.1 A spanning tree is a permanent tree if it is ¢ minimum

spanning tree for all realizations of edge costs.
The following theorem characterizes permanent trees.

Theorem 4.1 A spanning tree is a permanent tree if and only if it is a
minimum spanning tree when the costs of all edges on this tree are at their

upper bounds and the costs of all other edges are at their lower bounds.

Proof
If a spanning tree is a permanent tree then it is one of the minimum spanning

trees for the stated realization by definition.

If a spanning tree T is minimum when the costs of all edges on T are at
their upper bounds and the costs of all other edges are at their lower bounds,
for an arbitrary spanning tree T' € T', we have:
DINEE D DR D D" D D
(5.)eT\T" (i.5)eTNT’ (1.5)ET\T (i.5)ETAT
If we consider arbitrary values in the given intervals for the costs of edges
(2,7) € T NT', we obtain:

STt Y S Y et ) o

(1.5)ET\P' (sg)eTnT” (1.5)€T\T (4.4)eTnT’
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Since Yo j)er\1" Gii < L(ij)er\T" Cij a0d Yo j)ern\T Cij S Xo(i,j)eTnT Cij» We have:
Y et D, S Y Gt D, g
(4.5)eT\T’ (4.5)eTNT! (4.9)ET\T (i,5)eTnT!
So er < ¢ for all realizations. Since T' is an arbitrary spanning tree, this is

true for all spanning trees in I'. Thus, T is a permanent tree. O

Proposition 4.1 Suppose there exists a permanent tree T. Consider the
scenario in which all edge costs are at upper bounds. If there exists a tree
T such that er = Tp, then ¢; = @; for all (i,5) € T'\T. Moreover, a
spanning tree T  with Tr = T is a permanent tree if and only if ¢j = Gij for
all (3,5) € T\T' .

Proof

Suppose there exists a permanent tree T'. Assume there exists a spanning tree
T’ such that & = ¢ and there exists an edge (i,j) € T'\T whose cost is
non degenerate, that is ¢;; < ;. By setting the cost of edge (¢, ) to its lower
bound, we obtain a scenario in which cost of 7" is less than the cost of T'. This

contradicts that T is a permanent tree.

A spanning tree T' with G = ¢ is also a permanent tree if and only if
for all realizations cr = ¢, which is equivalent to:
D it D = Y et Y
(4,9)ET\T' (4,)€TNT’ (i.3)eT"\p (i.5)epnT’

for all realizations. This holds if and only if:

2 owi= ) G

(4.3)ET\T' (4,5)ET\T

Since &7 = ¢, we should have ¢;; = &; for all (,j) € T'\T. Then, the right
hand side of the inequality is a constant for all realizations. So the above
equality holds if and only if ¢;; = &; for all (3,j) € T\T". O

Corollary 4.1 If all edge costs are non degenerate, that is ¢;; < G; for all
(2,7) € E and there ezxists a permanent tree, it is the unique minimum spanning

tree when the costs of all edges are at their upper bounds.
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Corollary 4.2 If all edge costs are non degenerate and there ezists a

permanent tree, it is unique.

Corollary 4.3 If there ezxists a permanent tree such that all edges on this tree

have non degenerate costs, then this is the unique permanent tree.

We have a procedure to find the permanent tree if it exists when all edge costs

are non degenerate.

Procedure FindPermanentTree

1. Set all edge costs at their upper bounds and find a minimum spanning
tree T'.

2. Check whether T is a permanent tree or not using Theorem 4.1. If T' is a
permanent tree, it is the unique permanent tree. If it is not permanent,

then there exists no permanent tree.

4.1.2 Weak Trees

Next, we analyze spanning trees that have minimum costs for some realization
of edge costs. We give a characterization for such spanning trees and investigate

the case where there exists a permanent tree.

Definition 4.2 A spanning tree is a weak tree if it is @ minimum spanning

tree for some realization of edge costs.
The following theorem characterizes weak trees.

