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ABSTRACT

In this thesis we introduce and study Weakly Cofinitely Supplemented mod-
ules. We prove that every M —generated module is weakly cofinitely supple-
mented if M is weakly cofinitely supplemented. We give a condition under which
weakly cofinitely supplemented modules are cofinitely supplemented. We also in-
vestigate modules whose finitely generated submodules have weak supplements.

In particular, we prove that any small cover of a weakly finitely supplemented

module is weakly finitely supplemented.



OZET

Bu tezde zayif dual-sonlu tiimlenmig modilleri ele ahyoruz. M modiili zayif
dual-sonlu timlenmis ise, her M-iiretilmig modiiliin de zayif dual-sonlu tiimlenmig
oldugunu kanithyoruz. Zayif dual-sonlu tiimlenmig modiillerin dual sonlu iiretilmig
modiillerle gakigmasi i¢in yeter bir kogul veriyoruz. Ayrica, tiim sonlu iiretilmig
alt modiillerinin zayif tiimleyenlerinin bulundugu modiilleri inceliyoruz. Zayif
sonlu timlenen modillerin kiigiik ortusunin de zayif sonlu timlenen oldugunu

kamthyoruz.
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CHAPTER ONE
INTRODUCTION

The problem of decomposition of a module into a direct sum of its submodules
is a fundamental one in the module theory. It is well known that not every
submodule of a module is a direct summand. Moreover, we can not state that
for every submodule N of a module M there is a minimal submodule K of M
satisfying M = N + K. If this is the case, we say that K is a supplement of N.
Minimality of K is equivalent to the condition N N K '« K. Reducing the last
condition to NN K <« M , we get the definition of a weak supplement. If every
submodule of M has a supplement (weak supplement), we say that M is supple-
mented (respectively, weakly supplemented). There is a great number of papers
dealing with supplements and weak supplements. We mention the monographs
[Wisbauer|, [Miiller, Mohammed] containing many results on supplements. Weak
supplements were studied in the papers Zoschinger (1978) and Lomp (1999). If
evéry submodule N of M with finitely generated M/N has a supplement (weak
supplement) we say that M is cofinitely supplemented (weakly cofinitely sup-
plemented, respec’gively). Cofinitely supplemented modules were investigated in

Alizade, Bilhan & Smith (to appear).

The main goal of this thesis is to study weakly cofinitely supplemented mod-
ules. In Chapter 2 we prove that factor modules and sums of weakly cofinitely
supplemented modules are weakly cofinitely supplemented. In particular, if M
is weakly cofinitely supplemented, then any M —generated module is weakly
cofinitely supplemented. We give a condition under which weakly cofinitely sup-
plemented modules are cofinitely supplemented. On the other hand we prove
that if RadM <« M, then M is weakly cofinitely supplemented if and only if

every maximal submodule of M has a weak supplement.

.. YOKSEKOCRETIM KNRULR
DOKDMANTASYON MERKEZL



If every finitely generated submodule of M has a weak supplement, we say
that M is weakly finitely supplemented. In Chapter 3 we prove that under some
conditions the sum of two weakly finitely supplemented modules is weakly finitely
supplemented. Furthermore we show that any small cover of weakly finitely
supplemented modules is weakly finitely supplemented. We also give an example

of weakly finitely supplemented modules which are not weakly supplemented.

1.1 Preliminaries

A relation < on a set P is a partial order on P in case it is reflexive (a < a),
transitive (¢ < band b < ¢ = a < ¢), and antisymmetric (a < band b < a =
a =-b). A pair (P,<) consisting of a set a partial order on the set is called a
a partially ordered set or a poset. If the partial order is a total order (¢ < b or

b < a for every pair (a,b), then the poset is a chain.

Let P be a poset and let A C P. An element e € A is a greatest (least) element
of Ain case ¢ < e (e < a) for all a € A. An element b € P is an upper bound
(lower bound) for A in case a < b (b < a) for all @ € A. If the set of upper
bounds of A has a least element, it is called the least upper bound of Aj; if the set
of lower bounds has a greatest element, it is called the greatest lower bound of A.
A lattice is a poset P in which every pair of P has both a least upper bound and

a greatest lower bound in P.

Lemma 1.1.1. (Zorn’s Lemma) Let X be non-empty partially ordered set. If

every chain has an upper bound, then X has a mazimal element.

Troughout this thesis will consider unitary left R—modules (i.e 1.m = m for
every element m of the module and the identity 1 of R), where R is an associative

ring with identity.

All definitions used, but not given in this thesis and results given in Chapter 1

can be found in Wisbauer (1991), Anderson & Fuller (1992), , Ribenboim(1967).



We will often use the following theorems, describing the properties of homo-

morphisms without any mentioning.

Theorem 1.1.2. (Homomorphism Theorem) If f : M — N is a homomorphism
and S is a submodule of an R—module M with S < Ker f, then there is ezxactly
one homomorphism g : M/S — N with f = gon, where m : M — M/S is the
canonical epimorphism. Furthermore, if S = Kerf, then g is monomorphism. If

f is epimorphism then g is also epimorphism.

Proof. Define g : M/S — N as, g(m+S) = f(m) then m; + S = my+ S implies
that m; —my € S < Kerf so 0 = f(m; — my), then f(m,) = f(m;) and thus g
is well defined.

In addition to that g o m(m) = g(n(m)) = g(m + S) = f(m).

Suppose there exists another map h : M/S — N such that f = h o m which
implies A o 7 = g o  and since 7 is an epimorphism,

h(m + S) = h(n(m)) = g(x(m)) = g(m + S). Therefore h = g O

Theorem 1.1.3. Let N be a submodule of K, then there exists an epimorphism
f:M/N - M/K.

