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ABSTRACT

NEAR-FIELD INTER-COUPLED CELL-LESS
METASURFACE FABRICS AND THEIR
APPLICATIONS

Hiiseyin Bilge Yagci
M.S. in Electrical and Electronics Engineering
Advisor: Hilmi Volkan Demir
July 2021

Metasurfaces are subwavelength-thick artificial structures with engineered re-
sponses, designed to provide functionalities that do not exist in the natural do-
main. Their application areas are broad and vary in both functionality and
operation regime. Across all functionalities and regimes, the fundamental pur-
pose behind the metasurfaces is to manipulate the surrounding electromagnetic
landscape to form devices with superior sensitivity and efficiency. With conven-
tional design routines and available high-index materials, this was achieved across
longer wavelengths in the past decade. However, the lack of suitable materials in
the higher frequencies limit the design space for the mainstream approaches that
discretize the phase surface with the help of independent nanostructures, dubbed
as “meta-cells” or alternatively “meta-atoms”. With increasing frequencies, the
discrepancy between a smoothly-changing effective index surface and a discretized
step-index surface increase, resulting in unwanted scattering. Additionally, the
methodology behind the uncoupled scatterers break up as the meta-atoms act
collectively in sufficiently small scales, resulting in topology-induced errors in the
generated phase response. In this thesis, a new class of highly efficient meta-
surfaces relying on the near-field coupling of identical scatterers in a continuous
fabric is proposed. Contrary to the conventional approach, which sees the inter-
cell coupling as phase distortions, our proposed methodology utilizes near-field
coupling between the nearest neighbors, enabling lattice generation schemes ap-
plicable at broad scales that are insusceptible to topological errors. Owing to
these, this methodology offers opportunities in further miniaturization of optical
consumer products. One of the functionalities high in demand from metasurfaces
is efficient and achromatic focusing with compact devices in the visible range, core
to contact lenses and smartphone cameras. However, the examples in the litera-
ture are not sufficient in terms of either broadband performance or efficiency. Our
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proposed phase acquisition scheme effectively eliminates inhomogeneous scatter-
ing while reducing the design procedure to the tiling of the phase surface, subject
to a function of the nearest-neighbor distances. Here, with this methodology,
one cylindrical and one circular achromatic metasurface lenses (metalenses) with
near-diffraction-limit focusing operating across the whole visible spectrum are
demonstrated as a proof of concept. The validity of the utilized approach is con-
firmed via both waveguide solutions and full electromagnetic computations. Both
structures proved to be highly efficient, with the cylindrical one having superior
efficiency in its preferred polarization, whereas the circular one is highly efficient
while operating independent of polarization. These findings prove the applicabil-
ity of our near-field inter-coupled cell-less metasurface fabrics as a compact and
efficient optical device generation framework.

Keywords: metasurface, metastructure, near-field coupling, field enhancement.



OZET

YAKIN-ALAN KOMSU-BAGLASIMLI HUCRESIZ
METAYUZEY DOKU VE UYGULAMALARI

Hiiseyin Bilge Yagc
Elektrik ve Elektronik Miihendisligi, Yiksek Lisans
Tez Danigmani: Hilmi Volkan Demir
Temmuz 2021