Theorem 4.2 A spanning tree is a weak tree if and only if it is @ minimum
spanning tree when the costs of all edges on this tree are at their lower bounds

and the costs of the other edges are at their upper bounds.
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Proof
If a spanning tree is minimum for the stated realization of edge costs, it is a

weak tree by definition.

If a spanning tree, T is a weak tree then there exists a scenario s for which

o< Y ¢ VTerT

(4.9)€T (4.9)€T’

Let T' be an arbitrary spanning tree in I'. We have:

Yoo+ Y S Y e+ Y

(4.3)ET\T' (,5)eTNT’ (4.)eT\T (i,))eTnT’

When we set the costs of all edges in TN T' at their lower bounds, we still

have:

Yoo+ D i< YD i+ Y g

(4,5)eT\T' (t,5)€TOT’ (Z.9)ET\T () €TNT’
When we consider the scenario in which the costs of all edges on T are at lower
bounds and the costs of the remaining edges are at upper bounds, we obtain:

Yoot > i< Y Tt Y, g

(1,J)ET\T' (2,4)ETNT’ (4:3)ET\T (#.9)ETNT’

Since T" is picked arbitrarily, this is true for all spanning trees in I'. Thus 7' is
also a minimum spanning tree, when the costs of edges on T' are at their lower

bounds and the costs of all other edges are at their upper bounds. O

We consider the case where there exists at least one permanent tree in the

graph.

Proposition 4.2 If there exists a permanent tree T, then a spanning tree T"
is a weak tree if and only if e = ¢} in scenario s in which the costs of all
edges on T are at their upper bounds and the costs of all other edges are at

their lower bounds.

Proof

If e = ¢ for scenario s, then T” is a minimum spanning tree for this scenario.
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Thus T’ is a weak tree.

If T' is a weak tree, then 7' is a minimum spanning tree when the costs of
all edges on T are at lower bounds and the costs of the remaining edges are
at upper bounds. So we have:
> Tt Y oei= Y, et ), g
(4,5)€T\T (5.4)€TOT’ (,§)ET\T (i.j)eTnT
When we set the costs of edges in T N'T" at upper bounds, we still have:
D> Tt Y, E= Y, &t ),
(4.4)ET\T’ (i.3)€TNT (1.5)€T\T (i,)€TNT!

SO ET = C%'/. a

Corollary 4.4 If there exists a permanent tree T, and if er < ¢ VI’ € T,
in scenario s in which the costs of all edges on T are at upper bounds and the

costs of all other edges are at lower bounds, then no other tree can be weak.

4.1.3 Robust Trees

We define two robustness measures, absolute robustness and relative robustness
for the minimum spanning tree problem with interval edge costs, and
characterize the worst case scenarios for a given spanning tree for both

measures.
Let S denote the set of all possible scenarios.

Definition 4.3 Given a spanning tree T, the absolute worst case scenario
5% 15 the scenario in which the cost of this spanning tree is the mazimum. That

i8, ST = arg maXses C7.

Similar to what we had for the absolute robust longest path problem, the
absolute worst case scenario for a given spanning tree corresponds to the

scenario in which all edges on this spanning tree are at upper bounds.
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Definition 4.4 The spanning tree whose cost is the minimum for the absolute
worst case scenario is called an absolute robust spanning tree. So absolute

. . . 55
robust spanning tree T'® = arg minrer maX,es ¢ = arg minyer cf .

Kouvelis and Yu [4] have also studied the absolute robust spanning tree
problem, where the scenario set is finite, and they have shown that the absolute
robust spanning tree problem is NP-complete for bounded scenario set and
strongly NP-hard when the scenario set is unbounded. In case of interval edge
costs, the absolute worst case scenarios for all spanning trees correspond to the
scenario in which all edge costs are at upper bounds. Thus, the absolute robust
spanning tree problem with interval edge costs can be solved in polynomial time

by finding a minimum spanning tree when all edge costs are at upper bounds.

Definition 4.5 Given a spanning tree T, the relative worst case scenario
sh is the scenario in which the difference between the cost of the spanning
tree T and the cost of the minimum spanning tree is the mazimum. That is,
ST = aIg MaXses € — Crs(;), where T(s) is the minimum spanning tree for
scenario s. We call the difference dy = cf — c}’l(s) the robust deviation for

spanning tree T'.

