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OZET

DiZi KUSURLARI ALTINDA VARIS YONU KESTIRIMI iCIN HACIMSEL DiZi
GEOMETRISI TASARIMI

Fesih KESKIN

Elektrik-Elektronik Miihendisligi Anabilim Dali
Telekomiinikasyon Bilim Dali

Eskisehir Teknik Universitesi, Lisansiistii Egitim Enstitiisii, OCAK 2021

Damigman: Dog. Dr. Tansu FILIK

Varig-acis1 (DOA) kestirimi birkag on yildir kapsamli bir sekilde incelenmistir. DOA kes-
tirim performansi birka¢ parametreye baglidir. Bu parametrelerden énemli olan bazilar
kaynaklarin sayisi, kaynaklarin yonii, dizideki algilayicilarin sayis1 ve konumudur. Pratik
DOA kestirim sistemlerinde, yakin aralikli antenler kagcinilmaz olarak elektromanyetik
ortak baglasima (MC) neden olur, ve genis aralikli dizi elemanlar1 a¢1 kestirimi belir-
sizligine neden olur. Ayrica yayilan dalgalarin yansima, kirtlma, kirinim ve sagilmasi, iyi
bilinen dizi modelini bozmaktadir. Dizi kusurlart olarak adlandirilabilecek olan tiim bu
pratik etkiler, DOA sistemleri i¢in zorlu konulardir. Giiniimiizde DOA kestirim sistemleri
sadece yerde degillerdir, ucuyorlar, ve ayrica hedefler de hareketlidirler. Bu dinamik se-
naryoda, hem yanca hem de yiikseklik a¢1 (yani iki boyutlu, 2-B) kestirim performansi
yon-bagimsiz (izotropik) olmalidir. Yon-bagimsiz diziler, tiim yanca ve yiikseklik yonleri
i¢in esit Cramer-Rao alt sinir seviyelerine sahiptir. Bu 6zellik sadece bazi 6zel hacimsel
dizilerle miimkiin olabilmektedir.

Bu calismada, yeni hacimsel (yani ii¢ boyutlu, 3-B) algilayict dizi geometrisi ta-
sartmlar1 aragtirilmis ve dizi kusurlari altinda analiz edilmistir. Onerilen yontemler 2-B
yon-bagimsizlik, ortak baglasim ve aci belirsizligi kisitlamalar1 altinda minimum sayida
ek algilayic1 eklemeye dayanmaktadir. Verilen dizilere eklenecek algilayicilarin konum-
lar1 ve sayilar iizerindeki kisitlamalar analitik olarak tiiretilmistir. ilk olarak, 2-B yon-

bagimsiz DOA kestirimi i¢in Hacimsel V-gekilli dizilerin potansiyelleri lizerine durulmustur.

il



Ardindan, merkez simetrik diizlemsel diziler icin daha genel bir genisletme diizeni sunulmustur.
Son olarak, 2-B yon-bagimsiz DOA kestirimi icin rastgele dogrusal ve diizlemsel dizilere
uygulanabilen en iyi (optimum) dizi genisletme yaklagimi Onerilmistir. Tiim bu diziler
icin analitik sonuglar ¢esitli benzetim sonuglariyla dogrulanmistir. Ayrica, gelecegin se-
naryosu olarak, gizli yayicilarin 2-B DOA kestirimi i¢in hacimsel algilayici dizisi olarak
ucan (dinamik) coklu IHA’lar1 ele aldik. Ayrica, gelecegin ugmakta olan DF sistemi senar-
yosu olarak, gizli yayicilarin 2-B DOA kestirimi i¢in hacimsel sensor dizisi olarak birden

fazla IHA’y1 ele aldik.

Anahtar Sozciikler: Varig-yonii kestirimi, Dizi geometrisi tasarimi, 2-B yon-bagimsiz

diziler, Hacimsel diziler, Dizi sinyal isleme.
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ABSTRACT

VOLUMETRIC ARRAY GEOMETRY DESIGN FOR DIRECTION OF ARRIVAL
ESTIMATION UNDER ARRAY IMPERFECTIONS

Fesih KESKIN

Department of Electrical and Electronics Engineering
Programme in Telecommunication

Eskisehir Technical University, Institute of Graduate Programs, JANUARY 2021

Supervisor: Assoc. Prof. Tansu FILIK

Direction of arrival (DOA) estimation has been studied comprehensively for several decades.
The DOA estimation performance depends on several parameters. Some of these impor-
tant parameters are the number of sources, the direction of sources, the number and lo-
cation of the sensors in the array. In practical DOA estimation systems, closely spaced
antennas (sensors) inevitably cause electromagnetic mutual coupling (MC), and largely
spaced array elements cause angle estimation ambiguity. Also, reflection, refraction,
diffraction, and scattering of propagating waves distort the well-known array model. All
these practical effects, which can be called as array imperfections, are challenging issues
for DOA systems. Nowadays, DOA estimation systems are not located on the ground,
they are flying, and the targets are also mobile. In this dynamic scenario, both the az-
imuth and elevation angles (i.e., two-dimensional, 2-D) estimation performance should
be isotropic. The isotropic arrays have equal Cramér-Rao lower bound levels for all az-
imuth and elevation directions. This can only be possible with some special volumetric
arrays.

In this study, new volumetric (i.e., three-dimensional, 3-D) sensor array geometry
designs are investigated and analyzed under array imperfections. The proposed methods
are based on adding a minimum number of additional sensors under constraints of 2-D

isotropy, mutual coupling, and angle ambiguity. The constraints on the sensors’ locations



and numbers to be added over the given arrays are analytically derived. Firstly, the po-
tentials of volumetric V-shaped arrays are considered for 2-D isotropic DOA estimation.
Then more generic extension layout for centrosymmetric planar arrays is presented. Fi-
nally, an optimum array extension approach, which can be applicable to arbitrary linear
and planar arrays, is proposed for 2-D isotropic DOA estimation. Analytical results have
been verified with various simulation results for all these arrays. We also considered mul-
tiple UAVs as volumetric sensor array for 2-D DOA estimation of hidden emitters as the

future airborne DF system scenario.

Keywords: DOA estimation, Array geometry design, 2-D isotropic arrays, Volumetric

arrays, Array signal processing.
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1. INTRODUCTION

1.1. Motivation and Objectives

Direction of arrival (DOA) estimation is an important research field of statistical and ar-
ray signal processing, which has been studied comprehensively for several decades. It has
large application areas such as radar, sonar, acoustics, wireless communications, astron-
omy, biomedical processing, and recently moving sensors (Unmanned Aerial Vehicles
(UAV5s)) based applications [1H7].

In practical direction finding (DF) systems, the DOA estimation error of the un-
known emitting targets is the most important performance criteria. The sensor array ge-
ometry, i.e., the number and location of the sensors in space, play a key role in the overall
error performance [8]. In addition, developing the DOA estimation algorithms for opti-
mum performance is another critical parameter [9]. In these DF systems, closely spaced
antenna array elements inevitably cause electromagnetic mutual coupling (MC) between
antennas. On the other hand, largely spaced array elements cause angle ambiguity. An-
other important effect is the reflection of the emitting sources from the objects, which
is called the multi-path effect. All these practical effects, which can be called as array
imperfections, are challenging issues for DF systems.

In the array signal processing literature, the primary effort has mainly focused on
developing parameter (angle) estimation algorithms and calibration methods for model-
ing and mitigating these array imperfections. Recently, DF systems are not located on
the ground, they are airborne, and the targets are also mobile. In this scenario, both the
azimuth and elevation angles should be accurately and quickly estimated for all direc-
tions. This requires both azimuth and elevation isotropic DOA estimation [10]. This can
only be possible with volumetric arrays [|11,|12]. Therefore, it is critically important to
find an optimum three dimensional (3-D), volumetric, array design approach for the best
(isotropic and minimum error) 2-D DOA estimation.

The main motivation of this thesis is to find optimum volumetric array design ap-
proaches for the practical DF systems. The angle ambiguity problem [[13-17]], the tar-
get frequency band [[10}/18], and MC effect [[19-22] are jointly investigated for the 2-D



isotropic DOA estimation with newly proposed 3-D arrays.

1.2. Literature Overview

Optimal array geometry design studies to improve array performance date back to the
early 60s. Unz [23]] noted that performance improvement could be achieved by keeping
the weights constant and changing the sensor positions. The widely used sensor array
geometry is Uniform Linear Array (ULA). In [24], Kumar and Branner presented an an-
alytical method of selecting a linear array geometry for a given set of weights. It was
also extended for Uniform Circular Array (UCA) and Spherical arrays in [25]]. Linear
arrays are easy to analyze and have low complexity. On the contrary, it has a maximum
resolution capacity at broadside and zero at the end-fire directions. Linear arrays have
non-isotropic performance throughout azimuth angles [26], and it is not possible to esti-
mate both the azimuth and elevation angles using linear arrays [27].

Hence, a variety of planar,i.e., two-dimensional (2-D), array geometries have been
designed and studied for several decades. The most commonly studied planar arrays are
the UCA, V-shaped, L-shaped, T-shaped, Y-shaped, cross, and uniform rectangular arrays
(URA) [15,28-34]. UCA is the most widely used planar array geometry in practical DF
systems. Since UCA itself is symmetric, it has isotropic (same for all directions) per-
formance throughout azimuth angles [26}35]]. There are many efficient DOA estimation
algorithms proposed for UCA configuration because of its symmetric and isotropic struc-
ture [3638]. It is shown that the centrosymmetric arrays have both isotropic performance
and Toeplitz symmetric MC matrix, which ensures efficient 2-D DOA estimation under
the MC effect [39]]. In [40], the sensor positions and the opening angle of the V-shaped
array have been optimized by using the CRLB for both azimuth and elevation angle esti-
mation. In [30,31], the azimuth and elevation coupling effects are investigated to obtain
the isotropic and directional angle performance for uniform and non-uniform V-shaped
planar array geometries. Comparison of V-shaped array with UCA in terms of sensor po-
sition errors, source signal correlation, and MC has also been analyzed in [31]. In some
cases, it is shown that the V-shaped arrays offer better performance than UCA [32,33]].

As seen, linear and planar arrays have been discussed and studied extensively in
the literature. All practical DF systems use almost planar and linear arrays. But the

linear and planar arrays do not span the entire 3-D space with equal DOA estimation

2



performance. The planar arrays’ elevation estimation performance is very limited [26].
Hence the volumetric array design approaches are also investigated in the literature [} 10,
15,41-43].

In [41]] and [42], authors show analytical and simulation results that, besides better
angle ambiguity resolution, volumetric sensor arrays have better estimation performance
than planar arrays, even for a weaker aperture. It is also shown that many planar array
configurations fail to distinguish the DOA of multiple source signals [[10], which is known
as the ambiguity problem in the literature. Likewise, in [41] and [42], a number of dif-
ferent planar arrays and their 3-D extension, namely, volumetric array configurations, are
investigated. These configurations have been compared based on the CRLB of the array
geometries. As a result, volumetric array configurations have been shown to outperform
planar array configurations in the sense of 2-D DOA estimation and ambiguity resolution.

It is critically important to find the optimum volumetric array geometries for practi-
cal DF systems under array imperfections. In [44], the analytic expression of the manifold
surface of a nonlinear sensor array has been studied using differential geometry. Further-
more, in [28]], the authors present a framework that investigates the significance of each
sensor position in a sensor array geometry based on the array manifold and its differ-
ential geometry. It is shown in [11]] that for any sensor array geometry whose the auto
moment-of-inertia of coordinates of sensors are equal, it can be said these arrays have
2-D isotropic DOA estimation performance. For the sensor array to be isotropic, many
researchers have studied CRLB expressions that provide the necessary and sufficient con-
ditions for the sensor array geometry and verify these conditions with some planar sensor
array geometries [8|10,/11,45-47]. In fact, there are several volumetric array designs that
are 3-D extensions of the well-known planar arrays. Nevertheless, these designs do not
have equal CRLB levels for all azimuth and elevation angles jointly. Both the azimuth and
elevation isotropy can be called as fully 2-D isotropic performance. In [41], the authors
examined the effect of the third dimension on the 2-D DOA estimation performance with
the derived closed-form CRLB expressions for 3-D sensor arrays under both conditional
and unconditional observation models. In addition, many 3-D special sensor array geome-
tries constructed from ULAs were analyzed and compared to planar arrays with regard to
2-D isotropic performances in [41]. In [46], the authors present sensor array geometry

configuration based on isotropic conditions, which are given in [11]] with uncoupled di-



rection estimation for direction-finding multiple-input multiple-output (DF MIMO) radar
systems. A sensor selection strategy with adaptive array thinning for isotropic and direc-
tional sensor design based on CRLB is proposed in [47]]. However, all these volumetric
array designs do not have fully 2-D isotropic DOA estimation performance. In this thesis,
we have the aim of designing optimum volumetric arrays with fully 2-D isotropic DOA

estimation performance under array imperfections.

1.3. Thesis Overview and Contributions

In this thesis, we proposed four different array design approaches for 2-D isotropic DOA
estimation. Some important practical challenges of DF systems, such as angle ambigu-
ity and MC effects, are jointly investigated for optimum performance. The proposed 3-D
arrays are analytically derived, simulated, and compared with various planar and volumet-
ric benchmark arrays. Besides, as a final study, a 3-D moving sensor array-based swarm

UAVs scenario is discussed for tracking of targets.

* In the first design method, both the opening angles between two V-shaped planar
arrays and linear sub-arrays are optimized to meet the isotropy conditions using
the CRLB, which takes into account the statistical coupling effect of the azimuth
and elevation angle estimation [48]]. Then finally, a new 3-D V-shaped sensor array
with a smaller number of additional sensors is proposed for fully isotropic azimuth
and elevation DOA estimation [49]]. Then we investigated all the well-known cen-
trosymmetric planar array geometries for 2-D isotropy under MC and angle ambi-

guity constraints [S0].

* Finally, an optimum volumetric sensor array extension method is presented, which
can be applicable to all arbitrary linear and planar arrays for the best 2-D isotropic
DOA estimation by taking into account MC and angular ambiguity. We analytically
analyze these arrays to show that the minimum number of additional sensors are
used in an optimum manner. It is shown in various simulations that these arrays can
be used in practical DF systems to meet the new requirements [S1]. Moreover, we
defined a moving (airborne) 3-D sensor array, which is a swarm of UAVs. In this
scenario, the formation (geometry) and paths of multiple UAVs are optimized for

the best tracking and intervention of an undesired target [52].
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1.4. Organization of The Thesis

The structure of this dissertation is as follows: In Chapter 2| some fundamental tools
of array signal processing for 2-D DOA estimation are provided. Besides, assumptions
used throughout the thesis, DF system model, CRLB expressions, and some other DOA
estimation algorithms are overviewed briefly. In Chapter 3| we briefly provide the condi-
tions for an array to have 2-D isotropic DOA estimation performance. Then, a V-shaped
volumetric sensor array is designed by combining two planar V-shaped sensor arrays to
improve the estimation performance of the sources’ elevation angle. This is followed by
a 3D V-shaped sensor array design approach for fully 2-D isotropic DOA estimation per-
formance. In Chapter[4] a novel method has been proposed to provide 2-D isotropic DOA
estimation performance by adding additional sensors to the well-known centrosymmetric
planar arrays in an analytical manner. In Chapter [5, An optimum sensor array design
scheme, applicable for all arbitrary linear and planar arrays, has been proposed for 2-D
DOA estimation, taking MC and angle ambiguity imperfection into account. Moreover,
the effective use of 3-D sensor array-based swarm UAVs is examined in order to esti-
mate the unwanted target’s DOA and respond to it. Finally, in Chapter [6] we end with

concluding remarks.



