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ABSTRACT

Resource-efficient modeling of nonlinear dynamical systems is vital for embedded
sensing, edge analytics, and neuromorphic hardware. Reservoir Computing (RC) reduces
training overhead in recurrent neural networks and transformers by fixing internal weights
and training only a linear read-out. However, classical Echo State Networks (sRC) scale
capacity by increasing reservoir size, which inflates memory and energy costs. This thesis
addresses that bottleneck by improving the guality, rather than the guantity, of reservoir
units. We propose the Higher-Order Augmented Reservoir Computer (haRC), which aug-
ments reservoir with a subset of multiplicative monomials of co-temporal activations.
This polynomial feature space enhances nonlinear expressivity while keeping the reser-
voir compact. On chaotic benchmarks such as Lorenz and Mackey—Glass, haRC achieves
the same or better accuracy with fewer parameters than baseline SRC models.We propose
two improved models: Selective haRC, which ranks reservoir units by variance and co-
variance to discard redundant interactions, and Sparse haRC, which integrates controlled
sparsity masks to reduce memory and compute load. Comprehensive experiments evalu-
ate memorization and forecasting tasks under equal total and tunable parameter settings
across different sparsity levels. haRC’s consistently outperform sRC across all sparsity
regimes, with the advantage growing in high sparsity. Noise robustness tests inject Gaus-
sian noise into the reservoir. Selective haRC maintains or exceeds the performance of sRC
in terms of root-mean-squared error and variance with 12% of the reservoir units sRC has.
Demonstrating up to 120x memory efficiency, higher-order augmentation emerges as a
promising approach for ultra-lightweight sequence learners suited for microcontrollers,
FPGA overlays, and in-memory compute systems.

Keywords: Reservoir Computing, Echo State Network, Higher-Order Augmentation,

Sparse Neural Dynamics, Dynamic Systems



OZET

Dogrusal olmayan dinamik sistemlerin verimli modellenmesi, gomiilii sistemler, ug sis-
temler ve noromorfik donanimlar i¢in biiyiik 6nem tasimaktadir. Rezervuar Hesaplama
(RC), yinelemeli sinir aglar1 ve doniistiiriicii modellerindeki egitim yiikiinii, i¢ baglantilari
sabit tutarak ve yalnizca dogrusal bir ¢ikti katman egiterek azaltir. Ancak klasik Echo
State Aglar1 (sRC), kapasiteyi rezervuar boyutunu artirarak ol¢eklendirdiginden bellek ve
enerji maliyetlerini 6nemli ol¢iide artirir. Bu tez, bu darbogazi, rezervuar birimlerinin
sayistmt artirmak yerine niteligini gelistirerek asmay1 amaclamaktadir. Bu dogrultuda,
eszamanli aktivasyonlarin carpimsal monomilerinden secili bir altkiime ile rezervuari
zenginlestiren Yiiksek-Dereceli Artirilmis Rezervuar Bilgisayar: (haRC) onerilmektedir.
Lorenz ve Mackey—Glass gibi kaotik kiyaslama sistemleri iizerinde haRC, temel sRC
modellerine gore daha verimlidir. Iki yeni model daha onerilmektedir: Se¢cmeli haRC,
gereksiz etkilesimleri elemek i¢in rezervuar birimlerini varyans ve kovaryansa gore secer;
Seyrek haRC ise kontrollii seyreklik maskeleri uygular. Kapsamli deneylerde, farkli
seyreklik seviyelerinde esit toplam ve 6grenilebilir parametre kosullar altinda ezberleme
ve kestirim gorevleri degerlendirilmistir. haRC modelleri, tiim seyreklik diizeylerinde tu-
tarl sekilde sSRC modellerinden daha iyi performans gostermekte; bu fark yiiksek seyrek-
lik kosullarinda daha da belirginlesmektedir. Giiriiltii dayaniklilig1 testlerinde rezervuara
Gauss giiriiltiisii enjekte edilmistir. Se¢meli haRC, sRC’nin yalnizca %12’si kadar bir-
imle calisirken bile ortalama karekok hatasi acisindan iyi performans sergilemektedir.
120x’e varan bellek verimliligiyle, yiiksek-dereceli artirma yaklasimi, mikrodenetleyi-
ciler, FPGA tabanl sistemler ve bellek-i¢i hesaplama mimarileri i¢in ultra hafif dizisel
ogreniciler adina umut verici bir yontem olarak 6ne ¢ikmaktadir.

Anahtar Kelimeler: Rezervuar Hesaplama, Echo State Ag1, Yiiksek-Dereceli Artirma,

Seyrek Sinir Dinamikleri, Dinamik Sistemler
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1. INTRODUCTION

Physical and informational processes of our universe are predominantly dynamic,
involving continuous change with respect to time or other temporally evolving variables.
Differential equations serve as the foundational mathematical tools for modeling such
systems. They provide a formal structure for describing interactions in a wide array of
domains [2], ranging from celestial mechanics [3] and weather forecasting [4, 5] to fluid
dynamics [6], physiology [7], finance [8, 9], and robotics [10].

However, for many real-world systems, deriving explicit differential equations
is a formidable task [11]. These equations can be of arbitrary order, often containing
numerous unknown or partially observed parameters. For example, modeling turbulence
in fluid dynamics [12], predicting asset prices in financial markets [13], or simulating
blood cell production under hormonal influence [14] all require constructing and solving
intricate differential systems. The process is not only analytically challenging but also
computationally prohibitive in many cases [15].

This difficulty has motivated the use of data-driven [11, 16, 17] alternatives under
the broader umbrella of time series learning [18] or dynamical system learning [19, 20].
Depending on whether the system under study is assumed to be stochastic [21] or deter-
ministic [22], various modeling approaches are employed. In high-dimensional systems
with low individual variable freedom—such as particle gases [23]—probabilistic models
rooted in statistical mechanics are often preferred. In contrast, when dealing with sys-
tems governed by a few variables with high interaction complexity—such as hormone-
driven blood cell dynamics [24, 25]—deterministic models are more appropriate, requir-
ing methods capable of uncovering hidden nonlinear relationships and latent dynamics.

To address these needs, researchers have increasingly turned to statistical mod-
eling [26], Machine Learning (ML) [27, 28], and Deep Learning (DL) [29] to approxi-

mate system dynamics directly from observed data. Statistical methods aim to capture



probabilistic distributions of future states [30], while classical ML models introduce non-
linearity and functional approximation tools [31, 32] to model deterministic trends. Deep
learning takes this a step further by employing deep neural networks with multiple nonlin-
ear layers to approximate complex differential relationships in high-dimensional temporal
spaces [33].

Within this deep learning paradigm, (RNN) [34, 35, 36, 37, 38, 39] and their
variants, such as Long Short-Term Memory (LSTM) [40] and Gated Recurrent Units
(GRUs) [41], have been widely adopted for modeling temporal sequences. These models
utilize Backpropagation Through Time (BPTT) [42, 43, 44] to learn temporal dependen-
cies by unfolding network dynamics across multiple time steps. While powerful, BPTT-
based training is computationally expensive and prone to gradient instability [42, 43, 44]
and bifurcations [45, 46, 47], especially for long sequences and deep architectures if
vanilla RNN’s are employed. Several efforts have aimed to improve the Backpropagation
Through Time (BPTT) algorithm by refining its structure and enhancing computational
efficiency. These include approaches to reduce memory overhead [48], formulate alterna-
tive variants [49],and explore new theoretical and architectural perspectives [50, 51, 52]
that offer promising directions for advancing sequential learning.

Reservoir Computing (RC) [51, 53, 54, 55] emerges as a compelling alterna-
tive, offering a lightweight, efficient training paradigm for learning dynamical systems.
In RC architectures such as Echo State Networks (ESNs) [54], the recurrent hidden
layers—referred to as the reservoir—are randomly initialized and fixed, requiring no
gradient-based updates. Instead, only the readout layer is trained, typically using lin-
ear regression [56, 53, 54]. The reservoir acts not only as a projection mechanism but
also as a nonlinear dynamical system in its own right. Its evolving internal state reflects

the influence of input history through a network of recurrent interactions. Crucially, the



utility of the reservoir arises not just from expanding dimensionality, but from the hypoth-
esis that its intrinsic dynamics may approximate, emulate, or partially synchronize with
those of the target system being modeled [57, 58]. If the reservoir’s internal evolution
captures relevant features of the system’s phase space—such as attractor geometry, mem-
ory timescales, or nonlinear transitions—then the readout layer can effectively exploit
these internal representations to reconstruct the target output. In this sense, the reservoir
serves as a dynamic encoder of the system, and learning occurs primarily by adjusting
the readout to decode useful aspects of the reservoir’s ongoing temporal evolution. RC
has demonstrated promising performance in domains requiring low latency, fast adapta-
tion, and energy efficiency [59, 60] such as edge computing [61] and neuromorphic [62]
systems. The reservoir itself can be implemented via diverse means, including, quantum
devices [63], fixed-weight RNNs [56, 53, 54], electronic circuits [64], optical media [65],
liquid based devices [66] or even physical systems like fluid containers [67].

Despite their simplicity and speed, RC architectures suffer from a critical bottle-
neck: memory resource consumption [68]. While the internal reservoir does not require
training, increasing its size to improve model capacity directly increases memory usage,
making it impractical for deployment on low-resource or embedded devices. Fortunately,
research has shown that sparsity [69, 70] in reservoir connectivity can mitigate this issue
without severely compromising performance.

Building on these insights, this thesis aims to further improve the resource effi-
ciency of reservoir computers by augmenting their expressive capacity without increasing
their size. We introduce a novel approach called the Higher-Order Augmented Reser-
voir Computer (haRC) [71], which enhances the nonlinear representation power of reser-
voir states through multiplicative interactions—specifically, higher-order monomial terms
constructed from existing same time step reservoir activations. This augmentation enables

the model to capture richer dynamics and nonlinearities, improving learning performance



under tight memory constraints similarly having examples in [72, 73, 74, 75]

We further propose selective-haRC, a variant that augments reservoir states through
statistically guided heuristics—such as variance and covariance analysis [76, 77] —to se-
lectively identify and target specific reservoir units for augmentation. Thus, this method
help with minimizing redundant computation while maximizing representational gain.

Empirical evaluations demonstrate that our augmented reservoir models achieve
superior performance compared to standard RC configurations, especially in scenarios
involving minimal readout layers, or severely limited memory resource capacity. In some
configurations, haRC is able to operate successfully under constraints where standard
reservoirs fail altogether, achieving strong predictive performance with effectively zero

additional learnable parameters.

1.1 Thesis Organization

The remainder of this thesis is structured as follows:

* Chapter 2 presents the theoretical background, including RNNs, ESNs, and a re-

view of related work on reservoir design and augmentation strategies.

* Chapter 3 details the contributions made in the conference paper and introduction

of the Higher Order Augmented Reservoir Computer.

* Chapter 4 outlines the contributions presented in the submitted journal paper, in-
cluding sparsity and noise analysis in Reservoir Computing, and the introduction of

the selective-haRC architecture.



2. THEORETICAL BACKGROUND AND RELATED WORK

2.1 Dynamical Systems

Understanding time-evolving behavior in physical, biological, and engineered sys-
tems requires a formal framework that captures change, feedback, and causality. Dynam-
ical systems theory provides this foundation. It allows us to mathematically model how
system states progress over time, often governed by internal laws and external forces.
Whether describing planetary motion, neural activity, economic fluctuations, or data-
driven Al systems, dynamical systems offer a unifying lens to capture temporal com-
plexity and emergent behavior. In this section, we begin by revisiting the classical for-
mulation of dynamical systems through differential equations, which remain essential for

both theoretical insight and practical simulation.
2.1.1 Differential Equations and Real-World Systems

Time is one of the most foundational and complex constructs in our understanding
of the universe. We first encountered it through the rhythm of our lives, then formalized it
through observation and scientific abstraction. Eventually, time was elevated to a dimen-
sion of its own — not absolute, but relational, shaped by the motion and interaction of
particles and fields, as described by the theory of relativity. In modern dynamics, we can
think of time not merely as a passive canvas, but as an active platform — one on which
the components of a system interact, synchronize, and evolve.

This complexity is perhaps best revealed not in particle accelerators but in every-
day phenomena. Consider the intricate mechanism of a mechanical watch, where gears
and springs oscillate in response to the stable periodicity of a vibrating quartz crystal. Or
the passage of seasons, caused solely by the Earth’s axial tilt — a seemingly trivial geo-

metric feature that ends up guiding the evolutionary rhythms of ecosystems and climate



systems on a planetary scale. These examples remind us that small changes in configura-
tion can give rise to large-scale temporal structures [78, 2]. Time, in this light, becomes a
platform of interaction — enabling, regulating, and coordinating the evolution of complex
systems.

A dynamical system is defined by its evolution — a process in which variables
change with respect to time, or with respect to each other through time. These systems
may range from low-dimensional constructs like a swinging pendulum or an LC circuit,
to high-dimensional interactions like weather systems, neural activity, or stock market
dynamics. The components of such systems may include mass, pressure, temperature,
orientation, price or any measurable property that exhibits change over time. One intuitive
example is average regional temperature, which varies throughout the year due to the
planet’s axial tilt — a temporal signal we all experience through the changing seasons.

Observing and measuring the relevant variables in these systems is often chal-
lenging [79, 80]. In fluid dynamics, for example, it is rarely feasible to track individual
particles [81]; instead, dyes or tracer elements are used to infer motion indirectly. In
economic systems, we might observe consumer purchases or price fluctuations, without
ever accessing the underlying decision processes [82] that drive them. These measure-
ment constraints imply that what we model is often not the true system, but a projected
or noisy approximation of it. Moreover, we may misidentify which variables truly govern
the dynamics — or whether what we observe is even relevant at all.

Our formal understanding of these systems comes through equations — particu-
larly differential equations — which express how the rate of change in a variable relates
to other aspects of the system. At their core, these equations encode how parts of a system

interact through time. For instance, the first-order differential equation

dx(t)
dt

= —ax(t) (2.1)



describes exponential decay [83], with a solution
x(t) = xoe™™ (2.2)

where x is the initial condition. Even in this simple case, we see that initial conditions
strongly shape the long-term evolution of the system. These relations lie at the heart of
our ability to forecast, control, and understand dynamical phenomena.

Such equations underpin some of the most significant scientific breakthroughs.
Newton’s second law, for example, describes how force relates to mass and acceleration
— giving rise to celestial mechanics and classical gravity. The Black-Scholes-Merton
[9] equation transformed financial markets by enabling the pricing of derivative securities
under a set of stochastic assumptions, opening a new era in risk management and invest-
ment. Even the seemingly simple exponential decay equation plays a key role in nuclear

physics [84], linking it to the probabilistic nature of radioactive processes.
2.1.2 Difficulties in Modeling Dynamical Systems

Although differential equations provide a powerful framework for understanding
dynamical systems, deriving or applying them in real-world scenarios is rarely straight-
forward. In principle, one would hope to identify the key variables, construct a set of
governing equations, and obtain an analytical or numerical solution to describe system
behavior. In practice, however, several layers of complexity prevent this idealized process
from being realized.

The first challenge lies in observation. In many systems, the relevant state vari-
ables are not directly measurable. Our instruments may have limited resolution, or we
may observe proxy variables that are only loosely connected to the true underlying dy-
namics. For instance, tracing individual fluid particles in turbulence is impossible without

introducing dyes or passive markers. Similarly, in economic systems, we might record



the transactions or market behavior of individual agents, but the motivations and decision-
making processes behind those actions remain opaque. The observable world offers us
fragments, not full views.

Even when relevant variables are known and measurable, constructing accurate
equations is nontrivial. Many dynamical systems are high-dimensional, nonlinear, and
exhibit delayed or coupled feedback [2, 85]. Solving such systems analytically is often
impossible. The Lorenz attractor [78], a simplified model of atmospheric convection,
provides a famous example: its differential equations are well-defined, yet they produce
chaotic trajectories that are highly sensitive to initial conditions. Similarly, the Mackey-
Glass [25] equation models delayed feedback in physiological systems and generates
complex, unpredictable patterns. These models are useful not because they precisely rep-
resent reality, but because they reproduce important characteristics of observed behavior
— enabling understanding through analogy, rather than perfect correspondence.

In some cases, modeling is not just difficult — it is philosophically ambiguous.
In financial markets, for example, price movements emerge from the interactions of thou-
sands of traders, institutions, and algorithms [86] — each operating at different time scales
with their own objectives and beliefs. The aggregate result is a stochastic signal shaped by
countless interacting components. Attempting to model such a system with deterministic
equations would be misleading. Instead, stochastic processes and probabilistic models
are employed [87, 88] to account for the underlying uncertainty and heterogeneity.

There are also systems where the boundary between deterministic and stochastic
behavior blurs. Quantum mechanics presents a well-known example [89, 90], where sub-
atomic particles obey probabilistic laws. While quantum systems may evolve according
to Schrodinger’s equation [91], their measurement outcomes are inherently stochastic.
Likewise, complex biological systems may contain elements of both structured regulation

and randomness [92, 93, 94], making them resistant to purely symbolic description.



A further complication arises when we simply do not know what the “right” vari-
ables are. Consider a gas in a container: modeling every molecule is intractable, but the
system can still be described using pressure and temperature as macroscopic parameters.
In robotics, a walking robot might adapt its gait based on passive feedback from the ter-
rain, without relying on an explicit internal model of the environment [95]. In such cases,
modeling focuses on observable inputs and outputs, not internal representations.

These limitations have led to a growing reliance on data-driven models [11, 16,
17]. When symbolic derivation is impossible or unreliable, machine learning offers an
alternative path — learning the system’s dynamics directly from observed sequences. By
mapping data to future outcomes, these models approximate the underlying dynamics
without requiring explicit equations. This shift from symbolic to statistical modeling
marks a turning point in our ability to study, simulate, and control real-world dynamical

systems.

2.2 Time Series and Sequence Modeling Methods

Time series [18] and sequence modeling involve learning patterns from tempo-
rally ordered data. The goal is to extract information from past observations to predict
future values [96], detect meaningful structures [97], or infer underlying dynamics [98].
These models are used across disciplines including finance [99, 100], energy [101, 102],
physiology [103], and control systems [95] — wherever events evolve over time.

Broadly, time series modeling tasks can be categorized as follows:

* Forecasting [30] : Predicting future values given past data. This includes one step

prediction (next value) and multi-step prediction (next sequence of values).

* Classification [104]: Identifying the type or class of a time series (e.g., ECG

anomaly detection, activity recognition).



* Anomaly Detection [105]: Detecting points or sequences that deviate from normal

behavior.

* Dynamical System Learning [106]: Reconstructing or approximating the latent

rules that govern the evolution of a system — often without an explicit equation.

* Clustering and Similarity Learning [107]: Grouping time series based on struc-

tural similarity.

Each of these tasks places different demands on the underlying models. Forecast-
ing requires temporal memory and smooth extrapolation. Classification requires feature
extraction and robustness to time warping. Dynamical system learning — the focus of this
thesis — demands models that can uncover structure and encode complex dependencies,
often with minimal supervision or domain-specific prior knowledge.

To address these challenges, a variety of modeling approaches have been devel-
oped over the decades, from statistical methods and classical machine learning models
to deep neural architectures. In this section, we provide a structured overview of these
approaches and highlight their strengths and limitations in the context of time series mod-

eling.
2.2.1 Statistical Approaches

Statistical time series models [26] were among the earliest and most widely used
methods for analyzing and forecasting sequential data. These models assume that the ob-
served time series is generated by an underlying stochastic process [21, 108] with certain
structural properties, such as stationarity [109] or linear dependence [110]. The goal is
to estimate the parameters of this process using historical data, and then use the learned
structure to make forecasts or understand the system’s behavior.

The most prominent models in this family include:

10



* Autoregressive (AR) Models [111]: These assume that the current value of the
time series depends linearly on its previous values. An AR model of order p is
defined as:

Ty = Q121 + QaTp—o + - + QpTi_p + & (2.3)

where ¢, is white noise. The model learns the coefficients ¢; that best explain the

temporal structure in the data.

* Moving Average (MA) Models [112]: These model the current value of the time

series as a linear combination of past noise terms:

Ty =p+ 0161 + 06 o+ + 046+ € (2.4)

MA models are useful for capturing short-term error dependencies.