Definition 4.6 The spanning tree whose robust deviation is the minimum is
called a relative robust spanning tree. In other words, a relative robust

spanning tree T™ = arg minger dr = arg minrer MaXses ¢ — CTe(s)-

We know that an absolute robust spanning tree is a weak tree. The below

proposition states that a relative robust spanning tree is also a weak tree.
Proposition 4.3 A relative robust spanning tree is a weak tree.
Proof

Let T be a spanning tree which is not weak. Consider the spanning tree T

which is a minimum spanning tree for the scenario in which the costs of all
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edges on T are at lower bounds and the costs of the remaining edges are at
upper bounds. Then ¢7 > ¢ for all scenarios. Consider the scenario s which

is the relative worst case scenario for spanning tree T° . We have:
3’ sl 3’ 3, S S
dpt = ¢ — CTs(s'y < CT ~ Crs(y) < I?G%XCT —CTas) T dr

So T cannot be a robust spanning tree. O

The following proposition states a relative worst case scenario for a given

spanning tree.

Proposition 4.4 The relative worst case scenario for spanning tree T is the
scenario in which the costs of all edges on T are at upper bounds and the costs

of all other edges are at lower bounds.

Proof
Let dr be the robust deviation for spanning tree T'. Then:
dr = ¢ff — c;?l(srT) = > gf- > .t
(1,7)E€T\T*(s%) (4,9)ET*(sp)\T

Let s be the scenario in which the costs of all edges on T are at their upper
bounds and the costs of the remaining edges are at their lower bounds. We
have:
dr< Y, - Y = CTs(ar)
(1.5)ET\T*(s%) (6.0)ET*(sEN\T

Since cfa(y) < Cro(er ), We have:

. / ! . .
Since dr = maxy gcy — Cr+(s'y» We have dr = ¢f — cfu(,). So s is a relative

worst case scenario for spanning tree 7. O

Kouvelis and Yu [4] have also proved that relative robust spanning tree problem
is NP-complete for bounded number of scenarios and is strongly NP-hard
with unbounded number of scenarios. They conjecture that the problem with

interval edge costs is also NP-complete.
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4.2 Edges

We next analyze the problems of deciding whether a given edge is always on
a minimum spanning tree, or whether a given edge is never on a minimum
spanning tree and give characterizations to solve both problems in polynomial

time.

4.2.1 Weak Edges

Definition 4.7 An edge is a weak edge if it lies on some weak tree.

The following theorem gives a characterization of weak edges.

Theorem 4.3 Edge (7,7) is a weak edge if and only if there ezists a minimum
spanning tree using edge (¢,7) when the cost of edge (1,7) is at its lower bound

and the costs of the remaining edges are at upper bounds.

Proof
If there exists a minimum spanning tree that uses edge (i,;) for the above

scenario, then edge (¢,7) is weak by definition.

Consider Kruskal’s algorithm [1] which sorts all edges in nondecreasing order
of their costs, and defines a set LIST, which is the set of edges chosen as part
of the minimum spanning tree. Initially, the set LIST is empty. The algorithm
examines the edges in the sorted order one by one and checks whether adding
the edge currently examined to the set LIST creates a cycle with the edges
already in LIST. If it doesn’t, it is added to LIST, otherwise this edge is
discarded. In case of ties, the algorithm favors edge (7, 7). The algorithm stops
when there are n — 1 edges in LIST. Let Ej; be the set of edges preceding edge
(¢,7) in the sorted set of edges for scenario s in which the cost of edge (3, 7) is
at its lower bound and the costs of the other edges are at upper bounds. Let