Metaytizeyler, dogal alanda mevcut olmayan, istege bagh islevsellikleri
gerceklemek igin tasarlanmig, dalgaboyu-alt1 kalinliginda yapay yapilardir. Hem
islevsellik hem de calisma araliklar1 bakimindan farklhihik gosterebilirler ve
buna dayali olarak genis bir uygulama alaninda tasarlanmaya elveriglidirler.
Iglevsellikleri ve calisma araliklar fark etmeksizin metayiizeylerin arkasindaki
temel amac, tustin hassasiyet ve verimlilige sahip cihazlar olugturmak igin
cevreleyen elektromanyetik manzarayi iglemektir. Geleneksel tasarim rutin-
leri ve mevcut yiiksek indeksli malzemelerle bu, gectigimiz on yilda uzun dal-
gaboyu limitinde elde edilmistir. Bununla birlikte, daha yiiksek frekanslarda
uygun oOzelliklere sahip dogal malzemelerin olmamasi, talep edilen faz ceph-
esinin birbirinden bagimsiz olarak olugturulmug “meta-hiicreler” veya alternatif
olarak “meta-atomlar” olarak adlandirilan nanoyapilar tarafindan 6rneklenmesini
prensip edinmis ana akim yaklagimlar igin tasarim alanii simirlar.  Artan
frekanslarla, ideal olarak ulagilmaya caligilan kesintisiz-degisimli etkin kiricilik
indisi ylizeyi ile ayrik noktalarda orneklenmig basamakli-degisen indis yiizeyi
arasindaki tutarsizlik artar ve istenmeyen sacilmalara sebebiyet verir. Ek
olarak, tasarimlarda kullanilan olgeklerin kiigiilmesi ile, istenen ylizeylerin
olusumu i¢in kullanilan meta-atomlarin birbirlerinden bagimsiz cevaplara sahip
olmasina dayanan tasarim yontemleri gegerliliklerini kaybetmekte ve tiretilen faz
yizeylerinde olugan orgiisel kaynakli hatalar giderilememektedir. Bu tezde, yeni
bir metayiizey sinifi olarak kesintisiz bir doku olarak tasarlanmis 6zdeg sagicilarin
yakin alan baglasimina dayanan yiiksek verimli meta-yiizeyler onerilmistir.
Hiicreler aras1 etkilegsmeleri faz bozunumu olarak goren geleneksel yaklagimin ak-
sine, 6nerdigimiz metodoloji en yakin komsular arasinda yakin alan baglagimim
kullanir ve topolojik hatalara kargi duyarsiz, genis olceklerde uygulanabilir

orgii olugturma gemalarini miimkiin kilar. Bu o6zellikleri sayesinde, onerdigimiz
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metodoloji optik tiiketim iirtinlerinin daha da kiigiiltiilmesine yonelik firsatlar
sunar. Kontakt lens ve akilli telefon kameralar: gibi ticarilegtirmeye yatkin alan-
larda yiiksek talep goren ve meta-yiizeylerle yaratilmaya calisilan iglevlerden biri,
goriiniir dalgaboylarinda verimli ve akromatik odaklamadir. Ancak literatiirdeki
ornekler ne genig bant performansi ne de verimlilik agisindan yeterli degildir.
Onerdigimiz faz edinim yaklagimimiz homojen olmayan sacilmalari etkin bir
sekilde ortadan kaldirirken, istenilen islevselligin tasarim prosediiriinii, kesinti-
siz bir dokudaki yakin-komsu uzakliklarini gereken faz yiizeyine gore belirlem-
eye indirgemektedir. Burada, onerdigimiz metodoloji ile tasarladigimiz, tim
gortintir spektrum boyunca caligan, kirmmim-simirina-yakin odaklanmaya sahip
bir silindirik ve bir dairesel akromatik metayiizey lens (metalens), érnek uygu-
lama ve yaklagimin gecerliliginin kanit1 olarak ortaya c¢ikarilmigtir. Kullanilan
yaklasimin gecerliligi hem dalga kilavuzu ¢oziimleri hem de tam elektromanyetik
hesaplamalar ile dogrulanmistir. Tasarlanan iki yapinin da tistiin verimlige sahip
olduklar1 goriiliirken, dairesel metalensimiz polarizasyondan bagimsiz bir sekilde,
silindirik metalens tasarimimiz ise tasarim polarizasyonunda artirilmig olarak
istiin verimlilige sahiptir. Bu bulgular, yakin-alan komsu-baglagimli hiicresiz
metayiizey dokularimizin bir kii¢iiltiilmis ve verimli optik cihaz olugturma taslagi
olarak uygulanabilirligini kanitlamaktadir.