Proof. Define the map f: M/N — M/K as f(m+ N) =m+ K. Then suppose
that m; + N and ma+ N, so m; —~my € N < K implies that m; + K = my + K.
Hence the map is Properly defined. Surjectivity is straight forward. O

Theorem 1.1.4. (First Isomorphism Theorem) Let M and N be R—modules
and ¢ : M — N be a homomorphism, then M/Kerf = Im¢. In particular if ¢
is an epimorphism then M/Kerf = N

Proof. By 1.1.2, g : M/Kerf — N is monomorphism and so g :— Imd is an
isomorphism with the map ¢ : M — N. O

Theorem 1.1.5. (Second Isomorphism Theorem) Let M and N be R—modules
then (M + N)/N = M/(M N N).



Proof. Let’s definef : M — (M + N)/N as f(m) = m + N. Then clearly f
is an epimorphism. Kerf = me€ M |m e N = M N N. Therefore by 1.1.4,
(M + N)/IN=M/(MNN). d

Theorem 1.1.6. (Third Isomorphism Theorem) Let M and N be R—modules
and V be a submodule of both M and N, then (M/V)/(N/V) = M/N.

Proof. Define the epimorphism as in 1.1.3 f : M/V — M/N Then Kerf =
m+V |m € N = N/V. Therefore by 1.1.4 (M/V)/(N/V) = M/N. O

Modular Law will also be used in this thesis.

Lemma 1.1.7. (Modular Law) Let A, B and C be submodules of an R—module
M with B< C, then (A+ B)NC =(ANC)+ B. '

Proof. For any z from (A + B) N C, it can be represented as ¢ = a+b = ¢
for some a,b,c from A, B, C respectively. This implies ¢ = b — ¢. Since B < C,
a€C. Thus z =a+be (ANC) + B. Converse is straight forward. O

Definition 1.1.8. We say that a module M is ._ﬁnitely generated, if there is a
finite set F' = {zy,...,2,} where each {z;}(1 < i < n) is from M such that any
element z from M can be written as z = ryz;+...+ 7,2, where each r;(1 <7 < n)

is from R.

Definition 1.1.9. An R— module M is called free, if there is a basis {z;}icr-

That is every element m € M can be written uniquely as m = Zrixi where
el

r; € R (ie€l).

Proposition 1.1.10. Let f : M — N be a homomorphism and U be finitely

generated submodule of M. Then f(U) is a finitely generated submodule of N.

Proof. Let {uy, ..., u} be a spanning set for K and u’ € f(U). Then there exists
u—k € M, where u € U and k € Kerf such that f(u — k) = f(u) = v
Since u € U, we have u = rju; + ... + rpu,, foru; EUand r;, e R1 <1< n.



Therefore u' = f(u) = f(rius + ... + o) = f(r1) f(ur) + ... + f(r2) f(uw,). This
shows that v’ is a linear combination of {f(u1),...., f(uxn)}. Hence f(U) is finitely
generated. O

Corollary 1.1.11. If a module M is finitely generated then any factor module
of M is also finitely generated.

Proof. Let M/N be a factor module of M. Since M is finitely generated any
element of M can be written as m = rz; + ... + s, where {z1,...,2,} is a
spanning set for M. If we choose an element m + N from M/N then

m+ N = (riz1) + ... + (raz, + N). Therefore {z; + N, ...,z, + N} becomes a
spanning set for M/N. O

Deﬁhition 1.1.12. A submodule U of a module M is called mazimal if whenever

U < K < M for a submodule K then K =U or K = M.

Note:Maximal submodules are maximal elements in the set of all proper sub-

modules.

Theorem 1.1.13. Let M be an R—module and N be its submodule. For the
natural epimorphism ¢ : M — M/N, if B is a mazimal submodule in M/N then

¢~1(B) is also mazimal submodule in M.

Proof. Suppose that there exists a proper submodule K of M such that ¢~!(B) <
K. Then ¢(¢7*(B)) < ¢(K), since ¢ is an epimorphism B < ¢(K). By the
maximality of B, ¢(K) = M/N. This implies ¢ (¢(K)) = ¢"'(M/N) and
K+ Ker¢g = M. That is M = K. O

An arbitrary module need not have a maximal submodule, but for finitely

generated modules we have the following important result.

Theorem 1.1.14. If M is a finitely generated module, then for any submodule
N of M, there exists a mazimal submodule P of M such that N < P.



Proof. Denote the collection of all proper submodules of M containing N by T'.
Then I is not empty because N € I'. We may partially order I' by inclusion.
Let A be a non-empty chain of I'. Denote by Ny the union of all elements of A.
Then N < Ny, and it may be verified that Np is a submodule of M. Note this
verification uses the fact that A is totally ordered. Ny is a proper submodule of
M. Assume the contrary, and let {m;,...,m,} be a set of generators of M. Then
each m; belongs to Ny, therefore is contained in some member of A. So by total
ordering of A, there must be a member of A which contains every m;, i.e. which
is the whole of M, contradiction. Thus Ny € A. It follows by Zorn’s Lemma

that I contains a maximal member P. O

Corollary 1.1.15. For an R—module M, if M/N is finitely generated then N

is contained in a mazimal submodule of M.

Proof. By 1.1.12 M/N has a maximal submodule P/N. By 1.1.11, ¢~'(P/N) is

a maximal submodule containing N. d

1.2 Small Submodules

A submodule K of an R—module M is called superflous or small in M, written
K <« M, if, for every submodule L < M, the equality K + L = M implies
L=M.

The main properties of small submodules are given in the following Proposi-

tion.

Proposition 1.2.1. Let M be an R—module and N < M.

(1) N is small if and only if N + K # M for any proper submobule K of M.

(2)Let N be a small submodule of a module M, then any submodule of N is also
small in M .

T YORSER A&7 rvbiq pepmermy m
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(3)Let N be a module and A be a submodule of N. If A is small in N, then it is

small in any module containing N.
(4) Let X be small in A and Y small in B, then X +Y is small in A+ B.