s’ be another scenario and EfJf be the set of edges preceding edge (7,7) in the



CHAPTER 4. MINIMUM SPANNING TREE PROBLEM WITH INTERVAL DATAG69

sorted set for scenario s. It is easy to show that E}; C E,-’; for any scenario s'.
If (2,7) is not on a minimum spanning tree for scenario s, then either the size
of LIST reaches n — 1 before edge (i, 7) is examined or adding edge (4, J) to the
LIST results in a cycle. We consider the second case only, since in both cases,
adding (z,7) into LIST results in a cycle. Let C denote this cycle. If there
were a scenario in which it would be possible to add edge (z, ) to LIST, then
there would be at least one edge (k,!) € C, which wouldn’t be added to LIST.
This could be possible only if adding edge (k,!) to the LIST would result in
another cycle C'. But this implies that when we add (i, ;) to the list we get
another cycle C* = (C U C')\(k,1). So it is not possible to find a scenario in
which there exists a minimum spanning tree that uses edge (¢,5). Thus edge

(z,7) is not weak. O .

4.2.2 Strong Edges

Definition 4.8 An edge is a strong edge, if it lies on a minimum spanning

tree for all realizations of edge costs.

Below, we give a characterization for strong edges.

Theorem 4.4 Edge (i,]) is a strong edge if and only if there exists a minimum
spanning tree using edge (¢,7) when the cost of edge (i,7) is at its upper bound

and the costs of the remaining edges are at lower bounds.

Proof

If edge (2,7) is a strong edge, then it lies on a minimum spanning tree for the

above scenario by definition.

Assume that edge (¢, ;) is not strong. Then there exists at least one scenario
for which edge (z,7) does not lie on any minimum spanning tree. Thus in
considering that scenario, adding (z,5) to LIST creates a cycle, C. Let s

denote this scenario and Ef; denote the set of edges that precede edge (3, j)
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in the sorted set for this scenario. If we set the cost of (¢,7) to its upper
bound and the costs of the remaining edges at their lower bounds and call this
scenario s and denote the edges that precede edge (4, 5) in the sorted set for
this scenario by Ef; , we get B C E’f; For scenario s, for (4,7) to be added
to LIST, there should exist an edge (k,I) € C that could not be added to
LIST, this implies that adding edge (k,!) to LIST creates another cycle C'.
Using the above argument, we see that adding edge (7, ) to LIST will result in

.. . ) . . ’
a cycle. So edge (7, ) cannot lie on a minimum spanning tree for scenario s . O

The next proposition considers the case in which there exists at least one

permanent tree.

Proposition 4.5 If there exists a permanent tree then an edge is strong if and

only if it lies on a permanent tree.

Proof

If an edge lies on a permanent tree, then it is strong.

Suppose there exists a permanent tree T in the graph. Suppose edge (z,j) is
not on a permanent tree and assume it is a strong edge. Consider the scenario
in which the costs of all edges on spanning tree T are at lower bounds and the
costs of the remaining edges are at upper bounds. Since (2, §) is a strong edge,
there exists a spanning tree 7" which uses edge (4, ) and which is a minimum

spanning tree for this scenario. Then we have:
Z Cmn T+ Z Cmn = Z Cmn + Z Emn
(m,n)eT\T' (m,n)eTNT! (m,n)eT\T (mn)eTNT’

Since T is a permanent tree, we should have ¢,, = Emn for all edges
(m,n) € T'\T and for all edges (m,n) € T\T’". Then for all realizations,
we have cr = cpv. This implies that T’ is also a permanent tree. But this
contradicts that edge (7, ) does not lie on any permanent tree. So (3, ) is not

a strong edge. O

We next give a characterization of strong edges using unionwise permanent
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sets. We conclude that all spanning trees in a minimum unionwise permanent
set share all strong edges, and there exists a relative robust spanning tree in
the minimum unionwise permanent set. We assume that all edges have non

degenerate costs.

Definition 4.9 A set of spanning trees is a unionwise permanent set if for

each realization there exists a minimum spanning tree in this set.

Definition 4.10 A unionwise permanent set is a minimum unionwise
permanent set if it is no longer a unionwise permanent set when a spanning

tree is removed.

