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ABSTRACT 

VIBRATION ANALYSIS OF NANOBEAM IN THERMAL ENVIRONMENT 

MAMU, Redwan Mohammed 
M.Sc.  in Mechanical Engineering  

Supervisor: Assoc.Prof. Dr. Necla KARA TOĞUN  
August 2023 

94 pages 

Nanostructures are used widely in nanotechnology and nanodevice in recent years and 

this thesis paper presents the implementation of perturbation method for the vibration 

analysis of simple and fixed supported Euler-Bernoulli nanobeams resting on Winkler-

Pasternak and nonlinear foundation in thermal environment. Considering the thermal 

loading, the equations of motion of the Euler-Bernoulli nanobeam are obtained using 

modified couple stress theory and nonlocal elasticity theory. The effect of thermal 

loadings on the free vibration of the Euler-Bernoulli nanobeam is presented. 

Hamilton’s principle is employed for obtaining differential equation of motion of 

nanobeam in cooperation with suitable boundary conditions. An approximate solution 

of the presented system is developed considering the method of multiple scale, which 

is one of the perturbation techniques. The effects of temperature, Winkler and 

Pasternak parameters, nonlinear foundation parameter as well as effects of the simple-

simple and clamped-clamped boundary conditions on the vibrations, are determined 

and presented numerically and graphically. 

Key Words: Euler-Bernoulli Nanobeam, perturbation method, vibration, 

Temperature, Winkler-Pasternak foundation, nonlinear foundation, modified couple 

stress theory, Nonlocal Elasticity Theory 

 

 

 



 

ÖZET 

 SICAK ORTAMDAKI NANOKIRIŞ'İN TİTREŞİM ANALİZİ 
 

MAMU, Redwan Mohammed 
Yüksek Lisans Tezi, Makine Mühendisliği 

Danışman: Assoc.Prof. Dr. Necla KARA TOĞUN  
Ağustos 2023 

94 sayfa 
Nanoyapılar, son yıllarda nanoteknoloji ve nanocihazlarda yaygın olarak 

kullanılmaktadır ve bu tezi, Winkler-Pasternak ve nonlinear  temel üzerine oturan basit 

ve sabit destekli Euler-Bernoulli nanokirislerin termal ortamdaki titreşim analizi için 

pertürbasyon yönteminin uygulanmasını sunmaktadır. Termal yük dikkate alındığında, 

Euler-Bernoulli nanokirisin hareket denklemleri, modified couple stres ve nonlocal 

elasticity teorisi kullanılarak elde edildi. Termal yüklerin Euler-Bernoulli nanokirisin 

serbest titreşimi üzerindeki etkisi sunulmuştur. Hamilton prensibi, uygun sınır 

koşulları ile işbirliği içinde nano kirişin diferansiyel hareket denklemini elde etmek 

için kullanıldi. Sunulan sistemin yaklaşık çözümü, pertürbasyon tekniklerinden biri 

olan multiple scale yöntemi dikkate alınarak geliştirilmiştir. Sıcaklığın, Winkler ve 

Pasternak parametrelerinin, nonlinear temel parametresinin ve basit-basit ve ankastre-

ankastre sınır koşullarının titreşimlere etkileri belirlenerek sayısal ve grafiksel olarak 

sunulmuştur. 

Anahtar Kelimeler:  Euler-Bernoulli Nanokiriş, pertürbasyon yöntemi, 

titreşim,Sıcaklık, Winkler-Pasternak temeli, Nonlinear Temeli, Modified Couple Stres 

Theori, Nonlocal Elasticity Theori 
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CHAPTER 1  
INTRODUCTION 

1.1 Nanomaterials 

In recent years, advancement of modern technologies, micro electro-mechanical and 

Nano-electromechanical systems (MEMS/NEMS) consisting of features such as 

lightweight, small size, high sensitivity, fast response, low energy dissipation, and 

increasing durability have been found to have wide range of applications [17]. This 

technological advancement in many engineering fields has facilitated the application 

of nanostructures because of their extraordinary electrical, thermal and mechanical 

properties. Nanostructures with temperature dependent properties have been used in 

Nano-electromechanical systems (NEMS). Thus, introducing an accurate 

mathematical model of nanobeams with temperature-dependent properties is a major 

and important topic for the design of NEMS. This observation is very important in the 

industry, especially in the design of precision devices and machines. Nanostructures 

are capable of making significant difference in people’s lives and study on nanobeams, 

which are an important element of nanostructures, are necessary. Due to widespread 

utilization of this peerless category of materials at micro and nano scales, during past 

few years, many experimental tests have been done and a lot of experimental papers 

have been published on this topic to get the most compatible theory to analyze their 

behavior. [2-11] 

The performance of such systems largely depends on a characteristic, termed as the 

quality factor. The quality factor is defined as the ratio of stored energy in the system 

and dissipated energy by the system per cycle of vibration. A high‐quality factor 

indicates a lower rate of energy dissipation in the vibrating systems. This implies that 

we need to design systems with high‐quality factor so that the systems can vibrate for 

a longer time [17]. 
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The static and dynamic behavior of nanobeams has received considerable attention. 

Classical elasticity and plasticity cannot be used to interpret the size effect observed 

in numerous tests at micron and nanometer scales because of their lack in an internal 

material length scale parameter. However, higher-order (non-local) continuum 

theories contain material length scale parameters and are capable of explaining 

microstructure related size (and other) effects. Couple stress theories represent one 

class of such higher-order theories [3]. 

The classical couple stress elasticity theory contains four material constants (two 

classical and two additional) for isotropic elastic materials. The two additional 

constants are related to the underlying microstructure of the material and are inherently 

difficult to determine, opening a door for a development of higher order theories like 

modified couple stress theory. Compared to the classical theory, the modified theory 

has two advantages: the couple stress tensor being symmetric, and only one internal 

length scale parameter involved. These features make the modified couple stress 

theory easier to use. 

1.2 Application areas of Nanomaterial’s 

Nanotechnology is an evolving technology, and we can see more applications in 

nanotechnology. Nowadays, it is clear that it will spread much wider in the future. 

Nanotechnology is a golden key for technology, as technology developments continue 

and human needs is now being ensured by smaller materials and tools [25]. 

Nanomaterial’s attracted great concentration due to numerous applications in science 

and engineering areas such as mechanical, automobile, aviation and space research, 

defense sector, environment and energy, wireless networks(communication), 

biomedical sectors, electronics (Nano rods), material and manufacturing industry, 

optics, several engineering structures and etc. Hence, detailed investigation of the 

mechanical behavior of nanostructures including bending, buckling and vibration are 

necessary to increase their reliability and obtain the proper design of small-scale 

systems. Among the few applications of nanomaterial’s, scientists have developed a 

new insect-sized robot that can scurry across the floor at nearly the speed of a darting 

cockroach and withstand the weight of a human. Small, durable robots like these could 

be advantageous in search and rescue missions, squeezing and squishing into 
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places where dogs or humans cannot fit, or where it may be too dangerous for them to 

go, researchers said. [43] 

 

 

Figure 1.1. Insect sized Robot (devdiscourse.com, Oct 2022) 

Vehicles of the future are anticipated to be nothing like how it is today. Many 

disruptive trends including nanotechnology are sweeping the automotive industry by 

storm. At a time when the reduction of fuel consumption, environmental impact, 

safety, driver information, comfort, and alternatives to toxic or expensive materials are 

taken into account, nanotechnology appears to transform car manufacturing [44]. The 

weight of vehicles can be reduced by using lightweight materials in the making of 

exterior and structural chassis. In such a scenario, Nano-manipulation of materials can 

help in developing durable and lightweight chassis and panels than the existing ones. 

Besides, nanotechnology in cars has also helped produce self-repair and reformable 

plastic panels [45]. 

 

Figure 1.2. Application of Nanomaterial’s in Cars 
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Potential of nanotechnology in the aerospace industry cannot is immense. 

Nanotechnology is a crucial tool that can be used to engineer vehicles with the 

necessary properties to endure the harsh conditions of space. Nanotechnology, an ever-

evolving discipline, finds several uses within the aerospace industry. Now, 

nanotechnology, more precisely nanomaterial has created almost perfect material. As 

an example, improvised steel enhances performance and passenger safety while saving 

notable money. These materials exhibit considerably enhanced properties matched to 

their counterparts with micro scale or larger grain structures. Nanomaterial’s are 

engineered particles made to have remarkably small dimensions to take advantage of 

unique physical and chemical properties that exist at the Nano scale [46]. 

 

 

Figure 1.3. Applications of Nano composites in Aircraft 

With dimensions between approximately 1 and 100 nanometers – about the size of a 

virus -nanomaterial’s have unusual physical, chemical and biological properties that 

can differ significantly from the properties of bulk materials, including single atoms 

or molecules. These differences enable the aerospace industry to do several things 

including engineering aircraft structures that are flexible and adaptive, developing 

innovative energy generation and storage systems for air travel and manufacturing 

sensors that monitor virtually every element of air travel [46]. 
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1.3 Gaps 

When nanostructures structures are exposed to thermal environment, thermal stress is 

created in the structures. As the thermal stress reach to certain level, the nanostructures 

may lose their stability and undergo thermal buckling. Considering the exposure of 

many nanostructures to thermal environments, it is highly necessary to investigate their 

behavior in such environments [15]. To be able to design a nanostructure it is very 

vital to know more about the mechanical and physical behaviors they show. The 

Literature Review shows that many researchers have conducted investigation on 

bending, buckling and vibration analysis of nanobeam based on modified couple stress 

theory and nonlocal elasticity theory but less attention was given about the behavior 

of nanobeam in thermal environment via these theories. To the best of author’s 

knowledge, the effect of the temperature on the vibration of the nanobeam resting on 

Winkler-Pasternak and nonlinear foundation via modified couple stress theory and 

nonlocal elasticity theory using multiple scale perturbation technique has not been 

done. To fill this gap, the vibrational analysis of nanobeam considering the temperature 

is presented in this paper.  

1.4 Aims and Objective 

In view of above gaps, our aim in this research is develop numerical methods that best 

suits to solve the vibration analysis of nanobeam in thermal environment. Hence, this 

work presents vibration analysis of Euler-Bernoulli nanobeam resting on Winkler-

Pasternak and nonlinear foundation considering a thermal effect. Size dependency of 

the nanobeam is described via modified couple stress theory and Nonlocal Elasticity 

theory. The governing equations are obtained by Hamilton principle and solved by 

using multiple scale perturbation method. It includes the study of the influence of 

thermal characteristics of a nanobeam on the vibration analysis. The results obtained 

by using modified couple stress theory and nonlocal elasticity theory about vibration 

analysis of nanobeam in thermal environment is analyzed. The material is considered 

linear and the cross-section properties are assumed constant. In this analysis, the 

influence of temperature performing both theories, the nonlocal parameter, and the 

modified couple stress material length parameter on the considered physical quantities 

are examined and discussed in detail. The obtained results in this work may be used in 

guiding experiments and application of nanomaterials under thermal environment.
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CHAPTER 2  

LITRETURE REVIEW 

Many researchers have considered the mechanical behavior of nanostructures. The 

following literature review covers previous researches done on the investigation of 

vibration analysis of nanobeam under different effects, especially thermal. Ahmed and 

Marin [5] derived a new thermoelastic model for Euler-Bernoulli nanobeam whose 

properties are temperature dependent using state-space method by employing a 

modified couple stress theory and found out that there is a clear effect on thermal and 

mechanical properties. Majid and Nevvab analyzed thermal vibration of rotary 

functionally graded Timoshenko microbeam based on modified couple stress theory 

considering temperature change in four types of temperature distribution on thermal 

environment [6]. Rahmani et al. [7] developed a comprehensive wave propagation 

analysis of a magneto-electro-thermo-elastic nanobeam resting on visco-elastic 

medium via Eringen’s non-local and modified couple stress theories and compared the 

results. The result showed significant difference between the theories. 

Vibration analysis of piezoelectric nanobeam resting on Winkler-Pasternak foundation 

via quadrature technique was done by O. Ragb et al. [8]. The study showed the 

influence of foundation parametersand temperature change on natural frequencies and 

mode shapes of the problem. A. Rahmani et al. [9] investigated wave propagation of 

rotating viscoelastic nanobeams with temperature effect by employing non-local 

Eringen’s theory along with modified couple stress theory, where Reddy Beam theory 

is adopted to develop motion equations for the nanobeam. A comprehensive 

vibrational analysis of rotating nanobeams on visco-elastic foundations with thermal 

effect based on modified couple stress and Eringen’s non-local elasticity theories was 

also done by A. Rahmani et al. [12]. 

Thermoelastic interactions in isotropic nanobeams subjected to ramp type heating was 

studied via the modified couple stress and generalized thermoelastic theories by 
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Abouelregal and Mohammed[10]. Another study presented the thermoelastic dynamic 

response of a nanobeam subjected to a ramp up heating with both size-dependent and 

memory-dependent effects using modified couple stress theory by Z. Qi et al. [11]. 

Thermal and size effects on the buckling behavior of a nanobeam symmetrically 

located between two electrodes was investigated based on modified couple stress 

theory by Dashtaki et al. [13]. Thermoelastic rotating nanobeams under periodic pulse 

heating by applying non-local modified couple stress theory and generalized 

thermoelastic theory was introduced by Yahya et al.[16] 

Post-buckling of functionally graded (FG) nanobeams based on modified couple stress 

theory was investigated by Khorshidi et al. [14]. B. Alibeigi et al. [15] presented the 

buckling response of nanobeams on the basis of Euler-Bernoulli beam model with the 

Von-Karman geometrical non-linearity using modified couple stress theory under 

various types of thermal loading, electrical and magnetic fields. H. Kumar et al. [17] 

introduced the response of deflection and thermal moment of Timoshenko microbeam 

via modified couple stress theory and dual-phase-lag heat conduction model. A. Attia 

et al. [18] investigated the non-linear vibration characteristics of pre- and post- buckled 

non-uniform bi-directional functionally graded microbeams subjected to nonlinear 

thermal loading based on modified couple stress Reddy beam theory. Vibration 

analysis of thermoelastic microbeams due to temperature pulse heating by M.A. Kutbi 

et al. [21] based on modified couple stress theory. 

Thermo-mechanical vibration analysis of functionally graded nanoscale beams with 

porosities was done by F. Ebrahimi et al. [19] using modified couple stress theory. A. 

Bobaei et al. [20] temperature-dependent free vibration analysis of functionally graded 

micro-beams based on modified couple stress theory. O. Rahmani et al. [22] carried 

out investigation on vibration analysis of deep curved FG nanobeams based on 

modified couple stress theory. Modified couple stress was utilized by M. Sobhy and 

AM Zenkour to investigate the bending of viscoelastic nanobeams laying on visco-

Pasternak elastic foundation based on new shear and deformation beam theory [23]. 

MH Jalali et al. [24] investigated free vibration of functionally graded (FG) 

microbeams in thermal environment based on modified couple stress theory.  

MÖ Yaylı et al. [25] examined the bending analysis of a nanobeam with modified 

couple stress theory and weighted residual method. X.L. Jia et al [26] presented 



8 

 

thermal, mechanical and electrical behavior of functionally graded micro-beams based 

on modified couple stress theory. N. Shafiei et.al [27] investigated vibration analysis 

of rotary tapered axially functionally graded Timoshenko nanobeam in thermal 

environment via non-local theory, where the solution method is considered using 

generalized differential quadrature element method. M. A. Attia et.al. [28] presented a 

size-dependent, nonlinear beam model for bending, buckling and free vibrations of 

electrically actuated viscoelastic clamped–clamped microbeams based on modified 

couple stress theory. Nonlinear vibration of nanobeams embedded in the linear and 

non-linear elastic materials under magnetic and temperature effects using a non-local 

Euler-Bernoulli beam model is investigated by SS Abdullah et.al. [29]. A size 

dependent three-dimensional dynamic model of rotating functionally graded 

microbeams based on Euler-Bernoulli beam model via modified couple stress theory 

was developed by J. Fang et.al [30]. A. Khorshidi et.al. [31] examined the post-

buckling of viscoelastic micro and nanobeams embedded in visco-Pasternak 

foundations based on modified couple stress theory. Karami et.al. [32] studied flexural 

and longitudinal wave behaviors of nanobeams made of nano porous-graded materials 

surrounded by Winkler-Pasternak foundation subjected to the longitudinal magnetic 

field and exposed to hygrothermal environment. 

Das et.al. [33] presented geometrical nonlinear forced vibration analysis of higher 

order shear-deformable functionally graded microbeam, where the beam is supported 

on a three-parameter Winkler–Pasternak-type nonlinear elastic foundation and 

subjected to a harmonically varying distributed load based on modified couple stress 

theory. Bekir Akgöz and Ömer Civalek [34] examined thermos-elastic vibrational 

behavior of thick microbeams embedded in Winkler-Pasternak foundation via 

modified couple stress and other various beam theories. H Liu et.al. [35] presented 

vibration analysis of nanobeams embedded in visco-Pasternak foundation in magnetic 

and electrical environment based on the non-local Timoshenko beam theory in 

conjunction with the Kelvin-Voigt viscoelastic model.M.E Nasr et.al. [36] introduced 

the thermoelastic vibration of nonlocal nanobeams resting on Winkler-Pasternak 

foundation based on the generalized dual phase-lag heat conduction and nonlocal beam 

theories. S.K. et al. [37] investigated the vibration characteristics of a nanobeam 

embedded in a Winkler-Pasternak elastic foundation adopting wavelet-based two 

relatively recent techniques, namely the Haar wavelet method(HWM) and the Higher 
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order Haar wavelet method(HOHWM). M. Zarepour and S. A. Hosseini [38] presented 

nonlinear free vibration of a nanobeam under electrothermal-mechanical loading with 

elastic medium and various boundary conditions via Eringen’s theory. Esen et al. [40] 

investigated a vibrational behavior of functionally graded (FG) cracked microbeam 

rested on elastic foundation and exposed to thermal and magnetic fields where Euler-

Bernoulli beam theory is used for kinematic assumption and non-local elasticity theory 

for size-dependency effects. 

C. Xiao et al. [41] examined the nonlinear vibration analysis of the nanobeams 

subjected to magneto-electro-thermal loading based on a novel higher-order shear 

deformation theory (HSDT and analytical solutions are obtained based on the method 

of multiple scales (MMS) and perturbation technique. N. Toğun et al. [41] employed 

non-local Euler-Bernoulli beam theory on the nonlinear free and forced vibration 

analysis of a nanobeam resting on an elastic foundation of the Pasternak type where 

the linear part of the problem is solved by using the first equation of the perturbation 

series to obtain the natural frequencies. 

Thermoelastic vibration analysis of Euler–Bernoulli nanobeams was investigated 

using the theory of non‑local elasticity proposed by Eringen to study the effect of 

temperature change[51]. Ebrahimi et al[52] investigated the influence of temperature 

on buckling and free vibration of functionally graded (FG) size-dependent 

Timoshenko nanobeams subjected to in-plane thermal loading for the first time using 

a Navier type solution.  Eringen's nonlocal elasticity theory is used to account for the 

small scale effect. The nonlocal equations of motion are derived from Timoshenko 

beam theory using Hamilton's principle and are solved analytically. 

The combined effect of moisture and temperature on the free vibration characteristics 

of functionally graded (FG) nanobeams resting on elastic foundations is 

investigated[53]. The size-dependent description of the nanobeam is done using 

Eringen's nonlocal elasticity theory. The vibration characteristics of magneto-electro-

thermo-elastic functionally graded nanobeams are explored using third order shear 

deformation theory[54]. Eringen's nonlocal elasticity theory is used to capture small 

size effects. The nonlocal governing equations are generated using the Hamilton's 

principle and then solved analytically to yield the natural frequencies of the 

nanobeams. Ebrahimi et.al [55] based on nonlocal strain gradient elasticity theory and 
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the Euler-Bernoulli beam model, examined the surface and temperature impacts on the 

vibration characteristics of viscoelastic functionally graded (FG) nanobeams 

embedded in a viscoelastic foundation. Ismail Esen et.al [56] investigated a vibrational 

behaviour of functionally graded (FG) cracked microbeam rested on elastic foundation 

that is exposed to thermal and magnetic fields. 

Ebrahimi et.al [57] examined the thermal effect on free vibration characteristics of 

functionally graded (FG) size-dependent nanobeams subjected to an in-plane thermal 

loading based on nonlocal elasticity theory of Eringen. The nonlocal equations of 

motion are derived through Hamilton’s principle and they are solved applying 

differential transform method (DTM). 

Mohammadi, M et.al [58] investigated the vibration behavior of the rotating 

viscoelastic nanobeam embedded in the visco-Pasternak foundation. The governing 

equation is extracted by using the surface elasticity and the nonlocal elasticity theory. 

The influence of the humidity on the vibration frequencies of the viscoelastic 

nanobeam in thermal environment is examined. Hamza-Cherif et.al [59] investigated 

the vibration analysis of a single-walled carbon nanotube embedded in an elastic 

medium under thermal effect based on nonlocal Euler- Bernoulli beam model using 

differential Transform Method (DTM). 
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CHAPTER 3  

THEORY AND FORMULATION 

3.1 Modified Couple Stress Theory 

According to the modified couple stress theory of Yang et al [1], the strain energy is a 

function of both strain (conjugated with stress) and curvature (conjugated with couple 

stress). It then follows that the strain energy U in a deformed isotropic linear elastic 

material occupying region Ω is given by 

                                                    U = 12 ∭ (σ: ε + m: χ)dvΩ                                               (3.1)                                  

                                             U = ∭ σxxℇxxdAdx + ∭ mχdAdx                               (3.2) 

Where σ and ℇ are the stress tensor and strain tensor, respectively.Whereas, m is the 

deviatoric part of the couple stress tensor and  χ is the symmetric curvature tensor. 

These tensors are expressed as: 

                                             ℇ = 12 ((∇u) + (∇u)T) = 12 (ui,j + uj.i)                              (3.3) 

                                              χ = 12 ((∇ϴ) + (∇ϴ)T) =
12 (ϴi,j + ϴj,i)                               (3.4) 

                                                           σ = λtr(ℇ)I + 2μℇ                                                   (3.5)                                                                   m = 2l2μχ                                                           (3.6) 

Where 𝝀 and 𝝻 being Lame’s constants, and l a material length scale parameter, which 

is physically a property characterizing the effect of couple stress. u and  ϴ  are the 

displacement vector and rotation vector respectively.                                     
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                                ϴ = 12 𝑐𝑢𝑟𝑙𝐮                                                                                          (3.7) 

The work done by external forces are given as [3] 

                                    𝑊 = 12 ∭ (𝑓. 𝑢 + 𝑐. 𝛳)𝑑𝑣Ω + 12 ∭ (𝑡. 𝑢 + 𝑐. 𝛳)𝑑𝑎𝛿Ω             (3.8) 

Where f, c, t and s are body force, body couple, traction and surface couple 

respectively, and 𝛿Ω is the surface of Ω. 

                                                    𝜆 = 𝐸𝜐(1 + 𝜐)(1 − 2𝜐)                                                      (3.9) 

                                                   𝜇 = 𝐸2(1 + 𝜐)                                                                  (3.10) 

                                                   𝜂 = 1 − 𝑣(1 + 𝑣)(1 − 2𝑣)                                                   (3.11) 

                                                  ζ = 11 − 2𝑣                                                                       (3.12) 

Where 𝜐 is Poisson’s ratio, 𝝻 is shear modulus and E is young’s modulus.  

Kronecker delta   δij = 1 for i = j otherwise 0 

Euler-Bernoulli beam is represented by                                         𝑢 = −𝑧𝛹(𝑥)        𝑣 = 0       𝑤 = 𝑤(𝑥)                                 (3.13) 

Where u, v, and 𝑤 are x, y, z components of the displacement vector u respectively 

and  Ψ  is the rotation angle of the centroidal axis of the beam and given approximtely 

as below for small deformation. 

                                                            Ψ ≈ dw(x)dx                                                              (3.14) 

Equation (3.3), (3.13) and (3.14) gives 

ℇ𝑥𝑥 = −𝑧 𝑑2𝑤(𝑥)𝑑𝑥2     𝑤ℎ𝑒𝑟𝑒 ℇ𝑦𝑦 = ℇ𝑧𝑧 = ℇ𝑥𝑦 = ℇ𝑦𝑧 = ℇ𝑧𝑥 = 0                          (3.15) 
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and Equation (3.7), (3.13) and (3.14) gives 

                             ϴy = − dw(x)dx    where ϴx = ϴz = 0                                             (3.16)  
Equation (3.4) and (3.14) 

                    χxy = − 12 d2w(x)dx2   where   χxx = χyy = χzz = χyz = χzx = 0          (3.17) 

 

Inserting equation (3.15) into (3.5) gives          

𝜎𝑥𝑥 = 𝐸𝑣(1 + 𝑣)(1 − 2𝑣) (−𝑧 𝑑2𝑤(𝑥)𝑑𝑥2 )(1) + 2 𝐸2(1 + 𝑣) (−𝑧 𝑑2𝑤(𝑥)𝑑𝑥2 ) 

              𝜎𝑥𝑥 = 𝐸(1 − 𝑣)(1 + 𝑣)(1 − 2𝑣) (−𝑧 𝑑2𝑤(𝑥)𝑑𝑥2 )                                                          (3.18) 

                                      𝜎𝑦𝑦 = 𝜎𝑧𝑧 = 𝐸𝑣(1 + 𝑣)(1 − 2𝑣) (−𝑧 𝑑2𝑤(𝑥)𝑑𝑥2 )                     (3.19) 

Where σxy = σyz = σzx = 0 

For slender beam with large aspect ratio the poisons effect is secondary and maybe 

neglected. By setting v=0 as was done in classical beam theories σxx reduces to 

                                                        𝜎𝑥𝑥 = −𝐸𝑧 𝑑2𝑤(𝑥)𝑑𝑥2 )                                                 (3.20) 

By inserting equation (3.17) into (3.6) 

                                                𝑚𝑥𝑦 = −𝜇𝑙2 𝑑2𝑤(𝑥)𝑑𝑥2    = 0                                           (3.21)  
𝑤ℎ𝑒𝑟𝑒 𝑚𝑥𝑥 = 𝑚𝑦𝑦 = 𝑚𝑧𝑧 =  𝑚𝑦𝑧 = 𝑚𝑧𝑥 

 

Hamilton's principle is one of the most fundamental principles in vibration analysis. It 

leads to the basic equations of dynamics and elasticity. It’s based on the assumption 
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that when a system moves from a state at a time t1 to a new state at the time t2, in a 

Newtonian route, then the actual route out of all the possible ones obeys stationary. 

