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SUMMARY

Master's Thesis

PROXIMAL HOMOTOPY OF PROXIMALLY CONTINUOUS FUNCTIONS
Maram Z M ALMAHARIQ

Karadeniz Technical University
The Graduate School of Natural and Applied Sciences
Mathematics Graduate Program
Supervisor: Dr. Tane VERGILI
2023, Pages 108

In this thesis entitled "Proximal Homotopy of Proximal Continuous Functions", the
concept of homotopy is a transformation that enables a continuous deformation between
continuous functions defined in space. In addition to the fact that the main features of these
already defined transformations are available in the literature, it is aimed to complete the
deficiencies in this thesis. In addition, it is planned to obtain new theorems and results.
Thus, in the first part of this thesis, we searched the literature and discussed the proximal
and descriptive homotopy theory and the proximal and descriptive fixed point theorems.
The second part of our thesis includes our original work. The second part was from the
sub-heading. Under these headings, we have obtained new theorems and results about
spatial (descriptive) homotopy, spatial (descriptive) path homotopy, spatial (descriptive)
deformation retract, fixed point theorems in spatial and descriptive terms. In addition, we
introduced new types of functions, which are proximal (descriptive) universal functions,
and examined the link between the spatial (descriptive) approximate fixed set property and

spatial (descriptive) universal functions.

Key Words: Proximal homotopic theory, Descriptive homotopic theory, Proximal
(descriptive) approximate fixed set property, Proximal (descriptive) fixed
set property with respect to a proximity (descriptive proximity)
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OZET

Yilksek Lisans Tezi

YAKIN SUREKLI FONKSIYONLARIN YAKIN HOMOTOPISI
Maram Z M ALMAHARIQ

Karadeniz Teknik Universitesi
Fen Bilimleri Enstitusu
Matematik Anabilim Dali
Danisman: Dog. Dr. Tane VERGILI
2023, Sayfa 108

"Proximal Homotopy Of Proximal Continuous Functions" adli tez ¢aligmasinda,
homotopi kavrami uzayda tanimli siirekli fonksiyonlar arasinda siirekli bir deformasyonu
miimkiin kilan doniisUmlerdir. Hali hazirda tanimlanmis bu doniistimlerin belli bash
Ozellikleri literatirde mevcut olmasmin yani sira, eksikliklerinin tamamlanmasi bu tez
caligmasinda hedeflenmistir. Ayrica yeni teoremler ve sonuglar elde edilmesi
planlanmistir. Bdylece bu tez c¢aligmasinda ilk boliimde literatlir taramasi yaptik ve
yakinsal ve betimsel homotopi teorisi ile yakinsal ve betimsel sabit nokta teoremlerini ele
aldik. Tezin ikinci béliimii orijinal ¢alismamizi igermektedir. Ikinci bdliim alt1 alt basliktan
Olusmustur. Bu bagliklar altinda yakin (betimleyici) homotopi, yakin (betimleyici) yol
homotopi, yakin (betimleyici) deformasyon retrakt ve yakin (betimleyici) homotopi
donguleri, konumsal ve betimsel anlamda sabit nokta teoremleri ile ilgili yeni teorem ve
sonuclar elde ettik. Ek olarak, yakinsal (betimleyici) evrensel fonksiyonlar olan yeni
fonksiyon tiirlerini tamittik, (betimleyici) yaklasik sabit kiime 06zelligi ile yakinsal

(betimleyici) evrensel fonksiyonlar arasindaki baglantiy1 inceledik.

Anahtar Kelimeler: Yakinsal homotopik teorem, Tanimlayici homotopik teorem, Yakinsal
(tamimlayic1) yaklasik sabit kiime 6zelligi, Yakinliga gore yakinsal
(tanimlayici) sabit kiime 6zelligi (tanimlayici yakinlik)
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SYMBOLS INDEX
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: x is a closure point of B
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: The set of limit points of a set B

: Lodato proximity

: Wallman proximity

: Descriptive proximity space

. A set A is descriptively near to set B

: A set A is descriptively far from set B

: Descriptive intersection in descriptive space
: Descriptive closure of the set A

: A and B are descriptively proximal equal
: The product path between a and

: The inverse of the path a

: Path homotopic paths
: The equivalence class of path «
: Proximal homotopy maps
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1. BASIC CONSTRUCTIONS

1.1. Introduction

The word proximity refers to the quality, state of being proximate or closeness, and
thus the proximity of two points on the axis of real numbers can be measured using the
scale obtained from the absolute map. Similarly, the proximity of two points in the plane
R? and R3 can be calculated. If the point is on the plane, then we can say that the point is
close to the plane if we consider that the distance between them is zero. However, if the
point is not in the plane, then it can be expressed mathematically in any sense that the point
can be considered close to the plane. The scale we use in these measurements is the
Euclidean scale which is known to those who work in fields close to mathematics. So,
using the gap map definition we will define the relation of a point is near a set and one set

is near another set in a metric space (X, d).

Computational proximity (CP) is an approach to find what we will then call by
proximity spaces consisting of a non-empty space X and a proximity relation. In CP, we
have two main types of proximity nearness between the sets proximal (spatial) nearness
and descriptive nearness which will help us to study a lot of properties like proximal
(descriptive) homotopy, proximal (descriptive) connectedness, proximal (descriptive) fixed
set property, etc. But before we study the proximity of any non-empty set, we will derive it

from the metric space because it will be easier to understand.

In this section we will review some of the topics that will be required by our thesis,
we will introduce proximity as a relation and show how it proceeds from a metric space
and a map gap to any non-empty set X. Moreover, we will study some properties on
proximity spaces and descriptive proximity spaces such as continuity, connectedness and
conjugacy. Furthermore, we will introduce the simplicial complex and CW spaces

terminated with homotopy, the path homotopy and the deformation retraction.


https://www.merriam-webster.com/dictionary/proximate

Definition 1.1.1. (Searcoid, 2007): Given a non-empty set X and a function d: X X X —
R, if the following conditions hold, we say that the pair (X, d) is a metric space and d is a

metricon X. For all x, y, z € X,

M(1) d(x,¥) = 0,
M(2) d(x,y) = 0ifand only if x = y,

M@3) d(x,y) = d(y,x),
M(4) d(x,z) < d(x,y) + d(y, 2),

Definition 1.1.2. (Naimpally & Peters, 2013): Suppose that (X, d) is a metric space and
A, B € X. Then the map D: P(X) — P(X) defined by

inf {d(a,b):a € A, b € B}, if Aand B are not empty
o, if Aor B is empty

D(A,B) = {
is called the gap map.

Now we will define the metric proximity space.

Definition 1.1.3. (Naimpally & Peters, 2013): Assume that (X, d) is a metric space and
A, B € X . We say that A is near B, denoted by A 6§ B, if D(A,B) = 0.

Remark 1.1.4. (Naimpally & Peters, 2013): If (X, d) is a metric space and A, B € X with
D(A,B) # 0, then we say that A is far from B and denote itby A § B.

Example 1.1.5. Consider the set of real numbers R with the Euclidean metric d(x,y) =
|x — y|, where x,y € R. The open interval A = (0,1) is far from the open interval
B = (4,5), since

D(A,B) =inf{d(a,b):a € A,b € B}
=inf{|b—al:a € A,b € B}

=0

In fact, take a = 1 — % eAandb=4+%eB. In that case

b =|(4 1 1 !
|b—al =|( +a)—( _E)l



=13+ (G + 2

n

and inf{|b —al:a € A,b € B} =inf |3+ (= +=)| = 3. Hence, D(4, B) # 0.

So, A is far from B.

We will give the definition of the closure operator for a subset of a metric space and

the closure points according to the proximity relation.

Definition 1.1.6. (Naimpally & Peters, 2013): Suppose that (X,d) is a metric space,
x € Xand B € X. Then x is a closure point of B provided {x} § B.

We can restate Definition 1.1.6. for a metric space (X,d), x € X, and B < X, hence
x is a closure point of B if and only if D({x}, B) = 0. For simplicity we will replace
D({x}, B) = 0 with D(x,B) = 0.

Example 1.1.7. Consider R with the Euclidean metric d(x,y) = |x — y|, where x, y € R.

Then the point x = 0 is a closure point of the open interval A = (0,1).
This is because
D(0,4) =inf{l0—al:a€A}

= inf{a:a € A}
= inf(0,1)

=0.
Theorem 1.1.8. (Naimpally & Peters, 2013): For every subset A, B, C c X and points

x,y € X ina metric space (X, d), the metric proximity & satisfies the following.
P(1) A6 Bimplies B 6 A.

P(2) A6 BimpliesA + @and B # Q.

P(3)ANB # @implies A § B.

P(4)AS(BUC)iffASBorAsC.

P(5) A 6 B implies that there exists E c X suchthat A § E and E€ § B.

P(6) {x} & {y}impliesx = y.



If we take the set A in Theorem 1.1.8. to be the singleton set {x}, then we will obtain
Theorem 1.1.9.

Theorem 1.1.9. (Naimpally & Peters, 2013): Let X be a non-empty set. For every point

x € X and subsets B, C c X, we have the following.
K(1) {x} 6 B implies B # Q.
K(2) {x} n B # @ implies {x} 6 B.
KQ){x}s (BUC) if and only if {x}& Bor{x}d5C.
K(4) {x} & Band {b} 5 C foreach b € B implies {x} 6 C.

Definition 1.1.10. (Naimpally & Peters, 2013): Given a metric space (X, d), the closure
of B c X, denoted by cIB or B, is the set of all points that are near B, i.e.,

clBB={xeX : {x}5B}.
If {x} & B, x is a closure point of B.

By Definition 1.1.10, we can rewrite Theorem 1.1.9. in terms of the closure operator

as the following.
CI(1) cl(9) = 0.
Cl(2) B  clB.
Cl(3) cl(Bu C) =clBuclC.
CI(4) ¢l (cIB) = clB.

Definition 1.1.11. (Naimpally & Peters, 2013): Suppose that B is a subset of a metric
space X. The point x € X is called a limit point of B if x is near B\{x} .

So, the point x is a limit point of B provided D(x, B\{x}) = 0.

Remark 1.1.12. (Naimpally & Peters, 2013): The set of limit points of B, denoted by B,

is called the derived set of B.



Now we will introduce two main types of proximity for a non-empty set X: the
spatial proximity and the descriptive proximity. Non-empty sets with spatial proximity are
close to each other either asymptotically or by their common points. However, the sets are
descriptively close provided the sets contain one or more elements with matching
descriptions. A common example of descriptive intimacy is a pair of images with matching
facial features, matching eyes, hair, skin color, or matching parts such as matching nose,
mouth, ear shape.

Definition 1.1.13. (Peters, 2016): Given a non-empty set X and A, B c X, then A is said to
be near (close to) B if they have one or more points in common or they contain one or

more points that are sufficiently close to each other.

Cech introduced axioms for the basic form of proximity which denoted by & as

follows.
Cech Proximity Axioms (Cech, 1966)

P(1)@é A, forall A c X.

P(2) A6 B iff B § A.

P(B)AN B +# @ implies A6 B.
P4)AS(BUC)iff AGBorAsC.

Efremovi¢ introduced the fifth axiom of Cech proximity axioms which is called
"The Separation or EF axiom". Hence, the Efremovit proximity axioms satisfy the Cech

proximity axioms and the separation axiom, i. e,
Efremovi¢ Proximity Axiom (Cech, 1966)
P(5) If AS B, then there exists C,D c X, CU D = X suchthatA§ Cand B § D.

M.W. Lodato added to Cech proximity axioms a fifth axiom which is called
"The Lodato axiom". Hence, the Lodato proximity satisfies the Cech proximity axioms and

the Lodato axiom, the Lodato proximity is donate by §; .
Lodato Proximity Axiom (Cech, 1966)

If A6, Band {b} 5, C foreach b € B, then A §, C where A, B,C c X and X # Q.



As we defined the closure operator for a subset of a metric space, now we will define

the closure operator for a subset of a non-empty set X.

Definition 1.1.14. (Peters, 2016): Given a non-empty set X, x € X, and A c X, we define

the closure of a set A, denoted by clA, as the following
clA={xeX:{x}d A}

So, we can rewrite the properties of the closure map according to Theorem 1.1.9.
with the Definition 1.1.14.

CI(1) clA U clB = cl(A U B).
CI2) A c clA.

CI3) cl () = 0.

CI(4) cl(clA) = clA.

The Wallman proximity or the fine proximity, which is denoted by §,, satisfies the

Cech proximity axioms with the Wallman axiom which states the following.
Wallman Proximity Axiom (Cech, 1966)
A, Bifandonly if clAnclB # Q.

Example 1.1.15. Let X be a non-empty set illustrated in Figure 1, and endowed with a

Cech proximity 6. Then
ASE,sinceANE # Q.
Bé6C,sinceBnC + Q.

ASB,ASC,ESBandE & C.



Figure 1. Remote sets are A6B,A6C,ESB and ESC. Near sets are ASE and BSC

In the following definition we will obtain the proximity product space and define the

Cech proximity relation over it.

Definition 1.1.16. (Peters & Vergili, 2023): Given a family of proximity spaces
{(X;, 6;)}ie; With an index set I, consider the product of X;'s: X = [1;¢; X; is the product of
X;'s. Then define a relation & = [];¢; 6; on the subsets A and B of X, by declaring that
A S B if and only if pr;(A4) 8; pr;(B) for all i € I, where pr; is the it" projection map of X

onto X;.

Here & is a Cech proximity on X. So, easily if we have the proximity product space
X XY, then the subsets A X B and C x D of X XY are proximally near if and only if
Ad,Cand B 4§, D.

We would like to study the nearness of two sets due to some descriptions like color,
texture, shape and etc. In this work a description is a feature vector in an Euclidean space
R™ which means that the description is a point in R™. So, to define the descriptive
proximity between two subsets in a non-empty set, we need to present the definition of the

probe map.

Definition 1.1.17. (Peters, 2016): Let ¢: X — R be a map which represents the properties

of a point of the set X such as density, color, or texture.

A probe map ®: X — R" is a collection of maps (¢4, @3, ..., P,) With ¢;: X - R for
i€{l,2,..,n}.

For p € X, the vector ®(p) = (¢1(p), ¢2(p), ..., P, (p)) is called a feature vector of p.

ForA c X, ®(A) = (¢.(4), d,(4), ...., ¢p,(A)) is called a feature vector of A.



Let p,p’ € X. We say that {p} is descriptively near {p'}, denoted by {p}ds {p'}, if
P (p) = d(p).

Definition 1.1.18. (Peters, 2016): Let (X,d84) be a descriptive proximity space, and
®: X —» R™ a probe function. Given 4, B € X, A is said to be descriptively near B, denoted
by A 64 B if ®(A) N ®(B) # @. Otherwise, we say that A is descriptively far from B, and
denote itby A 64 B.

In a descriptive proximity space, we have a descriptive intersection which does not
concern about the common points between two sets, instead of this, it focuses about the

common descriptive features as we will see in the following definition.

Definition 1.1.19. (Diconcillo et al., 2018): Let (X, d4) be a descriptive proximity space.

The descriptive intersection of non-empty subsets A and B, denoted by A Ng B, is defined

by
ANgB={x€AUB: ®(x) € P(A) N DP(B)}.

Proposition 1.1.20. (Peters, 2019): Let (X, 8¢ ) be a descriptive proximity space. Then for
non-empty subsets A and B, A §¢ B ifand only if ANng B # @.

Now we can replace the proximity & in Cech, Efromovi¢, Lodato and Wallman
proximity axioms with 84 and get the descriptive Cech , Efromovi¢, Lodato and Wallman

proximity axioms which are presented in the following.
Descriptive Cech Axioms (Diconcillo et al., 2018)

D(1) @ 64 A, forall A c X.

D(2) A 8¢ B if and only if B 84 A.

DB)ANg B # @ ifandonly if A84 B.

D@)Adsp (BUC)ifandonlyif Adqp B orAdg C.

Descriptive Efromovi¢ Axioms (Diconcillo et al., 2018)

D(1) @ ép A, forall A c X.
D(2) A 84 B ifand only if B 64 A.
D) ANg B # @ ifand only if A 8¢ B.



D(4) A6y (BUC) ifand only if A 6 Bor A 64 C.
D(5) If A ép B, then thereexists C,D < X, C U D = X such that A o C and B ¢ D.

Descriptive Lodato Axiom (Diconcillo et al., 2018)
If Ab6p B and {b} 64C foreach b € B, then A 64 C, where A, B,C c Xand X # @.

To define descriptive Wallman axiom, we need to define a descriptive form of the

closure of a nonempty set.

Definition 1.1.21. (Peters, 2014): Given a non-empty set X, x € Xand A c X, the

descriptive closure of the set A4, denoted by cl4, A, is given by
cloA={x€X:{x}dp A}.

Descriptive Wallman Axiom (Diconcillo et al., 2018)

Adg Bifandonlyifclg ANcly B # 0.

Example 1.1.22. Consider the Rubik's Cube and its some subsets equipped with Wallman

proximity § and Wallman descriptive proximity 8¢ respectively defined as follows
A 6 B :< A and B have the same surface color.

A6 B :& Aand B have points in common.

By the illustration in Figure 2, we have

AbpEand ASE, sinceclo ANcle E #@andclANCclE 0.

AbdpCand A S C,sincecloANcle C =@andcl A nclC + Q.
BépHand B d H,sinceclo BNcly H #®andcl B NnclH = Q.
AbdpoHand A S H,sinceclo A Nclo H =@PandclA NclH = 0.

From this example we can say that any two nonempty sets can be both spatially and
descriptively near such as for A and E, spatially far and descriptively near such as B and H,
spatially near and descriptively far such as A and C or neither spatially near nor

descriptively near such as for A and H.
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Figure 2. Descriptively close, spatially remote Rubik's Cube polygons where the picture
is taken from (URL-1, 2009)

Let (X,8s,) and (Y, 8y,) be two descriptive proximity spaces. We will discuss how

one can define a descriptive proximal relation on X x Y. In the following definition and

proposition, we answer this question.

Definition 1.1.23. (Peters & Vergili, 2023): Given a family of descriptive proximity
spaces {(Xl- ,&Di)}ie, with an index set I, let X = [];¢; X; be the product of X;'s. Define a
probe map @ = [[;c; ®; on the subsets A and B of X. Then A6 B if and only if
pri(A) 8o, pr;(B) forall i € I where pr; is the it" projection map of X onto X; .

Proposition 1.1.24. (Peters & Vergili, 2023): The product of descriptive proximity spaces
is a descriptive proximity space.

We will present the proximally continuous (pc) maps and descriptive proximally
continuous (dpc) maps which come from two dynamical spaces with same or different
proximities. Also, we will define the invariant and descriptive invariant property for a

subset of proximity and descriptive proximity spaces respectively.
Define the proximally continuous maps between two proximity spaces as follows

Definition 1.1.25. (Peters & Vergili, 2020): Suppose (X,6;) and (Y, d,) are proximity
spaces. Then amap f: (X,8,) = (Y, 8,) is a proximally continuous (pc) map if and only if
for A, B € X if A §,B, then f(A4) 8, f(B).



11

From Definition 1.1.25. we can say that the nearness of two subsets in a proximity

space X is preserved by f.

Example 1.1.26. Let (R, §) be a proximity space, where the proximity relation § is given

by
AS B ifandonlyif D(A,B) =0forA, B S R.

If f:R - R is defined by f(x) = a for a fixeda € R, then f is a pc map. In fact, Let
A S BinR, then f(A) = f(B) = {a}. Thus, f(A) 6 f(B), so f is pc.

Definition 1.1.27. (Peters & Vergili, 2020): Let (X, ;) and (Y, §,) be proximity spaces.
A map f: (X,8,) = (Y,8,) is called a proximal isomorphism provided f has a proximally

continuous inverse f 1.

Example 1.1.28. Let (R, §) be a proximity space, where § is defined by A § B if and only
if D(A,B) =0 for A, B € R. If f: R - R is the identity map, then f is a pc map, since for
A5 Bwehave A = f(A) 8 f(B) = B. However, f = f~1,so f is proximal isomorphism.

Example 1.1.29. Let f: (X, 5,) X (Y, 8,) = (Y, 5,) be a map defined by f(x,y) = y. Then
fis pc. In fact, let A x B and C x D be proximally near subsets of X XY so that A §; C
and B 6, D. Then f(AXx B) =Band f(C xD) =D,and B 6, D. So, f is pc.

Example 1.1.30. For fixed element x € X, let g: (Y,68,) = (X,6;) X (Y,5,) be a map
defined by g(y) = (x,y). Then g is pc.

Proof: Assume B and D are proximally near subsets of Y so that B 4§, D. Then
g(B) ={x}x B and g(D) = {x} x D. Hence, g(B) and g(D) are proximally near subsets
of X x Y because {x} §; {x} and B §, D.

Proposition 1.1.31. (Peters & Vergili, 2021): Let (X, 6,), (Y, d,) and (Z, §3) be proximity
spaces, and f: (X, 8;) = (Y,6,) and g: (Y, 8,) = (Z, 63) pc maps. Then their composition
gof:(X,6,) — (Z, 65) isalso a pc map.

Definition 1.1.32. (Peters & Vergili, 2020): Given a proximity space (X, d) and a pc map
f:(X,8) » (X,6), a subset B < X is said to be invariant with respect to f provided
f(B) € B.
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Theorem 1.1.33. (Peters & Vergili, 2020): If B is an invariant set with respect to f, then

f™(B) < B for all positive integer n, where f™ means that f occurs n times.

Theorem 1.1.34. (Peters & Vergili, 2020): Suppose that (X, ) is a proximity space and
f:(X,6) = (X,6) isapc map. If {B;};c; € X is a collection of invariant sets with respect
to f, then

I. U B; is an invariant set with respect to f,

ii.  Njg B;isan invariant set with respect to f.

Theorem 1.1.35. (Peters & Vergili, 2020): Given a proximity space (X, §) and a pc self-
map f:(X,98) = (X,d), If B < X is invariant with respect to f, then clB is also an

invariant with respect to f.

Definition 1.1.36. (Peters & Vergili, 2020): Let (X,5) be a proximity space, and
f:(X,6) = (X,6) be apc map. Then for E € X,

i.  Eisafixed subset of f provided f(E) = E.
ii.  Eis an eventual fixed subset of f provided E is not a fixed subset while f™(E) is a
fixed subset of f for some positive integer n # 1.
iii.  E isan almost (approximate) fixed subset of f provided f(E) = E or f(E) § E.

Remark 1.1.37. From Definition 1.1.32. we note that if E is a fixed subset of f, then E is
an invariant with respect to f and E is an almost (approximate) fixed subset of f.