2. FUNDAMENTAL CONCEPTS OF 2-D DOA ESTIMATION

This chapter reviews the fundamental backgrounds of array signal processing for DOA
estimation. The array data model is reviewed in Section In Section CRLB
expressions, which gives the ultimate performance of an unbiased estimator, are presented
for 2-D DOA estimation. Finally, the subspace-based 2-D DOA estimation algorithm,
which is used as a benchmark in simulations, MUItiple SIgnal Classification (MUSIC)
[S3]], is briefly reviewed in Section

2.1. Array Data Model

It is more convenient to give some basic assumptions on the array elements and the signal
model before introducing the array data model. In a practical DF system, isotropic sensors
(antennas) that have uniform radiation patterns are used.

Far-field assumption: The source signal’s radiation pattern takes various forms de-
pending on exactly how far the region where the source signal is located is from the sensor
array. These regions are often referred to as the near-field (Fresnel) region and the far-field
(Fraunhofer) region, depending on the sensor’s distance. For a sensor with a maximum

total size of D, the following two conditions must be met for the far-field region to occur.

2D?

"~ <R 2.1
< 2.1)
A<DKR (2.2)

where A and R represent the wavelength and distance of the source signal to the sen-
sor, respectively. In this study, the source signal is assumed to be in the far-field (i.e., a
large distance from the sensor array). Therefore, the spherical propagating wave can be
reasonably approximated as a plane wave.

Narrow-band assumption: The frequency contents of the signals are concentrated
in the vicinity of the carrier frequency f.. Namely, it has a very small bandwidth relative
to the carrier angular frequency, w. = 27 f..

The frequencies of the signals detected by the array elements are important as they



determine the constraints on the element spacing. Aliasing may occur in analog to digital
conversion when the array’s sensors do not meet the Nyquist criteria at the sampling of

incident signals in space, i.e., if the sensors are not close enough to each other.

y

Signal from i source (Far-field)

Incident plane waves

&

X
(0,0) (1,0) (Z,Q) (3,0)—Element Positions

0 2 34 .
e e e’ ¢ —Relative Phases

Figure 2.1: A traveling plane wave geometry regarding the array’s elements and the [

signal.

source

Trigonometry indicates that d sin 6 is the extra distance between the sensors traveled
by the incident plane, as shown in Figure 2.1} The time difference between consecutive
sensors is then calculated by,

T = gsine (2.3)

where d is inter-element spacing in terms of A, and ¢ denotes propagation velocity of the
wave.

In order to avoid spatial aliasing, the phase difference between the spatially sampled
signals should be less than or equal to 7. Otherwise, if there are phase differences greater
than 7, incorrect time delays may occur between the received signals. To prevent this,
the following condition is defined for the highest frequency of the interested narrow-band
signal,

2T frnaeT < T 2.4

Substituting (2.3) into (2.4) gives,

c
d< ——— 2.5
= 2fmazsind 2.5)

For 6 = 90° (i.e., end-fire), the worst delay exists, therefore we get the fundamental
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condition as follow,

)\ .
a< oo (2.6)

where \,in = ¢/ fimae represents the minimum wavelength that avoids spatial aliasing.
Let assume that the message, m (t), is modulated up to the DF system frequency.

Then, the transmitted source signal, s (), to be estimated is narrow-band.
s(t) = m(t) el (2.7)

The narrow-band assumption implies that the envelope, m (¢), or the amplitude

varies much slower than s (¢). Therefore, for small-time delays, T,
s(t—7)=m(t—7)e" ) xm(t) eI = s () e T (28)

In the scope of this thesis, since the 2-D DOA estimation will be made under the 3-
D sensor array geometries and the presence of multiple sources, the general sensor array
data model will be used.

z 0=0° Source 1

A (¢, 9)

/
/Q«/ mth Sensor ¢ = 90°
15 Sensor |/~ (Xmy Yimy Zm) 0 =90°
(X} %5 2) ® >y
[
Array
Elements

x ¢=0°

Figure 2.2: Coordinate system for 2-D DOA estimation

Throughout this thesis, unless stated otherwise, it will be assumed that a sensor

array geometry consisting of isotropic and identical M sensors is positioned at p,, =
[T Ym zm]T, m = 1,..., M. Further, we consider that L far-field and narrow-band

source signals impinge on the sensor array from the directions (¢, 6;), [ = 1,...,L,



where ¢ € [0°, 180°] and 6 € [0°, 90°] represent azimuth and elevation angles of the
source signals, respectively, as shown in Figure Note that ¢ is measured counter-
clockwise from the positive x-axis on the x-y plane, whilst 8 is the clockwise angle made
with the positive z-axis. In general, the sensor array output, y (t) € CM*! at time ¢ can
be written as,

y(t)=As({t)+n(t), t=1,...,T (2.9

where T is the number of snapshots. It is assumed that the signal, s (¢) € CL*! and noise,
n(t) € CM*1_ are uncorrelated, zero-mean, spatially, and temporally white Gaussian
(CM XL i

complex random processes. Array manifold (steering) matrix A € S

A =[a(¢1,01), a(¢a,0z), -, a(¢r,0L)] (2.10)

where a (¢, 6;) € CM*! is the steering vector of the sensor array in direction (¢;, ;) as,
, : T
a (g, 0) = [l P} L liatead] @.11)

where k; = (27 f.w;) /¢ = (2mu;) /) is the wave-number vector of the [ source in the

direction (¢, 6;) and the unit vector pointing towards the source signal directions (¢;, 6;)
is,

sin #;cos ¢;
u; = | sinf;sin ¢, (2.12)
cos 6,

The challenge is to find DOA angles, (¢, #), of the given array output (2.9). Owing

to the fact that the DOA angles are spatial parameters, a covariance matrix between the

CMxM

sensors is required. Thus, the output covariance matrix, R € is

R—E{y(®)y®)"} = E{(As(t)+n (1) (As (1) +n ()"}
—E {(As () + 1 (t)) <s A" 4 ()" }
—E{As@s®)"A"} + E{As()n®)"} (2.13)
+E{nt)s®"A"} + E{n(t)n@®)"}
= ARAY + 51y,



where 0,21 and R, € CX*! represent noise variance and the source correlation matrix,

respectively. Note that R is a diagonal matrix if the source signals are uncorrelated.
2.2. CRLB for 2-D DOA Estimation

In this section, we present a brief derivation of the CRLB, which gives the ultimate per-
formance of any unbiased estimator whose variance matrix attains the lower bound. The
variances of the azimuth and elevation angle estimators should satisfy the following in-
equalities, respectively.

var (9) = [F'],, (2.14)
var (9) = [F1],, (2.15)

where Fisher Information Matrix (FIM), F, is given in [54] as,

F,, F
F—| % % (2.16)
Foy, Foo

The FIM’s elements are calculated as,

OR_ _,OR
Foo =T xtr{R'—R'— 2.17
=T (R R0 17
OR_ _,0R
Fp=Txtr{R'——R ' 2.1
w0 =1 T{ ¢ 86} (2.18)
where ¢r {-} denotes trace of the matrix. Thus,
F,, — 225 { (RARAR AIPIR™'A 2.1
¢ = 2 {( s s)@( o A ¢>} (2.19)
2T Hp -1 A\ Hp L —1 A
Fo = R {(RAPRAR,) o (AfPSR'A, ) | (2.20)

where R {z} denotes the real part of x and ® is the Hadamard (or element-wise) product.

Note that Fgy € CL* can be written similar to (2.19). Fys = Fyy and,

L
_ , OA
PL =1, - A(APA) 'A” A, — il .
A M ( ) L ;a¢l (2.21)
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where A, € CM* and Ay € CM*L denote the sum of derivatives of A regarding the
™ element of ¢ and 6, respectively. Px € CM*M represents the orthogonal projection
of column space of steering matrix A. Normalized CRLB expressions for azimuth and

elevation performances are given in [11] as,

J2, N\t
CRLB(¢) = 1 (1 S ) (2.22)
So0 SooJoo
1 T2 \ 7
CRLB#) = — (1 - -2 ) (2.23)
(©) Joo ( JosJoo

where Jyp = \/tr {Fss} /L. Js9, Jos, and Jyg can be written similarly.

2.3. The MUSIC Algorithm

In this section, we briefly give DOA estimation based on the MUSIC algorithm, which
is one of the earliest and most popular DOA estimation algorithm proposed for super-
resolution DF systems [55]]. The basic idea behind the MUSIC algorithm is to perform
Eigen Value Decomposition (EVD) for the covariance matrix (2.13)) of the sensor array
output (2.9). Since any signal vector, a, in the signal subspace a € S, must be orthogonal
to the noise subspace a L S,, spanning the noise subspace must be a L v; for all
eigenvectors v;, ¢ = L+ 1,..., M. After the noise subspace has been estimated, a search
is done for angle pairs in the range by searching for steering vectors that are as orthogonal
to the noise subspace as possible. This is accomplished simply through a 2-D MUSIC

pseudo spectrum search for L peaks, which is given as,

1
(¢1,60) SySyfa (¢, 01)

Py (6.6) = (2.24)

where S, represents the noise subspace of the eigenvector matrix. L highest peaks of

P v (¢, 0) will be DOA angles of source signals.
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3. ARRAY DESIGN FOR 2-D ISOTROPIC DOA ESTIMATION

In recent years, the positioning and tracking of multiple mobile users for the next genera-
tion’s dense radio access networks are becoming important requirements [56]. Similarly,
the UAVs, also known as drones, have been a high concern for public safety. Hence the
geo-localization and tracking of these drones are critical [[57-59]]. In all these problems,
the sources are mobile. Modern DF systems are not fixed on the ground, they are also
mobile. In this scenario, both the azimuth and elevation angles should be accurately and
quickly estimated for all directions. This requires both azimuth and elevation isotropic
DOA estimation [10]. This can only be possible with volumetric arrays [8,/11,/12,145].
Therefore, it is critically important to find an optimum three dimensional (3-D), volumet-
ric, array design approach for the best (isotropic and minimum error) 2-D DOA estima-
tion.

In the following sections, we briefly give 2-D isotropic conditions for an arbitrary
sensor array geometry. Then, in Section [3.2] a new V-shaped volumetric array is pre-
sented by combining two planar V-shaped arrays. Later in Section [3.3] another V-shaped
volumetric array with fully 2-D isotropic DOA estimation performance is proposed by

analytically adding fewer sensors.
3.1. Isotropic Arrays

In this section, we give both azimuth and elevation isotropy conditions for any given
arbitrary array. We assume that any arbitrary array with M sensors is located in Cartesian

coordinates as follows,

X=[T122... 20, Y=[1y2..-yml, z=[n2...2u] (3.1)

In [11]], Nielsen proposed that if the moment-of-inertia tensor of an array is a scalar
matrix, then this array has both azimuth and elevation isotropic, which is also called in

this thesis as fully 2-D isotropic, DOA estimation performance. The moment-of-inertia

12



tensor of an array is, [60,61],
(3.2)

where I, = I3, c is a constant, and I3 is 3x3 identity matrix [8]. Thus, 2-D isotropic
constraints are, [|11,46],

Iy=1.=1,,=0 (3.3)
Liw =1, = L. (3.4)

where I, 1., and I, represent the cross moment-of-inertia between coordinates, namely

off-diagonal elements of the array’s moment-of-inertia tensor and can be written by,

M
Ly = 3 (@ — 1) (Uon — t1y) = (% = pixLas) (¥ = pay L) (3.5)

(xm = MX) (Zm - ,uz) = (X - /~Lx1M) (Z - ,uz]-M)T (3.6)

(ym - My) (Zm - NZ) = (y - :uy]-M) (z - Nle)T (3.7)

Iz, Iy, and I, denote the auto moment-of-inertia of x, y, and z coordinates, respec-

tively, namely diagonal elements of the array’s moment-of-inertia tensor.

M
Lo = 3 (@ — 1)? = [Ix — oLy (3.8)

M
Ly =3 G — 1y)* = ly — sy Larll? (3.9)
m=1
M
Lo=Y (zm—pa)” = ||z — Lo (3.10)

13



where the mean of coordinates is defined by,

1
i = Mﬁ;xm = (x1%,) /M (3.11)
1 M
Hy =57 > Ym = (y13,) /M (3.12)
m=1
1 M
He =37 >z = (21%,) /M (3.13)
m=1

3.2. Two V-shaped Planar Arrays

In this section, a new V-shaped volumetric sensor array is designed by combining two
planar V-shaped sensor arrays for improving the elevation estimation performance of the
array. The planar V-shaped sensor arrays given in Figure3.1{(a)|are combined as in Figure
B.1[b)] In the resulting volumetric sensor array, the 7; and 7, angles between the arms of
the two V-shaped planar arrays and the 5 angle between the planes of these planar arrays

are optimized under the constraint of (3.3)) and (3.4).

(b)
Figure 3.1: The planar V-shaped arrays [(b)| The proposed V-shaped volumetric array

3.2.1. Design Procedure

Here, we propose a piece-wise function to create coordinates of the V-shaped volumetric

sensor array. Let M + 1, where M = 1 + 4a and a € Z™, be the total number of

sensors of the two planar V-shaped arrays and, k; = % and ko = ?’JV{T”’ be the reference
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sensor index of the first and second planar V-shaped sensor arrays, respectively. Then the
functions that create the sensor position of the planar sensor arrays (see Figure|3.1)(a)) can

be written as follows,

T = (m — k1) dsin (%)
Ym = |m — k| d cos <%> (3.14)
Zm =0 mzl,...,j\/jzJrl
T = (m — ko) dsin (%)
Ym = |m — k| d cos (%)cos (B) (3.15)
_ M+3

zm:|m—k2|dcos(%>sin(,ﬁ) m s, M+1

2

Here, we optimize 7, 72, and § angles so that the new volumetric sensor array
obtained by combining the functions of (3.14)) and (3.15) provides isotropic constraints as

given in (3.4)). The mean of x, y, and z coordinates are derived as follows,

1 M y M+1 h

= v in (2 b in (22
Hx = T (m kl)dsm(Q) + Z (m kz)dsm<2)
m=1 m=M+3
’ (3.16)
M1
_ dsin (ﬂ> 2 (m — ky) +dsin <E>sin (8) Af (m — ko)
M+ 1 2) 2« 2 =t

We substitute the reference sensors index equations given in Appendix for k; and

k2, (A1) and (A.2)), respectively into (3.16)), and we get mean of x coordinate as,

px =0 3.17)

The mean of y coordinates of the combined V-shaped volumetric array is,

M+1 Ma+1

1 -— g 2

- (S (2) + 85 e (2
by = 1 mz::I|m 1| dcos 5) t XM:H |m — kq| dcos 5 cos ()
m=-—5-
(3.18)
M1

1 M\ © 2 -

= W1 dcos (5) mz:l |m — ky| +dcos <E>COS (B) XMIH |m — ks

2
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Substituting (A.3) and (A.4) into (3.18) gives,

b = DO () (o) a0

The mean of z coordinates of the combined V-shaped volumetric array is,

;M y
L= ~ k| deos (2 )i 3.20
e = 371 XM:H |m — ko| dcos 5 )sin (8) (3.20)
m="5-

Substituting (A.4) into (3.20) gives,

1 Y2\ . (M —1)(M+3)
Y 1d(:os (§>Sln (8) T (3.21)

Mz =

The auto moment-of-inertia expressions for x, y, and z coordinates which depend

on 71, Y2, and M are obtained as follows;

M+

-

P} M-+1
I, = d*sin® i (m — k1)? 4 d?sin® e (m — ky)? (3.22)
& Gl
Substituting (A.5)) and (A.6) into (3.22) gives,
d? .9 (1 Y2
Im_%(M—l)(MH)(MJr?))(sm <2>+n (2)) (3.23)
M+1 M+1
]yyzzym (M+1)p _2:U’yzym
m=1
2
— M +1)
M
= g’ = (M +1)
m=1
Substituting (A.8) and (3.19) into (3.24) gives,
d2
I, = 9% (M —-1)(M+1)(M+3) (cos <%> +cos? <%>cos2 (B))
1 N\ WM —1) (M +3) 2 (M —1)(M+3)
NN (dcos<2> 16 +dcos<2)cos(ﬁ) T

(3.25)
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I, can be obtained similar to (3.24) as,
M+1
Lo=> 2z —(M+1)p, (3.26)
m=1

Substituting (A.10) and (3.21)) into (3.26)) gives,

d2

Izz — Ap
96

(M — 1) (M + 1) (M + 3) cos? (%)snﬁ (5)
1 Yo .o (M —1) (M +3)\?
“ar e (3)
7+ 1)( cos | 5 sin () 16
The auto moments of x, y, and z coordinates obtained by (3.23), (3.25), and (3.27),
respectively, are applied to (3.4) and (3.3). The angles 73 = 58.9°, 72 = 58.05°, and
B = 89.85°, which approximates (3.4) and (3.3), were obtained by brute-force search.