Lemma 4.1 There exists no scenario for which a given weak tree is the unique
minimum spanning tree if and only if this spanning tree is not the unique
minimum spanning tree when the costs of all edges on it are at their lower

bounds and the costs of the remaining edges are at their upper bounds.

‘ Proof

Since the spanning tree is not the unique minimum spanning tree for any

scenario, it won’t be the unique minimum spanning tree for the stated scenario.

If a spanning tree T, is not the unique minimum spanning tree when the costs
of all edges on T' are at lower bounds and the costs of the remaining edges are
at upper bounds, there exists another spanning tree T” such that
2ot Y &= ) Gt ) g
(4,4)eT\T’ (4,5)€TNT" (4.)ET\T (4.5)eTnT’
For arbitrary costs of edges in T N7, we have:
D oGt DL = D T+ ),
(4.5)eT\T! (4.5)ETNT’ (4.9)eT\T (4,4)eTnT’
Then:
2ot > o= Y et Yy 6
(4.J)€T\T' (4,4)€TNT’ (1.)ET\T (4.5)eTnT’
that is cr > c¢q for all scenarios, so T' can never be the unique minimum

spanning tree. O
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Lemma 4.2 In any graph, there exists at least one spanning tree which is the

unique minimum spanning tree for some scenario.

Proof

Assume no such spanning tree exists. Pick an arbitrary spanning tree T;. From
the proof of the previous proposition, it follows that there exists a spanning
tree Ty # Ti such that eg, > cr, for all scenarios. Since T; is not the unique
minimum spanning tree for any scenario, there exists another spanning tree
T3 # Ty, Ty such that cg, > cr, for all scenarios. Repeating this argument for
all spanning trees in the graph, since no spanning tree can be repeated (it is
not possible for two spanning trees to have the same costs for all scenarios,
since by perturbing the cost of an edge which is on one of the spanning trees,
but not both, we can have different costs), and the number of spanning trees

is finite, we end up with a sequence of spanning trees:
ety 2 e, 2 CT;..- 2 T,

where &k is the number of spanning trees in the graph. Since the above
inequalities hold for all realizations, T} is a permanent tree. But a permanent
tree is the unique minimum spanning tree when the costs of all edges are at
upper bounds. This contradicts that no spanning tree is the unique minimum

spanning tree for any scenario. O

Lemma 4.3 If a spanning tree T is never the unique minimum spanning tree,
there exists a spanning tree T such that cr > ¢ for all scenarios and T is

the unique minimum spanning tree for some scenario.

Proof

If T is not the unique minimum spanning tree for any scenario, there exists
another spanning tree 7' such that ¢y > ¢ for all scenarios. If T # T is
the unique minimum spanning tree for some scenario, we are done. Assume
not, then there exists another spanning tree T” # T’,T such that cpt 2 cpn
for all scenarios. If we repeat this argument, we will end up with a sequence

of spanning trees that are not the unique minimum spanning trees for any
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scenario. Again, since no spanning tree can be repeated , and the number of
spanning trees is finite, we will either find a unique minimum spanning tree
and stop or we will enumerate all spanning trees. Since there exists at least one
spanning tree which is the unique minimum spanning tree for some scenario,

we will stop with a unique minimum spanning tree in any case. O

Now we give a characterization for minimum unionwise permanent set and

show that it is unique.

Theorem 4.5 Let I be the set of spanning trees each of which is the unique
minimum spanning tree when the costs of all edges on this spanning tree are
at their lower bounds and the costs of the remaining edges are at their upper

H . . . . .
bounds. Then, I is the minimum unionwise permanent set.

Proof

Assume I” is not a unionwise permanent set. Then there exists a scenario s,
for which no spanning tree in I" is minimum. Then there exists a spanning
tree T € I'\I" such that ¢ < ¢, VT, € . But since T' € I'\I", there exists
a spanning tree T; € I' such that e > cz; for all scenarios. This contradicts
that cost of T is smaller than the costs of all spanning trees in I'. So I" is a

unionwise permanent set.

LY . . . . ! . . . .
[ is minimum since any spanning tree in I" is the unique minimum spanning

tree for some scenario. O
Corollary 4.5 I'* is a unionwise permanent set if and only if I' C I'™.
Corollary 4.6 The minimum unionwise permanent set is unique.