This condition leads to Hamilton's principle. 

The Hamilton principle:  

                                                               δ ∫ Ldt = 0                                                     t2
t1 (3.22) 

                                                     ∫ (δT − (δU − δWext))dt∗t2
t1 = 0                            (3.23) 

Where L is Lagrange function, T is the kinetic energy of the system; U is the potential 

energy of the system and Wext is the external work done. 

3.1.1 Strain Energy 

Substituting equations (3.15), (3.17), (3.19) and (3.20) into equation (1) then leads to 

U = 12 ∭(σ: ε + m: χ)dv 

U = ∭ σxxℇxxdAdx + ∭ mχdAdx 

                                       U = − 12 ∫ M d2w(x)dx2 dx − 12 ∫ Yxy d2w(x)dx2 dx                  (3.24) 

Where the Resultant moment M and the couple moment  Yxy   is stated as  

                                         Yxy = ∫ mxydÂÂ             M = ∫ z. σxxdÂÂ                              (3.25) 

Combining the results gives 

                                               U = − 12 ∫(M + Yxy) d2w(x)dx2 dx                                    (3.26) 

From equation (3.19), (3.20) and (3.22), it follows that  

                                 M = −EI d2w(x)dx2 )                   Yxy = −μAl2 d2w(x)dx2                  (3.27) 
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Substituting equation (3.27) into (3.26), the strain energy becomes 

                                        U = 12 ∫(EI + μAl2) d4w(x)dx4 dx                                            (3.28) 

                                       U = 12 ∫ EI d4w(x)dx4 dx + 12 ∫ μAl2 d4w(x)dx4 dxL
0                   (3.29) 

Where second moment of cross-sectional area is given as  I = ∫ Z2A dA 

3.1.2 Kinetic Energy 

The Kinetic energy is written as [4] 

                                                           𝑇 = 12 𝜌𝐴 ∫ (𝑑𝑤𝑑𝑡 )2𝑑𝑥𝐿
0                                           (3.30) 

3.1.3 Thermal Energy 

The Strain energy caused by thermal loading is evaluated by using [6] 

                                                  Nt̅̅ ̅̅ = − ∫ Eα(ΔT)dAA                                                      (3.31) 

Where E and α are Young’s modulus and thermal expansion 

                                                 UT =  12 ∫ Nt̅̅ ̅L
0 (dwdx )2 dx                                                 (3.32) 

                                                 UT =  − 12 ∫ EαA(ΔT)L
0 (dwdx )2 dx                                (3.33) 

Where Nt̅̅ ̅ is the applied thermal load. Also,  ,  and  are the temperature change, 

the coefficient of thermal expansion in the direction of the x-axis and the Poisson’s 

ratio, respectively. 

3.1.3 Work done 

In this paper, we have a linear layer (Winkler) and a shearing layer(Pasternak) for 

which their effects do not generate any non-linearity. A quadratic non-linear layer, 
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which generates non-linearity in the equation is also added. The external work done 

by Winkler-Pasternak foundation is given as [12] and the non-linear foundation is 

given as [49] 

                        δWext−f = − ∫ [Kw𝑤2 − Kp (dwdx )2 + KNLw4L0 ]dx                          (3.34) 

Where Kwand Kp are Winkler and Pasternak coefficients due to elastic foundation 

respectively.   

3.1.4 Axial Normal Force 

The axial normal force N is given as 

                                                        N =   EA2L [∫ (∂y∗∂x∗)2 dx∗]                                       (3.35)L
0  

3.2.5 Governing Equations and Boundary Condition 

In this study, the two types of boundary conditions that are considered in this study are 

simple-simple and clamped-clamped boundary conditions. Hamilton’s principle and 

the modified couple stress theory are used to derive the governing equations of motion 

and boundary condition of Euler-Bernoulli beam model nanobeam. 

 

Figure 3.1. Boundary conditions for different beam supports 

The equation of motion of the nanobeam is obtained using the Hamilton principle. In 

order to apply the Hamilton principle, we need to find the Lagrange of the nanobeam. 

The system’s Lagrange is obtained by subtracting strain energy from its kinetic energy 

and work done. By substituting equation (3.29), (3.30), (3.33), (3.34) and (3.35) into 

equation (3.23) gives the following equation 
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£ = 12 ∫ ρAL
0 (∂y∗∂t∗ )2dx∗ − 12 ∫ EIL

0 (∂2y∗∂x∗2)2 dx∗ − 12 E2(1 + υ) Al2 ∫ (∂2y∗∂x∗2)2L
0 dx∗

+ 12 ∫ Nt̅̅ ̅∗L
0 (∂y∗∂x∗)2 dx∗ − 12 ∫ N∗L

0 (∂y∗∂x∗)2 dx∗
− ∫ Kp∗ (∂y∗∂x∗)2 dx∗ + ∫ Kw∗y∗2dx∗L

0
L

0    
+ ∫ KNL∗y∗4dx∗L

0                                                                                    (3.36) 

Where  y∗ denotes the transverse displacement of the beam section between supports, 

l is the length of the beam,t∗ is the time, 𝞺A is the mass per unit length, N∗ is the axial 

force, EA is longitudinal rigidity andEI is flexural rigidity. Expressions with asterisk 

are dimensional. Whereas, parameters with no asterisk are dimensionless and are 

defined below. 

x = x∗L   ,    y = y∗L ,     ξ = hl    ,      t = t∗L2 √ EIρA ,   η = 6(1+υ)ξ2 ,     KP = kp∗L2EI ,  

Kw = kw∗𝐿4EI ,    Nt = αA(ΔT)𝐿2I   ,     KNL = KNL∗L4r2EI  

Where 𝑟 = √ 𝐼𝐴  is the radius of gyration of the cross-section. 

(EI + E2(1 + υ)  Al2) ∂4y∗∂x∗4 + ρA ∂2y∗∂t∗2 + EαA(ΔT) ∂2y∗∂x∗2 − Kp∗ ∂2y∗∂x∗2 + Kw∗y∗
+ KNL∗y∗3     = EA2L [∫ (∂y∗∂x∗)2 dx∗]L

0 ∂2y∗∂x∗2                                        (3.37) 

Taking EI on both sides and substituting the dimensionless parameters it becomes 

(1 + Al22I(1 + υ)) ∂4y∂x4 + ρAEI L4 ∂2y∂(t2L4 ρAEI ) + EαA(ΔT)EI L4 ∂2yL2 ∂x2 − 𝑘p∗EI L4 ∂2yL2 ∂x2 + kw∗L4yEI
+ KNL∗L4r2EI = EAL32EIL [∫ (∂y∂x)2 dx]L

0 ∂2y∂x2                                                                       (3.38) 
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(1 + η) ∂4y∂𝑥4 + ∂2y∂t2 + Nt ∂2y∂x2 − Kp ∂2y∂x2 + Kwy + KNLy3
= 12 ∫ [(∂y∂x)2 dx]L

0 ∂2y∂x2                                                                          (3.39) 

Classical Euler-Bernoulli beam equation can be obtained by applying the length scale 

parameter equal to zero (l = 0).The material length scale parameterl, which is 

regarding the nanostructure of the nanobeam. The corresponding boundary conditions 

at the beam-endsx = 0 and x = 1 are 

           S-S case                                                                       C-C case 

   y(0) = 0          y(1) = 0                                           y(0) = 0     y(1) = 0 y′′(0) = 0      y′′(1) = 0                                            y′(0) = 0   y′(1) = 0             (3.40) 

3.2 Nonlocal Elasticity Theory 

The stress state at a place inside a body is treated as a function of strains at all points 

in the neighboring areas, according to the Eringen nonlocal elasticity model [51]. The 

nonlocal stress-tensor components ij at each position x in a homogeneous elastic solid 

can be expressed as                                              𝜎𝑖𝑗(𝑥) = ∫ 𝛼(𝑥, 𝑥′)𝜏𝑖𝑗𝑥′𝑑𝑣𝛺                                              (3.41)    

Where 𝜏𝑖𝑗(𝑥)the component of the local stress tensor available at position x that is 

connected with the strain tensor components 𝜀𝑖𝑗 as: 

                                                   𝜀𝑖𝑗 = 12 (𝑢𝑖,𝑗 + 𝑢𝑗,𝑖)                                                         (3.42)    

Where 𝜎𝑖𝑗 and 𝜀𝑖𝑗 are the nonlocal stress and strain tensors, respectively; 𝜏𝑖𝑗  is the 

classical stress tensor, (𝑥, 𝑥′)  is the kernel function representing the effect of strains 

at different locations x′ on the stress at a given position x, and V is the total body 

considered. We can see from the above equation that not only does the strain state at 

x have an effect on the stress, but the strain state at x′ can also have an effect on the 

stress state at x. Because it is difficult to apply constitutive relations with integral 

forms, partial differential expressions are applied, which is expressed as follows 
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                                                  [1 − (𝑒𝑜𝑎)2𝛻2]𝜎 = 𝐶𝑂: 𝜀                                              (3.43) 

where 𝑒𝑜 is the constant and 𝑎 is the internal characteristic length, 𝛻2 is the Laplacian 

operator, 𝞮 is the strain vector, and 𝐶𝑂 is the elastic stiffness matrix of classical 

elasticity. It should be noted that 𝑒𝑜𝑎 is a scale coefficient that represents the effect of 

tiny scale on nanostructure mechanical characteristics. 

The Hook’s law for the nonlocal continuum theory can be described as the following 

one-dimensional form where E indicates elasticity modulus 

                                                 𝜎𝑥(𝑒𝑜𝑎)2 𝜕2𝜎𝑥𝜕𝑥2 = 𝐸𝜀𝑥                                                     (3.44) 

The vibration analysis of a nanobeam in a thermal environment based on a Winkler-

Pasternak and non-linear foundation is described using Eringen's nonlocal elasticity 

theory. Winkler elastic spring constants (𝐾𝑤), Pasternak parameter (𝐾𝑝), and nonlinear 

elastic medium (𝐾𝑁𝐿) are all part of the elastic foundation. Boundary conditions such 

as simple-simple and clamped-clamped are explored. Hamilton's concept is used to 

generate governing equations. 

 

Figure 3.2. Boundary condition for different nonlocal nanobeam Support(S-S/C-C) 

𝑢(𝑥)(𝑥, 𝑧, 𝑡) = 𝑢(𝑥, 𝑡) − 𝑧 𝜕𝑤𝜕𝑥 ,    𝑢(𝑦) = 0  , 𝑢(𝑧)(𝑥, 𝑧, 𝑡) = 𝑤(𝑥, 𝑡)               (3.45) 

Where t denotes time and u and w denote the axial and transverse displacements of the 

mid-plane along the x and z axes, respectively. As a result, according to Euler-

Bernoulli beam theory, all elements of the strain tensor save normal strain in the x-

direction vanish. As a result, the only nonzero normal strain is: 

                                       𝜀𝑛𝑜𝑛−𝑆𝑡𝑟𝑎𝑖𝑛 = 𝜀𝑥𝑥 + 𝜀𝑏 = (𝜕𝑢𝜕𝑥) + 12 (𝜕𝑤𝜕𝑥 )2 + 𝜕2𝑤𝜕𝑥2                        (3.46) 
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Where 𝜀𝑥𝑥 𝑎𝑛𝑑 𝜀𝑏 are extensional and bending strain respectively 

The axial force and resultant bending moment of the beam model is 

                               𝑁 = ∫ 𝜎𝑥𝑑𝐴     𝑀 = ∫ 𝑧𝜎𝑥𝑑𝐴𝐴𝐴                                                        (3.47) 

The force-strain and moment-strain relation of the non-local beam theory is obtained 

from equation (3.46) and equation (3.47) 

                                        N − (𝑒𝑜𝑎)2 (∂N∂x)2 = 𝐸𝐴 [(𝜕𝑢𝜕𝑥) + 12 (𝜕𝑤𝜕𝑥)2]                           (3.48) 

                                       M − (𝑒𝑜𝑎)2 (∂M∂x )2 = −𝐸𝐼 𝜕2𝑤𝜕𝑥2                                                    (3.49) 

Hamilton's principle:  

                                                               δ ∫ Ldt = 0                                                                     (3.50)t2
t1  

                                                                δ ∫ (T − (U − Wext)dt = 0                                                      (3.51)t2
t1  

Where L is Lagrange function 

3.2.1 Strain Energy 

                                                 𝑈 = 12 𝜌𝐴 ∫ 𝑁 [(𝜕𝑢𝜕𝑥) + 12 (𝜕𝑤𝜕𝑥 )2] + 𝑀 𝜕2𝑤𝜕𝑥2 𝑑𝑥𝐿
0                   (3.52) 

Where ρA is the mass per unit length 

3.2.2 Kinetic Energy 

The Kinetic energy is written as  

                                                                𝑇  = 12 𝜌𝐴 ∫ [(𝜕𝑢𝜕𝑡 )2 + (𝜕𝑤𝜕𝑡 )2]𝑑𝑥𝐿
0                             (3.53) 

3.2.3 Thermal Energy 



21 

 

The Strain energy caused by thermal loading is evaluated by using the following 

formula [6] 

                                   Nt̅̅ ̅̅ = − ∫ Eα(ΔT)dAA                                           (3.54) 

Where E and α are Young’s modulous and thermal expansion, respectively. 

                               NT =  12 ∫ Nt̅̅ ̅L
0 (dwdx )2 dx                                      (3.55) 

Substituting equation (3.54) into equation (3.55) gives 

                                        NT =  − 12 ∫ EαA(ΔT)L
0 (dwdx )2 dx                              (3.56) 

Where Nt̅̅ ̅ is the applied thermal load. Also, ,  and  are the temperature change, the 

coefficient of thermal expansion in the direction of the x-axis and the Poisson’s ratio, 

respectively. 

Let  h and t = 1nm b = 2h, L = 20nm E = 30 Gpa, v = 0.3, 𝜌 = 1𝑘𝑔/𝑚3 𝛼𝑇 = −1.6 ∗ 10−61/𝑘     For room or low Temperature T=0k, 100k and 200k 𝛼𝑇 = 1.1 ∗ 10−61/𝑘       For high temperature T=0k, 100k, 200k, 400k, and 600k 

Calculating the area 𝐴 = 𝑏ℎ = 2𝑛𝑚 ∗ 1𝑛𝑚 = 2 ∗ 10−18                                                                             (3.57) 

Inertia 

                                           𝐼 = 𝑏ℎ312 = 2 ∗ 112 = 0.166 ∗ 10−36                                     (3.58) 

Temperature effect 

                                          𝑁𝑡𝑒𝑚𝑝 = 𝐸𝐴𝛼𝛥𝑇𝐿2𝐸𝐼(1 − 2𝑣)                                                             (3.59) 



22 

 

𝑁𝑡𝑒𝑚𝑝 = 2 ∗ 10−18 ∗ 400 ∗ 10−180.166 ∗ 10−36(1 − 2(0.6)) 𝛼𝛥𝑇 = 12000𝛼𝛥𝑇 

For 𝛼𝑇 = −1.6 ∗ 10−61/k(low Temp),  𝑁𝑡𝑒𝑚𝑝 = −0.0192𝛥𝑇      

For 𝛼𝑇 = 1.1 ∗ 10−61/𝑘(High Temp) , 𝑁𝑡𝑒𝑚𝑝 = 0.0132𝛥𝑇          

The work done and axial normal force has been discussed in the previous discussions. 

Expressions of the nonlocal force and nonlocal moment then becomes 

                              𝑁 = 𝐸𝐴 [(𝜕𝑢𝜕𝑥) + 12 (𝜕𝑤𝜕𝑥)2] + (𝑒𝑜𝑎)2 𝜕3𝑢𝜕𝑥𝜕𝑡2                                   (3.60) 

𝑀 = −𝐸𝐼 𝜕2𝑤𝜕𝑥2 + (𝑒𝑜𝑎)2[𝜌𝐴 𝜕2𝑤𝜕𝑥2 + 𝑁 𝜕2𝑤𝜕𝑥2 − 𝐾𝑤𝑤 − 𝑁𝑡̅̅ ̅ 𝜕2𝑤𝜕𝑥2 + 𝐾𝑝 𝜕2𝑤𝜕𝑥2 − 𝐾𝑁𝐿𝑤3] 
3.2.4 Governing Equations and Boundary Condition 

The vibration of a nanobeam on a Winkler-Pasternak foundation in a heat environment 

is investigated in this paper. Simple-simple and clamped-clamped boundary conditions 

are the two types of boundary conditions investigated in this study. The governing 

equations of motion and boundary conditions of the Euler-Bernoulli beam model 

nanobeam are derived using Hamilton's principle and the Eringen’s Nonlocal elasticity 

theory. 

The Hamilton principle is used to calculate the nanobeams equation of motion. To 

apply the Hamilton principle, we must first determine the Lagrange of the nanobeam. 

£ = 12 ∫ ρAL
0 (∂y∗∂t∗ )2dx∗

+ ∫ [(𝑒𝑜𝑎)2ρA (∂y∗∂t∗ )2 −(𝑒𝑜𝑎)2N∗ (∂y∗∂x∗)2 + (𝑒𝑜𝑎)2Kw∗𝐿
0− (𝑒𝑜𝑎)2Kp∗ (∂y∗∂x∗)2 + (𝑒𝑜𝑎)2KNL∗y∗2 − EI (∂2y∗∂x∗2)2] ∂2y∗∂x∗2 𝑑𝑥∗

− 12 ∫ N∗L
0 (∂y∗∂x∗)2 dx∗ − ∫ Kp∗ (∂y∗∂x∗)2 dx∗ + ∫ Kw∗y∗2dx∗L

0
L

0    
+ ∫ KNL∗y∗4dx∗L

0                                                                                    (3.61) 
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Where  y∗ denotes the transverse displacement of the beam section between supports, 

l is the length of the beam,t∗ is the time, 𝞺A is the mass per unit length, N∗ is the axial 

force, EA is longitudinal rigidity and EI is flexural rigidity. Expressions with asterisk 

are dimensional. Whereas, parameters with no asterisk are dimensionless and are 

defined below. 

x = x∗L   ,    y = y∗L ,     ξ = hl    ,      t = t∗L2 √ EIρA ,   η = 6(1+υ)ξ2 , KP = kp∗L2EI ,  

Kw = kw∗𝐿4EI Nt = αA(ΔT)𝐿2I   ,     A = bh ,   I = 112 bh3   KNL = KNL∗L4r2EI    𝛾 = 𝑒𝑜𝑎𝐿  

Where 𝑟 = √ 𝐼𝐴  is the radius of gyration of the cross-section. Then adding the thermal 

term 

(EI) ∂4y∗∂x∗4 + ρA ∂2∂t∗2 (y∗ − (𝑒𝑜𝑎)2 ∂2y∗∂x∗2) − Kp∗(∂2y∗∂x∗2 −  (𝑒𝑜𝑎)2   ∂4y∗∂x∗4 ) + Kw∗(y∗ −(𝑒𝑜𝑎)2 (∂y∗∂x∗)2) + KNL∗(y∗3 −   3(𝑒𝑜𝑎)2 (2𝑦∗  (∂y∗∂x∗)2 + 𝑦∗2 ∂4y∗∂x∗4) +  Nt̅̅ ̅̅ (∂2y∗∂x∗2 −  (𝑒𝑜𝑎)2   ∂4y∗∂x∗4)  = EA2L [∫ (∂y∗∂x∗)2 dx∗][L0 ∂2y∗∂x∗2 −   (𝑒𝑜𝑎)2   ∂4y∗∂x∗4  ]                                  (3.62)                

Taking EI on both sides and substituting the dimensionless parameters it becomes ∂4y∗∂x∗4 + ρAEI ∂2∂t∗2 (y∗ − (𝑒𝑜𝑎)2 ∂2y∗∂x∗2) − Kp∗𝐸𝐼 (∂2y∗∂x∗2 − (𝑒𝑜𝑎)2   ∂4y∗∂x∗4) + Kw∗𝐸𝐼 (y∗
− (𝑒𝑜𝑎)2 (∂y∗∂t∗ )2) + KNL∗𝐸𝐼 (y∗3
−   3(𝑒𝑜𝑎)2 (2𝑦∗  (∂y∗∂x∗)2 + 𝑦∗2 ∂4y∗∂x∗4) +  Nt̅̅ ̅̅𝐸𝐼 (∂2y∗∂x∗2 −   (𝑒𝑜𝑎)2   ∂4y∗∂x∗4)
= EA2EIL [∫ (∂y∗∂x∗)2 dx∗][L

0 ∂2y∗∂x∗2 − (𝑒𝑜𝑎)2   ∂4y∗∂x∗4   ]                          (3.63) 

𝑦𝑖𝑣 + 𝑦̈ − 𝛾2𝑦̈2 + 𝑁𝑡(𝑦′′ − 𝛾2𝑦𝑖𝑣)  − 𝐾𝑝(𝑦′′ − 𝛾2𝑦𝑖𝑣) + Kw(y − 𝛾2𝑦′′) + KNL(y3
− 3𝛾2(2y𝑦′2 + 𝑦2𝑦′′) = 12 ∫ [𝑦′2dx]L

0 [𝑦′′ − 𝛾2𝑦𝑖𝑣]                  (3.64) 

      y(0) = 0          y(1) = 0                                                       y(0) = 0     y(1) = 0           y′′(0) = 0      y′′(1) = 0                                                       y′(0) = 0   y′(1) = 0    
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CHAPTER 4  

PERTURBATION METHOD 

Perturbation theory is a numerical method applied at the point where the analytic 

(implicit) solution of the interested equation cannot be solved. In this study, the method 

of multiple scales, one of the perturbation methods Nayfeh [39], will be used. In the 

case of variable amplitude problems in the equation concerned, the multi-scale method 

should be used. In this method, fast (T0=t) and slow (T1=t) time scales should be 

defined 

4.1 The Method of Multiple scale 

The method of multiple scales (also called the multiple-scale analysis) comprises 

techniques used to construct uniformly valid approximations to the solutions of 

perturbation problems in which the solutions depend simultaneously on widely 

different scales. This is done by introducing fast-scale and slow-scale variables for an 

independent variable, and subsequently treating these variables, fast and slow, as if 

they are independent. A typical example is the modulation of an oscillatory solution 

over time-scales that are much greater than the period of the oscillations. On this paper, 

this perturbation method was used for the vibration analysis of nanobeam. Forcing and 

damping term is added to the dimensionless form of equation of motion. 

4.1.1 Modified couple Stress Theory  

(1 + η) ∂4𝑦̅∂𝑥4 + ∂2𝑦̅∂t2 + Nt ∂2𝑦̅∂x2 − Kp ∂2𝑦̅∂x2 + Kw𝑦̅+KNLy̅3
= 12 ∫ [(∂𝑦̅∂x)2 dx]L

0 ∂2𝑦̅∂x2 + 𝐹̅𝑐𝑜𝑠𝛺𝑡 − 2𝜇̅ 𝜕𝑦̅𝜕𝑡                                       (4.1) 

x = x∗L   ,    y = y∗L ,     ξ = hl    ,      t = t∗L2 √ EIρA ,   η = 6(1+υ)ξ2 , KP = kp∗L2EI , 
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Kw = kw∗𝐿4EI Nt = αA(ΔT)𝐿2I   ,   KNL = KNL∗L4r2EI A = bh ,   I = 112 bh3 

Where 𝑦̅ = √ℇ𝑦     𝜇̅ = ℇ𝞵𝐹̅ = ℇ√ℇ𝐹 transformation is performed for the damping 

and forcing terms based on multiple scale method. So that they are counter effect of 

non-linearity. 

(1 + η) ∂4√ℇ𝑦∂𝑥4 + 𝜕2√ℇ𝑦∂𝑡2 + 𝑁𝑡 𝜕2√ℇ𝑦∂𝑥2 − Kp ∂2√ℇ𝑦∂x2 + Kw√ℇ𝑦+KNL(√ℇ𝑦)3
= 12 ∫ [(∂√ℇ𝑦∂x )2 𝑑𝑥]L

0 ∂2√ℇ𝑦∂x2 + ℇ√ℇ𝐹𝑐𝑜𝑠𝛺𝑡 − 2ℇ𝞵 𝜕√ℇ𝑦𝜕𝑡          (4.2) 

√ℇ [(1 + η) ∂4𝑦∂𝑥4 + 𝜕2𝑦∂𝑡2 + 𝑁𝑡 𝜕2𝑦∂𝑥2 − Kp ∂2𝑦∂x2 + Kw𝑦]
= ℇ√ℇ [12 ∫ (∂√ℇ𝑦∂x )2 𝑑𝑥𝐿

0 ∂2√ℇ𝑦∂x2 −KNL𝑦3 + 𝐹𝑐𝑜𝑠𝛺𝑡 − 2𝞵 𝜕𝑦𝜕𝑡 ] (4.3) 

[(1 + η) ∂4𝑦∂𝑥4 + 𝜕2𝑦∂𝑡2 + 𝑁𝑡 𝜕2𝑦∂𝑥2 − Kp ∂2𝑦∂x2 + Kw𝑦]
= ℇ [12 ∫ (∂𝑦∂x)2 𝑑𝑥𝐿

0 ] ∂2𝑦∂x2 −ℇKNL𝑦3 + ℇ𝐹𝑐𝑜𝑠𝛺𝑡 − 2ℇ𝞵 𝜕𝑦𝜕𝑡           (4.4) 

Analytical solution will be approximately obtained with the help of the multiple scale 

methods having an important perturbation technique. According to the following 

expansion                                                   𝑦(𝑥, 𝑡; 𝜖) = 𝑢̂(𝑇0, 𝑇1, 𝑇2, 𝑇3, … . . ; 𝜖)                               (4.5) 

Where 𝑇𝑛 , are defined          𝑇0 = 𝑡𝑇1 = 𝜖𝑡 𝑇2 = 𝜖2𝑡𝑇3 = 𝜖3𝑡........  