Example 1.1.38. Let X and its subsets be given as in Figure 3. We impose the nearness

relation & on the subsets of X as follows.
ASBifandonlyif ANB # @ for A,B € X.
Let f: X — X be a map defined on the subsets of X by
fA)=C f(C)=A f(E)=B,f(B)=Eand f(N) =E.
Then f is a pc map because

A S E implies f(A) =C 6 B = f(E),
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C 6 Bimplies f(C) =AS8 E = f(B),
N 6 B implies f(N) =E 6 E = f(B), and
N 6 C implies f(N) =E § A = f(C).
However, there is no fixed subset of f and no invariant subset too, but the set A is an

eventual fixed subset, since f2(4) = f(C) = A, and this is also true for the sets C, B,

and E.

Figure 3. A proximally continuous map f in (X, §)

Now we will introduce descriptive proximally continuous maps between descriptive

proximity spaces.

Definition 1.1.39. (Peters & Vergili, 2020): Suppose (X, §¢,) and (Y, ¢,) are descriptive
proximity spaces with probe maps ®;: X - R", ®,: Y = R", respectively. Then a map
f:(X,8¢,) = (Y,84,) is a descriptive proximally continuous (dpc) map if and only if for

AB S X, A8y B implies f(A) 84, f(B).
Recall that £ (A) 8¢, f(B) isequivalentto f(A) N f(B) # .

Definition 1.1.40. (Peters & Vergili, 2020): Let (X,d84,) and (Y,d84,) be descriptive
proximity spaces. Then a map f:(X,dp,) = (¥,8¢,) is a descriptive proximal
isomorphism provided f is a dpc map with a descriptive proximally continuous inverse

f
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Proposition 1.1.41. (Peters & Vergili, 2021): Let (X,d4,), (Y,8s,) and (Z,84,) be
descriptive proximity spaces, and f: (X, 8o,) — (Y, 89,) and g: (Y, 8¢,) — (Z,84,) be dpc
maps. Then the composition g o f: (X, 6,) — (Z, 8¢,) is a dpc map.

Definition 1.1.42. (Peters & Vergili, 2020): Given (X, 84,) a descriptive proximity space
and f: (X,8e,) = (X,64,) a dpc map, a subset B € X is said to be descriptively invariant

with respect to f provided ®(f(B)) € ®(B).

Theorem 1.1.43. (Peters & Vergili, 2020): If B is a descriptively invariant set with
respect to f, then ®(f™(B)) € ®(B) for all positive integer n.

Theorem 1.1.44. (Peters & Vergili, 2020): Suppose (X, d4) is a descriptive proximity
space and f: (X, d¢) = (X, dg) is a dpc map. If {B;}ic; € X is a collection of descriptively

invariant sets with respect to f, then

I. U, B; isadescriptively invariant set with respect to f.

ii.  Ng B; is adescriptively invariant set with respect to f.

Theorem 1.1.45. (Peters & Vergili, 2020): Given a descriptive proximity space (X, d¢)
and a dpc map f: (X,d¢) — (X, d9), if B € X is descriptively invariant with respect to f,

then clg B is also descriptively invariant with respect to f.

Now we will give the construction of invariant, fixed, eventual and almost fixed

subsets of a descriptive proximity space.

Definition 1.1.46. (Peters & Vergili, 2020): Let (X, §¢) be a descriptive proximity space,
and f: (X, 8¢) = (X,6p) adpc map. Then for E € X

i.  E isadescriptive fixed subset of f provided ®(f(E)) = ®(E),
ii.  E is a descriptive eventual fixed subset of f provided E is not a descriptive fixed
subset, but f™(E) is a descriptive fixed subset of f for some positive integer n # 1,

iii.  E is an almost (approximate) descriptive fixed subset of f provided ®(f(E)) =
O (E) or ®(f(E)) 6o P(E), or equivalently f(E) Ng E # 0.

Let (X,64) be a descriptive proximity space. Then one can define the descriptive

equality between two subsets of X which is different from the usual equality.
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Definition 1.1.47. (Peters & Vergili, 2020): Given a descriptive proximity space (X, dg),
let ®: X — R™ be its probe function, and A, B € X. A and B are said to be descriptively
proximal equal provided ®(A) = ®(B), denoted by A =, B.

Remark 1.1.48. (Peters & Vergili, 2020): If (X, d¢) Is a descriptive proximity space with
aprobe map ®@: X - R"and A, B € X, then A = B implies A =,,, B.

Remark 1.1.49. (Peters & Vergili, 2020): We can rewrite the Definition 1.1.46. using the
Definition 1.1.47. as the following.

i.  E isadescriptive fixed subset of f provided f(E) =g4.5 E.
ii. E is a descriptive eventual fixed subset of f provided f™(E) =405 E for some

n+1.
iii.  E is an almost (approximate) descriptive fixed subset of f provided f(E) =45 E
or f(E)Ng E # 0.

Example 1.1.50. Let (X, 6¢) be a descriptive proximity space as shown in Figure 4, where
the descriptive nearness relation &4 is defined as the following.

For A,B € X,Ad4 B if and only if they have points that have the same color. Let
f:(X,89) = (X, 84) be defined as follows.

f(A)=B,f(B)=B,f(C)=Eandf(E) =C .Then f is adpc map. Also notice that:
A &g B implies f(A) = B 8¢ B = f(B).
C 8¢ E implies f(C) = E 64 C = f(E).

B is a descriptive fixed subset, since f(B) =g4.s B. Furthermore, C andE are

descriptively eventual, since f2(C) =gos C , f2(E) =g E, respectively.
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Figure 4. A descriptive proximally continuous map f in (X, 84)

Example 1.1.51. Let f: (X, 6o,) X (Y,80,) = (Y,04,) be a map defined by f(x,y) =y,
then f is dpc.

To see this, let A X B and C x D be descriptive proximally near subsets of X x Y where

A, CcSXandB,DCY.Then f(AXB) =B and f(C XxD) =D, but B §5,D. So, f is a
dpc map.

Example 1.1.52. For some fixed point element x, € X, let
9:(Y,8¢,) = (X,60,) X (¥, 60,)
be a map defined by g(y) = (x,,y). Then g is a dpc map.

In fact, assume that B and D are descriptive proximally near subsets of Y: B §q,D. Then
g(B) = {xo} x B and g(D) = {x,} x D. Hence g(B) and g(D) are descriptive proximally

near subsets of X X Y because {x,} 0o, {xo} and B &4, D.

Theorem 1.1.53. (Peters & Vergili, 2020): Suppose rbE is a ribbon with intersecting

cycles having n vertices in the intersection and with k bridge edges. Then
Bo(rbE) = 2k + n.

Example 1.1.54. Let X = {rbE,,rbE,rbE,} shown in Figure 5(@), and Y = {rbA,rbB}
shown in Figure 5(b). Assume that X and Y are equipped with the same descriptive

proximity relation:

Ay B := ©(A) = B(A) = Bu(B) = ®(B)
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for a pair A, B subset of X or Y. Let f: (X,84) — (Y, 8p) be defined on the subsets rbE,
rbE; and rbE, by

f(rbE) = rbB, f(rbE,) = rbA and f (rbE,) = rbA.
Then f is a dpc map.

rbE; 6o TbE, since B,(rbE;) = B,(rbE;) = 1 and f(rbE,) = rbA 64 rbA = f(rbE,).
So f is adpc map.

A

rbE, rbE rbE,

Figure 5(a). A cell complex X with three ribbons rbE,, rbE and rbE,

rbA rbB

Figure 5(b). A cell complex Y with two ribbons rbA and rbB

Figure 5.

Remark 1.1.55. In Example 1.1.54. and 1.1.38, we examine only one case to show that f is
a dpc / pc map. It is enough to consider the non-trivial cases, i.e., we do not consider the
cases where the set is related with itself, because it is clearly that the continuity condition
will be directly satisfied. Also we do not consider the cases where the sets are not related,

because the statement will remain true logically.
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Topological conjugacy between maps is a very strong tool. Since, we can specify the
properties of a space, and make a comment on the properties of other spaces, because we
have the fact that most of the topological properties of the space are preserved under

topological conjugacy map.

Definition 1.1.56. (Peters & Vergili, 2020): The pc maps f:(X,6;) = (X,6;) and
g: (Y, 6,) = (Y,6,) are said to be proximal conjugates if there is a proximal isomorphism
h:(X,6;) = (Y,8,) such that g o h = h o f. Here, the map h is called a proximal conjugacy
between f and g.

Theorem 1.1.57. (Peters & Vergili, 2020): Suppose h is a proximal conjugacy between
f:(X,6,) - (X,6;) and g:(Y,6,) = (Y,8,). Then for each A < X and n € Z*, we have
gt eh(A) =he f(4).

Remark 1.1.58. For a proximal conjugacy h between f and g, we have go h (A) = ho
f(A) for each A € X, since h is a proximal isomorphism. Then instead of h, we can rewrite
the condition of the proximal conjugacy between f and g in terms of h=1 as the following.
Foreach C €Y, h™10 g(C) = f o h~1(C), which is obvious by composing both sides of
goh(A) =hof(A)with h™1.

In the next theorem we will show that the proximal conjugacy map preserves some
properties for a subspace of proximity space like the fixed set property, eventual fixed set

property and almost fixed set property.

Theorem 1.1.59. (Peters & Vergili, 2020): For a proximal conjugacy h between
f:(X,61) = (X,61) and g: (Y, 6,) = (Y, 8,), the following hold.

I. If E is afixed subset of f, then h(E) is a fixed subset of g.
ii. If E is an eventual fixed subset of f, then h(E) is an eventual fixed subset of g.

iii.  If E is an almost fixed subset of f, then h(E) is an almost fixed subset of g.

Now we will present the weakly proximal conjugacy between two proximity spaces.

Definition 1.1.60. (Peters & Vergili, 2020): Two pc maps f:(X,6;) » (X,6;) and

g:(Y,6,) = (Y,6,) are said to be weakly proximal conjugates if there is a proximal
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isomorphism h: (X,8,) = (Y,8,) such that for AS X, go h(A) 3§, ho f(A). The map h is

called a weakly proximal conjugacy between f and g.

Corollary 1.1.61. (Peters & Vergili, 2020): A proximal conjugacy h between
f:(X,6,) = (X,6,) and g:(Y¥,8,) = (Y,8,), is also a weakly proximal conjugacy
between f and g.

Theorem 1.1.62. (Peters & Vergili, 2020): Suppose h is a weakly proximal conjugacy
between f: (X, 8;) - (X,8,) and g: (Y,8,) = (Y,8,). Then for each B € X and n € Z*,
we have g™ o h (B) 8, ho f™(B).

Remark 1.1.63. Since any proximal conjugacy map between two proximally continuous
maps is weakly proximal conjugacy, we can conclude that any statement which is true for

the proximal conjugacy will be also true for the weakly proximal conjugacy.

We will present the proximal descriptive conjugacy between two descriptive
proximity spaces and show how some properties under descriptive conjugacy map are

preserved.

Definition 1.1.64. (Peters & Vergili, 2020): Two dpc maps f: (X, 8e,) - (X, 8, ) and
9:(Y,84,) = (Y,80,) are said to be descriptive proximal conjugates if there is a
descriptive proximal isomorphism h: (X, 8g,) = (Y,8p,) such that g o h(A) =ges h o

f(A) forall A <€ X. Here h is said to be descriptive proximal conjugacy between f and g.

Remark 1.1.65. From Definition 1.1.64. it is not necessary that g o h(A) = h o f(A), but
their descriptions with respect to the probe map @, must be equal, i.e., d)z(g ° h(A)) =

d)z(h ° f(A)). Also, we can write this condition in terms of A~ and get the following.

For any C <Y, ®;(htog(C))=®,(f oh2(C)). Hence we have the following

commutative diagrams (Peters & Vergili, 2021).
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D (f(A)) = Py(h—'gh(A))

AL, pa) " h=1gh(A)

h(A) +

Py(g(C)) = Pa(hfh=1(C))

Figure 6. Descriptive proximal conjugacy commutative diagrams

A descriptive proximal conjugacy map preserves the descriptive equality of two

subsets of descriptive proximity space as the following.

Lemma 1.1.66. (Peters & Vergili, 2020): For descriptive proximal conjugacy h between
f:(X,60,) > (X,6p,) and g:(Y,8¢,) > (Y,60,) and for A, B € X if A =4, B, then
h(A) =ges h(B).

The descriptive proximal conjugacy between two descriptive proximally continuous

maps remains true for iterations of maps for any positive integer.

Theorem 1.1.67. (Peters & Vergili, 2020): Suppose h is a descriptive proximal
conjugacy between f:(X,dq¢,) > (X,0,) and g:(Y,d8s,) = (Y,84,). Then for each
Ac Xandn € Z*, we have g" o h (A) =405 h o f"(A).

Theorem 1.1.68. (Peters & Vergili, 2020): For descriptive proximal conjugacy h
between f: (X, 8p,) = (X,8¢,) and g: (¥, 84,) = (¥, 8s,), We have the following.

i. If E is adescriptively fixed subset of f, then h(E) is a descriptively fixed subset of g.
ii. If E is an eventual descriptively fixed subset of f, then h(E) is an eventual descriptively
fixed subset of g.
ii. If E is an almost descriptively fixed subset of f, then h(E) is an almost descriptively

fixed subset of g.



21

Since any descriptively equal subsets are descriptively near, then we can restrict the
condition of the descriptive proximal conjugacy to the descriptive nearness as a necessary
and sufficient condition, so in this case the conjugacy map is called a weakly descriptive

proximal conjugacy map and defined as below.

Definition 1.1.69. (Peters & Vergili, 2020): Two dpc maps f: (X, d¢,) = (X,8¢,) and
g:(Y,8¢,) = (Y,84,) are said to be weakly descriptive proximal conjugates if there is a
descriptive proximal isomorphism h: (X, 5<1>1) - (Y,8p,) such that for ACX,
g o h(A) 8¢,h e f(A). The map h is called weakly descriptive proximal conjugacy
between f and g.

Corollary 1.1.70. A descriptive proximal conjugacy h between f: (X, 8¢,) — (X, 8¢,) and

g: (Y, 80,) = (Y,84,) is also weakly descriptive proximal conjugacy between f and g.
Proof: It is clear from Definition 1.1.64.

Theorem 1.1.71. (Peters & Vergili, 2020): Suppose h is a weakly descriptive proximal
conjugacy between f: (X, 8¢,) = (X,60,) and g: (Y, 8s,) = (Y, 69,), then for all A € X
andn € Z*, we have g™ o h(4) 6, h o f™(A).

Remark 1.1.72. For weakly descriptive proximal conjugacy h between f and g we have
g o h(A) 8¢, ho f(A)forall A< X, which means that g e h(A) Ny, h o f(A) # @. Since
h is descriptive proximal isomorphism, then h~! is also a descriptive proximally

continuous map. Hence, ™! o g(C) 8¢, f o h~*(C) which means that

h™teog (C)Ng, foh™(C) # @ forallC Y.

1.2. CW Complex Spaces

Knowing the ways of solving problems facing a country, government, institution,
home or individual is one of the eternal discussions that man has sought. René Descartes,

380 years ago, gave us some excellent ideas on this subject. In fact, Descartes introduced
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four main steps to solving any problem, and this is the second step which I will highlight as
Descartes says “To divide each of the difficulties under examination into as many parts as
possible, and as might be necessary for its adequate solution”. What Descartes meant was
to simplify the vision of the problem as much as possible, divide it into its components.
The largest possible part, the smallest possible part, dealing with them individually will
make the problem clearer and more understandable, and then solve the problem faster and
more efficiently. This process is also called "decomposition”. It is noteworthy that
Descartes was not the only one who demonstrated the importance of the idea of

decomposition, as George Pdlya stated it, saying "If you cannot solve a problem, there is
an easier problem that you can solve, find it". For example, to find the total area of the
shapes, we decompose it into triangles and find the area of triangles separately, then find

the total sum.

Now we will present simplicial complexes and CW-complexes and these are two
examples of the idea of "decomposition”. From the simplicial complex new point, a space
is decomposed into triangles of different dimensions, aka simplices, and from the
simplicial complex new point, a space is decomposed into balls, aka cells. But the question
here is why we divide the topological spaces into triangles or balls. For the idea of
homology, the singular homology, and the simplicial homology, we refer to (Hatcher, 2002
; Rotman, 2009 ; Vick, 1994).

Definition 1.2.1. (Boyd & Vandenberghe, 2004): Let R™ be an Euclidean space, and
A € R™ Then we say that A is an affine space provided for every distinct points x and y

in A, the line joining x and y is contained in A.

Definition 1.2.2. (Boyd & Vandenberghe, 2004): A subset E in a Euclidean space R" is
said to be convex provided for every pair of distinct points x and y in E, the line segment

tx + (1 — t)y should lie in E.

Definition 1.2.3. (Boyd & Vandenberghe, 2004): Let py,p1,...,Pr be points in R™.
Then

i. The affine combination of p,,p;, ..pxr IS a point x in R" with

X = topo + tlpl + R + tkpk SUCh that ZQ{ZO tl = 1
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The convex combination of py,p;,...px 1S a point x in R"™ with
X = topo + tipy + -+ typg suchthat Y% t;=1and foralli,t; > 0.
The convex hull of a set of points {py, p1,... P} IN R™ is the set of all points

x € R™ that are convex combination of the given points.

Definition 1.2.4. (Yan, 2016): Let {py,p1, -, Px } S R™ be an ordered set of points. Then

the set is affine independent, if the set {p; —po,P2 —Po,+ Pk —Po} IS a linearly

independent subset of R™.

Definition 1.2.5. (Hatcher, 2002): Let {p,, p1 . --- D } be an affine independent subset of

R™.

Let A be the affine set spanned by this set, that is if x € A such that x = ¥¥_ t; p;
and Y¥ ,t; = 1. In that case (ty,t;, ..., t) is called the barycentric coordinates of
X.

A k-simplex [po,p1, -, Pk | is the smallest convex set spanned by these points, i. e.

ifx € [po,p1, .., ], thenx = ¥¥ t;p;, Sk t;=1and forall i, t; > 0.

As shown in the Figure 7, a 0-dimensional simplex, called vertex, is a point, a 1-

dimensional simplex, called edge, is a line segment, a 2-dimensional simplex is a triangle,

and a 3-dimensional simplex is a tetrahedron. So, in general, an n-dimensional simplex is

an n-dimensional triangle.

. A P

point line segment triangle tetrahedron

Figure 7. Simplices up to dimension 3

Definition 1.2.6. (Hatcher, 2002): Let o be a k-simplex. Then for 0 < m < k an m-face

of o is an m-simplex that is the convex hull of a nonempty set of the vertices.
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The Figure 8, shows 0-face, 1-face and 2-face, respectively of a 3-simplex. Notice

that the 3-face of a 3-simplex is itself.

ﬂ (3 — simplex)

Faces of a3 — simplex

A N

4 (0 — simplex) 6 (1 — simplex) 4 (2 — simplex)

Figure 8. All faces of a 3-simplex

Definition 1.2.7. (Yan, 2016): A simplicial complex is a collection K of simplices in a

Euclidean space R™ such that the following conditions hold.
i. If o € K, then the faces of o are also in K.

ii. If g,7 €K, then o n 7 is either empty or one common face of ¢ and .

In this thesis, we assume that K is locally finite. That is, every point of R™ has a

neighborhood that intersects with only finitely many simplices in K.

Definition 1.2.8. (Gray, 1975): The geometric realization |K| of a simplicial complex K is

the union of all simplices in K.

Proposition 1.2.9. (Gray, 1975): If the ordered set of points {py , p1 ,--, Px } IN R™ is affine
independent, then the affine set spanned by {p,, p1 ..., Px } has a unique expression as an
affine combination x = Y%  t; p; and Y% ,t; = 1.

To construct a simplicial complex, we will follow these steps iteratively:

1) Start by adding 0-dimensional vertices (0-simplices).



25

2) Next add 1-dimensional edges (1-simplices).
3) Add 2-dimensional triangles (2-simplices).
4) Add 3-dimensional tetrahedrons (3-simplices).

5) Add n-dimensional n-simplices.

Note that for adding 1-simplices there must be one edge between two vertices which
means that there is no loops and the edge is unique according to Proposition 1.2.9. In

Figure 9, we can see the steps for constructing a simplicial complex of dimension 3.

Step3 Step4-

Figure 9. Construction of a simplicial complex of dimension 3

Definition 1.2.10. (Gray, 1975): A topological space homeomorphic to |K| for some K is
called a polyhedron. By a triangulation of a space X, we mean a complex K such that |K|

and X are homeomorphic |K| = X.

Since the simplices are straight objects and for spaces such as circle, torus and sphere
are curved spaces, so to study their topological properties by simplicial method, we need to

find a homeomorphism from simplices to the curved objects.
Example 1.2.11. We find the triangulation of the following objects.

i. UnitcircleS! ={x€eR?:||x||=1}.
ii.  Unitdisk D? ={x€eR?:|jx|]| <1}
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iii.  Unitsphere S2={x e R3: ||x|| =1}

For S, we need three 0 —simplices and three 1 —simplices, so it is homeomorphic to
non-filled triangle. The disk is homeomorphic to the geometric realization of a 2 —simplex
and the sphere is homeomorphic to the geometric realization of a 3 —simplex. Why is CW
complex important if we already have simplicial complex which solves the problem of
decomposing the space into smaller pieces? Min Yan answered this question in his book,
and said "simplicity comes at a cost"”, which means that if we break down the spaces into
such smaller pieces, the process will be very complex and take time at length. He also
added that "the concept of CW-complexes strikes a good balance between simplicity and
usability " (Yan, 2016).

Definition 1.2.12. (Yan, 2016): A CW —structure on a topological space X is a sequence
of subspaces
XcXlcX?ccX"c---cX=UX"

such that X™ is obtained from X™~1 by attaching some n—dimensional closed disks D™,

and X carries a suitable topology.

Definition 1.2.13. (Munkres, 1984):

i. A zero-dimensional cellular space X°: is just a discrete space coming from
attaching the empty set with the boundary of non-infinite points by a continuous
map.

ii. A one-dimensional cellular space X1:is a space that can be obtained as follows.
Take any zero-dimensional cellular space X° and glue it with the boundary of D?!
by a continuous map.

iii. A two-dimensional cellular space X2: is a space that can be obtained by taking any
one-dimensional cellular space X' and attach it to the boundary of D? by a
continuous map.

iv. A cellular space of dimension n, X™: is defined in a similar way by taking the
(n — 1) —dimensional cellular space X™~! and glue it with the boundary of the

n —disk D™ by a continuous map.
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From Definition 1.2.13, we can see how we can construct a finite CW -complex and

we obtained that the building blocks for CW —complex are the closed discs.