(3.27)

The auto and cross moment-of-inertia inequalities of this array are as follows,

Ly=1,.=0,1,.~0 (3.29)

When the volumetric array is created with these angles obtained, the azimuth isotropy
structure is not degraded. The elevation estimation performance is improved to a great ex-

tent, although it is not fully isotropic.
3.2.2. Experimental Results

In this section, performance improvements are illustrated by simulations for the designed
new V-shaped volumetric array. The proposed volumetric array can be easily designed by
a combination of equations (3.14)) and (3.13) for a specified number of sensors, M. For
example, if M = 9, then the optimum angles are obtained as v; = 58.9°, 7, = 58.05°,
and 3 = 89.85°, as shown in Figure 3.2
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' Combined V-shaped array
6 @ 7,=58.9°, 7,=58.05°, 3=89.85°

0.8 7 .
2 0.6 - ®
N 04-
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02 | I !
................ W, . |
0 " o
1 05

Figure 3.2: V-shaped volumetric array by combining two planar V-shaped sensor arrays

The performance of this V-shaped volumetric array is compared with the planar V-
shaped array and UCA, consisting of the same number of sensors. All simulations are
realized by taking the number of sensors // = 9 and the frequency of the source signal
fe = 500 MHz. CRLB values are obtained for the signal-to-noise ratio (SNR) of 20 dB.
CRLB expressions given by (2.22)) and (2.23)) state the lower achievable error variance of
the unbiased azimuth and elevation estimators, respectively [54]].

While the azimuth performance of the tested array is obtained, the elevation angle
of the source is kept at a certain angle, and the azimuth angle is scanned from 0° to 180°.
Similarly, while obtaining elevation performance, the azimuth angle of the source is kept
at a certain angle, and the elevation angle is scanned from 0° to 90°. Figure [3.3|shows the
azimuth performance of the arrays when the elevation angle of the source is fixed at 80°,
and Figure [3.4] shows the elevation performance of the arrays when the azimuth angle of

the source is fixed at 20°.
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10° =
-@-UCA, M=9

—¥—Planar V-shaped, M=9

—#—Volumetric V-shaped, M=9

RMSE ( Deg.)

102
0° 50° 100° 150° 180°

Azimuth degrees

Figure 3.3: Azimuth CRLB DOA performance of UCA, Planar V-shaped, and V-shaped volumet-
ric array for single-source when azimuth angle swept between 0° and 180° while elevation angle

is fixed to 80°.

0
10 —*—Volumetric V-shaped, M=9
-@-UCA, M=9
7* Planar V-shaped, M=9

RMSE ( Deg.)

0° 20° 40° 60° 80°  90°
Elevation degrees

Figure 3.4: Elevation CRLB DOA performance of UCA, Planar V-shaped, and V-shaped vol-
umetric array for single-source when elevation angle swept between 0° and 90° while azimuth

angle is fixed to 20°.
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In Figure[3.3] it is observed that the azimuth performance of the proposed V-shaped
volumetric array is slightly worse than the UCA and planar V-shaped array. Because it has
fewer sensors and hence a narrower sector on its x-y plane. Nevertheless, the UCA and
planar V-shaped arrays have the isotropic DOA estimation performance on the azimuth

angles because they hold azimuth isotropic conditions (1, = I,

v, L. =0). However,

these planar arrays fail to distinguish the elevation angle after a certain elevation degree
due to I,, = 0. In addition to a small deterioration in azimuth angle estimation, an
important improvement is made in elevation angle estimation for the proposed V-shaped
volumetric array, as can be seen in Figure [3.4] It can be easily seen that elevation angle
estimation errors go to infinity when the elevation angle approaches 90° for the UCA and
planar V-shaped arrays. However, the proposed V-shaped volumetric array can estimate

the target source for all elevation angle with almost equal CRLB levels, as shown in Figure

B4
3.3. V-shaped Volumetric Array Design for Fully 2-D Isotropy

In the previous section, two uniform planar V-shaped arrays are used for the 2-D isotropic
volumetric array design. The three angles are optimized for both azimuth and elevation
isotropic performance. But no closed-form solutions can be derived for fully 2-D isotropic
performance. In this section, a new approach is proposed to design a V-shaped volumetric
array, which has fully isotropic azimuth and elevation DOA estimation performance. To
emphasize again, the 2-D fully isotropy conditions, which are defined in [I1]], both (3.3))
and (3.4), should be satisfied. In this context, it should be possible to extend the exist-
ing planar arrays to provide isotropy conditions by adding new additional sensors. The
proposed method results in a 3-D array by adding additional sensors on the given pla-
nar V-shaped array to hold the constraints of equalizing the auto moment-of-inertia and

setting the cross moment-of-inertia to zero.
3.3.1. Design Procedure

Let the number of sensors in a given planar V-shaped array be M = 1 + 2a, where

a € 77T, and the reference sensor index is k = @ In this case, the function that creates
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the positions of the d spaced sensors in the array can be written as follows,

Ty = (m — k) dsin (%)
Ym = |m — k| d cos (%) (3.30)

Zm = 0, m=1,...,.M

Note that in our proposed V-shaped array extension method, the given planar V-
shaped array does not need to be azimuth isotropic. Namely, v does not have to be equal
to 7is0, Which satisfies the 1-D isotropy conditions proposed in [31]. Since the given
planar V-shaped sensor array geometry is on the x-y plane and symmetrical with respect

to the y-axis, fix, fz, L.z, I;», and I, will be zero. By substituting (A.TT) into (3.31), we

obtain the mean of x and z coordinates as,

M p M
Ihx mz m — k) dsm(2) :—dsm< )Z (3.31)

m=1
pz =0 (3.32)

The mean of y coordinate is obtained as follow,

1 & ol
iy = M; Im — k| d cos (5) - —dcos ( ) Z m — k| (3.33)
Substituting (A.12)) into (3.33)) gives,
2 _
fy = %dcos <2> [M 1 1—‘ (3.34)

The auto moment-of-inertia for x, y, and z coordinates are obtained as follows,

I, = i (T — ux)Z = d?sin? (%) % (m — k)2

1 m=1 (3.35)
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m=1 m=1
e oM [ 1 ) 1 [M2—177
(3.36)
M
m=1

Owing to the fact that the mean of the y coordinates of the sensors in the array
is not zero (see (3.34))). Therefore to obtain a centrosymmetric structure, the following
procedure is applied to make the mean of y coordinates of the updated sensor array zero
by adding N new additional sensors whose y coordinates are d,. Let us suppose that the y

coordinates of M sensors of the given planar V-shaped array is,

Y =[Y1,Y2, -, Ym) (3.38)

If the y coordinates of the added N sensors are d,, then the y coordinates of the

updated sensor array are,

(w) —

y - [y1>y27"'>yMady1N] (339)

(u)

where (+)'" represents the updated parameter. In order for the mean of the updated y

coordinates to be zero as a result of the added sensors, d,, is obtained as follows,

M+N

) = MiNZy M+N<Zym+2d) (3.40)

Substitute (3.39) into (3.40) and recall (3.13) as 2%21 Ym = M p1y, then equate to zero,

Muyy + Nd,

pyo = (3.41)
M
dy = ——* (3.42)

Thus, the auto moment-of-inertia of the y coordinates will also be updated due to
the added sensors. The coordinates of the sensors added on the y-axis can be generated

by the substitution of (3.42) into (3.39). The auto moment-of-inertia of y coordinates of
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the given planar V-shaped array is,

M
> W —ny)? = (1 — iy)* + -+ (yar — pty)°
= (3.43)

=yl + oty — 2y (Y1 + o+ yn) + Mpy?

[\

The auto moment-of-inertia of the updated y coordinates is obtained by,

M:

ym — uy(u) , where p,w =0 (3.44)

3
n

I = y® + g + -+ yu” + Nd,

:[yy+2uy(y1+y2+"'+yM)_Mﬂy2+Ndy2

(3.45)
M
= Iy +2u, Z |m — k| dcos (%) — Muy® + Nd,*
m=1
Substituting (3.34)), (3.36), and (3.42)) into (3.43)) gives,
Mp ’ 2 2 M? 2
IZSZ) - N(Ty) + Ly +2M iy — Mpiy™ = (W +M> fy” + Iy
M2 , M2 -1
= (W+M> e o (2)[ 1 W
3.46)
1 1 [M2-17? (
&2 2(1) M (M2 1) - =
Fdeos” (5) { M ) =8|
1M -17" 1
—dteos® (1) |+ — M (M? -1
o () \v| 77| T Ml )
The x and z coordinates of the N sensors added to ensure [\% = I{*) = 1), and
keep the mean of x and z coordinates at zero are updated as follows.
) _ [3517;1;-2,...,xM,dmlg,—dxlg} (3.47)
2 — [zl,ZQ,...,zM,dz(—nﬂ Ci=1,2,...,N (3.48)
In order to hold the I!% = I{% = I{* condition while still keeping the cross

moment-of-inertia at zero, we should update the x and z coordinates of the added sensors

as in (3.47) and (3.48). Now we bring the auto moment-of-inertia of x and z to the IgSZ) by
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updating the x and z coordinates of the added sensors. Accordingly, the auto moment-of-

inertia of the x and z coordinates will be updated as follows,

I =0 4 2> + -+ 20 + Nd,2 = L, + Nd,* (3.49)
Lo + Nd,> = I{¥) (3.50)
where d,, is,
Iy — 1
d, =\ 2L =2 3.51
¥ (3.51)

The auto moment-of-inertia of the z coordinate, I §Z), and inter-element spacing on
the z-axis, d, can be written similarly as (3.49)-(3.51)) just by replacing the subscript x
with z. Thus,

[1%) _ Izz

d, =
N

(3.52)

The coordinates of the sensors added on x and z-axes can be generated by substitut-

ing (3.51)) and (3.52)) into (3.47)) and (3.48)), respectively. In fact, here, (3.51)) and (3.52)

give the inter-element sensor spacing that will increase the auto moments-of-inertia of the

x and z coordinates to the auto moments-of-inertia of the y coordinates. Thus, the volu-
metric array obtained as a result of the procedure will fulfill the 2-D isotropy conditions
given in (3.3) and (3.4). Table [3.1] presents the distance between array elements for the
proposed V-shaped volumetric array. The mutual coupling between two sensors depends
on the array element spacing. The coupling coefficient’s magnitude decreases as the array
element spacing increases. Consequently, the MC between two sufficiently far apart array
elements (i.e., A < d) can generally be assumed to be zero. Table is built on this as-
sumption. In other words, when the distance between the sensors is equal or larger than a
wavelength, the MC coefficient is taken as zero. Since the proposed V-shaped volumetric
array’s MC matrix has a complex circulant matrix with a Toeplitz banded structure (see
Table [3.2), the proposed array suits many MC compensation algorithms presented in the

literature [39]].
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Table 3.1: Distance between sensors for M = 5, N = 4 elements V-shaped volumetric array
(Figure in terms of \.

3-D 75t ond 3rd 4t th 6 7th gt gth
V-shaped

I 0 0.5 1 0.83 | 0935 || 2272 | 2272 | 1.87 | 1.87

2ond 0.5 0 0.5 | 0467 | 0.83 || 1.846 | 1.846 | 1.605 | 1.605

31 1 0.5 0 0.5 1 1.47 | 147 | 147 | 147

4 0.83 | 0.467 | 0.5 0 0.5 1.605 | 1.605 | 1.846 | 1.846

5t 0.935 | 0.83 1 0.5 0 1.87 1.87 | 2.272 | 2.272

6" 2272 | 1.846 | 1.47 | 1.605 | 1.87 0 1.926 | 1.778 | 2.622
7 2272 | 1.846 | 1.47 | 1.605 | 1.87 1.926 0 2.622 | 1.778
8 1.87 | 1.605 | 1.47 | 1.846 | 2.272 || 1.778 | 2.622 0 1.926
9t 1.87 | 1.605 | 1.47 | 1.846 | 2.272 || 2.622 | 1.778 | 1.926 0

Table 3.2: Mutual coupling matrix for M = 5, N = 4 elements V-shaped volumetric array.

- Jot | 2nd | 3rd | gqth | stho o gth o7l grh
V-shaped

1% 1 v 0 | v3 | vg 0 0 0 0
ond U1 1 vy | v2 | v3 0 0 0 0
3 0 | v 1 v | O 0] 0] 0] O
4t v | vg | v | 1 | v 00| 0] O
5t vy | U3 0 | v 1 0 0 0 0
6" 0 0 0] 0] O 1 0] 0] O
7h 0 0 0] 0] O 0 1 0] o0
8 0 0 0] 0] O 010 1 0
9 0 0 0] 0] 0 0101 O 1

In simulations, it is found that the proposed V-shaped volumetric array performs
better than planar and other designed V-shaped volumetric arrays in the literature. In the

following section, the performance comparisons of the arrays are provided.
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3.3.2. Experimental Results

In this section, the improvements in the 2-D DOA estimation performance of the planar
V-shaped array, which has been expanded analytically to make a fully isotropic array in
both azimuth and elevation DOA estimation by adding new sensors, are shown with the
simulation results by using the azimuth and elevation CRLB expressions given in (2.22))
and (2.23)), respectively.

The proposed fully isotropic V-shaped volumetric sensor array’s performance is
compared to the planar V-shaped array given in [31], the volumetric V-shaped given in
[41], and the volumetric V-shaped array that we proposed in Section In [31], the
authors optimized the sensor positions and the opening angle of the V-shaped array to
obtain the only azimuth isotropic DOA performance for a uniform planar V-shaped array,
as shown in Figure 3.5

In [41], the authors designed a 3-D V-shaped array with two symmetric orthogonal
branches on the z-axis, as shown in Figure @, to improve elevation estimation of the
single far-field source signal. In the previous section, we designed a V-shaped volumetric
array by combining two planar V-shaped sensor arrays, as shown in Figure Since the
sensor array given in Figure is planar, it has only azimuth isotropic DOA estimation
performance. When the elevation angle increases, it fails to estimate the elevation DOA
of the source signals. On the other hand, there is an improvement in the elevation DOA
estimation performance as new sensors are added to the z-axis of the sensor arrays given
in the previous section and [41]], as shown in Figures [3.2)and [3.6] respectively. However,
the disadvantage of these arrays is that both sensor array designs do not fully fulfill the
isotropy conditions. In contrast to these designs, our proposed V-shaped volumetric ar-
ray design (Figure that we have obtained analytically provides fully 2-D isotropic

performance.
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Figure 3.5: 1-D isotropic planar V-shaped array
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Figure 3.6: 3-D V-shaped array with orthogonal branch

In order to show the effectiveness of the proposed sensor array, computer simula-
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tions are done. For this purpose, simulations are realized by taking the overall number of
sensors M = 9. The operating frequency of the single far-field source signal is f. = 500
MHz, and the corresponding wavelength is A = 0.6 m. CRLB values are obtained for
the 256 snapshots (i.e., 7" = 256) and SNR of 20 dB. Note that all the sensors have an
isotropic pattern.