We note that the 𝑇𝑛 represent different time scales because 𝜖 is a small parameter. For 

example, if = 160 , variations on the scale 𝑇0 can be observed on the second arm of a 

watch, variations on the scale 𝑇1, can be observed on the minute arm of a watch, and 

variations on the scale 𝑇2 can be observed on the hour arm of a watch. Thus, 𝑇0 

represents a fast scale, 𝑇1 represents a slower scale, 𝑇2 represents an even slower scale, 

and so on. Since the dependence of u on t and 𝜖 occurs on different scales, we imagine 
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that we have a watch and attempt to observe the behavior of u on the different scales 

of the watch. 

Thus, instead of determining u as a function of t, we determine u as a function of  T0, T1, T2,...  

                                 ddt = dT0dt ∂∂T0 + dT1dt ∂∂T1 + dT2dt ∂∂T2 + ⋯                   (4.6) 

                                  ddt = ϵ0D0 + ϵ1D1 + ⋯                                          (4.7) 

d2dt2 = 𝛜0D02 + 2ϵD0D1                                         (4.8) 

Which ε is a small dimensionless parameter and Dn is the new differential operator, 

which is defined as: 

Dn = ∂∂Tn   , 𝑛 = 0,1,2,3, …                                      (4.9) 

[(1 + η) ∂4𝑦 ∂𝑥4 + 𝜕2𝑦 ∂𝑡2 + 𝑁𝑡 𝜕2𝑦 ∂𝑥2 − Kp ∂2𝑦 ∂x2 + Kw𝑦]
= ℇ [12 ∫ (∂𝑦 ∂x )2 𝑑𝑥𝐿

0 ] ∂2𝑦 ∂x2 −ℇKNL𝑦3 + ℇ𝐹𝑐𝑜𝑠𝛺𝑡 − 2ℇ𝜇 𝜕𝑦 𝜕𝑡      (4.10) 

[(1 + η)(ϵ0𝑦0𝑖𝑣 + ϵ1𝑦1𝑖𝑣) + (ϵ0D02 + 2ϵD0D1)(ϵ0𝑦0′ + ϵ1𝑦1′)+ 𝑁𝑡(ϵ0𝑦0′′ + ϵ1𝑦1′′) − Kp(ϵ0𝑦0′′ + ϵ1𝑦1′′) + Kw𝑦]= ϵ [12 ∫ (ϵ0𝑦0′ + ϵ1𝑦1′)2𝑑𝑥𝐿
0 ] (ϵ0𝑦0′′ + ϵ1𝑦1′′)−ℇKNL𝑦3 + ϵ𝐹𝑐𝑜𝑠𝛺𝑡− 2ϵ𝜇(ϵ0D0 + ϵ1D1)(ϵ0y0 + ϵ1y1)                                                   (4.11) 

[(1 + η)𝑦0𝑖𝑣 + ϵ(1 + η)𝑦1𝑖𝑣 + D02𝑦0 + ϵD02𝑦1 + 2ϵD0D1𝑦0 + 2𝜖2𝐷0𝐷1𝑦1+ 𝑁𝑡𝑦0′′ + ϵ𝑁𝑡𝑦1′′ − Kp𝑦0′′ − ϵKp𝑦1′′ + Kw𝑦0 + Kw𝑦1]
= ϵ [[12 ∫ 𝑦0′2+2ϵ𝑦0′𝑦1′ + ϵ2𝑦1′2𝑑𝑥𝐿

0 ] (𝑦0′′ + ϵ𝑦1′′)−KNL𝑦3
+ 𝐹𝑐𝑜𝑠𝛺𝑡 − 2𝜇𝐷0y0] + ϵ2(… )                                                          (4.12) 
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Categorizing the obtained result into their respective orders 

Order (1): 

(1 + η)𝑦0𝑖𝑣 + 𝐷02𝑦0 + 𝑁𝑡𝑦0′′ − kp𝑦0′′ + kw𝑦0 = 0                                              (4.13) 

Order (𝛜) 

(1 + η)𝑦1𝑖𝑣 + 𝐷02𝑦1 + 𝑁𝑡𝑦1′′ − kp𝑦1′′ + kw𝑦1= −2𝐷0𝐷1𝑦0 + 12 ∫ [𝑦0′2𝑑𝑥]L
0 𝑦0′′−KNL𝑦3 + 𝐹𝑐𝑜𝑠𝛺𝑡− 2𝜇𝐷0𝑦0                                                                                                 (4.14) 

Fundamental expressions are obtained by solving the first order of expansion. For 

solvability condition the second order of expansion is used. 

4.1.1.1 The Linear Problem 

The first order of perturbation is linear, as given in Equation (4.13). In this section, 

solutions of first-order equations are performed to obtain fundamental linear 

frequencies and mode shapes. The first order of perturbation which is linear the 

solution is represented by 

𝑦0(𝑥, 𝑇0, 𝑇1) = [𝐴(𝑇1)𝑒𝑖𝜔𝑇0 + 𝑐𝑐]𝑌(𝑥)                                (4.15) 

Where cc, ω, A(𝑇1) represent to the complex conjugate, natural frequency, complex 

amplitude respectively. By substituting equation (4.9) into equation (4.7) (1 + η)𝑌𝑖𝑣(x) + (𝑁𝑡 − Kp)𝑌′′(𝑥) + (Kw − 𝜔2)𝑌(𝑥) = 0            (4.16) 

S-S                                                                           C-C 𝑦∗(0) = 0      𝑦∗(𝐿) = 0                                       𝑦∗(0) = 0    𝑦∗(𝐿) = 0 𝑦∗′′(0) = 0    𝑦∗′′(𝐿) = 0                                  𝑦∗′(0) = 0      𝑦∗′(𝐿) = 0 

The following shape function for any beam segment can be considered for solution of 

the equations 
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                𝑌(𝑥) = 𝐶1𝑒𝑖𝛽1𝑥 + 𝐶2𝑒𝑖𝛽2𝑥 + 𝐶3𝑒𝑖𝛽3𝑥 + 𝐶4𝑒𝑖𝛽4𝑥                   (4.17) 

The boundary conditions then become 

𝑌(𝑥)′ = 𝐶1𝑖𝛽1𝑒𝑖𝛽1𝑥 + 𝐶2𝑖𝛽2𝑒𝑖𝛽2𝑥 + 𝐶3𝑖𝛽3𝑒𝑖𝛽3𝑥 + 𝐶4𝑖𝛽4𝑒𝑖𝛽4𝑥                              (4.18) 

𝑌(𝑥)′′ = −𝐶1𝛽12𝑒𝑖𝛽1𝑥 − 𝐶2𝛽22𝑒𝑖𝛽2𝑥 − 𝐶3𝛽32𝑒𝑖𝛽3𝑥 − 𝐶4𝛽42𝑒𝑖𝛽4𝑥                       (4.19) 

𝑌(𝑥)′′′ = −𝐶1𝑖𝛽13𝑒𝑖𝛽1𝑥 − 𝐶2𝑖𝛽23𝑒𝑖𝛽2𝑥 − 𝐶3𝑖𝛽33𝑒𝑖𝛽3𝑥 − 𝐶4𝑖𝛽43𝑒𝑖𝛽4𝑥                (4.20) 

𝑌(𝑥)𝑖𝑣 = 𝐶1𝛽14𝑒𝑖𝛽1𝑥 + 𝐶2𝛽24𝑒𝑖𝛽2𝑥 + 𝐶3𝛽34𝑒𝑖𝛽3𝑥 + 𝐶4𝛽44𝑒𝑖𝛽4𝑥                          (4.21) 

Using the boundary conditions, the natural frequencies will be obtained. Using the 

functions in equation above will give the dispersion relation shown below: 

(1 + η)(𝐶1𝛽14𝑒𝑖𝛽1𝑥 + 𝐶2𝛽24𝑒𝑖𝛽2𝑥 + 𝐶3𝛽34𝑒𝑖𝛽3𝑥 + 𝐶4𝛽44𝑒𝑖𝛽4𝑥 )+ (𝑁𝑡 − Kp)(−𝐶1𝛽12𝑒𝑖𝛽1𝑥 − 𝐶2𝛽22𝑒𝑖𝛽2𝑥 − 𝐶3𝛽32𝑒𝑖𝛽3𝑥− 𝐶4𝛽42𝑒𝑖𝛽4𝑥 )+ (Kw − 𝜔2)(𝐶1𝑒𝑖𝛽1𝑥 + 𝐶2𝑒𝑖𝛽2𝑥 + 𝐶3𝑒𝑖𝛽3𝑥 + 𝐶4𝑒𝑖𝛽4𝑥 ) = 0    (4.22) 

((1 + η)𝛽14 − (𝑁𝑡 − Kp)𝛽12 + (Kw − 𝜔2))𝐶1𝑒𝑖𝛽1𝑥 = 0         (4.23) 

(1 + η)𝛽14 − (𝑁𝑡 − Kp)𝛽12 + (Kw − 𝜔2) = 0                     (4.24) 

Which can be written as  

(1 + η)𝛽𝑛4 − (𝑁𝑡 − Kp)𝛽𝑛2 + (Kw − 𝜔2) = 0                     (4.25) 

Let u=𝛽𝑛2 where n=1,2,3,4 

(1 + η)u2 − (Nt − Kp)u + (Kw − ω2) = 0                         (4.26) 

Applying a quadratic equation formula 

u = −b ± √b2 − 4ac2a                                                 (4.27) 
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u = Nt − Kp ± √Nt2 − 2NtKp + Kp2 − 4Kw + 4ω2 − 4ηKw + 4ηω22 + 2η  

βn2 = Nt − Kp ± √Nt2 − 2NtKp + Kp2 − 4Kw + 4ω2 − 4ηKw + 4ηω22 + 2η  

βn = √Nt − Kp ± √Nt2 − 2NtKp + Kp2 − 4Kw + 4ω2 − 4ηKw + 4ηω22 + 2η     (4.28) 

4.1.1.2 The Non-linear problem 

The secular and non-secular terms assuming a solution of the form are separated to 

find the solvability condition. 

𝑦0(𝑥, 𝑇0, 𝑇1) = 𝜙(𝑥, 𝑇1)𝑒𝑖𝜔𝑇0 + 𝑐𝑐 + 𝑊(𝑥, 𝑇0, 𝑇1)                  (4.29) 

We know that for solvability condition we will use the order(𝛜) expansion which is 

given as 

𝑦0(𝑥, 𝑇0, 𝑇1) = (𝐴𝑇1𝑒𝑖𝜔𝑇0 + 𝑐𝑐)𝑌(𝑥)                            (4.30) 

cosϴ = 12 (eiϴ + e−iϴ)                                          (4.31) 

(1 + η)𝑦1𝑖𝑣 + 𝐷02𝑦1 + 𝑁𝑡𝑦1′′ − kp𝑦1′′ + kw𝑦1= −2𝐷0𝐷1𝑦0 + 12 ∫ [𝑦0′2𝑑𝑥]L
0 𝑦0′′−KNL𝑦3 + 𝐹𝑐𝑜𝑠𝛺𝑡− 2𝜇𝐷0𝑦0                                                                                                 (4.32) 

Substituting the above equation into an order(𝛜) gives  

(1 + η)𝑦1𝑖𝑣 + 𝐷02𝑦1 + 𝑁𝑡𝑦1′′ − kp𝑦1′′ + kw𝑦1= −2𝐷0𝐷1𝑦0 + 12 ∫ [𝑦0′2𝑑𝑥]1
0 𝑦0′′−KNL𝑦3 + 𝐹𝑐𝑜𝑠𝛺𝑡− 2𝜇𝐷0𝑦0                                                                                                 (4.33) 

Pourkiaee et al [43] wrote the general solution for the above equation as 
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𝑦1 = 𝐴(𝑇1)𝑒𝑖𝜔𝑇0𝛺𝑡 + 𝐴̅(𝑇1)𝑒−𝑖𝜔𝑇0                                    (4.34) 

[(1 + η)𝜙𝑖𝑣 − 𝜔2𝜙 + 𝑁𝑡𝜙′′ − kp𝜙′′ + kw𝜙]𝑒𝑖𝜔𝑇0= −2𝐷0𝐷1(𝐴(𝑇1)𝑒𝑖𝜔𝑇0)𝑌(𝑥)+ 12 ∫ [(𝐴(𝑇1)𝑒𝑖𝜔𝑇0 + 𝐴̅(𝑇1)𝑒−𝑖𝜔𝑇0)′2𝑌′2(𝑥)𝑑𝑥]1
0 (𝐴(𝑇1)𝑒𝑖𝜔𝑇0𝛺𝑡

+ 𝐴̅(𝑇1)𝑒−𝑖𝜔𝑇0)𝑌′′(𝑥)−KNL(𝐴(𝑇1)𝑒𝑖𝜔𝑇0 + 𝐴̅(𝑇1)𝑒−𝑖𝜔𝑇0)3𝑌3(𝑥)+ 𝐹𝑐𝑜𝑠𝛺𝑡 − 2𝜇𝐷0(𝐴(𝑇1)𝑒𝑖𝜔𝑇0)𝑌(𝑥) + 𝑐𝑐 + 𝑁𝑆𝑇                        (4.35) 

[(1 + η)𝜙𝑖𝑣 − 𝜔2𝜙 + 𝑁𝑡𝜙′′ − kp𝜙′′ + kw𝜙]𝑒𝑖𝜔𝑇0= −2𝑖𝜔𝐴′𝑌(𝑥)𝑒𝑖𝜔𝑇0+ 12 (𝐴3𝑒3𝑖𝜔𝑇0 + 3𝐴2𝐴̅𝑒𝑖𝜔𝑇0 + 3𝐴𝐴̅2𝑒−2𝑖𝜔𝑇0
+ 𝐴̅3𝑒−3𝑖𝜔𝑇0)(∫ 𝑌′2(𝑥)𝑑𝑥)1

0 𝑌′′(𝑥) − 3𝐴2𝐴̅KNL𝑌(𝑥)𝑒𝑖𝜔𝑇0𝑌3(𝑥)
+ F2 (ei𝛺𝑡 + e−i𝛺𝑡) − 2𝜇𝑖𝜔𝐴𝑌(𝑥)𝑒𝑖𝜔𝑇0 + 𝑐𝑐 + 𝑁𝑆𝑇                     (4.36) 

[(1 + η)𝜙𝑖𝑣 − 𝜔2𝜙 + 𝑁𝑡𝜙′′ − kp𝜙′′ + kw𝜙]= −2𝑖𝜔𝐴′𝑌(𝑥) + 32 (𝐴2𝐴̅)(∫ 𝑌′2(𝑥)𝑑𝑥)1
0 𝑌′′(𝑥) − 3𝐴2𝐴̅KNL𝑌3(𝑥)

+ F2 (ei𝛺𝑡 + e−i𝛺𝑡)𝑒−𝑖𝜔𝑇0 − 2𝜇𝑖𝜔𝐴𝑌(𝑥) + 𝑐𝑐 + 𝑁𝑆𝑇                   (4.37) 

Where 𝐴′is the derivative of A with respect to 𝑇1, cc denotes the complex conjugate of 

prior terms and NST represents the non-secular terms. 

In the case of a primary resonance in order to show the nearness of the excitation 

frequency 𝛺 to the natural frequency𝜔, detuning parameter is described in the form of                                                        Ω = ω + ℇσ                                                      (4.38) 

Simplifying the following term 

                                        cos(𝛺𝑡) = ei𝛺𝑡 + e−i𝛺𝑡2 = ei𝛺𝑡2 + 𝑐𝑐                                     (4.39) 
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ei𝛺𝑇2 = ei(𝜔+ℇ𝝈)𝑇02 = ei𝜔𝑇0ei𝝈𝑇12       , 𝑇0 = ℇ𝑇1 

Where 𝜎 is a detuning parameter of order(1). 

[(1 + η)𝜙𝑖𝑣 − 𝜔2𝜙 + 𝑁𝑡𝜙′′ − kp𝜙′′ + kw𝜙]= −2𝑖𝜔𝐴′𝑌(𝑥) + 32 (𝐴2𝐴̅)(∫ 𝑌′2𝑑𝑥)1
0 𝑌′′ − 3𝐴2𝐴̅KNL𝑌3(𝑥) + 𝐹2 ei𝝈𝑇1− 2𝜇𝑖𝜔𝐴𝑌(𝑥)                                                                                         (4.40) 

0 = ∫ [−2𝑖𝜔(𝐴′ + 𝜇𝐴)𝑌1
0 + 32 (𝐴2𝐴̅) (∫ 𝑌′2𝑑𝑥)1

0 𝑌′′ − 3𝐴2𝐴̅KNL𝑌3(𝑥) + 𝐹2 ei𝝈𝑇1] 𝑌(𝑥)    (4.41) 

0 = −2𝑖𝜔(𝐴′ + 𝜇𝐴) ∫ 𝑌2𝑑𝑥1
0 + 32 (𝐴2𝐴̅)(∫ 𝑌′2𝑑𝑥)1

0 (∫ 𝑌′′𝑌𝑑𝑥1
0 )

− 3𝐴2𝐴̅KNL ∫ 𝑌4𝑑𝑥1
0 + ei𝝈𝑇12 ∫ 𝐹𝑌𝑑𝑥1

0                                              (4.42) 

Applying integration by part 

                                  ∫ 𝑌′′𝑌𝑑𝑥1
0 = YY′ − ∫ Y′2dx1

0 = − ∫ Y′2dx1
0                             (4.43) 

Substituting the above equation 

0 = −2𝑖𝜔(𝐴′ + 𝜇𝐴) ∫ 𝑌2𝑑𝑥1
0 − 32 (𝐴2𝐴̅)(∫ 𝑌′2𝑑𝑥)21

0 − 3𝐴2𝐴̅KNL ∫ 𝑌4𝑑𝑥1
0+ ei𝝈𝑇12 ∫ 𝐹𝑌𝑑𝑥1

0                                                                                      (4.44) 

0 = −2𝑖𝜔(𝐴′ + 𝜇𝐴) − 32 (𝐴2𝐴̅)𝑏2 − 3𝐴2𝐴̅𝑑KNL + ei𝝈𝑇12 𝑓                                    (4.45) 

Where          ∫ 𝑌210 𝑑𝑥 = 1       ∫ 𝑌410 𝑑𝑥 = 𝑑   ∫ 𝑌′2𝑑𝑥10 = b ∫ 𝐹𝑌10 𝑑𝑥 = 𝑓          (4.46) 

And we will obtain the final equation as 
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2𝑖𝜔(𝐴′ + 𝜇𝐴) + 3(𝐴2𝐴̅) (𝑑KNL + 𝑏22 ) − ei𝝈𝑇12 𝑓 = 0                (4.47) 

Expressing A in polar form leads to 

𝐴 = 12 𝑎(𝑇1)𝑒𝑖𝛳𝑇1                                                    (4.48) 

Where 𝑎 𝑎𝑛𝑑 𝛳 are real-valued functions of 𝑇1 representing the amplitude and the 

phase of the response, respectively. Substituting the above equation below and 

separating the real and imaginary parts, and introducing 𝜓= 𝜎𝑇1-𝜭, the modulation 

equations can be expressed as  

2𝑖𝜔(12 𝑎𝑒𝑖𝛳)′ + 2𝑖𝜔𝜇 (12 𝑎𝑒𝑖𝛳) + 3 ((12 𝑎𝑒𝑖𝛳)2 (12 𝑎𝑒−𝑖𝛳)) (𝑑KNL + 𝑏22 ) − ei𝝈𝑇12 𝑓
= 0                                                                                                            (4.49) 

2𝑖𝜔(12 𝑎𝑒𝑖𝛳)′ + 𝑖𝜔𝜇(𝑎𝑒𝑖𝛳) + 3 ((14 𝑎2𝑒2𝑖𝛳) (12 𝑎𝑒−𝑖𝛳)) (𝑑KNL + 𝑏22 ) − ei𝜓ei𝛳2 𝑓= 0                                                                                                            (4.50) 

And removing 𝑒𝑖𝛳 

𝑖𝜔𝑎′ − 𝜔𝑎𝛳′ + 𝑖𝜔𝜇𝑎 + 38 a3 (𝑑KNL + 𝑏22 ) − ei𝜓2 𝑓 = 0                                        (4.51) 

𝜓= 𝜎𝑇1 − 𝛳                                                               (4.52) 𝛳′ = 𝜎 − 𝜓′                                                               (4.53) 

ei𝜓 = 𝑐𝑜𝑠𝜓 + 𝑖𝑠𝑖𝑛𝜓                                                      (4.54) 

𝑖𝜔𝑎′ − 𝜔𝑎𝜎 + 𝜔𝑎𝜓′ + 𝑖𝜔𝜇𝑎 + 38 a3 (𝑑KNL + 𝑏22 ) − 𝑐𝑜𝑠𝜓2 𝑓 − 𝑖 𝑠𝑖𝑛𝜓2 𝑓 = 0  (4.55) 

Collecting like terms 

𝑅𝑒𝑎𝑙 𝑃𝑎𝑟𝑡                        𝜔𝑎𝜓′ = 𝜔𝑎𝜎 − 38 a3 (𝑑KNL + 𝑏22 ) + 𝑐𝑜𝑠𝜓2 𝑓                (4.56) 
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𝐼𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦 𝑃𝑎𝑟𝑡            𝜔𝑎′ + 𝜔𝜇𝑎 = 𝑠𝑖𝑛𝜓2 𝑓                                                          (4.57) 

Free Vibration 

For free vibrations values of  𝑓, 𝜇 𝑎𝑛𝑑 𝜎 = 0. For simple boundary condition 𝐼𝑓 𝑎′ = 0 𝑡ℎ𝑒𝑛 𝑎 = 𝑎0 

−ψ′ = 38 a02 (dKNL + b22 )ω                                                (4.58) 

ϴ′ = σ − ψ′ = 0 − ψ′ = −ψ′                                           (4.59) 

ϴ′ = 38 a02ω (dKNL + b22 )                                               (4.60) 

ωNL = ω + ϴ′                                                        (4.61) 

ωNL − ω = 38 a02 (dKNL + b22 )ω                                          (4.62) 

ωNL = ω + 38 a02 (dKNL + b22 )ω                                   (4.63) 

Let   𝝀 = 𝟑𝟖 (𝒅𝐊𝐍𝐋+𝒃𝟐𝟐 )𝝎                                                                                                                       (4.64) 
The equation then becomes 𝜔𝑁𝐿 = 𝜔 + a02𝜆                                                   (4.65) 

For forced and damped vibration  𝑎′ = 𝜓′ = 0 

𝜔𝑎𝜎 + 𝜔𝜇𝑎 − 38 a3 (𝑑KNL + 𝑏22 ) + 𝑐𝑜𝑠𝜓2 𝑓 − 𝑠𝑖𝑛𝜓2 𝑓 = 0                                    (4.66) 

𝜔𝑎𝜎 + 𝜔𝜇𝑎 − 38 a3 (𝑑KNL + 𝑏22 ) + 𝑐𝑜𝑠𝜓2 𝑓 = 𝑠𝑖𝑛𝜓2 𝑓                                            (4.67) 
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(𝜔𝑎𝜎 − 38 a3(𝑑KNL + 𝑏22 ))2 = (− 𝑐𝑜𝑠𝜓2 𝑓)2                                                              (4.69) 

(𝜔𝜇𝑎)2 = (𝑠𝑖𝑛𝜓2 𝑓)2                                                                                                        (4.70) 

(𝜔𝑎𝜎 − 38 a3(𝑑KNL + 𝑏22 ))2+(𝜔𝜇𝑎)2 = (𝑠𝑖𝑛𝜓2 𝑓)2 + (𝑐𝑜𝑠𝜓2 𝑓)2                        (4.71) 

(𝜔𝑎𝜎 − 38 a3(𝑑KNL + 𝑏22 ))2+(𝜔𝜇𝑎)2 = (𝑓2)2 (𝑠𝑖𝑛2𝜓 + 𝑐𝑜𝑠2𝜓)                         (4.72) 

𝑠𝑖𝑛2𝜓 + 𝑐𝑜𝑠2𝜓 = 1                                                                                                         (4.73) 

  (𝜔𝑎𝜎 − 38 a3(𝑑KNL + 𝑏22 ))2+(𝜔𝜇𝑎)2 = (𝑓2)2                                                         (4.74) 

(𝜔2𝑎2)𝜎2 − (34 𝜔𝑎4 (𝑑KNL + 𝑏22 )) 𝜎
+ ( 9(8 ∗ 8) 𝑎6 (𝑑KNL + 𝑏22 )2 + (𝜔2𝑎2)𝜇2 − 𝑓24 ) = 0                (4.75) 

Applying quadratic equation formula 𝜎
= 34 a4(dKNL + 𝑏22 ) ± 𝜔𝑎√ 9(16) 𝑎6(𝑑KNL + 𝑏22 )2 − ( 9(16) 𝑎6(𝑑KNL + 𝑏22 )2 − (4𝜔2𝑎2)𝜇2 + 𝑓22𝜔2𝑎2  

𝜎 = 38𝜔 a2 (dKNL + 𝑏22 ) ± √−𝜇2 + 𝑓2(4𝜔2𝑎2)                        (4.76) 

𝜎 = 316𝜔 a2 (dKNL + 𝑏22 ) ± √ 𝑓2(4𝜔2𝑎2) − 𝜇2                         (4.77) 

𝜎 = a2𝜆 ± √ 𝑓2(4𝜔2𝑎2) − 𝜇2                                        (4.78) 
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4.2.1 Nonlocal Elasticity Theory 

Multiple scale method is applied to the nonlocal nanobeam 

𝑦𝑖𝑣 + 𝑦̈ − 𝛾2𝑦̈2 + 𝑁𝑡(𝑦′′ − 𝛾2𝑦𝑖𝑣)  − 𝐾𝑝(𝑦′′ − 𝛾2𝑦𝑖𝑣) + Kw(y − 𝛾2𝑦′′) + KNL(y3− 3𝛾2(2y𝑦′2 + 𝑦2𝑦′′)= 12 ∫ [𝑦′2dx]L
0 [𝑦′′ − 𝛾2𝑦𝑖𝑣] + 𝐹̅𝑐𝑜𝑠𝛺𝑡 − 2𝜇̅𝑦̇                           (4.79) 

Where 𝑦̅ = √ℇ𝑦   ,    𝜇̅ = ℇ𝜇   , 𝐹̅ = ℇ√ℇ𝐹 transformation is performed for the 

damping and forcing terms based on multiple scale method. So that they are counter 

effect of non-linearity. 