Proposition 4.6 An edge is strong if and only if all spanning trees in the

minimum unionwise permanent set share that edge.

Proof

If an edge (7,7) is strong it is on a minimum spanning tree for all scenarios.
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Since each spanning tree in the minimum unionwise permanent set is the unique

minimum spanning tree for some scenario, (z, ) should lie on all of them.

If an edge (¢,7) is shared by all spanning trees in the minimum unionwise
permanent set, then it is on a minimum spanning tree for all scenarios, thus it

is strong. O

Proposition 4.7 There exists a relative robust spanning tree in the minimum

. . ’
untonwise permanent set I'.

Proof

Assume none exists. Then there is a relative robust spanning tree T € I'\I".
Since T is not the unique minimum spanning tree for any scenario there exists
a spanning tree T° € I' such that ¢y > cpv for all scenarios. Consider the
relative worst case scenario for spanning tree T'. we have:

T T

s7, s sT,
—'CT; t
T(ST/)

T

sT
T T/
Cpi = Cpegy <cy

)

The left hand side of the inequality is equal to the worst case deviation for
spanning tree T, and the right hand side of the inequality is less than or equal
to the worst case deviation for spanning tree 7. That is, d» < dr. Since
spanning tree 1" is a relative robust spanning tree, this inequality holds as an

equality and 7" is also a relative robust spanning tree. O

Corollary 4.7 There exists a relative robust spanning tree which uses all

strong edges.



Chapter 5

Single Machine Scheduling with

Interval Data

In this chapter, we consider the scheduling problem on a single machine with
the total flow time criterion, where processing times are given as intervals. We
investigate if there is a schedule which is optimal for all realizations. Then,
we analyze which schedules can be optimal for some realizations. We also
consider the positions of jobs in schedules. We find if a job is assigned the same
position in optimal schedules for all realizations or if a job is assigned a given
position in an optimal schedule for some realization. We use this information
for preprocessing relative robust scheduling problem, which has been studied
by Daniels and Kouvelis [3].

Let J denote the set of jobs to be scheduled. There are n jobs to be scheduled.
Processing time of job ¢ is p; € [&,g‘)i]. We do not assume any probability
distribution for the processing times. We assume that all jobs are ready at
time 0. Given a scenario of processing times, a schedule solves the problem if

and only if it is a shortest processing time (SPT) schedule.

75
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5.1 Schedules

We characterize permanent and weak schedules in this section. The relative

robust scheduling problem has been studied by Daniels and Kouvelis [3].

5.1.1 Permanent Schedules

We first consider schedules that are optimal for all realizations of processing

times.

Definition 5.1 A schedule is « permanent schedule if it is an SPT schedule

for all realizations.

Proposition 5.1 A schedule o = (01,03, ..,04) is a permanent schedule if and
only if p,, < 2,.., foret=1,2...,n — 1, where o; is the indez of the job which

is assigned the ith position in the schedule o.

Proof
Ifp,, < 2., forz=1,2,..,n — 1, then schedule o will be an SPT schedule for

all realizations.

If there exists ¢+ such that p,, > p_ 1 by setting the processing time of job
o; at its upper bound and the processing times of the remaining jobs at lower
bounds, we obtain a scenario in which job ¢4 precedes job o; in all SPT

schedules. So ¢ cannot be a permanent schedule. O.

So we can check whether there exists a permanent schedule or not using the

above proposition.

Corollary 5.1 If all jobs have non degenerate processing times and there exists

a permanent schedule, it is unique.
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5.1.2 Weak Schedules

We next investigate schedules that are optimal for some realizations of

processing times.

Definition 5.2 A schedule is a weak schedule if it is an SPT schedule for

some realization.
Below is a trivial proposition that characterizes weak schedules.

Proposition 5.2 4 schedule o = (01,09, ..,0n) is a weak schedule if and only
if for each job o; there exists p,, € [p, ,B,,] such that ps; < poyy, for all

1=1,2,..,n—1.