* Autoregressive Integrated Moving Average (ARIMA) [113]: This generalizes
both AR and MA models and includes differencing to handle non-stationary time
series. An ARIMA(p, d, q) model first differences the data d times to make it sta-
tionary, and then applies an ARMA(p, ¢) model. ARIMA is one of the most widely

used statistical forecasting tools in practice.

* Seasonal ARIMA (SARIMA) [114] and Exponential Smoothing [115]: Exten-

sions that incorporate seasonal effects and time-varying trends in the data.

These models typically rely on assumptions such as linearity, stationarity, and
Gaussian noise. Stationarity implies that the statistical properties of the time series —
such as mean and variance — remain constant over time. Autocovariance is typically
analyzed to assess weak stationarity, since a stationary process exhibits time-invariant
autocovariance across lags. However, it is not sufficient to determine whether a process is

linear or nonlinear.
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The autocovariance function of a time series is defined as:

v(h) = El(ze — p)(@ern — p)] (2.5)
A time series {x;} is (weakly) stationary if:

E[r] =, Varlz]=0% ~(h) = Cov(x, i) (2.6)

Linearity refers to the assumption that future values are determined by a linear
combination of past observations or errors.

Parameter estimation is often performed via maximum likelihood estimation [116]
or the method of moments [117]. While powerful in many settings, especially when the
underlying process is well-behaved and noise-driven, these models struggle with systems
that exhibit strong nonlinearity, long-term memory, or chaotic dynamics [78] — making
them less suited for modeling complex dynamical systems.

Nevertheless, they remain highly interpretable, computationally efficient, and of-

ten serve as strong baselines or components within hybrid forecasting systems.
2.2.2 Classical Machine Learning Approaches

Classical machine learning models offer a flexible alternative to statistical time
series methods. Rather than assuming an explicit generative process (as in ARIMA),
these models learn patterns directly from data, often by optimizing predictive accuracy
through empirical risk minimization [118].

Empirical Risk Minimization Machine learning models often minimize the em-
pirical risk:

1o
min < ;E(f(xz),yz) (2.7)
where L is a loss function (e.g., squared error), and f is the model. Many of these methods
treat time series prediction as a supervised regression task [119], using lagged variables

or hand-crafted features as input.
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They can be loosely categorized into two broad families:

o Statistical learners: These include models such as decision trees [120], random
forests [121], and ensemble methods [122]. They partition the feature space based
on conditional distributions or entropy minimization [123] and are generally robust

to noise and capable of modeling non-linear relationships.

* Function approximators: These include models like support vector regression
(SVR) [124], k-nearest neighbors (k-NN) [125], and shallow neural networks (such
as multilayer perceptrons, MLPs [126]). These methods attempt to fit a smooth
function that maps historical inputs to future values and are well-suited for continuous-

valued forecasting.
Commonly used models in time series forecasting include:

* Support Vector Regression (SVR) [124]: A kernel-based method that finds a non-
linear mapping between input and output using margin-based optimization. The
objective function for SVR is:

min W[ + C ﬁj(& +&) (2.8)
wb 2 — !

subject to:
Yi — WTCb(ﬂfi) —b<e+§, WT¢($i) +b—yi <e+&, & =>0 (29)

* Decision Trees and Random Forests [125]: Tree-based models that hierarchically
partition the input space based on criteria such as entropy and information gain.
Decision trees use these metrics to select optimal splits at each node, while Random
Forests aggregate the outputs of multiple trees to improve robustness and provide

estimates of feature importance.
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Entropy:

C
H(S) == pclog,(p.) (2.10)
c=1
Information Gain:
Sy
IG(S,A)=H(S)— > ||S||H(Sv) (2.11)
vEvalues(A)

Gradient Boosted Trees [127] (e.g., XGBoost): Sequential ensembles of decision
trees trained to iteratively minimize a predefined loss function, such as squared er-
ror or logistic loss. These models refine predictions by correcting residuals at each
stage and have demonstrated strong performance in time series competitions. XG-
Boost further enhances efficiency and generalization through regularization, mak-

ing it a popular component in hybrid modeling pipelines.
Gradient Boosting

gD =gtV fi(z), fieF (2.12)

XGBoost Loss
L9 = "1y, 3 + fila) + Q) (2.13)

=1

where Q(f) =~T + 3A||w||? is a regularization term.

Multilayer Perceptrons (MLPs) [126]: Feedforward neural networks trained to
learn nonlinear mappings from lagged inputs to future values. These models require

careful tuning and are often used with fixed time window inputs.

MLP with One Hidden Layer

y=f(x) =0(W2-0(Wi-x+b;)+by) (2.14)
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Most classical ML models require feature engineering to encode time [119]: this
is typically done by feeding lagged versions of the time series as input features, or con-
structing domain-specific descriptors (e.g., trends, moving averages, calendar-based fea-
tures). Unlike RNNs or reservoir models, they lack internal temporal memory [128] —
they must “see” past values explicitly as input. Moreover, these models struggle with
capturing long-term dependencies and are limited in multi-step forecasting without error
compounding or recursive training strategies.

Nonetheless, classical ML models remain popular due to their interpretability, low
computational cost, and compatibility with tabular data pipelines. They are especially
effective in scenarios with structured inputs, strong seasonality, or when combined with

domain expertise.
2.2.3 Neural Network Approaches

Artificial Neural Networks (ANNs) [126] have become central tools for modeling
complex functions across a wide range of machine learning tasks, including time series
forecasting. Their success is largely attributed to their ability to approximate nonlinear re-
lationships, their parameter efficiency when scaled correctly, and the availability of robust
optimization algorithms such as stochastic gradient descent [129].

Inspired by the structure of biological neurons, artificial neurons — first formal-
ized in the McCulloch-Pitts model [130] — compute weighted sums of inputs and apply
nonlinear activation functions. When arranged in layers, these units enable the network to
learn hierarchical feature representations. Deep neural networks, particularly multilayer
perceptrons (MLPs), are capable of learning highly nonlinear mappings between input
and output [129]. In time series applications, these networks typically receive lagged ob-
servations as input and are trained to predict the next value or a sequence of future values.

However, feedforward networks lack the ability to store temporal context inherently; they

15



must be explicitly provided with time-encoded input features.

To address this limitation, Recurrent Neural Networks (RNNs) [34, 35, 36, 37,
38, 39, 131] were developed specifically for modeling sequential and time-dependent
data. RNNs incorporate feedback loops, allowing the network to maintain a hidden state
vector that evolves over time. At each timestep, the hidden state is updated based on both
the current input and the previous hidden state, enabling the network to retain information
about past inputs and model temporal dependencies.

The core RNN update can be expressed as:
ht = U(Winxt + Wrecht—l + Wbet—l + b) (215)

where h, is the hidden state at time ¢, x; is the input, y, ; is the previous output of the
network, Wy,, W,.. and Wy, are weight matrices, b is a bias vector, and ¢ is a nonlinear

activation function (typically tanh or ReLU). The output can be computed as:
yt = Wouhy + ¢ (2.16)

Training RNNs involves computing gradients of a loss function with respect to all
weights across multiple timesteps. This is done using Backpropagation Through Time
(BPTT) [42, 43, 44], an extension of the standard backpropagation algorithm [129] that
unfolds the network in time and computes the total loss across a sequence. While BPTT
allows RNNs to learn from temporal dependencies, it suffers from major optimization
issues. As gradients are propagated over many time steps, they can either diminish expo-
nentially (vanishing gradients) or grow uncontrollably (exploding gradients) [42, 43, 44].
This makes it difficult for standard RNNs to learn long-range dependencies.

To overcome these limitations, specialized RNN architectures have been intro-

duced. The most widely used among them are:

* Long Short-Term Memory (LSTM) networks [40]: Introduced by Hochreiter and

16



Schmidhuber, LSTMs use gated memory cells to retain information over long se-

quences. They control information flow using input, output, and forget gates, miti-

gating the vanishing gradient problem.

Long Short-Term Memory (LSTM)
fi=0(Wyx, +Usrhiy + by)
iv = o(Wxy + Ushy_q + b;)
¢ = tanh(Wozy + Uchy_q + b,)
G=fiOc 1+ OC¢
or = 0(Woxy + Uyhy_1 + b,)

ht =0 ©® tanh(ct)

(forget gate)
(input gate)

(cell candidate)
(cell state update)
(output gate)

(hidden state)

2.17)

* Gated Recurrent Units (GRUs) [41]: A simpler alternative to LSTMs, GRUs

combine the forget and input gates into a single update gate, and merge the cell and

hidden states. They are computationally efficient and often perform comparably to

LSTMs.

* Attention mechanisms [132]: More recent developments such as self-attention

(popularized by the Transformer architecture) allow models to weigh the impor-

tance of different time steps when producing an output. While powerful, attention

models often require large datasets and computational resources, making them less

suited for lightweight, resource-constrained applications.

While these recurrent architectures enable modeling of complex temporal dynam-

ics, they come with increased training complexity, large memory footprints, and sensitiv-

ity to hyperparameters [133]. This motivates the exploration of alternative architectures

like Reservoir Computing [54, 55], which aim to capture temporal structure without re-

quiring costly gradient-based training of recurrent weights. In the following section, we
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introduce the Reservoir Computing paradigm and detail its advantages in resource effi-

ciency, training simplicity [56], and applicability to dynamical system modeling.

2.3 Reservoir Computing Paradigm

Motivated by the challenges encountered in training Recurrent Neural Networks
(RNNss), such as vanishing gradients and computational inefficiency, researchers proposed
a fundamentally different paradigm for learning from temporal and dynamical systems.
Rather than attempting to optimize all internal weights through backpropagation, the
Reservoir Computing (RC) framework separates the recurrent processing stage from
the learning stage. In this setup, the internal dynamics — referred to as the reservoir —
remain untrained, and only a simple output layer is trained, typically via linear regression.

At the heart of this approach lies a key insight: the behavior of a low-dimensional
dynamical system may be embedded in a higher-dimensional state space [134], where its
structure becomes linearly separable or more easily approximated. Conversely, a high-
dimensional dynamical system might naturally exhibit subdynamics that resemble those
of the target system. In both cases, the reservoir acts as a nonlinear temporal feature
extractor — mapping the input sequence into a richer dynamical trajectory [53, 55, 56].
The readout layer is then tasked with identifying useful projections of this trajectory to
solve a target task, such as prediction or classification.

Reservoirs can be instantiated in a wide variety of substrates. These include analog
electronic circuits [64], photonic systems [65], mechanical systems (such as buckets of
water or passive robotic joints) [67, 95] and algorithmic structures like random recurrent
neural networks [54, 56]. This flexibility makes RC appealing not only for its simplic-
ity, but also for its compatibility with unconventional computing architectures such as

neuromorphic [62] and in-memory processors [61].
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In this thesis, we focus on one of the most widely used algorithmic implementa-
tions of reservoir computing: the Echo State Network (ESN) [54]. ESNs are discrete-
time recurrent neural networks with randomly initialized internal connections. The reser-

voir state evolves according to:

ry = tanh(WreSI‘t_l + WinXt + Wfb}’t—l + b) (218)
yi = Wouly (2.19)

Here, r; denotes the reservoir state, x; the input, W;, and W, are fixed input and
recurrent weight matrices, and W, is the only trainable matrix in the model. The key
design constraint in ESNs is the Echo State Property (ESP) [54, 135, 136], which requires
that the influence of initial conditions fades over time, ensuring that the reservoir state is
asymptotically determined by the input history. This property is typically enforced by
scaling the spectral radius of W to a value less than one.

In practice, the spectral radius and sparsity of the reservoir weights are tuned to
match the temporal properties of the input [56]. For high-frequency signals, one may
desire faster state decay (shorter memory), while for slowly evolving systems, longer
memory is beneficial. The reservoir thereby serves as a flexible dynamic buffer of the re-
cent past. Although reservoirs have shown strong performance in dynamic system learn-
ing tasks compared to alternative methods, achieving sufficient state variability in vanilla
ESN architectures often requires extensive usage of fixed initialization parameters. Re-
searchers worldwide have actively pursued enhancements to Reservoir Computing mod-
els. In the context of our work, these advancements can be categorized into four broad
areas: (1) improvements in reservoir topology and structural design, (2) operational mech-
anism optimizations, (3) efficiency-oriented techniques, and (4) our area of contribution

— augmentations based on the transformation and enrichment of reservoir states.
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2.3.0.1 Reservoir Topology and Structural Design

The reservoir serves as the computational core of a Reservoir Computer, and its
architecture plays a critical role in determining performance — particularly because its
parameters are typically fixed and not subject to optimization via gradient descent. Conse-
quently, substantial research has focused on designing and analyzing reservoir topologies
that enhance representational power and memory dynamics.

Authors of the study [70] systematically explored a variety of ESN topologies,
including small-world, scale-free, and hybrid structures, demonstrating how specific con-
nectivity patterns can significantly impact predictive accuracy. Building on this, the
ES2N model introduced in the work [137] combines nonlinear and orthogonal linear sub-
reservoirs to balance short-term memory retention with nonlinear processing — effec-
tively operating near the edge of chaos for optimal expressivity.

A theoretical study [138] offered an analytical framework for understanding how
linear reservoir connectivity influences memory capacity. By reformulating the iterative
ESN into a direct expression, their work enables principled tuning of reservoir topology
to enhance short-term memory. Similarly, an intriguing study [139] showed that small-
world topologies improve both signal propagation and memory performance, surpassing
traditional random or regular structures in time series prediction tasks.

In the original study [140], authors proposed the Enhanced Echo-State Restricted
Boltzmann Machine (eERBM) — a hybrid model that integrates RBM-based feature ex-
traction with the dynamical richness of ESNs. By combining raw input signals with
learned latent representations, the eERBM achieves improved accuracy in applications
such as network traffic prediction.

Finally, authors of the study [141] proposed a hierarchical ESN composed of mul-
tiple reservoirs with staggered input delays. This architecture enhances multi-step fore-

casting of chaotic systems by capturing temporal dependencies at multiple scales, offering
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a structurally elegant solution to long-range prediction.
2.3.0.2 Operational Mechanisms and Dynamical Enhancements

Beyond structural design, another major axis of innovation in Reservoir Comput-
ing involves improving how the reservoir operates. Since the reservoir is not typically
trained, its dynamics, initialization schemes, and parameters such as the spectral radius
must be carefully tuned to maximize performance and stability.

One foundational area of focus is spectral radius optimization, as explored in the
practical study [142], which showed optimal spectral radius values to improve learning
capacity in ESNs for different tasks, while longer settling times can degrade performance
due to echo attenuation. The critical trade-off between nonlinearity and memory was
rigorously examined in [68], who proposed hybrid linear-nonlinear reservoir designs that
achieve a better balance between short-term memory and nonlinear transformation.

To enrich the temporal processing of recurrent dynamics, authors of the study
[143] proposed a delayed reservoir architecture based on delayed differential equations,
supported by detailed analysis involving Lyapunov exponents and memory metrics. Mean-
while, in [144] compared parallel versus series reservoir topologies, finding that while
parallel structures yield lower prediction errors, series-connected ESNs are more effec-
tive for complex feature extraction.

From a more biologically inspired perspective, Authors of the innovative study
[37] developed a training scheme that stabilizes chaotic trajectories by converting them
into dynamic attractors — boosting robustness even under high-noise conditions. Expand-
ing this idea, authors of the work [145] introduced symbolic dynamics through controlled
chaotic switching and softmax-based gating, enabling structured transitions within the
reservoir’s behavior.

Leaky integrator reservoirs also received theoretical and practical enhancements.
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A robust study [146] refined echo state theory for leaky integrator ESNs by incorporating
output feedback and stability-aware optimization, leading to improved prediction on tasks
like the Mackey-Glass time series.

A modular and biologically plausible novel architecture known as reBASICS was
proposed in [147], where multiple small RNN modules with stable limit cycles are lin-
early combined using recursive least squares. Their follow-up work [148] introduced a
localized variant of this model, using locally connected neurons to emulate cortical struc-
ture, reduce chaotic behavior, and promote self-sustained oscillations.

In the unique study [149] authors introduced chaos-aware validation techniques
for Echo State Networks, including Recycle Validation and modified K-Fold schemes
that account for dynamical instability. These methods were shown to outperform standard
grid search, especially when paired with Bayesian optimization, resulting in more robust
generalization in chaotic systems.

Another original work [150] tackled performance optimization through novelty-
driven evolutionary search. They defined a behavioral space for ESNs in terms of kernel
rank, memory capacity, and generalization ability, and applied a novelty-search genetic
algorithm to explore configurations that yield optimal performance on benchmarks like
NARMA-10 and chaotic attractor datasets.

Another biologically inspired model implements neurological mechanisms in the
study [151] proposed a method that enhances ESN performance by identifying dominant
neurons — those whose output weights contribute most significantly to the final predic-
tion — and retraining the reservoir to strengthen signal flow through these critical path-
ways. This biologically motivated refinement leads to improved error reduction and more

efficient internal dynamics.
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2.3.0.3 Efficiency-Oriented Innovations and Resource-Constrained Design

As the diversity of Reservoir Computing models grows, so does the need to im-
prove their efficiency for practical applications — especially in scenarios constrained by
memory, compute, or power. Recent research has introduced methods to reduce model
complexity without sacrificing predictive performance, making ESNs more accessible for
real-time and embedded systems.

In the rigorous study [152] authors proposed a reservoir minimization strategy
based on the rank of the controllability matrix, which allows the determination of a mini-
mal effective reservoir size needed to model complex dynamical systems. Their approach
achieves performance comparable to larger ESNs while significantly reducing computa-
tional and memory overhead.

Similarly, authors in the study [153] developed a family of methods that expand
the reservoir’s effective dimensionality by concatenating internal states across time. This
technique circumvents the need to increase neuron count, making it particularly suitable
for memory-constrained environments where efficient temporal representation is critical.

From a deployment perspective, the EchoBay framework introduced as a well doc-
umented work [69] provides an automated hyperparameter tuning pipeline optimized for
embedded and edge computing platforms. By minimizing reservoir memory and execu-
tion time, EchoBay makes ESNs more viable for low-latency applications beyond cloud
infrastructure.

In one of the earliest efforts toward online adaptation, author of the work [154]
introduced the use of Recursive Least Squares (RLS) for real-time output weight updates.
This approach enabled efficient online learning in nonstationary or streaming data set-

tings, laying the groundwork for adaptive ESNs with low computational overhead.
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2.3.0.4 Augmentation-Based Enhancements and Higher-Order Reservoir De-
sign

Recent work has shown that augmenting reservoir states with structured nonlinear
transformations can significantly enhance the representational power and efficiency of
Reservoir Computing models. In particular, higher-order operations and monomial-based
augmentation techniques have emerged as powerful tools for embedding richer dynamics
into otherwise fixed reservoir structures.

Early explorations of higher-order interactions appeared in imitation learning and
sensorimotor representation tasks [75, 155], where polynomial expansions were used to
capture complex mappings between sensory inputs and motor commands. Building on
this intuition in our previous work [71], we introduced a family of resource-efficient
reservoir architectures that augment the internal state space using nonlinear interactions.
The Higher-order Augmented Reservoir Computer (haRC) enriches the state representa-
tion by introducing multiplicative monomials between randomly selected reservoir units,
thereby increasing expressiveness without expanding the reservoir size. As a novelty
we also propose a Selective haRC variant, which uses covariance-based [156] heuristics
to choose the most variable and uncorrelated reservoir units to form the monomials.
Both variants preserve the training simplicity of ESNs while improving performance in
memory-constrained scenarios.

Following our contribution, two notable studies have deepened the theoretical
foundation for monomial-based reservoir augmentation. Authors of the study [73] ex-
tended standard ESNs by incorporating Taylor expansions in the readout layer, improving
both short- and long-term predictions in chaotic systems. However, their method uses the
full set of random monomials, resulting in quadratic or cubic growth in the number of

parameters, unlike the selective approach.
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In a parallel direction, the study [74] proposed the Generalized Reservoir Com-
puting (GRC) framework, which relaxes the Echo State Property and introduces a time-
invariant transformation in the readout. This allows the use of chaotic or nonstationary
reservoirs by shifting complexity from the reservoir to the output layer, making the archi-
tecture more flexible. While this improves flexibility, it increases computational cost —
diverging from efficient, dynamics-preserving approaches present in Reservoir Comput-
ing.