√ℇ(𝑦𝑖𝑣 + 𝑦̈ − 𝛾2𝑦̈2) + √ℇ𝑁𝑡(𝑦′′ − 𝛾2𝑦𝑖𝑣)  − √ℇ𝐾𝑝(𝑦′′ − 𝛾2𝑦𝑖𝑣) + √ℇKw(y− 𝛾2𝑦′′) + ℇ√ℇKNL(y3 − 3𝛾2(2y𝑦′2 + 𝑦2𝑦′′)= ℇ√ℇ2 (∫ [𝑦′2dx]L
0 [𝑦′′ − 𝛾2𝑦𝑖𝑣] + 𝐹𝑐𝑜𝑠𝛺𝑡 − 2𝜇𝑦̇)                (4.80) 

𝑦𝑖𝑣 + 𝑦̈ − 𝛾2𝑦̈2 + 𝑁𝑡(𝑦′′ − 𝛾2𝑦𝑖𝑣)  − 𝐾𝑝(𝑦′′ − 𝛾2𝑦𝑖𝑣) + Kw(y − 𝛾2𝑦′′) + ℇKNL(y3− 3𝛾2(2y𝑦′2 + 𝑦2𝑦′′)= ℇ2 ∫ [𝑦′2dx]L
0 [𝑦′′ − 𝛾2𝑦𝑖𝑣] + 𝐹ℇ𝑐𝑜𝑠𝛺𝑡 − 2ℇ𝜇𝑦̇                      (4.81) 

The analytical solution will be approximated using multiple scale method which is an 

important perturbation technique. According to the following expansion                                                   𝑦(𝑥, 𝑡; 𝜖) = 𝑢̂(𝑇0, 𝑇1, 𝑇2, 𝑇3, … . . ; 𝜖)                         (4.82) 

Where 𝑇𝑛 , are defined          𝑇0 = 𝑡𝑇1 = 𝜖𝑡 𝑇2 = 𝜖2𝑡𝑇3 = 𝜖3𝑡  
Thus, instead of determining u as a function of t, we determine u as a function of  T0, T1, T2,...  ddt = dT0dt ∂∂T0 + dT1dt ∂∂T1 + dT2dt ∂∂T2 + ⋯                         (4.83) 

ddt = ϵ0D0 + ϵ1D1 + ⋯                                        (4.84) 
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d2dt2 = ϵ0D02 + 2ϵD0D1 + ϵ2D12 …                            (4.85) 

Which ε is a small dimensionless parameter and Dn is the new differential operator, 

which is defined as 

Dn = ∂∂Tn   , 𝑛 = 0,1,2,3, …                                      (4.86) 

𝑦𝑖𝑣 + 𝑦̈ − 𝛾2𝑦̈2 + 𝑁𝑡(𝑦′′ − 𝛾2𝑦𝑖𝑣)  − 𝐾𝑝(𝑦′′ − 𝛾2𝑦𝑖𝑣) + Kw(y − 𝛾2𝑦′′) + ℇKNL(y3− 3𝛾2(2y𝑦′2 + 𝑦2𝑦′′)= ℇ2 ∫ [𝑦′2dx]L
0 [𝑦′′ − 𝛾2𝑦𝑖𝑣] + 𝐹ℇ𝑐𝑜𝑠𝛺𝑡 − 2ℇ𝜇𝑦̇                        (4.87) 

Categorizing the obtained result into their respective orders 

Order (1): 

𝑦0𝑖𝑣 + 𝐷02𝑦0 − 𝛾2𝐷02𝑦0′′ + 𝑁𝑡(𝑦0′′ − 𝛾2𝑦0𝑖𝑣) − 𝐾𝑝(𝑦0′′ − 𝛾2𝑦0𝑖𝑣) + Kw(𝑦0− 𝛾2𝑦0′′)  = 0                                                                                        (4.88) 

Order (𝛜) 

𝑦1𝑖𝑣 + 𝐷02𝑦1 − 𝛾2𝐷02𝑦1′′ + 𝑁𝑡(𝑦1′′ − 𝛾2𝑦1𝑖𝑣) − 𝐾𝑝(𝑦1′′ − 𝛾2𝑦1𝑖𝑣)+ Kw(𝑦0 − 𝛾2𝑦0′′)=  −2𝐷0𝐷1𝑦0 + 2𝛾2D0D1𝑦0′′ + 12 ∫ [𝑦0′2dx]L
0 [𝑦0′′ − 𝛾2𝑦0𝑖𝑣]  − KNL(𝑦03 − 3𝛾2(2𝑦0𝑦0′2 + 𝑦02𝑦0′′) + 𝐹𝑐𝑜𝑠𝛺𝑡− 2𝜇𝐷0𝑦0                                                                                                 (4.89) 

Fundamental expressions are obtained by solving the first order of expansion. For 

solvability condition the second order of expansion is used. 

4.2.1.1 The Linear Problem 

As seen above the first order of perturbation is linear. This section solves first-order 

equations to derive fundamental linear frequencies and mode shapes. The linear 

solution of the first order of perturbation is represented by 
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𝑦0(𝑥, 𝑇0, 𝑇1) = [𝐴(𝑇1)𝑒𝑖𝜔𝑇0 + 𝑐𝑐]𝑌(𝑥)                                                                        (4.90) 

Where cc, ω, A(𝑇1) represent to the complex conjugate, natural frequency, complex 

amplitude respectively. 

𝑌𝑖𝑣 + 𝐷02𝑌 − 𝛾2𝐷02𝑌′′ + 𝑁𝑡(𝑌′′ − 𝛾2𝑌𝑖𝑣) − 𝐾𝑝(𝑌′′ − 𝛾2𝑌𝑖𝑣) + Kw(Y − 𝛾2𝑌′′)  = 0                                                                                                            (4.91) 

𝑌𝑖𝑣 − 𝑁𝑡𝛾2𝑌𝑖𝑣 + 𝐾𝑝𝛾2𝑌𝑖𝑣 − 𝛾2𝐷02𝑌′′ + 𝑁𝑡𝑌′′ − 𝐾𝑝𝑌′′−Kw𝛾2𝑌′′ + 𝐷02𝑌 + KwY= 0                                                                                                            (4.92) 

(1 − 𝑁𝑡𝛾2 + 𝐾𝑝𝛾2)𝑌𝑖𝑣 + (𝛾2𝜔2 + 𝑁𝑡 − 𝐾𝑝−Kw𝛾2)𝑌′′ + (Kw − 𝜔2)Y = 0    (4.93) 

The following shape function for any beam segment can be considered for solution of 

the equations 

                𝑌(𝑥) = 𝐶1𝑒𝑖𝛽1𝑥 + 𝐶2𝑒𝑖𝛽2𝑥 + 𝐶3𝑒𝑖𝛽3𝑥 + 𝐶4𝑒𝑖𝛽4𝑥                    (4.94) 

The boundary conditions then become 

𝑌(𝑥)′ = 𝐶1𝑖𝛽1𝑒𝑖𝛽1𝑥 + 𝐶2𝑖𝛽2𝑒𝑖𝛽2𝑥 + 𝐶3𝑖𝛽3𝑒𝑖𝛽3𝑥 + 𝐶4𝑖𝛽4𝑒𝑖𝛽4𝑥                              (4.95) 

𝑌(𝑥)′′ = −𝐶1𝛽12𝑒𝑖𝛽1𝑥 − 𝐶2𝛽22𝑒𝑖𝛽2𝑥 − 𝐶3𝛽32𝑒𝑖𝛽3𝑥 − 𝐶4𝛽42𝑒𝑖𝛽4𝑥                       (4.96) 

𝑌(𝑥)′′′ = −𝐶1𝑖𝛽13𝑒𝑖𝛽1𝑥 − 𝐶2𝑖𝛽23𝑒𝑖𝛽2𝑥 − 𝐶3𝑖𝛽33𝑒𝑖𝛽3𝑥 − 𝐶4𝑖𝛽43𝑒𝑖𝛽4𝑥                (4.97) 

𝑌(𝑥)𝑖𝑣 = 𝐶1𝛽14𝑒𝑖𝛽1𝑥 + 𝐶2𝛽24𝑒𝑖𝛽2𝑥 + 𝐶3𝛽34𝑒𝑖𝛽3𝑥 + 𝐶4𝛽44𝑒𝑖𝛽4𝑥                          (4.98) 

Using the boundary conditions the natural frequencies will be obtained. Using the 

functions in the above equation will give the dispersion relation shown below: 

(1 − 𝑁𝑡𝛾2 + 𝐾𝑝𝛾2)(𝐶1𝛽14𝑒𝑖𝛽1𝑥 + 𝐶2𝛽24𝑒𝑖𝛽2𝑥 + 𝐶3𝛽34𝑒𝑖𝛽3𝑥 + 𝐶4𝛽44𝑒𝑖𝛽4𝑥 )+ (𝛾2𝜔2 + 𝑁𝑡 − 𝐾𝑝−Kw𝛾2)(−𝐶1𝛽12𝑒𝑖𝛽1𝑥 − 𝐶2𝛽22𝑒𝑖𝛽2𝑥 − 𝐶3𝛽32𝑒𝑖𝛽3𝑥− 𝐶4𝛽42𝑒𝑖𝛽4𝑥 ) + (Kw − 𝜔2)(𝐶1𝑒𝑖𝛽1𝑥 + 𝐶2𝑒𝑖𝛽2𝑥 + 𝐶3𝑒𝑖𝛽3𝑥 + 𝐶4𝑒𝑖𝛽4𝑥  )  = 0                                                                                                                                        (4.99) 

(1 − 𝑁𝑡𝛾2 + 𝐾𝑝𝛾2)𝛽14 − (𝛾2𝜔2 + 𝑁𝑡 − 𝐾𝑝−Kw𝛾2)𝛽12 + (Kw − 𝜔2) = 0  (4.100) 
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Which can be written as  

(1 − 𝑁𝑡𝛾2 + 𝐾𝑝𝛾2)𝛽𝑛4 − (𝛾2𝜔2 + 𝑁𝑡 − 𝐾𝑝−Kw𝛾2)𝛽𝑛2 + (Kw − 𝜔2) = 0 (4.101) 

Let u=𝛽𝑛2 where n=1, 2, 3, 4 

(1 − 𝑁𝑡𝛾2 + 𝐾𝑝𝛾2)𝑢2 − (𝛾2𝜔2 + 𝑁𝑡 − 𝐾𝑝−Kw𝛾2)𝑢 + (Kw − 𝜔2) = 0        (4.102) 

4.2.1.2 The Non-linear problem 

The secular and non-secular terms assuming a solution of the form are separated to 

find the solvability condition. 

𝑦0(𝑥, 𝑇0, 𝑇1) = 𝜙(𝑥, 𝑇1)𝑒𝑖𝜔𝑇0 + 𝑐𝑐 + 𝑊(𝑥, 𝑇0, 𝑇1)            (4.103) 

We know that for solvability condition we will use the order(𝛜) expansion which is 

given as 

𝑦1𝑖𝑣 + 𝐷02𝑦1 − 𝛾2𝐷02𝑦1′′ + 𝑁𝑡(𝑦1′′ − 𝛾2𝑦1𝑖𝑣) − 𝐾𝑝(𝑦1′′ − 𝛾2𝑦1𝑖𝑣)+ Kw(𝑦1 − 𝛾2𝑦1′′)=  −2𝐷0𝐷1𝑦0 + 2𝛾2D0D1𝑦0′′ + 12 ∫ [𝑦0′2dx]L
0 [𝑦0′′ − 𝛾2𝑦0𝑖𝑣]− KNL(𝑦03 − 3𝛾2(2𝑦0𝑦0′2 + 𝑦02𝑦0′′) + 𝐹𝑐𝑜𝑠𝛺𝑡− 2𝜇𝐷0𝑦0                                                                                              (4.104) 

Pourkiaee et al [43] wrote the general solution for the above equation as 

𝑦1 = 𝐴(𝑇1)𝑒𝑖𝜔𝑇0𝛺𝑡 + 𝐴̅(𝑇1)𝑒−𝑖𝜔𝑇0                        (4.105) 

(𝜙𝑖𝑣 − 𝜔2𝜙 + 𝛾2𝜔2𝜙′′ + 𝑁𝑡(𝜙′′ − 𝛾2𝜙𝑖𝑣) − 𝐾𝑝(𝜙′′ − 𝛾2𝜙𝑖𝑣)+ Kw(𝜙 − 𝛾2𝜙′′))𝑒𝑖𝜔𝑇0=  −2𝐷0𝐷1(𝐴(𝑇1)𝑒𝑖𝜔𝑇0)𝑌(𝑥)+ 2𝛾2D0D1(𝐴(𝑇1)𝑒𝑖𝜔𝑇0𝛺𝑡 + 𝐴̅(𝑇1)𝑒−𝑖𝜔𝑇0)𝑌′′(𝑥)+ 12 ∫ [(𝐴(𝑇1)𝑒𝑖𝜔𝑇0 + 𝐴̅(𝑇1)𝑒−𝑖𝜔𝑇0)′2𝑌′2(𝑥)𝑑𝑥]1
0 (𝐴(𝑇1)𝑒𝑖𝜔𝑇0𝛺𝑡+ 𝐴̅(𝑇1)𝑒−𝑖𝜔𝑇0)𝑌′′(𝑥) − 𝛾2(𝐴(𝑇1)𝑒𝑖𝜔𝑇0)𝑌(𝑥)𝑖𝑣− KNL((𝐴(𝑇1)𝑒𝑖𝜔𝑇0 + 𝐴̅(𝑇1)𝑒−𝑖𝜔𝑇0)3𝑌3(𝑥) 
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−3𝛾2 (2(𝐴(𝑇1)𝑒𝑖𝜔𝑇0)𝑌(𝑥)𝑌(𝑥)′2
+ (𝐴(𝑇1)𝑒𝑖𝜔𝑇0)𝑌(𝑥)2(𝐴(𝑇1)𝑒𝑖𝜔𝑇0𝛺𝑡 + 𝐴̅(𝑇1)𝑒−𝑖𝜔𝑇0)𝑌′′(𝑥))+ 𝐹𝑐𝑜𝑠𝛺𝑡 − 2𝜇𝐷0(𝐴(𝑇1)𝑒𝑖𝜔𝑇0)𝑌(𝑥) + 𝑐𝑐 + 𝑁𝑆𝑇                     (4.106) 

[(1 − 𝑁𝑡𝛾2 + 𝐾𝑝𝛾2)𝜙𝑖𝑣(𝑥) + (𝛾2𝜔2 + 𝑁𝑡 − 𝐾𝑝 − 𝐾𝑤𝛾2)𝜙′′(x) + (Kw− 𝜔2)𝜙]𝑒𝑖𝜔𝑇0=  −2𝑖𝜔𝑌(𝑥)𝐷1𝐴𝑒𝑖𝜔𝑇0 + 2𝛾2𝑖𝜔𝑌′′(𝑥)D1𝐴𝑒𝑖𝜔𝑇0
+ 3𝐴2𝐴̅𝑒𝑖𝜔𝑇02 ∫ [𝑌(𝑥)′2dx]L

0 [𝑌(𝑥)′′ − 𝛾2𝑌(𝑥)𝑖𝑣] − KNL(3𝐴2𝐴̅𝑌3(𝑥)
− 3𝛾2 (6𝐴2𝐴̅𝑌(𝑥)𝑌(𝑥)′2 + (3𝐴2𝐴̅)𝑌(𝑥)2𝑌′′(𝑥)) 𝑒𝑖𝜔𝑇0 + F2 (ei𝛺𝑡+ e−i𝛺𝑡) − 2𝜇𝑖𝜔𝐴𝑌(𝑥)𝑒𝑖𝜔𝑇0 + 𝑐𝑐 + 𝑁𝑆𝑇                                     (4.107) 

[(1 − 𝑁𝑡𝛾2 + 𝐾𝑝𝛾2)𝜙𝑖𝑣(𝑥) + (𝛾2𝜔2 + 𝑁𝑡 − 𝐾𝑝 − 𝐾𝑤𝛾2)𝜙′′(x) + (Kw − 𝜔2)𝜙]=  −2𝑖𝜔𝑌(𝑥)𝐷1𝐴 + 2𝛾2𝑖𝜔𝑌′′(𝑥)D1𝐴+ 3𝐴2𝐴̅2 ∫ [𝑌(𝑥)′2dx]L
0 [𝑌(𝑥)′′ − 𝛾2𝑌(𝑥)𝑖𝑣] − KNL(3𝐴2𝐴̅𝑌(𝑥)3

− 3𝛾2(6𝐴2𝐴̅𝑌(𝑥)𝑌′(x)2 + (3𝐴2𝐴̅)𝑌(𝑥)2𝑌′′(𝑥)) + F2 (ei𝛺𝑡)− 2𝜇𝑖𝜔𝐴𝑌(𝑥) + 𝑐𝑐 + 𝑁𝑆𝑇                                                               (4.108) 

Where 𝐴′is the derivative of A with respect to 𝑇1, cc denotes the complex conjugate of 

prior terms and NST represents the non-secular terms. In the case of a primary 

resonance in order to show the nearness of the excitation frequency 𝛺 to the natural 

frequency𝜔, detuning parameter is described in the form of  𝛺 = 𝜔 + ℇ𝜎                                                 (4.109) 

Where 𝜎 is a detuning parameter  

−2𝑖𝜔𝑌(𝑥)𝐷1𝐴 + 2𝛾2𝑖𝜔𝑌′′(𝑥)D1𝐴 + 3𝐴2𝐴̅2 ∫ [𝑌(𝑥)′2dx]L
0 [𝑌(𝑥)′′ − 𝛾2𝑌(𝑥)𝑖𝑣]− KNL(3𝐴2𝐴̅𝑌(𝑥)3 − 3𝛾2(6𝐴2𝐴̅𝑌(𝑥)𝑌′(x)2 + (3𝐴2𝐴̅)𝑌(𝑥)2𝑌′′(𝑥))+ F2 (ei𝛺𝑡) − 2𝜇𝑖𝜔𝐴𝑌(𝑥) + 𝑐𝑐 + 𝑁𝑆𝑇 = 0                                   (4.110) 
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2𝑖𝜔(𝐷1𝐴 + 𝜇𝐴) + 2𝛾2𝑖𝜔D1𝐴𝑧1 + 3𝐴2𝐴̅2 (𝑧12 + 𝛾2𝑧1𝑧2) + KNL(3𝐴2𝐴̅)𝑧3 − F2 (ei𝛺𝑡)= 0                                                                                                          (4.111) 

Where 

∫ 𝑌(𝑥)2𝑑𝑥1
0 = 1   ∫ 𝑌′2𝑑𝑥1

0 = 𝑧1      ∫ 𝑌′′2𝑑𝑥1
0 = 𝑧2     ∫ 𝐹𝑌1

0 𝑑𝑥 = 𝑓      (4.112) 

   ∫ 𝑌(𝑥)41
0 − 3𝛾2 (2 ∫ 𝑌2(𝑥)𝑌′(x)2𝑑𝑥1

0 + ∫ 𝑌(𝑥)3𝑌′′(𝑥)1
0 ) = 𝑧3      (4.113) 

Expressing A in polar form leads to 

𝐴 = 12 𝑎(𝑇1)𝑒𝑖𝛳𝑇1                                              (4.114) 

Where 𝑎 𝑎𝑛𝑑 𝛳 are real-valued functions of 𝑇1 representing the amplitude and the 

phase of the response, respectively. Substituting the above equation below and 

separating the real and imaginary parts, and introducing 𝜓= 𝜎𝑇1-𝜭, the modulation 

equations can be expressed as  

2𝑖𝜔(𝐷1𝐴 + 𝜇𝐴) + 2𝛾2𝑖𝜔D1𝐴𝑧1 + 3𝐴2𝐴̅2 (𝑧12 + 𝛾2𝑧1𝑧2) + KNL(3𝐴2𝐴̅)𝑧3 − F2 (ei𝛺𝑡)= 0                                                                                                          (4.115) 

2𝑖𝜔(12 𝑎𝑒𝑖𝛳)′ + 2𝑖𝜔𝜇 (12 𝑎𝑒𝑖𝛳) + 2𝛾2𝑖𝜔(12 𝑎𝑒𝑖𝛳)′𝑧1
+ 3 ((14 𝑎2𝑒2𝑖𝛳)(12 𝑎𝑒−𝑖𝛳))2 (𝑧12 + 𝛾2𝑧1𝑧2)
+ 3KNL ((12 𝑎𝑒𝑖𝛳)2 (12 𝑎𝑒−𝑖𝛳)) (𝑧3) − ei𝜎𝑇12 𝑓 = 0                   (4.116) 

2𝑖𝜔(12 𝑎𝑒𝑖𝛳)′ + 𝑖𝜔𝜇(𝑎𝑒𝑖𝛳) + 𝛾2𝑖𝜔(𝑎𝑒𝑖𝛳)′𝑧1
+ 3 ((14 𝑎2𝑒2𝑖𝛳)(12 𝑎𝑒−𝑖𝛳))2 (𝑧12 + 𝛾2𝑧1𝑧2)
+ 3KNL ((14 𝑎2𝑒2𝑖𝛳) (12 𝑎𝑒−𝑖𝛳)) (𝑧3) − ei𝜓ei𝛳2 𝑓 = 0               (4.117) 
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And removing 𝑒𝑖𝛳 

𝑖𝜔(𝐷1𝑎 + 𝜇𝑎) − 𝜔𝑎𝐷1𝛳 + 𝛾2𝑖𝜔𝐷1𝑎𝑧1 − 𝛾2𝜔𝑎𝐷1𝛳𝑧1 + 3a316 (𝑧12 + 𝛾2𝑧1𝑧2)
+ 38 a3KNL(𝑧3) − ei𝜓2 𝑓 = 0                                                              (4.118) 

Substituting the following equation into above 𝜓= 𝜎𝑇1 − 𝛳                                                         (4.119) 𝛳′ = 𝜎 − 𝜓′                                                         (4.120) 

ei𝜓 = 𝑐𝑜𝑠𝜓 + 𝑖𝑠𝑖𝑛𝜓                                                 (4.121) 

𝑖𝜔(𝐷1𝑎 + 𝜇𝑎) − 𝜔𝑎𝐷1𝛳 + 𝛾2𝑖𝜔𝐷1𝑎𝑧1 − 𝛾2𝜔𝑎𝐷1𝛳𝑧1 + 3a316 (𝑧12 + 𝛾2𝑧1𝑧2)
+ 38 a3KNL(𝑧3) − 𝑐𝑜𝑠𝜓2 𝑓 − 𝑖 𝑠𝑖𝑛𝜓2 𝑓 = 0                                      (4.122) 

Collecting like terms 

𝑅𝑒𝑎𝑙 𝑃𝑎𝑟𝑡                       𝜔𝑎𝜓′ + 𝛾2𝜔𝑎𝜓′𝑧1  + 3a316 (𝑧12 + 𝛾2𝑧1𝑧2)
= 𝜔𝑎𝜎 + 𝛾2𝜔𝑎𝜎𝑧1 − 38 a3KNL(𝑧3) + 𝑐𝑜𝑠𝜓2 𝑓                              (4.123) 

𝐼𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦 𝑃𝑎𝑟𝑡            𝜔(𝐷1𝑎 + 𝜇𝑎) + 𝛾2𝜔𝐷1𝑎𝑧1= 𝑠𝑖𝑛𝜓2 𝑓                               (4.124) 

Free Vibration 

For free vibrations values of  𝑓, 𝜇 𝑎𝑛𝑑 𝜎 = 0. For simple boundary condition 𝐼𝑓 𝑎′ = 0 𝑡ℎ𝑒𝑛 𝑎 = 𝑎0 

−𝜓′(𝜔𝑎 + 𝛾2𝜔𝑎𝑧1) = 3a316 (𝑧12 + 𝛾2𝑧1𝑧2) + 38 a3KNL(𝑧3)         (4.125) 