Anahtar sozciikler: metaytizey, metayapi, yakin-alan baglagimi, alan kuvvetlendirme.
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Chapter 1

Introduction

Light is the cornerstone of our lives. Primates and mankind are among the most
capable species in the animal kingdom when it comes to vision [3, 4] - arguably as
a consequence of co-evolution with venomous snakes [5]. Unsurprisingly, optics
has been the difference maker in the advance of humankind, as a key driving
force of technology and a propagator of exploration on our world simultaneously.
Optics brought the ability to navigate in the seas, observe faraway galaxies and
broadband global communication. The consumer products also benefited from
these advancements: spectacles, portable cameras and CD/DVD memory are
among the most influential optical inventions. The last decade saw the widespread
use of smartphones and Internet of Things (IoT) - an exponential increase in
portable sensors that can see, hear, compute, and communicate across the globe.
This was made possible with scaling of electronic components in accordance with

Moore’s law, as well as the availability of small-scale sensors.

The optical components, in a general sense, are information-processing ele-
ments. Light having a certain wavelength (energy), direction and polarization
enters an optical component, and leaves with some alterations. Linear optical
components such as polarizers, beamsplitters, lenses and birefringent crystals
transform the three fundamental properties of the incoming light and/or mod-

ulate its total intensity. With the aid of these, optical setups with lenses and



masks enabled the civilization to calculate Fourier-domain representations and

perform advanced filtering before the advent of modern computational tools.

With the advancement in fabrication processes, there has been an increasing
incentive to miniaturize the optical components and adjust their manufactur-
ing processes to be compatible with the silicon industry, which resulted in much
more compact, low-cost and accessible optical components. This is due to scalable
nature of processing technology. The miniaturization of optical devices (along-
side an already-miniaturized micro-electro-mechanical systems) also contributed
to the development of biomedical devices and fiber communication components;
surgical lasers and optical communication technologies would not have been im-

plemented without miniaturization.

Another crucial development in optical domain is the realization of metama-
terials, also alternatively known as metastructures. Metamaterials concept was
a theoretical framework that followed the postulate on negative-index-materials
by Veselago [6]. The intellectual background for the metamaterials concept is
based on the manipulation of the electromagnetic field to mimic a material with
desired functionality. This was previously achieved mainly via photonic crystals,
which are useful for imposing topological constraints on the optical response of
the materials. Following Sir John Pendry’s work on perfect lensing and cloaking
[7, 8], metamaterials have gained widespread attention. However, due to their

three-dimensional nature, metamaterials were challenging to fabricate.

The final breakthrough was the creation of the metasurface framework. Rather
than imposing phase differential due to propagation in bulk metamaterials, meta-
surfaces utilized small-scale local “phase injections” at the surface level. Tradi-
tionally, metasurfaces are defined as subwavelength-thick versions of metamate-
rials, analogous in operation (with some differences) but much more compact
and scalable - although the limitation on thickness is not strict. Having sub-
wavelength features, they can be used for mimicking a desired functional mate-
rial in the far-field region. However, metasurfaces can also be used for creating
field confinement in a near-field regime. Last ten years of scientific progress took

the metasurfaces from niche constructs [9, 10, 11, 12] to competent functional



devices [13, 14, 15, 16, 17, 18]. The “metasurface” concept now resonates with
generalized use of widely different mechanisms, with the common feature of ma-
nipulation of light in a subwavelength scale [19, 20, 21] - resulting in the birth of
the meta-optics field. Initial metasurface applications can be viewed as an exten-
sion of the phased array concept in millimeter-wave field [22] to higher frequency
bands. To construct phase surfaces, Pancharatnam-Berry phase was widely used
initially [23, 24]. This was a scheme with applicable to broadband design, but
with fundamentally polarization-sensitive operation. Another approach was res-
onance tuning, including plasmonic structures due to their strong field-enhancing
capabilities. Initial designs with plasmonic rods were able to provide only one
dipolar resonance, which allows for 7 phase shift at most; as a result, these de-
signs needed to be operated strictly in reflection mode for full phase control. The
phase reach was later extended to 27 with the help of V-antennas capable of
supporting two orthogonal modes, sufficient to attain full phase control in trans-
mission mode over the resonance [25, 26]. However, these approaches suffered
from an efficiency viewpoint, especially towards visible region, due to the inher-
ent Ohmic losses. Ultimately, the transmission losses were suppressed with the
use of dielectric structures supporting Mie resonances instead of plasmonic ele-
ments [27, 28]. The use of dielectric elements has also brought about other phase
acquisition mechanisms for transmissive optics to the foreground. Additionally,
the phase accumulation via guiding was made possible, enabling arbitrarily large
phase differentials subject to the aspect ratio limitations in the fabrication pro-

cesses [13, 29].