@ Planar V-shaped array

Added sensors to make
9 H 2-D isotropic array

Z(X)
=
[ .

a 03 > \\ 05

Figure 3.7: The proposed V-shaped volumetric sensor array

Azimuth and elevation DOA estimation performance comparison of planar V-shaped
array (Figure|3.5) proposed in [31], 3-D V-shaped array (Figure proposed in [41]], V-
shaped volumetric array that we proposed in the previous section (Figure [3.2), and the
proposed fully isotropic V-shaped volumetric array (Figure is made as shown in Fig-
ure [3.8 and respectively.

As can be seen in Figure[3.8] the proposed 3-D sensor array has the best isotropic az-
imuth performance. Note that although we added sensors to an already azimuth isotropic
planar V-shaped array, it continues to provide azimuth isotropy conditions with the lowest
CRLB level. On the other hand, azimuth isotropy conditions are violated if sensors are
added only to orthogonal branches of the planar V-shaped array as proposed in [41]. For

planar arrays, as the source’s elevation angle increases toward 90°, the elevation DOA
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estimation error gradually worsens towards infinity, as shown in Figure [3.9] On the other
hand, one can see that the elevation isotropy conditions could not be fulfilled only by
adding sensors to orthogonal branches of the planar V-shaped array as proposed in [41]]

or the combination of the two V-shaped arrays as proposed in the previous section.

10°
-@-Planar V-shaped, M=9, [31]

_a Planar V-shaped array with two symmetric
orthogonal branches, M=5, N=4, [41]
- ._3-D V-shaped array by combining
two planar V-shaped arrays, M=9, [48]
—-The proposed 3-D V-shaped, M=5, N=4

w

L

S 1

S 10 r ]
n

=

&
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PR et * o0y
4-‘4"‘5‘- :-o-o-o CY T T T o-‘-“-“--‘* L

0° 50° 100° 150° 180°
Azimuth degrees

Figure 3.8: Azimuth CRLB DOA performance of Planar V-shaped [31]], 3-D V-shaped with two
symmetric orthogonal branches [41]], V-shaped volumetric by combining two planar V-shaped, and
the proposed V-shaped volumetric arrays for single-source when azimuth angle swept between 0°
and 180° while elevation angle is fixed to 80°.

Although the 3-D V-shaped arrays proposed in [41] and the V-shaped volumetric
array proposed in the previous section improve the elevation DOA estimation performance
over the planar arrays, they can not perform fully isotropic DOA estimation performances.
Contrary to these arrays, the proposed V-shaped volumetric sensor array has isotropic
elevation DOA estimation performance with a lower CRLB level, as shown in Figure [3.9]

Figure [3.10] shows the 2-D DOA performance comparison for different SNR levels
when the single-source at ¢ = 20°,60 = 80°. Both azimuth and elevation DOA perfor-
mances are presented in this figure. It is shown that the proposed array is able to estimate

both azimuth and elevation angles better than others.
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10 -@ Planar V-shaped, M=9, [31]
_a Planar V-shaped array with two symmetric
orthogonal branches, M=5, N=4, [41]
@4 3-D V-shaped array by combining
two planar V-shaped arrays, M=9 ,[48]
——The proposed 3-D V-shaped, M=5, N=4
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Figure 3.9: Elevation CRLB DOA performance of Planar V-shaped [31]], 3-D V-shaped with two
symmetric orthogonal branches [41]], V-shaped volumetric by combining two planar V-shaped, and
the proposed V-shaped volumetric arrays for single-source when elevation angle swept between
0° and 90° while azimuth angle is fixed to 20°.

-@--Planar V-shaped, M=9, [31]
,3-D V-shaped array by combining
two planar V-shaped arrays, M=9, [48]
_4 Planar V-shaped array with two symmetric
orthogonal branches, M=5, N=4, [41]
—8—The proposed 3-D V-shaped, M=5, N=4
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Figure 3.10: SNR CRLB 2-D DOA performance of Planar V-shaped [31]], 3-D V-shaped with two
symmetric orthogonal branches [41]], V-shaped volumetric by combining two planar V-shaped,
and the proposed V-shaped volumetric arrays for single-source at (¢ = 80°,60 = 20°).
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4. CENTROSYMMETRIC VOLUMETRIC ARRAY DESIGN

In this chapter, some well-known planar array geometries, which are symmetrical to both
the x and y-axes, are considered. These arrays already have azimuth isotropic performance
[11] and are called as centrosymmetric arrays. It is aimed to make these arrays fully 2-D
isotropic by adding the minimum number of sensors. We try to find closed-form sensor
locations, which will transform centrosymmetric planar arrays into a 3-D array with 2-D
isotropic DOA estimation performance.

An arbitrary centrosymmetric planar array with M sensors is assumed to be posi-

tioned on the x-y plane as,

X = [951 Z2... xM]a y = [yl Ya. .. yM]v z = [OM] 4.1)

Since planar arrays are assumed to be on the x-y plane, y,, I, I,., and I, are zero.
Note that I, is also zero for linear and centrosymmetric planar arrays. In [[11], it has been
proven that a planar array has azimuth isotropic performance if it holds the following
conditions.

Lip =1Iyy, L.=0 (4.2)
Ly=1.=1,.=0 4.3)

The conditions given in and should be satisfied while keeping the center
of gravity of the array same. The only way is to add sensors on the z-axis, which should
be symmetrical about the origin and located with equal d, distances along the z-axis.
Moreover, adding new additional sensors symmetrically to the origin ensures that the MC
matrix structure of the array remains Toeplitz symmetric after the centrosymmetric planar
arrays are extended to the volumetric arrays. Therefore, with these Toeplitz symmetric
structures, it will still be possible to find 2-D DOA estimation without estimating unknown
mutual coupling coefficients [39]. This is an important advantage for the practical DF
systems. The MC matrix structure of the proposed volumetric arrays is analyzed and
presented in Section §4.4]

We locate N sensors symmetrically with respect to the origin and with equal d,
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distances along the z-axis.

M+N M+N
Izz - Z (zm - ,uz)2 - Z Zm2
m=1 m=1
N—-1 1\’
= (—sz> to b (=2d)° + (=d.)* + 0 *4)

2
+d2 4 (2d) <¥dz)

By using Sums of Squares of Consecutive Integers formula, we obtain,

N1
LN 2D\, L,
2 — ) d*=-=-N(N°-1)d, 4.5)
S () ey ()
In order to make /., equal to I, or I,,, sensor spacing d on the z-axis should be as
follow,

1

I.,=—N(N*-1)d.> =1, 4.6

S ) (4.6)

I
d = [+ — 4.7)
LN (N2 1)

Then the coordinates of the N sensor added on the z-axis can be generated by,

Tivnm =0

Yirm =0 (4.8)
N+1

ZZ+M:(( ;_ )—Z>dz Z:1,,N

Since the given centrosymmetric arrays are already azimuth isotropic, they hold
(3.3). After adding new sensors by substituting into (4.8)), the obtained arrays be-
come both azimuth and elevation isotropic. One should note that the proposed array
extension approach adds those new sensors symmetrical about the origin, as can be seen
in (4.8). Hence, although the auto moments-of-inertia are equalized after extension, the
cross moments-of-inertia will remain at zero.

This method satisfies all planar arrays that are symmetrical to both the x and y-axes,
given on the x-y plane. In the following sections, there will be examples of well-known

planar arrays that satisfy the proposed method. In order to apply the proposed method
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to these given arrays, we propose novel functions that generate their coordinates. After
that, we will obtain the moment-of-inertia tensor matrix elements of the given arrays
using these functions generated for each array through the equations given in Section
Then we add new sensors with the array extension method found as in (4.7) and
(4.8). We extended UCA, USA, and Uniform Cross Array analytically, respectively. It
is also shown by simulations that new these extended 3-D arrays provide 2-D isotropic
performance. The mutual coupling structure of these 3-D arrays is also analyzed and

presented.
4.1. 3-D Extension of Uniform Circular Array (UCA)

Let M be the number of sensors on planar UCA and N be the number of sensors on the

orthogonal branch (z-axis). Then, we can express the sensor position of UCA (see Figure

as,

2m d
Oé:_, r = 4.9
M 2(1 —cosa) )
Ty =1cos((m—1)a)
Ym =rsin(m—1)a), m=1,....M (4.10)

Since UCA itself has a symmetrical structure, it has isotropic performance across
all azimuth angles and holds azimuth isotropy conditions (4.2)) and (4.3)). Evaluating the
terms between (3.8) and (3.10) for this array given by (4.10)), it is found as in Appendix

the auto moment-of-inertia for x, y, and z coordinates as follows,

1

I, = §d2MCSC2(%> @.11)
1 9 of T

Iy = & Mesc (M) (4.12)

I.=0 (4.13)
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Figure 4.1: Centrosymmetric UCA.

where the mean of x, y, and z coordinates are found in Appendix [B.1.1]as follows,

1 M. dcos (—2”(;”4_1))

[l = — =0 (4.14)
MIZ /2 (1 cos (3))
1 M dsin <2ﬂ(;\n4_1)
[y = — =0 (4.15)
’ Mmzl V2 (1= cos ()
Ly =0 (4.16)

In order to satisfy (3.4)), let assume that we locate N sensors symmetrically with
respect to the origin and with equal d, distances along the z-axis as (@.8) to make I,

equal to I,,.. Thus, substitute (4.11) into the proposed (&.7) as,

ld2]\/[(:S(32(1) 3M T
d, =% SRR (R e S— Y 4.17
\/%N(NQ—l) ON (N2 — 1) CSC(M) @17

The coordinates of the sensors added on the z-axis can be generated by (#.8) with
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Figure 4.2: The proposed 3-D UCA.

calculated d, in (.17), as shown in Figure [d.2] Since we add sensors on the z-axis sym-
metrically about the origin, fix, fty, I, and I, will not change. 1, will remain zero, and
I.. will be equal to I,,. After some computational efforts detailed in Appendix and

the mean and auto moment-of-inertia of the z-axis will be as follows,

Mz:MiNZ<d<(N;rl)_i) Wﬂincgc(%))zo (4.18)

N 2
(N+1) | 3M s 1, o T

=y (4 ) o e () = Lenrest(T) o

Z( ( 2 J\Vevve—1) P\ g Mesc{37) 419

Now the new 3-D extension of UCA has 2-D isotropic DOA estimation performance

since (4.19) is equal to (4.11)) and {.12)). Therefore new array geometry holds both (3.3))
and (3.4).

4.2. 3-D Extension of Uniform Square Array (USA)

We also apply the proposed extension approach to another popular centrosymmetric array,

USA. Let M be a square number of sensors on planar USA and u; = @ be a unit
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distance of two neighbor sensors on the planar array. Then, we can express the sensor

positions of USA (see Figure [d.3) with d distances as,

o (e (25 )+

-1
ym:(ud_\‘mWJ)d, m=1,...,.M (4.20)

Zm =0
B USA sensors
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Figure 4.3: Centrosymmetric USA.

Since USA holds (#.2)) and (@.3) conditions, it has azimuth isotropic performance
for a square number M. The mean of x, y, and z coordinates are zero (without proof, but

conjectured because of numerical evidence) as follows,

ux:%i(—uder—l—Q%J\/M))d:o (4.21)

1y m-11\ 4= 422
SR TP Il vl A 2
ly = 0 (4.23)



where the auto moment-of-inertia for x, y, and z coordinates are as follows,

M 2
Im:d22(—ud+m—1—( % m)) :1—12d2M(]\/[—1) (4.24)

m=1

M 2
1 1
L., = d P2 e -1 425
vy WLZ:l (ud i \/M | > 12 ( ) ( )
L.=0 (4.26)

In order to satisfy (3.3) and (3.4), we locate N sensors symmetrically with respect
to the origin and with equal d, distances along the z-axis to make /., equal to I,,. If we

substitute (4.24) into (.7), we get the d. sensor spacing as,

L 20 (M — 1) M(M—1)
_ 12 _ail 7
d; = \/ IN(N—1) d\/N (N2 — 1) (4.27)

The coordinates of the sensors added on the z-axis can be generated by (4.8) with
found d, in (4.27), as shown in Figure The mean and auto moment-of-inertia of the

z-axis will be as follows,

N

1 (N+1)  \ [M(M-1)
uz:M+NZ<d< 5 —z) m>=0 (4.28)

=1

N

L=Y (d (<N U @) %) = LEM(M 1) (@29)

=1

In the end, the new 3-D extended USA becomes both azimuth and elevation isotropic

since it holds both (3.3)) and (3.4).

4.3. 3-D Extension of Uniform Cross Array

Another important centrosymmetric planar array is the Uniform Cross Array. We also
analyzed this array to extend the volumetric version for 2-D isotropic DOA estimation.
Let M = 1 + 4a, where a € Z*, be the number of sensors of the uniform cross array

and k = @ be the reference sensor number. We can then propose a function states the
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Figure 4.4: The proposed 3-D USA.

sensor positions on the planar (see Figure [d.3)) with d distances as,

o= (-1 |
Yo = (~1)[%] {@} % 1. M (4.30)
Zm =0

The cross array has azimuth isotropic performance as it holds (4.2)) and @.3)) condi-

tions. And the mean of its coordinates are zero as follows,

& w[lm—k7 d
W—M;en{ | = @31)

1 l (=] m —k|] d
py = Mm; (-1) [ 5 ] N (4.32)
1y = 0 (4.33)

The closed-form expressions of the auto moment-of-inertia for x, y, and z coordi-
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Figure 4.5: Centrosymmetric Cross array.

nates are as follows,

n-& i ((_1>m [MW )2 _ 9—16612 (M—1)(M+41)(M+3) (434

I, = d; i ((—1) %] Pm k'D —d2 S (M4 1) (M+3)  (4.35)
L. (4.36)

Now if we substitute back (4.34) into (4.7)), we get the d, sensor spacing as,

(M =1) (M +1) (M +3)
d, = d\/g N (V=) (4.37)

The mean and auto moment-of-inertia of the z-axis of the 3-D Cross array will be

3 (952 -0) ) ¢

(4.38)

as follows,

1 M+N
HIZ:M"‘Nmzlzm_
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L. :m; <<(N;1) —i) \/W> = 9—16d2(M—1)(M+1)(M+3)
(4.39)

Finally, (#.39) became equal to (4.34). Therefore, the new 3-D Cross array becomes
both azimuth and elevation isotropic because it holds both (3.3)) and (3.4).
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Figure 4.6: The proposed 3-D Cross array.