−𝜓′ = 3a316 (𝑧12 + 𝛾2𝑧1𝑧2) + 38 a3KNL(𝑧3)𝜔𝑎(1 + 𝛾2𝑧1)                      (4.126) 
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−𝜓′ = 3𝑎02(𝑧12 + 𝛾2𝑧1𝑧2)16𝜔(1 + 𝛾2𝑧1) + 3𝑎02KNL(𝑧3)8𝜔(1 + 𝛾2𝑧1)                (4.127) 

 

−𝜓′ = 3𝑎02(𝑧12 + 𝛾2𝑧1𝑧2)16𝜔(1 + 𝛾2𝑧1) + 3𝑎02KNL(𝑧3)8𝜔(1 + 𝛾2𝑧1)                     (4.128) 

𝛳′ = 𝜎 − 𝜓′ = 0 − 𝜓′ = −𝜓′                                                                                    (4.129) 

𝛳′ = 3𝑎02(𝑧12 + 𝛾2𝑧1𝑧2)16𝜔(1 + 𝛾2𝑧1) + 3𝑎02KNL(𝑧3)8𝜔(1 + 𝛾2𝑧1)                      (4.130) 

𝜔𝑁𝐿 = 𝜔 + 𝛳′                                           (4.131) 

 

𝜔𝑁𝐿 = 𝜔 + 3𝑎02(𝑧12 + 𝛾2𝑧1𝑧2)16𝜔(1 + 𝛾2𝑧1) + 3𝑎02KNL(𝑧3)8𝜔(1 + 𝛾2𝑧1)                (4.132) 

Let   𝜆 = 316𝜔(1+𝛾2𝑧1) [(𝑧12 + 𝛾2𝑧1𝑧2) + 2KNL(𝑧3)]                                            (4.133) 

The equation then becomes 𝜔𝑁𝐿 = 𝜔 + a02𝜆                                                                                                             (4.134) 

For forced and damped vibration   𝑎′ = 𝜓′ = 0 

(𝜔𝑎𝜎 + 𝛾2𝜔𝑎𝜎𝑧1 − 38 a3KNL(𝑧3) − 3a316 (𝑧12 + 𝛾2𝑧1𝑧2))2 = (− 𝑐𝑜𝑠𝜓2 𝑓)2    (4.135) 

(𝜔𝜇𝑎 + 𝛾2𝜔𝐷1𝑎𝑧1)2=( 𝑠𝑖𝑛𝜓2 𝑓)2                                                                                (4.136) 

Adding 

(𝜔𝑎𝜎 + 𝛾2𝜔𝑎𝜎𝑧1 − 38 a3KNL(𝑧3) − 3a316 (𝑧12 + 𝛾2𝑧1𝑧2))2 + (𝜔𝜇𝑎 + 𝛾2𝜔𝐷1𝑎𝑧1)2
= (𝑓2)2 (𝑠𝑖𝑛2𝜓 + 𝑐𝑜𝑠2𝜓)                                                                  (4.137) 

𝑠𝑖𝑛2𝜓 + 𝑐𝑜𝑠2𝜓 = 1                                                                                                       (4.138) 
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(𝜔𝑎𝜎 + 𝛾2𝜔𝑎𝜎𝑧1 − 38 a3KNL(𝑧3) − 3a316 (𝑧12 + 𝛾2𝑧1𝑧2))2 + (𝜔𝜇𝑎 + 𝛾2𝜔𝐷1𝑎𝑧1)2
= (𝑓2)2                                                                                                   (4.139) 

(𝜔𝑎𝜎 + 𝛾2𝜔𝑎𝜎𝑧12 − 38 a3KNL(𝑧3) − 3a316 (𝑧12 + 𝛾2𝑧1𝑧2))2 + (𝜔2𝑎2)𝜇2 − 𝑓24= 0                                                                                                          (4.140) 𝜔2𝑎2(1 + 2𝛾2𝑧1 + 𝛾4𝑧1)𝜎2
− (34 𝜔𝑎4KNL(𝑧3)(1 + 𝛾2𝑧1)
+ 38 𝜔𝑎4((𝑧12 + 𝛾2𝑧1𝑧2))(1 + 𝛾2𝑧1)) 𝜎
+ [ 9(8 ∗ 8) 𝑎6KNL(𝑧3)(KNL(𝑧3) + 𝑧12 + 𝛾2𝑧1𝑧2)
− 9(16 ∗ 16) 𝑎6(𝑧12 + 𝛾2𝑧1𝑧2) − 𝑓24 ] = 0                                     (4.141) 

Applying quadratic equation formula 

𝜎
= 34 𝜔𝑎4KNL(𝑧3)(1 + 𝛾2𝑧1) + 38 𝜔𝑎4((𝑧12 + 𝛾2𝑧1𝑧2))(1 + 𝛾2𝑧1) ± √34 𝜔𝑎4KNL(𝑧3)(1 + 𝛾2𝑧1) + 38 𝜔𝑎4((𝑧12 + 𝛾2𝑧1𝑧2))(1 + 𝛾2𝑧1)2 − 4𝑎𝑐2𝜔2𝑎2 (1 + 2𝛾2𝑧1 + 𝛾4𝑧12)  

 

𝜎 = a2𝜆 ± 1(1 + 𝛾2𝑧1) √ 𝑓2(4𝜔2𝑎2) − 𝜇2                  (4.142) 
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CHAPTER 5  

RESULT AND DISCUSSION 

Numerical results in tabular form and graphically are given in this section for two types 

of boundary conditions. Linear natural frequencies are presented for simply supported 

(SS) and clamped-clamped (CC) boundary conditions. After obtaining linear natural 

frequencies, nonlinear frequencies are calculated for the free and un-damped situation. 

5.1 Numerical results using modified Couple Stress Theory 

 
Table 5.1. The first Three frequencies for Simple-Simple nanobeams for different 
Temperature, Winkler and Pasternak parameter, nonlinear foundation and material 
length scale parameter 

 h/l 
ΔT
(K) 

 KL=10 KL=100 KL=200 

 KP=5 KP=50 KP=100 KP=5 KP=50 KP=100 KP=5 KP=50 KP=100 

 KNL=10 KNL=100 KNL=200 KNL=10 KNL=100 KNL=200 KNL=10 KNL=100 KNL=200 

Temperature ΔT is low and room 

1 

0 
ω1 24.6239 32.411 39.2931 26.3882 33.7708 40.4221 28.2195 35.2203 41.6407 
ω2 94.6532 103.613 112.737 95.1274 104.047 113.136 95.6516 104.526 113.577 
ω3 211.566 220.811 230.649 211.779 221.015 230.844 212.015 221.241 231.06 

100 
ω1 25.0057 32.702 39.5335 26.7449 34.0502 40.6559 28.5532 35.4883 41.8676 
ω2 95.0527 103.979 113.073 95.525 104.41 113.47 96.047 104.888 113.91 
ω3 211.969 221.197 231.018 212.181 221.4 231.213 212.417 221.626 231.429 

200 
ω1 25.3818 32.9904 39.7725 27.0968 34.3274 40.8883 28.8832 35.7543 42.0933 
ω2 95.4506 104.342 113.408 95.9209 104.773 113.804 96.4408 105.249 114.242 
ω3 212.371 221.582 231.387 212.583 221.785 231.581 212.818 222.01 231.797 

2 

0 
ω1 16.4059  26.7074 34.7385 18.9513 28.3423 36.0106 21.4278 30.0547 37.3733 
ω2 59.7014 73.0807 85.5261 60.4505 73.6939 86.0506 61.272 74.3693 86.6297 
ω3 132.092 146.443 160.894 132.432 146.75 161.173 132.809 147.09 161.483 

100 
ω1 16.9736 27.0598 35.0102 19.4448 28.6746 36.2728 21.8655 30.3683 37.626 
ω2 60.3329 73.5975 85.9681 61.0742 74.2064 86.4899 61.8875 74.8771 87.0661 
ω3 132.736 147.024 161.423 133.074 147.33 161.701 133.45 147.669 162.01 

200 
ω1 17.5229 27.4077 35.2798 19.9262 29.0032 36.5331 22.2947 30.6787 37.877 
ω2 60.9578 74.1106 86.4078 61.6916 74.7154 86.927 62.4969 75.3816 87.5003 
ω3 133.377 147.603 161.95 133.714 147.907 162.228 134.087 148.245 162.536 

3 

0 
ω1 14.3774 25.5116 33.8278 17.2253 27.2184 35.1329 19.9176 28.9973 36.5284 
ω2 50.6477 65.8917 79.471 51.5286 66.5712 80.0353 52.4899 67.3181 80.6576 
ω3 111.313 128.014 144.323 111.716 128.365 144.634 112.163 128.754 144.979 

100 
ω1 15.022 25.8803 34.1068 17.7668 27.5643 35.4016 20.3877 29.3222 36.7869 
ω2 51.3906 66.4644 79.9465 52.2589 67.1381 80.5074 53.2071 67.8787 81.1261 
ω3 112.076 128.679 144.912 112.477 129.028 145.222 112.92 129.415 145.566 

200 
ω1 15.64 26.2439 34.3835 18.2923 27.9059 35.6682 20.8473 29.6436 37.0435 
ω2 52.1228 67.0322 80.4191 52.9791 67.7002 80.9768 53.9146 68.4348 81.5919 
ω3 112.834 129.34 145.499 113.232 129.687 145.808 113.673 130.072 146.151 

  4 0 
ω1 13.5962 25.0796 33.5033 16.5788 26.814 34.8205 19.3612 28.618 36.228 
ω2 47.0693 63.1826 77.2397 48.0158 63.8909 77.8201 49.0461 64.6687 78.46 
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 ω3 103.055 120.903 138.054 103.49 121.274 138.379 103.972 121.686 138.74 

100 
ω1 14.276 25.4546 33.7849 17.1408 27.165 35.0916 19.8445 28.9472 36.4886 
ω2 47.8677 63.7797 77.7288 48.7987 64.4814 78.3056 49.8128 65.2522 78.9415 
ω3 103.879 121.606 138.67 104.311 121.975 138.994 104.789 122.385 139.353 

200 
ω1 14.925 25.8242 34.0642 17.6849 27.5116 35.3605 20.3164 29.2726 36.7473 
ω2 48.653 64.3711 78.2149 49.5693 65.0665 78.7881 50.5679 65.8304 79.4202 
ω3 104.697 122.305 139.283 105.125 122.673 139.606 105.6 123.079 139.964 

  5 

0 
ω1 13.2189 24.8771 33.352 16.2708 26.6247 34.675 19.0982 28.4407 36.0881 
ω2 45.3174 61.8886 76.1848 46.2998 62.6115 76.7732 47.3674 63.405 77.4217 
ω3 98.9995 117.465 135.053 99.453 117.848 135.386 99.9545 118.271 135.755 

100 
ω1 13.9173 25.2551 33.6348 16.8431 26.9782 34.9471 19.588 28.7719 36.3497 
ω2 46.1462 62.498 76.6806 47.1112 63.2139 77.2652 48.1609 64.0 77.9097 
ω3 99.8572 118.189 135.683 100.307 118.569 136.015 100.804 118.99 136.382 

200 
ω1 14.5822 25.6276 33.9154 17.3965 27.3271 35.2172 20.0659 29.0993 36.6095 
ω2 46.9603 63.1015 77.1733 47.9089 63.8106 77.7542 48.9415 64.5894 78.3946 
ω3 100.708 118.908 136.31 101.153 119.286 136.64 101.646 119.705 137.006 

Temperature ΔT is high 

1 

200 
ω1 24.089 32.0065 38.9602 25.8898 33.3828 40.0986 27.754 34.8484 41.3267 
ω2 94.101 103.109 112.274 94.578 103.545 112.674 95.1052 104.027 113.117 
ω3 211.011 220.279 230.14 211.224 220.483 230.335 211.461 220.71 230.552 

400 
ω1 23.542 31.5968 38.6243 25.3816 32.9903 39.7723 27.2805 34.4726 41.0102 
ω2 93.5456 102.603 111.809 94.0254 103.04 112.211 94.5557 103.524 112.655 
ω3 210.455 219.746 229.63 210.669 219.951 229.826 210.906 220.178 230.043 

600 
ω1 22.982 31.1818 38.2855 24.863 32.593 39.4434 26.7987 34.0926 40.6913 
ω2 92.9869 102.094 111.342 93.4695 102.533 111.745 94.003 103.02 112.192 
ω3 209.897 219.212 229.119 210.111 219.417 229.315 210.349 219.645 229.533 

2 

200 
ω1 15.5916 26.215 34.3614 18.2509 27.8788 35.647 20.811 29.618 37.0231 
ω2 58.8221 72.3641 84.9146 59.5822 72.9833 85.4429 60.4155 73.6652 86.0261 
ω3 131.201 145.64 160.163 131.544 145.948 160.444 131.923 146.291 160.755 

400 
ω1 14.7323 25.7133 33.9802 17.5226 27.4075 35.2796 20.1752 29.1749 36.6695 
ω2 57.9294 71.6404 84.2987 58.701 72.2658 84.8308 59.5467 72.9544 85.4182 
ω3 130.305 144.833 159.43 130.649 145.143 159.712 131.032 145.487 160.024 

600 
ω1 13.8197 25.2015 33.5946 16.7626 26.928 34.9084 19.5188 28.7249 36.3125 
ω2 57.0227 70.9092 83.6782 57.8065 71.541 84.2142 58.6651 72.2365 84.8059 
ω3 129.402 144.021 158.692 129.749 144.333 158.976 130.134 144.679 159.29 

3 

200 
ω1 13.4408 24.9957 33.4405 16.4516 26.7355 34.7601 19.2524 28.5445 36.17 
ω2 49.6082 65.0961 78.8126 50.5071 65.7837 79.3815 51.4876 66.5394 80.0089 
ω3 110.254 127.095 143.508 16.4516 127.449 143.821 111.113 127.84 144.168 

400 
ω1 12.4338 24.469 33.0486 15.6397 26.2437 34.3833 18.5634 28.0844 35.808 
ω2 48.5463 64.2905 78.1485 49.4646 64.9867 78.7223 50.4653 65.7516 79.3549 
ω3 109.186 126.169 142.688 109.597 126.525 143.003 110.052 126.92 143.353 

600 
ω1 11.3377 23.9306 32.652 14.7832 25.7425 34.0023 17.8478 27.6166 35.4423 
ω2 47.4607 63.4748 77.4789 48.3996 64.1798 78.0575 49.4219 64.9542 78.6954 
ω3 108.106 125.236 141.864 108.522 125.595 142.181 108.982 125.993 142.532 

  4 

200 
ω1 12.6016 24.5547 33.1121 15.7734 26.3236 34.4443 18.6762 28.1591 35.8666 
ω2 45.9488 62.3524 76.562 46.918 63.07 77.1476 47.9718 63.8578 77.793 
ω3 101.911 119.929 137.202 102.351 120.304 137.529 102.839 120.719 137.892 

400 
ω1 11.5215 24.0183 135.482 14.9246 25.824 34.064 17.9651 27.6925 35.5015 
ω2 44.8004 61.511 75.8783 45.7938 62.2383 76.4691 46.8729 63.0365 77.1202 
ω3 100.753 118.947 136.344 101.199 119.325 136.674 101.692 119.743 137.039 

600 
ω1 10.329 23.4696 32.3156 14.0246 25.3144 33.6794 17.2247 27.218 35.1326 
ω2 43.6217 60.6579 75.1884 44.6413 61.3953 75.7846 45.7477 62.2043 76.4415 
ω3 99.583 117.957 135.482 100.034 118.338 135.813 100.532 118.76 136.181 

  5 

200 
ω1 12.1936 24.3478 32.959 15.4494 26.1308 34.2972 18.4034 27.9789 35.7253 
ω2 44.1525 61.0408 75.4977 45.1602 61.7736 76.0914 46.2541 62.5777 76.7457 
ω3 97.808 116.463 134.182 98.267 116.849 134.517    98.7745 117.276 134.889 

400 
ω1 11.0738 23.8067 32.5613 14.5818 25.6273 33.9152 17.6813 27.5093 35.3588 
ω2 42.9561 60.181 74.8042 43.9912 60.9241 75.4034 45.1134 61.7394 76.0636 
ω3 96.6018 115.452 133.306 97.0665 115.841 133.643 97.5803 116.272 134.016 

600 
ω1 9.82716 23.2531 32.1588 13.6592 25.1138 33.5289 16.9285 27.0316 34.9884 
ω2 41.7253 59.3088 74.1043 42.7902 60.0627 74.7091 43.9431 60.8895 75.3754 
ω3 95.3803 114.432 132.423 95.8509 114.824 132.763    96.3712 115.259 133.139 
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Table 5.2. The first three frequencies for Clamped-Clamped nanobeams for different 
Temperature, Winkler and Pasternak parameter, nonlinear foundation and material 
length scale parameter 

 

 h/l ΔT(K) 

 KL=10 KL=100 KL=200 
 KP=5 KP=50 KP=100 KP=5 KP=50 KP=100 KP=5 KP=50 KP=100 
 KNL=10 KNL=100 KNL=200 KNL=10 KNL=100 KNL=200 KNL=10 KNL=100 KNL=200 

Temperature ΔT is low and room 

1 

0 
ω1 53.6874 58.59 63.5518 54.5192 59.353 64.256 55.4287 60.1896 65.0295 
ω2 146.964 153.839 161.11 147.27 154.131 161.389 147.609 154.455 161.698 
ω3 287.381 295.02 303.276 287.538 295.173 303.425 287.712 295.342 303.589 

100 
ω1 53.9067 58.7891 63.7338 54.7351 59.5496 64.436 55.6411 60.3834 65.2073 
ω2 147.265 154.125 161.382 147.57 154.417 161.66 147.908 154.74 161.969 
ω3 287.712 295.342 303.589 287.868 295.494 303.737 288.042 295.663 303.901 

200 
ω1 54.1249 58.9875 63.9152 54.9501 59.7455 64.6154 55.8526 60.5766 65.3846 
ω2 147.564 154.411 161.654 147.869 154.702 161.932 148.207 155.025 162.24 
ω3 288.041 295.663 303.901 288.198 295.815 304.049 288.371 295.984 304.213 

2 

0 
ω1 33.905 41.1759 47.8548 35.2074 42.2546 48.7861 36.6001 43.4218 49.8005 
ω2 91.8279 102.439 112.986 92.3167 102.878 113.384 92.8567 103.362 113.824 
ω3 178.854 190.878 203.38 179.105 191.113 203.601 179.384 191.375 203.846 

100 
ω1 34.2506 41.4548 48.0907 35.5402 42.5264 49.0175 36.9203 43.6864 50.0271 
ω2 92.3075 102.866 113.37 92.7937 103.302 113.766 93.331 103.785 114.205 
ω3 179.384 191.373 203.844 179.634 191.608 204.064 179.912 191.869 204.309 

200 
ω1 34.5923 41.7316 48.3252 35.8696 42.7963 49.2476 37.2374 43.9491 50.2527 
ω2 92.7845 103.291 113.753 93.2682 103.725 114.148 93.8028 104.206 114.585 
ω3 179.912 191.868 204.307 180.162 192.102 204.527 180.439 192.362 204.771 

3 

0 
ω1 28.7864 37.037 44.2735 30.3093 38.2327 45.2785 31.9164 39.5189 46.3696 
ω2 77.4219 89.7294 101.552 78.001 90.2296 101.994 78.639 90.782 102.483 
ω3 150.394 164.504 178.838 150.693 164.778 179.09 151.024 165.081 179.368 

100 
ω1 29.1919 37.3442 44.5252 30.6947 38.5304 45.5246 32.2826 39.8069 46.61 
ω2 77.9899 90.2145 101.976 78.5648 90.7119 102.416 79.1986 91.2614 102.904 
ω3 151.024 165.079 179.365 151.321 165.351 179.615 151.651 165.653 179.894 

200 
ω1 29.5912 37.6486 44.7753 31.0748 38.8255 45.7693 32.6442 40.0926 46.849 
ω2 78.5534 90.6967 102.399 79.1242 91.1915 102.837 79.7536 91.7382 103.322 
ω3 151.651 165.651 179.89 151.947 165.922 180.14 152.276 166.224 180.417 

  4 

0 
ω1 26.7643 35.4666 42.9312 28.3959 36.7135 43.9669 30.1053 38.051 45.0898 
ω2 71.6992 84.827 97.2173 72.3241 85.3558 97.6791 73.0121 85.9396 98.1896 
ω3 139.064 154.21 169.404 139.387 154.501 169.669 139.745 154.825 169.964 

100 
ω1 27.1996 35.7859 43.1892 28.8066 37.022 44.2188 30.4929 38.3488 45.3355 
ω2 72.3119 85.3389 97.6592 72.9316 85.8645 98.189 73.6139 86.4449 98.6272 
ω3 139.744 154.822 169.959 140.066 155.112 170.223 140.423 155.434 170.517 

200 
ω1 27.6274 36.1019 43.4454 29.2108 37.3276 44.4691 30.8751 38.6439 45.5796 
ω2 72.9191 85.8474 98.099 73.5337 86.37 98.5567 74.2105 86.947 99.0627 
ω3 140.422 155.432 170.512 140.742 155.721 170.776 141.097 156.042 171.068 

  5 

0 
ω1 25.7747 34.7133 42.2904 27.4651 35.9863 43.3414 29.229 37.3499 44.48 
ω2 68.8896 82.4575 95.1397 69.5397 83.0015 95.6115 70.255 83.6017 96.133 
ω3 133.494 149.204 164.852 133.831 149.505 165.125 134.204 149.839 165.427 

100 
ω1 26.2262 35.0386 42.5513 27.8893 36.3002 43.596 29.6279 37.6524 44.7282 
ω2 69.527 82.9834 95.5905 70.1712 83.5239 96.0601 70.8802 84.1204 96.5792 
ω3 134.203 149.837 165.422 134.538 150.137 165.694 134.909 150.469 165.995 

200 
ω1 26.6693 35.3605 42.8105 28.3064 36.611 43.849 30.0209 37.9522 44.9748 
ω2 70.1581 83.5058 96.039 70.7966 84.0429 96.5064 71.4994 84.6358 97.0231 
ω3 134.909 150.466 165.99 135.242 150.765 166.261 135.611 151.096 166.561 

Temperature ΔT is high 

1 

200 
 ω1 53.3843 58.3149 63.3006 54.2207 59.0815 64.0075 55.1352 59.9218 64.784 
 ω2 146.55 153.445 160.735 146.857 153.738 161.014 147.197 154.063 161.325 
 ω3 286.927 294.578 302.846 287.084 294.731 302.995 287.258 294.9 303.16 

400 
 ω1 53.0793 58.0384 63.0483 53.9204 58.8086 63.758 54.8399 59.6528 64.5375 
 ω2 146.135 153.05 160.359 146.443 153.343 160.639 146.784 153.669 160.95 
 ω3 286.472 294.135 302.415 286.629 294.288 302.564 286.803 294.457 302.729 

600 
 ω1 52.7724 57.7604 62.7949 53.6183 58.5343 63.5074 54.5429 59.3824 64.2899 
 ω2 145.718 152.653 159.982 146.027 152.948 160.263 146.369 153.274 160.574 
 ω3 286.015 293.691 301.984 286.173 293.844 302.133 286.347 294.014 302.298 

2 200  ω1 33.4238 40.789 47.5284 34.7441 41.8777 48.466 36.1546 43.0551 49.4869 
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Table 5.3. The nonlinear correction term of the 1st mode SS nanobeam with different 
h/l, T, , Kp and kw values when 𝐾𝑛𝑙=10,100 and 200 

 

 ω2 91.1641 101.85 112.456 91.6563 102.29 112.855 92.2003 102.778 113.298 
 ω3 178.122 190.194 202.739 178.375 190.43 202.961 178.655 190.693 203.208 

400 
 ω1 32.9347 40.3979 47.1994 34.2738 41.4969 48.1434 35.7028 42.6848 49.171 
 ω2 90.495 101.256 111.923 90.9909 101.7 112.324 91.5387 102.19 112.769 
 ω3 177.388 189.508 202.097 177.641 189.745 202.32 177.923 190.008 202.567 

600 
 ω1 32.4374 40.0025 46.8679 33.7962 41.1121 47.8184 35.2446 42.3108 48.8528 
 ω2 89.8205 100.659 111.387 90.3201 101.105 111.791 90.872 101.598 112.237 
 ω3 176.65 188.819 201.453 176.905 189.057 201.676 177.187 189.321 201.924 

3 

200 
 ω1 28.2183 36.6099 43.9247 29.7703 37.8191 44.9375 31.4049 39.1189 46.0367 
 ω2 76.6336 89.0579 100.965 77.2186 89.5617 101.41 77.8634 90.1183 101.901 
 ω3 149.523 163.711 178.111 149.824 163.986 178.364 150.157 164.29 178.644 

400 
 ω1 27.6373 36.1771 43.5728 29.2202 37.4003 44.5939 30.8839 38.7141 45.7011 
 ω2 75.8365 88.3808 100.374 76.4276 88.8885 100.822 77.079 89.4492 101.316 
 ω3 148.648 162.914 177.381 148.95 163.19 177.635 149.285 163.496 177.916 

600 
 ω1 27.0425 35.7385 43.2177 265838. 36.9762 44.2467 30.3529 38.3045 45.3627 
 ω2 75.0303 87.6981 99.78 75.6277 88.2097 100.23 76.2859 88.7747 100.728 
 ω3 147.767 162.113 176.648 148.071 162.39 176.903 148.408 162.698 177.185 

  4 

200 
 ω1 26.1526 35.0223 42.5737 27.8201 36.2845 43.6179 29.5628 37.6373 44.7495 
 ω2 70.8473 84.1176 96.606 71.4797 84.6509 97.0707 72.1758 85.2395 97.5844 
 ω3 138.122 153.364 168.637 138.447 153.657 168.904 138.808 153.982 169.2 