Metasurfaces, being diffractive elements, produce their output as an interfer-
ence pattern of numerous surface waves exiting numerous meta-atoms, a set of
discrete unit cells that are repeated to create a desired phase profile at discrete
points across the surface. As the meta-atom efficiencies increased with the use of
lossless materials, a fundamental problem became more prominent: the coupling
of optical wave to the desired diffractive order. This problem has its roots in the
generation of the library of distinct meta-atoms. To prevent unwanted scattering

coming from the necessarily inhomogeneous placement of different meta-atoms,



the meta-atom designs are subject to periodicity and cell-to-cell uncoupling con-
straints as a convention. Most of the time, these constraints pose a trade-off
between interactivity (closely related to functional efficiency) and the purity of
steered beam. Highly pure and highly efficient beam-steering was achieved with
resonance-tuning approaches, but at the cost of their spectral band of operation
[16], which is too narrow. Broadband and efficient metasurfaces operating in the

visible region have been thus far lacking.

In this thesis work, to achieve achromatic and highly efficient transmissive
optical devices, we present an alternative phase accumulation mechanism that
does not require uncoupled operation, enabling continuous sampling of required
phase profile and increased functional efficiency. Using identical nanopillars with
waveguiding capabilities, here we show how to generate such phase surfaces by
tuning the near-field coupling between neighboring elements. Here we also uti-
lized optimization methods to construct the irregular lattices that incorporate the
required functionality. As proof-of-concept demonstrations, we designed differ-
ent metasurfaces operating in the visible region with various functionalities and

compared their performance with previous works in the literature.

The thesis contains 4 chapters. In Chapter 2, we provide some background in-
formation on metasurfaces, presenting different phase accumulation mechanisms
and comparing them in terms of their capabilities and application areas with
relevant works in the literature. Afterwards, we present a toy-model phase accu-
mulation mechanism, and justify our model with analytical tools such as homog-

enization theory and coupled-mode theory.

In Chapter 3, we computationally explore the capabilities of our phase genera-
tion mechanism in MODE Waveguide Simulator and FDTD Nanophotonic Sim-
ulator. The physics of our proposed cell-less metasurface construction method-
ology is also explained here. Later, we present methodologies for the generation
of achromatic phase differential generation schemes. Based on thee presented
schemes, we propose proof-of-concept designs for achromatic focusing in visible
region. Two achromatic metalens designs, one cylindrical and one circular, are

constructed from the generated library of phase elements. An algorithmic tiling

4



method utilizing optimization methods, used for construction of the required ir-
regular lattices of nanopillars, is then presented. The validations of the individual
designs are performed via full electromagnetic computations in ANSYS Lumerical
FDTD Nanophotonics Simulator. Finally, the simulation results are presented,

and compared with the previous works in the literature.

In Chapter 4, the conclusion of this thesis is presented and the potential re-
alization schemes, along with the future reach of the presented meta-atomless-

metasurface concept are provided.



Chapter 2

Overview of phase accumulation

mechanisms for metasurfaces

Starting from the examples in phased arrays to the sophisticated multi-functional
optical metasurfaces of today, the key role of phase differential across the device
plane is fundamental. This is motivated by Huygens’ principle: any point on a
surface acts as a secondary source dependent on the incident local electromagnetic
field, and contribute to collectively producing the next wavefront as the interfer-
ence pattern of emissions from all the points on the surface. In phased arrays,
the local sources are directly controlled by the ability to impose arbitrary phase
on the current fed to the antenna. This is not the case for most of frequency-
selective-surfaces in general, as the ability to directly control the primary source
is not always possible. However, for source-free or passive operation, the electro-
magnetic response of the local constituents forms the secondary source. Initial
examples for generating the aforementioned proxy sources are metal patches of

various forms such as split-ring resonators on dielectric substrates.