In the following section, we analyze the elevation ambiguity and MC effect in terms

of M and N for the proposed 3-D arrays.
4.4. Elevation Ambiguity and MC Analysis

In practical DF systems, the spacing between array elements is chosen as less than a half-
wavelength of the upper (biggest) frequency of the propagating target signals. This is a
prerequisite to avoid angular ambiguity, but this does not always guarantee ambiguity free
DOA estimation in practical DF systems. In our approach, the number of sensors added to
the z-axis does not affect the azimuth ambiguity, it greatly affects the elevation ambiguity.
Therefore, one can find that in order to avoid the elevation angle ambiguity problem, the
distance between the sensors added to the z-axis must be less than a wavelength for the

proposed sensor arrays. By choosing a wavelength of the distance between the added
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sensors, the distance of the +d, and —d, sensors on the z-axis to the sensor on the center
satisfies the condition of half-wavelength. In addition to the ambiguity problem, the MC
effect can not be neglected as the distance between sensors decreases due to the increase
of N. If we choose N too small, the elevation ambiguity problem arises when the inter-
element spacing of the sensors increases too much. Contrarily, if we choose /V too large,
the sensors on the z-axis will be very close to each other. Hence, when the inter-element
spacing is less than \/4, the unknown MC effect occurs on the array, and the assumed
array model will be distorted. Due to this unknown MC distortion, the DOA estimation
will be affected, and it is not possible to come near to CRLB. In this case, the selection of
N is a very critical design parameter. In order to avoid angle ambiguity and MC effect,
the number of the sensors added to the orthogonal branch of a centrosymmetric planar

array must hold the following condition,

NP

A
<d, <\, whered = 3 (4.40)

As mentioned above, the unknown MC between array elements heavily affects DOA
estimation performance, especially for the closely located compact arrays. There are
a considerable number of studies in the literature for the accurate estimation of DOA
angles in the presence of unknown MC [20} 22} 27,3839, 62-64]]. The MC coefficients
are inversely proportional to array elements’ spacing (see Tables 4. TH4.6). Consequently,
the MC between two sufficiently far apart array elements (i.e., A < d) can generally be
assumed to be zero. Since the proposed volumetric arrays’ MC matrices have a complex
circulant matrix with a banded Toeplitz structure (see Tables i.2]4.4] and [4.6), this makes
the proposed arrays suitable for DOA estimation algorithms in [20,22,27,38,39,/62-64],
which take the advantage of the symmetric electromagnetic coupling structure. Note that,
in the MC matrices given in the tables, those with the distance between sensors greater
than a wavelength are left empty since it is assumed that there is no MC effect between

them.
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Table 4.1: Distance between sensors for M = 8, N = 3 elements 3-D UCA in terms of .

D I 2nd 3 4 5t 6" 7 8™ 9h 10™ 11
UCA
1 0 0.5 | 0923 | 1.207 | 1.306 | 1.207 | 0.923 0.5 1.131 | 0.653 | 1.131
2nd 0.5 0 0.5 | 0923 | 1.207 | 1.306 | 1.207 | 0.923 | 1.131 | 0.653 | 1.131
31 0923 | 05 0 05 0923 | 1.207 | 1.306 | 1.207 | 1.131 | 0.653 | 1.131
4 1.207 | 0923 | 0.5 0 0.5 |0923 | 1.207 | 1.306 | 1.131 | 0.653 | 1.131
5t 1.306 | 1.207 | 0.923 | 0.5 0 0.5 | 0923 | 1.207 | 1.131 | 0.653 | 1.131
6" 1.207 | 1.306 | 1.207 | 0.923 | 0.5 0 0.5 0923 | 1.131 | 0.653 | 1.131
7h 0.923 | 1.207 | 1.306 | 1.207 | 0.923 | 0.5 0 0.5 1.131 | 0.653 | 1.131
8 0.5 0.923 | 1.207 | 1.306 | 1.207 | 0.923 | 0.5 0 1.131 | 0.653 | 1.131
9 1.131 | 1.131 | 1.131 | 1.131 | 1.131 | 1.131 | 1.131 | 1.131 0.923 | 1.847
10" 0.653 | 0.653 | 0.653 | 0.653 | 0.653 | 0.653 | 0.653 | 0.653 | 0.923 0 0.923
11" 1.131 | 1.131 | 1.131 | 1.131 | 1.131 | 1.131 | 1.131 | 1.131 | 1.847 | 0.923 0

Table 4.2: Mutual coupling matrix for M = 8, N = 3 elements 3-D UCA.

3D YRS 2nd 3rd 4rh 5th 6th 7th 8th gzh bi Oth 11 th
UCA

1* 1 C1 Co Co C1 C3

2 nd C1 1 (&1 C2 C2 C3

3 Co Cc1 1 Cc1 Co C3

4th Co Ccy 1 (1 C2 c3

5 th Co C1 1 C1 C2 C3

6" co laa| 1 | e | e €3

7th Co Co C1 1 C1 C3

8 th C1 Co Co C1 1 C3

9th 1 C2
]07/1 C3 C3 C3 C3 C3 C3 C3 C3 Co 1 Co
11t co | 1
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Table 4.3: Distance between sensors for M = 9, N = 2 elements 3-D USA in terms of \.

D A 2nd 31 4t 5t 6" 7t 8h 9th 10™ 11
USA
1 0 0.5 1 0.5 |0.707 | 1.118 1 1.118 | 1.414 | 1.118 | 1.118
2nd 0.5 0 05 0707 | 05 |0.707 | 1.118 1 1.118 1 1
31 1 0.5 0 1.118 | 0.707 | 0.5 1414 | 1.118 1 1.118 | 1.118
4 0.5 | 0.707 | 1.118 0 0.5 1 0.5 | 0.707 | 1.118 1 1
5t 0.707 | 05 | 0.707 | 0.5 0 0.5 0.707 | 0.5 | 0.707 | 0.866 | 0.866
6" 1.118 | 0.707 | 0.5 1 0.5 0 1.118 | 0.707 | 0.5 1 1
7h 1 1.118 | 1.414 | 0.5 | 0.707 | 1.118 0 0.5 1 1.118 | 1.118
8™ 1.118 1 1.118 | 0.707 | 0.5 | 0.707 | 0.5 0 0.5 1 1
9 1.414 | 1.118 1 1.118 | 0.707 | 0.5 1 0.5 0 1.118 | 1.118
10" 1.118 1 1.118 1 0.866 1 1.118 1 1.118 0 1.732
11" 1.118 1 1.118 1 0.866 1 1.118 1 1.118 | 1.732 0

Table 4.4: Mutual coupling matrix for M =9, N = 2 elements 3-D USA.

3D JR an 3rd 4th 5th 6zh 77h 8th gth ]Oth Ji ]zh
USA

I 1| s s1 | 82

an S1 1 S1 So S1 S92

3rd S1 1 S92 S1

4th S1 S92 1 S1 S1 S9

5”1 S9 S1 S92 S1 1 S1 S9 S1 S9 S3

6" s9 | 81 S1 1 sy | s1

7th S1 S92 1 S1

8”1 S92 S1 S92 S1 1 S1

oth sy | 81 s1 1

10" 53 1
llth S3
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Table 4.5: Distance between sensors for M = 9, N = 2 elements 3-D Cross array in terms of \.

3-D st an 3rd 4th 5th 6th 7)‘/1 8t/1 9t/1 101‘/1 1 ]th
Cross
1% 0 1.414 0.5 1.118 1.0 1.5 1.118 2.0 1.414 1.5 1.5

2nd 1.414 0 1.118 | 0.5 1.0 1.118 1.5 1414 | 2.0 1.5 1.5
31 0.5 1.118 0 0.707 | 0.5 1.0 | 0.707 1.5 1.118 | 1.224 | 1.224
4 1.118 | 0.5 | 0.707 0 0.5 | 0.707 1.0 1.118 1.5 1.224 | 1.224
5t 1.0 1.0 0.5 0.5 0 0.5 0.5 1.0 1.0 1.118 | 1.118
6" 1.5 1.118 1.0 | 0707 | 0.5 0 0.707 | 0.5 1.118 | 1.224 | 1.224
7h 1.118 1.5 | 0.707 1.0 0.5 | 0.707 0 1.118 | 0.5 1.224 | 1.224
8™ 2.0 1.414 1.5 1.118 1.0 0.5 1.118 0 1.414 1.5 1.5
9 1414 | 20 1.118 1.5 1.0 1.118 | 0.5 1.414 0 1.5 1.5
10" 1.5 1.5 1.224 | 1.224 | 1.118 | 1.224 | 1.224 1.5 1.5 0 2.236
11" 1.5 1.5 1.224 | 1.224 | 1.118 | 1.224 | 1.224 1.5 1.5 | 2.236 0

Table 4.6: Mutual coupling matrix for M = 9, N = 2 elements 3-D Cross array.

PN g | g | [ | s | g | | g | gn || gon | g
Cross

A 1 1

2nd 1 T

3 X1 I | 2 | 71 Z2

4t T | 2o 1 | 21 | 2

5th x| 1 1 T | 11

6™ Ty | 11 1 | o | &1

7th To T | Ta 1 1

8h T 1

9 1 1

10" 1
11" 1

In the following parts, we present the trade-off between M and N for the proposed

3-D arrays.
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4.4.1. M and N Trade-off for 3-D UCA

In order to obtain a trade-off between M and N for UCA, is substituted into (.40)

as follows,
d 3M T
Do) B (T) <o san
o =Nonvmve—1) P \u) = 44D
thus,
N (N2 -1 N (N?%-1
—( ) < 3Mcsc2(%> < —8 ( 3 ), where 2 < M and2 < N 4.42)

The graphical representation of the trade-off between M and N for 3-D UCA is
given in Figure [d.7]
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(O8]
T

2 3 4
Figure 4.7: Trade-off between M and N for 3-D UCA

4.4.2. M and N Trade-off for 3-D USA
Substituting into (4.40) yields,

g MA=1) 2d (4.43)

< -~ 7
st Ve S
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thus, the relation between the number of sensors on the planar array M and the orthogonal

branch N must hold the following conditions,

N(N?-1)

where M =a?, 1 <aand2 < N

< M(M —1) <4N (N?-1)

(4.44)

The graphical representation of the trade-off between M and N for 3-D USA is

given in Figure 4.§]

T
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N
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Figure 4.8: Trade-off between M and N for 3-D USA

4.4.3. M and N Trade-off for 3-D Cross Array

Substituting (4.37) into (@.40) yields,

d
Z<d]=
2_\/

8

1(M — 1) (M +1) (M +3)

NNz —1)
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thus, the relation between the number of sensors on the planar array M and the orthogonal

branch N must hold following conditions

2N (N? 1) < (M —1) (M +1) (M +3) < 16N (N* — 1)
(4.46)
where M =14+ 4a, 1 <agand2 < N

The graphical representation of the trade-off between M and NV for 3-D cross array

is given in Figure 4.9
’ Optimum Ns corresponding Ms
: O Angle ambiguity areas
= MC incr%l\ses @ MC areas
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5 9 13 17 21 -
Number of elements in the planar cross array ( M)

Figure 4.9: Trade-off between M and N for 3-D cross array

In Figures 4.7, 48] and[4.9] the green diamond markers represent the optimum num-
ber of added sensors on the z-axis corresponding to the number of the sensor in the given
planar sensor arrays. The red circle markers mean that the MC effect occurs due to the se-
lection of large N's corresponding to the A . In other words, the distance between the two
neighbor sensors added to the z-axis is less than a quarter-wavelength. The orange square
markers show the angle ambiguity caused due to the selection of small N's corresponding
to the Ms. This means that adding too few additional sensors leads to high ambiguities

when the number of elements in the given planar array is high.

47



4.5. Experimental Results

In this section, we compare the well-known centrosymmetric planar arrays after applying
the proposed procedure to make them both azimuth and elevation isotropic 3-D arrays.
Furthermore, we demonstrate that the proposed method, confirmed by analytical results
in the previous sections, are also validated by different simulations. The simulations
are taken with the same parameter settings for the array geometries handled. For the
sake of fairness, we do take the equal overall number of sensor elements in the arrays.
The elements of 3-D sensor arrays are located in R?® and are used to estimate the DOA
of the single far-field narrow-band source signal. ¥ = [¢, 0]T denotes DOAs of the
source signal, where ¢ € [0,180°] and 6§ € [0,90°] represent its azimuth and elevation
angles, respectively, as demonstrated in Figure 2.2] Simulation of each array is fulfilled
for the following parameter settings; The number of snapshots 7' = 256, SNR=10 dB,
and f. = 500 MHz.

For performance comparison of designed array geometries, we use the CRLB,
which states the lower achievable variance on the azimuth and elevation performance

as given in (2.22)) and (2.23)), which is illustrated as in Figures and respec-

tively. Since the planar array geometries handled have two-axes symmetrical structure,

they have azimuth isotropic performance throughout azimuth angles as seen in Figure
4.10| and satisfy sufficient conditions (4.2)) and (4.3). Additionally, their DOA estima-
tion errors converge to infinity as the elevation angle approaches 90° due to the fact that
they do not satisfy (3.4). On the contrary, the proposed volumetric array geometries have
fully isotropic performance throughout all elevation angle with equal CRLB level after
the applied method.

The main contribution of the proposed method can be seen in Figure The
planar arrays fail to estimate the source signal accurately after a certain elevation degree,
even though they have an isotropic performance on the azimuth estimation as shown in
Figure Notwithstanding, the proposed array geometries can estimate the source
signals successfully with the same error level at all azimuth and elevation degrees, as

shown in Figures [4.10] and . T1] respectively.
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Figure 4.10: CRLB results: Azimuth DOA performance of the centrosymmetric arrays and the
proposed extended version of them for the single-source case when the elevation angle is fixed
(0fiz = 80°), and the azimuth angle is swept between 0° and 180°.
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Figure 4.11: CRLB results: Elevation DOA performance of the centrosymmetric arrays and the
proposed extended version of them for the single-source case when the azimuth angle is fixed
(¢ iz = 20°), and the elevation angle is swept between 0° and 90°.
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Since sensor array geometry affects output covariance matrix (2.13) and subspace-
based DOA estimation algorithms depend on it, we investigate DOA estimation perfor-
mance of the proposed 3-D arrays by computing 2-D MUSIC pseudo spectrum (2.24]).
In order to evaluate the DOA estimation performance of the arrays, we employ the root

mean squared error (RMSE) for the azimuth and elevation DOAs as follows,

RMSE (¢) = \ %2 (ez?j - ¢>2 (4.47)
RMSE (0) = \ % y (éj - 9)2 (4.48)
j=1

where ngS and ¢ are the estimated and actual azimuth DOA of the source, respectively.
Similarly, 6 and 6 are the estimated and actual elevation DOA of the source, respectively.
Figure d.12] shows that the 2-D MUSIC Estimation performance comparison with CRLB
for the planar UCA and the proposed 3-D UCA. These simulations are fulfilled for the
following parameter settings; The number of Monte-Carlo trials ./ = 200, the number of
snapshots 1" = 256, SNR=20 dB, and f. = 500 MHz.