(5) Let f : M — N be a homomorphism and let A be a submodule of M. If A is
small in M, then f(A) is small in f(M).

(6) Let K < L < M. Then L < M if and only if K < M and L/ K < M/K.
(7)) Li+Ly+...+ L, <M ifand only if L; K M(1 <1< n)

(8) If L is a direct summand of M, then K < L if and only if K < M.

Probf: (1) = Suppose that N + K = M then by definition..of small submodule
K=M.

< Assume that N + K = M but by the assumption this is true for jus‘t the case
K=M. '

(2) Let K < N and K + X = M.Then we get N + X = M. Since N is a small
submodule of M, it follows that X = M and this impliés K <« M.

(3) Let M be a module containing N and suppose that A+ X = M for some
submodule X of M. Then by the modular law, A+ (N N X) = N And since
AA iélsmall ‘in N, NNX = N.So N < X. Hence A < X. Therefore we get
X=A+X=M.

(4) Suppose that (X +Y)+ Z = A+ B where Z is a subgroup of A+ B. By
(3) X is small in A+ B and so we get Y + Z = A+ B. By (3) Y is also small in

A+ Bso Z=A+ B. Therefore X +Y is small in A+ B.

(5)Suppose that f(A)+ X = M with X < f(M). Then f~'(f(A)) + f~(X) =



FY(f(M)) = M and then A+ Ker f + f~}(X) = M implies A + f~'(X) = M.
Since A < M, f~'(X) = M and hence f(f~1(X)) = f(M) implying,
X NImf = f(M). Therefore X = f(M).

(6) = By (2) K « M. Suppose that L/K + X/K = M/K where X/K is a
submodule of M/K, then L + X = M and by the assumption X = M. That is
X/K = M/K.

< Let L+ X = M then (L+X)/K = M/K thatis L/K+(X+ K)/K = M/K.
So X + K = M and again by the assumption X = M.

(7) = By (2).

<= Let L1+L2++Ln+X = M. Since L1 ¢ M, L2+...+Ln+X=M,SO
in this way after n — 1 steps we will get L, + X = M, finally since L, < M, we
have X = M.

(8) = By (3)

< Let K+ X = L. Since L is a direct summand of M, there exists Lo < M such
that L&® Lo = M. So K + X + Ly = M then by the assumption X + Lo = M and
X®Lo = M. Therefore by modular law L = LN{X+Lo) = X+(LNLe) = X. O

1.3 The Radical

In the study of rings and modules, (Jacobson) radical plays an important role.

We present two equivalent definitions of the radical.

Theorem 1.3.1. Let M be an R—module. Then

RadM = ({K < M|K is mazimal in M} = {L < M|L is small in M}.



Proof. See Anderson & Fuller (1992) 9.13 O

The radical of a module M is defined as a sum (intersection) of all small

(maximal) submodules of M and denoted by RadM.

Proposition 1.3.2. Let {N;}icr be a family of submodules of M containing sub-
module K of M. Then we have

N/ E) = (| N:)/ K

i€l tel

Proof. (C) Let a+ K € Nier(N;/K) then a+ K € N;/K and a € N; forall: € I.

Therefore a + K € ((;c; Ni)/ K

(D) Straight forward. O

Proposition 1.3.3. The radical of the factor module M{RadM is equal to zero,
that is Ong/raam s the only small submodule of M|/ RadM .

Proof. Rad(M/RadM) is the intersection of all maximal submodules of M/ RadM.
Let {M;/RadM};c1 be the collection of all maximal submodules of M/RadM.
Then by the proposition above

((M:/RadM) = (| Mi)/ RedM = RadM/RadM = 0.
i€l el .

Many statements for a module M can be provided RadM < M, so we describe

a situation when it is true.

Proposition 1.3.4. If every proper submodule U of M is contained in a mazrimal

submodule then RadM < M.

Proof. Suppose that RadM + X = M for some proper submodule X of M. Then

X is contained in some maximal submodule P of M, but by the definition of
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RadM; RadM < P, so RadM + X = M < P. This is a contradiction. Therefore
X=M. O

This proposition together with 1.1.14 gives the following corollary.

Corollary 1.3.5. If M is finitely generated then RadM <« M

We are going to prove that the condition of 1.3.5 is satisfied for all semisimple

modules.

A submodule S of M is said to be simple, if it has no nontrivial proper submodule.
Theorem 1.3.6. For an R module M the following statements are equivalent:
(1) M is simple,

(2) M is generated by one of its nonzero elements,

(8) M =2 R/I, where I is a mazimal ideal of R.

Proof. See , Ribenboim(1967) pg:47 d

Theorem 1.3.7. For an R—module M, the followings are equivalent:
(1) M is the direct sum of a family of simple modules;

(2) M is generated by a family of simple submodules;

(3) Every submodule of M is a direct summand;

(4) Every factor module of M is a direct factor.

Proof. See , Ribenboim(1967) 4.8 O

Definition 1.3.8. A module M is semisimple if it satisfies the equivalent condi-

tions of the theorem above.

Proposition 1.3.9. If M is semisimple then every proper submodule of M is

contained in a mazimal submodule.
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Proof. Let .U be a submodule of M then by 1.3.7(3) U is a direct summand of
M. And M = U & (®;e1U;) for submodules U; of M with ¢ € I. Then the factor

module M/(U & (®ie1-;3Us)) is isomorphic to Uj. So, U @ (@ie1U;) is maximal
in M by 1.3.6 O

Corollary 1.3.10. For any semisimple module M, RadM = 0.

Proposition 1.3.11. For any f € Hom(M, N) f(RadM) < RadN

Proof. Let K be a small submodule of M. Then By 1.2.1(5) f(K) is a small
submodule of N. O

1.4 Coherent Modules

Definition 1.4.1. A sequence M of modules is a collection {M,,, f;}rez where

for each integer n, M, is a module and f, : M,, - M, is a homomorphism:

M:... — My, — M, —f"—> M, ., —— ...