400 
 ω1 25.5247 34.5716 42.2128 27.2307 35.8496 43.2657 29.0088 37.2182 44.4063 
 ω2 69.9844 83.4018 95.9905 70.6245 83.9396 96.4582 71.3289 84.5331 96.9752 
 ω3 137.173 152.513 167.867 137.501 152.808 168.135 137.864 153.135 168.432 

600 
 ω1 24.8794 34.1142 41.8483 26.6267 35.4087 42.9102 28.4426 36.7937 44.06 
 ω2 69.1099 82.6792 95.3707 69.758 83.2217 95.8414 70.4711 83.8203 96.3617 
 ω3 136.218 151.658 167.093 136.548 151.954 167.362 136.914 152.283 167.661 

  5 

200 
 ω1 25.1391 34.2604 41.9286 26.8696 35.5496 42.9884 28.6701 36.9293 44.1362 
 ω2 68.0026 81.7284 94.5161 68.6612 82.2772 94.991 69.3856 82.8826 95.5159 
 ω3 132.513 148.33 164.065 132.852 148.633 164.339   133.228 148.969 164.643 

400 
 ω1 24.4853 33.8006 41.5632 26.2589 35.1067 42.6322 28.0986 36.5032 43.7893 
 ω2 67.1032 80.9922 93.8879 67.7704 81.5459 94.366 68.5043 82.1568 94.8944 
 ω3 131.524 147.451 163.273 131.866 147.755 163.549 132.244 148.093 163.854 

600 
 ω1 23.8117 33.3337 41.1943 25.632 34.6574 42.2725 27.5136 36.0712 43.4392 
 ω2 66.1906 80.2487 93.2552 66.867 80.8075 93.7365 67.6106 81.4239 94.2684 
 ω3 130.528 146.566 162.478 130.872 146.872 162.755   131.253 147.212 163.062 

 h/l 
ΔT
(K) 

 KL=10 KL=100 KL=200 

 KP=5 KP=50 KP=100 KP=5 KP=50 KP=100 KP=5 KP=50 KP=100 

 KNL=10 KNL=100 KNL=200 KNL=10 KNL=100 KNL=200 KNL=10 KNL=100 KNL=200 

Temperature ΔT is low and room 

1 
0 ω1 0.970163 3.1829 3.32792 0.905299 2.20647 3.23497 0.84655 2.11566 3.1403 

100 ω1 0.95535 2.27828 3.30768 0.893225 2.18836 3.21637 0.836656 2.09968 3.12328 
200 ω1 0.941194 2.25866 3.28781 0.881625 2.17069 3.19808 0.827097 2.08406 3.10653 

2 
0 ω1 1.45614 2.79002 3.76424 1.26056 2.62908 3.63127 1.11487 2.47929 3.49887 

100 ω1 1.40743 2.75369 3.73503 1.22857 2.59861 3.60502 1.09255 2.45368 3.47537 
200 ω1 1.36331 2.71873 3.70649 1.19888 2.56917 3.57934 1.07152 2.42886 3.45234 

3 
0 ω1 1.66158 2.9208 3.86558 1.38687 2.73764 3.72199 1.1994 2.56969 3.5798 

100 ω1 1.59028 2.87918 3.83396 1.3446 2.70329 3.69374 1.17175 2.54122 3.55464 
200 ω1 1.52744 2.8393 3.80311 1.30597 2.67019 3.66613 1.14591 2.51367 3.53002 

  4 
0 ω1 1.75705 2.97111 3.90303 1.44095 2.77893 3.75538 1.23387 2.60375 3.60948 

100 ω1 1.67338 2.92734 3.87049 1.3937 2.74302 3.72637 1.20382 2.57414 3.5837 
200 ω1 1.60062 2.88544 3.83876 1.35083 2.70847 3.69803 1.17586 2.54553 3.55847 

  5 
0 ω1 1.8072 2.99529 3.92073 1.46823 2.79869 3.77114 1.25086 2.61999 3..62347 

100 ω1 1.71651 2.95046 3.88776 1.41834 2.76202 3.74177 1.21958 2.58983 3.59739 
200 ω1 1.63824 2.90758 3.8556 1.37322 2.72675 3.71308 1.19054 2.56183 3.57187 

Temperature ΔT is high 

1 
200 ω1 0.991706 2.3281 3.35635 0.922727 2.23211 3.26107 0.860748 2.13824 3.16416 
400 ω1 1.01475 2.35828 3.38554 0.941202 2.25867 3.28782 0.875688 2.16155 3.18858 
600 ω1 1.03947 2.38967 3.4155 0.960834 2.2862 3.31524 0.891431 2.18564 3.21357 
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Table 5.4. The nonlinear correction term of the 1st mode C-C nanobeam with 
different h/l, T, 𝐾𝑝 and 𝐾𝑤 values when 𝐾𝑛𝑙=10,100 and 200 

 

2 
200 ω1 1.53218 2.84243 3.80555 1.30893 2.67279 3.66831 1.14791 2.51584 3.53196 
400 ω1 1.62155 2,89789 3.84825 1.36334 2.71875 3.70651 1.18409 2.55405 3.56602 
600 ω1 1.7282 2.95674 3.89242 1.42515 2.76716 3.74592 1.22389 2.59406 3.60108 

3 
200 ω1 1.7773 2.98108 3.91035 1.45209 2.78709 3.7619 1.24084 2.61046 3.61527 
400 ω1 1.92131 3.04525 3.95672 1.52747 2.83932 3.80313 1.2869 2.65323 3.65182 
600 ω1 2.10706 3.11376 4.00478 1.61597 2.8946 3.84575 1.3385 2.69817 3.6895 

  4 
200 ω1 1.89573 3.03462 3.94914 1.51452 2.8307 3.79639 1.27913 2.64619 3.64585 
400 ω1 2.07345 3.10239 3.88876 1.60066 2.88546 3.83878 1.32976 2.69077 3.68334 
600 ω1 2.31283 3.17493 4.04647 1.70338 2.94355 3.88262 1.38692 2.73768 3.72202 

  5 
200 ω1 1.95916 3.06041 3.96748 1.54629 2.85159 3.81268 1.29809 2.66323 3.66027 
400 ω1 2.1572 3.12997 3.99026 1.63829 2.90761 3.85562 1.3511 2.70869 3.69821 
600 ω1 2.43094 3.20449 4.06621 1.74895 2.96706 3.90005 1.4118 2.75656 3.73736 

 
 

           

 h/l 
ΔT
(K) 

 KL=10 KL=100 KL=200 

 KP=5 KP=50 KP=100 KP=5 KP=50 KP=100 KP=5 KP=50 KP=100 

 KNL=10 KNL=100 KNL=200 KNL=10 KNL=100 KNL=200 KNL=10 KNL=100 KNL=200 

Temperature ΔT is low and room 

1 
0 ω1 0.656696 1.65038 2.58206 0.646678 1.62917 2.55376 0.636066 1.60652 2.52338 

100 ω1 0.653559 1.6441 2.57383 0.643659 1.62111 2.54579 0.633179 1.60069 2.51567 
200 ω1 0.650445 1.63789 2.56569 0.640679 1.61711 2.53788 0.630326 1.59492 2.50803 

2 
0 ω1 1.03672 2.31075 3.34851 0.998374 2.25177 3.28459 0.960389 2.19123 3.21764 

100 ω1 1.02437 2.2931 3.32998 0.987202 2.23531 3.26702 0.950302 2.17597 3.20104 
200 ω1 1.01241 2.27582 3.31174 0.976358 2.2192 3.24971 0.940491 2.16099 3.18478 

3 
0 ω1 1.21859 2.54434 3.57326 1.15736 2.46477 3.49395 1.09909 2.38455 3.41173 

100 ω1 1.19856 2.52046 3.55039 1.13988 2.44287 3.47244 1.08381 2.36453 3.39158 
200 ω1 1.17938 2.49721 3.52793 1.12308 2.42151 3.45131 1.06909 2.34498 3.37242 

  4 
0 ω1 1.30911 2.64329 3.661 1.23389 2.55351 3.57476 1.16383 2.46375 3.48573 

100 ω1 1.28429 2.61633 3..63622 1.21265 2.52897 3.55155 1.14558 2.44148 3.46408 
200 ω1 1.26069 2.59013 3.61192 1.19235 2.50508 3.52877 1.12808 2.41976 3.4428 

  5 
0 ω1 1.35844 2.69278 3.70322 1.27482 2.59753 3.61341 1.19789 2.5027 3.52091 

100 ω1 1.33071 2.66418 3.67748 1.25136 2.57159 3.58935 1.17792 2.47923 3.49849 
200 ω1 1.30444 2.63641 3.65225 1.229 2.54636 3.56574 1.15882 2.45638 3.47648 

Temperature ΔT is high 

1 
200 ω1 0.661087 1.65913 2.59348 0.650889 1.6376 2.56484 0.640095 1.61464 2.5341 
400 ω1 0.665558 1.66801 2.60505 0.655175 1.64616 2.57605 0.644191 1.62287 2.54494 
600 ω1 0.67011 1.67702 2.61677 0.659538 1.65485 2.58741 0.648358 1.63121 2.55592 

2 
200 ω1 1.05436 2.33565 3.37448 1.0143 2.27493 3.3092 0.974731 2.21272 3.24093 
400 ω1 1.07284 2.36132 3.40103 1.03092 2.29879 3.33434 0.989653 2.23481 3.26466 
600 ω1 1.09219 2.3878 3.42818 1.04828 2.32335 3.36003 1.0052 2.25753 3.28889 

3 
200 ω1 1.24765 2.57823 3.6054 1.1826 2.4958 3.52414 1.12104 2.41288 3.44 
400 ω1 1.27863 2.61343 3.63839 1.20936 2.52795 3.5551 1.14421 2.44216 3.46895 
600 ω1 1.31174 2.65 3.67225 1.20162 2.56129 3.58685 1.16808 2.47247 3.49861 

  4 
200 ω1 1.34542 2.68166 3.69587 1.26478 2.58838 3.60739 1.19022 2.49535 3.51616 
400 ω1 1.38454 2.72164 3.7317 1.2978 2.62461 3.64089 1.21825 2.5281 3.54737 
600 ω1 1.42686 2.76334 3.76855 1.33322 2.66232 3.6753 1.26078 2.5621 3.57938 

  5 
200 ω1 1.39919 2.73357 3.73946 1.30908 2.63444 3.64727 1.22687 2.53601 3.55242 
400 ω1 1.44338 2.77614 3.77675 1.34589 2.67284 3.68205 1.25777 2.57061 3.58476 
600 ω1 1.49149 2.82063 3.81512 1.38558 2.7129 3.7178 1.29082 2.60656 3.61795 

 
 
 
 
 
 
 

           



49 

 

 

 

Figure 5.1. Frequency-response curves of S-S nanobeams for different Low                   
                   Temperature values  T=0k, T=100k and T=200k , the first mode  
                   and  (h/l=1,  𝐾𝑛𝑙 = 10, 𝐾𝑝 = 5  𝑎𝑛𝑑  𝐾𝑤 = 10) 

 

Figure 5.2. Amplitude and Nonlinear natural frequency change of S-S nanobeams  
                    for different Low Temperature values when h/l=1,  𝐾𝑛𝑙 = 10, 𝐾𝑝 =                       5  𝑎𝑛𝑑  𝐾𝑤 = 10 
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Figure 5.3. Frequency-response curves of SS nanobeams for different High  
                   Temperature values T=200k, T=400k and T=600k , the first mode and  
                   (h/l=1,  𝐾𝑛𝑙 = 10, 𝐾𝑝 = 5  𝑎𝑛𝑑  𝐾𝑤 = 10) 

 

Figure 5.4. Amplitude and Nonlinear natural frequency change of S-S nanobeams  
                   for different High Temperature values when h/l=1,  𝐾𝑛𝑙 = 10, 𝐾𝑝 =                       5  𝑎𝑛𝑑  𝐾𝑤 = 10 
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Figure 5.5. Frequency-response curves of CC nanobeams for different Low  
                   Temperature values T=0k, T=100k and T=200k, the first mode  
                    and (h/l=1,  𝐾𝑛𝑙 = 10, 𝐾𝑝 = 5  𝑎𝑛𝑑  𝐾𝑤 = 10) 

 

Figure 5.6. Amplitude and Nonlinear natural frequency change of C-C nanobeams  
                   for different Low Temperature values, the first mode and (h/l=1,  𝐾𝑛𝑙 =                      10, 𝐾𝑝 = 5  𝑎𝑛𝑑  𝐾𝑤 = 10) 
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Figure 5.7. Frequency-response curves of C-C nanobeams for different  High  
                   Temperature values T=200k, T=400k and T=600k, the first mode 
                   and (h/l=1,  𝐾𝑛𝑙 = 10, 𝐾𝑝 = 5  𝑎𝑛𝑑  𝐾𝑤 = 10) 

 

Figure 5.8 Amplitude and Nonlinear natural frequency change of C-C nanobeams  
                  for different High Temperature values, the first mode and (h/l=1,  𝐾𝑛𝑙 =                    10, 𝐾𝑝 = 5  𝑎𝑛𝑑  𝐾𝑤 = 10) 
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Figure 5.9. Frequency-response curves of S-S nanobeams for different Winkler  
                   parameters Kw=10, Kw=100 and Kw=200, the first  mode   and  
                   (h/l=1,  𝐾𝑛𝑙 = 10, 𝐾𝑝 = 5  𝑎𝑛𝑑  𝑇 = 0𝐾) 

 

Figure 5.10. Amplitude and Nonlinear natural frequency change of S-S nanobeams            
                     for different Winkler parameter Kw=0, Kw=100 and Kw=200, the first  
                     mode and (h/l=1,  𝐾𝑛𝑙 = 10, 𝐾𝑝 = 5  𝑎𝑛𝑑  𝑇 = 0𝐾) 
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Figure 5.11. Frequency-response curves of CC nanobeams for different Winkler  
                     parameters Kw=10, Kw=100 and Kw=200, the first mode and (h/l=1,                          𝐾𝑛𝑙 = 10, 𝐾𝑝 = 5  𝑎𝑛𝑑  𝑇 = 0𝐾) 

 

Figure 5.12. Amplitude and Nonlinear natural frequency change of CC nanobeams  
                     for different Winkler parameter Kw=0, Kw=100 and Kw=200, the first  
                     mode and  (h/l=1,  𝐾𝑛𝑙 = 10, 𝐾𝑝 = 5  𝑎𝑛𝑑  𝑇 = 0𝐾) 
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Figure 5.13. Frequency-response curves of SS nanobeams for different Pasternak  
                     parameters Kp=5, Kp=50 and Kp=100, the first mode and (h/l=1,                          𝐾𝑛𝑙 = 10, 𝐾𝑤 = 10  𝑎𝑛𝑑  𝑇 = 0𝐾 

 

Figure 5.14. Amplitude and Nonlinear natural frequency change of SS nanobeams  
                     for different Pasternak parameters Kp=5, Kp=50 and Kp=100, the first  
                     mode and  (h/l=1,  𝐾𝑛𝑙 = 10, 𝐾𝑤 = 10  𝑎𝑛𝑑  𝑇 = 0𝐾) 
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Figure 5.15. Frequency-response curves of CC nanobeams for different Pasternak  
                     parameters Kp=5, Kp=50 and Kp=100, the first mode and (h/l=1,                          𝐾𝑛𝑙 = 10, 𝐾𝑤 = 10  𝑎𝑛𝑑  𝑇 = 0𝐾) 

 

Figure 5.16. Amplitude and Nonlinear natural frequency change of C-C nanobeams  
                     for different Pasternak parameters Kp=5, Kp=50 and Kp=100, the first  
                     mode and (h/l=1,  𝐾𝑛𝑙 = 10, 𝐾𝑤 = 10  𝑎𝑛𝑑  𝑇 = 0𝐾) 
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Figure 5.17. Frequency-response curves of SS nanobeams for different Nonlinear  
                     foundation parameters Knl=10, Knl=100 and Knl=200, the first mode  
                     and (h/l=1,  𝐾𝑝 = 5, 𝐾𝑤 = 10  𝑎𝑛𝑑  𝑇 = 0𝐾) 

 

Figure 5.18. Amplitude and Nonlinear natural frequency change of S-S nanobeams  
                     for different nonlinear foundation parameters (Knl=10, Knl=100 and  
                     Kw=200), the first mode and h/l=1,  𝐾𝑤 = 10, 𝐾𝑝 = 5  𝑎𝑛𝑑  𝑇 = 0𝐾) 
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Figure 5.19. Frequency-response curves of C-C nanobeams for different Nonlinear  
                     foundation parameters Knl=10, Knl=100 and Knl=200, the first mode  
                     and (h/l=1,  𝐾𝑝 = 5, 𝐾𝑤 = 10  𝑎𝑛𝑑  𝑇 = 0𝐾) 

 

Figure 5.20. Amplitude and Nonlinear natural frequency change of CC nanobeams  
                     for different nonlinear foundation  parameters Knl=10, Knl=100 and  
                     Kw=200, the first mode and (h/l=1,  𝐾𝑤 = 10, 𝐾𝑝 = 5  𝑎𝑛𝑑  𝑇 = 0𝐾) 
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Figure 5.21. Frequency-response curves of SS nanobeams for different material  
                     length  scale parameter h/l=1 and h/l=2 and h/l=3, the first mode  
                     and (𝐾𝑛𝑙= 10,  𝐾𝑝 = 5, 𝐾𝑤 = 10  𝑎𝑛𝑑  𝑇 = 0𝐾) 

 

Figure 5.22. Amplitude and Nonlinear natural frequency change of S-S nanobeams  
                     for different material length scale parameter h/l=1, h/l=3 and h/l=5,  
                     the first mode and (𝐾𝑛𝑙= 10,  𝐾𝑤 = 10, 𝐾𝑝 = 5  𝑎𝑛𝑑  𝑇 = 0𝐾) 
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Figure 5.23. Frequency-response curves of C-C nanobeams for different material  
                     length scale parameter  h/l=1 and h/l=3 and h/l=5, the first mode and                             𝐾𝑛𝑙= 10,  𝐾𝑝 = 5, 𝐾𝑤 = 10  𝑎𝑛𝑑  𝑇 = 𝑂𝐾 

 

Figure 5.24. Amplitude and Nonlinear natural frequency change of C-C nanobeams  
                     for different material length scale parameter h/l=1, h/l=3 and h/l=5,  
                     the first mode and (𝐾𝑛𝑙= 10,  𝐾𝑤 = 10, 𝐾𝑝 = 5  𝑎𝑛𝑑  𝑇 = 0𝐾) 
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Figure 5.25. 1st mode (𝜔1), 2nd mode (𝜔2) and 3rd mode (𝜔3)  frequency-response  

                     curves of SS nanobeams for (h/l=1,  𝐾𝑛𝑙= 10,  𝐾𝑝 = 5, 𝐾𝑤 =                        10  𝑎𝑛𝑑  𝑇 = 0𝐾) 

 

Figure 5.26. 1st mode (𝜔1), 2nd mode (𝜔2) and 3rd mode (𝜔3)  frequency-response  

                     curves of C-C nanobeams for (h/l=1,   𝐾𝑛𝑙= 10,  𝐾𝑝 = 5, 𝐾𝑤 =                        10  𝑎𝑛𝑑  𝑇 = 0𝐾) 
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5.2 Numerical Results using Nonlocal Elasticity Theory 

 
Table 5.5: Effect of Temperature on C-C Boundary condition nanobeams on nonlinear 
foundation based on nonlocal theory 

 
eoa
/L 

ΔT
(K) 

 KL=10 KL=100 KL=200 

 KP=5 KP=50 KP=100 KP=5 KP=50 KP=100 KP=5 KP=50 KP=100 

          

Temperature ΔT is low and room 

0 

0 
ω1 23.9143 78.0638 91.3191 25.7273 78.6381 91.8105 27.6024 79.2714 92.3535 
ω2 63.5888 139.862 156.427 64.2926 140.183 156.715 65.0657 140.539 157.034 
ω3 122.972 220.285 238.913 123.337 220.489 239.101 123.742 220.716 239.31 

100 
ω1 24.3998 78.6177 91.7869 26.1792 79.188 92.2758 28.0241 79.8169 92.8161 
ω2 64.2786 140.536 157.027 64.9749 140.855 157.313 65.7399 141.21 157.631 
ω3 123.741 221.03 239.599 124.104 221.234 239.786 124.506 221.46 239.995 

200 
ω1 24.8748 79.1674 92.2521 26.6225 79.7338 92.7386 28.4386 80.3585 93.2762 
ω2 64.9604 141.206 157.624 65.6495 141.524 157.91 66.4067 141.877 158.226 
ω3 124.506 221.773 240.282 124.866 221.976 240.469 125.266 222.201 240.677 

0.1 

0 
ω1 23.0822 74.1135 91.4914 24.9557 74.7182 91.9819 26.8847 75.3844 92.5239 
ω2 53.8346 116.255 140.267 54.6641 116.641 140.588 57.5318 117.069 140.943 
ω3 89.2907 158.885 189.092 89.7933 159.168 189.33 90.3484 159.482 189.594 

100 
ω1 23.7143 74.8558 92.093 25.5415 75.4545 92.5804 27.4293 76.1143 93.1189 
ω2 54.8548 117.267 141.108 55.6691 117.651 141.427 56.5601 118.075 141.78 
ω3 90.6047 160.15 190.157 91.1 160.431 190.393 91.6472 160.742 190.656 

200 
ω1 24.3293 75.5907 92.6908 26.1135 76.1837 93.175 27.9628 76.8372 93.7101 
ω2 55.8561 118.272 141.944 56.6561 118.651 142.26 57.5318 119.072 142.611 
ω3 91.9 161.405 191.215 92.3884 161.684 191.45 92.928 161.993 191.711 

0.2 

0 
ω1 21.2855 69.3394 90.989 23.304 69.9854 91.4822 25.3589 70.6962 92.0272 
ω2 41.035 99.5596 129.776 42.1173 100.011 130.123 43.2882 129.099 130.506 
ω3 60.6274 128.361 166.777 61.3651 128.711 167.047 62.1746 129.099 167.346 

100 
ω1 22.2428 70.294 91.7185 24.1815 70.9313 92.2078 26.1676 71.6327 92.7485 
ω2 42.6283 100.887 130.798 43.6712 101.332 131.141 44.8015 101.824 131.522 
ω3 62.7832 130.045 168.077 63.4959 130.391 168.345 64.2786 130.774 168.642 

200 
ω1 23.1603 71.2358 92.4423 25.025 71.8647 92.9278 26.9518 72.5571 93.4643 
ω2 44.1642 102.197 131.811 45.1717 102.637 132.152 46.2653 103.123 132.53 
ω3 64.8675 131.709 169.368 65.5576 132.05 169.633 66.3159 132.428 169.928 

0.3 

0 
ω1 19.5287 66.8639 90.5675 21.712 67.5336 91.063 23.9042 68.2699 91.6104 
ω2 33.3506 93.7733 126.763 34.6737 94.252 127.118 36.0869 94.781 127.51 
ω3 47.3877 118.747 160.387 61.0746 119.126 160.667 61.8879 119.545 160.978 

100 
ω1 20.8208 67.927 91.3552 22.8802 68.5863 91.8464 24.9704 69.3115 92.3892 
ω2 35.4339 95.2513 127.86 36.6819 95.7226 128.212 38.0205 96.2435 128.601 
ω3 50.249 120.612 161.773 64.6253 120.984 162.05 65.3944 121.397 162.359 

200 
ω1 22.0362 68.9737 92.1361 23.9916 69.6231 92.6071 25.9922 70.3376 93.1615 
ω2 37.4013 96.7067 128.948 38.5857 97.1709 129.274 39.8605 97.6841 129.683 
ω3 52.9559 122.448 163.146 67.9909 122.815 163.422 68.7223 123.222 163.727 

0.4 

0 
ω1 18.1866 65.6397 90.334 20.5123 66.3217 90.8308 22.82 67.0713 91.3796 
ω2 29.0183 91.529 125.886 30.5297 92.0193 126.243 32.1257 92.5611 126.639 
ω3 40.6783 114.841 157.911 41.7699 115.232 158.196 42.9502 115.665 158.511 

100 
ω1 19.7478 66.7568 91.149 21.9083 67.4275 91.6414 24.0826 68.165 92.1854 
ω2 31.4637 93.0827 127.021 32.8628 93.5649 127.374 34.3506 94.0978 127.766 
ω3 44.0632 116.788 159.333 45.0729 117.173 159.615 46.1689 117.599 159.928 

200 
ω1 21.1942 67.8555 91.9568 23.2205 68.5155 92.4448 25.2823 69.2414 92.9841 
ω2 33.7323 94.611 128.145 35.041 95.0854 128.495 36.4399 95.6098 128.884 
ω3 47.206 118.704 160.742 48.1498 119.082 161.022 49.1773 119.502 161.332 

0.5 

0 
ω1 17.2362 64.9805 90.203 19.6745 65.6694 90.7005 22.07 66.4264 91.2501 
ω2 26.4531 90.5076 125.623 28.1028 91.0034 125.981 29.829 91.5512 126.377 
ω3 36.892 112.918 156.721 38.0923 113.315 157.008 39.383 113.756 157.326 

100 
ω1 18.9983 66.1269 91.0323 21.2353 66.804 91.5253 23.472 67.5483 92.07 
ω2 29.1559 92.1035 126.778 30.6605 92.5908 127.132 32.2501 93.1293 127.525 
ω3 40.6504 114.908 158.161 41.7428 115.299 158.446 42.9239 115.732 158.761 