D" ={x€R": |x| <1}

Called as cells. So, 0-cells are points, 1-cells are closed intervals, 2-cells are closed
disks and 3-cells are closed filled spheres. One of the difference between the simplicial
complexes and CW—complexes can be obtained from the Definition 1.2.13. Since we can
attach (n — 1) —dimensional cellular space X™~* and glue it with the boundary of the disk
D™, i.e. we can attach the points in X° space with the boundary of D! as in Figure 10. For
example we attach the point on the left twice with different boundary of D, which is the
opposite of what happened in simplicial complexes, since the attaching just uniquely. We

also note that any simplicial complex has a CW—structure.
_

Figure 10. CW—structure

Example 1.2.14. We show that a torus T2 is a 2 —dimensional CW—complex. Let X be
presented by figure-8 which is constructed by attaching a point with the boundaries of two
closed intervals, so X is a 1 —dimensional space. Then, take a square filled inside which is
homeomorphic to a closed disk D? and attach the boundary of the square to X as presents
in Figure 11. Then we get the filled square by joining the opposite sides, the upper and
lower sides together and the left and right sides together, respectively, to get a torus T2, so

the dimension of T2 is 2.



b b
The
X boundary\H/
is
b b
r}'}i <
a a a a
| — Attaching
b it with x b

Figure 11. Triangulation of the torus

Definition 1.2.15. (Yan, 2016): Given a topological space X, a continuous map f: S*" 1 —
X is called the attaching map that joins the space X with the boundary of D™ denoted by
sn-1

After the attaching process we get the space X Uy D™ = X [| D™ where D™ is the interior
of D™ as shown in Figure 12. Now we can define an onto map F: X [[ D™ — X Uy D™ such

that

a, ifaeX
F(a) ={f(a), a € aD*
a, a € Dk

Then F is a quotient map and induces the quotient topology on X U, D™.

= DII
9

Figure 12. Open subsets after gluing a disk (Yan, 2016)
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Now we can generalize the idea by defining a continuous map f;: S™ ! — X for

i=1,..,k and we can get a quotient space X Uy, D™ which is obtained by attaching

k —cells to X along the attaching maps f; fori =1, ..., k.

Remark 1.2.16. To construct an infinite CW—complex, we can follow the same steps as in

the finite case but with non-stop steps. However, the obtained topology will be the weak

topology.



2. ANALYSIS OF MADE WORK

We will present some approval propositions that will be used through the study. In
Proposition 2.1. and Proposition 2.3, we will show that the sum and scalar product

operations preserve the proximal continuity as the following.
Proposition 2.1. Suppose (X,8) is a proximity space and t is a real number. If
f:X — Risapc map, then t. f is also a pc map.

Proof: Let A, B be near subsets of (X,6), i.e, AS B. To show that t. f is a pc map we
need to prove that D(t. f(A),t. f(B)) = 0, where

D(t.f(A),t.f(B)) = inf{|t.f(a) —t.f(b)|:a € A, b € B}

|tlinf{|f(a) — f(b)|:a € A,b € B}
= |tID(f(A),f(B)) = 0.
Since f is a pc map, then D(f(A), f(B)) = 0. Thus, t. f is a pc map.

Corollary 2.2. Given a convex proximity space X, if f: X — X is a pc map, then ¢. f is

also a pc map for all t € [0,1].

Proof: By substituting the gap map D(x,y) in Proposition 2.1. as usual where the

metric map d(x,y) = ||x — y||, we conclude that t. f is a pc map.

Proposition 2.3. Given (X, §) a proximity space, if f, g: (X,5) — R are pc maps, then
soisthemap f + g.

Proof: Let 4, B be near subsets of (X, §). If we show that D(f + g(4), f + g(B)) = 0,
then f + g is a pc map.

D(f +g(A),f +g(B)) = inf{|f(a) — f(b) + g(a) — g(b)|a € Aand b € B}
<inf{|f(@Q)—f(b)la€e Aand b € B} + inf {|g(a) — g(b)||a € Aand b € B}

= D(f(A),f(B)) + D(g(4),g(B)) = 0.
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Since f and g are pc maps, then D(f(A),f(B))=D(g(4),g(B)) =0. Thus
D(f+g(A),f+9g(B))=0,s0f + g is apc map.

Corollary 2.4. Suppose that (X, &) is a convex set in an appropriate Euclidean space. If

f.g:(X,6) = (X, ) are pc maps, thensois f + g.
Proof: Define the gap map D(x,y) as usual where the metric map d(x,y) = ||x — y||, then

substitute D (x, y) in the Proposition 2.3. Hence, f + g is a pc map.

In the next Propositions 2.5. and 2.7. we will show that the sum of dpc maps is also

dpc. Furthermore, the scalar product operation preserves the descriptive proximal continuity.
Proposition 2.5. Suppose (X, d¢) is a descriptive proximity space. If f: X — R is a dpc
map, then t. f is also a dpc map for vt € R.

Proof: Let A, B be near subsets of (X, ¢), and A 64 B. To show that t. f is a dpc map,
we need to prove that D(t. f(4),t. f(B)) = 0, where

D(t.f(A),t.f(B)) = inf{|t.f(a) — t.f(b)|:a € A,b € B}
= |tl.inf{If(a) — f(b)I:a € A,b € B}
= [t.D(F (A, f(B))
= 0.
Since f is a dpc map, we have D(f(4), f(B)) = 0. Thus, t. f is a dpc map.

Corollary 2.6. Given (X, d¢) is a convex descriptive proximity space. If f:X - X isa

dpc map, then t. f is also a dpc map for all ¢ € [0,1].

Proof: By substituting the gap map D(x,y) in Proposition 2.5. as usual where the

metric map d(x,y) = ||x — y||, then we conclude that t. f is a dpc map.

Proposition 2.7. Given (X,d¢) is a descriptive proximity space, if f, g: (X, d¢) =
(R,|.]) are dpc maps, thensois f + g.
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Proof: Let A, B be near subsets of (X,d4). If we show that D((f + g)(A4), (f +
g(B))) = 0, then f + g is a dpc map.

D(f +g(A),f +9(B)) = inf{|f (@) — f(b) + g(a) — g(b)|a € Aand b € B}
< inf {|f(a) — f(b)|a € Aand b € B}

+ inf {|g(a) — g(b)||a € Aand b € B}
= D(f(A),f(B))+D(g(4),g(B)) = 0

Since f and g are dpc maps, we have D(f(A),f(B)) = D(g(A),g(B)) = 0. Thus,
D((f + 9)(A),(f + 9)(B)) = 0,50 f + g is a dpc map.

Corollary 2.8. Suppose that (X, d¢) is a convex set in an appropriate Euclidean space.

If f,9:(X,60) = (X,6¢) are dpc maps, thensois f + g.

Proof: Define the gap map D(x, y) as usual where the metric map d(x,y) = ||x — y||,

then substitute D (x, y) in Proposition 2.7. Hence, f + g is a dpc map.

We will discuss another type of proximal conjugacy called proximal semi
conjugate which has been studied for topological spaces in (Alkfari & Alftllawy, 2022).
In this section, we will explain this concept on proximity and descriptive proximity

spaces.

Definition 2.9. Two pc maps f: (X,8,) = (X,8,) and g: (¥, 6,) = (Y, d,) are said to
be proximal semi conjugates if there is a surjective pc map h: (X,6;) — (¥, d,) such

that g o h = h o f. The map h is called proximal semi conjugacy between f and g.

Definition 2.10. Let f: (X,8) — (X, ) be a pc map. Then f has the proximal transitive
property (PT) provided for any non-empty open sets A, B € X there is n € Z*such that
f"(A) 6 B.

Definition 2.11. Let f: (X,8) = (X, ) be a pc map. Then f is called a proximal mixing
map provided for any nonempty open sets A, B € X there is N >0 such that
f*(A)é6 B forn > N.
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Proposition 2.12. Given two proximal conjugate maps f:(X,6;) = (X,6;) and

g:(Y,8,) = (Y,8,), if f has the PT property, then so does g.

Proof: To show that g has the PT property, assume that U and V are two nonempty
open subsets of Y. Then we want to find n € Z*such that g™(U) 6, V. Since f and g
are proximal conjugate, there is proximal isomorphism h: (X, ;) — (Y, ;) such that
h~1(U) and h~1(V) are open subsets of X. We know that f has the PT property, so

there is n € Z* such that f”(h‘l(U)) 8; h~1(V). Since h is proximal conjugacy
between f and g, then f*(h~1(U)) = h™1(g™(U)), so h~1(g™(U)) &, h~1(V). Being
h a proximal isomorphism, we have h(h~1(g™(U))) 8, h(h"1(V)). Hence,
g™ (U) 6, V, and this completes the proof.

Proposition 2.13. Suppose f:(X,6;) = (X,6,) and g:(Y,6,) = (Y,8,) are two

proximal conjugate maps. If f is proximal mixing, then g is also proximal mixing.

Proof: To show that g is proximal mixing, assume that U and V are two non-empty
open subsets of Y. Then we want to find N > 0 such that g"(U) §, V for n = N. Since
f and g are proximal conjugate, then there is proximal isomorphism h:(X,d,) =
(Y,8,), so h™1(U) and h~1(V) are open subsets of X. We know that f is proximal
mixing, so there is N > Osuch that f™(h=*(U)) §; h"1(V) for n > N. Since h is
proximal conjugacy between f and g, then f*(h~X(U))=h"1(g"(U)), so
h~1(g™(U)) 8, R"Y(V). Since h is a proximal isomorphism, we have
h(h~t(g™(U))) 6, h(h~1(V)). Hence, g™(U) &, V for n > N, then this shows that g is

proximal mixing.

Proximal descriptive semi conjugate is a type of a conjugacy between two

descriptive proximally continuous maps and defined in the following way.

Definition 2.14. Two dpc maps f: (X, de,) = (X,69,) and g: (Y, 8¢,) = (¥, 84,) are
said to be descriptive proximal semi conjugates if there is a descriptive proximally
surjective map h: (X, 84,) = (Y, 84,) such that g o h =45 ho f. The map h is called

descriptive proximal semi conjugacy between f and g.
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Definition 2.15. Let f:(X,8p,) > (X,0p,) be a dpc map, then f is proximal
descriptive transitive (PDT) provided for any non-empty open subsets A, B € X there is
n € Z* such that f™(4) &4, B.

Definition 2.16. A dpc map f: (X, 8e,) = (X,84,) is called a proximal descriptive
mixing provided for any nonempty open subsets A, B € X there is N > 0 such that
fn(A) 6@13 forn > N.

The proximal descriptive transitive and proximal descriptive mixing properties

are preserved under a descriptive proximal conjugacy.

Proposition 2.17. Given f:(X,8¢,) = (X,69,) and g:(Y,d¢,) = (¥,84,) two

descriptive proximal conjugate maps, if f is PDT, then g is also PDT.

Proof: To show that g is PDT, assume that U and V are two nonempty open subsets of
Y. Then we want to find n € Z* such that g™ (U) 84,V. Since f and g are descriptive
proximal conjugate, then there is a descriptive proximal isomorphism h: (X, 6¢1) -
(Y, 8,), so that h=*(U) and h=' (V') are open subsets of X. We know that f is PDT, so
there is n € Z* such that f"(h‘l(U)) 8, h~1(V). Since h is a descriptive proximal
conjugacy between f and g, we have fU(hTE(U)) =ges h (g™ (U)), SO
h‘l(g”(U)) 8o, h™*(V). However, h is descriptive proximal isomorphism, then

h(h™1(g™(U))) S0, h(h™1(V)). Hence, g™(U) 84,V 50 g is PDT.

Proposition 2.18. Suppose f: (X, 8,) = (X,84,) and g: (Y, 84,) = (¥, 84,) are two
descriptive proximal conjugate maps. If f is proximal descriptive mixing, then g is also

proximal descriptive mixing.

Proof: To show that g is proximal descriptive mixing, assume that U and V' are two
nonempty open subsets of Y. We want to find N > 0 such that g"(U) 6, V forn > N.
f and g are proximal descriptive conjugate so that there is a descriptive proximal
isomorphism h: (X, 8g,) = (Y,8p,), S0 h1(U) and h~*(V) are open subsets of X.
Since f is proximal descriptive mixing, there is N >0 such that
I () 8o, h™* (V) for n > N. Being h descriptive proximal conjugacy between f
and g, we obtain f™(h1(U)) =g4es R™1(g™(U)), so we have
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= (g™(V)) 8o, A1 (V).

However, h is a descriptive proximal isomorphism, then
h(h™(g™(U))) o, R(A(V)).
Hence, g™ (U) 84,V for n = N, and this completes the proof.

A topological space is connected if we cannot split it into two disjoint open
subsets, so this is not easy to make accurate. Therefore, we define it’s negative analogue
disconnectedness. Let X be a topological space. Then X is called disconnected provided
there are disjoint nonempty open (closed) sets A, B € X such that AU B = X. In that

case X is connected if and only if it is not disconnected (Munkres, 2000).

We will present the definition of proximal connectedness and descriptive

connectedness.

Definition 2.19. (Peters & Verqgili, 2023): Let (X, §) be a proximity space. Then X is a

& — connected space provided for every pair of different subsets A, B € X, there is a
collection {Ey, Ey, ..., E,-} of subsets of X such that A = E,, B = E,. and E; § E;,4 for all
i€{01,..,r—1}.

Example 2.20. Let (X,d) be a proximity space shown in Figure 13. Then X is § —
connected, since for A, B € X there is a set {E,, E;} where A =E,, B =E, and A§ B,
since AN B # Q.

Figure 13. A & —connected space X

The image of & —connected set under a proximally continuous map is

& —connected. Thus, the § —connectedness is preserved under proximal continuity.
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Theorem 2.21. If f: (X,68,) - (¥, 4,) isapc map and X is §, —connected, then f(X)

is also (52 —connected.

Proof: Let C, D be two subsets of f(X). Then there are two subsets of X, say A and B,
such that f(A) = Cand f(B) = D. Since X is &, —connected, there is a collection

{Eo, Ey, ..., E,} of subsets of X such that A=E,, B=E, and E; 5, E;,, for all i €
{0,1,...,r — 1}. However, f is a pc map, then {f(Ey), f(E1), ..., f(E;) } of subsets of

f(X) such that C = f(A) = f(Eo), D = f(B) = f(Ey) and f(E}) 8, f(Ei4q) for all
i €{0,1,..,r — 1} .Thus f(X) is 6, —connected.

Corollary 2.22. If f: (X,81) — (Y,8,) isa pc map and E is a §, —connected subset of

X, then f(E) is 6, — connected subset of Y.

Definition 2.23. (Peters & Vergili, 2021): Suppose (X, ) is a proximity space and
Xo, X1 € X. A proximal path from x, to x; is a pc map a:[0,1] —» X such that a(0) =

X0 and a(1) = x;.

Definition 2.24. A proximity space (X, ) is called proximally path connected, provided
for all pairs x,, x; € X, there is a proximal path a:[0,1] = X such that «(0) = x, and
a(l) = x;.

The following theorem shows that proximal path connectedness implies &

—-connectedness.

Theorem 2.25. Suppose (X, §) is proximally path connected. Then X is § —connected.

Proof: Let A,B two subsets of X and x, € A, x; € B. Since X is proximal path
connected, there is a proximal path a between x, and x; such that a«(0) = x, and
a(1) = x,. Define E; = A, E; = «((0,1)) and E, = B. Then E; § E;, forall i = 0,1.

Hence, X is § —connected.

The proximally path connectedness is preserved under proximally continuous

maps as in the following theorem.

Theorem 2.26. Given a pc map g:(X,6;) = (Y,62), If (X,8;) is proximally path

connected, then g(X) is also proximally path connected.
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Proof: Let y,, y; € g(X) so that there is x,, x; € X such that g(x,) = yo, and g(x;) =

y;. We know that (X, ;) is proximally path connected, then there is a proximal path
a:[0,1] = X such that a(0) = x, and (1) = x,. Define B := g o a, then B is a pc map

with B(0) = g(a(0)) = g(xe) = yo and B(1) = g(a(1)) = g(x1) = y;. Hence g is
proximally path connected.

Definition 2.27. (Peters & Vergili, 2023): A descriptive proximity space (X,d¢) is
said to be a &, —connected space, provided for every pair of different subsets 4, B <

X, there is a collection {E,, E4, ..., E,-} of subsets of X such that A = E,, B = E, and
Ei 5(1) Ei+1 foralli € {0,1, v, T — 1}

Example 2.28. For a descriptive proximity space (X, d4) given in Example 1.1.54, X is
not descriptive connected, since for rbE; and rbE there is only one set {rbE;, rbE} but
rbE; 8¢ TDE.

In the following theorem, it is given that the descriptive proximal continuity
preserves the descriptively connectedness, i.e., the image of a descriptively connected

set under a descriptive proximally continuous map is also descriptively connected.

Theorem 2.29. If f: (X, 8¢,) = (Y,8¢,) is adpc map and X is 5q>1 —connected, then

f(X)is (Sq)2 —connected.

Proof: Let C, D be two subsets of f(X). Then there are two subsets of X, say A and B,
such that f(4) = C and f(B) = D since X is 6®1 —connected, so there is a collection
{Eo, E1, ..., E;.} of subsets of X such that A = E,, B =E, and E; 8¢ E;,, for all i €

{0,1,..,r—1}. However, f is a dpc map, then we have the collection

{f(Ey), f(Ey), ..., f(E,) } of subsets of f(X) suchthat C = f(A) = f(Ey),D = f(B) =
f(Ey) and f(E;) 8o, f(Ei4q) forall i € {0,1,...,7 — 1}. Thus f(X) is §,, —connected.

Corollary 2.30. If f: (X,80,) = (Y,80,) is a dpc map and E is a &, —connected

subset of X, then f(E) is a §,, —connected subset of Y.
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Definition 2.31. (Peters & Vergili, 2021): Suppose (X, d¢) is a descriptive proximity
space and x,,x; € X. A descriptive proximal path from x, to x; is a dpc map
a:[0,1] - X such that a(0) = x, and a (1) = x;.

Definition 2.32. A descriptive proximity space (X,d4) is called descriptively path
connected provided for all pairs x,, x; € X there is a descriptive proximal path
a:[0,1] - X such that @(0) = x, and a(1) = x;.

Theorem 2.33. Suppose (X,d84) is descriptively path connected. Then X is &, —

connected.

Proof: Let A, B two subsets of X and x, € 4, x; € B. Since X is descriptively path
connected, there is a descriptive proximal path a between x, and x; such that «(0) =
Xo and a(1) = x,. Define E, = A, E; = «((0,1)) and E, = B. Then E; 84 E;, for all

i =0,1. Hence, X is 6¢-connected.

In the following theorem we will show that the image of a descriptively path
connected set under a descriptive proximally continuous map is descriptively path

connected.

Theorem 2.34. Given a dpc map g:(X,68s,) = (¥,80,). If X is descriptively path

connected, then g(X) is also descriptively path connected.

Proof: Let y,,y: € g(X). Then there are x,,x; € X such that g(x,) =y, and

g(x1) = y;. Since (X,8q,) is descriptively path connected, there is a descriptive
proximal path a: [0,1] — X such that a(0) = x, and a(1) = x,. Define § := g o a, then

B is a dpc map with B(0) = g(a(0)) = g(xo) = yo and B(1) = g(a(1)) = g(x,) =
y1. Hence, g(X) is descriptively path connected.

2.1. Proximal Homotopic Theory
Homotopy theory is one of the most important topics in algebraic topology.

Therefore, it is important to adapt it to proximity spaces which is of great importance in

analyzing spaces and distinguishing between different spaces.
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In this section, we give the definition of proximal homotopy, path proximal
homotopy and proximal retraction and deformation. Furthermore, obtain some related

definitions and prove some propositions.

Definition 2.1.1. (Peters & Vergili, 2021): Let (X,68;) and (Y, d,) be proximity spaces,
and f, g: (X,6;) = (Y,8,) be two pc maps. Then we say that f and g are proximally

homotopic provided there exists a map
F:X x[0,1] - Y,
such that
i. Fisapcmap, and
ii. F(x,0)=f(x)and F(x,1) = g(x).

The map F is called a proximal homotopy between f and g. We write f ~5 g

provided there is a proximal homotopy between them.

Figure 14. shows two proximally homotopic maps, and the continuous deformation

between them.

Figure 14. Proximally homotopic maps f and g maps

Proposition 2.1.2. and Proposition 2.1.3. we will prove that the proximal homotopy is

preserved under from the left and right composition of proximally continuous maps.

Proposition 2.1.2. (Peters & Vergili, 2021): Given f, g: (X,8;) = (Y, §,) two pc maps,
and h: (Y,68,) » (Z,63)apcmap, If f ~sg,thenho f ~shog.
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Proof: Since f ~5 g there is a pc map F:X x [0,1] = Y such that F(x,0) = f(x) and
F(x,1) = g(x). We want to show ho f ~5hog. Notice that ho f, he g: (X,6;) =
(Z,63) are pc maps. Now we should find a pc map G: X x [0,1] = Z such that G(x,0) =
ho f(x) and G(x,1) = ho g(x). Define G := hoF, then G: X X [0,1] = Z is a pc map

according to Proposition 1.1.31, and

G(x,0) = hoF(x,0) = h(F(x,0)) = h(f(x)) = ho f(x)
and

G(x,1) =hoF(x,1) =h(F(x,1)) = h(g(x)) = ho g(x),
SOhof ~shog.

Proposition 2.1.3. (Peters & Vergili, 2021): Given f, g: (X,8;) = (Y, §,) two pc maps,
and k: (W,6y) = (X,8;) apcmap. If f ~s g,then f ok ~5 g o k.

Proof: Let H: X x [0,1] — Y be the proximal homotopy map between f and g, then H is a
pc map such that H(x,0) = f(x) and H(x, 1) = g(x). To show that the two pc maps f o k

and g o k are proximally homotopic, define
F:Wx[01] -7,

by F(w,t) = H(k(w),t). Then F isapc map and F(w,0) = H(k(w),0) = f(k(w)) =
fok(w) and F(w,1) = H(k(w),1) = g(k(w)) = g o k(w). Hence, f ok ~5 g © k.

The Gluing Lemma for the proximity spaces and descriptive proximity spaces is a
transition of the Gluing Lemma (aka Pasting Lemma) for topological spaces, which is an
important result that we can construct a continuous map by gluing two continuous maps. In
other words, we can get a piecewise defined map which is helpful to analyze the
fundamental group in topology. Also, when we talk about the concept of the gluing lemma
in topological spaces, we can say that it is a tool to help us construct new continuous paths
from others. Thus, the Gluing Lemma for (descriptive) proximity spaces has the same

purpose in the (descriptive) proximal homotopic theory.

Lemma 2.1.4. (Peters & Vergili, 2021): Let (X, §;) and (Y, §,) be proximity spaces, and
A, B closed subsets of Xsuch that X = AuB. Suppose f:(4,6,) - (Y,8,) and



44

g:(B,8,) - (Y,8,) are pc maps such that f(x) = g(x) for all x e AnB. Then the
map h: (X,8,) = (Y, 38,) defined by

f(x), xeA

h(x) = {g(x), x €EB

is also a pc map.