It is said to be eract if Kerf, = Imf,4; for all n € Z.

Definition 1.4.2. An exact sequence of the form:

0 vy A—13s B2,

~
o

is called short ezact sequence.

Sometimes we need the condition on a module which is stronger than being

finitely generated.

Definition 1.4.3. A module M is called finitely presented if
(7) M is finitely generated and

(i) in every exact sequence 0 & K — L — M — 0, with L is finitely generated,

K is also finitely generated.
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Definition 1.4.4. A module M is called coherent if
(i) M is finitely generated and
(22) any finitely generated submodule of M is finitely presented.

Proposition 1.4.5. If M is coherent and and K, L are finitely generated sub-
modules of N, then K N L is finitely generated.

Proof. Let consider the external direct sum of submodules K and N
Ko N ={(k,n)lk € K, ne N}

and the homomorphisms f : KGN - K+ N,g: KNN — K & N which are
defined as f(k,n) = k+n, g(z) = (z,—z). Then the following sequence is exact:

0 —— KNN — 5 KoeN 25 K+N —— 0
Really, if (z, —z) € Img then f(z,—2z) = z + (—z) = 0 and if (k,n) € Kerf
then f(k,n) =k+n=0s0on=—kie (k,n)=(k —k) and sincen = —k € K,
ke KN N. So g(k) = (k,—k). Since M is coherent and K @ N and K + N are
finitely generated, K N N is finitely generated. d

1.5 Self-Projective Modules

Definition 1.5.1. P is called a projective R-module if for any epimorphism

f : A = B and homomorphism g : P — B, there exists a homomorphism
h: P — Asuch that g= foh.

Definition 1.5.2. Let M and P be R—modules. P is called M-projective if every

diagram with exact row

P

!

M 25 N 5 0

can be extended commutatively by a morphism h: P - M.

If P is P—projective, then P is called self-projective.
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Proposition 1.5.3. Let M be an R—module and let ( P)rex be an indexed set of
R—modules. Then @k Py is M-projective if and only if each Py is M—projective.

Proof. =: Let P = ®g P, be M—~projective and k € K and let f : M — B be
any epimorphism, g : P, — B a homomorphism and p; : P — P, 1y : P, — P.
Since P is M —projective, for the homomorphism g o p; : P — B, there exists
a homomorphism » : P — M such that go p, = f o h. Now let us define a
homomorphism e : P, — M, e = h o i;. In this case we get,

foe=fohoiy =goproiy,=gol, =g. Hence P, is M—projective.

<—: Let us consider the epimorphism f : M — B and the homomorphism g :
P — B. Since P is M —projective for all £ € K, then for the homomorphism
goz';;: P, — B there exists a homomorphism hy : P, — M such that goi; = foh;.
Now for any k € K there exists a homomorphism k : P — M such that Ay = hoiy.
So we get goty = fohr = fohou. Thereforeg = foh. Hence P = ®P; is
M —projective. - O

Proposition 1.5.4. Let U be an R module. If
0—+M - M- M*>—=0

s an exact sequence and U is M —projective, then U is projective relative to both
M?' and M?

Proof. See [3] 16.12 ‘ g

Note: If M is an R—module and U is a submodule of M, then the sequence
0—-U—>M— M/U — 0 is exact.
So from Proposition 1.5.4 we conclude that; if P is M-projective then P is pro-

jective reletive to all submodules of M.



CHAPTER TWO
WEAKLY COFINITELY SUPPLEMENTED MODULES

2.1 Weakly Supplemented Modules

Let M be an R-module. The supplement of a submodule N of M is defined as a
submodule L of M minimal with respect to N + L = M. This is equivalent to
N+ L=Mand NNL <« L. And we say that M is supplemented if every sub--
module has a supplement in M. Clearly semisimple modules are supplementéd.
A module M is called artinian if every strictly decreasing sequence of submodules
is finite. Every artinian module is supplemented. Really, if U is a submodule of
M then there is a submodule V of M such that U +V = M. Suppose there is a
submodule Vo of V with U + Vo = M, U + V4, = M and V; C V,...continuing in
this way we have.a descending chain of submodules V O Vg D V; D ... D V,...
But since M is artinian, this sequence is finite. Denote the module at the end

by V,,. Therefore V,, is a supplement of U in M.

More generally, a submodule N of M has a weak supplement Lin M if N+L =
M and NNL <« M, and M is called weakly supplemented if every submodule N
of M has a weak supplement.

Definition 2.1.1. A submodule K of M is called essential (or large) ,abbreviated
K < M in case for every submodule K < M, KN L = 0 implies L = 0. A

monomorphism f : K — M is said to be essential in case Imf I M.

Definition 2.1.2. Let N be a submodule of M. If N' < M is maximal with
respect to N N N’ = 0, then we say that N' is an M — complement of N.

14
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Proposition 2.1.3. For a proper submodule N < M, the following statements

are equivalent:

(1) M/N is semisimple;

(2) For every L < M there exist a submodule K < M such that L+ K = M and
LNnK < N;

(3) There exist a decomposition M = M; ® M, such that M is semisimple, N is

an essential submodule of M, and M,/N is semisimple.

Proof. (1) = (3) Let M; be a complement of N. M; = (M; ® N)/N is a direct
summand in M/N, hence semisimple and there is a semisimple submodule M, /N
such that (M; ®N)/N@®M;/N. Thus M = My+M; and MiNM, < NNM; =0
implies M = M; @& M, Since M; is a complement of N we have the natural
© + isomorphism N = (M; @ N)/M; < M/M,; = M, that N < M?2.