200 
ω1 20.6103 67.2538 91.8542 22.6889 67.9196 92.3428 24.7949 68.6518 92.8827 
ω2 31.6286 93.6723 127.922 33.0208 94.1515 128.273 34.5018 94.681 128.663 
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Table 5.6. Effect of Temperature on S-S Boundary condition nanobeams on nonlinear 
foundation based on nonlocal theory 

ω3 44.0897 116.865 159.589 45.0988 117.25 159.87 46.1941 117.675 160.83 
Temperature ΔT is high 

0 

200 
ω1 23.2284 77.2951 90.6718 25.091 77.8751 91.1665 27.0103 78.5145 91.7133 
ω2 62.6272 138.93 155.599 63.3416 139.253 155.888 64.1261 139.612 156.208 
ω3 121.906 219.257 237.967 122.274 219.462 238.156 122.683 219.689 238.366 

400 
ω1 22.5193 76.518 90.019 24.434 77.1039 90.5175 26.403 77.7496 90.9111 
ω2 61.6493 137.991 154.766 62.375 138.317 155.056 63.1715 138.678 155.176 
ω3 120.83 218.223 237.017 121.202 218.429 237.207 121.614 218.628 237.417 

600 
ω1 21.7847 75.7323 89.3613 23.7602 76.3242 89.8635 25.7794 76.9765 90.4182 
ω2 60.6546 137.045 153.928 61.3921 137.373 154.22 62.2012 137.737 154.544 
ω3 119.745 217.184 236.295 120.12 217.391 236.485 120.535 217.621 236.696 

0.1 

200 
ω1 22.1824 73.0805 90.6575 24.1259 73.6937 91.1525 26.1163 74.3691 91.6994 
ω2 52.399 114.847 139.203 53.2509 115.238 139.426 54.1817 115.672 139.784 
ω3 87.4518 157.129 187.619 87.9649 157.415 187.859 88.5315 157.732 188.125 

400 
ω1 21.2429 72.0326 89.8159 23.265 72.6626 90.3219 25.3231 73.3396 90.8738 
ω2 50.9225 113.423 137.929 51.7987 113.83 138.264 52.7551 114.257 138.625 
ω3 85.5736 155.353 186.134 86.0979 155.642 186.376 86.6766 155.963 186.644 

600 
ω1 20.2578 70.9691 88.9663 22.3692 71.6004 89.4707 24.5027 72.2953 90.0278 
ω2 49.4013 111.98 136.745 50.3039 112.381 137.074 51.2883 112.825 137.438 
ω3 83.6534 153.994 184.637 84.1897 154.286 184.881 84.7815 154.61 185.151 

0.2 

200 
ω1 19.8938 68.005 89.9763 22.04 68.6636 90.475 24.2025 69.3879 91.026 
ω2 38.7372 97.7047 128.359 39.8819 98.1642 128.709 41.1165 98.6723 129.097 
ω3 57.5314 126.007 164.973 58.3083 126.364 165.245 59.1596 126.759 165.547 

400 
ω1 18.3962 66.6439 88.952 20.6983 67.3261 89.4565 22.9874 68.0545 90.0137 
ω2 36.2941 95.814 126.926 37.5135 96.2969 127.28 38.8235 96.8005 127.672 
ω3 54.2593 123.609 163.148 55.0824 123.972 163.424 55.9827 124.375 163.729 

600 
ω1 16.7641 65.2544 87.9158 19.2623 65.9404 88.4262 21.7034 66.6944 88.9898 
ω2 33.6741 93.8853 125.476 34.9849 94.3634 125.834 36.386 94.8917 126.231 
ω3 50.777 121.163 161.303 67.574 121.534 161.582 52.6146 121.944 161.891 

0.3 

200 
ω1 17.6005 65.3739 89.4731 19.9944 66.0587 89.9746 22.3557 66.8113 90.5286 
ω2 30.2527 91.7022 125.239 31.7053 92.1916 125.597 33.245 92.7324 125.995 
ω3 43.1446 116.134 158.462 55.8248 116.521 158.746 56.7134 116.95 159.061 

400 
ω1 15.4316 63.8492 88.3652 17.6285 64.2256 88.873 20.6914 65.3201 89.4338 
ω2 26.7991 89.5832 123.696 28.4287 89.6307 124.059 30.1362 90.6375 124.461 
ω3 38.4331 113.461 156.154 50.0271 113.857 156.801 51.0167 114.296 157.12 

600 
ω1 12.9025 62.2871 87.2432 16.0148 63.0054 87.7574 18.8805 63.7941 88.3254 
ω2 22.8288 87.4129 122.133 24.7215 87.9262 122.501 26.6675 88.493 122.908 
ω3 33.034 110.724 154.541 43.4628 111.13 154.832 44.5983 111.579 155.155 

0.4 

200 
ω1 15.7901 64.0718 89.2015 18.4208 64.7703 89.7043 20.9601 65.5378 90.26 
ω2 25.2723 89.3485 124.31 26.9943 89.8507 124.671 28.787 90.4055 125.072 
ω3 35.501 112.108 155.935 55.2115 112.508 156.223 56.1098 112.952 156.543 

400 
ω1 12.9574 62.4646 88.054 16.0591 63.1809 88.5635 18.9181 63.9674 89.1263 
ω2 20.8644 87.1134 122.713 22.9199 87.6284 123.079 25.0065 88.1972 123.485 
ω3 29.4265 109.306 153.933 48.1816 109.717 154.225 54.5756 110.172 154.549 

600 
ω1 9.29818 60.815 86.8915 13.2837 61.5505 87.4079 16.627 62.3575 87.978 
ω2 15.23 84.8194 121.096 17.9431 85.3483 121.467 20.5415 85.9322 121.878 
ω3 21.7145 106.431 151.905 40.4091 106.853 152.201 41.628 107.32 152.529 

0.5 

200 
ω1 14.467 63.3704 89.0501 17.3001 64.0766 89.554 19.9823 64.9125 90.1106 
ω2 22.2059 88.266 124.018 24.1475 88.7744 124.38 26.1362 89.4208 124.782 
ω3 30.9886 110.122 154.719 48.0136 110.53 155.009 49.0439 110.981 155.331 

400 
ω1 11.0226 61.7182 87.882 14.543 62.4431 88.3926 17.6493 63.2387 88.9565 
ω2 16.9244 85.9661 122.392 19.402 86.4879 122.759 27.3782 87.0641 123.165 
ω3 23.6551 107.253 152.69 42.9435 107.671 152.984 44.0924 108.135 153.311 

600 
ω1 5.80502 60.0206 86.6983 11.122 60.7657 87.2158 14.9565 61.5831 87.7872 
ω2 12.6032 83.6028 120.743 13.0296 84.1394 121.116 18.6773 84.7315 121.528 
ω3 15.7969 104.305 150.634 36.912 104.735 150.932 38.2426 105.212 151.263 

 
eoa
/L 

ΔT
(K) 

 KL=10 KL=100 KL=200 

 KP=5 KP=50 KP=100 KP=5 KP=50 KP=100 KP=5 KP=50 KP=100 

 KNL=10 KNL=100 KNL=200 KNL=10 KNL=100 KNL=200 KNL=10 KNL=100 KNL=200 
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Temperature ΔT is low and room 

0 

0 
ω1 12.5203 24.513 33.0819 15.7085 26.2848 34.4147 18.6214 28.1228 35.8381 
ω2 42.0231 59.5186 74.2724 43.0806 60.2699 74.8758 44.226 61.0939 75.5406 
ω3 91.347 111.092 129.548 91.8383 111.496 129.895 92.3811 111.944 130.28 

100 
ω1 13.2554 24.8966 33.3634 16.3005 26.6428 34.6889 19.1235 28.4577 36.1015 
ω2 42.9155 60.152 74.7809 43.9515 60.8955 75.3803 45.0748 61.7111 76.0407 
ω3 92.2758 111.857 130.205 92.7621 112.259 130.55 93.2996 112.703 130.933 

200 
ω1 13.9519 25.2743 33.6492 16.8718 26.9941 34.961 19.6127 28.7887 36.363 
ω2 43.7897 60.7788 75.286 44.8055 61.5147 75.8814 45.9079 62.3223 76.5375 
ω3 93.1953 112.617 130.858 93.6769 113.016 131.202 94.2091 113.457 131.582 

0.1 

0 
ω1 12.1618 24.3339 32.9487 15.4275 26.1178 34.2873 18.385 27.9667 35.7158 
ω2 36.3978 55.6896 71.2408 37.6139 56.4919 71.8697 38.9205 57.3701 72.5621 
ω3 68.0635 92.8969 114.329 68.7215 93.3801 114.722 69.4453 93.914 115.157 

100 
ω1 12.9212 24.7202 33.2351 16.0299 26.4781 34.5625 18.8933 28.3035 35.9801 
ω2 37.4246 56.366 71.7708 38.6083 57.1588 72.3951 39.8823 58.027 73.0825 
ω3 69.3051 93.8103 115.073 69.9514 94.2888 115.463 70.6625 94.8176 115.895 

200 
ω1 13.6347 25.1006 33.5189 16.6104 26.8335 34.8356 19.3883 28.6363 36.2425 
ω2 38.4239 57.0344 72.2969 39.5778 57.8181 72.9167 40.8216 58.6765 73.5992 
ω3 70.5247 94.715 115.811 71.1599 95.1889 116.199 71.8592 95.7127 116.629 

0.2 

0 
ω1 11.366 23.9441 32.6619 14.8049 25.755 34.0117 17.8658 27.6282 35.4541 
ω2 28.49 50.8745 67.5436 30.028 51.7514 68.2065 31.6494 52.7087 68.9357 
ω3 46.7661 78.64 103.08 47.7186 79.2102 103.516 48.7551 79.8389 103.998 

100 
ω1 12.1711 24.3366 32.9507 15.4314 26.1203 34.2892 18.3885 27.9691 35.7176 
ω2 29.7906 51.614 68.1023 31.2647 52.4787 68.7599 32.825 53.4229 69.4833 
ω3 48.5552 79.717 103.904 49.4733 80.2795 104.337 50.4739 80.8999 104.815 

200 
ω1 12.9262 24.7228 33.237 16.0277 26.4805 34.5644 18.8915 28.3058 35.9819 
ω2 31.0367 52.3432 68.6566 32.4421 53.1959 69.3089 33.9483 54.1277 70.0266 
ω3 50.2808 80.7796 104.722 51.1506 81.3348 105.151 52.1189 81.9472 105.625 

0.3 

0 
ω1 10.5325 23.5599 32.3813 14.1751 25.3982 33.7424 17.3475 27.2959 35.193 
ω2 23.4457 48.231 65.5755 25.2923 49.1551 66.2582 27.1974 50.162 67.0086 
ω3 36.4878 72.9969 98.8427 37.701 73.6108 99.2969 39.0046 74.287 99.7992 

100 
ω1 11.3967 23.9586 32.6726 14.8285 25.7685 34.022 17.8853 27.6408 35.4612 
ω2 25.01 49.0105 66.1509 26.7488 49.9202 66.8277 28.5569 50.912 67.5718 
ω3 38.7545 74.1559 99.7017 39.8987 74.7603 10.152 41.1328 75.4261 100.65 

200 
ω1 12.1997 24.3509 32.9613 15.4543 26.1336 34.2994 18.4074 27.9815 35.7274 
ω2 26.482 49.7778 66.7214 28.13 50.6737 67.3925 29.8546 51.651 68.1304 
ω3 40.8957 75.297 100.553 41.9816 75.8923 101.000 43.1562 76.5483 101.494 

0.4 

0 
ω1 9.85475 23.2647 32.1672 13.679 25.1247 33.537 16.9445 27.0416 34.9961 
ω2 20.5039 46.8715 64.5822 22.5922 47.8219 65.2753 24.7064 48.8563 66.0368 
ω3 31.1898 70.4982 97.0119 32.6007 71.1336 97.4747 34.0999 71.8331 97.9863 

100 
ω1 10.7734 23.6685 32.4604 14.355 25.499 33.8183 17.4947 27.3897 35.2658 
ω2 22.2757 47.6732 65.1664 24.2117 48.608 65.8533 26.1956 49.626 66.6082 
ω3 33.8135 71.6976 97.887 35.1191 72.3225 98.3456 36.5151 73.0105 98.8527 

200 
ω1 11.6196 24.0655 32.7555 15.0005 25.8679 34.0973 18.0282 27.7335 35.5335 
ω2 23.9166 48.4617 65.7544 25.7295 49.3815 66.4263 27.6045 50.3839 67.1748 
ω3 36.2477 72.8772 98.7678 37.4686 73.4921 99.2089 38.7801 74.1693 99.7116 

0.5 

0 
ω1 9.35098 23.0559 32.0165 13.3207 24.9314 33.3965 16.6566 26.8621 34.8576 
ω2 18.7291 46.1227 64.0408 20.9947 47.0883 64.7397 23.3546 48.1384 65.5075 
ω3 28.1803 69.2193 96.0866 29.7343 69.8664 96.5538 31.3708 70.5784 97.0703 

100 
ω1 10.3146 23.4632 32.311 14.0139 25.3085 33.675 17.216 27.2125 35.1284 
ω2 20.6537 46.9372 64.6299 22.7283 47.8864 65.3225 24.831 48.9194 66.0835 
ω3 31.0592 70.4405 96.97 32.4757 71.0765 97.433 33.9805 71.7765 97.9448 

200 
ω1 11.1955 23.8636 32.603 14.6745 25.6802 33.9552 17.7578 27.5585 35.3971 
ω2 22.4137 47.7379 65.2137 24.3388 48.6714 65.9001 26.313 49.6881 66.6545 
ω3 33.693 71.6406 97.8455 35.0032 72.2662 98.3043 36.4036 72.9549 98.8116 

Temperature ΔT is high 

0 

200 
ω1 11.4325 23.9757 32.6851 14.856 25.7844 34.034 17.9081 27.6556 35.4727 
ω2 40.7641 58.6365 73.5674 41.8535 59.399 74.1766 43.0316 60.2349 74.8476 
ω3 90.0542 110.032 128.64 90.5526 110.44 128.989 91.1031 110.892 129.376 

400 
ω1 10.2296 23.426 32.284 13.9515 25.2741 33.649 17.1652 27.1805 35.1035 
ω2 39.4651 57.741 72.8556 40.5893 58.5151 73.4707 41.803 59.3635 74.1481 
ω3 88.7427 108.961 127.725 89.2483 109.373 128.077 89.8068 109.829 128.467 

600 
ω1 8.86509 22.8631 31.8779 12.9842 24.7532 33.2596 16.3887 26.6969 34.7304 
ω2 38.1218 56.8313 72.1368 39.2845 57.6177 72.7579 40.5372 58.479 73.4419 
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Table 5.7. The nonlinear correction term of the first three frequencies CC nanobeam 

with different γ, T, Knl, Kp and kw values 

ω3 93.1953 107.879 126.804 87.9248 108.296 127.158 88.4916 108.756 127.551 

0.1 

200 
ω1 11.0431 23.7925 32.5509 14.5585 25.6141 33.9052 17.6621 27.497 35.3492 
ω2 34.9368 54.7458 70.5055 36.2019 55.5617 71.1409 37.5577 56.4545 71.8403 
ω3 66.3185 91.626 113.299 66.9936 92.1159 113.695 67.7358 92.6571 114.134 

400 
ω1 9.79262 23.2385 32.1482 13.6343 25.1009 33.5188 16.9084 27.019 34.9787 
ω2 33.4119 53.7855 69.7625 34.7326 54.6158 70.4046 36.1435 55.5237 71.1112 
ω3 64.5263 90.3373 112.259 65.2199 90.8341 112.659 65.9821 91.3829 113.102 

600 
ω1 8.35701 22.6709 31.7404 12.6428 24.5758 33.1278 16.1195 26.5325 34.6042 
ω2 31.814 52.8078 69.0115 33.1984 53.6532 69.6605 34.6718 54.5771 70.3746 
ω3 62.6868 89.0299 111.21 63.3967 89.534 111.614 64.1805 90.0907 112.0616 

0.2 

200 
ω1 10.1553 23.3936 32.2605 13.8719 25.2441 33.6265 17.1211 27.1526 35.0819 
ω2 26.5981 49.8396 66.7676 28.2393 50.7345 67.4382 29.9576 51.7106 68.1756 
ω3 44.1878 77.1346 101.937 45.1947 77.7158 102.377 46.2878 78.3566 102.864 

400 
ω1 8.77922 22.83 31.8542 12.9257 24.7226 33.2368 16.3424 26.6685 34.3386 
ω2 24.5609 48.7828 65.9825 26.3294 49.6967 66.661 28.1644 50.6928 67.4069 
ω3 41.4495 75.5993 100.78 42.5213 76.1922 101.225 43.6813 76.8456 101.718 

600 
ω1 7.1427 22.252 31.4425 11.8751 24.1899 32.8425 15.5248 26.1754 34.3312 
ω2 22.3386 47.7026 65.1879 24.2696 48.6368 65.8746 26.249 49.6542 66.6293 
ω3 38.517 74.0321 99.6096 39.6681 74.6374 100.06 40.9091 75.3044 100.559 

0.3 

200 
ω1 9.21297 23.0002 31.9764 13.2242 24.8799 33.354 16.5795 26.8144 34.8202 
ω2 21.1063 47.1382 64.776 23.1404 48.0833 65.467 25.2087 49.1122 66.2263 
ω3 33.1189 71.3726 97.6492 34.4508 72.0003 98.109 35.8728 72.6915 98.6173 

400 
ω1 7.66962 22.4267 31.5664 12.1993 24.3507 32.9611 15.7741 26.324 34.4447 
ω2 18.473 46.0194 63.9664 20.7666 46.987 64.6661 23.0489 48.0394 65.4347 
ω3 29.3659 69.7105 96.441 30.8603 70.353 96.9065 32.4401 71.0602 97.4211 

600 
ω1 5.72428 21.838 31.1509 11.08 23.8097 32.5635 14.9254 25.8244 34.0643 
ω2 15.3958 44.8727 63.1465 18.084 45.8646 63.8551 20.6647 46.9421 64.6334 
ω3 25.0571 68.0077 95.2175 26.7928 68.6662 95.6889 28.5982 69.3905 96.21 

0.4 

200 
ω1 8.42973 22.6979 31.7596 12.722 24.6007 33.1462 16.1574 26.5555 34.6219 
ω2 17.7816 45.7642 63.7702 20.2322 46.7195 64.472 22.4986 47.7778 65.2429 
ω3 27.1717 68.8149 95.7957 28.9034 69.4658 96.2643 30.468 70.1818 96.7823 

400 
ω1 6.70855 22.1164 31.2616 11.6191 24.0653 32.7508 15.3299 26.0603 34.2435 
ω2 14.5589 44.5925 62.7781 17.3771 45.5905 63.6586 20.049 46.6743 64.4392 
ω3 22.4455 67.0894 94.3098 24.368 67.7568 95.0385 26.3401 68.4908 95.5631 

600 
ω1 4.35303 21.5193 30.9283 9.85652 23.5177 32.3506 14.041 25.5555 33.8609 
ω2 10.3798 43.4082 62.1143 14.062 44.4327 62.8346 17.2551 45.5441 63.6254 
ω3 22.3221 65.3184 93.3156 24.2544 66.0037 93.7966 26.235 66.7569 94.3282 

0.5 

200 
ω1 7.83486 22.4837 31.6069 12.3039 24.4032 33.000 15.8551 26.3727 34.4818 
ω2 15.7021 44.9787 63.2219 18.3454 45.9683 63.9297 20.8939 47.0434 64.7071 
ω3 23.6564 67.5042 94.8585 25.4878 68.1676 95.3317 27.3793 68.8971 95.8548 

400 
ω1 5.94385 21.8966 31.192 11.1951 23.8634 32.6028 15.011 25.874 34.1019 
ω2 11.9303 43.8048 62.3922 15.2424 44.8203 63.1093 18.23 45.9223 63.8966 
ω3 18.0312 65.7443 93.6143 20.3746 66.4252 94.0938 22.6963 67.1738 94.6237 

600 
ω1 3.04526 21.2933 30.7712 9.81365 23.3111 32.2007 14.011 25.3654 33.7177 
ω2 9.51956 42.5986 61.5513 13.4396 43.6422 62.2781 15.1033 44.7732 63.0758 
ω3 16.1473 63.936 92.3533 18.7229 64.636 92.8393 21.2305 65.405 93.3763 

 
eoa
/L 

ΔT
(K) 

 KL=10 KL=100 KL=200 

 KP=5 KP=50 KP=100 KP=5 KP=50 KP=100 KP=5 KP=50 KP=100 

 KNL=10 KNL=100 KNL=200 KNL=10 KNL=100 KNL=200 KNL=10 KNL=100 KNL=200 

Temperature ΔT is low and room 

0 
0 ω1 1.46181 5.71425 5.45135 1.3588 5.67252 5.42217 1.26649 5.6272 5.39028 

100 ω1 1.42728 5.66802 5.41966 1.33027 5.6272 5.39094 1.2427 5.58286 5.35956 
200 ω1 1.39485 5.62281 5.38848 1.30327 5.58287 5.37213 1.22005 5.53948 5.32932 

0.1 
0 ω1 1.84968 7.60165 6.83601 1.71081 7.54016 6.79954 1.58806 7.47349 6.75972 

100 ω1 1.79546 7.52402 6.78909 1.66701 7.46429 6.75366 1.55228 7.3996 6.71556 
200 ω1 1.74558 7.44868 6.74564 1.62631 7.3907 6.71058 1.51877 7.32784 6.67226 
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Table 5.8. The nonlinear correction term of the first three frequencies SS nanobeam 

with different γ, T, Knl, Kp and kw values 

0.2 
0 ω1 2.74263 9.85448 8.2581 2.50512 9.76354 8.21357 2.3021 9.66535 8.16496 

100 ω1 2.62091 9.72023 8.19228 2.41081 9.63291 8.1488 2.22781 9.53856 8.10131 
200 ω1 2.51398 9.59131 8.12803 2.32534 9.50736 8.08556 2.16032 9.41662 8.03915 

0.3 
0 ω1 3.70824 11.0501 8.9325 3.33617 10.9405 8.88389 3.03022 10.8225 8.83079 

100 ω1 3.47664 10.877 8.85547 3.16367 10.7725 8.80808 2.89912 10.6598 8.75634 
200 ω1 3.28305 10.7119 8.78037 3.01551 10.612 8.72804 2.78337 9.86836 8.68374 

0.4 
0 ω1 4.52977 11.6537 9.25382 4.01624 11.5339 9.20322 3.61004 11.4049 9.14794 

100 ω1 4.17044 11.4587 9.17109 3.75912 11.3447 9.12183 3.61969 11.2219 9.068 
200 ω1 3.88489 11.2731 9.09054 3.54583 11.1645 9.04252 3.52672 11.0474 8.99008 

0.5 
0 ω1 5.16432 11.9826 9.42382 4.52427 11.857 9.37213 4.03316 11.7218 9.31568 

100 ω1 4.68459 11.7749 9.33796 4.19118 11.6556 9.28766 3.7917 11.5271 9.23273 
200 ω1 4.31773 11.5776 9.25444 3.92221 11.4641 9.20547 3.58909 11.3418 9.15197 

Temperature ΔT is high 

0 
200 ω1 1.51313 5.77956 5.49575 1.4008 5.73651 5.46595 1.30126 5.68979 5.43336 
400 ω1 1.56954 5.84697 5.54126 1.4463 5.80255 5.51075 1.33867 5.75435 5.46534 
600 ω1 1.63193 5.91661 5.58782 1.49618 5.87073 5.5566 1.37906 5.82098 5.52251 

0.1 
200 ω1 1.93254 7.71243 6.90026 1.77686 7.64826 6.86279 1.64145 7.5788 6.82186 
400 ω1 2.02704 7.82816 6.96638 1.85085 7.76367 6.92929 1.70042 7.68866 6.88721 
600 ω1 2.13606 7.94923 7.03442 1.93446 7.87915 6.99477 1.76603 7.8034 6.95148 

0.2 
200 ω1 2.9414 10.0485 8.35125 2.65495 9.9522 8.3052 2.41772 9.84826 8.25494 
400 ω1 3.1902 10.2545 8.44761 2.83537 10.1586 8.39998 2.55304 10.042 8.34799 
600 ω1 3.51413 10.4737 8.54739 3.05839 10.3647 8.49806 2.71442 10.2476 8.44422 

0.3 
200 ω1 4.12074 11.3021 9.04178 3.62732 11.1849 8.99137 3.24422 11.0589 8.93634 
400 ω1 4.70898 11.5721 9.1552 4.12474 11.1986 9.10289 3.51194 11.3115 9.0458 
600 ω1 5.65079 11.8625 9.27289 4.55258 11.7273 9.2186 3.86156 11.5823 9.15936 

0.4 
200 ω1 5.22091 11.9389 9.37145 4.47524 11.8101 9.31879 3.93307 11.6719 9.26143 
400 ω1 6.3703 12.2461 9.49349 5.13996 12.1073 9.43883 4.36317 11.9584 9.37924 
600 ω1 8.90823 12.5784 9.62049 6.23558 12.4281 9.56368 4.98181 12.2672 9.50167 

0.5 
200 ω1 6.15511 12.2871 9.54584 5.1471 12.1518 9.49213 4.45614 12.0598 9.4335 
400 ω1 8.08522 12.616 9.6727 6.1282 12.4696 9.61684 5.04951 12.3127 9.5559 
600 ω1 15.4353 12.9719 9.80481 8.05671 12.8138 9.74663 5.99023 12.6438 9.68318 

 
eoa
/L 

ΔT
(K) 