Complementing these works, authors of the study [72] proposed the Next Gener-
ation Reservoir Computing (NG-RC) paradigm, which eliminates the need for recurrent
connections altogether. Instead, it constructs nonlinear feature vectors from delayed input
embeddings, effectively mimicking a Volterra series expansion. This leads to state-of-the-
art performance with fewer parameters and enhanced interpretability — reinforcing the
broader value of nonlinear augmentation in reservoir design. While effective for specific
tasks like Lorenz forecasting, it lacks internal state evolution, making it unsuitable for
modeling true dynamical systems. Its generalization across data types and tasks remains

to be explored.
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3. HIGHER-ORDER AUGMENTED RESERVOIRS

3.1 Introduction

In this chapter, we introduce the core contributions presented in our conference
paper, which laid the foundation for subsequent enhancements explored in later chapters.
The central idea is the augmentation of classical reservoir computing architectures with
higher-order interactions to improve memory efficiency and predictive performance. This
architecture is termed the Higher-order Augmented Reservoir Computer (haRC).

We describe the baseline Standard Reservoir Computer (Standard Reservoir Com-
puter (sRC)) and then detail the haRC formulation, which enriches the state representation
without expanding the reservoir size. Both models are evaluated under two primary task

categories: sequence memorization and dynamic system learning.
3.1.1 Standard Reservoir Computer (sRC)

The standard Reservoir Computer (sRC) is a foundational model composed of
four main weight matrices: the input matrix W € R"*", the recurrent reservoir matrix
W € R™ " the output matrix W% € R™*" and the feedback matrix Wb ¢ R™*™,

The model can be represented abstractly as:
E(Wn W Wewt Wit (3.1)

At each time step ¢, the reservoir state x; € R" is computed through a nonlinear

update rule:
hy = Wu, + Wx,_y + W74, x, = tanh(h,) (3.2)

where u; € R" denotes the input at time ¢. During training, u; corresponds to the ground
truth signal. In the prediction phase (particularly in the dynamics learning task), this input
is replaced with the model’s previous output, i.e., uy = Yz_1, making the system fully

autoregressive.
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Once all T reservoir states are collected into a matrix X € R7*", the output

weights WUt are learned through ridge regression:
weut — (XTX +AI)'X'TY (3.3)

where Y € RT*™ holds the target outputs, ) is a regularization constant, and I is the
identity matrix. During inference, the model output is obtained via a simple linear pro-

jection:
y(t) = W'z, (3.4)
3.1.2 Higher-order Augmented Reservoir Computer (haRC)

To enrich the representational capacity of the reservoir, the haRC model introduces
additional nonlinear features by augmenting the reservoir state with generated monomial
combinations of recurrent unit activations. These monomials are computed from the out-
puts of the reservoir units at each time step and effectively serve as higher-order interac-
tion terms. The core idea is to treat the reservoir state as a vector of variables and construct
polynomial-like combinations of its components to form additional features. The motiva-
tion behind introducing higher-order multiplicative interactions into the reservoir stems
from the nonlinear nature of many real-world dynamical systems. In such systems, espe-
cially those modeled by higher-order differential equations or exhibiting chaotic attrac-
tors, second- or higher-order terms naturally arise [25]. Different variables affecting each
other in multiplicative nature can be captured strongly with the monomial augmentation
method and used in many studies such as [72, 75, 155]. Another motivation is biologi-
cal realism. Multiplication is often used to represent dendritic computation in biological
circuits as investigated in the study [157] with experiments made on fruit flies. In a the-
oretical study [158], it was proven that any dichotomy in {—1, 1}" can be represented by
a polynomial with a bounded number of monomials, providing mathematical motivation

for monomial augmentation and linking it to neural computation in the cerebral cortex.
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Formally, let the reservoir state at time ¢ be denoted as h; € RY. We define

a monomial augmentation function ¢ : RN — RMI parameterized by an index set

M C Uf:“‘f"{l, ..., N}¢, which maps the original state to a set of monomial terms:
St = om(h) 3.5)
Each multi-index ¢ = (iy,...,74) € M corresponds to a specific monomial term, such

that the component [S;]; is computed as:

d
[Si): = [ ™ (3.6)
k=1

The set M governs which higher-order interactions are included, and can be either ran-
domly sampled or determined via heuristics.

Once the monomial augmentation S; is computed for each time step, the full
design matrix Z € R”*(N+K) j5 constructed by concatenating the original reservoir states

and their corresponding monomial features:

hO SO
h, S

z-— |7 3.7)
hr ST

where K = | M| is the number of augmented features. Ridge Regression is then applied

to Z to obtain the readout weight matrix:
W= (ZTZ+ M) ZTY (3.8)
3.1.2.1 Implementation Details

In the implementation used for this thesis, we restrict the augmentation to second-
order (quadratic) monomials. Specifically, given a pairwise index set M = {(i,7) | 1 <
i < j < N}, the augmentation features are computed as:

1
1S4 = sign(A" R - B RY) (3.9)
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This transformation smooths the dynamic range of the features while preserving polar-
ity. The resulting feature set is then used to build the regression matrix Z as defined in
Equation 3.7, and readout weights are computed using Equation 3.8. The choice of mono-
mial index set M can follow either a random selection strategy or the heuristic approach

detailed in the next section.
3.1.3 Simulation Settings

We evaluate the proposed sparse haRC model against the baseline sparse sRC
across two key tasks: (1) sequential learning (memorization) and (2) dynamical system
forecasting (generalization). Each task highlights different aspects of temporal modeling
ability.

In the sequential learning task, the model is trained to reproduce a given sequence
without receiving external inputs during the prediction phase. The reservoir evolves solely

based on its internal dynamics:
x; = tanh(Wxy_4) (3.10)

where z; is the reservoir state at time ¢ and W is the recurrent reservoir weight matrix.

The network output is generated by:
g, = Wz, (3.11)

In the dynamical system forecasting task, the network is trained to generate long-
term predictions by recursively feeding its own output back as input. During training, we

use a teacher forcing mechanism [56] to guide learning:
x; = tanh(Why, | + Wx,_)) (3.12)

where ¥, ; is the ground-truth signal at time ¢ and W™ is the input projection matrix
which is fixed as well as the reservoir matrix W. The readout weights W are then

optimized via ridge regression over the collected reservoir states.
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During the testing phase, the reservoir is initialized using the final state and output
from the training trajectory: xr and §,. The network then recursively generates future

predictions by reusing its own outputs as inputs:
x; = tanh(W™g, | + Wz, ) (3.13)

where W™ = W™ as inherited from the training configuration. The prediction at each

time step is computed as:

g, = W, (3.14)

This recursive setup enables the model to extrapolate future system behavior be-
yond the training horizon, using only its internal representations and generated outputs.

The number of neurons selected for higher-order augmentation was treated as a
design parameter rather than empirically optimized. Our choice was guided by the need
to simultaneously (i) demonstrate the expressive advantage of higher-order interactions
and (ii) ensure a fair basis for comparison with the standard reservoir computer (s-RC).
In particular, if the augmentation ratio were set too low, the resulting architecture would
diverge from the s-RC baseline to the point of losing meaningful comparability. We there-
fore adopted a balanced proportion that highlights the benefits of higher-order augmenta-

tion while preserving experimental validity.

3.2 Datasets
We test sSRC and haRC with the following datasets on the tasks at 3.1.3.
3.2.1 Butterfly Dataset

This dataset [159] is composed of samples from a 2D curve depicting a butterfly
pattern and is generated by taking a range of sampling time points ¢t = 0, dt, 2dt, . .., 1000

ms and computing [z(t), y(t)] = Clr(t) cos(qt), r(t) sin(qt)], where
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7(£)=9—sin(qt)+2 sin(3qt)+2 sin(5qt) —sin(7qt)+3 cos(2qt)—2 cos(4qt) With ¢ = 4?”, T = 1000 ms,

dt = L (where N is the number of samples) and C' = max(r(t))

-1
N .

3.2.1.1 Uniformly Random Time Series Dataset

This dataset consists of values between -1 and 1 sampled from a uniform random
distribution to serve as a baseline to investigate the ability of the model in representing

unstructured data.
3.2.2 Mackey-Glass System

The Mackey-Glass system [25] is a classic example of a delayed feedback system
that exhibits chaotic behavior for specific parameter regimes. It models physiological pro-
cesses such as blood production and is widely used to benchmark time-series prediction
algorithms due to its rich temporal structure and nonlinearity. The system is governed by

the following delay differential equation:

dzx(t)
dt

x(t —7)

==

— vz (t) (3.15)

For our experiments, we use § = 0.2, 7 = 17, n = 10, v = 0.1, and z(0) = 0. The
equation is integrated using Euler’s method [160] with a time step of dt = 1 from ¢t = 0
tot = 516. After discarding the initial delay period, we obtain 500 time steps of clean

chaotic behavior.
3.2.3 Lorenz System

The Lorenz attractor [78], originally developed as a simplified model for atmo-
spheric convection, is one of the most iconic examples of deterministic chaos. It is char-
acterized by a butterfly-shaped trajectory and extreme sensitivity to initial conditions,

making it ideal for testing generalization in long-term forecasting tasks. The governing
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equations are:

- =ow—2),

% =x(p—2) —v, (3.16)
d

d—j =y — Pz

We set the standard parameters o = 10, p = 28, § = 2.667, and initial state (0, 1, 1.5).
Integration is carried out using the Runge-Kutta [161] method with dt = 0.01 up to ¢t = 5,

resulting in 500 trajectory points.
3.2.4 Resource Calculation

We define resource as the total number of floating-point parameters and operations
used by the network during training and inference. These include weights in the input,
recurrent reservoir, and output layers, as well as the number of arithmetic operations
required per time step.

Although this formulation generalizes to both dense and sparse reservoir config-
urations, the experiments discussed here assume non-sparse reservoirs (i.e., no zero-
masking is applied; p = 0). Sparsity-based extensions are introduced and analyzed in

Section 4.1.1.
3.2.4.1 Memory Resource

The total number of parameters in the standard reservoir computer (sRC) is given
by:

Rire = hng +n3(1 — p) + mny (3.17)

where £ is the input dimension, m is the output dimension, n; is the number of reservoir
units, and p € [0, 1] is the sparsity ratio.

For the higher-order augmented reservoir (haRC), an additional term accounts for
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the size of the monomial-augmented output layer:
Riare = hng + na(1 — p) + m(ny + Bn3) (3.18)

where n, is the number of reservoir units in haRC, and 3 € [0, 1] represents the proportion

of second-order monomials selected for augmentation.
3.2.4.2 Arithmetic Operations per Time Step

The total number of floating-point multiplications for sRC is:
Mgc = hny +ni(1 — p) +mny (3.19)
The corresponding number of summations is:
Sqge = h(ng — 1) +n2(1 —p) —ng +m(ny — 1) (3.20)

For haRC, additional multiplications are required for evaluating second-order mono-
mials, which include square root operations that we conservatively count as two multipli-

cations:

Muare = hng +n3(1 — p) +m (ny + 36n3) (3.21)

The corresponding number of summation operations is:
Sharc = h(na — 1) + n3(1 — p) — no + m(ny + Bnj — 1) (3.22)

These formulas capture both the base matrix operations and the additional com-
putational overhead introduced by higher-order augmentation. Notably, by tuning the
parameter—which controls the augmentation ratio—the reservoir size in haRC can be re-
duced, effectively offsetting the cost of added operations. For a compact comparison of

all expressions, see Table 3.1.
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Table 3.1: Memory, multiplication, and summation cost formulas for sRC and haRC.
Here, p is the sparsity ratio, [ is the augmentation ratio, h is the input dimensions, m is

the output dimensions, and ny, no are the reservoir sizes of sSRC and haRC respectively.

Quantity sRC haRC
Memory
Resource hm + n%(l — p) -+ mny hTLQ -+ n%(l — p) + m(n2 + ﬁn%)
(R)
Multiplications
hny 4+ n2(1 — p) + mny hng + ni(1 — p) + m(ne + 38n3)
(M)
Summations
h(ny — 1) + n2(1 — p) —ny + | h(ng — 1) +n3(1 — p) — ng +m(ny +
(S)
m(ny —1) fn3 —1)

3.2.5 Spectral Radius Optimization

The spectral radius (SR) of the reservoir weight matrix critically influences the
dynamical behavior and memory retention capacity of reservoir computing systems. It
directly affects the richness of internal state transitions and the ability to represent long
temporal dependencies. In particular, SR tuning has a pronounced impact on performance
in memorization tasks.

To ensure consistency and fair comparison across models, an automated optimiza-
tion procedure was employed to identify the optimal SR for each configuration and task.
This procedure was applied under fixed resource budgets, meaning the number of train-
able weights and reservoir size were held constant, while only the SR value was varied.

For each dataset and task, we scanned a predefined set of SR values and selected
the one that maximized a composite fitness objective. This objective function was de-

signed to balance predictive performance, stability, and dynamical scaling, and is defined
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as follows:

Fitness = —6 - Error — ¢ - Variance — ( - SR (3.23)

where:
* Error refers to the average prediction error (e.g., RMSE),
* Variance captures the variability of the error across trials,
* SR is the spectral radius value under evaluation,

and the coefficients 6 = 0.04, ¢ = 0.3, and ( = 0.001 are empirically chosen scaling
factors to weight the terms appropriately. The inclusion of the SR term in the penalty dis-
courages overly large spectral values that might violate the echo state property or induce

chaotic internal dynamics, consistent with theoretical considerations in [56].

Algorithm 1 Spectral Radius Selection for Each Task and Model
Require: Spectral radius candidates SR_Range = [0.3, 5.0], step = 0.2

1: Initialize OptimalSR + 0, MaxFitness < —o0
2: for each spectral radius value sr in SR_Range do

3: for : = 1to 30 do

4: Run network with spectral radius sr

5: Store RMSE in Errors

6:  end for

7:  Compute average and variance of RMSE

8:  Compute fitness score using the defined function

9: if fitness > MaxFitness then

10: Update Opt imalSR and MaxFitness
11: end if
12: end for

13: return OptimalSR, SR_Results

This optimization was conducted using reservoir dimensions of 71 x 71 for haRC
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and 350 350 for sRC. These sizes were previously determined via empirical testing as the
minimal configurations that avoid underfitting while preserving representative behavior.

The optimal SR values identified through this process were as follows:
* Memorization Tasks: SR = 2 for both haRC and sRC
* Lorenz Forecasting: SR = 1 for both models
* Mackey-Glass Forecasting: SR = 0.88 for haRC, SR =1 for sRC

These values were consistently observed across multiple runs and were used as

fixed SR values in all experiments reported in this chapter.

3.3 [Experimental Results

This section presents a comparative evaluation of haRC and sRC models under
equivalent memory resource constraints. Performance is measured using Root Mean

Square Error (RMSE) across memorization and generalization tasks.
3.3.1 Performance Comparison at Equal Resource Levels

Table 3.2 summarizes the performance of haRC versus sSRC models on both mem-
orization and generalization tasks using approximately 10* parameters. As shown, haRC
consistently achieves significantly lower RMSE across all datasets, highlighting its supe-

rior memory efficiency.
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Table 3.2: Comparison of Forecasting Errors.

Dataset Parameter Count haRC Error + STD sRC Error + STD
Butterfly Memorization 1 x 104 1079 £ 10710 5.8 x 1071 41072
Random Data Memorization 1 x 10* 7Tx107°+1078 5.1 x 107! + 1072
Mackey-Glass Memorization 1 x 104 7.34 x 10711+ 1078 8.01 x 1071+ 5 x 107!
Lorenz Memorization 1.02 x 104 1.30 x 1077 £ 1078 24405
Lorenz Generalization 3.1 x10° 45x 1071 £2x 107" 1.3x 107"+ 1.1 x 107!
Mackey-Glass Generalization 1 x 10* 1.6 x 1073 +£3x 1073 7.6 x 10724+ 107}

3.3.2 Sequence Learning Tasks

The memorization experiments are designed to evaluate each model’s capacity to
store and regenerate temporal patterns using only its internal dynamics. Each model is
trained on a sequence of 500 time steps sampled from a given dynamical system. During
training, the full sequence is provided as input. For evaluation, the model is reinitialized
with the same starting reservoir state and allowed to evolve autonomously—without re-
ceiving any external input or feedback. The goal is to reproduce the training sequence as

accurately as possible, thereby isolating the model’s internal representational capabilities.

Butterfly Dataset. The models were tested on a 2D butterfly trajectory with 500 points.
As shown in Figure 3.1a, haRC achieved an RMSE of 10~ using 9 x 10 parameters
(reservoir size: 86), whereas sRC required 3 x 10° parameters (reservoir size: 547) to

reach the same performance. haRC is thus 30 times more memory efficient.

Random Data On a sequence of 500 uniform random values in (-1, 1), haRC again out-
performed sRC. haRC required 9 x 10? parameters (reservoir size: 80) to reach an RMSE
of 1079, compared to sRC needing 3 x 10° parameters (reservoir size: 547), achieving a

33x resource advantage.
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Lorenz System. For Lorenz system on sequential learning task, haRC achieved RMSE
of 3 x 107 with 8 x 103 parameters (size: 78), while sRC required 3 x 10° parameters

(size: 546), demonstrating a 37x efficiency gain. See Figure 3.1b.

Mackey-Glass System. In the Mackey-Glass memorization task, haRC achieved RMSE
1072 with 6 x 10° parameters (size: 74), while sRC required 3 x 10° parameters (size:

547), marking a 30x efficiency gain (Figure 3.1c).
3.3.3 Dynamic System Forecasting Tasks

The forecasting experiments assess the models’ ability to generalize and predict
future states of a dynamical system from observed data. Each model is trained on a
500-timestep input sequence, where the first 100 time steps are used solely for washing
out [56] the influence of the initial reservoir state and are excluded from training. After
the readout layer is trained on the remaining 400 time steps, the model is evaluated by
recursively predicting the next 50 time steps. During this prediction phase, the model’s
own outputs are fed back as inputs, creating a fully autoregressive closed-loop system.
This setup highlights the stability and extrapolative power of the reservoir under sustained

forecasting conditions.
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Figure 3.1: Performance of haRC and sRC on memorization tasks. Each plot shows

RMSE vs. parameter count across Butterfly, Lorenz, and Mackey-Glass datasets. haRC

consistently achieves low error using significantly fewer parameters. (d) illustrates a

direct trajectory forecast.

09 P
O .
= o84 — haRC g —— haRC
L sRC L 3.0
0.7 - SRC

T S —— 21 e
[} O 2
= 061 a1 e
© ©
3 05 3 2.
o o
n 0.4 1 wn
c =t
© 034 ]
v U 1
= 02+ =
) 4+ 0.
8 0.1 61 1)

[e}
O oo . ‘ ‘ . @ o ’ ’ y ’

10! 102 10° 104 10° 10? 103 10* 10°
resources resources
(a) Butterfly memorization. (b) Lorenz memorization.
1.0 Butterfly Predictions
—— haRC o
sRC

o
)
L

o
@

o
IS

o
]
|

— Butterfly Data
SRC Prediction
—— haRC Prediction

Root Mean Squared Error

=4
o

resources

(¢) Mackey-Glass memorization.

10°

075 -0.50 -0.25 0.00 025 050 075

X
(d) Butterfly forecast visualization.

Lorenz System. Models were trained on 500 time steps of Lorenz data and tasked with

predicting 50 steps ahead. haRC achieved near-zero RMSE with a 100-unit reservoir (Fig-

ure 3.2d), while sRC required 1000 units. The performance-resource curve (Figure 3.2b)

shows haRC reaching RMSE 10~* with 3 x 103 parameters versus sRC needing 3 x 10%.

Mackey-Glass System. On the Mackey-Glass dataset, haRC achieved an RMSE of

5.1 x 1072 with 3.5 x 10% parameters, while sRC needed 4.5 x 10° parameters to match
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this accuracy — a 120x efficiency gain (Figure 3.2a and 3.2c¢).