Corollary 5.2 If there exists p € [p,,B;] for alli = 1,2,..,n, then all schedules

are weak.

5.1.3 Robust Schedules

We first give a definition for the relative robust schedule and then list some of

the results by Daniels and Kouvelis [3].

Let S denote the set of all scenarios.

Definition 5.3 The relative worst case scenario s, for a given schedule
o, is the scenario for which the difference between the total flow time for
that schedule and the total flow time for an SPT schedule for that scenario
is the mazimum. That is, s, = arg maxses Cf — Cju(,) where 0*(s) denotes an
SPT schedule for scenario s and C? denotes that total flow time of schedule o
in scenario s. This maximum difference is called the robust deviation for

schedule o.
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Definition 5.4 A relative robust schedule is the schedule whose robust

deviation is minimum.

Daniels and Kouvelis [3] prove that a relative robust schedule is a weak
schedule. They also show that in the relative worst case scenario for a schedule,
all processing times are at bounds. Then they prove that the prbblem is NP-
hard for the case of discrete scenarios, even when the number of scenarios is
2. But they do not provide any information for the case of interval processing

times.

5.2 Assignments

We investigate if a given job is assigned the same position in an SPT schedule
for all realizations. Then we decide whether a given job is assigned a certain
position in an SPT schedule for some realization. We use this information to

preprocess the schedules for the relative robust scheduling problem.

5.2.1 Weak Assignments

We investigate whether there exists a scenario in which job ¢ assigned position

J in an SPT schedule or not.

Definition 5.5 Assignment of job ¢ to position j is a weak assignment if

there exists a weak schedule in which job i is assigned position j.

Proposition 5.3 Assignment of job i to position j is a weak assignment if
and only if there ezists p; € [p,,P;] such that there are j — 1 jobs with each job
k having p, < p; and n — j jobs with each job h having p; < Bj,.

Proof
If there exists such p; € [p,,7;], then we partition the set of jobs except job i
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into two sets, I~ and IT such that j — 1 jobs with each job k having p, < pz:
are in I~ and n — j jobs with each job h having p; < P, are in I*. Then there
exists an SPT schedule in which job ¢ is assigned position j when processing
times of all jobs in I~ are at lower bounds, processing times of jobs in IT are

at upper bounds and processing time of job : is at p;.

If there exists a weak schedule in which job i is assigned position j, then there
exists p; € [p;,P;] such that there are j —1 jobs with each job & having pr < pi
and n — j jobs with each job h having p; < py. For this p;, we have p, < p;
for all j —1 jobs preceding job ¢ and p; < P, for all n—j jobs succeeding job 7. O

Since a relative robust schedule is a weak schedule, each assignment in this
schedule is weak. So if an assignment is not weak, we can force the relative

robust schedule not to do this assignment.

5.2.2 Strong Assignments

We next find out if for all realizations there exists an SPT schedule in which

job ¢ is assigned position j.

Definition 5.6 Assignment of job i to position j is a strong assignment
if for all realizations, there exists an SPT schedule in which job ¢ is assigned

position j.

Below, we characterize strong assignments and then show that there exists a

relative robust schedule in which all strong assignments are done.

Proposition 5.4 Assume that job ¢ has a non degenerate processing time, that
is p, < P;. Then, assignment of job i to position j is a strong assignment if
and only if there are j — 1 jobs with each job k having P < p, and n — j jobs
with each job h having p, > ;.
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Proof

If there exists such a partition of jobs except job 7 into two sets, /= and I*
such that job k € I™ if and only if 5, < p, and job A € I* if and only if p, > 7,
then there exist SPT schedules in which all jobs in I~ will precede job ¢ and

all jobs in I will succeed job i for all realizations.

If there does not exist such a partition, then either there are less than j — 1
jobs with Py, < p., or there are at least j —1 jobs such that p; < p,, but for any
choice of j —1 jobs from these jobs, there exists a job [ such that p, < p; among
the remaining jobs. In the first case by setting the processing time of job i to
lower bound and the processing times of remaining jobs at upper bounds, we
obtain a scenario in which job z is assigned an earlier position than position j

in all SPT schedules. So the assignment is not strong.