When azimuth performance is obtained in simulations, all elevation angles are av-
eraged for each azimuth angle with 0.1° intervals. Similarly, when elevation performance
is obtained, all azimuth angles are averaged for each elevation angle with 0.1° intervals.
As can be seen, the 2-D MUSIC performance of the proposed 3-D UCA exhibits isotropic
performance similar to CRLB, although there are small deviations. Therefore, as a con-
sequence, the proposed sensor arrays also provide 2-D isotropic DOA estimation perfor-

mance in practical scenarios.
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Figure 4.12: 2-D MUSIC Estimation performance comparison with CRLB: |(a)| the planar UCA
and[(b)| the proposed 3-D UCA
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In order to show the superiority of 3-D arrays obtained by the proposed method
over planar arrays, a comparison of DOA estimation performance with the MUSIC algo-
rithm is made. In this simulation, J = 100 Monte-Carlo trials are performed to estimate
L = 2 uncorrelated far-field narrow-band sources positioned at (40°, 85°) and (120°, 15°)
directions when SNR is 5 dB. Figure 4.13| shows the DOA estimation performance com-
parison of the planar UCA and the proposed 3-D UCA. Since the planar UCA and the
proposed 3-D UCA have almost the same performance for all azimuth angles when the
elevation angle is low (¢, = 15°), it is seen in Figures and |(b)| that both of them
can accurately estimate the first source signal (¢; = 120°,0; = 15°) without creating any
side-lobes. However, the proposed volumetric array is overwhelmingly superior to the
planar UCA after a certain elevation degree. Although the proposed 3-D UCA accu-
rately estimates the second source (¢ = 40°, f; = 85°) without the side-lobes (see Figure
@.13(b)), the planar UCA can not estimate accurately as well as creating a high side-lobe
at (¢35 = 40°,05 = 95°), as shown in Figure Note that elevation angles are swept

up to 120° in this particular example to indicate the target’s false peak.
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Figure 4.13: 2-D MUSIC Spectrum of |(a)| the planar UCA andthe proposed 3-D UCA
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5. OPTIMUM 2-D ISOTROPIC VOLUMETRIC ARRAY DESIGN PROCEDURE

In this chapter, an optimum linear/planar array extension approach with adding the min-
imum number of sensors for the 2-D isotropic DOA estimation performance is inves-
tigated. Suppose any arbitrary planar array with M sensors is placed in the x-y plane
(x-axis for linear arrays). ULA, UCA, V-shaped, and an arbitrary array is used as a test
array, as shown in Figure [5.1] The proposed array extension approach is based on a two-
phase method that extends any given arbitrary array into 3-D arrays by adding a minimum

number of sensors to meet the 2-D isotropic DOA estimation conditions given in (3.3) and

(3-4).
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Figure 5.1: The given arrays: ULA, |(b)]UCA, |(c)| V-shaped, and Arbitrary array.
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5.1. Phase-1

This phase verifies whether the cross moment-of-inertia, 1., of the given planar array is
zero. If I, is already zero, then we can start Phase-2. Therefore, in this case, there is no
need to add a new sensor to the x-y plane in the first phase. If 1., is not zero, then a new
sensor with (¢, ¢,) coordinates must be added to the x-y plane to make 7,,, zero. Note that
if the array was given on the x-z plane, this phase would be done for the /... by adding a
new sensor with ((,, ;) coordinates. In our case, the updated planar array coordinates of

the given array (4.1)) as a result of the addition of this new sensor are defined as follows,

xM =[x ¢, vy =1y ¢, 2V = [z 0] (5.1

where (-)(1) represents the updated parameter at the first phase. After some computational
efforts detailed in Appendix the updated cross moment-of-inertia, /. g(gé) is obtained as,

M
M M? M M
1
IO = ot + T S — qpakxty = Tty = 3w b (5.2)
m=1

where M) = M + 1. ju,1) and fiy0) are the updated mean of coordinates,

My + MUy+Cy

MO y My = MO (53)

My =

Here (5.2) is a nonlinear equation with infinitely many solutions. Thus, the solution

set which makes /. a%) = 0, is a curve on the x-y plane as shown by the dotted blue line in

Figure
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Figure 5.2: The solution curve which makes I. g%) = 0 in Phase-1 for the given arbitrary array.

The two important design criteria are considered to find the optimum point on this
curve. The first is the angular ambiguity, under which the steering vectors in (2.11)) should
be different for different DOAs. There are likely to be major angle ambiguities if any
columns of the steering matrix (A) are similar for different DOAs. Thus, when looking
for the best solution for Ig%) = 0, the azimuth and elevation angular ambiguity func-
tions defined in [65], which measure the similarity between steering vectors, should be
minimized. This analysis is made in detail in Section[5.2]

The second is the MC effect between the array elements. If array elements are closer
to each other than \/4, the array model in is deviated and some special arrays and
DOA estimation techniques are required [66]. We define the MC constraint in order to
find a more general solution for arbitrary arrays, as the added sensor should not be closer
than \/4 to any sensor in the array. This distance limits the MC effect to a reasonable
level [62] and can be adjusted more precisely in practical situations. The MC effect has

been considered in all new sensor insertion phases.
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5.2. Ambiguity Analysis

Array geometry design should deal with the ambiguity problem. Angle ambiguity arises
when steering vectors in with distinct DOAs are linearly dependent. In Phase-1, we
determine the optimum coordinate of the added sensor by performing an azimuth angular
ambiguity performance analysis. Then we observe the effect on the elevation angular
ambiguity performance of the sensors added on the z-axis in Phase-2. The normalized

azimuth angle ambiguity function is defined as, [[13}/141/65],

tr{A 6+ 20)"A(0)}
MML

A’ (p,A¢) = (5.4)

The elevation angle ambiguity function, A? (6, Af), can be written in a similar
manner. The ambiguity function in (5.4)) ranges from 0 to 1 which means perfect orthog-
onal and collinear, respectively. If the function takes a value between zero and one, that
1s, it is not perfectly collinear, then undesirable (false) peaks will occur. The search step
sizes of azimuth ¢ € [0°, 180°) and elevation 6 € [0°, 90°) are defined with A = 0.01°.
In practical applications, since targets can be in any direction, the calculation of azimuth
ambiguity functions is carried out at all elevation angles and averaged. Vice versa, the
elevation ambiguity functions are calculated at all azimuth angles and averaged. Thus, a
square matrix A (¢, A¢) and AY (¢, A¢) of order 180/A and 90/A is obtained, respec-
tively. An example of low and high azimuth ambiguity results are shown in Figures [5.4]
and [(b)}, respectively.

In order to find the optimum sensor location ((, Cy) in Phase-1, we evaluate (5.4))
for each (,, with a step of § = 0.001 ()\). Note that Figures and [(b)| are only
two visualizations of all (, values that create the Figures and The gain of the
highest false peak and the number of false peaks are shown in Figures and re-

spectively. Hereby, to get the optimum sensor location, (¢, ¢, ), the following constrained
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optimization problem is defined as,

minimize : secondmax {Ae (¢, Ag

~—

}

Cz,Cy
A
subject to : ||(Ce, &) — (24, %) [|> T i=1,...,M (5.5)
I{) =

The optimum location ((,, (,) minimizes the estimated sources’ side-lobe-levels
(SLLs) or false peaks subject to the constraints of MC and zero cross moment-of-inertia.
Regions for low ambiguity and high MC determined as a result of (5.5)) are shown with
hexagram and triangle markers, respectively, in Figure In fact, the optimization prob-
lem given in (5.3) creates constraints that keep the added sensor location (¢, (,) on the
solution curve and avoid the region with a high MC area. Then it forces the added sensor
location to select in the green region (see Figure[5.3)), where the array has the lowest angle
ambiguity gain with the minimum number of false peaks, as shown in Figure[5.5] As a
result of this optimization, the sensor’s optimum position selected on the solution curve

in the first phase is shown with a square (m) marker in simulations.

@ Arbitrary planar array sensors

27 - Solution Curve of CX, Cy
15" _ALOW Ambiguity Area
X High MC area
1 M Optimum (¢, ¢, ) makes 1‘3=0

Y (Vo ok s

_05 | . i -........‘..‘.._‘.

X (A)

Figure 5.3: Areas on the solution curve obtained by 2 in Phase-1, showing high MC, low azimuth
ambiguity, and selected optimum sensor location.
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Figure 5.4: Azimuth ambiguity comparison of the array resulting from the sensor added to the
planar array in Phase-1 for[(a)] Optimum location ¢, = 0.488 (\) and[(b)] High ambiguity location
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5.3. Phase-2

In this phase, we have to equalize the auto moment-of-inertia of coordinates (I, 1, and
I..) while still keeping the cross-moments (/,,, ., and I,,,) fixed at zero. Therefore, we
first find the largest auto moment-of-inertia between x,y, and z coordinates and bring the
rest to this value by adding new sensors.

I =max {1{), 100, 1V} (5.6)

T TYy o T2z

where I is the largest auto moment-of-inertia among x(V, y(!) and z(!) coordinates.

Then, to equalize I é? , ]é? ,and I Z(i) without altering the mean of z, we need to insert

N new sensors as follows,

x® = [x1) d,1,]

y® =y d,1y] (5.7)
N +1

z?) = [z(l) d, (( ;_ ) — z)}

where ¢« = 1,..., N. The updated parameters at the second phase are denoted by (-)(2).
The updated auto moment-of-inertia of x(?, y®, and z(® coordinates are presented in

Appendix [C.2] as follows,

o MON M2 oMM N

v @ T e e T e

fixydy + || )2 (5.8)

[(2)_M(1)N , MO OMWD N

- 1)12
vy M® dy” — M@ PO T T Py dy + ly™]] (5.9)

o NI -1

M2

2
d- M2

2w + 1z (5.10)

where M3 = MM + N, Hx(@)s [y (2)s and fi,2) are the updated mean of coordinates at

the second phase,

MO p ) + Nd, MW p 0y + Nd,
Ly = [iy(x) = Y
x M©) Py M®) (5.11)
M(l)ﬂzu)
Hp2) = W
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The following three equations are solved for the unknowns d,, d,, and d,
I -1=0, I -1=0, I? -1=0 (5.12)

The locations of the new additional N sensors found by (5.12) are substituted into
to equalize the auto moment-of-inertia of coordinates. These sensors added in Phase-
2 are marked with a diamond (4) marker in the simulations. Note that at the beginning
of the second phase, we find the coordinate with the largest auto moment-of-inertia in the
first phase, and the other coordinates are updated according to this value. Obviously, it
could be I = I;(Clx) orl = 13531,) here. For instance, if IQ(E? has the largest auto moment-of-
inertia, then d, = 0 and d, d, € R" from (5.12). Therefore, the cross moment-of-inertia
between x and y coordinates, which is zeroed in the first phase, will remain zero because
one of the d, or d, coordinates of the newly added sensors in the second phase will
already be zero. Consequently, without proof, but also conjectured because of numerical
evidence, at the end of the second phase the cross moments-of-inertia between x and y
coordinates remain zero. Finally, at the end of the procedure, the extended volumetric
sensor array design will have a 2-D isotropic DOA estimation performance satisfying MC
constraint with minimum azimuth and elevation angular ambiguity.

The proposed array extension algorithm is valid for all uniform/nonuniform linear
and planar arrays. The proposed two-phase algorithm is presented in Appendix [C.4]in
Algorithm[I]for the arrays placed on the x-y plane. If an array is given on different planes,

then the subscripts should be changed accordingly in the algorithm.
5.4. The Selection of N

In order to extend any given array with this approach, the number of sensors inserted to the
z-axis and the number of sensors in the given array must be at least two. Thatis 2 < N
and 2 < M. When designing a volumetric array, we may choose to add a minimum
number of additional sensors N to a linear or planar array of at least two sensors. On
the other hand, even if the number of sensors N added to the z-axis does not affect the
azimuth ambiguity, the elevation ambiguity is significantly affected. The elevation angle
ambiguity function, i.e., A® (6, Af), is obtained similarly to (5.4) using M? instead of

M® and replacing @ and ¢. This function is used as a performance criterion to decide
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the convenient number of sensors added in Phase-2. If we choose a small N, the elevation
angle ambiguity (the number or gains of side-lobe peaks) may increase too much as the
distance between the sensors increases. However, if we choose a large N, the sensors on
the z-axis become close. Thus, the MC effect occurs. As a consequence, there is a trade-
off in choosing Ns, according to Ms. The graphical representation of the elevation angle
ambiguity analysis for the arbitrary array given in Figure is shown in Figure
As one can see, the distance between the sensors decreases while the number of sensors

added to the z-axis increases. The effect of the MC, therefore, increases, even though the

elevation angle ambiguity decreases.
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5.5. Experimental Results and Discussions

In this section, the improvements in the 2-D DOA estimation performance of the arrays
obtained with the proposed design method shown in Figure[5.6|are illustrated with various
simulations. The proposed design approach is applied to ULA, UCA, and V-shaped arrays
commonly used in the literature shown in Figures [(®), and respectively. We
also applied it to an arbitrary planar array shown in Figure[5.1[(d)|to show that the proposed
method is applicable for all linear/planar arrays. The sensor coordinates for the tested
arrays are given in Appendix [C.3]in Table[C.1] For clarity, the given planar array elements
are indicated with circle markers (®) for M/ = 5 sensors. In Phase-1, when a sensor is
added, it is indicated as a square marker (m). Diamond markers () indicate each sensor
added in Phase-2. Furthermore, we do take the equal overall number of sensor elements
in the arrays for the sake of fairness.

The elements of sensor array geometries are located in R? and are used to estimate
the DOA of the single far-field narrow-band source signal. ¥ = [¢, 9]T denotes DOAs of

the source signal, where ¢ € [0, 180°] and 6 € [0, 90°] represent its azimuth and elevation

64



angles, respectively, as demonstrated in Figure [2.2] Simulation of each array is fulfilled
for the following parameter settings; The number of snapshots T = 256, SNR=20 dB,
and f. = 500 MHz.

For performance comparison of designed array geometries, we use the CRLB,
which states the lower achievable variance on the azimuth and elevation DOA estimation

performances as given in (2.22)) and (2.23)), which is illustrated as in Figures and

respectively. The azimuth and elevation DOA estimation performance comparisons
of the arrays given in Figure [5.1] and their 3-D versions given in Figure [5.6| are shown in
Figure[5.§]

The proposed two-phase array design approach adds new sensors to any linear/planar
arrays to obtain a 2-D isotropic volumetric array, i.e., equalize CRLB levels across the en-
tire azimuth/elevation angle. Whereby ULA, UCA, and V-shaped arrays’ cross moments-
of-inertia are zero, equation (3.3)) is already satisfied. Hence the first phase of Algorithm
[T]is skipped the second phase proceeds. In this phase, the new additional N sensors’ posi-
tions, (5.7), are solved for the minimum possible N = 2. The inserted new sensors in the
second phase are marked with the diamond markers (#) in order to fulfill (3.4)) for ULA,
UCA, and V-shaped arrays are shown in Figures and|[(c)] respectively.

As seen in Figure ULA’s azimuth estimation performance, which has low
estimation error in broad-side, reaches infinite error towards end-fires. Besides, ULA’s
elevation estimation error approaches infinity as the elevation angle approaches 90°, as
shown in Figure[5.§(b)] However, when new sensors are added with the proposed method,
the 3-D ULA has equal estimation performance across all azimuth and elevation angles,

as shown in Figures and [(b)] respectively.

Furthermore, inserting new additional sensors to the already azimuth isotropic pla-

nar arrays such as UCA and V-shaped [31] arrays does not adversely affect azimuth DOA
estimation performance, as seen in Figure[5.8(a)l However, the elevation estimation errors
approach infinity for the given planar arrays when the elevation angle approaches 90°, as
seen in Figure Hereby, inserting new additional sensors to the given planar arrays
does not affect azimuth performance as well as improves elevation performance. As a

result, 3-D arrays obtained by the proposed method have 2-D isotropic performance.
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In order to verify that the proposed algorithm creates a volumetric array that sat-
isfies 2-D isotropy conditions for all given linear or planar arrays, we consider a planar
array consisting of four sensors whose coordinates are randomly selected as shown by
circle markers (®) in Figure This planar arbitrary array is not centrosymmetric, and
therefore it does not fulfill both the (3.3)) and (3.4) conditions. If we apply the proposed
algorithm to this arbitrary array, in the first phase, a solution curve is created on the x-y
plane that equalizes the planar arrays’ cross moment-of-inertia to zero. Then, the solution
of (5.5)) gives the optimum sensor location ((,, (), which is marked with a square marker
(m) on this curve, as shown in Figure[5.3] This solution gives the added sensor’s optimum
location on the first phase that provides the minimum azimuth angle ambiguity with sat-
isfying the MC and I, = 0 constraints. After that, in the second phase of the algorithm,
two new sensors marked as diamond (4) are added, as shown in Figure to equal-
ize the x, y, and z coordinates’ auto moments-of-inertia. In this phase, while adding new
sensors, the number of sensors to be added (N) according to the number of sensors in the
array (M) is taken into account for the elevation angle ambiguity, A? (¢, Af). To sum up,
a sensor is added in the first phase to make the cross moment-of-inertia to zero, and two
more sensors are added in the second phase to equalize the auto moments-of-inertia of the
coordinates.