Figure 3.2: Performance of haRC and sRC on dynamic systems forecasting tasks. Sub-
figures (a) and (b) show RMSE versus parameter count, highlighting haRC’s efficiency on
Mackey-Glass and Lorenz datasets. Subfigures (c) and (d) visualize long-term prediction

trajectories on the same systems.
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3.4 Discussion for Chapter 3

Reservoir Computing (RC) has emerged as a powerful, resource-efficient alterna-
tive to gradient-based learning methods, offering strong performance in modeling nonlin-
ear dynamical systems. In Chapter 3, we introduced a Higher-Order Augmented Reser-

voir Computing (haRC) model that enhances the expressivity of standard reservoirs by
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randomly incorporating a subset of second-order multiplicative interactions among reser-
voir states. This approach demonstrates superior predictive accuracy compared to stan-
dard RC, especially under matched memory constraints, highlighting its potential for on-
chip, embedded, and resource-limited deployments.

However, the design adopted in Chapter 3 introduces several limitations that war-
rant further investigation. Notably, the performance drops observed in certain trials—despite
variations in random seeds—suggest underlying numerical or architectural sensitivities
that remain unexplored. On top of this following points are potential improvements.
First, the higher-order monomials are selected entirely at random, without consideration
of their contribution to learning, which may lead to suboptimal performance. Second,
sparse connectivity—an established approach for improving efficiency and generalization
in RC architectures—was not applied to the reservoir itself, limiting insight into how spar-
sity interacts with higher-order augmentation. Third, the use of multiplicative states may
inherently amplify the effects of input or state noise, raising questions about the noise
robustness of the haRC model, which remains to be systematically evaluated.

Chapter 4 addresses these open questions through a more rigorous and structured
analysis. First, we introduce a method for selectively constructing higher-order reservoir
states based on internal signal statistics, moving beyond the random augmentation strat-
egy of the previous chapter. We then evaluate both haRC and sRC under controlled noise
injection, testing the robustness of their internal dynamics. To further explore architec-
tural efficiency, we incorporate sparse reservoir connectivity, investigating its interaction
with high-order augmentation. Finally, we perform a comparative analysis of haRC and
sRC under equal memory budgets and equal readout sizes by varying their reservoir sizes
and tuning their sparsity levels, ensuring fair conditions in terms of tunable parameters.
Together, these experiments aim to deepen our understanding of haRC’s capabilities and

practical value across both constrained and high-dimensional learning tasks.
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4. COMPREHENSIVE RC IMPROVEMENTS THROUGH UNIT

SELECTION AND RESOURCE-EFFICIENT DESIGN

Building upon the findings in Chapter 3— which demonstrated that randomly
augmenting reservoir states with a sparse subset of pairwise multiplicative interactions
of reservoir units can enhance performance under low memory budgets — this chap-
ter presents the extended contributions of the thesis beyond the initial conference work,
forming the foundation of the journal-level study. While the preliminary haRC model
showed promise, several key limitations remain unresolved, including noise sensitivity,
the lack of principled augmentation strategies, and the absence of sparsity in reservoir
connectivity.

To address these gaps, Chapter 4 introduces three core advancements aimed at im-
proving efficiency, robustness, and structural adaptability. First, we incorporate reservoir
sparsity to reduce computational and memory costs, leveraging known benefits of sparse
connectivity in echo state networks. Second, we systematically evaluate the noise robust-
ness of both standard and higher-order models by injecting controlled additive noise into
the reservoir input, enabling a detailed comparison of their generalization stability. Fi-
nally, we propose the Selective haRC, a refined model that replaces random augmentation
with a heuristic selection mechanism based on covariance analysis of internal dynamics.
This selective approach identifies and augments only the most informative reservoir unit
interactions, further reducing overhead while preserving expressive power.

Together, these extensions provide a comprehensive analysis of higher-order aug-
mentation strategies under varied resource constraints, offering practical insights into the

design of robust and efficient reservoir computing systems for real-world applications.
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4.1 Methods

We will start by defining new processes of creating sparse RC’s then we will in-
clude noisy reservoirs to understand their robustness to noise and finalize our introduction

with the Selective haRC model with statistical heuristics.
4.1.1 Sparse Reservoir Implementation

Reservoir computing models can benefit substantially from sparse connectivity
within the reservoir matrix, as sparse topologies are known to reduce memory consump-
tion and computational overhead while sometimes improving performance [53]. In this
study, we systematically compare both the standard (sRC) and higher-order augmented
(haRC) reservoir computers under sparse configurations.

To introduce sparsity, we apply a controlled masking procedure to the recurrent
weight matrix W € R"*" of the reservoir. Given a sparsity target s € [0, 1], indicating the
fraction of weights to be set to zero, we uniformly sample sn? indices without replacement
from the flattened matrix and zero out the corresponding entries. The modified matrix is
then reshaped back to its original dimensions.

This process yields a sparsified matrix W gy, defined as:
W parse = SparseMask(W, s) 4.1)

where SparseMask(-) represents the masking operation described above. Since zeroing
out elements alters the spectral properties of the matrix, particularly its spectral radius,
we perform a post-sparsification normalization step to restore the intended spectral radius

p- Specifically, we rescale W, by:

P

)\max

Wsparse — : Wsparse (42)

where .« 1S the largest absolute eigenvalue of the sparsified matrix. This normalization

ensures the dynamical regime of the reservoir remains controlled and consistent across
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configurations. The same sparsification and rescaling procedure is applied to both sRC
and haRC architectures to maintain a fair basis for comparison under equivalent resource

constraints.
4.1.2 Reservoir Noise Implementation

For investigating noise robustness of haRC models we inject Gaussian noise dur-
ing the reservoir operation as real-life systems usually contain Gaussian noise [162] in
their operations or measurements. A signal from a zero mean Gaussian noise is rep-
resented by 1, ~ N(0,0?) where 7, is the noise added at time ¢ and o2 indicates the
variance of the distribution. The reservoir state dynamics with added noise can then be
expressed as:

x; = tanh(Wizu; + W (x—1 + 1)) (4.3)

where x; represents the reservoir state at time ¢, Wy, is the input weight matrix, u; de-
notes the input at time ¢, and W corresponds to the reservoir weight matrix. To mitigate
the effects of noise, Linear Regression with Ridge Regularization is applied during the
training of the output layer: Wy, = (XX + AMI)"'XTY where X is the matrix of reser-
voir states, Y denotes the target output matrix, A is the Ridge regularization parameter,
and I represents the identity matrix. The performance of RCs is evaluated by varying the

noise variance o and the Ridge parameter \.
4.1.3 Selective Higher-order Augmented Reservoir Computer (Selective haRC)

The selective haRC architecture introduces a systematic and task-agnostic ap-
proach to reservoir unit selection for monomial generation in order to enhance noise
robustness and learning efficiency. While the standard haRC uses randomly sampled
monomial terms, selective haRC ranks and selects features based on statistical properties

of the reservoir dynamics during training. Although the following formulation focuses
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on quadratic augmentation, the same selection strategy can be extended to higher-order
monomials.

Let h, € R denote the reservoir state at time ¢. Collecting these states across
T time steps yields the state matrix H € RT*Y, The selective augmentation mechanism

proceeds in the following steps:
4.1.3.1 Step 1: High-Variance Unit Selection

For each reservoir unit ¢ € {1,..., N}, compute the sample variance over the
training trajectory:
Var(h®) = = 3 (hf) _ W)Q RO = 1 ET: B (4.4)
> t=1 ’ Z t=1

Then, select the indices of the top-k most variant units to form the set V C {1,..., N}.
4.1.3.2 Step 2: Correlation Scoring and Pair Ranking

For each i € V, compute the Pearson correlation between h(Y and every other unit

Rl

N Cov(h, h))
(@ pG)y — =\ 7"/
Corr(h', hV)) = (o (R0 4.5)

A pairwise score is assigned to each (7, j) based on a linear combination of dissimilarity

and variance:
Score(i, j) = o (1 — |Corr(h¥, h(j))|) + (1 — a) Var(h) (4.6)

where o € [0, 1] balances preference for low-correlation (diversity) and high individual
variance. The top-p scoring pairs are selected and compiled into the monomial index set
M CH{(@@,9)}-

Without relying on target task information, this procedure deterministically gen-
erates the augmentation set based solely on reservoir activations. Two hyperparameters

govern the selection process: k, which defines the number of top-variance units selected
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from a reservoir of size N (i.e., kN units), and h, which specifies the number of top
pairwise interactions retained per selected unit (i.e., AN pairs in total). As a result, the
overall monomial coverage ratio is approximately hk ~ (3, where /3 controls the density
of augmentation. This design makes the algorithm lightweight, repeatable, and inherently

task-agnostic.
4.1.3.3 Step 3: Reservoir State Augmentation

At each time step ¢, the monomial augmentation vector S; = ¢4 (h;) is computed
using the selected index set M. These features are appended to the original reservoir

states to form the design matrix Z € RT*V+MD according to the formula in 3.7.
4.1.3.4 Step 4: Readout Layer Training

The readout weights are computed using Ridge Regression, consistent with the

standard haRC approach:
W= (ZTZ+ M) ZTY (4.7)

The overall model structure remains identical to the random haRC, with the key distinc-

tion being the construction of the augmentation set M.

4.2 Datasets

This chapter extends the experimental evaluation by reusing the Lorenz and Mackey-
Glass systems (previously detailed in Chapter 3.2) and incorporating additional dynamical

systems to assess robustness and sparsity effects.
4.2.1 Revisited Datasets

* Lorenz System: A chaotic 3D system used for generalization and memorization

tasks. See section 3.2 for full description.
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* Mackey-Glass Time Series: A 1D delay-differential system exhibiting chaotic be-

havior. See section 3.2 for full description.
4.2.2 Newly Introduced Datasets

* Rossler Attractor Introduced by Otto Rossler, this system [163] is a simpler continuous-
time chaotic system compared to the Lorenz attractor but still produces a complex
spiral attractor in three dimensions. It is especially useful for studying continuous,

oscillatory chaos in a low-dimensional system. The system equations are:

e,

dt_ y 9

Yz tay, (.8)
d

d—j:b+z(x—c)

With parameters a = 0.2, b = 0.2, ¢ = 5.7, and initial condition (1, 1, 1), the system
is integrated using dt = 0.05 to yield a dataset with intricate periodic and chaotic

transitions.

* Henon Map: The Hénon map [164] is a two-dimensional discrete-time system
that demonstrates strange attractor behavior. It was initially proposed to model the
motion of stars in galaxies and has become a cornerstone example in chaos theory.

The map is defined as:

2
Tpy1 = 1 — ax;, + Yn,

4.9)
Yn+1 = bxy,
We use @ = 1.4, b = 0.3, and initial condition (0.1,0.3), generating a chaotic

trajectory that explores a folded and fractal-like attractor. Its simplicity and chaotic

richness make it valuable for discrete-time modeling experiments.

e Chua Circuit: Chua’s circuit [165] is one of the simplest electronic circuits capable

of producing chaos, combining a nonlinear resistor (the Chua diode) with linear
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capacitors and inductors. It provides a concrete example of chaos arising from

deterministic nonlinear circuits. The system is modeled by:

dx

X aly— - (@)
%:x—y—kz, (4.10)
dz

E = —fy

The nonlinear function f(x) is defined as:

1
f(:v):m1x+§(m0—m1)(]1:+1]—|:c—1\) 4.11)

We use parameters a = 15.6, § = 28, mg = —1.143, m; = —0.714, and an initial
condition (0.1,0,0). The circuit is simulated with d¢ = 0.05 to produce a chaotic

yet structured dataset.

Ikeda Map: The Ikeda map [166] simulates the behavior of light within an optical
cavity, where nonlinear and delay effects introduce chaotic behavior. It has been
used in both physics and nonlinear optics to model multi-valued dynamical states.

It is governed by:

xn+1 = 1 —|— u(xn COS(tn) - yn S1n<tn)>7

Yn+1 = U(xn Sin(tn> + Yn COS(tn>>, (412)
y A
n = K-
1+a22 492

We use u = 1.00001, k = 0.4, A = 6.0, and initial point (0.1, 0.1) to generate 1000
steps of chaotic oscillations. Its structure exhibits sharp nonlinearity and complex

folding of trajectories, offering a distinct challenge for prediction models.

ETHUSDT High-Frequency Trading Data: To evaluate performance on real-

world financial data, we introduce a dataset derived from Ethereum-to-Tether (ETH/USDT)
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4.3

trading activity on the Binance exchange, collected between 2019 and 2024 [167].
This dataset contains high-frequency Open-High-Low-Close-Volume (OHLCV) en-
tries recorded at 3-minute intervals, reflecting market microstructure dynamics.

For use in our experiments, we focus on the core numerical features: open, high,
low, close, and volume. The raw data is preprocessed using a Savitzky—Golay
[168] filter with a window length of 20 and polynomial order of 2 to smooth out
microstructural noise while preserving dynamic trends. To enhance temporal mod-
eling performance and reduce computational load, we downsample the sequence by
a factor of 20, effectively yielding a coarser but more stable signal. The resulting
data is normalized using MinMax scaling and formatted to match the input struc-
ture used across our synthetic chaotic systems. This setup allows us to directly test

our reservoir computing methods on volatile, nonlinear real-world sequences.

Experiments and Results

This chapter presents the empirical evaluation of the sRC and the haRC. The mod-

els are tested across several axes of performance, including:

Robustness to internal Gaussian noise,

The effect of varying reservoir sparsity levels,

Comparison under equal learnable parameter counts,

Evaluation of proposed selective augmentation technique.

All experiments are conducted on the Mackey-Glass dataset using both dense and

highly sparse reservoir configurations. When applicable, haRC results include both ran-

domly selected and statistically selected state pair augmentations.
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4.3.1 Noise Robustness Evaluation

To evaluate the robustness of reservoir computing models under noisy conditions,
we introduced Gaussian noise into the reservoir states during operation, as described in
Equation 4.3. Following standard practice [162], we varied the standard deviation o to
simulate increasing noise levels and assess system degradation.

A critical component of this evaluation is the selection of the regularization param-
eter A used in Ridge Regression. To ensure consistent and fair comparisons, we performed
a grid search over A € {107%,1077,... 1}, training each model configuration over 30 in-
dependent trials for each A value and each noise level. The objective was to identify a
value that provided stable performance across model types and noise regimes.

The grid search revealed that the relative performance ranking of the models re-
mained stable across the entire range of A. As expected, larger values of \ reduced output
variance by regularizing the weights, but also biased predictions toward the mean, lead-
ing to underfitting. Conversely, very small A values occasionally led to overfitting, which
proved particularly detrimental under recursive forecasting due to the potential for error
accumulation and signal divergence.

We selected A = 10~ as the default regularization value for all noise robustness
experiments, as it consistently yielded a favorable trade-off between forecast accuracy

and output variance. The procedure used for selecting A is summarized in Algorithm 2.

50



Algorithm 2 Ridge Parameter Selection Procedure
Require: Reservoir Model, Data D, Noise levels o;, Grid A = {\1,..., A\, }

1: foreach A € A do

2: for each noise level o; do

3 for £ =1 to 30 do

4 Add Gaussian noise 7; ~ N(0, 0?) to reservoir state
5: Train model using Ridge Regression with A

6 Evaluate RMSE and output variance

7 end for

8:  end for

9: end for

10: Select \* that minimizes a composite trade-off between RMSE and prediction variance

Results Figure 4.1 shows RMSE under increasing Gaussian noise levels (o = 0.05, 0.1,
0.2) for three models: standard sRC, random haRC, and selective haRC. All models are
tested with matched output dimensions. Specifically, SRC uses 600 reservoir units, while
haRC uses 72 reservoir units augmented with 600 output features. The total parameter
count is ~ 360, 000 for sSRC and ~ 6,000 for haRC in the dense setting, and ~ 36, 000
vs. =~ 1000 in the 90% sparse setting.

4.1a presents results in the dense configuration, while 4.1b displays results under
90% sparsity. In both graphs bars show the RMSE and error lines show the Standard Er-
ror of the Mean. In both settings, SRC (orange) shows gradual performance degradation
with noise, maintaining its role as a robust baseline. Random haRC (blue) is more sen-
sitive to perturbations, especially under sparsity, where its RMSE and variance increase
more sharply. In contrast, selective haRC (green) demonstrates remarkable robustness:
its performance closely matches or exceeds that of sRC, particularly in sparse conditions.
It consistently outperforms the random haRC variant in both RMSE and variance. One

plausible explanation is that selective haRC prioritizes high-variance reservoir units when
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constructing augmented features. These high-variance states exhibit stronger internal dy-
namics that may suppress the relative impact of additive noise. In essence, perturbations

are less influential when compared to the natural scale of the reservoir fluctuations.

Figure 4.1: Noise robustness comparison on the Mackey-Glass dataset. haRC uses 72

reservoir units and 600 output features, while sRC uses 600 reservoir and output units.

0.6 Reservoir Computers

[ sRC +
0.5{ [ random haRC 41—
[ selective haRC

0.4 +

0.05 0.1 0.2
Noise Levels

(a) Dense reservoir (0% sparsity).
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(b) Sparse reservoir (90% sparsity).

In summary, while higher-order augmentation tends to increase the system’s sensi-
tivity to noise relative to standard reservoir architectures, this drawback can be effectively
mitigated through a principled, task-independent selection of monomials—such as the
approach employed in selective haRC. This strategy enables the benefits of augmentation

while maintaining robustness under noise.
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4.3.2 Sparsity Analysis

To evaluate the impact of sparsity on model performance, we conducted system-
atic experiments comparing sparse SRC and haRC architectures on a dynamic system
forecasting task using the Mackey-Glass dataset. The reservoir size for sSRC was varied
between 30 and 600 in increments of 50 units, while haRC reservoir sizes ranged from 10
to 100 with 10-unit steps. Each configuration was tested under three sparsity levels: 0%
(fully dense), 50%, and 90% (highly sparse), representing the proportion of zero-valued
connections in the reservoir weight matrix.

For every combination of model type, sparsity level, and reservoir size, we con-
ducted 30 independent trials and measured performance using Root Mean Squared Error
(RMSE). In Figure 4.2, each color-coded bar represents the average RMSE over 30 runs,
plotted against the corresponding memory resource consumption. Memory resources
were computed using the analytical expressions presented in Table 3.1, which take into
account both the reservoir size and the sparsity ratio. Results indicate that sparse sRC ar-
chitectures (in orange) can match the performance of their dense counterparts, suggesting
that high sparsity does not inherently degrade predictive quality. In particular, the 90%
sparse sRC variant offers good accuracy while requiring less memory resources making it
a good baseline. Comparatively, both random (blue) and selective (green) haRC models
outperform sRC across all sparsity levels, especially in high-sparsity regimes. Notably,
at the 90% sparsity level, haRC consistently achieves lower RMSE than sRC for similar
resource budgets, demonstrating its advantage in low-memory environments. Random
and selective variants of haRC show comparable performance, indicating that the ben-
efit derives primarily from the higher-order augmentation itself. A detailed breakdown
of individual experiments—including reservoir sizes, RMSE values, sparsity levels, and

corresponding memory resources—can be found in Table 4.1.
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Figure 4.2: Graph demonstrates how RC’s are affected by sparsity across different mem-
ory resources. Each number in Memory Resources axis is in 10 scale so 2 on the axis
means, 10%. Sparsity levels describe how sparse the reservoir is. 0.9 means reservoir
is 90% sparse. haRC type Reservoir Computers perform more efficiently, making them
better candidate for tasks that has a memory constraint.

Sparsity Effect on RC (MackeyGlass, generalize)

Reservoir Computers
sRC
=== Random haRC
Selective haRC
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4.3.3 Equal Readout and Equal Memory Comparison

The fixed parameters of a reservoir system define the dimensionality of the fea-
ture space into which inputs are non-linearly projected, thereby influencing the system’s
representational capacity. In parallel, the learnable parameters—primarily the weights
in the readout layer—govern the flexibility of the model during the regression phase by
determining the available degrees of freedom. Previous experiments varied only one of
these factors at a time. However, a more comprehensive analysis requires simultaneously

controlling and balancing both the fixed and learnable parameter counts to enable
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Table 4.1: Sparsity experiment description table where memory resource, n is the reser-
voir size and rmse is the root mean square error. Lev.x corresponds to the level of memory
resource used during the experiment data point corresponds to and the table refers to the

Figure 4.2.