Proposition 2.1.5. (Peters & Vergili, 2021): The proximal homotopy relation ~ is an

equivalence relation.

Proof: To show that ~4 is an equivalence relation, we need to prove that it is reflexive,

symmetric and transitive. Let f, g, h: (X, ;) = (Y, d,) be pc maps.

i. ~gs is reflexive: We will show that f ~s f. Define F: X X [0,1] = Y such that
F(x,t) = f(x). Then clearly F is a pc map and F(x,0) = F(x,1) = f(x), then
f~sf.

ii. ~g issymmetric: Assume f ~5 g , want to show that g ~5 f. Since f ~5 g there is
H:X % [0,1] = Y such that H is a pc map, H(x,0) = f(x) and H(x,1) = g(x).
Define G := H(x,1 —t), then G: X X [0,1] = Y isa pc map, G(x,0) = H(x,1) =
g(x)and G(x,1) = H(x,0) = f(x),sowe have g ~5 f.

iii. ~g istransitive: Suppose f ~s g and g ~s h. Since f ~s g thereis F: X x [0,1] =
Y such that F is a pc map, F(x,0) = f(x) and F(x,1) = g(x) and since g ~5 h
there is G: X x [0,1] = Y such that G is a pc map, G(x,0) = g(x) and G(x,1) =
h(x). Now to show that f ~s h. Define

H:X % [0,1] = Y such that H(x, t) =
G(x,2t—1),

F(x,2t), 0<st<
1
2
Then H is a pc map by Lemma 2.1.4 and H(x,0) = F(x,0) = f(x) and
H(x,1) = G(x,1) = h(x), SO f ~5 h. Thus, the proximal homotopy relation ~ is an
equivalence relation.
Proposition 2.1.6. Let f,f: (X,8,) = (Y,6,), and g, §: (Y, 8,) — (Z,85) be pc maps. If
f~sfandg~sg,thengof ~s gof.
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f from
and this

Proof: We have gof ~5gof From Proposition 2.1.2, and gof~sgo
Proposition 2.1.3. Furthermore, since ~g is transitive, then gof ~sgo f,

completes the proof.

Lemma 2.1.7. Let (X, &) be a proximity space. In that case any two pc maps f, g: (X, §) -

[0,1] are proximally homotopic.

Proof: Define H:X x [0,1] — [0,1] by H(x,t) = tf(x) + (1 —t)g(x), then H is a pc
map, H(x,0) = g(x) and H(x,1) = f(x). Thus g ~5 f.

Definition 2.1.8. (Peters & Vergili, 2021): Let (X,5) be a proximity space, then X is
called a proximally contractible space provided the identity map on it is proximally

homotopic to a constant map.
Proposition 2.1.9. Convex Cech proximity spaces are proximally contractible.

Proof: Let X be a convex proximity space to show that X is proximally contractible, define
the identity map idy: (X,6) — (X, ) and a constant map c: (X,6) = (X,8) at x, € X, so

that c(x) = x,. Then we claim that idy ~5 c. Since X is a convex set , we can define
F:Xx[0,1] > Xby F(x,t) =tx, + (1 —t)x.

F is clearly a pc map, F(x,0) = x = idyx(x) and F(x,1) = x, = c(x). Thus idy ~5 c,

and X is proximally contractible.

Proposition 2.1.10. If (X, §) is a proximally contractible space, then (X, &) is a proximally

path connected.
Proof: Since X is proximally contractible, then we have idy ~5 c, i.e., there is a pc map
H:X x[0,1] - X,

such that H(x,0) = idy(x) = x and H(x,1) = c(x) = x,. To show that X is proximally
path connected, it is suffices to take a point x; € X and prove that there is a proximal path
from x; to x,. Define a proximal path 8:[0,1] - X by g(t) = H o « where a:[0,1] - X X
[0,1] is defined by a(t) = (x4,t). Since e and H are pc maps, then so is 8, and S(0) =
H(a(O)) = H(x1,0) = idx(x;) = x; and B(1) = H(a(l)) = H(x,1) = c(x;) = xy, SO

B is a proximal path between x, and x;. Thus (X, §) is proximally path connected.
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The following theorem shows that proximal contractibility is preserved under a

proximal isomorphism.

Proposition 2.1.11. Let (X,5;) be a proximally contractible space. If X ~5 5, Y, then

(Y,8,) is also a proximally contractible space.

Proof: To show that (Y, 8,) is a proximally contractible space, we need to find a proximal
constant map that is proximally homotopic to idy on Y. Since X =, 5, ¥, then there is a
bijective pc map f: (X,8,) = (Y,8,) and its inverse f~1:(Y,8,) - (X,8,) is also a pc
map. If (X,68;) is proximally contractible, then there is a proximal constant map
c: (X,6,) = (X, 6,) defined by c(x) = x, such that idy ~5 ¢ which means that there is a
proximal homotopy H:X X [0,1] = X such that H(x,0) = x and H(x,1) = x,. Define
G:Y X[01] > YbyG(y,t) = foH (f 1(y),t). Then G is a pc map, and

G(y,0) = f(Hf '), 0) = f(f'(y)) =y = idyand
G(y,1) = f(H(f*(y),1)) = f(x,) Which is a constant map.

So we conclude that there is a constant map on Y, which is proximally homotopic to

idy. Hence, (Y, d,) is a proximally contractible space.

Definition 2.1.12. Let (X,8;) be a proximity space, and P is a proximal property of
(X,61). If f:(X,6,) — (Y,8,) is proximal isomorphism and (Y,d,) has the proximal

property P, then such a proximal property P is called a proximal invariant property.
Corollary 2.1.13. Proximally contractibility is a proximal invariant property.
Proof: The proof follows from Proposition 2.1.11 and Definition 2.1.12.

Proposition 2.1.14. The product of two proximally contractible spaces is proximally
contractible.

Proof: Let (X, 45;) and (Y, §,) be two proximally contractible spaces. To show that X X Y
is proximally contractible, we have (X, ;) and (Y, §,) are proximally contractible spaces,
then idy ~s ¢, Where c,, is a proximal constant map at x, € X and idy ~s ¢, Where c,,

is a proximal constant map at y, € Y. It is natural to consider

idy X idy = idy xy and cx, X Cyy = Cixyy0)
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We claim that idy xy ~s C(xyy,) Where idyxy:X XY — X XY is the identity map on
XXY and cpy): X XY > X XY is the proximal constant map defined by
Clxoye) (6 Y) = (X0 ,Y0)- Since idy ~5 cx and idy ~5 ¢y, , there exist H; and H, proximal

homotopies between idy and c,,, idy and c,, respectively. Define
pry X idpoq1: X XY X [0,1] — X X [0,1] such that pry(x,y,t) = (x,t) and
pry X idpo1: X XY X [0,1] = Y x [0,1] such that pry(x,y,t) = (¥, 1)

Then pry X id[o4) and pry X ido 1) are pc maps. Let H: X X Y X [0,1] — X X Y be defined
by H(x,y,t) = (Hy o pry X id[g 1), Hy o pry X id[o47), then H is a pc map, H(x,y,0) =
(Hl(x' 0);H2(3’; 0)) = (x, y) = ldX XY(X; J’) and H(xl Y 1) = (Hl(xl 1)IH2(YI 1)) =

(X0, Y0) = Cixgy0) (X, ¥), hENCE idy xy ~5 C(xyyo)- THUS, X X Y is proximally contractible.

Corollary 2.1.15. Let {(X;, 6;)}ic; be a family of proximally contractible spaces where I

is a finite index set, then X = [];¢; X; is also a proximally contractible space.
Proof: The proof follows from mathematical induction method.

i. Form = 1:Itistrivial.

ii. For n=2: Let X; and X, be proximally contractible spaces, then X; X X, is
proximally contractible by Proposition 2.1.14.

iii. Forn = k:Assume X,, ..., X, are proximally contractible spaces, then X; X X, ... X
X, is proximally contractible. We want to show that If X,,..., Xy, Xx41 are
proximally ~contractible spaces, then X = ([I:Z¥X;) X X, is proximally
contractible. Since X, is proximally contractible and [[:Z¥X; is proximally
contractible from n =k, so from (ii) we have X = [[:Zk*1X; is proximally

contractible.

Definition 2.1.16. (Peters & Vergili, 2021): Apc map f:X — Y between two proximity

topological spaces X,Y is said to be proximally null homotopic if it is proximally

homotopic to a proximal constant map.

Definition 2.1.17. (Peters & Vergili, 2021): Let (X,8;) and (Y, §,) be two proximity

spaces, then we say X and Y are proximally homotopically equivalent if there are two pc


https://ncatlab.org/nlab/show/topological+spaces
https://ncatlab.org/nlab/show/homotopic
https://ncatlab.org/nlab/show/constant+map
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maps f:(X,6;) = (Y,6,) and g:(Y,6,) » (X, 6;) such that fog~sidy and

geof ~sidy. If XandY are proximally homotopically equivalent, we write X ~5 Y.

Proposition 2.1.18. Let (X, §;) and (Y, §,) be two proximity spaces. If X ~5 5, Y, thenX

and Y are proximally homotopically equivalent.

Proof: Since X ~4, 5, Y there is a bijective pc map f:(X,6;) — (¥, 8;), and its inverse
fL:(Y,8,) — (X,8,) is also a pc map. Then fof~1=id, and f~1o f =idy, hence
flof~sidy and fof l~gsid,. Thus, X and Y are proximally homotopically

equivalent.

Proposition 2.1.19. If (X, ) is proximally contractible, then for any proximity space Y is

proximally homotopically equivalentto X x Y.

Proof: Let f:X XY —Y be a map defined by f(x,y) =y. Then f is a pc map and
g:Y = X x Y defined as g(y) = (x9,¥), xo € X is also a pc map. In that case fo g:Y —
Y is equal to idy since f o g(y) = f(xy,¥) = y.Thus, f o g ~5 idy. Moreover, g o f: X X
Y - X XY is equal t0 id)xy because g o f(x,y) = g(y) = (x0,y) Which means that
g o f is a constant map. X is proximally contractible, then g o f is proximally homotopic

to idyxy. Thus Y is proximally homotopically equivalentto X x Y.

Proposition 2.1.20. Let (X,5) be a proximity space and x, € X. Then X is proximally

contractible if and only if X is proximally homotopically equivalent to {x,}.

Proof: Define pc maps f: X — {x,} by f(x) = x, and g: {x,} = X by g(xy) = x,. Then
fog:{xo} = {xo} is proximally homotopic to id, , since f o g(xy) = f(xp) = xo.
Moreover, g o f: X — X is proximally homotopic to idy because g o f(x) = g(xo) = xo
which means that g o f is a pc constant map. X is proximally contractible, then g o f is

proximally homotopic to idy. Therefore, X is proximally homotopic equivalent to {x,}.

Conversely, assume that X is proximally homotopy equivalent to {x,}. We will show that
X is proximally contractible. Since X is proximally homotopically equivalent to {x,}, there
are pc maps f: X — {xo} and g: {xo} = X with f o g ~5id, and g o f ~5 idx. Notice that
g ° f is a proximal constant map proximally homotopic to idy. Therefore, X is proximally

contractible.
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Proposition 2.1.21. The proximally homotopically equivalent relation =g is an

equivalence relation.
Proof: We will show that = is reflexive, symmetric and transitive.

I. =g is reflexive: Since (X, &) is proximal isomorphism to itself, i.e., X =5 5 X.
Then by Proposition 2.1.18. (X, §;) =4 (X, §1). Therefore, = is reflexive.

ii. =g is symmetric: Assume that (X,6;) =5 (Y,8,). We need to show that
(Y,8,) =5 (X,6;). Since (X, 6,) =5 (Y, 8,), then there are two pc maps

f: (X, 61) - (Y, 62) and g: (Y, 62) - (X' 61)

such that f o g ~5idy and g o f ~5 idy. To show that (Y, d,) =5 (X, 5;) we will find
two pc maps h: (Y,8,) - (X,68,) and k: (X,6;) — (Y, 6,) such that h o k ~5 idy and
koh~gidy,sotake h := g and k := f . So, the proof is complete.

iii. =g is transitive: Given (X,8;) =5 (Y,6,), and (Y, 8,) =5 (Z,3), we will show that
(X,6;) =5 (Z,83). Since (X,6;) =5 (Y,d,), then there exist pc maps f: X — Y and
g:Y => X such that go f ~5idy and f o g ~s idy. Since we have (Y,d,) =5 (Z,53),
there exist pc maps h:Y - Z and k: Z - Y suchthat ho k ~5 id, and k o h ~5 idy. We
claim that the pc map (hof)o(gek) is proximally homotopic to id, since
f o g ~sidy and this implies h o (f o g) ~5 h o idy by Proposition 2.1.2. and (ho f o
g) ok ~5 (hoidy) ok by Proposition 2.1.3. Hence,

(hof)e(gek)~shok~sid,.

Since ~gs is transitive, (hof)o(geok)~s id,. Moreover, for the pc map
(gok)o(hof), we have (gok)o(hof)~sidy because koh~gidy implies
go(koh)~sgoidyand (gokoh)of ~5(geoidy)ef,butgof ~sidy. However, ~5
is transitive and

(gok)e(hef)~sidy

Thus (X, 8,) =5 (Z, 83).
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Proposition 2.1.22. Suppose that the proximal isomorphism maps f, g: (X,8;) = (Y, ;)
are proximally homotopic maps. Then f~1, g~1:(Y,6,) - (X,8;) are also proximally
homotopic.

Proof: Since f ~5 g there is a pc homotopy H: X x [0,1] = Y such that H(x,0) = f(x)
and H(x,1) = g(x). However, fand g are proximal isomorphism, so are f~ and g1

Define

G:Y x[01] » X by G(y,t) = fY(H(g™'(»),1 - 1))
Then
G is a pc map.
Moreover, G(y,0) =f""(H(g™' (), 1)) =f""(g(g7'®)=f"(») and G(y,1) =
fHHGTG),0) = (f(g7' (1)) =g (»). Hence, f ' ~5 97"

As we have seen in the definition of the proximal homotopy, we studied a homotopy
relation over a proximity space X, however in the following definition we will define the
proximal homotopy relative to any subset of the proximity space X, and this definition

leads to an important application, Proximal Fundamental Group.

Definition 2.1.23. (Peters & Vergili, 2021): Suppose (X,8;) and (Y, &,) are proximity
spaces and A is a subset of X. Then two pc maps f:(X,8,) = (¥,4,) and g: (X,8,) =
(Y,6,) are said to be proximally homotopic relative to A, denoted by f ~s5 g (rel A)
provided there exists a proximal homotopy H between f and g such that H(a, t) = f(a) =
g(a)forallae Aand t € [0,1].

Proposition 2.1.24. Given A € X and B € Y. Let f,, fi: (X,6;) = (Y, ;) be pc maps
with fyl4 = fila and f;(A) < B for i = 0,1. Also assume that g, g:: (Y, 8,) = (Z,853)
are pc maps with golg =g1lg- If fo~sfi (relA) and g,~s9g:1 (relB), then
go° fo~sgrefr (relA).

Proof: Since fy~s fi (rel A), there is a pc map F:X X [0,1] = Y such that F(x,0) =
fo(x) and F(x,1) = fi(x). Furthermore, F(a,t) = fy(a) = f;(a) for all a€ A and
t € [0,1]. Since go~s g1 (rel B), then there is a pc map G:Y x [0,1] = Z such that



51

G(x,0) = go(x) and G(x,1) = g,(x). Moreover, G(b,t) = go(b) = g.(b) forall b € B
and t € [0,1]. Define

H:X x [0,1] » Z by H(x,t) = G(F(x,1t),t)
Then H is a pc map, and
H(x,0) = G(F(x,0),0) = G(fo(x), 0) = go(fo(x)),
H(x,1) = G(F(x,1),1) = G(f1(x), 1) = g1 (f1(x)).
Also, forall a € A and ¢ € [0,1] we have
H(a,t) = G(F(a,1),t) = G(fo(a), 1) = G(f1(a),t)

and since f;(4) € B fori = 0,1,

G (fo(@), 1) = go(fo(@))
and

G(f1(a), ) = g1(f1(a)

Hence, H(at) = go(fo(a)) = g1(fi(a)) for all a€A and te[0,1]. Thus,
Joofo~sg1°fr(rel A).

Now we can introduce the proximal path homotopy and prove some important

related results.

Definition 2.1.25. Let @ and 8 be two proximal paths in (X, &) such that @: [0,1] - X is a
pc map with a(0) = x,, (1) = x; and B:[0,1] = X isa pc map, B(0) = x,, B(1) = x;.

Then we say that @ and g are proximally path homotopic, provided there is a pc map
H:[0,1] x [0,1] » X

such that

H(s,0) = a(s), H(s,1) = B(s),

H(O, t) = Xy and H(l, t) = X1.
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Such a map H is called a proximal path homotopy between a and S, we write

a ~s,  Which means that there is a proximal path homotopy between them.

In Figure 15, we can see that the proximal path « is deformed to the proximal path

continuously through the time t € [0,1]. So a ~5,, f5.

Figure 15. a and g proximally path homotopic paths

Proposition 2.1.26. A proximal path homotopy relation ~ s, is an equivalence relation.
Proof : The proof will follow the strategy given in Proposition 2.1.5.

Definition 2.1.27. Let a be a proximal path between x, and x; in the proximity space
(X, 6). Then the reverse of « is the proximal path @:[0,1] — X defined by & (s) = a(1 —

s) between x; and x,.

Proposition 2.1.28. Let (X, §) be a proximity space, and «, 8 are proximal paths from x,

to x; where xp, x; € X. If a ~5,, B, thena ~5,, .

Proof: Since a ~5,, § there is a pc map H:[0,1] x [0,1] — X such that H(s,0) = a(s),
H(s,1) = B(s), H(0,t) = x, and H(1,t) = x;. Let F:[0,1] X [0,1] » X be defined by
F(s,t) = H(1—s,t). Then F isapc map with F(s,0) = H(1 —5,0) = a(1 — s) = a(s),
and F(s,1) =H(1—s,1)= (1 —5)= B(s), F(0,t) =H(1,t) =x; and F(1,t) =

H(0,t) = xo. Thus @ ~5, .
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Proposition 2.1.29. Suppose (X, d,) and (Y, ;) are proximity spaces, and f: X =Y isa

pc map. If proximally paths a and B between x, and x; are homotopic, then f e a ~5,, f ©

B .
Proof: Since a ~5,, f we have a proximal path homotopy H between a and /5. Define
F:=foH then F:[0,1] X [0,1] = Y

is a pc map such that F(s,0) = foH(s,0) = f(H(s,0)) = f(a(s)), F(s,1) = fo
H(s,1) = f(H(s, 1)) = f(B(s)), F(0,8) = f(xp) and F(1,t) = f(x;). Hence,
fea ~8,pf°.8-

Definition 2.1.30. Suppose (X, ) is a proximity space, a is a proximal path between x,

and x; and g is a proximal path between x; and x,, then a * 8 defined by

a(2s), 0<s<
@+ f(s) = ;
B(2s —1), ZSs<1

is a proximal path between x, and x,.

Remark 2.1.31. The product of two proximal paths, @« and 8, a = B in Definition 2.1.30.
iIs a proximal path provided it is a pc map according to Lemma 2.1.4. In addition
axB(0)=xpanda *pf (1) = x,.

Definition 2.1.32. (Peters & Vergili, 2021): Let (X,58) be a proximity space. The
proximal constant path c: [0,1] - X at x, € X is the proximal path such that c(t) = x, for

every t € [0,1].

Example 2.1.33. Let (R, |.|) be a proximity space. Then any proximal loop a:[0,1] - R

is proximally path homotopic to a proximal constant map.

Proof : Let c: [0,1] — R defined by c(s) = x, be a proximal constant map at x, € X and «
is a proximal loop at x,. Then a ~5, c since R is a convex set. there is a pc map
H:[0,1] X [0,1] = R given by H(s,t) = (1 —t) a(s) + tc(s) such that H(s,0) = a(s),
H(s,1) =c(s), HQ0,t) = (1 —t)xy + txg = xo and H(1,t) = (1 —t)xy + txyg = Xy SO

that « is proximally null-homotopic.
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Proposition 2.1.34. Suppose that (X, §) is a proximity space, a and w are two proximal
paths between x, and x,, and g is a proximal path between x; and x,. If a ~;5, w, then

(l*ﬁ"'&p(l)*ﬁ.

Proof: Since @ ~5, w, there is a pc map H:[0,1] X [0,1] — X such that H(s,0) = a(s),
H(s,1) = w(s), H(0,t) = xo and H(1,t) = x;. Define

G:[0,1] x [0,1] » X

In that case, G is a pc map by Lemma 2.1.4, and

1
H(2s5,0), 0<s <
G(s,0) =
pl2s—1), 5<s<1
1
a(2s), 0<s< 5
- 1
Blas—1), 5<s<1
= a+B(s)
1
H(2s,1), OSSSE
G(s,1) = 1
Blas-1), 5<ss<1
1
w(2s), 0<s< 5
- 1
Blas-1), 5<s<1

= w * B(s).
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Also we have G(0,t) = H(0,t) = xgand G(1,t) = B(1) = x,. Thus, a * f ~5,, w * .

We can illustrate Proposition 2.1.34. by the Figure 16. As we can see in Figure

16(a), we have a ~5, w and a proximal path g from x; to x,, and in Figure 16(b) we have

(l*ﬁ"'&p(l)*ﬁ.

afs)

B(s)
- X, X,

Figure 16(a). & ~5, w and a proximal path 8

Figure 16(b). a *x B ~5, w x B

Figure 16.

Proposition 2.1.35. Assume that (X, ) is a proximity space, a and y are two proximal

paths between x; and x,, and 8 is a proximal path between x, and x;. If a ~5, v, then

Bra~spB*y.

Proof: Since a ~5,, v, there is a pc map F:[0,1] x [0,1] - X such that F(s,0) = a(s),
F(s,1) =y(s), F(0,t) = x; and F(1,t) = x,. Define

H:[0,1] x[0,1] » X
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by
1
B(2s), OSSSE
H(s, t) = 1
F(2s—1,t), ESSSl
Then H is a pc map by Lemma 2.1.4., and
1
B(2s), OSSSE
H(s,0) = 1
F(2s—1,0), S<s<1
1
B(2s), OSSSE
4 1
a(2s —1), ESSSl
= Bra(s)
1
B(2s), 0<s<-
H(s,1) = ) 2
F(2s—1,1), ESSSl
1
B(2s), OSSSE
- 1
y(2s —1), ESSSl
= B *v(s).

Also, H(0,t) = f(0) = xgand H(1,t) = F(1,t) = x,. Thus, B x a ~5, B * V.

As we state in Proposition 2.1.26, the proximal path homotopy relation ~5,, is an

equivalence relation, so we can define the proximal equivalence classes as the following.