(3) = (1) Clear, since M/N = (M; & M,/N).
(1) = (2) Clear, since (L + N)/N is a direct summand in M/N

(2) = (1) Let L/N < M/N; then there exists a submodule K < M such that
L+K=Mand LNK < N. Thus L/N & (K + N)/N = M/N. Hence every
submodule of M/N is a direct summand. O

Definition 2.1.4. A module M is called a semilocal module if M/RadM is

semisimple.

Definition 2.1.5. We call N a small cover of a module M if there exist an

epimorphism f : N — M such that Kerf « N. Then f is called a small

epimorphism.

Proposition 2.1.6. If f : M — N is a small epimorphism and K is a small
submodule of N, then f~'(K) is a small submodule of M.



16

Proof. Since 0 € K, f~1(K) = f"Y(K)+ Kerf. Let f"Y(K)+ Kerf +X = M.
Since Kerf <« M weget f~(K)+X = M and f(f~YK))+f(X) = K+ f(X) =
f(M) = N and since K « N we get f(X) = N and so f~1(f(X)) = f~}(N).
Thus, X = M. a

Proposition 2.1.7. Assume M to be weakly supplemented. Then:

(1) M is semilocal;

(2) M = M, & M, with M, is semisimple, My semilocal and RadM is esential
in M; |

(3) Every factor module of M is weakly supplemented;

(4) Any small cover of M is weakly supplemented;

(5) Every supplement in M and every direct summand of M is weakly supple-

mented.

Proof. (1) Since M is weakly supplemented, for every L < M there exists a weak
supplement K < M such that L + K = M and L N K < RadM. Therefore by
2.1.3 M/RadM is semisimple i.e. M is semilocal.

(2) clear by 2.1.3

(3) Let f : M — N be an epimorphism and K < N, then f~'(K) has a weak
supplement L in M ie. fTH{K)+L=M and f"Y(K)NL

M. Thus f(f~(K) + f(L) = K + f(L) = (M) = N and f(f"(K) n f(L) <
K N f(L) < N. This shows that f(L) is a weak supplement of K in N.

(4) Let N be a small cover of M and f : N - M be a small epimorphism. Since
Kerf < N, f7YK) <« N for every K « M. Let L < N. Then f(L) has a
weak supplement X in M. Thus f~(f(L))+ f*(X) =L+ f~1(X) = N and
LN f(X) <« N. This irflplies f71(X) is a weak supplement of L in N.

(5) If N < M is a supplement in M, then N + K = M for some K < M and
KNN <« N.By (3), M/K = N/(N N K) is weakly supplemented and by (4),
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N is weakly supplemented. Direct summands are supplements and hence weakly

supplemented. O

Corollary 2.1.8. An R— module M with RadM = 0 is weakly supplemented if

and only if M is semisimple.

Proof. This follows by 2.1.7 (1). O

The following technical lemma is needed to show that every finite sum of

weakly supplemented modules is weakly supplemented.

Lemma 2.1.9. Let K and M; be submodules of an R—module M. Assume M,
is weakly supplemented and M, + K has a weak supplement in M. Then K has a

-~ weak supplement in M

Proof. By assumption M, + K has a weak supplement N < M,ie Mi+K+N =
M and (M; + K)N N < M. Since M; is weakly supplemented, (K + N) N M,
has a weak supplement L < M;. So
M=Mi+K+N=L+(K+N)NMi+K+N=K+L+N

and (K+ N)NL=[(K+N)nM}nL <K M. And
KN(L+N)<(K+L)NN+(K+N)NL<(K+M)NN+(K+N)NL < M.
Heﬁée N + L is a weak supplement of K in M O

Proposition 2.1.10. Let M = M, + M,, where My and M, are weakly supple-
mented, then M is weakly supplemented.

Proof. For every submodule N < M, M; +(M,+ N) has the trivial weak supple-
ment 0 and by 2.1.9 M; + N has a weak supplement in M. Applying the Lemma
2.1.9 again we get a weak supplement for N. O

Corollary 2.1.11. Every finite sum of weakly supplemented modules is weakly

. supplemented.
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2.2 Hollow Modules

Definition 2.2.1. A module M is said to be hollow if M # 0 and every proper
submodule is small in M. M is called local if it has exactly one maximal sub-

module that contains all proper submodules.

Clearly hollow modules are (weakly) supplemented. Really for any submodule
KofM,K+M=Mad KNM=N<K M.

Every simple module is hollow.

Every local module is hollow and so (weakly) supplemented.

.Proposition 2.2.2. The following statements are equivalent:

(1) M is local;
(2) M is hollow and cyclic (or finitely generated);
(3) M is hollow and RadM # M.

Proof. See Wisbauer (1991) 41.4 O

Définition 2.2.3. M is said to have finite hollow dimension if there exists an
epimorphism ¢ : M — @, H; where all the H; i(: = 1,...,n) are hollow and the
kernel of g is small in M. Then n is called the hollow dimension of M and we

write hdim(M) = n.

The relationship between the concepts "hollow dimension’ and ’weakly supple-

mented’ is expressed in the following theorem.
Theorem 2.2.4. Consider the following properties:
(1) M has finite hollow dimension;

(12) M is weakly supplemehted;

(731) M is semilocal.
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Then (3) = (11) = (411) holds. If RadM <« M then (iit) = (i) holds.
If M is finitely generated, then (ii1) = (z) holds.

Proof. (i) = (it) There is a small epimorphism f : M — @7, H; with hollow
modules H;. Since hollow modules are weakly supplemented we get by 2.1.11
@7, H; is weakly supplemented. Since f is a small epimorphism we get by

2.1.7(4) that M is weakly supplemented.

(i5) = (i4) By 2.1.7(1)

(7i1) = (it) If RadM < M, then this follows by 2.1.7(4)

(113) = (i) If M is finitely generated then RadM <« M and so, M is a small cover
of M/RadM which is a finite sum of simple (and therefore, hollow) modules.

Therefore M has a finite hollow dimension. O

2.3 Weakly Cofinitely Supplemented Modules

Definition 2.3.1. Let U < M. If M/U is finitely generated, then U is called

cofinite.