Resource Levels

Model Lev. 1 ‘ Lev. 2 Lev. 3 Lev. 4 Lev. 5 Lev. 6 Lev.7 Lev. 8

Sparsity = 0.0

960 (n=30) | 6560 (n=80) | 17160 (n=130) | 32760 (n=180) | 53360 (n=230) | 78960 (n=280) | 109560 (n=330) | 145160 (n=380)
sRC
rmse=4.77 rmse=9.08 rmse=4.24 rmse=0.904 rmse=0.277 rmse=0.229 rmse=0.172 rmse=0.139

random | 130 (n=10) | 480 (n=20) | 1050 (n=30) | 1840 (n=40) | 2850 (n=50) | 4080 (n=60) | 5530 (n=70) 7200 (n=80)

haRC | rmse=0.195 | rmse=1.05 rmse=0.197 rmse=0.184 rmse=0.204 rmse=1.08 rmse=0.239 rmse=0.107

selective | 130 (n=10) | 480 (n=20) 1050 (n=30) 1840 (n=40) 2850 (n=50) 4080 (n=60) 5530 (n=70) 7200 (n=80)
haRC | rmse=0.233 | rmse=0.802 rmse=0.632 rmse=0.39 rmse=0.187 rmse=0.235 rmse=0.281 rmse=0.209

Sparsity = 0.5

510 (n=30) | 3360 (n=80) | 8710 (n=130) | 16560 (n=180) | 26910 (n=230) | 39760 (n=280) | 55110 (n=330) | 72960 (n=380)
sRC
rmse=6.45 | rmse=7.92 rmse=2.82 rmse=1.6 rmse=0.5 rmse=0.476 rmse=0.237 rmse=0.159

random | 80 (n=10) | 280 (n=20) | 600 (n=30) 1040 (n=40) | 1600 (n=50) | 2280 (n=60) | 3080 (n=70) 4000 (n=80)

haRC | rmse=0.222 | rmse=0.222 rmse=0.918 rmse=0.484 rmse=0.169 rmse=0.438 rmse=0.226 rmse=0.174

selective | 80 (n=10) | 280 (n=20) | 600 (n=30) | 1040 (n=40) | 1600 (n=50) | 2280 (n=60) | 3080 (n=70) 4000 (n=80)

haRC | rmse=0.209 | rmse=0.268 rmse=0.489 rmse=0.302 rmse=0.466 rmse=0.212 rmse=0.242 rmse=0.112

Sparsity = 0.9

150 (n=30) | 799 (n=80) | 1949 (n=130) | 3599 (n=180) | 5749 (n=230) | 8399 (n=280) | 11549 (n=330) | 15199 (n=380)

SkC rmse=4.64 rmse=7.6 rmse=>5.36 rmse=0.293 rmse=1.06 rmse=0.339 rmse=0.186 rmse=0.164
random | 40 (n=10) | 120 (n=20) 240 (n=30) 400 (n=40) 600 (n=50) 840 (n=60) 1120 (n=70) 1440 (n=80)
haRC | rmse=0.258 | rmse=0.704 rmse=2 rmse=0.445 rmse=0.603 rmse=1.44 rmse=0.32 rmse=0.194
selective | 40 (n=10) | 120 (n=20) 240 (n=30) 400 (n=40) 600 (n=50) 840 (n=60) 1120 (n=70) 1440 (n=80)
haRC | rmse=0.344 | rmse=2.08 rmse=0.493 rmse=0.511 rmse=0.621 rmse=0.916 rmse=0.48 rmse=0.154

fair performance comparisons. This can be achieved by dynamically adjusting
sparsity. Specifically, we begin with a predefined reservoir size and sparsity level for
the haRC architecture, and then compute the appropriate reservoir size and sparsity level
for the SRC model to ensure parity in both constant and trainable resource usage across
architectures.

To avoid biasing our findings toward a specific reservoir size, we conduct exper-
iments using a range of haRC reservoir sizes from 20 to 100, increasing in steps of 10.

These experiments encompass both sequence learning and dynamical system forecasting
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tasks, as described in Section 3.1.3, and are applied to the datasets introduced in Sec-
tion 4.2. While comprehensive results are available in tabulated form in Appendix B.1,
this section focuses on the Mackey-Glass and Chua Circuit attractors for illustrative pur-

poses. We begin by comparing the forecasting performance of the different models.
4.3.3.1 Forecasting Tasks

The dynamical system forecasting experiments are configured with a 500-timestep
training sequence, where the initial 100 time steps are reserved for warming up the reser-
voir [56]. These early states are excluded from the readout training phase to allow the
internal dynamics to stabilize and to eliminate the effects of arbitrary initializations. Af-
ter training, each model is evaluated by recursively predicting the subsequent 50 time
steps, using the final state of the reservoir from the training phase as the initial state for
forecasting.

To ensure fair comparisons, all models are configured to use the same number
of fixed and learnable parameters. This is achieved by adjusting the reservoir size and
sparsity level of the sSRC model to match the total parameter budget (including readout
weights) of the haRC configuration. Root Mean Squared Error (RMSE) is used as the
primary evaluation metric, and performance variability is captured through shading that

denotes the standard error across 30 independent trials.
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Figure 4.3: Dynamics Learning task. These plots demonstrate the performance of RC'’s
on forecasting task using the Mackey-Glass system. Both experiments have equal mem-
ory and equal readout parameter where reservoir sizes are annotated on the graph. haRC
maintains competitive generalization accuracy requiring lower memory resources com-

pared to sRC in both sparsity levels.

MackeyGlass Generalize - Equal Readout, Memory MackeyGlass generalize - Equal Readout, Memory
0.14 sRC 0225 sRC
| haRC haRC
20 selective haRC 0.200 selective haRC
012y 0175120
111010 w0150
g g
= 201257 20
0.08
40 0.100
40 . 60 -
0.06 0.075 e R
& % e & %0
0.050
0.04
10° 104 103
Memory Resources Memory Resources
(a) non-sparse haRC. (b) sparse haRC (85%).

Figure 4.3 illustrates model performance on the Mackey-Glass forecasting task.
The horizontal axis represents total memory resources—i.e., the combined parameter
count associated with each reservoir size shown. While haRC is evaluated with a fixed
sparsity level, the sRC configurations vary in sparsity to satisfy the parameter-matching
condition. The specific sparsity levels used are listed in Appendix Tables B.5 and B.1.
Results show that haRC consistently outperforms sRC under resource-constrained condi-
tions. In order to match haRC in memory efficiency, sSRC must adopt extremely sparse

connectivity, which in turn degrades its reservoir dynamics and forecasting accuracy.
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Figure 4.4: Dynamics Learning task.These plots demonstrate the performance of RC'’s
on forecasting task using the Chua Attractor system. Both experiments have equal mem-
ory and equal readout parameter where reservoir sizes are annotated on the graph. haRC
maintains competitive generalization accuracy requiring lower memory resources com-

pared to sRC in both sparsity levels.
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A similar trend is observed in experiments with the Chua Circuit. Figure 4.4
demonstrates that haRC, even with a 50% sparsity level, performs comparably to sRC.
However, when the haRC sparsity is increased to 85%, the equivalent sRC configuration
becomes a reservoir with zeros. This occurs because the 3-dimensional Chua system
requires more input and output weights, leaving no parameter budget for internal recurrent
connections in SRC. As a result, SRC behaves more like just an autoregressive model
without a reservoir.

Despite the low number of parameters enforced, haRC continues to demonstrate
effective forecasting performance under matched resource budgets with sRC. This can be
visually verified in Figure A.6, which shows the generated trajectories of the Chua at-
tractor. In this figure, SRC (orange curve) uses a 900-unit reservoir, while both random
haRC (blue) and selective haRC (green) use only 90 units. Yet, all models are matched

in terms of total constant and trainable parameters. In Figure A.6a, both haRC and sRC
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successfully replicate the dynamics of the Chua attractor under moderate sparsity (50%
in haRC, 99% in sRC), with trajectories closely following the ground truth (black curve).
However, in Figure A.6b, the increased sparsity in haRC (85%) forces the sRC reservoir
to degenerate into a reservoir with zeros. In this case, haRC still manages to learn the
system dynamics, while sRC fails to move beyond its initial trajectory segment. For addi-
tional details and significance [1] of the results on forecasting experiments, see Appendix
Tables B.5, B.3, B.1 for Mackey-Glass, and Tables B.11, B.13 for the Chua Circuit.

To extend the relevance of our findings to real-world scenarios, we incorporated
a high-frequency financial time series (HFT) dataset as an additional benchmark. This
dataset reflects the challenges of modeling noisy, high-dimensional, and highly dynamic
systems found in financial applications. The performance of haRC on this dataset was
consistent with the trends observed on chaotic systems, further supporting its practical
applicability in real-time, resource-constrained environments. We can observe the visual
prediction results on Figure A.9b and A.9a. On top of these we have the empirical equal
parameter equal readout experiment results in the following Figures A.18a, A.18b. Out-
come of the experiments are similar to that of chaotic attractor experiments and haRC

methods perform better under parameter constraints.
4.3.3.2 Memorization Tasks

In the sequential learning—or memorization—experiments, models are trained
on 500-point sequences (either scalar or vector-valued) sampled from various dynamical
systems described in Section 4.2. Unlike forecasting tasks, the goal here is to assess the
model’s ability to internally reconstruct the exact training sequence. Therefore, the test
data is identical to the training set. During testing, the reservoir is initialized with its ini-
tial state from training and then allowed to evolve autonomously—without receiving any

input or feedback—effectively relying on its internal dynamics to reproduce the sequence.
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This setup allows us to directly compare the representational capacity of sSRC and haRC
models in memorizing complex temporal patterns.

As with the forecasting tasks, we present performance results in terms of RMSE
and resource efficiency (see Figure 4.5). When haRC operates in a dense configuration,
the corresponding sRC—adjusted to match the total number of fixed and learnable pa-
rameters—is typically capable of memorizing and regenerating the sequence with high
accuracy.

Figure 4.5: Sequential Memorization task These plots demonstrate the performance of
RC’s on sequence learning task using the Mackey-Glass system. Both experiments have
equal memory and equal readout parameter where reservoir sizes are annotated on the

graph. haRC clearly outperforms sRC in the scenario where haRC has an 85% sparse

reservoir.
MackeyGlass Memorize - Equal Readout, Memory MackeyGlass memorize - Equal Readout, Memory
2 sRC 20 0
haRC =
0.20 ’ selective haRC 0.20 40
50
0.15 0.15
w w
%) ] %0
s s
& 0.10 & 0.10
0.05 0.05
SRC
]0 haRC
0.00 80) = 0.00 selective haRC 80
103 104 10°
Memory Resources Memory Resources
(a) non-sparse haRC. (b) sparse haRC (85%).

Similar behavior is observed in memorization experiments with the Chua Circuit
dataset, as shown in Figure 4.6. Here, both 50% and 85% sparsity configurations are
tested for haRC, with corresponding sRC models tuned to match their parameter counts.

Results indicate that haRC consistently outperforms sRC in both scenarios. Al-
though the sRC reservoirs are non-zero in both cases, their limited parameter capacity

renders them unable to effectively memorize the Chua attractor trajectory. In contrast,
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haRC models demonstrate robust performance even under severe memory constraints.
Further quantitative results and their significance [1] for the memorization experiments
can be found in the Appendix. For the Mackey-Glass dataset, see Tables B.25 and B.23.

For the Chua Circuit dataset, refer to Tables B.34 and B.32.

Figure 4.6: Sequential Memorization task These plots demonstrate the performance of
RC’s on sequence learning task using the Chua Circuit Attractor. Both experiments have
equal memory and equal readout parameter where reservoir sizes are annotated on the
graph. haRC clearly outperforms sRC in both the scenarios where haRC has 50% and

85% sparse reservoirs.
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(a) sparse haRC (50%). (b) sparse haRC (85%).

A summarized reference list of all relevant tables for both generalization and mem-

orization experiments are provided below.

* Mackey-Glass Generalization: Tables B.5, B.3, B.1

¢ Chua Circuit Generalization: Tables B.11, B.13

* Mackey-Glass Memorization: Tables B.25, B.23

¢ Chua Circuit Memorization: Tables B.34, B.32
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4.3.4 Reservoir Unit Selection Algorithm

The reservoir unit selection algorithm introduced in Section 4.1.3 serves as a task-
independent, data-driven heuristic designed to identify informative reservoir units for con-
structing higher-order augmentations in haRC. The primary goal of this selection mech-
anism is to improve the computational efficiency and robustness of haRC models by pri-
oritizing units that contribute more diverse and informative features. While experimental
results indicate that selective haRC does not exhibit a clear performance advantage over
random haRC in ideal, noise-free environments, it consistently demonstrates superior ro-
bustness in the presence of internal Gaussian noise. In particular, under high noise levels,
the performance of selective haRC approaches that of standard sRC, highlighting the im-
portance of targeted unit selection for maintaining stability in noisy operational regimes.
For completeness, selective haRC results are reported alongside random haRC and sRC
in all relevant experiments. This enables a thorough evaluation of the proposed selection
approach under both clean and noisy conditions.

However, once the haRC sparsity is increased to 85%, a notable gap emerges:
the haRC model still successfully learns the sequence, while the SRC counterpart fails.
Importantly, in this case, the sSRC reservoir is not entirely null (as in some forecasting se-
tups), but simply lacks sufficient parameter capacity to store the Mackey-Glass sequence

under the imposed memory constraints.
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5. CONCLUSIONS

Reservoir Computing (RC) continues to evolve as a powerful framework for learn-
ing temporal dependencies and modeling complex dynamical systems, especially under
resource constraints. Its lightweight architecture and compatibility with edge computing
have made it an attractive alternative to traditional deep learning methods for time series
forecasting and dynamical system learning.

This thesis introduced and evaluated a novel augmentation strategy based on higher-
order monomials applied to the reservoir state matrix. The proposed Higher-Order Aug-
mented Reservoir Computer (haRC) and its selective variant demonstrated significant
gains in predictive accuracy, memory efficiency, and representational richness without in-
creasing the reservoir size or introducing additional learnable parameters. These findings
suggest that such augmentations can enable smaller reservoirs to match or outperform
larger ones, supporting both efficient design and practical deployment in constrained en-
vironments. The inclusion of a high-frequency trading dataset demonstrated that our pro-
posed architectures generalize beyond synthetic systems, showing promise for deploy-
ment in more complex, real-world prediction tasks.

In addition, we explored reservoir unit selection strategies based on correlation
analysis, which prioritize the most informative and uncorrelated reservoir activations.
This approach ensures that only high-utility features contribute to the readout, leading

to improved generalization and reduced overfitting.

5.1 Contributions to the Literature

Introduced a novel Higher-Order Augmented Reservoir Computing (haRC) frame-
work with random and selective augmentation schemes.
Demonstrated that higher-order monomial augmentation improves both memory

capacity and prediction accuracy, especially in constrained reservoirs.
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Proposed a covariance-based reservoir unit selection method to enhance the effi-
ciency of regression by filtering redundant or correlated reservoir states.

Systematically benchmarked standard RC, haRC, and selective haRC across mul-
tiple tasks including memorization and chaotic forecasting.

Provided a comprehensive survey and structured classification of the broader Reser-

voir Computing literature based on recent developments

5.2 Outlook and Future Work

The Higher-order Augmented Reservoir Computer (haRC) introduced in this the-
sis presents a lightweight, expressive, and resource-efficient alternative to conventional
reservoir computing architectures. By augmenting a subset of reservoir state interactions
through multiplicative monomials, the haRC framework enhances representational power
without increasing the number of tunable parameters. The proposed Selective haRC
model further advances this paradigm by using internal signal statistics to heuristically
choose the most informative reservoir interactions, leading to improved performance un-
der memory constraints, noise injection, and sparse connectivity.

These properties position haRC as a strong candidate for several real-world appli-
cations. Its low memory footprint and computational efficiency make it well-suited for on-
chip learning, neuromorphic computing, and real-time embedded Al. For instance, it can
be deployed in robotics for adaptive control or trajectory forecasting, or in financial en-
gineering for forecasting and anomaly detection over high-dimensional time series using
compact architectures for adapting to higher order moments of market movements. The
Selective haRC’s ability to capture essential dynamic interactions using fewer resources
offers particular promise for control systems, and spatio-temporal sensor platforms oper-
ating under strict energy and latency constraints.

Building on these promising results, several research directions emerge. First, the
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performance of randomly augmented haRC and its selective counterpart is often com-
parable, particularly in equal-readout scenarios. While selective augmentation reduces
internal noise and provides better control over interaction terms, it does not always yield
substantial improvements. More data-oriented methods for reservoir unit selection—such
as mutual information, entropy measures, or sparse coding—could refine the Selective
haRC strategy by replacing data-agnostic principles with data-driven criteria. In addition,
the [ parameter, which determines the number of monomials used in augmentation, re-
mains a crucial factor for optimization. Exploring the joint effect of advanced selection
techniques and systematic [ optimization holds significant potential for improving the
efficiency and adaptability of haRC. Second direction, is to investigate the numerical and
architectural sensitivities that led to unexplained performance drops in certain forecast-
ing experiments. These sensitivities could be better understood and potentially mitigated
through improved initialization schemes, or additional stability checks.

Third, task-aware monomial construction and adaptive augmentation policies may
offer improved expressiveness while minimizing overhead. A particularly novel direction
involves integrating foundational dynamical systems—such as Lorenz or Rossler attrac-
tors—into the reservoir via state doping, thereby embedding known sub-dynamics into the
reservoir space as dynamic priors to improve generalization. Finally, hardware-level inte-
gration with mixed-signal processors or spiking neuromorphic architectures could enable
ultra-efficient implementations of haRC in edge computing scenarios.

In summary, the haRC and its selective variant not only expand the theoretical
design space of reservoir computers, but also demonstrate practical potential across a

range of real-world tasks where efficiency, robustness, and compactness are paramount.
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APPENDIX A. FORECAST GRAPHS OF RESERVOIR

COMPUTERS

A.1 Prediction Visualizations of the Reservoir Computers

In this section we can observe the datasets and how the Reservoir Computers are

reproduction of the trajectory according to the underlying dynamics of the datasets.

Figure A.1: Reservoirs perform sequential memorization task on the butterfly dataset.
haRC has fitted the equation with way less error that ground truth is not visible under the
green trace of haRC.
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Figure A.2: Reservoirs perform dynamics learning task on the Lorenz dataset. Both

reservoir computers succesfully captured the dynamics of the Lorenz system.

—— Ground Truth
sRC Prediction
—— haRC Prediction
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Figure A.3: Reservoirs perform dynamics learning task on the Mackey-Glass dataset.
Both reservoir computers successfully captured the dynamics of the Mackey-Glass system

yet SRC lost composure after 150 time steps.

Mackey-Glass Time Series and Predictions

—— Mackey-Glass Data
sRC Prediction
-06{ —— haRC Prediction
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Time

Figure A.4: Lorenz Dynamics Learning task equal parameter. All data points are 30 ex-
periments per configurations and shading is the Standard Error of the Root Mean squared
error. (a)When haRC reservoir is 50%sparse both sRC and haRC captures the dynamics
of the system to forecast.(b) When the haRC reservoirs are made to be 85% sparse we can

see that sRC diverges rapidly after a few steps of forecasting.

—— Ground Truth —— Ground Truth

sRC Forecast sRC Forecast
—— random haRC Forecast —— random haRC Forecast
—— selective haRC Forecast —— selective haRC Forecast

(a) sparse haRC (50%). (b) sparse haRC (85%).
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Figure A.5: Mackey-Glass Dynamics Learning task equal parameter. All data points
are 30 experiments per configurations and shading is the Standard Error of the Root
Mean squared error. SRC has 900 unit reservoirs size and haRC’s have 90 unit reservoirs
(a) Higher Order Augmented computers prevail in long term accuracy with 50%sparse-
ness.(b) When haRC reservoirs to be 85% sparse we can see that sRC algorithm starts
deteriorating quickly while both random and selective haRC proceeds to forecast data

accurately.
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(a) sparse haRC (50%).
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Figure A.6: Chua Circuit Dynamics Learning task equal parameter, equal readout.
SRC has 900 unit reservoirs size and haRC’s have 90 unit reservoirs (a) Both haRC and
SRC prevail in long term accuracy with 50%sparseness level for haRC. (b) When we
make the haRC reservoirs to be 85% sparse we can see that haRC algorithms beat the

SRC algorithms by keeping accurate predictions in the long term.