Definition 2.1.36. Let (X,8) be a proximity space, and a:[0,1] - X a proximal path
between x, and x;. Then [a] = {B:[0,1] > X : a ~5, B } is the proximal equivalence

classes of a.
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Remark 2.1.37. Let (X, ) be a proximity space, y and p proximal paths between x; and
x,. Theny ~5., p ifand only if [y] = [p].

Proposition 2.1.38. Let (X, d;) and (Y, 8,) be proximity spaces, a:[0,1] - X a proximal
path between x, and x;, 8:[0,1] —» X a proximal path between x; and x,. If k:(X,§;) -
(Y, 8,) is proximally continuous, then [k o (a * B)] = [(k e a) * (ko B)].

Proof: To show that [ke(axB)]=[(koa)*(koB)], we need to prove that
ko(axp)~sp (koa)x(kop). Inthat case

_ a(2s), OSSS%
axfls)= B(2s — 1), 2 <s<1
. y koa(2s), OSSS%
& koB(2s—1), P <s<1
= (koa)x(ke°p)(s).

So we conclude that ko (a#*f)~s, (koa)=*(kof). Hence, [ko(axp)]=
[(koa)=(kop)]

Now we will present the proximal retract and proximal deformation for a subset of a

proximity space.

Definition 2.1.39. Assume @ #+= A < X and § is a proximity for A and X. Then we say that
A is a proximal retract of X provided there is a pc map r: X — A such that r(a) = a for all

a € A. Such a map r is called a proximal retraction of X onto A.

Example 2.1.40. Let (X,d) be a proximity space, and X = AU B where A and B are

closed subspaces of X with A N B = {x,}. Then A is a proximal retract of X.

Proof : Let r: X — A be defined by

X, x €A
X9, XEB

r(x) = {

Then r is a pc map by Lemma 2.1.4. Furthermore, r(a) = a, for all a € A. Thus, r is a

proximal retraction and A is a proximal retract of X.
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Definition 2.1.41. Let (X, §) be a proximity space, and A c X. Then A is called a proximal

deformation retract of X provided there is a pc map
H:Xx[01] > X

by

i. H(x,1) € Aand H(x,0) = x for every x € X;
ii. H(a,t) = aforeverya € A, t € [0,1].

Such a map H is called a proximal deformation of X into A.
Remark 2.1.42. Note that Definition 2.1.39. can be rewritten as the following:

Let A be subspace of a proximity space X, and i: A < X is a proximal inclusion. If there is
apcmapr:X — Asuchthat r o i = id,, then we say that A is a proximal retract of X and r
is a proximal retraction. However, the two definitions are equivalent since r o i = idy, for

alla € A, thenwe have r o i (a) = a, sor(a) = a.

Proposition 2.1.43. A proximal deformation retract A c X is a proximal retract of X, and
for the proximal inclusion i: A < X, we have i or ~45idy. Moreover, ior and roi are

proximal homotopy equivalence.

Proof: Since A is a proximal deformation retract of X, there is a proximal deformation map
H:X x[0,1] = X, so we have H(x,1) € A. Then we can write H(x,1) = i(r(x)) where
r:X > Ais apc map. Hence, for a € A we have H(a,1) = i(r(a)) = a so that r(a) = a.
Thus, r is a proximal retraction. Now we notice that H is a proximal homotopy between
i or and idy which follows directly from the definition of H and r o i = id,. Since r is a
proximal retraction, then we can conclude that i or and roi are proximal homotopy

equivalence.

Proposition 2.1.44. (Peters & Vergili, 2023): Let (X,5) be a proximally contractible

space, and A a proximal retract of X, then (4, &) is a proximally contractible space.

Proof: Since X is proximally contractible, then id,~s ¢ where ¢: X — X such that c(x) =
Xo. Then there is a pc map H:X x[0,1] - X such that H(x,0) = id,(x) = x and
H(x,1) = c(x) = xo. We will find a pc map G:A X [0,1] - A such that G(a,0) = id,

and G(a,1) = k(a) = ay, where k: A — A is a proximal constant map at a, € A. Define
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G==roHo (l X id[O,l])'

In that case G: A X [0,1] = A is a pc where r and i are proximal retraction and proximal
inclusion, respectively. Since A is a proximal retract of X, then G(a,0) = r(H(a, 0)) =
r(a) =a=id, and G(a,1) =r(H(a, 1)) = r(x,) = r(c(a)) where r(c) is a constant

map. Letting r o ¢ = k, then (4, §) is a proximally contractible space.

Proposition 2.1.45. Let (X,d) be a proximally path connected space, and A a proximal

retract of X. Then (4, &) is a proximally path connected space.

Proof: Let a,b € A. We will find a proximal path 3:[0,1] - A from a to b so that
B(0) =a and B(1) = b. However, X is proximally path connected, there is a pc map
a:[0,1] » X such that «(0) = a and a(1) = b. Define B := r o a, where r is a proximal
retraction. Then B:[0,1] > A is a pc map with £(0) = r(«(0)) = r(a) = a and (1) =
r(a(1)) = r(b) = b. Thus, (4, 8) is a proximally path connected space.

Proposition 2.1.46. Suppose (X,8) is a proximity space, A,Bc X. If A and B are

proximal deformation retracts of X, then A =~ B.

Proof: To show that A =5 B, we need to find pc maps f:A — B and g:B — A such that

feog~sidgand go f ~5idy. Since A is a proximal deformation retract of X, there a proximal

inclusion i: A < X and a proximal retraction r: X — A such that roi =id, and i o r ~5 idy.

Moreover since B is a proximal deformation retraction of X, then there are a proximal inclusion

j:B < X and a proximal retract s:X — B such that soj =idg and jos ~gidy. Define

f:A->B by f:=soiand g:B—> A by g:=roj. In that case f and g are pc maps.

Furthermore,

fog=so(ior)ej~ssoidyoj=soj=idg. Thus,
feg~sidp.

gof=ro(jos)oi~sroidyoi=roi=id,. S0,
geof ~sidy.

Hence, A =5 B.
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2.2. Descriptive Homotopic Theory

We proved in Section 1.1. that the product space of descriptive proximity spaces is
also a descriptive proximity space. In this section, we will present the descriptive proximal

homotopy between two descriptive proximally maps and some of its properties.

Definition 2.2.1. (Peters & Vergili, 2021): Let (X,d84,) and (Y,84,) be descriptive
proximity spaces and f, g: (X, 8¢,) = (Y, 8¢,) two dpc maps. Then we say that f and g

are descriptive proximally homotopic if there exists a map
F:Xx[0,1] >,
such that
i. Fisadpc map, and
ii. F(x,0)=f(x)and F(x,1) = g(x).

The map F is called a descriptive proximal homotopy between f and g. If f and g

are descriptive proximally homotopic, we write f ~¢ g.

In Figure 17, we have two descriptive proximally continuous maps f and g, also
they are descriptive proximally homotopic since we can continuously deform f to g during
the time t € [0,1].

Figure 17. Descriptive proximally homotopic maps f and g
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Remark 2.2.2. The descriptive nearness relation on [0,1] is defined in the following
manner: Let A and B be two subsets of [0, 1], then A is descriptively near to B provided
D(A,B) = 0.

In Proposition 2.2.3. and Proposition 2.2.4. we will prove that the descriptive
homotopy is preserved under from the left and right composition of descriptive proximally

continuous maps.

Proposition 2.2.3. Given two dpc maps f, g: (X,84,) = (¥,85,) and h:(Y,8s,) -
(2;64)3); |ff ~0 9, then h of ~d h °dg.

Proof: Since f ~¢ g, there is F: X X [0,1] — Y such that F is a dpc map with F(x,0) =
f(x) and F(x,1) = g(x). We want to show that hof ~ghog. Notice that
hof,hog:(X,60,) = (Z, 8,) are dpc maps. Now we should find a map G: X x [0,1] -
Z such that G is a dpc map with G(x,0) = ho f(x) and G(x,1) = ho g(x). Define
G :=hoF, G is adpc map according to Proposition 1.1.41, and G(x,0) = ho F(x,0) =
h(F(x,0)) = h(f(x)) = hof(x) and G(x,1) =hoF(x,1) = h(F(x, 1)) = h(g(x)) =
hog(x).Hence,ho f ~p hog.

Proposition 2.2.4. Given two dpc maps f, g: (X,69,) = (¥,8¢,) and k:(W,68q,) —
(X,8¢,) adpc map, if f ~¢, g ,then f ok ~4 g o k.

Proof: Let H: X x [0,1] = Y be a descriptive proximal homotopy map between f and g.
Then H is a dpc map with H(x,0) = f(x) and H(x, 1) = g(x). To show that the two dpc

maps f o k and g o k are descriptive proximally homotopic, define
F:W x[0,1] » Y by F(w,t) = H(k(w), t).

Then F is a dpc map and F(w,0) = H(k(w),0) = f(k(w)) = f o k(w), and F(w, 1) =
H(k(w),1) = g(k(w)) = gok(w).Thus, fok ~¢ g © k.

Lemma 2.2.5. (Peters & Vergili, 2021): Let (X,8p,) and (Y,84,) be descriptive
proximity spaces, A and B be two descriptively closed subsets of X such that X = A U B.
Suppose f:(4,8¢,) = (Y,6p,) and g:(B,6e,) > (¥,8,,) are dpc maps such that
f(x) = g(x) for all x € A n B, then the map h: (X, 84,) - (Y, 8, ) defined by
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f(x), x€A

h(x) = {g(x), x €EB

Is also a dpc map.

Proposition 2.2.6. (Peters & Vergili, 2021): The descriptive proximal homotopy relation

~¢ IS an equivalence relation.

Proof: To show that ~4 is an equivalence relation, then the reflexive, transitivity and

symmetry properties will be proved. Let f, g, h: (X, 8¢,) = (Y, 84,) be dpc maps.

i. ~g Is reflexive: We want to show that f ~4 f. Define F: X x [0,1] = Y such that
F(x,t) = f(x). Then it is obvious that F is a dpc map and F(x,0) = F(x,1) =
f(x).Hence f ~4 f.

ii. ~¢g IS symmetric: Assume f ~4 g, we want to show that g ~¢ f. Since f ~¢ g,
there is a dpc map H:X x [0,1] = Y such that H(x,0) = f(x) and H(x,1) =
g(x). Define G := H(x,1 —t), then G: X x[0,1] = Y is a dpc map, G(x,0) =
H(x,1) = g(x),and G(x,1) = H(x,0) = f(x).Sothat g ~¢ f.

lii.  ~g IS transitive: Suppose f ~¢ g and g ~o h. We want to show that f ~¢ h. Since
f~og, there is a dpc map F:X x[0,1] =Y such that F(x,0) = f(x) and
F(x,1) = g(x), and since g ~¢ h, there is a dpc map G: X x [0,1] — Y such that
G(x,0) =g(x) and G(x,1) =h(x). Now to show that f ~q h, define
H:X x[0,1] - Y by

F(x,2t), OStS%

H(x,t) = 1
G(x, 2t —1), SSt< 1

Then H is a dpc map by Lemma 2.2.5. and H(x,0) = F(x,0) = f(x), H(x,1) =
G(x,1) = h(x).Hence f ~¢ h .

As a result, the descriptive proximal homotopy relation ~4 is an equivalence

relation.
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Proposition 2.2.7. Let f,f: (X, 6¢,) = (Y, 84,) and g,g: (Y, 8s,) = (Z, 8¢,) be dpc maps.
If f ~ofandg~p g, thengof~pGof.

Proof : From Proposition 2.2.3, we have g o f ~¢ g © f and from Proposition 2.2.4, we

conclude that g o f ~¢ § © f. Furthermore, since ~¢, is a transitive relation, g o f ~¢ g ©

f.

Definition 2.2.8. (Peters & Vergili, 2021): Suppose (X, §¢,) and (Y, 6q,) are descriptive
proximity spaces. A map c: X — Y is said to be descriptive constant if c(x) =y for all

x € X and forsome y €Y.

Definition 2.2.9. (Peters & Vergili, 2021): Let (X, 54) be a descriptive proximity space.
Then X is descriptively contractible space provided the identity map on it is descriptive

proximally homotopic to a descriptive constant map.
Proposition 2.2.10. Convex spaces are descriptively contractible.

Proof: Let X be a convex space. To show that X is descriptively contractible, consider the
identity map idy: (X, 8¢) — (X,d¢) and a descriptive constant map c: (X, ) — (X, do),
where c(x) = x,. We claim that idy ~¢ c. Since X is convex, one can define a map
F:X x[0,1] » X by

F(x,t) =txy+ (1 —t)x

Which is clearly a dpc map by Proposition 2.5. and Proposition 2.7. Moreover F satisfies
F(x,0) =x = idy(x) and F(x,1) =x,=c(x). Thus, idy~ec. Hence, X is

descriptively contractible.

Proposition 2.2.11. If (X,8¢4) is a descriptively contractible space, then (X,d¢) IS

descriptively path connected.

Proof: Since X is descriptively contractible, then idy ~¢ c, i.e., there is a dpc map
H:X x [0,1] - X such that H(x,0) = idy(x) = x and H(x,1) = c¢(x) = x,. To show that
X is descriptively path connected, it is enough to take a point x; € X and prove that there is

a descriptive path from x; to x,. Define a descriptive path

B:10,1] - X by B(t) =Hoa.
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where a:[0,1] - X x [0,1] is a map defined by a(t) = (xy,t). Since e« and H are dpc
maps, then so is . Moreover, £(0) =H(a(0)) = H(x;,0) = idy(x;) = x; and
B(1) = H(a(1)) = H(xy,1) = c(x1) = x,. S0 B is a descriptive path from x; to x,.
Thus, (X, 64) is descriptively path connected.

Proposition 2.2.12. Let (X, §,) be descriptively contractible. If X =4 4, Y, then (Y, 6q,)

is also a descriptively contractible space.

Proof: To show that (Y,d4,) is a descriptively contractible space, we will find a
descriptive constant map that is descriptive proximally homotopic to idy. Since
X =¢, 0, Y, then there is a bijective dpc map f:(X,de,) > (¥,84,), and its inverse
f71(Y,60,) = (X,84,) is also a dpc map. Since (X, 84,) is descriptively contractible,
there is a descriptive constant map c: (X, 8¢,) — (X, 8¢,) defined by c(x) = x, so that
idy ~¢ ¢, Which means that there is a dpc map H: X x [0,1] — X such that H(x,0) = x
and H(x, 1) = x,. Define

G:Y x[0,1]>Y by G(y,t) = foH (f 1(y),0).

Then G is a dpc map satisfying, G(y,0) = f(H(f (), 0)) = f(f () =y = idy()
and G(y,1) = f(H(f‘l(y), 1)) = f(x,) which is constant. So, we can conclude that there
is a descriptive constant map which is descriptively homotopic to idy. This implies that

(Y, 64,) is a descriptively contractible space.

Definition 2.2.13. Let (X, 84, ) be a descriptive proximity space, P a descriptive proximal
property in (X,84,), and f:(X,8p,) = (¥,84,) a descriptive proximal isomorphism. If
(Y,69,) also has the descriptive proximal property P, then we call P a descriptive

invariant property.

From Definition 2.2.13, we can conclude that the descriptively contractible space is a

descriptive invariant property as shown in Proposition 2.2.12.
Corollary 2.2.14. Descriptively contractible property is a descriptive invariant property.

Proposition 2.2.15. The product of two descriptively contractible spaces is descriptively

contractible.
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Proof: Let (X,dq,) and (Y,84,) be two descriptive proximally contractible spaces. We
need to show that X x Y is also descriptive proximally contractible. Since (X, dq,) and
(Y,69,) are descriptively contractible spaces, idy ~q ¢y, Where c, is a descriptive
constant map at x, € X and idy ~¢ cy Where c,, is a descriptive constant map at y, € Y,

respectively. It is natural to consider
idy X idy = idy xy and cy, X €y = C(xpy0)

We claim that idy xy ~o C(xyy,), Where idy xy: X XY — X XY is the identity map on
X XY and cep y): X XY > X XY is a dpc constant map defined by c(y, ) (x,¥) =
(%0,¥0). However idy ~¢ ¢y, and idy ~¢ c,,, then there exist descriptive proximal

homotopies H; and H, between idy and c,, idy and c,,, respectively. Define

pry X idpo 12 X X Y x [0,1] = X X [0,1] by pry(x,¥,t) = (x,1)

and

pry X idjoq: X XY x [0,1] = ¥V X [0,1] by pry(x,¥,t) = (3, 1)

Then pry X id[o 1) and pry X id|o 17 are dpc maps. Let
H:XXYX[01] - X XY
Be defined by
H(x,y,t) = (Hy o pry X idjoq), Hy © pry X id[o 1))

Then H is a dpc map satisfying H(x,y,0) = (Hy(x,0), H,(y,0)) = (x,y) = idy xy (x,¥),

and H(x,y,1) = (H1(x, 1D, Hy(y, 1)) = (X0, Y0) = Clxgy) (X% ¥). Hence idy xy ~o Cixy y,)

and X x Y is descriptively contractible.

Corollary 2.2.16. Let {(Xi ,6¢i)}ie, be a collection of descriptively contractible spaces
where I is a finite index set. Then the product X = [];¢;X; is also a descriptively

contractible space.
Proof: The proof follows from the mathematical induction method.

i. Forn =1, itis straight forward.
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ii. Formn=2: LetX; and X, be descriptively contractible spaces. Then X; X X, is
descriptively contractible by Proposition 2.2.15.

iii. Form =k :Assume that if X;,..., X} are descriptively contractible spaces, then
Xy X X, X ... x X, is descriptively contractible. Now we will prove it for the
case n=k+ 1: If X;,..., Xy, Xx4, are descriptively contractible spaces, then
X = ([12% X;) x X;.,, is descriptively contractible, since X, is descriptively

contractible and []:=¥ X; is descriptively contractible for n = k.

Definition 2.2.17. (Peters & Vergili, 2021): Adpc map f:X — Y between

two descriptive proximity spaces X,Y is said to be descriptive proximally null-

homotopic if it is descriptive proximally homotopic to a descriptive constant map.

In the article (Peters & Vergili, 2021), spatial homotopy equivalent was given, so in
the following definition we will define homotopy equivalent in a descriptive proximity

space.

Definition 2.2.18. Let (X, §¢,) and (Y, 84,) be two descriptive proximity spaces. We say
X and Y are descriptive proximally homotopy equivalent, denoted by X ~4 Y provided
there are two dpc maps f:(X,8e,) = (¥,80,) and g:(Y,84,) > (X, 8p,) such that
fog~pidyand go f ~g idy.

Proposition 2.2.19. Let (X,84,) and (Y,dq,) be two descriptive proximity spaces. If
X chl,(pz Y, then X =0 Y.

Proof: Since X ~4, ¢, Y, there is a bijective dpc map f: (X, 6(1,1) - (Y,8¢,) such that its
inverse £~ (Y,84,) = (X, 8p,) is also @ dpc map. Then fof~1 =idy, and f~1o f =
idy. Hence, f~Yo f ~p idy and f o f~1 ~4 idy. Thus, X and Y are descriptive proximally

homotopy equivalent.

Proposition 2.2.20. If (X, 8¢) is descriptively contractible, then any descriptive proximity

space Y is descriptive proximally homotopy equivalentto X X Y.

Proof: Let f: X XY — Y be a map defined by f(x,y) = y. Then f is a dpc map. Define
g:Y > X XY by g(y) = (x0,y), for a fixed x, € X. Then g is also a dpc map. Now
fog:Y - Yisequal to idy, since f o g(y) = f(x,y) = y. Thus, f o g ~¢ idy. Moreover,


https://ncatlab.org/nlab/show/topological+spaces
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geof:X XY — X XY isa descriptive constant map because g o f(x,y) = g(y) = (xo,y).
However, X is descriptively contractible, then go f ~g idxxy. Thus Y is descriptive

proximally homotopy equivalentto X x Y.

Proposition 2.2.21. Let (X, 84) be a descriptive proximity space, and x, € X. Then X is

descriptively contractible if and only if X is descriptive proximally homotopy equivalent to

{xo}-

Proof: Let f: X — {x,} defined by f(x) = x, and g:{x,} = X defined by g(x,) = x,.
Then f o g: {xo} = {x,} is descriptive proximally homotopic t0 id, . Also go f: X - X
is descriptive constant map because g(f(x)) = g(x,) = xo. Since X is descriptively
contractible, then g o f is descriptive proximally homotopic to idy. Thus, X is descriptive

proximally homotopy equivalent to {x,}.

Conversely, assume that X is descriptive proximally homotopy equivalent to {x,}. We will
show that X is descriptively contractible. Since X is descriptive proximally homotopy
equivalent to {x,}, then there are dpc maps f:X — {x,} and g:{x,} » X with
fog~eidy,and gof ~qidy. Notice that the descriptive constant map go f is

descriptive proximally homotopic to idy. So, X is descriptively contractible.

Proposition 2.2.22. The descriptive proximally homotopy equivalent relation =4 is an

equivalence relation.
Proof: We will show that =, is reflexive, symmetric, and transitive.

I.  =¢ is reflexive: Since (X,680,) ~o, o, (X,80,), by Proposition 2.2.19. (X, 8¢,)
= (X, 6(131)

ii. =g is symmetric: Assume that (X,6¢,) ~o (Y,80,). We need to show that
(Y, 80,) = (X,80,). Since (X, 6p,) =¢ (¥,d¢,), then there are two dpc maps

f:1(X,60,) = (¥, 60,) and g: (Y, 8o,) = (X, 80,)

such that f o g ~¢ idy and g o f ~¢ idy. To show that (Y,6s,) =¢ (X,6e,) We
need to find two dpc maps h: (Y, 8p,) = (X,80,) and k:(X,80,) = (¥, 6o,)
such that ho k ~ idy and k o h ~¢ idy. Take h := g and k := f. So the proof is

complete.
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ii.  =q Is transitive: Let (X,8p,) ~o¢ (Y,00,) and (Y,8s,) =o (Z,60,). We will
show that (X, 8¢,) =¢ (Z,80,). Since (X,8¢,) =¢ (Y,ds,), then there exist dpc
maps f:X - Y and g:Y — X such that go f ~¢ idy and f o g ~¢ idy. We also
have (Y,68¢,) ~¢ (Z,80,), SO there exist dpc maps h:Y — Z and k:Z - Y such
that h o k ~¢ id, and k o h ~¢ idy. We claim that the dpc map (ho f) o (g o k) is
descriptive  proximally homotopic to id,. Since fog~¢idy implies
ho (f og)~¢ hoidy by Proposition 2.2.3 and (he fog) ok ~g (heidy) ok by
Proposition 2.2.4. We have,

(hef)e(gek)~phek
Since ~¢ is transitive then hok ~gid,, we have (hof)o(geok)~g¢id,.
Moreover, we have (gok)o(hof)~¢idy, because koh~gidy implies
go(koh)~gpgoidyand (gokoh)of ~q (geidy)ef.Since ~4 is transitive then
gof ~q¢lidy,wehave (gok)o (hof)~gidy. Thus, (X,8p,) = (Z,6a,)-

Proposition 2.2.23. Suppose descriptive proximal isomorphism maps f, g: (X, 6p,) —
(Y,84,) are descriptively homotopic maps. Then f~% g7':(Y,8q,) = (X,8e,) are

descriptive proximally homotopic.