The azimuth and elevation DOA estimation performances before and after applying
the proposed array design method to the given arrays are shown in Figures and

respectively. The sensors’ effect gradually added in the first and second phases on CRLB

levels is shown in Figures and[(b)|
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Here, we investigate the DOA estimation performance of the proposed 3-D array by
computing the 2-D MUSIC pseudo spectrum (2.24)). In simulations, 100 Monte-Carlo tri-
als are performed to estimate &' = 2 uncorrelated far-field narrow-band source positioned
at (40°,85°) and (120°, 15°) directions when SNR is 5 dB. In order to show the superiority
of 3-D arrays obtained by the proposed method over planar arrays, a comparison of DOA
estimation performance with the MUSIC algorithm is made. Figure shows the DOA
estimation performance comparison of the planar V-shaped array and the proposed 3-D
V-shaped array. Since the planar V-shaped array and the proposed 3-D V-shaped array
have almost the same performance for all azimuth angles when the elevation angle is low
(A1 = 15°), it is seen in Figures and [(b)| that both of them can accurately estimate
the first source signal (¢; = 120°,60; = 15°) without creating any side-lobes. However,
the proposed volumetric array is overwhelmingly superior to the planar V-shaped array af-
ter a certain elevation degree. Although the proposed 3-D V-shaped array accurately esti-
mates the second source (¢ = 40°, 62 = 85°) without the side-lobes (see Figure|S.10(b)),
the planar V-shaped array can not estimate accurately as well as creating a high side-lobe

at (¢5 = 40°, 605 = 95°) as shown in Figure|5.10)(a)
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5.6. Proof by Contradiction: Adding at least N=2 sensors is optimal

This chapter has proposed an array design approach that needs at least two additional
sensors so as to satisfy both azimuth and elevation isotropic conditions. In this section,
we have shown that a contradiction proof in order to determine the required minimum
number of additional sensors for 2-D isotropic volumetric array extension. Seeing that
a common solution may not exist for a nonlinear set of equations of any given linear
or planar arrays, we concluded that our earlier volumetric array design approach proved

to be reasonable. Let us assume that we have given a planar array with the following

coordinates,
X = [z1,29,...,2 ]
Yy = [y17y27"‘)yM] (513)
z=[z1,20,...,2M]|

Assume that we add N additional sensors, then the updated coordinates are denoted

by ()" as follows,

x" = [mlax% <o T, dx1>dx27' - 7da:N]
yu = [yhyQa <y Ymr, dy17dy27 ce e 7dyN} (514)
Zu:[ZhZQa'”aZMa dz17dz2a"'7dzN]

Mean of updated coordinates,

U __ 1 ]Wirfv U MUXWLZiV—l dﬂﬁn
T MEN & M+ N
M+ N
p/u — 1 yu M/jly—i_z:n:l dyn (5 15)
YoM+ N &= M+ N '
— 1 e u MMZ + 27]:[71 dzn
M T MI N4 T T M AN
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Cross moment-of-inertia between the updated x and y coordinates is,

m]\;1 N M N
=D Tnthn + 3 dandly, = 115 (Z DY dm”)
m=1 y n:lN m=1 n=1
— lix (Zmeeryn) (M + N) pixpy
o m=1 ]\7:1
m=1 n=1

(5.16)

Similarly, cross moments-of-inertia between the updated x-z and y-z coordinates

are,

M N
= Z TmZm T Z dondin — (M i N) M:ﬁﬂ:

M N
=Y Ymzm+ Y dyydey — (M + N) plipsy
Auto moment-of-inertia of the updated x-coordinate is,

I = (¥ — p)® + (2 — ) + -+ (2l — )

+ (doy — 2+ (dpgy — ) + -+ + (doy — p1)°

=zt e an” = 20l (T Tt aag) + Myl

tdo® +dyo® o+ don® — 208 (doy + g + - + dyy) + Npl?

M
:Z +de 2MX<me+de> + (M + N) py®

M
= +de (M + N) p?

m=1

Similarly, auto moments-of-inertia of the updated x, y, and z coordinates are,

Zym +Zdyn (M + N) p?

M

I = sz +de2 (M +N) py

m=1
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5.6.1. Examination of Adding Single Sensor

Proposition: In order to extend any arbitrary linear or planar arrays into both azimuth

and elevation isotropic volumetric arrays, we need at least one additional sensor.
Proof. Assume that this proposition is true.

If we add one additional sensor with (¢, ¢, (,) coordinate, then updated coordi-

nates,
' =[xy, 29, .., Tpr, (4
v = [y, v, s Ynrs G (5.22)
24 =[z1,22,.. -, 2um, (]

Cross moment-of-inertia of updated coordinates,

M
= Z TmYm + Cny - (M + 1) Niﬂ;
m=1
M
= Tz + oo — (M + 1) plpsl (5.23)
L= Yz + GG — (M + 1) iyt
m=1
Auto moment-of-inertia of updated coordinates,
me + 62— (M +1)
Zym +¢7 = (M +1) (5.24)
Z an® G2 = (M +1) iy

If an array holds (3.3) and (3.4) constraints, then this array has both azimuth and

elevation isotropic DOA estimation performance. Then common solution sets of the fol-
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lowing nonlinear equations give added sensor coordinates ((;, ¢y, (),

I, -1t =0

Lo =12 =0
I, =0 (5.25)
1Y =0
I =0

Whereas there is no always a common solution for this set of equations. Therefore,
we have reached a contradiction. This means that we need at least two additional sensors

to extend any given linear or planar arrays that satisfy 2-D isotropy conditions.
5.6.2. Simulations for Contradiction

In this section, a new sensor is added to the coordinates obtained by the common solution
of the nonlinear equation set given in (5.23) for a given array to have 2-D isotropic per-
formance. As an example, a volumetric array (cubic array with missing sensor shown in
Figure and the UCA, as shown in Figure are used. UCAs with different
numbers of sensors were tested to prove that the minimum number of additional sensors
should be N = 2 for the proposed design method. As a result of trials, it is seen that (5.25])
does not always have a solution. Therefore, the use of at least two sensors is optimum
for our proposed design method. However, interestingly, for some UCAs with different
sensor numbers, it is sufficient to add a single sensor to satisfy isotropic conditions.

The elements of sensor array geometries are located in R? and are used to estimate
the DOA of the single far-field narrow-band source signal. ¥ = [¢, Q]T denotes DOAs of
the source signal, where ¢ € [0, 180°] and 6 € [0, 90°] represent its azimuth and elevation
angles, respectively, as demonstrated in Figure 2.2] Simulation of each array is fulfilled
for the following parameter settings; The number of snapshots 7" = 256, SNR=5 dB, and
fe =500 MHz.

In order to test the performance of the arrays, we use the CRLB. The azimuth and
elevation DOA estimation performance comparisons of the cubic array with a missing
sensor and completed version are shown in Figures and As expected, when

the missing sensor is added, both azimuth and elevation performances are isotropic since

74



the array provides the 2-D isotropy conditions. On the other hand, for a UCA of M = 6
sensors, adding an N = 1 sensor has a solution to (5.23). Therefore, by adding a single
sensor to this array, 2-D isotropy conditions are fulfilled. This result is confirmed by
simulations, as shown in Figures and As seen in Figure the azimuth
estimation performance of the given UCA is isotropic. In the case of adding a new sensor,
it is seen that the azimuth isotropic structure of the array has not deteriorated. On the
contrary, with only adding one sensor, the elevation estimation performance becomes
isotropic, as seen in Figure

Note that for M = 5 or some other values, (5.25]) does not have a solution. There-
fore, the only way to make isotropy by extending any given arrays is to add at least N = 2
sensors. This shows that the array extension approach based on the addition of at least

two sensors proposed in this chapter is optimal.
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Figure 5.11: [(a)| Cubic Array and[(b) UCA.

5.7. DOA Estimation via Swarm of UAVs: A Case Study of Airborne DF System

The swarm of autonomous unmanned aerial vehicles (UAVs, Drones) can work together
to achieve a specific goal [67-74]. Swarm of UAVs has a wide range of applications for
security, survey, monitoring, and surveillance of a wide area. They also planned to be used
for disaster management, search, and rescue operations. It is also possible to use multiple

UAVs for localization and DOA estimation of moving targets. In this chapter, we defined
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a scenario where a group of UAVs is coordinated for DOA estimation. Localization of

emitters with unknown locations is an important requirement and known as hidden target

localization.

In this chapter, we considered multiple airborne (dynamic) UAVs as volumetric

sensor arrays for 2-D DOA estimation of hidden emitters.

5.7.1.

Modeling The Swarm UAVs-based Sensor Array Formation

In this scenario, it is necessary to scan a restricted area of 2 km x 2 km with a swarm

of M UAVs for surveillance purposes. We assumed that an identical isotropic antenna is

mounted on each UAV of the swarm. The scenario is defined as follows,

Al.

A2.

A3.

A4.

AS.

A6.

A6.

Swarm UAVs start spontaneously to take off from their initial positions on the heli-

pad from an area of 10 m x 10 m.

The M, the number of UAVs in the swarm, is determined by the designated mission

requirements.

The swarm elements’ positions, including the leader, in the next desired formation,

are known in advance during the re-formation phases.

In the flight zone, there are no obstacles. The ultrasonic sensors are assumed to

prevent collisions of swarm elements with each other and with the target.

The swarm elements are slightly faster than the target UAV, and the swarm speed

changes according to the target speed.

A magnetometer and barometer are used to very accurately measure movement and

altitude in real-time, respectively.

The Global Positioning System (GPS) is used for swarm formation stabilization,

swarm member localization, and path planning.

The proposed approach consists of a four-phase design framework: Initial Phase,

Surveillance Phase, Tracking (Localization) Phase, and Intervention Phase as follows,

1.

UAVs are ready to take off from arbitrary initial positions as previously stated in

the Al.
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2. During the surveillance phase, 3-D swarm UAVs formation flies with 2-D isotropic
DOA estimation performance. The formation geometry of the swarm UAVs chosen

for this particular problem is the tetrahedron array.

3. In the tracking phase, ULA formation is preferred for high array directivity and low
CRLB level. According to the azimuth and elevation DOA angles of the target, the

ULA formation rotates towards the target UAV to hold it always on the broad-side.

4. For the intervention phase, the UCA formation is started to surround the target. Af-
ter a predetermined secure range from the target, the swarm begins the intervention

phase.

In order to formulate the collide distance (also MC) and array’s angle ambiguity

constraints, the distance between the i and jth UAVs are defined as follow,

dZJ:le_p]H?vZ:JE{]-? 7K}7Z7£] (526)

Therefore, collide distance and angle ambiguity constraints are,

dsafe - < dij < A= damb. (527)

1 >

5.7.2. Re-formations and Steady Formations of Swarm UAVs

We use an efficient position assignment method to ensure that each UAV in the swarm
is placed in its predetermined positions with the total shortest path during re-formation
phases. In other words, we determine which position each UAV will go to in the next for-
mation to reduce the total path of the swarm elements as they move to their new location
during the re-formation.

Here we use the Jonker-Volgenant (JV) global nearest neighbor assignment algo-
rithm [75] given in as follows, which has lower computational complexity than

the others in the literature [67], ensuring the swarm paths have the shortest total path in
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re-formation phases.

K K
l’l’lsil'l . Z Z DijSij

i=1 j=1

K
subject to : Si;=1(=1,...,K)
2 s29

K
Y Siy=1(j=1,... K)
=1
S;>1 (i,j=1,...,K)

where S;; represents the UAVs’ assignment status. Therefore, it indicates that with 1, the
UAV is assigned to a certain position in the next formation, or with O that it is not assigned

to any position.

1, if i UAV assign to j™ position
S, — (5.29)
0, otherwise

where subscripts i and j represent UAVs’ locations in the current and next swarm forma-
tion (i.e., row and column of the distance matrix, D), respectively.

Swarm elements’ total path reduced by 15.4% during the re-formation from initial
to surveillance phase, as shown in Figure [5.14] Therefore, the same reduction in energy
consumption was achieved.

The transition equation from the initial location to the final location, i.e., movement
of each UAV along its direction vector, is defined for the steady flight and re-formation
phases as follow,

Pdes. _ Pjv

current start

+t (P, —PL.), (t=0,...,1) (5.30)

Ju
start

where P’} , and P7" , represent that the start and end coordinates are sorted with optimum

pairing using (5.28). P%s: . denotes UAVS’ current positions.

current
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Figure 5.14: Initial to Polyhedron re-formation with non-optimal pairing and optimum
pairing.
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5.7.3. Polyhedron Swarm UAVs Surveillance Phase

In our scenario, during the surveillance flight, the swarm UAV's have uniform rectilinear
motion, and they follow a semi-circle trajectory in the turning phase. Furthermore, the
target has a curvilinear motion with variable-velocity. Note that the swarm preserves the
formation of polyhedron throughout the surveillance flight. The UAV swarm simulta-
neously searches for any threatening target during the surveillance flight using the 2-D
MUSIC algorithm (2.24). We chose the polyhedron form for swarm UAVs formation in
the surveillance phase since it has a 2-D isotropic DOA estimation performance. This
means it does not matter where the target is because tetrahedron formation with isotropic
formation can estimate the DOA of the target with an equal error level regardless of where

the target is.
5.7.4. ULA Swarm UAVs Target Tracking Phase

Once the target is detected during the surveillance, the swarm changes its formation from
tetrahedron to ULA. The main reason for doing this is that the ULA formation tries to
keep the target on the broadside when the first instant target’s direction is detected. In
this case, the ULA formation moves towards the target by estimating only the azimuth
angle with high accuracy when the elevation angle is now low. Then the swarm rotates
around the y and z coordinates of the ULA’s local coordinate system in order to keep its
flight towards the target continuously concerning this 2-D angle knowledge. To be more
precise, the swarm velocity vector is always directed towards the target in the pure pursuit
of guidance, and the turn rate of the swarm is always kept equal to the Line of Sight (LOS)
turn rate. In summary, the swarm UAVs always flies directly towards the target along its
pure pursuit trajectory. Thus, the swarm UAVs’ direction is preserved by 2-D DOA angle
knowledge along the LOS between the swarm and the target. As ULA is considered to be
on the x-axis on the swarm’s relative coordinate system, only the rotation matrices around

the y and z-axes are given as follows, respectively.

cosf, 0 sind,
Ry (0.) = 0 1 0 (5.31)

—s¢inf, 0 cosé,
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cos¢, —sing, 0
R.(¢u) = | sing, cos¢, 0 (5.32)
0 0 1

Since the swarm UAVs in ULA formation follows the direction vector of the target,

the direction of flight changes according to the target’s DOA angles. Recall (5.30) as,
P?Zi;ﬂent = (P{;}LA +1 (PiZd - P]UULA)) Ry(eu)RZ(QSu) (5.33)

The Swarm begins to re-formation from the ULA to the UCA formation phase after

reaching a predetermined safe distance from the target.

' % Polyhedron UAV|

% ULA UAVs
* UAVs Path
4
25 x
2 -
1.5
(9]
=
£ 14
=
0.5
4.’ v - -0.5
0.5 " *— & 0.5 S
_ 0.5 o i
X

Figure 5.15: Tracking phase: Polyhedron to ULA re-formation when the target detected first.