—— Ground Truth —— Ground Truth

SRC Forecast SRC Forecast
—— random haRC Forecast —— random haRC Forecast
—— selective haRC Forecast —— selective haRC Forecast

(a) sparse haRC (50%). (b) sparse haRC (85%).
Figure A.7: Ikeda map Dynamics Learning task equal parameter, equal readout. sRC

has 900 unit reservoirs size and haRC’s have 90 unit reservoirs (a) Both sRC and haRC
can capture the dynamics with haRC has 50% sparsity level.(b) When we make the haRC
reservoirs to be 85% sparse we can see that haRC algorithms beat the sRC algorithms by

keeping accurate predictions in the long term. While sRC diverges after a few timesteps.

(a)“sparse izaRC ( 50% ). “ w “ (i;) sparsé haRC ( 85% ). M
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Figure A.8: Henon map Dynamics Learning task equal parameter. sRC has 900 unit

reservoirs size and haRC’s have 90 unit reservoirs (a) As it can be seen Higher Order

Augmented computers prevail in long term accuracy with 50% sparseness.(b) When we

make the haRC reservoirs to be 85% sparse we can see that haRC algorithms beat the

SRC algorithms by keeping accurate predictions in the long term.
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Figure A.9: HFT Forecasting task equal parameter. sRC has 900 unit reservoirs size
and haRC’s have 90 unit reservoirs. As it can be seen Higher Order Augmented computers

prevail in long term accuracy with 85% sparseness.
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A.2 Graphs of the Resource Analysis Experiments

Figure A.10: Reservoirs are compared for the sequence memorization task on the But-

terfly dataset. haRC requires way less resources to perform with non- sparse reservoirs.
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Figure A.11: Reservoirs are compared for the sequence memorization task on the Ran-

dom Time Series dataset. haRC requires way less resources to perform with non- sparse

reservoirs.
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Figure A.12: Reservoirs are compared for the dynamics learning task on the Lorenz

dataset. haRC requires way less resources to perform with non- sparse reservoirs.
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Figure A.13: Reservoirs are compared for the dynamics learning task on the Mackey-

Glass dataset. haRC requires way less resources to perform with non- sparse reservoirs.
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Figure A.14: Lorenz System Dynamics Learning task. All data points are 30 experi-

ments per configurations and shading is the Standard Error of the Mean. (a) sRC has

a 90% sparse reservoir it performs better compared to non-sparse haRC. (b) When we

make the haRC reservoir to be 85% sparse we can see that sSRC can not compete with it

and haRC still performs reliably on the prediction of the Lorenz dynamics.

Lorenz generalize - Equal Readout, Memory

20

20
40

40 60

sRC
haRC
selective haRC

10°
Memory Resources

(a) Non-sparse haRC.

104

Lorenz generalize - Equal Readout, Memory

0.35

0.30

RMSE

0.20

0.15

0.10

40
20

80
a0~ 60
sRC
haRC 80
selective haRC

102
Memory Resources

(b) Sparse haRC (85%).
Figure A.15: Rossler Attractor Dynamics Learning task. All data points are 30 exper-

iments per configurations and shading is the Standard Error of the Mean. (a) sRC has

a 90% sparse reservoir it performs better compared to non-sparse haRC. (b) When we

make the haRC reservoir to be 85% sparse we can see that SRC can not compete with it

and haRC still performs reliably on the prediction of the Lorenz dynamics.
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Figure A.16: Henon Map Dynamics Learning task. All data points are 30 experiments

per configurations and shading is the Standard Error of the Root Mean squared error.

(a)Predictions graphs at Figure A.6 shows that especially random haRC is showing closer

dynamics learning. (b) When we make the haRC reservoirs to be 85% sparse we can see

that sRC gives out constant output while variance of haRC match dataset
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Figure A.17: Ikeda Dynamics Learning task. All data points are 30 experiments per

configurations and shading is the Standard Error of the Mean. (a) Predictions graphs at

Figure A.7.(b) When we make the haRC reservoirs to be 85% sparse we can see that sSRC

follows a sub dynamic output while variance of haRC matches the dataset. Figure A.7
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Figure A.18: HFT forecasting task. All data points are 30 experiments per configura-

tions and shading is the Standard Error of the Mean. When Reservoirs are 85% sparse

we can see that sRC generates the wrong output while haRC matches the dataset.
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Figure A.19: Lorenz Sequential Memorization task. All data points are 30 experiments

per configurations and shading is the Standard Error of the Mean. (a)As it can be seen

haRC’ prevails in 50% sparseness.(b) When haRC reservoirs have 85% sparse sRC does

not have enough parameters to memorize the whole sequence of the Lorenz system while

haRC efficiently memorizes the whole sequence.
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Figure A.20: Ikeda Sequential Memorization task. All data points are 30 experiments
per configurations and shading is the Standard Error of the Root Mean squared error.
(a)As it can be seen haRC’ prevails in 50% sparseness where they score less error com-
pared to sRC.(b) When we make the haRC reservoirs to be 85% sparse we can see that
SRC does not have enough parameters to memorize the whole sequence of the Ikeda sys-

tem while haRC efficiently memorizes the whole sequence.
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Figure A.21: Rossler Sequential Memorization task. All data points are 30 experiments

per configurations and shading is the Standard Error of the Root Mean squared error.

(a)As it can be seen haRC’ prevails in 50% sparseness.(b) When we make the haRC

reservoirs to be 85% sparse we can see that sSRC does not have enough parameters to

memorize the whole sequence while haRC efficiently memorizes it.
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Figure A.22: Henon Sequential Memorization task. All data points are 30 experiments

per configurations and shading is the Standard Error of the Root Mean squared error.

(a) As it can be seen haRC’ prevails in 50% sparseness (b) When we make the haRC

reservoirs to be 85% sparse we can see that SRC does not have enough parameters to

memorize the whole sequence while haRC efficiently memorizes it all.
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APPENDIX B. EQUAL RESOURCE EVALUATION OF

RESERVOIR COMPUTERS

B.1 [Equal Resource Experiments

Tables in this section compares the performance of Reservoir Computers with cor-

responding resources used. In these experiments number of constant parameters used by

the RC’s and the number of tunable parameters used are equalized so that we can have

a fair comparison in both sequence learning and dynamic systems forecasting tasks. To

summarize, sSRC requires higher number of parameters to complete these tasks meanwhile

haRC algorithms can achieve success at extreme minimum parameter values which stan-

dard Reservoir Computers can not even operate or be created due to memory constraints.

Table B.1: Mackey-Glass Dataset forecasting results are obtained with equalized re-
source and readout layer size at 85% sparse haRC. Refer to Fig 4.3b.

haRC
Size

Memory
Resource

sRC
Size

Readout  haRC
Size Sparsity

sRC
Sparsity

sRC Mult haRC Mult sRC Summ haRC Summ
Resource  Resource Resource Resource

Random haRC
Error + STD

Selective haRC
Error = STD

sRC
Error + STD

Winning
Ratio

140 20

60

60 0.850

0.994 141 220 139 138

0.176 £ 0.116

0.120 + 0.083

0.188 + 0.072

1.57

285 30

120

120 0.850

0.997 283 465 281 283

0.081 + 0.041

0.108 + 0.078

0.169 + 0.086

2.08

480

200

200 0.850

0.998 480 800 478 478

0.077 £ 0.052

0.062 +0.023

0.161 + 0.071

2.57

725

300

300 0.850

0.999 690 1225 688 723

0.071 £ 0.070

0.068 + 0.041

0.166 + 0.073

2.45

1020

420

420 0.850

0.999 1016 1740 1014 1018

0.057 + 0.046

0.065 + 0.040

0.145 + 0.055

2.57

1365

560

560 0.850

0.999 1433 2345 1431 1363

0.055 £ 0.025

0.064 + 0.037

0.142 + 0.040

2.58

1760

720

720 0.850

0.999 1958 3040 1956 1758

0.076 + 0.085

0.053 £ 0.030

0.190 £ 0.170

3.56

2205

900

900 0.850

1.000 1800 3825 1798 2203

0.045 £ 0.015

0.048 +0.013

0.150 + 0.139

3.32

Table B.2: Equal readout equal resource experiment with MackeyGlass dataset used in
Generalize task performance at 85.0% sparsity level, with significance checks of (Welch’s
t-test [1], o = 0.05).

Memory | haRC | sRC Error Error p- h | Signif
Resource | Size | Size haRC sRC value )
140 20 60 | 0.1759 +£0.1164 | 0.1883 £ 0.07187 0.6215 | 0 No
285 30 | 120 | 0.08147 + 0.0412 | 0.1692 4+ 0.0862 | 9.837e-06 | 1 Yes
480 40 | 200 | 0.07659 + 0.05247 | 0.1607 £ 0.07134 | 3.184e-06 | 1 Yes
725 50 | 300 | 0.07077 £+ 0.07001 | 0.1661 + 0.07297 | 3.133e-06 | 1 Yes
1020 60 | 420 | 0.05656 £ 0.04612 | 0.1453 + 0.05491 | 7.754e-09 | 1 Yes
1365 70 | 560 | 0.05495 + 0.02519 | 0.1419 + 0.03965 | 1.244e-13 | 1 Yes
1760 80 | 720 | 0.07601 + 0.08493 0.1902 + 0.17 0.00201 | 1 Yes
2205 90 | 900 | 0.04512 + 0.01512 | 0.1498 4+ 0.139 | 0.0002926 | 1 Yes
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Table B.3: Mackey-Glass Dataset forecasting results are obtained with equalized re-

source and readout layer size at 49% sparse haRC.

Memory | haRC sRC Readout haRC sRC SRC Mult haRC Mult sRC Summ haRC Summ | Random haRC  Selective haRC sRC Winning
Resource | Size Size Size Sparsity  Sparsity | Resource  Resource ~ Resource Resource Error = STD  Error = STD  Error £ STD ~ Ratio
284 20 60 60 0.490 0.954 285 364 283 282 0.092+0.047 0.146£0.133  0.105+0.035 1.14
609 30 120 120 0.490 0.974 614 789 612 607 0.074 £0.053  0.083£0.044  0.096 £ 0.026 1.30
1056 40 200 200 0.490 0.984 1040 1376 1038 1054 0.073£0.090 0.070 £0.035  0.099 +£0.049 141
1625 50 300 300 0.490 0.989 1590 2125 1588 1623 0.062 £0.025 0.065+0.031  0.091£0.048 1.47
2316 60 420 420 0.490 0.992 2251 3036 2249 2314 0.065 £0.044  0.052£0.028 0.090 £0.045 1.73
3129 70 560 560 0.490 0.994 3001 4109 2999 3127 0.052£0.031 0.053+0.019  0.083£0.059 1.60
4064 80 720 720 0.490 0.995 4032 5344 4030 4062 0.063 £0.057 0.074£0.116  0.057 £0.042 0.914
5121 90 900 900 0.490 0.996 5040 6741 5038 5119 0.047 £0.014  0.048 £0.011  0.051£0.024 1.07

Table B.4: Equal readout equal resource experiment with MackeyGlass dataset used in
Generalize task performance at 49.0% sparsity level, with significance checks of (Welch’s
t-test, o« = 0.05).

Memory | haRC | sRC Error Error p- h | Signif
Resource | Size | Size haRC sRC value '
284 20| 60 | 0.09234 £ 0.047 0.1055 £ 0.03548 0.2268 | 0 | No
609 30 | 120 | 0.07422 £ 0.05263 | 0.09646 £ 0.0256 | 0.04357 | 1 | Yes
1056 40 | 200 | 0.07256 4 0.09003 | 0.09863 +£ 0.04854 0.1697 | 0 | No
1625 50 | 300 | 0.06192 £ 0.02466 | 0.09085 4 0.04808 | 0.005361 | 1 | Yes
2316 60 | 420 | 0.06506 £ 0.04406 | 0.09011 + 0.04514 | 0.03374 | 1 | Yes
3129 70 | 560 | 0.05209 £ 0.03102 | 0.08338 = 0.05926 | 0.01392 | 1 | Yes
4064 80 | 720 | 0.06266 £ 0.05743 | 0.05728 £+ 0.04213 0.681 | 0| No
5121 90 | 900 | 0.04738 £ 0.01367 | 0.05051 % 0.02419 0.5411 | 0| No

Table B.5: Mackey-Glass Dataset forecasting results are obtained with equalized re-

source and readout layer size at 0% sparse haRC. Please refer to Fig 4.3a.

Memory | haRC sRC Readout haRC sRC SRC Mult haRC Mult sRC Summ haRC Summ | Random haRC  Selective haRC sRC Winning
Resource | Size Size Size Sparsity  Sparsity | Resource  Resource Resource Resource Error 4+ STD Error + STD  Error + STD Ratio
480 20 60 60 0.000 0.900 479 560 477 478 0.113£0.069 0.127£0.095  0.103 = 0.031 0.906
1050 30 120 120 0.000 0.944 1046 1230 1044 1048 0.085£0.078 0.100£0.059  0.102+0.050 1.20
1840 40 200 200 0.000 0.964 1840 2160 1838 1838 0.070 £ 0.057  0.066 £ 0.034  0.108 £ 0.060 1.64
2850 50 300 300 0.000 0.975 2850 3350 2848 2848 0.069 £0.054  0.051£0.027  0.099 £0.053 1.92
4080 60 420 420 0.000 0.982 4015 4800 4013 4078 0.063 £0.076  0.050 £ 0.023  0.083 £ 0.053 1.66
5530 70 560 560 0.000 0.986 5510 6510 5508 5528 0.055£0.081  0.055£0.025 0.057£0.022 1.04
7200 80 720 720 0.000 0.989 7142 8480 7140 7198 0.054 £0.029  0.052£0.019  0.056 £0.025 1.08
9090 90 900 900 0.000 0.991 9090 10710 9088 9088 0.050 £0.012  0.056 £0.031  0.042 x0.012 0.847

Table B.6: Lorenz Dataset forecasting results are obtained with equalized resource and
readout layer size at 0% sparse haRC.

Memory | haRC sRC Readout haRC sRC | sSRCMult haRC Mult sRC Summ haRC Summ | Random haRC  Selective haRC sRC Winning
Resource | Size Size Size Sparsity  Sparsity | Resource  Resource Resource Resource Error + STD Error + STD  Error + STD Ratio
640 20 60 60 0.000 0.922 640 880 634 634 0.232+£0.160 0.333+0.243  0.171+0.174 0.738
1350 30 120 120 0.000 0.956 1353 1890 1347 1344 0.149+0.117 0.217+0.161  0.097 £ 0.072 0.651
2320 40 200 200 0.000 0.972 2320 3280 2314 2314 0.179£0.170  0.207 +£0.207  0.102 + 0.088 0.571
3550 50 300 300 0.000 0.981 3510 5050 3504 3544 0.170+£0.172  0.209+0.137  0.083 £ 0.055 0.491
5040 60 420 420 0.000 0.986 4989 7200 4983 5034 0.179£0.120  0.178 £0.131  0.066 + 0.047 0.372
6790 70 560 560 0.000 0.989 6809 9730 6803 6784 0.132+£0.152  0.231+0.178  0.058 £ 0.040 0.437
8800 80 720 720 0.000 0.991 8985 12640 8979 8794 0.197 £0.154  0.206 +0.165  0.048 £ 0.030 0.245
11070 90 900 900 0.000 0.993 11070 15930 11064 11064 0.123+£0.083 0.152+0.113  0.059 £ 0.036 0.474
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Table B.7: Lorenz Dataset forecasting results are obtained with equalized resource and
readout layer size at 49% sparse haRC.

Memory | haRC sRC Readout haRC sRC SRC Mult haRC Mult sRC Summ haRC Summ | Random haRC  Selective haRC sRC Winning
Resource | Size Size Size Sparsity ~ Sparsity | Resource  Resource ~ Resource Resource Error = STD  Error = STD  Error £ STD ~ Ratio
444 20 60 60 0.490 0.977 442 684 436 438 0.253+£0.181 0.229+0.173  0.239+0.198 1.04
909 30 120 120 0.490 0.987 907 1449 901 903 0.240+0.186  0.233+0.151  0.142+0.139 0.612
1536 40 200 200 0.490 0.992 1520 2496 1514 1530 0250 £0.264 0.181£0.189  0.127 £ 0.094 0.698
2325 50 300 300 0.490 0.994 2340 3825 2334 2319 0.217£0.201 0.206+0.175  0.068 + 0.047 0.327
3276 60 420 420 0.490 0.996 3225 5436 3219 3270 0201 £0.161  0.191£0.138  0.093 +0.072 0.489
4389 70 560 560 0.490 0.997 4300 7329 4294 4383 0.161£0.139  0.168+£0.167  0.073 +0.053 0.455
5664 80 720 720 0.490 0.997 5875 9504 5869 5658 0.113£0.092  0.121 £0.096  0.062 = 0.043 0.544
7101 90 900 900 0.490 0.998 7020 11961 7014 7095 0.133£0.110  0.195+0.184  0.063 +0.038 0.476

Table B.8: Lorenz Dataset forecasting results are obtained with equalized resource and
readout layer size at 85% sparse haRC.

Memory | haRC sRC Readout haRC sRC sRC Mult haRC Mult sRC Summ haRC Summ | Random haRC = Selective haRC sRC Winning
Resource | Size Size Size Sparsity Sparsity | Resource  Resource Resource Resource Error = STD  Error + STD  Error + STD  Ratio
300 20 60 60 0.850 1.020 287 540 281 294 0.213+£0.143 0224 +0.158 0370 £0.074 1.73
585 30 120 120 0.850 1.010 575 1125 569 579 0.214 £0.200 0250 £0.192  0.294 £0.027 1.38
960 40 200 200 0.850 1.010 799 1920 793 954 0.171 £0.154 0238 £0.217  0.296 £0.015 1.73
1425 50 300 300 0.850 1.000 1800 2925 1794 1419 0.194£0.155 0.152£0.115 0307 £0.014 2.02
1980 60 420 420 0.850 1.000 2520 4140 2514 1974 0.178 £0.149  0.209£0.206  0.319+0.010 1.80
2625 70 560 560 0.850 1.000 3360 5565 3354 2619 0.158 £0.107  0.148 £0.094  0.327 £0.007 2.20
3360 80 720 720 0.850 1.000 4320 7200 4314 3354 0.128 £0.099 0.196 £0.151  0.334 £0.006 2.62
4185 90 900 900 0.850 1.000 5400 9045 5394 4179 0.150 £0.135 0.196£0.186  0.340 £0.005 2.27

Table B.9: Equal readout equal resource experiment with Lorenz dataset used in Gener-
alize task performance at 85.0% sparsity level, with significance checks of (Welch’s t-test,
a = 0.05).

Memory | haRC | sRC Error Error p- h | Signif
Resource | Size | Size haRC sRC value ’
300 20 60 | 0.2133 +0.1432 | 0.3696 + 0.07442 | 3.588e-06 | 1 Yes
585 30 | 120 | 0.2136 + 0.2003 | 0.2945 + 0.02732 0.03639 | 1 Yes
960 40 | 200 | 0.171 £ 0.1541 0.2965 4+ 0.015 0.0001159 | 1 Yes
1425 50 | 300 | 0.1937 + 0.155 0.3069 + 0.01445 0.000407 | 1 Yes
1980 60 | 420 | 0.1778 +0.1493 | 0.3192 +£0.01023 | 1.517e-05 | 1 Yes
2625 70 | 560 | 0.1576 + 0.1068 | 0.3269 + 0.007495 | 1.437¢-09 | 1 Yes
3360 80 | 720 | 0.1276 £ 0.09871 | 0.3338 + 0.006279 | 2.697e-12 | 1 Yes
4185 90 | 900 0.15 + 0.1347 0.3403 + 0.005124 | 1.551e-08 | 1 Yes

Table B.10: Chua Circuit Dataset forecasting results are obtained with equalized re-
source and readout layer size at 0% sparse haRC.