Definition 2.3.2. A module M is called weakly cofinitely supplemented if every

cofinite submodule of M has a weak supplement in M.

The following Lemma shows that without loss of generality weak supplements

of cofinite submodules can be regarded as finitely generated.

Lemma 2.3.3. Let M be a module and U a cofinite submodule of M. IfV is a

weak supplement of U in M, then U has a finitely generated weak supplement in
M contained in'V .
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Proof. MU 2 V[V NU so V/VNU is finitely generated. Let

VIiVNU ={z;+VnU,..,z,+ VNU}. We get

<A{z1,e0y 2} > +U =< {21,..0;2,} >+VNU+ U=V +U and

< A{z1y.e,zn} > NU <V NU « M. Therefore < {zi,...,z,} > is a finitely
generated weak supplement of U. O

Proposition 2.3.4. A homomorphic image of a weakly cofinitely supplemented

module is weakly cofinitely supplemented .

Proof. Let f : M — N be a homomorphism and M be a weakly cofinitely
supplemented module. Suppose that X is a cofinite submodule of f(M), then
M/f(X)= (M/Kerf)/(f 1 (X)/Kerf) with M/Kerf = f(M) and
FYX)/Kerf = X. Thus M/f~'(X) is finitely generated. Since M is weakly
cofinitely supplemented f~!(X) has a weak supplement U in M,

ie. FFAX)+U =M and fH(X)NU K M. So f(f~"(X))+ f(U) = f(M) and
since X is a submodule of f(M), f(f~*(X)) — X and so X + f(U) = M. Tn
addition to that f(f~1(X))Nf(U) K f(M) by 1.2.1

Therefore X N f(U) <« f(M). O

Corollary 2.3.5. Any factor module of a weakly cofinitely supplemented module
is weakly cofinitely supplemented .

Proof. Let M be a weakly cofinitely supplemented module. Consider the fac-
tor module M/N of M where N is a submodule of M. Consider the canonical
epimorphism 7 : M — M/N, then by Lemma 2.3.4 n#(M) = M/N is weakly
cofinitely supplemented . O

To prove that sums of weakly cofinitely supplemented module are weakly

cofinitely supplemented ‘we use the following standard lemma (Wisbauer (1991)
41.2).

Lemma 2.3.6. Let N and U be submodules of M with weakly cofinitely supple-
mented N and cofinite U. If N + U has a weak supplement in M, then U also

has a weak supplement in M.
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Proof. Let X be a weak supplement of N + U in M. Then we have
NINN(X+U) = (N+X+U)/INN(X+U)} = M/(X+U) = M/U/(X+U)/U.

The last term is finitely generated module, hence N N (X + U) has a weak
supplement Y in N i.e.

Y4+NN(X+U)=N, YONN(X+UV)=YN(X+U) <M.

Since

M=U+X+N=U+X+Y+NN(X+U)=U+X+Y,

Y is a weak supplement of U+ X in M. SinceY+U < N+U and Y+U+X = M,
X is a weak supplement of Y + U. Therefore UN(X +Y)< XN(Y +U)+Y N
(X+U) <« M. So X +Y is a weak supplement of U in M. O

Proposition 2.3.7. Arbitrary sum of weakly cofinitely supplemented modules is
a weakly cofinitely supplemented module.

Proof. Let M =), ; M; and let N be cofinite submodule of M. Then M/N has
a genérating set {z; + N,....,z. + N} so any z; with 7 € 1 can be expressed as
z; = M1 + Mg + ... + M) with each my, is from some M;, where i € I. Any
elément m+ N from M/N can be expressed as: m+ N = ryzy +.... + rnz, + N.
Som = ri(mn + ... + mls(‘l)) + oo ra(Mmar + o+ M) + N, where n € N.
Thus M = } .., M; + N with finite J = {11, ..., 15(1), 215 .-, Ns(n) } Let us write

M=) Mj+N=Mi+ » M+N.
jed jeJ—{11}
We know that Mj; is weakly cofinitely supplemented, and Mj;+) ses—qy Mi+N
has trivially weak supplement 0. Therefore by the Lemma 2.3.6 > jeI—{11} M;+N
has a weak supplement. Since J is finite by repeated use of the Lemma 2.3.6,

we deduce that N has a weak supplement. It follows that M is weakly cofinitely
supplemented. a

Definition 2.3.8. Let M be an R—module if there is an epimorphism
f:®M — N, then we say that N is M —generated.
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Corollary 2.3.9. If M is weakly cofinitely supplemented, then any M —generated
module is weakly cofinitely supplemented.

Proof. By 2.3.7 ®M is weakly cofinitely supplemented and by 2.3.4 the image of
the epimorphism f : ®M — N is weakly cofinitely supplemented O

Definition 2.3.10. A module M is called cofinitely supplemented if every cofinite
submodule of M has a supplement in M.

Clearly any cofinitely supplemented module is weakly cofinitely supplemented.

Now we study a situation when the converse is true.

Lemma 2.3.11. Let M be an R—module and U be a submodule of M such that
M/[U is finitely generated. If U has a weak supplement V in M and for every
finitely generated submodule K of V, RadK = K N RadM, then U has a ﬁnitely

generated supplement in M.

Proof. V is a weak supplement of U in M,1.e U4+ V =M and UNV « M.
Since M/U is finitely generated, by Lemma 2.3.3 U has a finitely generated
‘weak supplement K < Vin M, ie. M = U + K and UN K < M. Then
“UN K < RadM. Therefore UN K < K N RadM = RadK. But RadK < K by
" 1.35,s0 UNK « K, i.e. K is a supplement of U in M. ]

Theorem 2.3.12. Let M be an R—module such that for every finitely gener-
ated submodule K of M, RadN = N N RadM. Then M is weakly cofinitely
supplemented if and only if M is cofinitely supplemented.