In the second case, by setting the processing times of j — 1 jobs with p; < p,
and the processing time of job ¢ at upper bounds and the processing times of
the remaining jobs at lower bounds, we end up with a scenario in which in all
SPT schedules job ¢ is assigned a later position compared to j, since for all
J — 1 jobs with p, < p,, we have p; > p. > P, and there exists a job [ among

the remaining jobs such that p, < p;. Thus the assignment is not strong. O

If assignment of job 7 to position j is strong then the relative robust scheduling

problem can be solved for jobs in I~ and jobs in I* separately.

Theorem 5.1 If assignment of job i to position j is strong, there exists a
relative robust schedule in which job ¢ is assigned position j, all jobs in I~

precede job i and all jobs in It succeed job i.

Proof

Let o be a relative robust schedule. Suppose there exists a job [ such that
P; < p, and job 7 precedes job I. Since o is a weak schedule, we have p; = p..
Let ¢ be the schedule in which positions of jobs ¢ and ! are reversed. Let m;

denote the position of job i in schedule o and p{ denote the processing time of
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. .. . . . ’ ’ '
job 7 in scenario s. Consider the worst case scenario s for schedule 0. Then:

C; =Co + (m—m)(pi — 1)
Since p; = p,, Pf’ - pfl > 0 and since job 7 precedes job [ in schedule o,
7 — m; > 0. So we have C'jl > C;i
CF = Ciiay 2 O = Gl

Since the right hand side of the inequality is the robust deviation for schedule
o and the robust deviation for schedule o is greater than or equal to the left

hand side of the inequality, schedule ¢’ is also a relative robust schedule.

So there exists a robust schedule in which all jobs in I~ precede job ¢, since for
all jobs k € I~ we have p, < p,, and all jobs in I* succeed job ¢, since for all
jobs k € I'™ we have P, 2 D;- In this schedule job i will be assigned position j.
O



Chapter 6

Conclusion

In this thesis, we investigated three problems, longest path problem on directed
acyclic graphs, minimum spanning tree problem and single machine scheduling
problem with total flow time criterion where the input data for all problems are
given as intervals. We approached the problems in two ways. We first defined
weak and permanent solutions and gave characterizations for these solutions.
Then we defined two robustness measures and derived some results for them.
In all problems, we saw that determining permanent and weak solutions help
us in finding robust solutions, so that two approaches are closely related with

each other.

We considered the longest path problem on directed acyclic graphs in
connection with project management. We showed that finding weak and
permanent paths help us in determining critical activities. We also analyzed
arcs to distinguish activities that are critical for all realizations and activities
that are critical for some realizations. We saw that this analysis is not only
meaningful for project management, but also helpful to preprocess a given

graph for finding a relative robust path.

We extended these results to minimum spanning tree problem with interval

edge costs. We obtained stronger results in analyzing weak and strong edges

82
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compared to what we had for weak and strong arcs. We again concluded that
knowing weak and strong edges help us in finding a relative robust spanning

tree.

Finally, we investigated the single machine scheduling problem with total flow
time criterion where the processing times are interval numbers. We defined and
characterized weak and permanent schedules. We also considered the positions
of jobs in optimal schedules, and showed that using such an analysis, we can

eliminate some of the schedules in searching for a relative robust schedule.

In all problems we have worked on, we saw that it is enough to consider
extreme scenarios, that is the scenarios in which all data are at bounds, to
find weak and permanent solutions. Moreover, the worst case scenarios for
both measures of robustness correspond to extreme scenarios. Another similar
result we obtained in all problems is that, if all intervals are non degenerate and
there exists a permanent solution, it is unique. We also observed that, robust
solutions are weak solutions for all problems. Also, we proved that there exists
a relative robust path which uses all strong arcs, there exists a relative robust
minimum spanning tree which uses all strong edges and there exists a relative

robust schedule which obeys all strong assignments.
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