2.1 Resonance tuning

The imparted phase range heavily depends on the geometrical qualities of the con-
struct, as the secondary sources are actually generated from the multipole moment
response of the structures. This is the so-called resonance-tuning approach. At
the resonance, which is usually the designed regime of operation, the electromag-
netic energy is confined to and interacts strongly with the metastructure. The
higher the quality factor of the resonator, the higher interactivity becomes and the
narrower the interaction in terms of operation regime and geometry manifests.
Consequently, resonance-tuning approaches produce the extremes in efficiency,
directionality, or sensitivity in narrow bands. Designs with plasmonic discs and
V-antennas, as well as gap resonators such as metal-insulator-metal structures as
meta-atom library elements can be found in the literature. For dielectric designs,
spheres and cylinders, initially as a monomer but lately in dimer and oligomer

formations are used for the creation and tuning of various resonances.

2.2 Pancharatnam-Berry phase

Polarization is a fundamental property of the light. Processes such as free-space
propagation or reflection from a boundary have system-dependent eigenstates.
For propagation in an isotropic optical crystal, the polarization states are isotropic
and as a result, any polarization state is preserved throughout the propagation.
Propagation in a birefringent crystal is a system where the anisotropic nature
of the crystal shows itself in the polarization eigenstates. The polarization of
the system is preserved only if the initial polarization is parallel to the fast or
slow axis of the crystal - which are the eigenstates. For the other polarizations,
different polarization states experience phase difference as the wave propagates,

which results in birefringence.

Pancharatnam-Berry (PB) phase, also known as geometric phase, is the phe-

nomenon where a system going through a cyclic adiabatic process experiences a



phase shift dependent on the state change of its Hamiltonian. Pancharatnam ex-
plored the phenomenon in 1956 on optical crystals and linked the phase difference
to the solid angle covered by the path taken by the light on the Poincare sphere.
The geometrical phase was later generalized to quantum systems by Berry. It
was also shown that the state change need not to be slow - state changes as light

passes through a thin membrane obey the same equations.

The state changes can be represented by Jones calculus:

1
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2

where T expresses the transmitted wave, ¢, | denote the eigenstates of the system,
and 6 is the angular orientation of the system with respect to a fixed reference. 7
depend on the system in question, and include the polarization- and frequency-
dependent coupling coefficients to the eigenstates. PB phase is expressed as the

matrix in the second term.

From (2.1), we can notice some characteristics of PB phase. First, if the
coupling coefficients and eigenstates are independent of frequency, then PB phase
gives an achromatic phase term to the component with cross-coupling. The first
term can be minimized by including a half-wave plate to the system. As a result,
the phase term can appear purely in the transmitted state. Second, we see that
the interactivity of the general system is at most 25%, if only one polarity of the
phase is concerned. To see this, note that half of the incident wave goes through
the system unperturbed, whereas half of it is coupled to cross-polarized term and
acummulates the PB phase. Third, it is easy to see that the exit state is dependent
on the incident polarization. If the system is fed by different eigenstates, they will
experience phases with opposite signs, i.e., one of them having a phase advance
and the other having a phase delay. As the contribution of distinct polarization
eigenstates depend on the projection of the incoming polarization state to the

system eigenstates, the response will be polarization-dependent.



2.3 Waveguiding phase

Light obeys Fermat’s principle as it travels with respect to minimizing the total
optical path. Beam shaping and steering are achieved in bulk optical components
with the precise shaping of height profile or propagation distance. As the optical
path depends on both the propagation distance and the refractive index of the
medium, it is also possible to play with the local refractive index to impose a
phase differential across the device plane. Initial approaches in this front were
simplistic models with local effective indices approximated dependent on the vol-
umetric average of the constituting materials in the meta-atoms. However, these
approaches break down if one goes out of the limits of the homogenization theo-
rem, i.e., the scales of the particles approach and exceed the wavelength. Thus, for
designs with fill-factor-tuning approaches, the phase differential that is achievable

within the regions of approximation of the simple model was limited.