Proof. = Let K be a cofinite submodule of M. Since M is weakly cofinitely
supplemented, K has a weak supplement N in M and by 2.3.3 we can assume N
is finitely generated submodule. Now we can write K+ N = M and KNN < M.
Since N is finitely generated by 1.3.5 RadN <« N and by hypothesis RadN =
NN RadM. Obviously KN N < NN RadM and so KN N < RadN <« N.
Therefore K N N < N and this implies that N.is a supplement for K. Hence M

is cofinitely supplemented.
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<= Clear, since every supplement is a weak supplement. O

Corollary 2.3.13. Let M be a finitely generated module such that for every
submodule N of M, RadN = NN RadM. Then M is @eakly supplemented if and
only if M is supplemented.

Proof. =: Let U be a submodule of M. Since M is finitely generated M/U is

also finitely generated and since RadN = N N RadM for every submodule N of
M, U has a supplement in M by 2.3.11.

«=: obvious. [

Proposition 2.3.14. Let M be an R—module and and M/RadM be weakly
cofinitely supplemented . Then every cofinite submodule of M/RadM is a di-

rect summand. -

Proof. Let K/RadM be a cofinite submodule M/RadM. Since M/RadM is
weakly cofinitely supplemented , K/RadM has a weak supplementL/RadM in
M/RadM i.e. K/RadM + L/RadM = M/RadM and K/RadM N L/RadM <
M/RadM. By 1.3.5 M/RadM doesn’t have nontrivial small submodule. There-
fore K/RadMNL/RadM = Opr/poam- Hence K/RadM is a direct summand. [

Theorem 2.3.15. Suppose M is an B—module with RadM <« M and M/RadM
is weakly cofinitely supplemented. Then M is weakly cofinitely supplemented .
Proof. Let U be a cofinite submodule of M. Then

M/(U + RadM) = (M/U)/((U + RadM)/U)
is finitely generated i.e. U + RadM is cofinite.
On the other hand

(M/RadM)/(U + RadM)/RadM = M/(U + RadM)
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is finitely generated and so (U + RadM)/RadM is a cofinite submodule of
M/RadM.

Since M/RadM is weakly cofinitely supplemented, (U + RadM)/RadM has a
weak supplement K/RadM in M/RadM i.e.

(U + RadM)/RadM + K/RadM = M/RadM and

(U + RadM)/RadM N K/RadM = (UN K + RadM)/RadM < M/RadM.
Now we get M = U + RadM + K = U + K. And since M/RadM has only the
trivial small submodule we get UN K + RadM = RadM, that is UNK < RadM
and since RadM <« M; U N K is also small in M. This shows that K is a weak
supplement of U in M. Hence M is weakly cofinitely supplemented. g

Theorem 2.3.16. Let M be an R—module with RadM <« M. Then the following

statements are equivalent.

(1) M is weakly cofinitely supplemented,

(2) M/RadM is weakly cofinitely supplemented,

(3) Every cofinite submodule of M/RadM is a direct summand,
(4) Every mazimal submodule of M/RadM is a direct summand,

(5) Every mazimal submodule of M has a weak supplement.

Proof. (1)-= (2) By 2.3.5
(2) = (3) By 2.3.14

(3) = (4) Maximal submodules are cofinite so by the assumption they are direct

summands.

(4) = (5) If K is a maximal submodule M then, K/RadM is maximal submod-
ule of M/RadM. So for a submodule L/ RadM we get K/RadM & L/ RadM and
K/RadM N L/RadM = (K N L)/RadM = Opr/peaps. Therefore K N L <
RadM <« M. It implies that L is a weak supplement of K.
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(5) = (4) Let N/RadM be a maximal submodule of M/RadM. Then N is max-
imal in M and so N+ K = M and NN K € M for a submodule K of M. So
N/RadM & (K + RadM)/RadM = M/RadM and
N/RadM N (K + RadM)/RadM = [N N (K 4+ RadM)|/RadM = Opr/Redm-
Hence N/RadM is a direct summand of M/RadM.

(4) = (3) Let N/RadM be a cofinite submodule of M/RadM and K/RadM be a
complement of N/RadM in M/RadM. Then N/RadM & K/RadM is essential
in M.

Suppose that N/RadM @& K/RadM # M]RadM, since there is an epimor-
phism f : (M/RadM)/(N/RadM) — (M/RadM)/(N/RadM & K/RadM),
(M /RadM)/(N/RadM @& K/RadM) is also finitely generated. Thus

N/RadM & K|RadM is contained in a maximal submodile P/RadM of M/RadM.
By the assumption P/RadM is a direct summand of M/RadM. So there ex-
ists a submodule L/RadM such that M/RadM = P/RadM & L/RadM. Then
(N/RadM @ K/RadM) N L/RadM = 0, and since N/RadM @ K/RadM is
essential in M/RadM, L/RadM = 0 contradiction.

(3) = (2) Let K/RadM be a cofinite submodule of M/RadM. By hypothe-
sis K/RadM is a direct summand i.e K/RadM & L/RadM for a submodule
L/RadM and so L/RadM is a weak supplement for K/RadM.

(2) = (1) By Theorem 2.3.12 0
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2.4 Weakly Finitely Supplemented Modules

Definition 2.4.1. Let M be a module. If every finitely generated submodule of
M has a weak supplement in M then M is called weakly finitely supplemented.

Lemma 2.4.2. Let M be a finitely generated module, My and U be finitely gen-
erated submodules and My be weakly finitely supplemented. If My +U has a weak

supplement X such that My N (X + U) is finitely generated, then U has a weak
supplement in M.