 KL=10 KL=100 KL=200 

 KP=5 KP=50 KP=100 KP=5 KP=50 KP=100 KP=5 KP=50 KP=100 

 KNL=10 KNL=100 KNL=200 KNL=10 KNL=100 KNL=200 KNL=10 KNL=100 KNL=200 

Temperature ΔT is low and room 

0 
0 ω1 1.90804 3.03978 3.95278 1.52078 2.83488 3.79966 1.28289 2.6496 3.64875 

100 ω1 1.80222 2.99295 3.91922 1.46555 2.79679 3.76963 1.24921 2.61842 3.62213 
200 ω1 1.71225 2.94822 3.8861 1.41593 2.76031 3.74029 1.21805 2.58831 3.59608 

0.1 
0 ω1 1.96425 3.06216 3.96872 1.54848 2.853 3.81378 1.29939 2.66439 3.66124 

100 ω1 1.84884 3.0143 3.93452 1.49029 2.81418 3.78341 1.26443 2.63268 3.63435 
200 ω1 1.75209 2.96862 3.90121 1.43821 2.77691 3.77034 1.23215 2.60209 3.60804 

0.2 
0 ω1 2.10181 3.11201 4.00357 1.6136 2.89319 3.84468 1.33715 2.69703 3.68839 

100 ω1 1.96278 3.06187 3.96848 1.54809 2.85273 3.81357 1.29914 2.66416 3.66106 
200 ω1 1.84812 3.01399 3.9343 1.49044 2.84108 3.7832 1.2645 2.63247 3.63417 

0.3 
0 ω1 2.26814 3.16276 4.03826 1.68529 2.93384 3.87537 1.3771 2.72987 3.71563 

100 ω1 2.09615 3.11012 4.00226 1.61103 2.89168 3.84352 1.33539 2.6958 3.68753 
200 ω1 1.95818 3.06002 3.9672 1.5458 2.85128 3.81244 1.2978 2.66298 3.66005 

0.4 
0 ω1 2.42413 3.20289 4.06514 1.74641 2.96578 3.8991 1.40975 2.75554 3.73654 

100 ω1 2.21743 3.14824 4.02842 1.66417 2.92224 3.86667 1.36551 2.72052 3.70796 
200 ω1 2.05594 3.09631 3.99231 1.59256 2.88057 3.83503 1.3251 2.68679 3.68003 

0.5 
0 ω1 2.55473 3.23189 4.08428 1.79339 2.98877 3.91567 1.43422 2.77395 3.75138 

100 ω1 2.31606 3.17579 4.04705 1.70468 2.94423 3.88313 1.38762 2.73823 3.72246 
200 ω1 2.13382 3.1225 4.01408 1.62794 2.90164 3.85108 1.34528 2.70385 3.69421 

Temperature ΔT is high 
0 200 ω1 2.08959 3.10791 4.00073 1.60805 2.8899 3.84216 1.33393 2.69436 3.68633 
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Figure 5.27. Frequency-response curves of S-S nanobeams for different Low  
                     Temperature values  T=0K, T=100K and T=200K , the first mode and 
                    (𝞬=0.1,  𝐾𝑛𝑙 = 10, 𝐾𝑝 = 5  𝑎𝑛𝑑  𝐾𝑤 = 10) 

400 ω1 2.3353 3.18083 4.05043 1.7123 2.94825 3.86639 1.39172 2.74146 3.7251 
600 ω1 2.69475 3.25915 4.10203 1.83987 3.01028 3.93162 1.45766 2.79212 3.76512 

0.1 
200 ω1 2.16327 3.13184 4.01722 1.64091 2.90911 3.85676 1.35257 2.7099 3.69921 
400 ω1 2.43951 3.15845 4.06754 1.75214 2.96861 3.90122 1.41286 2.75784 3.7384 
600 ω1 2.85858 3.28678 4.1198 1.88955 3.03201 3.94726 1.48201 2.80841 3.77885 

0.2 
200 ω1 2.35239 3.18524 4.05338 1.72187 2.95175 3.92596 1.39531 2.74428 3.7274 
400 ω1 2.72111 3.26387 4.10509 1.84819 3.01401 3.93432 1.46179 2.79409 3.79164 
600 ω1 3.34456 3.34865 4.15884 2.01171 3.08039 3.98155 1.53878 2.84673 3.8089 

0.3 
200 ω1 2.593 3.23972 4.0894 1.80648 2.99495 3.92049 1.44089 2.77889 3.75538 
400 ω1 3.11478 3.32257 4.14251 1.95824 3.06004 3.96723 1.51446 2.83065 3.79635 
600 ω1 4.17331 3.41213 4.19777 2.15606 3.12404 4.01567 1.60057 2.88542 3.83874 

0.4 
200 ω1 2.83392 3.3847 4.11731 1.87876 3.02895 3.94507 1.47853 2.80598 3.77692 
400 ω1 3.56101 3.36928 4.17931 2.05603 3.09634 3.9927 1.55834 2.8593 3.81866 
600 ω1 5.60579 3.46267 4.22798 2.71259 3.16881 4.0421 1.90424 2.91578 3.8618 

0.5 
200 ω1 3.04909 3.31414 4.1372 1.9416 3.04594 3.96255 1.50672 2.82543 3.79227 
400 ω1 4.01915 3.403 4.19223 2.1339 3.11447 4.01083 1.59145 2.87989 3.81323 
600 ω1 8.66608 3.49942 4.24955 2.58208 3.18784 4.06091 1.80852 2.93763 3.8782 
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Figure 5.28. Amplitude and Nonlinear natural frequency change of SS nanobeams  
                     for different Low Temperature values when 𝞬=0.1,  𝐾𝑛𝑙 = 10, 𝐾𝑝 =                         5  𝑎𝑛𝑑  𝐾𝑤 = 10 

 

Figure 5.29. Frequency-response curves of SS nanobeams for different High  
                     Temperature values T=200K, T=400K and T=600K , the first mode 
                     and (𝞬=0.1,  𝐾𝑛𝑙 = 10, 𝐾𝑝 = 5  𝑎𝑛𝑑  𝐾𝑤 = 10) 
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Figure 5.30. Amplitude and Nonlinear natural frequency change of S-S nanobeams 
                     for different High Temperature values when 𝞬=0.1,  𝐾𝑛𝑙 = 10, 𝐾𝑝 =                        5  𝑎𝑛𝑑  𝐾𝑤 = 10 

  

Figure 5.31. Frequency-response curves of C-C nanobeams for different Low  
                     Temperature values T=0K, T=100K and T=200K, the first mode  
                     and (𝞬=0.1,  𝐾𝑛𝑙 = 10, 𝐾𝑝 = 5  𝑎𝑛𝑑  𝐾𝑤 = 10) 
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Figure 5.32. Amplitude and Nonlinear natural frequency change of C-C nanobeams 
                     for different Low Temperature values, the first mode and (𝞬=0.1,  𝐾𝑛𝑙 =                        10, 𝐾𝑝 = 5  𝑎𝑛𝑑  𝐾𝑤 = 10) 

 

Figure 5.33. Frequency-response curves of C-C nanobeams for different High  
                     Temperature values T=200K, T=400K and T=600K, the first mode   
                      and (𝞬=0.1,  𝐾𝑛𝑙 = 10, 𝐾𝑝 = 5  𝑎𝑛𝑑  𝐾𝑤 = 10) 
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Figure 5.34 Amplitude and Nonlinear natural frequency change of C-C nanobeams 
                    for different High Temperature values, the first mode  and (𝞬=0.1,                                          𝐾𝑛𝑙 = 10, 𝐾𝑝 = 5  𝑎𝑛𝑑  𝐾𝑤 = 10) 

 

Figure 5.35. Frequency-response curves of S-S nanobeams for different  Winkler 
                      parameter  Kw=10, Kw=10 and Kw=20, the first mode and (𝞬=0.1,                           𝐾𝑛𝑙 = 10, 𝐾𝑝 = 5  𝑎𝑛𝑑  𝑇 = 0𝐾) 
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Figure 5.36. Amplitude and Nonlinear natural frequency change of SS nanobeams  
                     for  different Winkler parameter Kw=0, Kw=100 and Kw=200, the  
                     first mode  and (𝞬=0.1,  𝐾𝑛𝑙 = 10, 𝐾𝑝 = 5  𝑎𝑛𝑑  𝑇 = 0𝐾) 

 

Figure 5.37. Frequency-response curves of CC nanobeams for different Winkler 
                     parameters Kw=10, Kw=10 and Kw=20, the first mode and (𝞬=0.1, 
                        𝐾𝑛𝑙 = 10, 𝐾𝑝 = 5  𝑎𝑛𝑑  𝑇 = 0𝐾) 
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Figure 5.38. Amplitude and Nonlinear natural frequency change of CC nanobeams  
                     for different Winkler parameter Kw=0, Kw=100 and Kw=200, the 
                     first mode and (𝞬=0.1,  𝐾𝑛𝑙 = 10, 𝐾𝑝 = 5  𝑎𝑛𝑑  𝑇 = 0𝐾) 

 

Figure 5.39. Frequency-response curves of SS nanobeams for different Pasternak 
                     parameters Kp=5, Kp=50 and Kp=100, the first mode and (𝞬=0.1,                          𝐾𝑛𝑙 = 10, 𝐾𝑤 = 10  𝑎𝑛𝑑  𝑇 = 0𝐾) 



74 

 

 

Figure 5.40. Amplitude and Nonlinear natural frequency change of SS nanobeams  
                     for different Pasternak parameters Kp=5, Kp=50 and Kp=100, the 
                     first mode and (𝞬=0.1,  𝐾𝑛𝑙 = 10, 𝐾𝑤 = 10  𝑎𝑛𝑑  𝑇 = 0𝐾) 

 

Figure 5.41. Frequency-response curves of CC nanobeams for different Pasternak 
                     parameters Kp=5, Kp=50 and Kp=100, the first mode and (𝞬=0.1,                          𝐾𝑛𝑙 = 10, 𝐾𝑤 = 10  𝑎𝑛𝑑  𝑇 = 0𝐾) 
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Figure 5.42. Amplitude and Nonlinear natural frequency change of CC nanobeams 
                     for different Pasternak parameters Kp=5, Kp=50 and Kp=100, the 
                     first mode and (𝞬=0.1,  𝐾𝑛𝑙 = 10, 𝐾𝑤 = 10  𝑎𝑛𝑑  𝑇 = 0𝐾) 

 

Figure 5.43. Frequency-response curves of SS nanobeams for different Nonlinear 
                     foundation parameters Knl=10, Knl=100 and Knl=200, the first mode 
                     and (𝞬=0.1,  𝐾𝑝 = 5, 𝐾𝑤 = 10  𝑎𝑛𝑑  𝑇 = 0𝐾) 
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Figure 5.44. Amplitude and Nonlinear natural frequency change of S-S nanobeams  
                     for different nonlinear foundation  parameters Knl=10, Knl=100 and 
                     Kw=200, the first mode and (𝞬=0.1,  𝐾𝑤 = 10, 𝐾𝑝 = 5  𝑎𝑛𝑑  𝑇 = 0𝐾) 

 

Figure 5.45. Frequency-response curves of CC nanobeams for different Nonlinear 
                     foundation parameters Knl=10, Knl=100 and Knl=200, the  first mode 
                     and (𝞬=0.1,  𝐾𝑝 = 5, 𝐾𝑤 = 10  𝑎𝑛𝑑  𝑇 = 0𝐾) 
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Figure 5.46. Amplitude and Nonlinear natural frequency change of CC nanobeams 
                     for different nonlinear foundation  parameters Knl=10, Knl=100 and  
                     Kw=200, the first mode and (𝞬=0.1,  𝐾𝑤 = 10, 𝐾𝑝 = 5  𝑎𝑛𝑑  𝑇 = 0𝐾) 

 

Figure 5.47. Frequency-response curves of SS nanobeams for different Nonlocal 
                     parameters  𝞬=0 and 𝞬=0.2 and 𝞬=0.4, the first mode and (𝐾𝑛𝑙=  
                     10,  𝐾𝑝 = 5, 𝐾𝑤 = 10  𝑎𝑛𝑑  𝑇 = 0𝐾) 
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Figure 5.48. Amplitude and Nonlinear natural frequency change of S-S nanobeams 
                     for different nonlocal parameters 𝞬=0, 𝞬=0.2 and 𝞬=0.4, the first mode  
                     and (𝐾𝑛𝑙= 10,  𝐾𝑤 = 10, 𝐾𝑝 = 5  𝑎𝑛𝑑  𝑇 = 0𝐾) 

 

Figure 5.49. Frequency-response curves of C-C nanobeams for different Nonlocal  
                     parameters  𝞬=0 and 𝞬=0.2 and 𝞬=0.4, the first mode and (𝐾𝑛𝑙=  
                     10,  𝐾𝑝 = 5, 𝐾𝑤 = 10  𝑎𝑛𝑑  𝑇 = 0𝐾) 
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Figure 5.50. Amplitude and Nonlinear natural frequency change of C-C nanobeams  
                      for different nonlocal parameters 𝞬=0, 𝞬=0.2 and 𝞬=0.4, the first mode 
                      and (𝐾𝑛𝑙= 10,  𝐾𝑤 = 10, 𝐾𝑝 = 5  𝑎𝑛𝑑  𝑇 = 0𝐾) 

 

Figure 5.51. 1st mode (𝜔1), 2nd mode (𝜔2) and 3rd mode (𝜔3)  frequency-response 

                     curves of SS nanobeams for (𝞬=0.1,  𝐾𝑛𝑙= 10,  𝐾𝑝 = 5, 𝐾𝑤 =                        10  𝑎𝑛𝑑  𝑇 = 0𝐾) 
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Figure 5.52. 1st mode (𝜔1), 2nd mode (𝜔2) and 3rd mode (𝜔3)  frequency-response  

                     of C-C nanobeams for (𝞬=0.1,  𝐾𝑛𝑙= 10,  𝐾𝑝 = 5, 𝐾𝑤 = 10  𝑎𝑛𝑑  𝑇 =                        0𝐾) 
 
The Pasternak foundation assumes that the nanobeam is resting on a completely rigid 

surface. The Pasternak foundation takes into account the stiffness and deformation of 

the substrate on which the nanobeam is Placed. This can be important for predicting 

the behavior of nanobeam structures under different loading conditions such as 

Temperature. The inclusion of the Pasternak foundation allows for a more accurate 

analysis of the vibration behavior of nanobeams. The Pasternak foundation is an 

important consideration in the vibration analysis of nanobeams in thermal 

environments. When a nanobeam is subjected to thermal fluctuations, its vibrational 

behavior can be affected due to changes in the material properties and the boundary 

conditions. The Pasternak foundation can help to account for the thermal expansion 

and contraction of the substrate on which the nanobeam is put on, and its effect on the 

vibrational behavior of the nanobeam. It’s also used to model the stiffness and 

deformation of the substrate in response to changes in temperature. This can be 

important in predicting the vibrational modes and frequencies of the nanobeam, as well 

as its response to external excitations or thermal fluctuations. By incorporating the 

Pasternak foundation into the analysis, we can obtain more accurate predictions of the 

vibrational behavior of nanobeams in thermal environments. From our tabulated 
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numerical results, and graphs using the modified couple stress theory, we can observe 

that as  𝐾𝑝 increases from 5 -100(5, 50, and 100) the amplitudes drop for both simple-

simple and clamped-clamped boundary conditions. The dimensional amplitude versus 

nonlinear frequency ratio changes drop as 𝐾𝑝 increases for both boundary conditions 

but it’s seen that clamped-clamped boundary condition ratio changes are relatively 

higher compared to Simple-Simple boundary condition. The results obtained using 

Nonlocal Elasticity theory for 𝐾𝑝 = 5,50 𝑎𝑛𝑑 100  shows the same pattern. 

Another type of foundation is a Winkler foundation. Its structure is assumed to be 

resting on an elastic foundation that is modeled as a series of discrete, linear springs. 

Each spring represents a small area of the foundation, and the stiffness of the spring is 

proportional to the stiffness of the foundation in that area. By integrating the Winkler 

foundation into the analysis, we can see how this affects the vibrational behavior of 

the nanobeam due to a change in temperature. It is important for predicting the 

vibrational modes and frequencies of the nanobeam undergoing thermal changes. We 

can clearly see form the results we obtained using Nonlocal Elasticity theory that as 𝐾𝑤 rises from 10-200 (10, 100, and 200) the amplitudes drop for both simple-simple 

and clamped-clamped boundary conditions. The dimensional amplitude versus 

nonlinear frequency ratio changes drop as 𝐾𝑤 increases for both boundary conditions 

but it’s seen that clamped-clamped boundary condition ratio changes are relatively 

higher compared to Simple-Simple boundary condition. The results obtained using 

modified couple stress theory for 𝐾𝑤 = 10,100 𝑎𝑛𝑑 200  shows the same form. 

The Study also includes a nonlinear foundation. In contrast to linear foundation 

models, which assume that the foundation is perfectly elastic and obeys Hooke's law, 

nonlinear foundation models take into account the nonlinear behavior of the 

foundation material. By analyzing the increments in the foundation stiffness and 

deformation, we can gain insights into the behavior of the foundation material under 

different temperature changes. The use of a nonlinear foundation model with 

incremental analysis can help to improve the accuracy of predictions of the vibrational 

behavior of nanobeams in thermal environments. We can clearly see form the results 

we obtained using Nonlocal Elasticity theory that as 𝐾𝑛𝑙 rises from 10-200 (10, 100, 

and 200) the amplitudes remains the same for both boundary conditions but the 

frequency response curves differences are observed clearly. The dimensional 
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amplitude versus nonlinear frequency ratio changes are all similar at the beginning and 

later starts to deviate from each other and the ratio changes of clamped-clamped 

boundary condition nanobeams are relatively higher compared to Simple-Simple 

boundary condition. The results obtained using modified couple stress theory for 𝐾𝑛𝑙 = 10, 100, 𝑎𝑛𝑑 200  shows the same Pattern. 

The material length parameter also affects the amplitude. The graphs show that as 

material length scale parameters increases from 1-5(1, 2, 3, 4 and 5), the amplitude 

shows increment at the same time having a different frequency response curves each 

time.  

The nonlocal parameter for  nonlocal elasticity theory increases from 0 to 0.5(0, 0.1, 

0.2, 0.3, 0.4, 0.5) the amplitude also rises showing a different frequency response 

curves each time for C-C and S-S boundary condition. The dimensional amplitude 

versus nonlinear frequency ratio changes drop as length scale parameter and nonlocal 

parameter increases and the ratio changes of clamped-clamped boundary condition 

nanobeams are relatively higher compared to Simple-Simple boundary condition. 

As the temperature increases, the nanobeam and its foundation may expand, which can 

change the stiffness of the system and affect the natural frequencies of the beam. This 

can cause the mode shapes of the nanobeam to change, leading to a shift in its 

resonance frequencies. The damping characteristics of the beam can also be affected 

by temperature variations, leading to changes in the amount of energy dissipated 

during vibration. The magnitude of these effects on the vibration of the nanobeam will 

depend on several factors, including the material properties of the beam and its 

supporting foundation, the level and rate of temperature change. For nonlocal 

Elasticity theory, amplitude drops as temperature increases (low temperature 0,100 

and 200) and the dimensional amplitude versus nonlinear frequency ratio changes rise 

as temperature increase. Whereas for high temperature (400k and 600k) the amplitude 

rises as temperature increases. The dimensional amplitude versus nonlinear frequency 

ratio changes drop as temperature increases for both boundary condition. Using 

modified couple stress theory, the graphs show that amplitude drops as temperature 

increases. The dimensional amplitude versus nonlinear frequency ratio changes are 

higher for low temperature compared to higher temperatures. 
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5.3 Validation Study 

In this section, comparisons are made with previous studies in order to verify the 

validity of the theory presented in the article. The numerical values obtained is 

compared with the studies of Şimşek [59] and Azrar et al. [60]. Comparative values 

are given in Table 5.9 for SS and CC cases. Comparison study is made for different 

values of dimensionless vibration amplitude(a=1,2,3,4) in Table 3. There is a good 

agreement with the results reported by Şimşek [59] and Azrar et al. [60]. Table 3 

displays that as increasing the dimensionless amplitude, the frequency ratio of the 

macrobeams increases, as it was reported by Şimşek [59] and Azrar et al. [60]. If we 

accept the material length scale parameter as zero, we get a macrobeam. 

Table 5.9. Comparison of the nonlinear frequency ratios obtained by the classical 

theory for various values of dimensionless amplitude for SS and CC macrobeam. 

Dimensionless 
amplitude (a) 

Simple-Simple (SS)  Clamped-Clamped (CC) 
Present Şimşek 

[59] 
Azrar 
et 
al.[60] 

 Present Şimşek 
[59] 

Azrar 
et 
al.[60] 

1 1.0895 1.0897 1.0891  1.0229 1.0231 1.0221 
2 1.3207 1.3228 1.3177  1.0879 1.0897 1.0856 
3 1.6348 1.6393 1.6256  1.18874 1.1924 1.1831 
4 1.9918 2.0000 -----  1.31383 1.3228 1.3064 

In this study, nonlinear vibration analysis is performed on a nanobeam resting on a 

nonlinear elastic foundation using the modified couple stress theory. However, there 

are not many studies available on this specific subject. As a result, a comparative 

analysis was conducted to check the reliability of the present formula and present 

solutions. For this purposes, second verification is performed for nano beam 

frequencies are compared with literature assuming elastic foundation is zero in Table 

5.10. After that third verification is performed with a previous work which is used 

different theories and solution methods for modeling elastic foundation effects in 

Table 5.11. As it is seen that good harmony is observed for verification studies. 

Table 5.10. Comparison of the nondimensional first mode natural frequencies of a 

beam (SS) with =0.38, KL=KP= KNL=0 

l/h 
Present 

Togun and 
Bagdatli 
(2016) 

Wang et al. 
(2013) 

Reddy 
(2011) 
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0.25 11.1309 11.1301 11.1187 11.1187 
0.5 14.2579 14.2579 14.2433 14.2433 
1 22.8238 22.8238 22.8004 22.8004 

 

Table 5.11. Comparison of the nondimensional first mode natural frequencies of a 

beam with =0.38, l/h=1, KP=5, KNL=10.. 

KL 

S-S C-C 

Present 
Simsek 
(2014) 

Present Simsek (2014) 

10 24.0888 24.0889 23.9142 24.399 
100 25.8896 25.8897 25.7272 26.1785 
200 27.7538 27.7538 27.6024 28.0234 

 
By comparing the non-dimensional frequency obtained from the analytical solutions 

in the presented study with the numerical results from Togun and Bagdatli(2016), 

Wang et al.(2013) and Reddy(2010) is given in Table 5.10 and Simsek(2014) in Table 

5.11. Researchers can assess the accuracy and validity of the proposed analytical 

model. Consistent agreement in numerical results would indicate that the model is 

capable of accurately predicting the behavior of the nanobeam resting on nonlinear 

elastic foundation. By using different analytical methods in each study, the Navier 

solution procedure by Reddy(2010), the shooting method by Wang et al.(2013), the 

variational method by Simsek (2014) and multiple scale method (MSM) in the 

presented study, researchers can explore various approaches to solving the vibration 

problem.  

Table 5.12. Model validation: estimates of the fundamental natural frequency for 
a  beam with   KP=25, Kw=25, KNL =0 and T=0 

Boundry Cond. Present Study Reference[61] Reference[62] 

S-S 19.2133 19.2178 19.21 

 50.7002 50.7804 50.71 

C-C 28.7961 ------- ------ 

 70.5261 ------- ------ 
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CHAPTER 6  

CONCLUSION AND RECOMMENDATION 

6.1. Conclusion and Recommendations for Future Work 

 
In conclusion, the study on the vibration analysis of the nanobeam resting on nonlinear 

Winkler-Pasternak parameter in thermal environment reveals that several factors affect 

the dimensional amplitude and nonlinear frequency changes of the beam. Specifically, 

the study found that as Pasternak parameter increases, the dimensional amplitude 

versus  nonlinear ratio changes drop, and Winkler parameter increases causes the 

dimensional amplitude versus nonlinear frequency changes to drop for both boundary 

conditions. Furthermore, the nonlinear foundation parameter causes the dimensional 

amplitude versus nonlinear frequency changes to deviate from each other at later 

changes, despite being similar at the beginning. Additionally the study found that the 

dimensional amplitude versus nonlinear frequency changes drop as the material length 

parameter and nonlocal parameter increases. Finally, the effect of temperature on the 

dimensional amplitude and nonlinear frequency changes depend on the temperature 

ranges, with the amplitude dropping and ratio changes rising at low temperatures, and 

amplitude rising and ratio changes dropping at high temperatures. 

The study can also be very useful for future works in several ways. Firstly, the study 

can provide a better understanding of the dynamic behavior of nanobeams under 

thermal conditions, which is essential for the design and development of Nano scale 

devices. By analyzing the vibration characteristics of nanobeams under different 

thermal conditions, researchers can gain insights into how temperature affects the 

mechanical response of these structures, enabling them to optimize their designs for 

specific applications. 

Secondly, the study can help to improve the accuracy of computational models used 

in nanoscale engineering. By incorporating the effects of thermal environment and 
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nonlinear foundation into the models, researchers can better predict the behavior of 

nanobeams and other nanoscale structures, leading to more accurate simulations and 

designs that are more reliable. 

Finally, the study can serve as a basis for further research in the field of 

nanomechanics. By identifying new research directions and areas of investigation, the 

study can inspire future works that build on its findings and expand our knowledge of 

the mechanical properties of nanoscale materials. 

I would recommend that researchers in the field of nanotechnology consider 

conducting further studies on the vibration analysis of nanobeams under thermal 

conditions with Winkler-Pasternak and nonlinear foundations. Such studies can 

contribute significantly to the advancement of nanoscale engineering and help to 

address the challenges of designing and developing nanoscale devices. 
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