Outside of these bounds, the waveguiding approach is more convenient to use.
As the wave propagates in a waveguide, it behaves as if it is propagating in
an infinite extent effective medium. Particle-like behavior such as the finiteness
in propagation direction, as well as multipole-induced radiation can be lumped
together and modelled as radiation modes of the waveguide. For a given guided

mode,

O(z) =z = nefoTwz (2.2)
where ® is the phase accumulated due to propagation in the waveguide, 3 is
the A-dependent propagation constant and z is the propagation distance. A
given initial wave, upon being incident to the waveguide, couples to its discrete
guided modes and a continuum of radiation modes (leaky modes). The coupling
coefficients to individual waveguide modes can be found by taking an overlap
integral between the initial wave and the specific mode. The radiation and guiding
modes form an orthogonal basis and the coupling coefficients are sufficient to
describe the propagation of the energy alongside the waveguide. At the exit
planes of the waveguide, the finiteness presents spatial transients that contribute

to the radiation modes.



The propagation phase provided by the waveguide is dependent on the so-
lutions to the wave equation in the waveguide. Dependent on the geometry of
the waveguide and the spectrum, multiple guiding modes may exist with vary-
ing propagation constants. Anisotropy in waveguide cross-section shows itself
as mode splitting. Also, a given waveguide mode has dispersion - the guided
mode starts as mostly propagating in the low-index medium, and with increasing
frequency, is further confined to the regions of higher index. At the frequency
extrema, the waveguide dispersion is negligible as it approximates a uniform

medium.

In [29], it was shown that meta-structures composed of finite cylinders can be
modelled as circular dielectric waveguides. The circular waveguides were operated
outside of their resonances, and within the bounds of single-mode operation. By
tuning the radii of the individual waveguides, the authors were able to achieve
broadband polarization-independent operation between A = 4.2 pm and 4.64.2 pm
. However, the same approach is not sufficient for the visible wavelengths. Below,

we explain the reasons with the help of theoretical analysis. [30]

Circular waveguides can be analyzed by solving the boundary conditions for

Maxwell’s equations. Imagine a circular fiber with an index distribution such as:

Nenv = V/ €env) r>a

n(p) =
Neore = \/ €core = Nenvy T <a

where p is the radial coordinate, a is the radius of the waveguide core, and n¢ore env
are the refractive indices of core and environment, respectively. All the materials
are assumed to be non-magnetic. Cladding is not taken into account and the
fiber is modelled as a bare infinite core in the environment. As the profiles are
step-index, the general vector wave equations simplify to scalar wave equations

for this problem, which are much easier to understand and solve.

As the wave travels in the waveguide, its energy is partially confined in the
core, the rest of the wave travels in the environment. Since the wave cannot travel
with two different group velocities in the two dielectric media it is confined to,

it attains an intermediate group velocity. This condition sets a boundary to the
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propagation constant ( as 2; Neny < B < 3 ncore Also, the boundary between
two mediums should obey Maxwell’s equations, thus the tangential fields along
the boundary should approach to the same values as one approaches from the
core or the environment. For a medium of constant cross-section, the solutions
to the wave equations should have variations in the transverse direction, but only
a phase factor in the longitudinal direction due to propagation. It is well-known
that all the components of electric and magnetic fields for propagating plane
waves can be expressed in terms of their E- and H-field components along z. In

cylindrical coordinates of (r, ¢, z), these relations read

i 8E 1(9H

E, = 2 ( A ) (2.3)
1 10E,

fum (51080 »
i 0H,

g K2 ( or “ gb ) (2:5)

1 1(3H

where k2 = k* — 8% and k = w. /e = kon. For ray optics purposes, 3, and
k form a Pythagorean triple defining the angle of the wave with respect to Z.
The wave equation in the cylindrical coordinates, when expressed in terms of the

longitudinal field components, also read

O’E, 10E, 1 0°E, 9
- - E, = 2.
or? + r or + r2 0¢? h 0 (27)