Proof: Since f ~¢ g, there is a dpc map H: X x [0,1] = Y such that H(x,0) = f(x) and
H(x,1) = g(x). Because f and g are descriptive proximally isomorphisms, f~*and g~*
are dpc maps. Define

G:Y x[01]>X by Gy,t) = f'(H(g™ (), 1 - 1)).
Then G is a dpc map. Moreover, G(y,0) = f*(H(g *(»), 1) = f 1 (g(g71(y)) =
7o) and GO D= fHETOL0) = (F97'0)) =97 (y).  Hence,
fTl~og™ "

Definition 2.2.24. (Peters & Vergili, 2021): Suppose (X,d4,) and (Y,8,,) are
descriptive proximity spaces. Let A be a subset of X. Then two dpc maps f: (X, ¢,) —
(Y,80,) and g:(X,84,) = (Y,80,) are said to be descriptive proximally homotopic
relative to A, denoted by f ~4 g (rel A) provided there exists a descriptive proximal
homotopy H between f and g such that H(a,t) = f(a) = g(a) forall a€e A and t €
[0,1].
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Proposition 2.1.25. Given A € X and B S Y, let f,, fi: (X, 80,) = (¥, 80,) be dpc
maps with fyla = fila and f;(A) € B for i = 0,1. Also assume that go, g: (Y, 8p,) =
(Z,6¢,) are dpc maps with golg = g1lp- If fo ~o f1 (rel A) and g, ~¢ g1 (rel B), then

Jo°fo~wgi°fi (rel A).

Proof: Since fy ~¢ fi (rel A), there is a dpc map F: X x [0,1] = Y such that F(x,0) =
fo(x) and F(x,1) = f;(x). Furthermore, F(a,t) = fy(a) = fi(a) for all a € A and
t €[0,1]. Since go~¢ g1 (relB), there is a dpc map G:Y X [0,1] - Z such that
G(x,0) = go(x) and G(x,1) = g,(x). Moreover, G(b,t) = go(b) = g,(b) for all b € B
and t € [0,1]. Define

H:X x [0,1] = Z by H(x,t) = G(F(x,t),t)
Then H is a dpc map, and
H(x,0) = G(F(x,0),0) = G(fo(x),0) = go(fo(x)),
H(x, 1) = ¢(F(x,1),1) = G(f1(x), 1) = g:(f1 (%))
Also for all a € A and ¢ € [0,1], we have
H(a,t) = G(F(a,0),t) = G(fo(a),t) = G(fi(a),t)

and since f;(A) € B for i = 0,1, then

G(fo(a),t) = go(fo(a))
and

G(fi(a),t) = 9:(f1(2)).

Hence H(a,t) = go(fo(a)) = g1(fi(@)) for all a€A and te[0,1]. Thus,

Jo° fo~v g1°fi (rel A).

Next, we will introduce the definition of the descriptive proximal path homotopy up

to the definition of the descriptive proximal equivalent classes.
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Definition 2.2.26. Let a and 8 be two descriptive proximal paths from x, to x; in (X, dg).
Then we say a and S are descriptive proximally path homotopic, provided there is a dpc

map
H:[0,1] x [0,1] = X,
such that
i.  H(s,0) =a(s), H(s, 1) = B(s),
ii. H(0,t) =xand H(L,t) = x,.

Such a map H is called a descriptive proximal path homotopy between « and g and we
write a ~¢,, f Which means that there is a descriptive proximal path homotopy between

them.

As shown in Figure 18, for a and 8 are descriptive proximal paths between x, and

x1. We can transform a continuously to get g through the time t € [0,1].

Figure 18. Descriptive proximally path homotopic a and 8

Proposition 2.2.27. Proximal path homotopy relation ~4, is an equivalence relation.

Proof: The proof follows similarly to that of Proposition 2.2.6.
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Definition 2.2.28. Let a be a descriptive proximal path between x, and x; in a proximity
space (X, 84). Then the reverse of « is the descriptive proximal path &' : [0,1] = X defined

by & (s) = a(1 — s) from x; to x,.

Proposition 2.2.29. Let (X, d¢) be a descriptive proximity space, and «, B are descriptive

proximal paths from x, to x; in X. If @ ~,, B, then @ ~o, B

Proof: Since a ~4, f3, there is a dpc map H:[0,1] x [0,1] - X such that H(s,0) = a(s),
H(s,1) = B(s), H(0,t) = x, and H(1,t) = x4. Let F:[0,1] X [0,1] - X be defined by
F(s,t) =H(1—s,t). Then F is a dpc map with F(s,0) =H(1—5,0)=a(1—15s) =

a(s), F(s,1) =H(1 —s5,1) =1 —5s) =B(s), F(0,t) =H(1,t) =x; and F(1,t) =
H(O,t) = xo. Thus, @ ~¢ B

Proposition 2.2.30. Suppose (X, dq,) and (Y, dq,) are descriptive proximity spaces, and
f:X —>Yisadpc map. If @ and g are descriptive proximally paths between x, and x;

suchthata ~¢, B, then foa ~¢, f o f.

Proof: Since a ~¢,,, f we have a descriptive path homotopy H:[0,1] x [0,1] = X between
a and B. Define F: = f o H:[0,1] x [0,1] = Y which is

a dpc map satisfying F(s,0) = foH(s,0)=f(H(s,0)) = f(a(s)), F(s,1)= fo
H(s,1) = f(H(s, 1)) = f(B(s)), F(0,8) = f(xo) and F(1,t) = f(x;). Hence,
foa ~o,p feB.

Definition 2.2.31. Suppose (X,d¢) is a descriptive proximity space, a is a descriptive
proximal path between x, and x;, B is a descriptive proximal path between x; and x,.

Then the product of @ and B, a * 3, is defined by

a(2s), 0<s<
a*ﬁ(s)={ .

= N

B(2s —1), <s

IA

is a descriptive proximal path between x, and x,.

Remark 2.2.32. The product of two descriptive proximal paths a * § is a descriptive

proximal path provided it is a dpc map according to Lemma 2.2.5. with a * $(0) = x, and
ax*B(1) = x;.
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Definition 2.2.33. Let (X, §5,) be a descriptive proximity space. The descriptive constant

path c: [0,1] - X at x, € X is a descriptive path such that c(t) = x, for every t € [0,1].

Proposition 2.2.34. Suppose that (X, d¢) is a descriptive proximity space, « and w are a
descriptive paths from x, to x;, and £ is a descriptive path from x; to x,. If a ~¢ ), w,

thena x B ~¢p w * .

Proof: Since a ~¢, w, there is a dpc map H:[0,1] X [0,1] — X such that H(s,0) = a(s),
H(s,1) = w(s), H(0,t) = xy and H(1,t) = x;. Define

G:[0,1] x [0,1] =» X by

H(2s,0), 0<s<=
G(s,0) = ) 2
B(2s — 1), S<Ss<1
1
a(2s), 0 SSSE
- 1
B(2s — 1), SSs<1
= ax*f(s)
1
H(2s,1), 0<s<-
G(s,1) = ) E
B(2s — 1), SSs<1
1
w(2s), 0 SSSE
- 1
B(2s — 1), S<s<1
= w * [(s) .

We also have, G(0,t) = H(0,t) = xo and G(1,t) = B(1) = x,. Thus, a * f ~¢,, w * 5.



73

Proposition 2.2.35. Assume that (X,d4) is a descriptive proximity space, a and y are

descriptive paths from x; to x,, and S is a descriptive path from x, to x;. If a ~¢,, v, then

ﬁ*a"'d),pﬁ*)/-

Proof: Since a ~¢, v there is a dpc map F:[0,1] X [0,1] — X such that F(s,0) = a(s),
F(s,1) =y(s), F(0,t) = x; and F(1,t) = x, . Define

H:[0,1] x [0,1] = X by

1
B(2s), OSSSE
H(s, t) = 1
F(2s—1,1t), ESSSI.
Then H is a dpc map by Lemma 2.2.5. Moreover,
1
B(2s), OSSSE
H(s,0) = 1
F(2s—1,0), 53551
1
B(2s), OSSSE
- 1
a(2s —1), ESSSl
= Brals).
1
B(2s), 0<s<-
H(s,1) = . 2
F(2s—1,1), SSs<1
1
B(2s), OSSSE
- 1
y(2s —1), ESSSl

= Bxy(s).
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We also have, H(0,t) =8(0)=x, and H(1,t)=F(1,t)=x,. Thus
B*a ~op B*y.

As shown in Proposition 2.2.27, the descriptive proximal path homotopy relation
~gq,p IS an equivalence relation, so we can define the descriptive proximal equivalence

classes as follows.

Definition 2.2.36. Let (X,d4) be a descriptive proximity space, and a:[0,1] - X be a
descriptive proximal path from x, to x;. Then [a] = {B:[0,1] > X : a~g¢, f } is the

descriptive proximal equivalence class of a.

Remark 2.2.37. Let (X,64) be a descriptive proximity space, y and p be descriptive

proximal paths from x; to x,. Theny ~¢,,, p if and only if [y] = [p].

Proposition 2.2.38. Let (X, 64,) and (Y, d4,) be descriptive proximity spaces, a: [0,1] -
X be a descriptive path from x, to x;, 8:[0,1] —» X be a descriptive path from x, to x,. If

k: (X, 80,) = (Y, 80,) is adpc map, then [k o (a x )] = [(k o a) x (k o B)].

Proof: To show that [k o (@ * B)] = [(koa ) = (k o B)], we need to prove that k o (a * )
~¢p (koa)=* (ko p). Start with

a(2s), OSSS%
axp(s)= .
B(2s — 1), > Ss<1
o)
ko a(2s), OSSS%
ko (axp) = .
koB(2s—1), S Ss<1
= (keoa)x (ke pB)(s).

Thus we conclude that ko (axp)~gp (koa)*(kopB). Hence, [ko(axp)]=
[(k o a) = (ko B)].
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Definition 2.2.39. (Peters & Vergili, 2021): Let (X,d4,) and (Y,84,) be descriptive
proximity spaces. Then for a map d: X — Y is said to be a degenerate descriptive constant

We improve the proof of the following theorem stated in (Peters & Vergili, 2021).

Theorem 2.2.40. (Peters & Vergili, 2021): Let (X,84,) and (Y,dq,) be descriptive
proximity spaces, and d: X — Y is a degenerate descriptive constant map, then d is a dpc

map.

Proof: Let A and B be subsets of X such that A g B. Then we will show that
d(A) 64,d(B). Since d is degenerate descriptive constant map, then ,(d(4)) =
®,(d(B)) because for any x,,x; € X we have @,(d(x,)) = ®,(d(x;)), hence
d(A) =ges d(B). Thus d(A4) d4,d(B), so we can say that d is a dpc map.

Note that the converse of Theorem 2.2.40. is not true in general as in the following

example.

Example 2.2.41. Consider the dpc map f in Example 1.1.54. We claim that this map is
not degenerate descriptive constant map since for rbE and rbE; we have f(rbE) = rbA
and f(rbE,) =rbB. However ®,(rbA) =1 and ®,(rbB) =2. Hence, f is not

degenerate descriptive constant map.

Definition 2.2.42. (Peters & Vergili, 2021): Suppose (X, d4) is a descriptive proximity
space. Then X is said to be degenerate descriptively contractible space if the identity map

on it is descriptive proximally homotopic to a degenerate descriptive constant map.
Proposition 2.2.43. A convex space is a degenerate descriptively contractible space.

Proof: Let X be a convex space. To show that X is descriptively contractible, define the
identity map idy: (X,d¢) = (X, 84) Which is a dpc map and define c: (X, d¢) = (X, 89)
where c(x) = x, Is a degenerate descriptive constant map. We claim that idy ~¢ c. Since
X is a convex space, one can defineamap F: X x [0,1] » X by F(x,t) = tx, + (1 — t)x.
F is clearly a dpc map satisfying F(x,0) = x = idy(x) and F(x,1) = x, = c(x). Thus

idy ~¢ c. Hence, X is degenerate descriptively contractible.
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The proof of the following theorem is missing in details (Peters & Vergili, 2021), so

we give an explanation of the proof below.

Theorem 2.2.44. (Peters & Vergili, 2021): If (X,84) is a degenerate descriptively

contractible space, then it is also a descriptively contractible.

Proof: To show that (X, &4) is descriptively contractible, we need to prove that the identity
map idy is descriptive proximally homotopic to descriptive constant map. We claim that
for a degenerate constant map c, it is descriptive proximally homotopic to the descriptive

constant map c,, for x, € Im(c,). Define

cg(x), 0<t<1

H:X x[0,1] = X by H(x,t) = {Cx () =x, t=1
0 )

Then H is a dpc map since if (xi,t1) ~¢ (x3,t;), then if 0 <ty t; <1 we have
H(xy,t1) = c4(xy) and H(xy, t;) = cz(x3), SO cq(x1) ~¢ cq(x,) by Theorem 2.2.40. In
addition, W.L.O.Gif 0 <ty, < 1landt; =1,then H(xy,t;) = cq(x1) and H(x,, t;) = xq,
but x, € Im(cy), then H(xy,t;) ~o H(x,,t,). Hence, H is a dpc map with H(x,0) =
cq(x) and H(x, 1) = ¢, (x) = xg, SO cx,~o Cq. Since (X, 8¢ ) is a degenerate descriptive
contractible space, then c; ~¢ idy. Moreover, ~4 is an equivalence relation, then we have

Cxy~o Ldx. Thus, (X, 8¢) is descriptively contractible.

Corollary 2.2.45. Let (X,84) be a degenerate descriptively contractible space, then
(X, 6¢) is descriptively path connected.

Proof: Since (X,d4) is a degenerate descriptively contractible space, then by Theorem
2.2.44. it is descriptively contractible and from Proposition 2.2.11. (X, ) is descriptively

path connected.

Remark 2.2.46. Since any degenerate descriptive contractible space is descriptively
contractible space, then the properties, such as given in Propositions 2.2.12, 2.2.20, 2.2.21,
which are valid for the descriptively contractible spaces are also valid for the degenerate

descriptive contractible spaces.

For a descriptive proximity space (X, d4) we will define descriptive retraction and

descriptive deformation.
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Definition 2.2.47. Assume (X, d4) is a descriptive proximity space with a probe map
®: X - R", @+ ACX.Then we say that A is a descriptive retract of X provided there is
adpc map r: (X,89) = (4, 6¢) such that r(a) = a for all a € A. Such a map r is called a

descriptive retraction of X onto A.

In Figure 19, we can see that for a descriptive proximity space (X, 84 ), a subspace A
is a descriptive retract since every element in X can be descriptively transformed

successfully onto A, so A is a descriptive retract.

Figure 19. A descriptive retract A of (X, dg)

Example 2.2.48. Let (X,d4) be a descriptive proximity space illustrated in Figure 4.
Where the probe map defined as the color of the subset of X. In that case E is a descriptive

retract of X.

In fact, define r: X — E suchthat r(E) = E,r(C) = E,r(A) =Bandr(B) = B. Thenr is
adpc map and as r(E) = E and r(B) = B, we can conclude that E is a descriptive retract

of X.

Definition 2.2.49. Let (X,64) be a descriptive proximity space, and A € X. Then A is
called a descriptive deformation retract of X provided there isa dpc map H: X X [0,1] = X

such that

1.H(x,1) €e Aand H(x,0) = x forevery x € X
2.H(a,t) =aforeverya e Aandt € [0,1]
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Such a map H is called a descriptive deformation of X into A.

Remark 2.2.50. We can rewrite the definition of the descriptive retraction as the follows.
For a subspace A of a descriptive proximity space X and a descriptive inclusion i: A < X if
there is a dpc map r: X — A such that r o i = idy, then we say that A is a descriptive retract
of X and r is a descriptive retraction. The two definitions are equivalent since r o i = id, for

alla € A,and we have r o i(a) = a,sor(a) = a.

Proposition 2.2.51. A descriptive deformation retract A € X is a descriptive retract of X,
and for the descriptive inclusion i: A < X, we have i o r ~4 idy. Moreover, ior and r o i

are descriptive homotopy equivalent.

Proof: Since A is a descriptive deformation retract of X, there is a descriptive deformation
map H: X % [0,1] = X, such that H(x, 1) € A. Then we can write H(x, 1) = i(r(x)) where
r:X —> A is a dpc map. Hence, for a € A we have H(a,1) =i(r(a)) =a, so that
r(a) = a. Thus, r is a descriptive retraction. Now notice that H is a descriptive proximal
homotopy between ior and idy which comes directly from the definition of H and
roi =1idy. Since r is a descriptive retraction, we can conclude that i e and roi are

descriptive proximal homotopy equivalent.

Proposition 2.2.52. Let (X, 64) be a descriptive proximally contractible space, and A is a

descriptive retract of X. Then (4, §¢) is a descriptive proximally contractible space.

Proof: Since X is descriptive proximally contractible, then id,~4 ¢, where c: X — X is a
descriptive constant map at x,, i.e., c(x) = x,. Then there is a dpc map H: X x [0,1] —
[0,1] such that H(x,0) = id,(x) = x and H(x,1) = c(x) = x,. We will find a dpc map
G:A % [0,1] - A such that G(a,0) = idy(a) and G(a,1) = k(a) = a; Where k: A - A is

a descriptive constant map at a,. Define
G:AX[01] > Aby G :=roHo (i Xidy)).

Then G is a dpc map satisfying G (a, 0) = r(H(a,0)) = r(a) = a = id4(a) and G(a,1) =
r(H(a, 1)) =1(xy) =r(c(a)) where roc is a descriptive constant map. Now take

r(c) =k, then (4, 84) is a descriptive proximally contractible space.
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Proposition 2.2.53. Let (X,d84) be a descriptively path connected space, and A a

descriptive retract of X. Then (4, §¢) is a descriptively path connected space.

Proof: Let a, b € A. We need to find a descriptive proximal path §:[0,1] = A fromato b
so that $(0) = a and B(1) = b. However, X is descriptively proximal path connected,
then there is a dpc map a: [0,1] - X such that a(0) = a and a(1) = b. Define

ﬁ::roa

where r is a descriptive retraction. Then B:[0,1] - A is a dpc map with B(0) =
r(a(0)) =7(xo) = a and B(1) =r(a(1)) =r(xy) = b. Thus (4,8s) is a descriptive

proximally path connected space.

Proposition 2.2.54. Suppose (X, §¢) is descriptive proximity space and A, B € X. If A and

B are descriptive deformation retracts of X, then A ~4 B.

Proof: To show that A =4 B, we need to find dpc maps f: A = B and g: B — A such that
fog~pidg and go f ~4 id,. Since A is descriptive deformation retraction of X, then
there are a descriptive inclusion i: A < X and a descriptive retraction r: X — A such that
roi=1idy and i or ~g idy. Also since B is descriptive deformation retraction, then there
are a descriptive inclusion j:B < X and a descriptive retraction s: X — B such that
soj=lidgandjos~gidy. Define f:A—>Bbyf:=sciandg:B—->Abyg:=1rcj.In

that case f and g are dpc maps. Furthermore,
feg=se(ior)ej~g seidyej=soj=idp,
Thus, f o g ~¢ idg. Moreover,
geof=ro(jos)oi~gproidyoi=roi=1idy,.

S0, g o f ~¢idy. Hence, A =4 B.

In the following sections, we will present some properties of the fixed set property of
proximity and descriptive proximity spaces where these properties are stated for digital
spaces in (Boxer et al., 2016), (Boxer, 2019) and (Ege & Karaca, 2015).
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2.3. Approximate Proximal Fixed Set Property

Let X be a non-empty set. Then a map f: X — X has a fixed point provided there is
x € X such that f(x) = x. Geometrically if X € R the fixed point of f is the common
point between f and the line y = x. Fixed point theorems play a large role in sections of
mathematics such as those used to iteratively approximate the roots of maps and while
going through the spaces which has the fixed point property like R™ as Brouwer has shown
in his fixed point theorem that every continuous map from R" to itself has a fixed point
(Spanier, 1966).

The following results are motivated by (Boxer et al., 2016), (Boxer, 2019) and (Ege
& Karaca, 2015) in digital space.

Definition 2.3.1. Let (X, 8) be a Cech proximity space. Then we say that (X, &) has the
proximal fixed set property provided for every pc map f:(X,8) — (X,8) has a fixed
subset.

Next we will introduce an approximate proximal fixed set property and prove some
theorems which are related to the proximal retract and proximal isomorphism. We will see
that this property corresponding to the proximal fixed set property is more interesting and

we end up showing that this property is a proximal invariant property.

Definition 2.3.2. Let (X, 8) be a Cech proximity space. Then we say that (X, &) has the
approximate proximal fixed set property (APFSP), if every pc map f: (X,6) — (X,6) has

an approximate fixed subset.

Definition 2.3.2 can be stated as follows: A Cech proximity (X,8) space has the
APFSP if and only if for every pc map f: (X,8) — (X, 8), there is a subset A c X such that
f(A) =Aorf(A) § A. For asubset A of X we take the proper subset because otherwise if
A =X, then f(A) & A for every proximally continuous map which means that (X, &)

always has the APFSP which does not make any sense.

Example 2.3.3. Suppose X ={-1,1} c R and § is a metric proximity defined in
Definition 1.1.3. on X. Then (X, &) has not the APFSP.

Let f: (X,6) » (X,5) be apc map, defined by
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flx) = {_11 x=1

, x=-1

Then there is no proper subset A of X such that f(A) = Aor f(A) § A, because we have two

choices for 4,i.e, A ={1}{-1}. So, we have two cases :
Case 1. If A ={1}, then f(A) # Aand f(4) J A.
Case 2. If A ={-1}, then f(4) # Aand f(4) é A.

Theorem 2.3.4. Let (X,8;) has the APFSP, and h:(X,8;) = (Y,8,) a proximal
isomorphism map. Then (Y, §,) has the APFSP.

Proof: Suppose f:(Y,8,) = (Y,8,) is a pc map. Define g:= h™lo foh,then
g:(X,67) = (X, 6;) is a pc map by Proposition 1.1.31. In addition (X, §;) has the APFSP,

so there is a subset A < X such that g(4) = A or g(A4) &, A, hence we have two cases

Case 1. If g(A) = A, then h™* o f o h(A) = A. So, we have f(h(4)) = h(A). Hence,
h(A) c Y is an approximate proximal fixed subset, then (Y, §,) has the APFSP.