5.7.5. UCA Swarm UAVs Target Intervention Phase

The UCA formation surrounds the target as the swarm reaches a predetermined safe dis-
tance. Figure shows the transition of the swarm from the ULA to the UCA formation.
At this phase, it is assumed that the ultrasonic sensors determine the target’s distance to
each UAV. Surrounding the target is carried out to provide mandatory prevention of the

target.
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Figure 5.16: Intervention phase:ULA to UCA re-formation when getting close to the target with
2 )\ safe distance.

5.7.6. Simulation Results

This section simulates a swarm UAVs-based sensor array that carries out the detection,
tracking, and intervention of an unwelcome target in a restricted area. The results are
presented in order to illustrate the efficiency of the proposed method.

The swarm UAVs-based sensor array elements consisting of M/ = 4 UAVs are
located in R® with d = \/2 distancing and is used to estimate the DOA of the single
far-field narrow-band target’s signal. (¢, 6,) denotes DOAs of the target signal, where
¢u € [0,180°] and 6,, € [0,90°] represent its azimuth and elevation angles, respectively,
as demonstrated in Figure 2.2] Simulations throughout the scenario are fulfilled for the
following parameter settings; The number of snapshots 1" = 256, SNR=20 dB, and f. =
500 MHz.

First, we examine the azimuth and elevation CRLB performances of the swarm
UAVs-based sensor arrays to explain the reason for the flight formation choice at each
phase. While the azimuth performance of the swarm formation is obtained, the elevation

angle of the target is kept at a certain angle, and the azimuth angle is scanned from 0° to
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180°. Similarly, while obtaining elevation performance, the azimuth angle of the source
is kept at a certain angle, and the elevation angle is scanned from 0° to 90°. Figure
shows swarm UAVs-based sensor arrays’ the azimuth and elevation CRLB levels at each
phase. Figure shows the azimuth performance of the arrays when the elevation
angle of the source is fixed at 80°, and Figure [5.17[b)|shows the elevation performance of
the arrays when the azimuth angle of the source is fixed at 20°.

As shown in Figure the elevation estimation errors go to infinity for the lin-
ear and planar arrays when the elevation angle approaches 90°. Nevertheless, tetrahedron
formation has 2-D isotropic DOA estimation performance. For this reason, volumetric 2-
D isotopic arrays are most suitable for surveillance purposes. Moreover, ULA formation
has the lowest estimation error when the target is on broadside with zero elevation. For
this reason, the ULA is most suitable for target tracking.

The proposed approach follows a design framework that implements four phases:
Initial, Surveillance, Tracking (Localization), and Intervention phases, as seen in Figures
[5.14] [5.15] and [5.16] Firstly, it is assumed that UAVs wait on their arbitrary initial po-
sitions in a specific field. Then they pass to tetrahedron formation in order to initiate
the surveillance phase with the shortest total path by JV algorithm. A surveillance flight
will be performed via the 2-D isotropic swarm UAVs-based sensor array formation in
this phase. Figure [5.18]shows the 2-D MUSIC spectrum when the target is detected for
the first time with the swarm UAVs-based sensor array in tetrahedron formation. In case
of detection of any target, tracking is initiated by rotating LOS of the array to the target
by (5.33)) using azimuth and elevation angle information received from the 2-D MUSIC
algorithm given in (2.24). Rotations are made instantly concerning this angle informa-
tion during target tracking. The swarm UAVs-based sensor array initiates the intervention
phase and alters its formation to UCA formation in order to surround the target when ap-
proaching the target within a predetermined distance. Figure[5.19]illustrates all phases of

the scenario.
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Figure 5.18: 2-D MUSIC spectrum for swarm UAVs-based sensor array in a tetrahedron forma-
tion.

Figure[5.18|shows that the undesired target enters the forbidden area at ¢,, = 71.88°
and 0, = 48° with respect to the swarm UAVs-based sensor array coordinate system.
Note that the target has a curvilinear motion with variable-velocity. As shown in Figures
and [(b)] at all azimuth and elevation angles, a swarm UAVs-based sensor array
in tetrahedron formation has 2-D isotropic DOA estimation performance with equal error
level. Therefore, the DOA angle at which the target enters the restricted area will not
affect the array’s performance. Moreover, when the target enters the no-fly zone area
with a clear boundary violation, the swarm UAVs-based sensor array in polyhedron form
will immediately alter its formation to ULA formation with optimum path re-formation
and take the target to the broadside. And it performs target tracking with high sensor
array gain and low estimation error. As shown in Figure ULA has a minimum
azimuth CRLB level at 90°, i.e., broadside, so it performs more accurate DOA estimation

performance than other arrays.
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6. CONCLUSION

Nowadays, DF systems need not only azimuth but also elevation DOA estimation. Es-
pecially in mobile wireless communication, mobile users are in high buildings or under-
ground, or DOA estimation is important in all directions when it comes to UAVs.

In this thesis, 3-D sensor array geometry designs with both azimuth and elevation
DOA estimation performance are discussed from different perspectives. In the first design
method, a new 3-D V-shaped array is created by combining two of the V-shaped planar ar-
ray, which has been investigated extensively in terms of azimuth isotropy in the literature.
The angles between the sub-arrays and the planes of the V-shaped arrays in the created
array have been optimized to meet the 2-D isotropy conditions. It is known that adding
a sensor to the z-axis improves elevation estimation performance. However, it could not
provide a fully isotropic 2-D DOA estimation performance. Thus, fewer sensors were
used in the second design method than in the previous method to extend the V-shaped
planar array. The positions of the sensors to be added in this method are obtained analyt-
ically. The resulting new 3-D V-shaped array, in this case, provided fully 2-D isotropic
DOA estimation performance.

A 3-D extension method is proposed for centrosymmetric planar sensor array ge-
ometries that already have azimuth isotropic DOA estimation performance. This method
adds new sensors symmetric to the origin with equal inter-element spacing to the z-axis
under isotropy conditions. With the addition of these sensors, the planar sensor arrays are
transformed into a 3-D array with 2-D isotropic DOA estimation performance. Then, in
the fourth design method, we present a design procedure that transforms all linear/planar
sensor arrays into 3-D arrays with 2-D isotropic DOA estimation performance by adding
the least number of new sensors. The newly added sensors have been added under the
constraints of MC and angle ambiguity. Moreover, the contradiction proof method is
utilized to verify that adding at least two sensors is optimal.

As a final study, an airborne DF scenario is considered for intelligence, surveillance,

and reconnaissance purposes with 3-D sensor array-based swarm UAVs.
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A. APPENDIX A

A.1. V-shaped Array Equations for Section

In this appendix, we derive closed-form expressions for the equations between (3.16]) and

(326). k1 = 2t and ky = 312 are the reference sensor index of the first and second

planar V-Shaped sensor arrays, respectively.

a5 5
M+3
> (m—k)= (m— 7 ):o (A1)
m=1 m=1
M+1 M+1
3M +5
Y om—k)= ) (m— g ):0 (A2)
m:@ 1\12+3
M+1 M1
2 2 M+3 M—1)(M+3
S m—ki|=)" |m- a ‘:( A ) (A3)
m=1 m=1
M+1 M+1
3M +5|  (M—1)(M+3
Yooim—kl= > |m- 7 ’=( 1(5 ) (A.4)
:]w2+3 :M2+3
% ]\/12+1 M 3 9 ]M;l M+3 M2+1 M+3
2 + _ 2
S o= 2 (= H) = a2 () e (5
By STy (M43 (5 (T 4
6 4 2
(M A3\ (M+1\ (M -1)(M+1)(M+3)
4 2 B 96
(A.5)

M+1 M+1 2
3M +5 3M +5
> k= Y (m- Y - Y w2 (M
me=M=+3 m=M+3 me=M+3
2 2 2
. Af 3M +5\° (M —1)(M+1)(M+3)
4 B 96



Substituting (A.5)) and (A.6) into (A.7) gives,

zj\i: Ym” = i (M —1)(M+1)(M+3) <0082 <%> + cos® (%)COSQ (6)) (A.8)

96
M+1 M+1 y
Z Zm? = Z (m — ky)*d*cos? (é)sin2 (8) (A9)
nelgt ol

Substituting (A.6) into (A.9) gives,

— d’ 2
2 _ 7 - 2 (12 2
XM:H o = 5 (M = 1) (M +1) (M + 3) cos ( ; >sm (8) (A.10)

A.2. V-shaped Array Equations for Section

In this appendix, we derive closed-form expressions for the equations between (3.31])

and (3.36). £k = % is the reference sensor index of the planar V-Shaped sensor array,

(m_”@*):o (A1)

respectively.

> m-0=3

m=1 1

5 y (A.12)

M+1‘_ [MZ—ﬂ

I RRIC RIC
+§) +<§> +...+(M2—3> +(M2‘1)

= (12 +32 45 + (M -1)%

\)

> (m—k) = Lu (M? - 1) (A.14)
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B. APPENDIX B

B.1.

3-D UCA’s Proofs

Note that the proofs given in the Appendix [B.1.1]and [B.1.2]are also validate for y coordi-

nate.

B.1.1.

Proof of (4.14))

Substituting (4.10) into (3.13)) gives,

1 zM: 1 i/f: dcos(%)
MUx = = Tm = =
M m=1 M m=1 \/2 (1 — CoS (ZM“))

(B.1)
d

M\/Z (1 = cos (2)) m=t ( 1)>

M:

Let rewrite the cosine term in the summation as the real part of exponential form as,
M M
27T - 1 j2mw(m—1)
E cos < ) { g e A } (B.2)

j 27 .. . . .
Let 7 = e’3 . Then this is very similar to the formula for the geometric series as,

1
~ =~

M ~
1—rM 1— %™
{mf } %{ l—r } 1 — e ’ ®.3)

Substituting (B.3)) into (B.1) gives,

This completes the proof.
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B.1.2. Proof of (.11

Substituting (4.10) into (3.8) gives,

T R S )

m=1 M

M

By using double-angle trigonometric identity, cos? (o) = (1 + cos (2a)) /2, as,

S (257 - 2 G 3 (57Y)

m=1 m=1
(B.6)
N m=1 2 m=1 2 M

Let rewrite the cosine term in the summation as the real part of exponential form

and by using the geometric series formula as,

M M jAm

1 Jam(m— 1 — J
) cos(—>)_a% YT =R b =0 (B.7)
m=1 m=1 l—ewm

Now substitute back (B.7) into and then into (B.3)), and do some trigono-

metric manipulation, finally we get,

—> (B.8)

I:Ex =

This completes the proof.

B.1.3. Proof of (4.18)

1 « d 3M a
“Z:M;Z’”:MJFN\/QN(N? CSC( >;<

Let rewrite the summation part of as,

:1 ((N2+1) _2-> Zi_v:((N;”)—éz‘zsz;l)_sz;l) o B.10)

@) (B.9)
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Now substitute back (B.10)) into (B.9), we get,

Hz
This completes the proof.
B.1.4. Proof of (4.19)
i P 3Md2
fa) - 2N (N2 —1)

m=1

=0

Let rewrite the summation part of (B.12)) as

iCNH)

—¢>2=;

N{(

()2 (95

=1

sy

((NH) +Z Z (N +1)3

N +1)? +N(N+1)(2N+1) _ N(N+1)?

4

~ Ly

12

6

2

Now substitute back (B.13)) into (B.12), finally we get,

S ST

m=1

3Md?

e - 2
TON(NZ_1) ¢ (

1
= §d2Mcsc

This completes the proof.

‘()
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C. APPENDIX C
C.1. Derivation of Cross Moment-of-Inertia (5.2)

Suppose a planar array is given with coordinates as in (3.1). And then suppose we add
new sensors and update the coordinates as in (3. IJ).

Mean of updated coordinates,

X(l)lfﬂl) _ Mpyx + G

My (1) = M@ - MO (Cl)
B0 ="y T T Mo (€2)
The cross moment-of-inertia between updated x(*) and y") coordinates is,
T
I8) = (x = g ym) (v — gy Lym)
= (21 — ) (Y1 — pyw) + ...
+ (a1 — ) (Ynr — py) + (G — 1150 (& — py)
= T1Y1 — Tifby() — Y1Hx) T fy) fly) + 2+ TpYmr
(C.3)

— Ty = YMHx) T Ha) fy) + GGy — Caply)
— Gyl F ) ply 1)
=xy' — Myu)Xlﬂ — pey 13, + M(l)uxu)uy(l)

+ Cny - Cxluy(l) - Cy:ux(l)
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Substitute (C.1)) and (C.2) into (C.3)), and recall (3.13)) as x1%, = My, thus,

W) _ o1 Mpy +¢, Mpy + G 1y Mpx + G Mpy + Gy
Loy =Xy MO Myt = MO Mpy + M MO M)
Mu + G M ux + Ca
+ Gy — G y LGy
_ M? uxuy M pix Gy M Pty
=Xy - — —
M@ M@ M@ (C.4)
_ MG M fixly L MG, My G '
M@ M@ M@ M@
C:cCy +C C ,Uny o Cny _ Mﬂny _ Cny
Y (1) M@ M@ M@
M2 M M
= XyT + (1) Cny Nxﬂy M ,uyC:C - ﬂxgy

This completes the proof.
C.2. Derivation of Auto Moment-of-Inertia (5.8)

The auto moment-of-inertia of x?), is,

I2) = [Ix® — g 1y |
= (71 — fix»)” + (T2 — fiy)? + o+ (T2 — pen))?
+ (G = px@)> + N (dy — pix»)’
=i+ as -+ ar, + G+ N (C.5)

— 24 (@1 + a2 oy + G+ Ndy) M@ 2,

M@ @)

= |xW|]P + N&Z = M@ 2,
Substituting (5.11) into (C.3) yields,

MON M2 oM DN
(2) _ 2 2 |2 (C.6)

e = @ % T e o T e Hwde t I

This completes the proof. /. (y) and 1! can be obtained in the same way.

96



C.3. Sensor Array Coordinates for Chapter

Table C.1: The Coordinates of Sensors in Terms of the wavelength ().

Planar array sensors (@) Added sensor(#)
Arrays I* ond 3rd 4 5th 6" 7
x -1.00 -050 0.00 050 1.00 0.00 0.00
3D y 0.00 000 000 000 000 -1,32 -1,32
ULA z 0.00 000 0.00 0.00 000 1,11 -1,11
x 042 013 -034 -034 013 0.00 0.00
3D y 000 040 025 -025 -040 0.00 0.00
UCA z 0.00 0.00 000 000 0.00 -0.47 0.47
x -046 -023 000 023 046  0.00 0.00
3D y 088 044 000 044 088 053 0.53
v z 000 0.00 000 0.00 000 -052 0.52
m (@ (4)
x 050 000 -050 -0.25 0483 0.047 0.047
3D y -1.00 0.00 -050 -1.00 -027 -0.526 -0.526
Arb. z 000 000 000 0.00 000 -0.628 0.628
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C.4. Optimum 2-D Isotropic Volumetric Array Design Algorithm

Algorithm 1: Pseudo-code for the proposed algorithm

1 Phase 1: Check cross moment-of-inertia between x and y coordinates
Input: x, y, z, M
Output: x, y@® z® @

2 if I, = O then

3 xV=x, yO =y z0 =7 M =M

4 go to Phase 2

5 else

6 L Find the optimum (¢, ;) using

7 Update sensor coordinates (5.1) and other parameters (5.2)), (5.3)

Phase 2: Equate auto moment-of-inertia of coordinates

Input: xM, y®» z0 O N

Output: x®, y@ 2z A7@)

it 1)) £ 10)) +# I') then

10 Find the largest auto moment-of-inertia via (5.6)

1 Solve (5.12) to find d, d,, and d,

12 Update sensor coordinates and other parameters (5.8)-(5.11)

®

=]
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