O*H, L 10H, 10°H

Z - 2H, =0 2.8
or?2  r or +r2 0¢? T (2.8)
Assuming functional form of ¥ = R(r)exp™? exp@ =72 for the longitudinal
fields, we obtain the differential equation
d*R  1dR , VP
2T —_\R=0 2.9
dr? +rdr +(K 7“2) (29)

The solutions to this differential equation is Bessel functions with integer order
v to satisfy periodicity of 27. Two independent solutions exist, with a plethora
of different conventions across the optical waveguide community. We are going

to follow Marcuse’s notation [31] and use Bessel function of the first kind J, (kr)
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for » — 0 and Hankel function of the first kind Hﬁl)(m“) for r — oo. J, always
remains finite, whereas H,Sl) diverges as » = 0 and approximates a travelling
wave propagating towards —r as r increases - an incoming wave from infinity.
For imaginary arguments, ngl)(z"yr) approximates exponential decay with exp™"
in the large argument limit. With these longitudinal solutions the complete field

components can be constructed from J, in the core and H, ,51) in the environment.

For r < a,

E. = AJ,(kr) exp™?® (2.10)
H, = BJ,(xkr)exp™?® (2.11)
E, = —F% [BI{AJ;(I{T‘) + iw,uO;BJy(m“)} exp™? (2.12)
E, = —%2 [iﬁ;AJy(/@r) — KW,LL()BJ;(RT)] exp™? (2.13)
H, = —%2 [—iwecom;AJy(fiT) + /ﬁﬁBJ;(m“)} exp™? (2.14)
Hy= _ﬁ% [mwecoreAJ;(/fr) + iﬁ;BJ,,(m")] exp™? (2.15)

and for r > a
E. = CHW (iyr) exp™? (2.16)
H. = DHW (iyr) exp™? (2.17)
E, = —% [BVCHS)'(MT) + wuogDHﬁl)(ivr)} exp™? (2.18)
By =~ [BLOH0 () — oD I )| ™ (219
H, = —% [—weem;CHlEl)(ivr) + wDH,SU’(m)} exp®  (2.20)
Hy = —% [7w6€mC’Hl(,1)l(i7r) + B;DHIEI)(MT)] exp™? (2.21)

with the decay constant v2 = 3% — n? k2. The solutions to the wave equations
also need to satisfy the boundary conditions. Since the system is source-free,
the boundary conditions correspond to the equivalence of tangential fields at the
surface r = a, ie., E,, H,, E4, Hy should be continuous at the boundary. By

equating the corresponding field components across the boundary, we reach the
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solutions via
e 0V’ Jy(a)  HM(iva)\ ((ay® Jy(ka) | HY'(iva)
5 +1rya—Fr——— wa—gy—— | =
Nny K Ju(ka) H, (iva) K Jy(ka) H,” (iva)
2 2
[y<@ﬂ2—1)5%”mﬂ (2.22)

2 2
Neny K

with
Jy(ka)

¢_D_ Jisa) (2.23)
A B Hiva)

where A and B denote the field amplitudes for longitudinal E- and H- fields,
respectively. For arbitrary v, it is not possible to find solutions that make A or B
zero. However, for the specific case of v = 0, the right-hand side of the eigenvalue
equation vanishes and two sets of solutions appear after simplification with the

usage of Bessel function family identities (J; = —.Jj, Hél), = —H{l))

Wegre 7y Jy(h0) | H (i7a)
- +1

ngm) K ‘]V(/{a’) H,Sl) (’L’}/CL)
v Jy(ka)  HY (iva)
- +1 o
K Jy(Ka) H, " (iya)

) =0 (TM case) (2.24)

) =0 (TE case) (2.25)

For other v, the guided modes exhibit hybrid nature, and are denoted with HE
or EH modes depending on the dominant contributing longitudinal field. From
the viewpoint of ray optics, TE and TM modes correspond to the rays that are
normally incident on the waveguide boundary (implying the rays pass through
the waveguide center, i.e., meridional rays) and the hybrid modes correspond to
rays that are oblique to the boundary and change orientation as they propagate

in the waveguide (skew rays) - which is apparent in their ¢-dependency.

All the modes outside of the fundamental H FE;; mode has 