Memory | haRC sRC Readout haRC sRC sRC Mult haRC Mult sRC Summ haRC Summ | Random haRC  Selective haRC sRC Winning
Resource | Size Size Size Sparsity ~ Sparsity | Resource  Resource Resource Resource Error + STD Error + STD  Error + STD Ratio
640 20 60 60 0.000 0.922 640 880 634 634 0.419£0.265 0.435+0.243  0.495+0.223 1.18
1350 30 120 120 0.000 0.956 1353 1890 1347 1344 0.441£0.263 0.431+0.262 0.393+0.196 0.912
2320 40 200 200 0.000 0.972 2320 3280 2314 2314 0.428 £0.284 0.346+0.268  0.343+0.160 0.992
3550 50 300 300 0.000 0.981 3510 5050 3504 3544 0330 £0.284 0.340+0.268  0.264 £ 0.096 0.799
5040 60 420 420 0.000 0.986 4989 7200 4983 5034 0.381+0.243 0.379+0.235 0.279+0.108 0.737
6790 70 560 560 0.000 0.989 6809 9730 6803 6784 0.376 £0.266  0.380+0.266  0.260 + 0.105 0.692
8800 80 720 720 0.000 0.991 8985 12640 8979 8794 0.397£0.252  0.357+0.250  0.241+0.112 0.675
11070 90 900 900 0.000 0.993 11070 15930 11064 11064 0.407£0.270  0.311+0.232  0.200 + 0.080 0.643
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Table B.11: Chua Circuit Dataset forecasting results are obtained with equalized re-
source and readout layer size at 50% sparse haRC. Refer to figure 4.4a.

Memory | haRC sRC Readout haRC sRC SRC Mult haRC Mult sRC Summ haRC Summ | Random haRC  Selective haRC sRC ‘Winning
Resource | Size Size Size Sparsity ~ Sparsity | Resource  Resource Resource Resource Error + STD Error + STD  Error + STD Ratio
440 20 60 60 0.500 0.978 439 680 433 434 0.108 £0.098 0.147+0.207  0.105+0.062 0.973
900 30 120 120 0.500 0.988 892 1440 886 894 0.076 £0.099  0.042+0.045  0.040 + 0.020 0.963
1520 40 200 200 0.500 0.992 1520 2480 1514 1514 0.047 £0.108  0.037 +0.044  0.039 +0.022 1.08
2300 50 300 300 0.500 0.994 2340 3800 2334 2294 0.022+0.012  0.017+0.011  0.035+0.020 2.13
3240 60 420 420 0.500 0.996 3225 5400 3219 3234 0.017 £0.009 0.020+0.011  0.034£0.037 2.05
4340 70 560 560 0.500 0.997 4300 7280 4294 4334 0.022+0.013 0.015+0.008 0.023+0.016 1.54
5600 80 720 720 0.500 0.998 5356 9440 5350 5594 0.018+0.016 0.019+0.013 0.023+0.012 1.24
7020 90 900 900 0.500 0.998 7020 11880 7014 7014 0.016 £ 0.006 0.021 +0.010 0.020+0.011 1.21

Table B.12: Equal readout equal resource experiment with Chua dataset used in Gener-
alize task performance at 50.0% sparsity level, with significance checks of (Welch’s t-test,

a = 0.05).

Memory | haRC | sRC Error Error p- h | Signif
Resource | Size | Size haRC sRC value '

440 20| 60 | 0.1081 +£ 0.09758 0.1052 £ 0.06226 0.8913 | 0| No

900 30 | 120 | 0.07615 4 0.09894 | 0.04041 £ 0.02026 | 0.06162 | 0 | No

1520 40 | 200 | 0.04655 £ 0.1076 | 0.03947 £ 0.02165 0.7261 | 0 | No

2300 50 | 300 | 0.02172 + 0.01239 | 0.03515 4+ 0.02039 | 0.003379 | 1 | Yes

3240 60 | 420 | 0.0168 £ 0.009088 | 0.03449 +0.03715 | 0.01635 | 1| Yes

4340 70 | 560 | 0.02204 + 0.01339 | 0.02307 £ 0.01554 0.7856 | 0 | No

5600 80 | 720 | 0.01821 £0.01573 | 0.02256 £ 0.01164 0.2286 | 0 | No

7020 90 | 900 | 0.01624 £ 0.006104 | 0.01968 £+ 0.01111 0.1434 | 0| No

Table B.13: Chua Circuit Dataset forecasting results are obtained with equalized re-
source and readout layer size at 85% sparse haRC. Please refer to figure 4.4b.

Memory | haRC sRC Readout haRC sRC | sSRCMult haRC Mult sRC Summ haRC Summ | Random haRC  Selective haRC sRC Winning
Resource | Size Size Size Sparsity  Sparsity | Resource  Resource Resource Resource Error + STD Error + STD  Error + STD Ratio
300 20 60 60 0.850 1.020 287 540 281 294 0.087 £0.143  0.118 £0.201  0.090 +0.006 1.04
585 30 120 120 0.850 1.010 575 1125 569 579 0.061 £0.165  0.056 £ 0.075  0.076 £ 0.005 1.35
960 40 200 200 0.850 1.010 799 1920 793 954 0.024 £0.017  0.024£0.017  0.070 £ 0.004 2.95
1425 50 300 300 0.850 1.000 1800 2925 1794 1419 0.020 £0.014  0.019£0.011  0.064 +0.004 3.46
1980 60 420 420 0.850 1.000 2520 4140 2514 1974 0.019+0.012 0.017£0.011  0.057 +£0.004 3.36
2625 70 560 560 0.850 1.000 3360 5565 3354 2619 0.017+0.011  0.016 £0.010  0.054 +0.003 3.28
3360 80 720 720 0.850 1.000 4320 7200 4314 3354 0.016 £ 0.010  0.035+0.071  0.050 +0.003 3.03
4185 90 900 900 0.850 1.000 5400 9045 5394 4179 0.017 £0.010  0.020 +£0.007  0.046 £ 0.002 2.73
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Table B.14: Equal readout equal resource experiment with Chua dataset used in Gener-
alize task performance at 85.0% sparsity level, with significance checks of (Welch’s t-test,
a = 0.05).

Memory | haRC | sRC Error Error p- Sionif

Resource | Size | Size haRC sRC value 1gnit.
300 20 60 | 0.08651 + 0.1433 | 0.09008 + 0.006132 0.8928 No
585 30 | 120 0.0606 + 0.1653 0.07582 4+ 0.004991 0.618 No

960 40 | 200 | 0.02432 + 0.01743 | 0.07033 £ 0.00423 | 2.464e-15
1425 50 | 300 | 0.0199 £ 0.01433 | 0.06425 £ 0.004403 | 1.104e-17
1980 60 | 420 | 0.01921 + 0.01178 | 0.0575 £ 0.004009 1.47e-18
2625 70 | 560 | 0.0174 = 0.01114 | 0.05388 + 0.003309 | 2.316e-18
3360 80 | 720 | 0.01647 £ 0.009705 | 0.04982 £ 0.00295 | 4.609e-19
4185 90 | 900 | 0.01671 £ 0.009751 | 0.0456 £ 0.001877 | 1.599e-16
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Table B.15: Rossler Dataset forecasting results are obtained with equalized resource and
readout layer size at 50% sparse haRC.

Memory | haRC sRC Readout haRC sRC sRC Mult haRC Mult sRC Summ haRC Summ | Random haRC  Selective haRC sRC Winning
Resource | Size Size Size Sparsity  Sparsity | Resource  Resource Resource Resource Error = STD Error = STD  Error + STD Ratio
440 20 60 60 0.500 0.978 439 680 433 434 0.353+£0.595 0.422+0431  0.207£0.296 0.585
900 30 120 120 0.500 0.988 892 1440 886 894 0.269 £0.241 0.326+0.284  0.232+0.283 0.861
1520 40 200 200 0.500 0.992 1520 2480 1514 1514 0.262+0.210 0.283+0.228  0.172+0.227 0.656
2300 50 300 300 0.500 0.994 2340 3800 2334 2294 0.238£0.172 0.287+0.224  0.102+0.126 0.430
3240 60 420 420 0.500 0.996 3225 5400 3219 3234 0.183+0.110 0.286+0.182  0.126 + 0.141 0.687
4340 70 560 560 0.500 0.997 4300 7280 4294 4334 0.150+0.119  0.287+0.155  0.089 £ 0.104 0.591
5600 80 720 720 0.500 0.998 5356 9440 5350 5594 0.174 £0.108  0.257+0.160  0.125+0.197 0.722
7020 90 900 900 0.500 0.998 7020 11880 7014 7014 0.151£0.079 0.263+0.127  0.090 + 0.104 0.595

Table B.16: Rossler Dataset forecasting results are obtained with equalized resource and
readout layer size at 85% sparse haRC.

Memory | haRC sRC Readout haRC sRC SRC Mult haRC Mult sRC Summ haRC Summ | Random haRC  Selective haRC sRC Winning
Resource | Size Size Size Sparsity  Sparsity | Resource  Resource Resource Resource Error =+ STD Error = STD  Error + STD Ratio
300 20 60 60 0.850 1.020 287 540 281 294 0.286+0.113 0.326+0.133  0.281+0.013 0.982
585 30 120 120 0.850 1.010 575 1125 569 579 0.229 +£0.137 0.276 +0.114  0.272+0.010 1.19
960 40 200 200 0.850 1.010 799 1920 793 954 0.175£0.093 0.206 +0.122  0.249+0.010 1.42
1425 50 300 300 0.850 1.000 1800 2925 1794 1419 0.159 £0.087 0.203+0.115 0.235+0.008 1.48
1980 60 420 420 0.850 1.000 2520 4140 2514 1974 0.117 £0.065 0.175+0.101  0.222+0.008 1.90
2625 70 560 560 0.850 1.000 3360 5565 3354 2619 0.112£0.082 0.130+0.070  0.205+0.005 1.82
3360 80 720 720 0.850 1.000 4320 7200 4314 3354 0.094 £0.056 0.168+0.091 0.198+0.006 2.11
4185 90 900 900 0.850 1.000 5400 9045 5394 4179 0.077 £0.021  0.125+0.091  0.189+0.005 2.46
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Table B.17: Equal readout equal resource experiment with Rossler dataset used in Gen-
eralize task performance at 85.0% sparsity level, with significance checks of (Welch’s
t-test, a = 0.05).

Memory | haRC | sRC Error Error p- Sienif
Resource | Size | Size haRC sRC value ghit.
300 20 60 | 0.2864 +0.1132 0.2811 4+ 0.01307 0.8008 No

585 30 | 120 | 0.2287 +£0.137 0.2716 + 0.01023 0.09812

960 40 | 200 | 0.1751 + 0.09311 | 0.2494 + 0.00963 | 0.0001498
1425 50 | 300 | 0.1591 £ 0.08743 | 0.2354 £ 0.008095 | 4.746e-05
1980 60 | 420 | 0.117 £ 0.06485 | 0.2223 + 0.007778 | 8.146e-10
2625 70 | 560 | 0.1125 £ 0.08176 | 0.2052 £ 0.005302 | 8.921e-07
3360 80 | 720 | 0.09365 £ 0.05591 | 0.1976 £ 0.005779 | 3.941e-11
4185 90 | 900 | 0.07702 £ 0.02086 | 0.1892 £ 0.004514 | 2.694e-24

| | | [ | | | D >
o
»

Table B.18: lkeda Dataset forecasting results are obtained with equalized resource and
readout layer size at 0% sparse haRC.

Memory | haRC sRC Readout haRC sRC SRC Mult haRC Mult sRC Summ haRC Summ | Random haRC  Selective haRC sRC Winning
Resource | Size Size Size Sparsity  Sparsity | Resource  Resource Resource Resource Error + STD  Error = STD  Error + STD Ratio
560 20 60 60 0.000 0.911 560 720 556 556 0.303£0.159 0.334+0.151 0.335+0.116 1.11
1200 30 120 120 0.000 0.950 1200 1560 1196 1196 0.236 £0.112  0.274£0.173  0.337£0.092 143
2080 40 200 200 0.000 0.968 2080 2720 2076 2076 0.295£0.189  0.220 £0.120  0.326 £ 0.099 1.48
3200 50 300 300 0.000 0.978 3180 4200 3176 3196 0308 £0.185 0.285x0.176  0.308 £ 0.094 1.08
4560 60 420 420 0.000 0.984 4502 6000 4498 4556 0321£0.172  0.279£0.206 0.321£0.112 1.15
6160 70 560 560 0.000 0.988 6003 8120 5999 6156 0.338+£0.198 0.359+0.203  0.297 £ 0.072 0.878
8000 80 720 720 0.000 0.990 8064 10560 8060 7996 0412£0.192  0.323£0.195 0.329+0.100 1.02
10080 90 900 900 0.000 0.992 10080 13320 10076 10076 0.487+0.212 0403+0.267 0.314x0.110 0.778

Table B.19: lkeda Dataset forecasting results are obtained with equalized resource and
readout layer size at 50% sparse haRC.

Memory | haRC sRC Readout haRC sRC sRC Mult  haRC Mult sRC Summ haRC Summ | Random haRC  Selective haRC sRC Winning
Resource | Size Size Size Sparsity  Sparsity | Resource ~ Resource Resource Resource Error £ STD ~ Error + STD  Error + STD ~ Ratio
360 20 60 60 0.500 0.967 358 520 354 356 0383 £0.146 0408 +0.220  0.352+0.069 0.918
750 30 120 120 0.500 0.981 753 1110 749 746 0306 £0.152  0.270 £0.167  0.342+0.100 1.27
1280 40 200 200 0.500 0.988 1280 1920 1276 1276 0.245+0.148  0.284+0.162  0.297 £0.082 1.21
1950 50 300 300 0.500 0.992 1920 2950 1916 1946 0.237 £0.138  0.280 £ 0.220  0.344 £ 0.087 1.45
2760 60 420 420 0.500 0.994 2738 4200 2734 2756 0.380£0.199 0.255£0.169 0.332+0.118 1.30
3710 70 560 560 0.500 0.995 3808 5670 3804 3706 0.448 £0.218  0.298+0.199  0.332+0.159 1.11
4800 80 720 720 0.500 0.996 4953 7360 4949 4796 0391 +£0.211 0.344+0.253  0.316 £ 0.090 0.918
6030 90 900 900 0.500 0.997 6030 9270 6026 6026 0458 £0.217 0.380+0.242  0.331 £ 0.100 0.872

Table B.20: lkeda Dataset forecasting results are obtained with equalized resource and
readout layer size at 85% sparse haRC.

Memory | haRC sRC Readout haRC sRC sRC Mult haRC Mult sRC Summ haRC Summ | Random haRC  Selective haRC sRC Winning
Resource | Size Size Size Sparsity  Sparsity | Resource  Resource Resource Resource Error + STD Error = STD  Error + STD Ratio
220 20 60 60 0.850 1.010 203 380 199 216 0.339£0.192 0.351+0.147 0.384+0.016 1.14
435 30 120 120 0.850 1.000 480 795 476 431 0.301 £0.167 0.307+0.193  0.411+0.009 1.36
720 40 200 200 0.850 1.000 800 1360 796 716 0.274+0.191 0.271£0.185 0.430+0.004 1.59
1075 50 300 300 0.850 1.000 1200 2075 1196 1071 0.312+0.164 0.266 £0.160  0.445+0.004 1.67
1500 60 420 420 0.850 1.000 1680 2940 1676 1496 0.327 £0.205 0.266 £ 0.148  0.459 +0.004 1.73
1995 70 560 560 0.850 1.000 2240 3955 2236 1991 0.364+0212 0.362+0.207 0.471+0.003 1.30
2560 80 720 720 0.850 1.000 2880 5120 2876 2556 0.389+0.186 0.387 £0.250  0.483 +0.004 1.25
3195 90 900 900 0.850 1.000 3600 6435 3596 3191 0.467 £0.222  0.342+0.215 0.491+0.002 1.44
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Table B.21: Henon Dataset forecasting results are obtained with equalized resource and
readout layer size at 50% sparse haRC.

Memory | haRC sRC Readout haRC sRC sRC Mult haRC Mult sRC Summ haRC Summ | Random haRC  Selective haRC sRC Winning
Resource | Size Size Size Sparsity  Sparsity | Resource ~ Resource Resource Resource Error + STD Error + STD  Error + STD Ratio
360 20 60 60 0.500 0.967 358 520 354 356 0.490 £0.051 0.471£0.042  0.387 £ 0.014 0.823
750 30 120 120 0.500 0.981 753 1110 749 746 0.477£0.045 0.488+0.040  0.390 £ 0.021 0.818
1280 40 200 200 0.500 0.988 1280 1920 1276 1276 0.513£0.045 0.504+0.036  0.390 £ 0.023 0.774
1950 50 300 300 0.500 0.992 1920 2950 1916 1946 0.549 £0.066  0.514+0.042  0.404 £ 0.033 0.785
2760 60 420 420 0.500 0.994 2738 4200 2734 2756 0.542£0.084 0.516+0.054  0.409 £ 0.032 0.793
3710 70 560 560 0.500 0.995 3808 5670 3804 3706 0.521 £0.057 0.531£0.051  0.440 £ 0.032 0.845
4800 80 720 720 0.500 0.996 4953 7360 4949 4796 0.519£0.053 0.574+0.082  0.429 £ 0.037 0.826
6030 90 900 900 0.500 0.997 6030 9270 6026 6026 0.535£0.096 0.526+0.066  0.463 £ 0.037 0.879

Table B.22: Henon Dataset forecasting results are obtained with equalized resource and
readout layer size at 85% sparse haRC.

Memory | haRC sRC Readout haRC sRC sRC Mult haRC Mult sRC Summ  haRC Summ | Random haRC  Selective haRC sRC Winning
Resource | Size Size Size Sparsity ~ Sparsity | Resource  Resource Resource Resource Error + STD Error + STD  Error + STD Ratio
220 20 60 60 0.850 1.010 203 380 199 216 0.499 £0.053 0.482+0.040  0.404 £ 0.011 0.839
435 30 120 120 0.850 1.000 480 795 476 431 0.494 £0.048  0.501 £0.047  0.385 £ 0.005 0.779
720 40 200 200 0.850 1.000 800 1360 796 716 0.524 £0.045  0.507+£0.047  0.377 £0.002 0.743
1075 50 300 300 0.850 1.000 1200 2075 1196 1071 0.516£0.091 0.523+0.067 0.374 £ 0.001 0.725
1500 60 420 420 0.850 1.000 1680 2940 1676 1496 0.518+£0.046 0.534+0.061  0.374 £ 0.001 0.723
1995 70 560 560 0.850 1.000 2240 3955 2236 1991 0.520 £0.055 0.545+0.086  0.374 £ 0.001 0.719
2560 80 720 720 0.850 1.000 2880 5120 2876 2556 0.541 £0.098  0.550£0.074  0.374 £ 0.001 0.691
3195 90 900 900 0.850 1.000 3600 6435 3596 3191 0.523 £0.084 0.531+0.065 0.375+0.001 0.718

Table B.23: Mackey-Glass Dataset memorization results are obtained with equalized
resource and readout layer size at 85% sparse haRC.

Memory | haRC sRC Readout haRC sRC sRC Mult haRC Mult sRC Summ haRC Summ | Random haRC  Selective haRC sRC Winning
Resource | Size Size  Size  Sparsity Sparsity | Resource  Resource  Resource Resource Error = STD  Error + STD  Error + STD  Ratio
120 20 60 60 0.850 0.983 120 240 59 58 0.226 £ 0.007  0.226 £ 0.005  0.232+0.001 1.02
255 30 120 120 0.850 0.991 255 525 134 133 0.215+£0.010 0.212£0.007 0.230 £0.002 1.08
440 40 200 200 0.850 0.994 440 920 239 238 0.188 £0.015 0.196 £0.016  0.226 £ 0.006 1.20
675 50 300 300 0.850 0.996 675 1425 374 373 0.166 £0.020  0.165 £ 0.024  0.221 £0.009 1.34
960 60 420 420 0.850 0.997 960 2040 539 538 0.115+£0.015 0.113£0.021  0.209£0.015 1.85
1295 70 560 560 0.850 0.998 1295 2765 734 733 0.004 £0.021  0.005+0.027  0.199 £0.028 49

1680 80 720 720 0.850 0.998 1680 3600 959 958 0.000 £0.000  0.000 +0.000 0.187 £0.040 100+
2115 90 900 900 0.850 0.999 2115 4545 1214 1213 0.001 £0.007  0.000 £0.000 0.156 +0.045 100+

Table B.24: Equal readout equal resource experiment with MackeyGlass dataset used in
Memorize task performance at 85.0% sparsity level, with significance checks of (Welch’s
t-test, o« = 0.05).