Case 2. If g(A) &, A, then h™to foh(A) 8, A.So, f(h(A)) 8, h(A). Hence, h(A) c Y
is an approximate fixed subset, then (Y, §,) has the APFSP.

Theorem 2.3.5. Let (X, 8;) and (Y, 8,) be Cech proximity spaces such that X ~4 5, V. If
(X, 6,) has the APFSP, then (Y, 6,) also has the APFSP.

Proof: Given a pc map g: (Y, d,) = (Y, d,), we want to show that g has an approximate
fixed subset. By assumption X ~s s Y, there is a bijective map h: (X, 5;) — (Y, 8,) which
isa pc map and h=1: (Y, 8,) = (X,8,) is also a pc map. From Theorem 2.3.4. we conclude
that (Y, §,) has the APFSP.

Corollary 2.3.6. The APFSP is a proximal invariant property for proximity spaces.

In the next theorem we will show that how the APFSP is preserved under a proximal

retract.

Theorem 2.3.7. Suppose (X, §) is a proximity space and A c X is a proximal retract of X.
If (X, ) has the APFSP, then (4, &) has the APFSP.
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Proof: Let f: A — A be a pc map. We will show that f has an approximate fixed subset.
Furthermore, A is a proximal retract of X, then there is a pc map r: X — A such that

r(a) = a forall a € A. For a proximal inclusion i: A & X, define
g=iofor.
Then g: X — X is a pc map by Proposition 1.1.31, from hypothesis (X, §) has the APFSP,

then there is B < X such that g(B) = Borg(B)é B. Letting g(B) =D c A, then
D=BorDéB.

Case 1. If D=B, and by assumption D = g(B) = iofor(B)=i(f(r(D)) =
i(f(D)) = f(D), so D = f(D). This means that f has an approximate fixed subset D, and
we can say that (4, §) has the APFSP .

Case 2. If D § B, then g(D) 6 g(B) since g is a pc map, and by assumption that g(B) = D
and g(D) = i(f(r(D)) =i(f(D)) = f(D), so f(D)&D. This means that f has an
approximate fixed subset D, then we can say that (4, §) has the APFSP.

Next, we will introduce the proximal universal map and show how it is related to
APFSP. The universal map is a map that can, in a specific way, imitate all other maps, or
in other words it is an approximation of all other maps within a specified space. This type
of maps is not limited to mathematics only, but is also included in other fields such as
computer science and cryptography. In mathematics a universal map is one that contains

subregions that approximate each holomorphic map of arbitrary precision.

Now we will study proximal universal map in a Cech proximity space. In addition,

we will prove some theorems for spaces which has the APFSP.

Definition 2.3.8. Let (X, §;) and (Y, 8,) be Cech proximity spaces. A pc map f: (X,8;) —
(Y, 8,) is proximal universal for (X,Y) if given a pc map g: (X, 8;) = (Y, d,), there is
A € X such that f(A) = g(A) or f(A) 6, g(A).

Example 2.3.9. Let (R, §) be a Cech proximity space where § is a metric proximity. Then

f: R - Rdefined by f(x) = x2 is not a proximal universal map.

Proof: f is a pc map, since for subsets A,B of R if A§B,i.e.,D(A,B) =0, then
f(A) 6 f(B) because
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D(f(A),f(B)) = inf{d(f(a),f(b)) : a € A,b € B}
= inf{la’? - b%l:a €A b€EB}= 0.

However f is not proximal universal. Consider the constant map on R, c¢: R — R, such that
c(x) = —1 then c is a pc map, but there is no W subset of R such that f(W) = c(W) or
f(W) 6 c(W). If we assume that we have such a subset W, then

Case 1. f(W) = c(W) which is not true since f(W) = {w? : w € W}.
Case 2. f(W) & c(W), then D(f (W), c(W)) = 0, but
D(f(W),c(W)) = inf{d(f(w),c(w)) : w € W}
= inf{lw? + 1| : w e W}
= 1.
So, f(W) & W. Thus £ is not proximal universal.

The following definition is adapted from (Boxer et al., 2016) definition of digital

dominating.

Definition 2.3.10. Suppose (X, 8) is a Cech proximity space and W is a subset of X. Then
we say that W is a proximal dominating in X, if for every A € X there exists B € W such
that A=BorAdB.

Theorem 2.3.11. Assume (X, ;) and (Y, 8,) are Cech proximity spaces and let f: X —

Y be a proximal universal map for (X,Y). Then f(X) is a proximal dominating in Y.

Proof: To show that f(X) is a proximal dominating in Y, we need to prove that for any
subset of Y, say B, there exists D € f(X) such that D = B or D §, B. Given y, € B define
Cy,: X = Y where ¢, (x) = y,,V x € X. Clearly c,, is a pc map and since f:X - Yis a

proximal  universal map for (X,Y), there is A, ©X such that

f( Ayo) = {¥o} orf(AyO) 82 {yo}-

Case 1. If f(AyO) = {y,} and since y, is an arbitrary element of B, then for any A =

Uy,es Ay, f(A) = B.
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Case 2. If f(A,,) &, {vo} and since y, is an arbitrary point of B, then f(4,,) &, B. Letting
D = f(A,,) completes the proof.

Therefore, f(X) is a proximal dominating in Y.

For the proximal universal restricted map which has the proximal universal property
causes the original map to have the same property as stated in the next theorem.

Theorem 2.3.12. Let (X,68;) and (Y,8,) be Cech proximity spaces, and U c X . If
f:X - Yisapc map and the restricted map f|y: (U, 8;) = (Y, ;) is a proximal universal

map for (U,Y), then £ is a proximal universal map for (X, Y).

Proof: Let h: (X,8,) = (Y,5,) be a pc map. Since f|, is a proximal universal map for
(U,Y), there exists V < Usuch that f|y(V) = h|y(V) or fly(V) &, h|y(V) where
VvevucXandf|y(V)=fV), hly(V) = h(V), f is a proximal universal map for (X,Y).

Theorem 2.3.13. Suppose (X, 8,), (Y, 8,) and (Z, 85) are Cech proximity spaces, f:Z —
Xand g:X = Y are pc maps. If g o f:Z = Y is a proximal universal map, then g is also a

proximal universal map.

Proof: Let h: X — Y be a pc map. ho f:Z = Y is a pc map by Proposition 1.1.31. Since
gef is a proximal universal map, there is A S Z such that ho f(A) = go f(A)or
ho f(A) &, ge f(A). Take f(A) =W < X, then h((W) = g(W) orh(W) 6, g (W).So g

is a proximal universal map.

Theorem 2.3.14. Let g:(Z,6;) - (X,8,), and h:(Y,85) » (W,5,) be proximal

isomorphism maps. If f: (X, 8,) — (Y, d3) is a pc map, then the following are equivalent.

i.  fisaproximal universal map .
ii.  f o gisaproximal universal map.

iii.  ho fisaproximal universal map.

Proof:

(i)=(ii): Let k: (Z,5,) - (Y,85) be a pc map, then ko g~1: (X,8,) - (V,83) is a pc
map by Proposition 1.1.31. Since f is a proximal universal map, then there is A € X such
that k o g71(A) = f(A) or k o g~1(A) 85 f(A). Substituting by A = g(g~1(4)), we get
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kog (g (g7 ) = f (g(g~ () ork o g™ (g(g7*(4))) 65 f(g(g™*(A4))

So, k(g7(4)) =fog(g7t(A)) or k(g7 (A)) 85 fog(g7*(4)) since g~i(A) < Z.

Hence f o g is a proximal universal map.
(i) = (i) : This statement was proved in the proof of Theorem 2.3.13.

(i)=(iii) : Let r: (X,8,) » (W,8,) be a pc map, then h™lor:(X,5,) - (V,83)is a pc
map by Proposition 1.1.31. Since f is a proximal universal map, there is A € X such that
h™Yor(A) = f(A)or A"t or(A) 85 f(A). his a proximal isomorphism map, so that

h(h™1(r(A))) = h(f(A)) or h(h™'(r(A))) 85 h(f(A))
So, r(A) =h(f(A))orr(A) 63 h(f(A)). Thus, h o f is a proximal universal map.
(ii)=(i) : Let s:(X,8,) = (Y,63) be a pc map. Then heos:(X,8,) » (W,48,)1s a pc
map by Proposition 1.1.31. Since h o f is a proximal universal map, then there is B € X

such that hos(B) =ho f(B) or hos(B) &8, ho f(B). In addition, h~1 is a proximal

isomorphism map, then

h=1(h(s(B))) = h 1 (h(f(B))) or A1 (h(s(B))) 83 K1 (h(f(B))).
So, s(B) = f(B) or s(B) &5 f(B). This shows that f is a proximal universal map.

Proposition 2.3.15. A proximity space (X,§) has the APFSP if and only if the identity

map idy: X — X is a proximal universal map.

Proof: (X, &) has the approximate proximal fixed set property APFSP if and only if given
f:X — X is a pc map, then there is A c X such that f(4) = Aor f(A) § A since idy is a
pc map and idy(A) = A, then f(A) = idx(A)or f(A) § idx(A) if and only if idy: X —

X is a proximal universal map.

Corollary 2.3.16. Assume f: (X, ;) — (Y, 8,) is a proximal isomorphism map. Then f is
a proximal universal for (X,Y) if and only if (X, §;) has the APFSP.
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Proof: By Theorem 2.3.14, f is proximal universal for (X,Y) if and only if f~1 o f = idy
is a proximal universal map and by Proposition 2.3.15, idy is a proximal universal map if
and only if (X, ;) has the APFSP.

Now we will present another type of proximal universal map called a weakly
proximal universal map. Moreover, we will explain the relation between these two maps,
and how an approximate proximal fixed set property is affected by weakly proximal

universal map.

Definition 2.3.17. Let (X, 8;) and (Y,d,) be proximity spaces. A pc map f:(X,5;) —
(Y,68,) is a weakly proximal universal map for (X,Y) if given a pc map g: (X, d,) -
(Y,8,), thereis A € X such that f(4) &, g(4).

Since a proximal universal map between proximity spaces is a weakly proximal
universal map, the proof of the following theorems are directly obtained from the proof of

the theorems related to proximal universal maps.

Theorem 2.3.18. Assume that (X, 8,) and (Y, 8,) are Cech proximity spaces, and f: X —

Y is a weakly proximal universal map for (X,Y). Then f(X) is a proximal dominating in Y.

Theorem 2.3.19. Let (X, 8) be a Cech proximity space, then (X, §) has the APFSP if and

only if the identity map idy: X — X is a weakly proximal universal map.

Theorem 2.3.20. Suppose (X, 8,), (Y, 68,) and (Z, 85) are Cech proximity spaces, f:Z —
Xand g:X — Y arepcmaps. If go f:Z = Y is a weakly proximal universal map, then g is

also a weakly proximal universal map.

Theorem 2.3.21. Let g:(Z,6;) —» (X,6,), and h:(Y,85) - (W,8,) be a proximal

isomorphism maps. If f: (X, 6,) — (Y, 83) is a pc map, then the following are equivalent.

i.  fisaweakly proximal universal map.
ii.  f o gisaweakly proximal universal map.

iii.  ho fisaweakly proximal universal map.

Corollary 2.3.22. Suppose (X, ;) and (Y, 8,) are Cech proximity spaces. If f: (X,8;) —

(Y, 8,) is proximal isomorphism, then the following are equivalent.
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i.  fisweakly proximal universal for (X,Y).
ii. (X,38,) hasthe APFSP.
ii. (Y, ;) has the APFSP.

Proof:

(i) <(ii): fis weakly proximal universal for (X,Y) if and only if fof~1=idy is a
weakly proximal universal map by Theorem 2.3.21. Furthermore, by Theorem 2.3.19,

idy: X — X is a weakly proximal universal map if and only if (X, §;) has the APFSP.

(i) <(iii): f is weakly proximal universal for (X,Y) if and only if f~1 o f = id, is weakly
proximal universal map by Theorem 2.3.21. In addition, idy:Y — Y is a weakly proximal

universal map if and only if (Y, §,) has the APFSP.

2.4. Approximate Descriptive Fixed Set Property

Now we can define the approximate descriptive fixed set property. As we mentioned
in Chapter 1, an approximate descriptive fixed subset of a dpc map is a set that is
descriptively near to its image.

Definition 2.4.1. Let (X,4) be a descriptive proximity space, then we say that (X, 54)

has the descriptive fixed set property provided every dpc map f: (X,d84) = (X, 84) has a

descriptive fixed subset.

Definition 2.4.2. Let (X, 84) be a descriptive proximity space. Then we say that (X, 54)
has the approximate descriptive fixed set property (ADFSP), if every dpc map

f:(X,89) = (X, 64) has an approximate descriptive fixed subset.

The approximate descriptive fixed property is preserved under a descriptive proximal

isomorphism map as stated in the following theorem.
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Theorem 2.4.3. Let (X, dq,) has the approximate descriptive fixed set property, and let
h:(X,6¢,) > (Y,8,) be a descriptive proximal isomorphism, then (Y,d4,) has the
ADFSP.

Proof: Suppose f: (Y, 84,) = (Y, 8y, ) is a dpc map. Define
gi=h"'ofoh, sothat g:(X,dp,) > (X, 60,)

is a dpc map by Proposition 1.1.41. Since, (X, d4,) has the ADFSP, then there is A c X
such that g(A) =ges A 0r g(A) 8o, A, 50 h1(f (R(A)) =ges A Or K71(f (h(4)) 8o, A.
Moreover, from Lemma 1.1.66. f(h(A)) =ges h(A) or f(h(4)) 8o, R(A), since h is a
descriptive proximal isomorphism map. Now take h(A) = B, so that there is B c Y such
that f(B) =g4es B Or f(B) &g, B. Hence (Y, 64,) has the ADFSP.

Corollary 2.4.4. The approximate descriptive proximal fixed set property is a descriptive

proximal invariant for descriptive proximity spaces.

Now we will show that the approximate descriptive fixed set property is preserved

under descriptive proximal retract.

Theorem 2.4.5. Suppose (X,84) is a descriptive proximity space and Ac X is a
descriptive proximal retract of X. If (X,d4) has the ADFSP, then (4,8¢) also has the
ADFSP.

Proof: Let f:(4,8¢) = (4,84) be a dpc map. We will show that f has an approximate
descriptive fixed subset. Since, A is a descriptive proximal retract of X, there is a dpc map
r: X - A such that r(a) =a for all a € A. Let i:A < X be a descriptive proximal
inclusion. Define g :=1io for, then g:(X,8¢) = (X,89) IS @ dpc map by Proposition
1.1.42, since (X,6p) has the ADFSP, then there is B cX such that
g(B) =4es BOorg(B) 8¢ B. Let g(B)=D, whereDc A, so that we have
D =40 BorD 64 B.

Case 1. If D =,4,, B, then
D=g(B)=iofor(B)=q;i(f(r(D)) =i(f(D)) = f(D),

So, D =4.¢ f(D) means that f has an approximate descriptive fixed subset D.
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Case 2. If D 64 B, then g(D) 64 g(B), since g is a dpc map, we assumed g(B) = D and
g(D) = i(f(r(D)) = i(f(D)) = f(D), s0 f(D) 4 D meaning that f has an approximate

descriptive fixed subset D.

Next, we will present descriptive universal maps and prove some theorems for a

descriptive proximity space which has the approximate descriptive fixed set property.

Definition 2.4.6. Let (X,dq,) and (Y,84,) be descriptive proximity spaces. A dpc map
f:(X,60,) = (Y,8¢,) is a descriptive proximal universal map for (X,Y) if given a dpc
map g: (X, 8e,) = (¥, 8s,), then there is AcX such that
f(A) =ges g(A) or f(A) 8o, 9(A).

The above definition tells us that a descriptive proximal universal map will imitate

all descriptive proximally maps for some subsets.

Example 2.4.7. Let X = {rbE;,rbE,rbE,} shown in Figure 5(a) and Y = {rbA,rbB}

shown in Figure 5(b) equipped with the same descriptive proximity relation
Abp B : ©(A) = B (A) = Ba(B) = P(B)
for a pair A, B subset of X or Y. Let f: (X, d¢) — (Y, 84) be defined on the subsets of X by
f(rbE) = rbB, f(rbE;) = rbAand f(rbE,) = rbA

Then as we showed in Example 1.1.54. f is a dpc map. Now we will show that f is a

descriptive proximal universal map .We have three cases for dpc maps from X to Y.

Case 1. Define k: (X,64) = (Y,84) by k(W) = rbA for all W < X, then k is a dpc map
and if we consider rbE;, then f(rbE;) =405 k(rbE;), since f(rbE,) = k(rbE,).

Case 2. Define r: (X, 89) — (Y,8¢) by (V) = rbB for all V € X, then r is a dpc map and
if we consider rbE, then f(rbE) =4.5 r(rbE), since f(rbE) = r(rbE).

Case 3. Let g: (X,849) — (Y, &) defined by

g(rbE) = rbA, g(rbE;) = rbB and g(rbE,) = rbB.
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Then g is a dpc map, since for C,D € X, C84D. So g(C) 6y g(D). Take U =
{rbE,rbE,}, then f(U)={rbB,rbA} and g(U) = {rbA,rbB}.  Therefore

f(U) =des g(U)-

Hence, for all dpc maps from X to Y, we can find a subset of X that satisfies the
conditions of the descriptive map f to be a descriptive universal map. So, f is descriptive

proximal universal map.

Definition 2.4.8. Suppose (X, d¢) is a descriptive proximity space. We say that a subset
W of X is a descriptive proximal dominating in X provided for every A € X there exists
B € Wsuchthat A =4, Bor A g B.

The image of a descriptive proximity space under a descriptive proximal universal

map is a descriptive proximal dominating in the codomain.

Theorem 2.4.9. Assume (X,8,) and (Y,8q,) are descriptive proximity spaces and
f:(X,60,) = (Y,60,) is a descriptive proximal universal map for (X,Y). Then f(X) is a

descriptive proximal dominating in Y.

Proof: To show that f(X) is a descriptive proximal dominating in Y, we need to prove that
for any subset of Y, say A, there exists B € f(X) such that A =4.; Bor Adq,B. Let
Yo € A. Define ¢y, : X - Y where ¢, (x) = y,, for all x € X. Clearly c,, is a dpc map and

since f:X — Y is a descriptive proximal universal map for (X,Y), there is G, < X such

that £(Gy,) =daes Vo) Of £(Gy,) 8o, Vo)-

Case 1. If  f(Gy,) =aes (¥o}, then for any arbitrary point y, € A we have
f(Gy,) =aes (vo}- 1f we take G = Uy, ¢4 G, SO that £(G) =405 A. This shows that f(X) is

a descriptive proximal dominating in Y.

Case 2. If f(Gyo) 8¢,{¥0},50 is valid for any arbitrary y, € A. Hence we have
f(Gy,) 8,A. This shows that £ (X) is a descriptive proximal dominating in Y.

Theorem 2.4.10. Let (X,d4,) and (Y,(Scpz) be descriptive proximity spaces and
f:(X,65,) > (Y,60,) @ dpc map. For U c Xif the restricted map f]|y:(U,8q,) -
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(Y,8¢,) is a descriptive proximal universal map for (U,Y), then f is also a descriptive

proximal universal map for (X,Y).

Proof: Let h: (X, 8q,) — (Y, 6¢2) be a dpc map and since f|, is a descriptive proximal
universal map for (U,Y),there exists V€ U such that f|y(V) =4es h|y(V) or
flu(V) 8, hly (V). Moreover, f|,(V) = f(V) and h|y;(V) = h(V) where V S U C X,

and since f is a dpc map, f is a descriptive proximal universal map for (X,Y).

Theorem 2.4.11. Suppose (X, 8, ), (Y, 8s,) and (Z, 84, ) are descriptive proximity spaces,
and f:Z - X, g: X = Y are dpc maps. If g o f is a descriptive proximal universal map,

thensois g.

Proof : Let h: X — Y be a dpc map. We know thatho f is a dpc map by Proposition

1.1.42. Since g o f is a descriptive proximal universal map, then there is A € Z such that
ho f(A) =ges g ° f(A) or ho f(A)bs, g° f(A)

Take f(A) = W € X. In that case h(W) =45 g(W) orh (W) 84, g (W). So, that g is a

descriptive proximal universal map.

Theorem 2.4.12. Let g:(Z,8¢,) = (X,8p,) and h:(Y,84,) = (W,84,) be descriptive
proximal isomorphism maps. If f: (X, 6s,) — (Y, 6([,3) is a dpc map, then the following are

equivalent.

I.  fisadescriptive proximal universal map.
ii.  f o gisadescriptive proximal universal map.

lii.  ho fisadescriptive proximal universal map.

Proof :

(i) = (ii) : Let k: (Z,84,) = (Y, 84, ) be a dpc map, then k o g=*: (X, 8p,) = (¥, 84,) is a
dpc map by Proposition 1.1.42. Furthermore, since f is a descriptive proximal universal
map, there is A € X such that k o g™ (A) =45 f(A) or k e g7'(A) 8o, f(A). Substituting

by A = g(g~'(4)), we get

kog™ (9(g7(4))) =aes £ (9(g72(4)))
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or
k og7 (g (g7(4))) 80, f (g (g (AN).

then k(g7 *(A)) =aes f° g (g7 (4)) or k(g~(A)) 8o, f o g(g~*(A)). Since g~*(4)

C Z, then this shows that f o g is a descriptive proximal universal map.
(it) = (i) : The proof comes directly from Theorem 2.4.11.

(i) = (iii) : Let 7: (X, 8p,) = (W, 84,) be a dpc map. Then h™t o 7: (X, 8p,) = (Y, 60, )
is a dpc map by Proposition 1.1.42. In addition to this, since f is a descriptive proximal
universal map, then there is A<X such that h™lor (4) =4 f(4) or

h™' o r(A) 8¢, f(A). Since h is a descriptive proximal isomorphism, we have

h(h™(r (A))) =des h(f(A)) or h(h™'(r(A))) 8o, h(f(A))

In that case 7(A) =ges h(f(A)) or 7(A) e, h(f(A)). Thus h o fis descriptive proximal

universal.

(iii) = (i) : Let s: (X, 6p,) = (¥, 84,) be a dpc map. Then ho s: (X,84,) > (W,8s,) is a
dpc map by Proposition 1.1.42. Moreover h o f is a descriptive proximal universal map, so
that there is B € X such that h o s(B) =45 h o f(B) or h o s(B) 8¢,h o f(B). Since, h™*

IS a descriptive proximal isomorphism, we have

B (h(s(B))) =aes h™"(A(F(B))) or k™" (A(5(B))) b, h™"(h(f(B)))

S0, s(B) =4es f(B) Or s(B) 6o, f(B). This shows that f is a descriptive proximal

universal map.

Proposition 2.4.13. Let (X,84) be a descriptive proximity space. Then (X, d¢) has the

ADFSP if and only if the identity map idy: X — X is descriptive proximal universal map.