Proof. Let X be a weak supplement of My +U in M i.e. M} +U + X = M and
(Mi+U)NX « M. Min(U+ X) < M; and by the assumption M;N(U+X) is
finitely generated and M, is weakly finitely supplemented. So M;N(X +U) has a
weak supplement Y’ iﬁ M, that is, MiN(X+U)+Y = M, and Mlh‘(X—I—U)ﬂY =
(X+U)NY < M. _ o

Weget My +U+X = MiN(X+U)+Y+U+X =U+X+Y. And
UNX+Y)<U+Y)NX+U+X)NY S U+M)NX+U+X)NY < M.
This implies that X + Y is a weak supplement of U in M. O

Unfortunately a sum of weakly finitely supplemented modules need not be

~ weakly finitely supplemented, but we can prove the following proposition.

Proposition 2.4.3. Let M be an R—module and M = My + M;, with My, M,
finitely generated and weakly finitely supplemented. If either

(1) M is coherent, or

(12) M is self-projective and My N M = 0.
Then M is weakly finitely supplemented.

Proof. (i) Let U be any finitely generated submodule of M. Clearly M;+ M,+U
‘has the trivial weak supplement. Let consider the submodule M, N (M;+U +0).



27

If M is coherent, then by 1.4.5 M, N (M; + U + 0), as an intersection of finitely
generated submodules is finitely generated and by the lemma 2.4.2 M; + U has a
weak supplement X in M. By 2.3.3 we may consider X as a finitely generated
submodule of M.

Now M; N (X + U) is also finitely generated by 1.4.5 and again applying the

lemma 2.4.2 we can say U has a weak supplement in M.

(i2) If M is self-projective and M; N M, = 0, then
(My+U)/My0\ (M +U) 2 M/M, 2 M,

is M-projective by 1.5.3 and by 1.5.4 (M; + U)-projective. Now we can say
M, 0 (M; +U) is a direct summand of M, and so finitely generated. Hence by
the lemma 2.4.2 My + U has a weak supplement X in M. By 2.3.3 we may
consider X as a finitely generated submodule of M.
Now

(X+U)/MiN(X+U)= (M + X +U)/M; = M/M, = M,

is M-projective by 1.5.3 and by 1.5.4 (X + U)-projective. So My N (X +U) is a
direct summana of M; and so finitely generated. Therefore by the lemma 2.4.2
U has a weak supplement. And this completes the proof. a

Proposition 2.4.4. If M is weakly finitely supplemented and L is a finitely
generated submodule of M, then ML is weakly finitely supplemented.

Proof. Let K/L be a finitely generated submodule of M/L and

K/L = {ky+ L,....,k, + L}. By the assumption L is also finitely generated, say
L={l,....,ln}. Soweget K=<{ky,...kn} >+L =< {k1, ... kn, 1y, Im} >
Since M is weakly finitely supplemented, K has a weak supplement N in M.
That is K+ N=M and KNN < M.

So we can write K/L + (N+ L)/L = (K + N)/L = M/L and
[K/LN(N+L)]/L = KnN(N+L)/L = (KNN+L)/L, this is the homomorphic
image of K ON under the canonical homomorphism 7 : M — M/L. Since KNN
is small, by 1.2.1 it follows that 7(K N N) = (KN N + L)/L is small in M/L.
Therefore M/ L is weakly finitely supplemented. O
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Corollary 2.4.5. Let M be weakly finitely supplemented and finitely generated
and M —projective or coherent. Then for any finitely generated submodule of
K < M"™, with n € N, the factor module M™ /K is weakly finitely supplemented.

Proof. By 2.4.3 M™ is weakly finitely supplemented and by 2.44 M"/K is
weakly finitely supplemented. O

Proposition 2.4.6. Let M be a weakly finitely supplemented module. Then any
small cover of M is weakly finitely supplemented.

Proof. Let N be a small cover of M i.e.there is an epimorphism f : N — M with
Kerf <« N, and let K be a finitely generated submodule of N. Then by 1.1.10
f(K) is also finitely generated and so it has a weak supplement L in M i.e.
f(K)+L=M and f(K)NL < M.

Now, K + f~Y(L) = f~Y(f(K)) + f~Y(L) = f~(M) = N and by 2.1.6

KN f~Y(L) < N. This implies that f~*(L) is a weak supplement of K in N.
Therefore N is weakly finitely supplemented. a

Corollary 2.4.7. If L €« M and M/L is weakly finitely supplemented then M
s weakly finitely supplemented.

Proof. Consider the epimorphism f : M — M/L. Then Kerf = L <« M so
M is a small cover of M/L and so by proposition above M is weakly finitely
supplemented. O

To give an example of a weakly finitely supplemented module which are not

weakly supplemented we will consider Von Neumann regular ring.

Definition 2.4.8. R is called Von Neumann regular ring if for all a € R there

exists z € R such that aza = a.

For simplicity we shall refer to these rings as regular rings.
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Theorem 2.4.9. The following statements are equivalent:

(1) R is a regular ring;

(2) Every principal ideal Ra is generated by an idempotent;

(3) For every principal ideal Ra of R, there ezists b € R such that R = Ra @ Rb;
(4) Every principal ideal Ra is a direct summand of R;

(5) Every finitely generated ideal is a direct summand.

Proof. See , Ribenboim(1967) Chapter III 3.16. O

Theorem 2.4.10. The Radical of a regular ring is equal to zero.

Proof. See , Ribenboim(1967) Chapter III O

Proposition 2.4.11. Regular ring which is not semisimple is weakly finitely

supplemented but not weakly supplemented.

Proof. Let N be a finitely generated ideal of B. By 2.4.9(5) N is a direct
summand i.e. R=N® K and KN N =0 < R for an ideal K of R. This shows
that K is a weak supplement of N. Therefore R is weakly finitely supplemented.
Now suppose that R is weakly supplemented and let L be any ideal of R. Then
L+ K = M and LN K K R for some K < R. By the theorem aboveRadRR =0
and so LN K = 0. It follows that L is a direct summand. And by 1.3.7 R is

semisimple, contradiction. O
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