Memory | haRC | sRC Error Error p- h| Signif
Resource | Size | Size haRC sRC value ’
120 20| 60 0.2265 + 0.0075 0.2318 £ 0.001327 | 0.0006011 | 1 | Yes
255 30 | 120 0.2146 + 0.01029 0.2301 +0.00184 | 3.834e-09 | 1 | Yes
440 40 | 200 0.1879 + 0.01468 0.2261 + 0.006471 | 6.184e-16 | 1 | Yes
675 50 | 300 0.1657 + 0.02016 0.2215 £ 0.009136 | 6.672e-17 | 1 | Yes
960 60 | 420 0.1153 £ 0.01507 0.2095 + 0.01517 | 6.245e-32 | 1| Yes
1295 70 | 560 | 0.004037 £ 0.02056 | 0.1992 £ 0.02834 | 2.853e-35 | 1| Yes
1680 80 | 720 | 2.049e-10 - 4.101e-10 | 0.1868 = 0.03964 | 1.475e-21 | 1 | Yes
2115 90 | 900 | 0.001306 £ 0.007155 | 0.1559 £ 0.04479 | 3.128e-18 | 1| Yes
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Table B.25: Mackey-Glass Dataset memorization results are obtained with equalized
resource and readout layer size at 0% sparse haRC.

Memory | haRC sRC Readout haRC sRC SRC Mult  haRC Mult sRC Summ haRC Summ | Random haRC  Selective haRC sRC Winning
Resource | Size Size Size Sparsity  Sparsity | Resource  Resource Resource Resource Error + STD Error + STD  Error + STD Ratio
460 20 60 60 0.000 0.889 460 580 399 398 0.224 £0.008 0.226 £0.005  0.226 £ 0.006 1.01
1020 30 120 120 0.000 0.938 1020 1290 899 898 0.211£0.006  0.210 £0.010  0.214 £ 0.007 1.02
1800 40 200 200 0.000 0.960 1800 2280 1599 1598 0.190 £ 0.007  0.188 £ 0.009  0.191 £0.008 1.02
2800 50 300 300 0.000 0.972 2800 3550 2499 2498 0.161 £0.008 0.161£0.012  0.154 £ 0.010 0.955
4020 60 420 420 0.000 0.980 4020 5100 3599 3598 0.115£0.013  0.115£0.026  0.098 £ 0.012 0.851
5460 70 560 560 0.000 0.984 5460 6930 4899 4898 0.005 £0.027  0.008 +0.035  0.000 = 0.000 0.000
7120 80 720 720 0.000 0.988 7120 9040 6399 6398 0.006 +£0.033  0.000 £0.000  0.000 £ 0.000 0.003
9000 90 900 900 0.000 0.990 9000 11430 8099 8098 0.000 £0.000  0.000 £ 0.000  0.000 £ 0.000 0.575

Table B.26: Equal readout equal resource experiment with MackeyGlass dataset used in
Memorize task performance at 0.0% sparsity level, with significance checks of (Welch’s
t-test, o« = 0.05).

Memory | haRC | sRC Error Error p- h | Signif

Resource | Size | Size haRC sRC value ’
460 20 60 0.2241 4+ 0.008347 0.2256 + 0.006104 04415 | 0 No
1020 30 | 120 0.2108 4+ 0.006385 0.2135 + 0.006937 0.1188 | 0 No
1800 40 | 200 0.1901 £ 0.00719 0.1913 + 0.008082 0.5401 | O No
2800 50 | 300 0.1609 + 0.007951 0.1536 + 0.009716 0.002331 | 1 Yes
4020 60 | 420 0.1146 £+ 0.01316 0.09757 + 0.01224 2.717e-06 | 1 Yes
5460 70 | 560 | 0.005011 + 0.02744 | 8.244e-10 + 2.445e-10 0.3256 | 0 No
7120 80 | 720 | 0.006072 4+ 0.03326 | 1.015e-10 + 1.277e-11 0.3256 | 0 No
9000 90 | 900 | 7.551e-11 4+ 1.953e-10 | 4.342¢-11 £+ 4.707e-12 0.3756 | 0 No

Table B.27: Lorenz Dataset memorization results are obtained with equalized resource
and readout layer size at 85% sparse haRC.

Memory | haRC sRC Readout haRC sRC | sSRCMult haRC Mult sRC Summ haRC Summ | Random haRC  Selective haRC sRC Winning
Resource | Size Size Size Sparsity  Sparsity | Resource  Resource Resource Resource Error + STD  Error + STD  Error + STD  Ratio
240 20 60 60 0.850 0.983 240 360 177 174 0301 £0.011  0.294£0.010  0.544 +£0.265 1.85
495 30 120 120 0.850 0.991 495 765 372 369 0.287 £0.021  0.288 +£0.027  0.465+0.246 1.62
840 40 200 200 0.850 0.994 840 1320 637 634 0.258 £0.013  0.271 £0.038  0.459+0.236 1.78
1275 50 300 300 0.850 0.996 1275 2025 972 969 0.224 £0.011  0.234 £0.025  0.436+0.238 1.95
1800 60 420 420 0.850 0.997 1800 2880 1377 1374 0.155+£0.012 0.159+0.015 0.422+0222 272
2415 70 560 560 0.850 0.998 2415 3885 1852 1849 0.008 £0.030  0.000 £0.000 0.330£0.179 100+
3120 80 720 720 0.850 0.998 3120 5040 2397 2394 0.009 £0.048 0.009 £0.049  0.350 £0.202 40

3915 90 900 900 0.850 0.999 3915 6345 3012 3009 0.000 £0.000 0.000+0.000 0.255+0.096 100+

Table B.28: Equal readout equal resource experiment with Lorenz dataset used in Mem-
orize task performance at 85.0% sparsity level, with significance checks of (Welch’s t-test,

a = 0.05).

Memor haRC | sRC Error Error - .
Resourc{: Size | Size haRC sRC v£ue h | Signif.

240 20 60 0.3011 £ 0.01122 0.5438 £ 0.2653 | 2.467e-05 | 1 Yes

495 30 | 120 0.2873 £+ 0.02098 0.4653 £ 0.2456 | 0.0004426 | 1 Yes

840 40 | 200 0.2581 + 0.01343 0.4589 + 0.2361 6.608e-05 | 1 Yes

1275 50 | 300 0.2238 + 0.01057 0.4364 £ 0.2384 | 3.497e-05 | 1 Yes

1800 60 | 420 0.1548 + 0.01201 0.4217 £0.2215 | 3.121e-07 | 1 Yes

2415 70 | 560 | 0.007807 & 0.02967 | 0.3303 +0.1794 | 7.308e-11 | 1 Yes

3120 80 | 720 | 0.008684 £ 0.04756 | 0.3498 4 0.2019 | 2.606e-10 | 1 Yes

3915 90 | 900 | 5.11e-09 £ 1.611e-08 | 0.2546 + 0.09579 | 7.286e-15 | 1 Yes
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Table B.29: Lorenz Dataset memorization results are obtained with equalized resource
and readout layer size at 50% sparse haRC.

Memory | haRC sRC Readout haRC sRC SRC Mult  haRC Mult sRC Summ haRC Summ | Random haRC  Selective haRC sRC Winning
Resource | Size Size  Size  Sparsity Sparsity | Resource  Resource  Resource Resource Error + STD  Error + STD  Error + STD  Ratio
380 20 60 60 0.500 0.944 380 500 317 314 0.308 £0.041  0.324+£0.054  0.582+0.238 1.89
810 30 120 120 0.500 0.969 810 1080 687 684 0.300 £0.028 0.312+0.043  0.638 £0.189 2.13
1400 40 200 200 0.500 0.980 1400 1880 1197 1194 0.269 £0.011  0.298£0.038  0.597£0.145 2.22
2150 50 300 300 0.500 0.986 2150 2900 1847 1844 0.227 £0.017  0.245+0.028  0.532+0.044 235
3060 60 420 420 0.500 0.990 3060 4140 2637 2634 0.160 £ 0.011  0.165+0.031  0.329+£0.063 2.06
4130 70 560 560 0.500 0.992 4130 5600 3567 3564 0.024 £0.074  0.001 £0.003  0.000 = 0.000 0.000
5360 80 720 720 0.500 0.994 5360 7280 4637 4634 0.000 £ 0.000  0.000 £0.000  0.000 +0.000 1.35
6750 90 900 900 0.500 0.995 6750 9180 5847 5844 0.005 £0.018  0.000 £ 0.000  0.000 +0.000 1.58

Table B.30: Rossler Dataset memorization results are obtained with equalized resource
and readout layer size at 85% sparse haRC.

Memory | haRC sRC Readout haRC sRC sRC Mult haRC Mult sRC Summ haRC Summ | Random haRC  Selective haRC sRC Winning
Resource | Size Size Size Sparsity  Sparsity | Resource ~ Resource Resource Resource Error + STD  Error + STD  Error + STD Ratio
240 20 60 60 0.850 0.983 240 360 177 174 0.335£0.009 0.334£0.008 0.536£0.216 1.60
495 30 120 120 0.850 0.991 495 765 372 369 0.322£0.018 0.332+0.018 0.562+0.214 1.75
840 40 200 200 0.850 0.994 840 1320 637 634 0.291 £0.028 0.306 £0.024  0.447+£0.189 1.53
1275 50 300 300 0.850 0.996 1275 2025 972 969 0.246 £0.038  0.254 £0.040  0.422+0.168 1.71
1800 60 420 420 0.850 0.997 1800 2880 1377 1374 0.169 £0.036  0.176 £0.051  0.370£0.122 2.19
2415 70 560 560 0.850 0.998 2415 3885 1852 1849 0.014 £0.047 0.022+0.076  0.360 £0.126 25

3120 80 720 720 0.850 0.998 3120 5040 2397 2394 0.000 £0.000 0.022+0.083  0.361 £0.137 100+
3915 90 900 900 0.850 0.999 3915 6345 3012 3009 0.010 £0.057  0.000 £0.000  0.275 £0.146 100+

Table B.31: Rossler Dataset memorization results are obtained with equalized resource
and readout layer size at 50% sparse haRC.

Memory | haRC sRC Readout haRC sRC SRC Mult  haRC Mult sRC Summ haRC Summ | Random haRC  Selective haRC sRC Winning
Resource | Size Size Size Sparsity  Sparsity | Resource  Resource Resource Resource Error + STD Error + STD  Error + STD Ratio
380 20 60 60 0.500 0.944 380 500 317 314 0.338 £0.026 0.371£0.051  0.586+0.178 1.74
810 30 120 120 0.500 0.969 810 1080 687 684 0.322£0.015 0.338+£0.035 0.570£0.159 1.77
1400 40 200 200 0.500 0.980 1400 1880 1197 1194 0.287 £0.016  0.308 £0.024  0.551£0.115 1.92
2150 50 300 300 0.500 0.986 2150 2900 1847 1844 0.238 £0.033  0.250 £0.026  0.488 £ 0.064 2.05
3060 60 420 420 0.500 0.990 3060 4140 2637 2634 0.173 £0.042 0.175£0.037  0.307 £0.060 1.77
4130 70 560 560 0.500 0.992 4130 5600 3567 3564 0.000 £0.003  0.000 +0.000  0.000 = 0.000 0.004
5360 80 720 720 0.500 0.994 5360 7280 4637 4634 0.000 £ 0.000 0.007 £0.036  0.000 £ 0.000 3.49
6750 90 900 900 0.500 0.995 6750 9180 5847 5844 0.000 £ 0.000  0.000 +0.000  0.000 £ 0.000 0.532

Table B.32: Chua Circuit Dataset memorization results are obtained with equalized re-
source and readout layer size at 85% sparse haRC. Please refer to figure 4.6b.

Memory | haRC sRC Readout haRC sRC SRC Mult haRC Mult sRC Summ haRC Summ | Random haRC  Selective haRC sRC Winning
Resource | Size Size Size Sparsity  Sparsity | Resource  Resource Resource Resource Error + STD  Error + STD  Error + STD Ratio
240 20 60 60 0.850 0.983 240 360 177 174 0.448 £0.010 0453 £0.008  0.634 £0.250 1.42
495 30 120 120 0.850 0.991 495 765 372 369 0.429 £0.018 0.435+0.029 0.620£0.243 145
840 40 200 200 0.850 0.994 840 1320 637 634 0.375£0.027 0.396£0.030 0.621 £0.242 1.65
1275 50 300 300 0.850 0.996 1275 2025 972 969 0.316 £0.028 0.331 £0.041  0.554+£0.202 1.75
1800 60 420 420 0.850 0.997 1800 2880 1377 1374 0.220£0.019  0.220 £0.023  0.527£0.197 2.40
2415 70 560 560 0.850 0.998 2415 3885 1852 1849 0.059 £0.143  0.007 £0.037  0.513+0.202 77

3120 80 720 720 0.850 0.998 3120 5040 2397 2394 0.011£0.062 0.022+£0.087 0.451+0.186 40

3915 90 900 900 0.850 0.999 3915 6345 3012 3009 0.010 £0.056  0.000 £0.000 0.375+0.121 100+
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Table B.33: Equal readout equal resource experiment with Chua dataset used in Memo-
rize task performance at 85.0% sparsity level, with significance checks of (Welch’s t-test,

a = 0.05).

Memor haRC | sRC Error Error - ..
Resourc}; Size | Size haRC SRC Vzﬁue h | Signif.

240 20 60 | 0.448 = 0.01019 | 0.6345 +0.2502 | 0.0003216 | 1 Yes

495 30 | 120 | 0.4285 £+ 0.01826 | 0.6201 £ 0.2431 | 0.0001706 | 1 Yes

840 40 | 200 | 0.3754 £ 0.02702 | 0.6205 + 0.2415 | 5.462e-06 | 1 Yes

1275 50 | 300 | 0.3162 + 0.02797 | 0.5545 £ 0.2017 | 4.411e-07 | 1 Yes

1800 60 | 420 | 0.2204 + 0.01922 | 0.5271 £ 0.1975 | 2.149e-09 | 1 Yes

2415 70 | 560 | 0.05909 + 0.1432 | 0.5133 = 0.2018 | 8.117e-14 | 1 Yes

3120 80 | 720 | 0.01134 £ 0.06212 | 0.4509 £ 0.1859 | 2.554e-14 | 1 Yes

3915 90 | 900 | 0.01024 + 0.05608 | 0.3754 4+ 0.1209 | 3.135e-18 | 1 Yes

Table B.34: Chua Equal Output results memorization sparsity 50% please refer to figure
4.6a.

Memory | haRC sRC Readout haRC sRC SRC Mult haRC Mult sRC Summ haRC Summ | Random haRC  Selective haRC sRC Winning
Resource | Size Size Size Sparsity  Sparsity | Resource  Resource Resource Resource Error + STD Error £ STD  Error + STD Ratio
380 20 60 60 0.500 0.944 380 500 317 314 0.454 £0.024 0.465+0.044  0.736 £0.224 1.62
810 30 120 120 0.500 0.969 810 1080 687 684 0.429 £0.020 0.441+0.031 0.774£0.172 1.81
1400 40 200 200 0.500 0.980 1400 1880 1197 1194 0.378 £0.019  0.398£0.034  0.701 £0.144 1.85
2150 50 300 300 0.500 0.986 2150 2900 1847 1844 0.320 £0.021  0.322+0.027 0.573£0.118 1.79
3060 60 420 420 0.500 0.990 3060 4140 2637 2634 0.224 £0.041  0.231£0.032  0.397 £0.067 1.77
4130 70 560 560 0.500 0.992 4130 5600 3567 3564 0.000 £ 0.000  0.000 £ 0.000  0.000 = 0.000 0.124
5360 80 720 720 0.500 0.994 5360 7280 4637 4634 0.009 £0.047  0.000 £0.000  0.000 +0.000 1.55
6750 90 900 900 0.500 0.995 6750 9180 5847 5844 0.000 £0.000  0.005+0.025  0.000 £ 0.000 0.571

Table B.35: lkeda Dataset memorization results are obtained with equalized resource
and readout layer size at 85% sparse haRC.

Memory | haRC sRC Readout haRC sRC sRC Mult haRC Mult sRC Summ haRC Summ | Random haRC  Selective haRC sRC Winning
Resource | Size Size Size Sparsity Sparsity | Resource  Resource Resource Resource Error + STD  Error + STD  Error + STD  Ratio
180 20 60 60 0.850 0.983 180 300 118 116 0.421£0.013 0428 +£0.020 0.524+0.147 1.24
375 30 120 120 0.850 0.991 375 645 253 251 0.401 £0.016 0408 £0.021  0.529+0.150 1.32
640 40 200 200 0.850 0.994 640 1120 438 436 0.358 £0.029 0367 +0.021  0.503 £0.142 1.40
975 50 300 300 0.850 0.996 975 1725 673 671 0.306 £0.029 0.310+0.033 0458 +0.122 1.50
1380 60 420 420 0.850 0.997 1380 2460 958 956 0.224 £0.048  0.203 £0.010 0456 £0.125 2.25
1855 70 560 560 0.850 0.998 1855 3325 1293 1291 0.013£0.063 0.009 £0.052 0448 +0.118 47

2400 80 720 720 0.850 0.998 2400 4320 1678 1676 0.026 £0.081  0.014£0.075 0.405+0.143 29

3015 90 900 900 0.850 0.999 3015 5445 2113 2111 0.007 £0.036  0.000 £0.000 0338 +0.111 100+

Table B.36: lkeda Dataset memorization results are obtained with equalized resource
and readout layer size at 50% sparse haRC.

Memory | haRC sRC Readout haRC sRC sRC Mult haRC Mult sRC Summ haRC Summ | Random haRC  Selective haRC sRC Winning
Resource | Size Size Size Sparsity  Sparsity | Resource  Resource Resource Resource Error + STD Error = STD  Error + STD Ratio
320 20 60 60 0.500 0.944 320 440 258 256 0.424 £0.017 0.437+0.037 0.627+0.131 1.48
690 30 120 120 0.500 0.969 690 960 568 566 0.398 £0.013 0.410+0.020 0.615+0.099 1.55
1200 40 200 200 0.500 0.980 1200 1680 998 996 0.360 £0.019 0.362+0.019  0.582+0.058 1.61
1850 50 300 300 0.500 0.986 1850 2600 1548 1546 0.300 £0.023 0.310+0.034  0.456+0.074 1.52
2640 60 420 420 0.500 0.990 2640 3720 2218 2216 0.209 £0.008 0.213+0.017 0.320+0.026 1.54
3570 70 560 560 0.500 0.992 3570 5040 3008 3006 0.000 +0.000 0.004 +0.022  0.000 + 0.000 0.174
4640 80 720 720 0.500 0.994 4640 6560 3918 3916 0.004 £0.023  0.006 +0.032  0.000 + 0.000 0.000
5850 90 900 900 0.500 0.995 5850 8280 4948 4946 0.000 +0.000  0.000 +0.000 0.000 +0.000 1.15
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APPENDIX C. NOISE ROBUSTNESS AND

REGULARIZATION EXPERIMENTS

C.1 Noise Robustness Ridge Parameter Evaluation Experiments

These experiments were made to empirically evaluate the best regularization pa-
rameter to be used in the Noise Robustness and equal output experiments. They are
derived for different datasets as well, Following visuals show the Mackey Glass dataset

evaluations.

MackeyGlass generalize - sRC, haRC, and Selective-haRC

SRC (Sparsity 0)
—— haRC (Sparsity 0)
—— selective haRC (Sparsity 0)
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Figure C.1: Reservoir Computers are tested on dynamic system learning task with added

in-reservoir Gaussian noise of 0.05 on non-sparse reservoirs.

Figure C.2: Reservoir Computers are tested on dynamic system learning task with added

in-reservoir Gaussian noise of 0.05 on 90% sparse reservoirs.
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Figure C.3: Reservoir Computers are tested on dynamic system learning task with added

in-reservoir Gaussian noise of 0.1 on non-sparse reservoirs.
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sRC (Sparsity 0)

0.7 4 —— haRC (Sparsity 0)

—— selective haRC (Sparsity 0)

0.6
0.5 4
0.4 4

03 \/’,—\

0.2 4

Root Mean Squared Error

ml-B 16-’ 16-5 10|-5 10L4 102 1072 1071 16“
Ridge Parameter (Log Scale)

Figure C.4: Reservoir Computers are tested on dynamic system learning task with added

in-reservoir Gaussian noise of 0.1 on 90% sparse reservoirs.
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