Proof: (X,d4) has the ADFSP if and only if given f: X — X a dpc map, then there is
AcX such that f(A) =4esA oOr f(A) 6pA. Since idy(A)=A4A, then
f(A) =405 idx(A) Or f(A) 8g idx(A) if and only if idy: X — X is a descriptive proximal

universal map.
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Corollary 2.4.14. Assume f: (X,6q,1) - (Y,68¢,) is a descriptive proximal isomorphism.
Then f is a descriptive proximal universal for (X,Y) if and only if (X, 64,1) has the
ADFSP.

Proof: By Theorem 2.4.12, f is a descriptive proximal universal for (X,Y) if and only if
f~1o f =idy is a descriptive proximal universal map and by Proposition 2.4.13, idy is a

descriptive proximal universal map if and only if (X, 8, ) has the ADFSP.

In the following, we will obtain a weakly descriptive proximal universal map by

restricting the conditions of descriptive proximal universal map.

Definition 2.4.15. Let (X, 6¢1) and (Y, d8y,) be descriptive proximity spaces. A dpc map
f: (X, 64,1) - (Y, 8¢,) is a weakly descriptive proximal universal map for (X,Y) if given a

dpc map g: (X, 8e,) = (¥, 84,), there is A € X such that £ (4) 8¢, g(A).

A descriptive proximal universal map between descriptive proximity spaces is a
weakly descriptive proximal universal map. So, the following four theorems are the weaker
version of Theorem 2.4.9, Proposition 2.4.13, Theorem 2.4.11. and Theorem 2.4.12, So

that their proofs are straightforward.

Theorem 2.4.16. Assume (X, 6¢1) and (Y,8q,) are descriptive proximity spaces and
f:(X,85,) = (Y,680,) is a weakly descriptive proximal universal map for (X,Y). Then

f(X) is a descriptive proximal dominating in Y.

Theorem 2.4.17. A descriptive proximity space (X, 8, ) has the ADFSP if and only if the

identity map on itself is a weakly descriptive proximal universal map.

Theorem 2.4.18. Suppose (X,84,),(Y,84,)and (Z,84,) are descriptive proximity
spaces, and f:Z — X and g: X — Y are dpc maps. If g o f is a weakly descriptive proximal

universal map, thenso is g.

Theorem 2.4.19. Let g:(Z,84,) = (X,8s,), and h:(Y,8q,) > (W, 84,) be descriptive
proximal isomorphism maps. If f:(X,8¢,) — (Y, 6q,3) is a dpc, then the following are

equivalent.
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i.  fisaweakly descriptive proximal universal map.
ii.  f o gisaweakly descriptive proximal universal map.

lii.  ho fisaweakly descriptive proximal universal map.

Corollary 2.4.20. Suppose (X,de,) and (Y,84,) are descriptive proximity spaces,
f:(X,60,) > (Y,84,) is a descriptive proximal isomorphism, then the following are

equivalent.

i.  fisaweakly descriptive proximal universal for (X,Y).
ii.  (X,d¢,) has the ADFSP.
iii.  (Y,84,) has the ADFSP.

Proof :

(i) < (ii) : f is weakly descriptive proximal universal for (X,Y) if and only if fo f~1 =
idy is a weakly descriptive proximal universal map by Theorem 2.4.19. Moreover, by
Theorem 2.4.17 idy: X — X is a weakly descriptive proximal universal map if and only if
(X, 8s,) has the ADFSP,

(i) < (iii) : f is weakly descriptive proximal universal for (X,Y) if and only if f~1o f =

idy is a weakly descriptive proximal universal map by Theorem 2.4.19. In addition,
idy: X — X is a weakly descriptive proximal universal map if and only if (¥, 8,) has the

ADFSP.

2.5. Proximal Fixed Set Property with Respect to the Proximity Space

In the previous section we studied (approximate) proximal fixed set property. Now,
in this section we will analyze the proximal fixed set property with respect to proximity
spaces and we will consider a special case of proximity spaces as the unit interval and we
will call it a proximal homotopy fixed set property. However the name ‘homotopy’ was not
chosen randomly because we would define this property concurrently with the homotopy

definition of maps defined in Joseph Rotman's book (2009), and ended up showing that
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this property is a proximal invariant property. The following results are adapted and
inspired from the work of (Szymik, 2015).

We will present the fixed set property in a Cech proximity space (X, &;) with respect
to a different proximity space (T, d,), and then define the fixed set property respect to a

unit interval I = [0,1] which we will call proximal homotopy fixed set property.

Definition 2.5.1. Let (X, §;) be a Cech proximity space, then a proximal continuous family

of self-maps of X is a pc map
fiTxX - X,

where (T, 8,) is another Cech proximity space. A pc family f:T x X — X of self-maps
defines for each A € T and W < X a self-map defined by

fa: X = X such that £, (x) = f(a,x).
In that case we define
fa(x) = Ugea fa(x) = Ugea f(a,x)
and
faW) = UgeaUwew faW) = UgeaUwew fala, w) = f(A, W)

Definition 2.5.2. Suppose f: T X X — X is a pc family of self-maps of X, then a pc family

of fixed sets of f is a pc map

p:T - X,
such that fa(p(A)) = p(4)
forall ACT.

Definition 2.5.3. A proximity space (X,d;) has the proximal fixed set property with
respect to a proximity space (T, d,) if for each pc families f: T x X — X of self-maps of

X, there exists at least one pc family p: T — X of fixed sets.
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In other words, a proximity space (X, d;) has the proximal fixed set property with
respect to a proximity space (T, ,) provided for any pc family of self-maps f: T x X - X
of X, there is a pc family p: T - X such that forall A € T, f4,(p(4)) = p(A).

Remark 2.5.4. For example in (Szymik, 2015) that states "A topological space X has the
fixed point property with respect to a singleton if and only if it has the fixed point
property". However, unfortunately for a Cech proximity space (X, &;), only the necessary
condition is satisfied, i.e., if (X,8;) has the proximal fixed set property with respect to a
singleton, then it has the proximal fixed set property. The sufficient condition is not

necessarily true.

Proposition 2.5.5. If a Cech proximity space (X, ;) has the proximal fixed set property

with respect to a singleton, then it has the proximal fixed set property.

Proof: Assume that (X, §;) has the proximal fixed set property with respect to a singleton.
To show that (X, §,) has the proximal fixed set property, we need to find W < X such that
g(W) = W where g: X — X be a pc map. Define

fi=pryo(idgyxg),
then f:{a} x X - X is a pc family of self-maps on X according to Proposition 1.1.31.
Further X has the proximal fixed set property with respect to a singleton, so that there is a
pc family of fixed sets p:{a} > X of f such that f({a},p({a})) =p({a}). Since

f(ta},pUad) = pre(({a}, g(pad)) = g(pUa})) =p({a}), g has a fixed set
W = p({a}). So X has the proximal fixed set property.

Proposition 2.5.6. Let (X,8;) has the proximal fixed set property with respect to a Cech
proximity space (T, §,) and let S be a proximal retract of T. Then (X, §,) has the proximal

fixed set property with respect to S.

Proof: Since S is a proximal retract of T, there are pc map r:T — S and the proximal
inclusion map i:S < T such that r o i = idg. To show that X has the proximal fixed set

property with respectto S, let f: S X X — X be a pc family of self-maps of X. Then define

g=fo(rxidy).
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So, g:T x X — X is a pc family of self-maps on X by Proposition 1.1.31. Furthermore
(X, 6,) has the proximal fixed set property with respect to T, so that there is a pc family
q: T — X of fixed sets. Now we can define a pc family p: S — X by p := g o i. This leads
usto p(A) = q o i(A) for A € S. Then p has a fixed subset of f,, since

() = f(A,p(A)) = f (r(A), idx (p(4))) = 9(A,p()) = g (A, q(i(4)) =
9(4,q4(A) = q(A) = q(i(4)) = p(A).

Then p(A) is a fixed subset of f;, hence X has the proximal fixed set property with

respectto S.

Example 2.5.7. If a proximity space (X, &) has the proximal fixed set property with respect
to the unit interval I = [0,1], then it has the proximal fixed set property respect to a

singleton.

This is because a singleton {t} for t € I is a proximal retract of I because there is a
proximal retraction r:1 — {t}, r(s) = {t}, Vs € [. By Proposition 2.5.6, X has the

proximal fixed set property with respect to {t}.

In the following proposition, we will show how the proximal fixed set property is

preserved under a proximal retract.

Proposition 2.5.8. If A is a proximal retract of (X, ;) which has the proximal fixed set
property with respect to a Cech proximity space (T, 8,), then (4, §;) has also the proximal
fixed set property with respectto T.

Proof: Since A is a proximal retract of X, there are proximally continuous retraction
r: X — A and the proximal inclusion map j: A < X such that r o j = id,. To show that A
has the proximal fixed set property with respect to T, let f: T x A — A be a pc family of

self-maps of A and define
g=jeofol(idyxr).

Then g: T x X = X is a pc family of self-maps of X according to Proposition 1.1.31. In
addition X has the proximal fixed set property with respect to T, so there is a pc family of
fixed sets q: T — X of g. We claim that a pc family p: T — A defined by p :=r o q has a

fixed subset of f,. Since q is a pc family of fixed sets of g, we have
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gw (@) = g(W,qw)) = j(f (W, r(a(w)))) = q(w).

Now we apply the proximal retraction r to the both sides of the last equality two

expressions in the previous equation, i.e.,
rG(f (W,r(@w))) = r(qw)),

Since roj =id,, we have f(W,p(W)) = p(W). So, p(W) is a fixed subset of f,.

Hence, A has the proximal fixed set property with respect to T.

Now we will consider a special case when (X, §) has the proximal fixed set property

with respect to a Cech proximity space T = I, where I = [0,1] is the unit interval.

Definition 2.5.9. Let (X, &) be a Cech proximity space, then X has the proximal homotopy
fixed set property, if it has the fixed set property with respect to the unit interval I = [0,1].

Notice that from Definition 2.5.9, for any pc family of self-maps of X, f:1 X X — X,
here we will call f a proximal homotopy map, there is a pc path p: I — X such that p(A) is
a fixed subset of f, for all A < [0,1].

Example 2.5.10. Assume X = {x,} with a Cech proximity &, then (X, §) has the proximal
homotopy fixed set property. For any pc family of self-maps f:1 X {x,} — {x,} of X, we
have a pc path p: I - {xo} so that f,(p(4)) = f(A4,p(4)) = p(4) = {x,} forall A c I.

Proposition 2.5.11. Suppose (X,68;) and (Y,8,) are Cech proximity spaces such that
X =55, Y. If X has the proximal homotopy fixed set property, then Y also has the

proximal homotopy fixed set property.

Proof: To show that (Y, §,) has the proximal homotopy fixed set property, for a pc family
of self-maps g: I XY — Y of Y we need to find a pc path q:1 — Y such that q(A) is a
fixed subset of g, for all A < [0,1]. Since X =4 5, Y, there exists h: (X,d;) = (Y,62)

such that h is bijective, pc, and h=1 is also a pc map. Define
f=h"toge (id xh).

Then f:1 x X — X is a pc family of self-maps of X. We know that X has the proximal
homotopy fixed set property, so that there is a pc path p: I — X such that p(B) is a fixed
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subset of f5 for all B < [0,1]. Define q := h o p, then gq: I — Y is a pc path and g has fixed

subsets of g, i.e.,
g8(q(B)) = g(B,q(B)) = g(B,h(p(B)))
= g(id; x h(B,p(B))) = h = f(B,p(B))

=h(p(B)) = q(B).
Thus, we get the required result.

Corollary 2.5.12. The proximal homotopy fixed set property is a proximal invariant

property for proximity spaces.

Now we will give another type of fixed set property with respect to all Cech

proximity spaces.

Definition 2.5.13. Let (X, 8;) be a Cech proximity space, then (X,8;) has the proximal
universal fixed set property provided it has the proximal fixed set property with respect to

all Cech proximity spaces.

Definition 2.5.13. can be restated as the follows: Suppose (X, &) is a Cech proximity
space, then (X, &,) has the proximal universal fixed set property if and only if for all Cech
proximity space (T, §,), and for every pc family of self-maps of X, there is a pc family of

fixed sets of f, say p: T — X such that forall A € T, p(A) is a fixed subset of f,.

Lemma 2.5.14. If (X,d,) has the proximal universal fixed set property, then it has the

homotopy fixed set property.
Proof: It is straight forward from the Definition 2.5.13. and Definition 2.5.9.

Corollary 2.5.15. The proximal universal fixed set property is a proximal invariant

property for Cech proximity spaces.
Proof: The proof is obtained directly from Proposition 2.5.11.

Example 2.5.16. Let X = {x,} and & be a Cech proximity on X, then (X, &) has the

proximal universal fixed set property.



100

2.6. Descriptive Fixed Set Property with Respect to a Descriptive Proximity
Space

In this section for the descriptive proximity space (X, §¢,), we will define the fixed
set property with respect to another descriptive proximity space (T, dq,). In other words,
we will show that any dpc family of self-maps of X has a dpc family of fixed sets and here
we are looking for the fixed sets according to fixed descriptions, i.e., we look for

descriptive fixed sets.

Definition 2.6.1. Let (X, 84,) be a descriptive proximity space. Then a dpc family of self-

maps of X is a dpc map
fiT xX =X,

where (T, 84,) is another descriptive proximity space. A dpc family f: T x X — X of self-
maps define for each A € T and W < X a self-map defined by

fa: X — X such that f, (x) =45 f(a,x).
In that case we define
fa(x) =ges Yaea fa(x) =aes Yaea f(a,x)
and
faW) =ges UaeaVwew fa(W) =des UaeaYwew fa(@ W) =ges f(A, W).

This means that it is not necessary that f,(W) = f (4, W) for W < X, but they must
have the same descriptions under the probe map @, i.e., ®;(f,(W)) = ©,(f (4, W)).

Definition 2.6.2. Suppose f:T X X — X is a dpc family of self-maps of X. Then a dpc

family of descriptive fixed sets of f isadpc map p: T = X,
such that fa@(A) = (4, p(A)) =qes D(4)
forall ACT.

Definition 2.6.3. A descriptive proximity space (X, 6p,) has the descriptive proximal fixed

set property with respect to a descriptive proximity space (T, dq,) if for all descriptive
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continuous families of self-maps f: T x X — X of X, there exists at least one dpc family of

descriptive fixed sets p: T — X of f.

(X,8¢,) has the descriptive proximal fixed set property with respect to (T, 64,2) if
and only if for all descriptive proximally continuous families of self-maps f: T x X — X of

X, there is a dpc family of descriptive fixed sets p:T — X of f, i.e, for all ACT,
®,(f(4,p(4))) = ©1(p(A)).

Proposition 2.6.4. A descriptive proximity space (X,dp) has the descriptive proximal
fixed set property provided (X, d4) has the descriptive proximal fixed set property with

respect to a singleton.

Proof: Assume that (X, §4) has the descriptive proximal fixed set property with respect to
a singleton. We want to show that (X, §4,) has the descriptive proximal fixed set property,
so let g: X — X be a dpc map. We want to find a subset W < X such that g(W) =4.s W.

For a fixed element a, define
f = pryo° (id{a} X g)

Then f:{a} x X — X is a dpc family of self-maps on X. Furthermore X has the descriptive

proximal fixed set property with respect to {a}, so that there is a dpc family of descriptive

fixed sets p: {a} > X of f such that f({a},p({a})) =4es ({a}). Since

f({a),p{ad) = prx ({a} g(pUad)) = g(PUaP) =qes P(Lad.

g has a descriptive fixed set W = p({a}). Hence, X has the descriptive proximal fixed set

property.

Proposition 2.6.5. Assume that (X, §¢,) has the descriptive proximal fixed set property
with respect to a descriptive proximity space (T, dq,). If S is a descriptive retract of T,

then X has the descriptive proximal fixed set property with respect to S.

Proof: Since S is a descriptive retract of T, there are descriptive continuous retraction
r:T — Sand the descriptive proximally inclusion map i:S < T such that r o i = ids. To
show that X has the descriptive proximal fixed set property with respect to S, take a dpc

family of self-maps f:S X X — X of X and define g := f o (r X idy) sothat g: T X X —



102

X is a dpc family of self-maps on X. Since X has the descriptive proximal fixed set
property with respect to T, then there is a dpc family of descriptive fixed sets q: T — X of
g- Now we can define a dpc family of descriptive fixed sets p: S —» X by p(4) = q o i(4),

for A € S. Then p has a descriptive fixed subset of f, since

f(4,p) = £ (r(4), idx (p(4))) = g(4,p(4)) = g(A,q(i(4)))
= 9(4,4(8) =4es a(4) = q(i(4)) = p(A).

In that case p(A) is a descriptive fixed subset of f. Hence (X,d4,) has the descriptive

proximal fixed set property with respect S.

Proposition 2.6.6. If (X, 8¢,) has the descriptive proximal fixed set property with respect
to a descriptive proximity space (T,d4,) and (4, dq,) is a descriptive retract of X, then

(A, 64,) also has the descriptive proximal fixed set property with respect to T

Proof: Since A is a descriptive retract of X, then there are descriptive continuous retraction
r: X — A and the descriptive proximally inclusion map j: A < X such that r o j = id4. To
show that A has the descriptive proximal fixed set property with respect to T, take a dpc

family of self-maps f: T x A — A of A. Define
g=jofo(idrxr).

Then g: T x X — X is a dpc family of self-maps of X. Since X has the descriptive proximal
fixed set property with respect to T, there is a dpc family of descriptive fixed sets ¢: T — X

of g. We claim that a dpc family
p:T — A, definedby p=1rogq

has a descriptive fixed subset of f. Since q is a dpc family of fixed set of g, then we have

9(6,q(6)) =4es q(G) where

9(6,9(®) = j(f (6.7(a(6))) =aes 2(6).

Now apply the descriptive retraction r to the both sides of the last equality in the above

equation, i.e., r((f (G,r(q(G)))) =4es 7(q(G)). Since roj=id,, we have
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f(G,p(6)) =4es P(G), s0 p(G) is a descriptive fixed subset of f;. Hence, (4, 8p,) has the

descriptive proximal fixed set property with respect to T

Definition 2.6.7. Let (X, d¢) be a descriptive proximity space, then X has the descriptive
homotopy fixed set property, if it has the descriptive fixed set property with respect to the

unit interval I = [0,1].

In other words, for any dpc family of self-maps f:1 x X — X of X, also known as a
descriptive proximal homotopy, f here called a descriptive proximal homotopy map there

is a dpc path p: I — X such that p(A) is a descriptive fixed subset of f, for all A < [0,1],
i.e., f(Ar p(A)) =des p(A)-

Example 2.6.8. Assume X = {x,} with a descriptive proximity 8¢, then (X, ) has the
descriptive homotopy fixed set property. Take a dpc family of self-maps f:1 X {x,} =

{x,} of X. For every dpc path p: I = {x,} and A < [0,1] we have

fA (p(A)) = f(A: p(A)) =des p(A) =des {XO}

Proposition 2.6.9. Suppose (X, d¢,) and (Y, dq,) are descriptive proximity spaces such
that X =, ¢, Y. If X has the descriptive homotopy fixed set property, then Y has the

descriptive homotopy fixed set property.

Proof : To show that Y has the descriptive homotopy fixed set property, we want to find a
dpc path g: I — Y such that q(A) is a descriptive fixed subset of g, for all A < [0,1] where
g:1xY —>Y be a dpc family of self-maps of Y. Since X =4 ¢, Y, there exists
h: (X, 6p,) = (Y,8¢,) such that h is bijective, dpc, and h~'is a dpc map. Define
f = h"logo(id, xh). Then f:1 x X - X is a dpc family of self-maps of X. Moreover
X has the descriptive homotopy fixed set property, so that there is a dpc path p: I — X such
that p(B) is a descriptive fixed subset of fz for all B < [0,1]. Define q := h o p, then
q:1 - Y is a dpc path and q(B) is a descriptive fixed subsets of g, i.e., g(B,q(B)) =

9(B,h(p(B))), and
g(B,h(p(B))) = g(id; x h(B,p(B))) = ho f(B,(p(B)) =aes h(p(B)) = q(B).

Hence, Y has the descriptive homotopy fixed set property.
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Corollary 2.6.10. The descriptive homotopy fixed set property is a descriptive invariant

property for descriptive proximity spaces.

Now we will present the descriptive fixed set property with respect to all descriptive

proximity spaces called the descriptive proximal universal fixed set property.

Definition 2.6.11. Let (X, 84,) be a descriptive proximity space, then X has the descriptive

proximal universal fixed set property, if it has the descriptive proximal fixed set property

with respect to all descriptive proximity spaces.

Definition 2.6.11. can be restated as the follows: Suppose (X, 84,) is a descriptive
proximity space, then X has the descriptive proximal universal fixed set property if and
only if for all descriptive proximity space (T,dg,), and for every dpc family of self-maps
of X there is a dpc family of fixed sets of f, say p: T — X, such thatforall A < T p(4) isa
descriptive fixed subset of fy, i.e. f4(p(4)) =g4es P(A).

Proposition 2.6.12. If (X, 84) has the descriptive proximal universal fixed set property,

then it has the descriptive homotopy fixed set property.
Proof: It is clear from the Definition 2.6.7. and Definition 2.6.11.

Corollary 2.6.13. The descriptive universal fixed set property is a descriptive invariant

property for descriptive proximity spaces.
Proof: We can show it directly from Proposition 2.6.9.

Example 2.6.14. Let X = {x,} and &4 be a descriptive proximity, then X has the

descriptive proximal universal fixed set property.



3. CONCLUSION

In this work, firstly we gave some definitions and theorems about the spatial and
descriptive proximity, proximal and descriptive conjugacy, proximal and descriptive
connectedness, and recall the simplicial complex and CW—structure. Then, in Chapter 2
we have presented the proximal homotopy and discussed the homotopy between two
proximal paths. Furthermore, we introduced the proximal deformation retraction. Next, we
have studied the homotopic relation between two descriptive continuous maps and two
descriptive paths and introduced the descriptive deformation retraction. Finally, we have
obtained an application of proximal property for a fixed subset of proximity space which is
approximate fixed set property and the relation between the universal map and the
proximal approximate fixed set property. In addition, we gave the proximal fixed set
property with respect to a proximity space and consider a special case of the proximity
space which is the unit interval. On the top of that, we have attended the descriptive
approximate fixed set property and the descriptive fixed set property with respect to a
descriptive proximity space. At the end of that section, we gave a case of descriptive fixed

set property with respect to the unit interval where is called the descriptive homotopy.



4. SUGGESTIONS

In our study, by using the simplicial complexes we can define the proximal and
descriptive singular homology. Furthermore, we can define the proximal and descriptive
covering map as a tool to find the proximal and descriptive fundamental group for some

special proximity spaces.
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