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STABILITY CONTROL PROBLEM FOR SPACE VEHICLES WITH FUEL
SLOSH

SUMMARY

Sloshing is caused by any disturbance of free liquid surface in a partially filled tank.
Depending on the peak accelerations in any direction or the shape of container, the
free surface of liquid can be subjected to different types of motion either symmetric or
asymmetric. These types of motion have significant influence on vehicles which have
liquid fuel in their tanks. Owing to the fact that fuel sloshing plays a crucial role in the
stability of the vehicles, many diversified engineering departments give considerable
attention to this problem. To prevent structural damages for vehicles with liquid fuel
such as trucks on highways, cars, ships, space vehicles, new designs of tanks are
evaluated and loss of the stability due to sloshing is tried to minimise. To prevent
sloshing effects, physical barriers are placed into the fuel tank such as baffles or
containers are designed by using bladders. Main purpose of these designes is to limit
the movement of liquid fuel. But these techniques increase both the mission cost and
the weight of the tank of spacecraft.

The natural frequency of motion of liquid is related to two main factors (i) the shape
of tank and (ii) the acceleration of gravity or the axial acceleration of vehicle. A
liquid’s motion contains an infinite number of natural frequencies, however the lowest
few modes of frequencies are the most important for vehicle. When the natural
frequency of liquid fuel coincides with the frequency of the vehicle, this situation
generates resonance and damages the structure. Near resonance, the fluid’s motion
loses linearity and nonlinear representation starts to be valid.

An analytical approach to sloshing has some limits to obtain a solution. Factors like
tank shape, existence of external forces etc. have a great importance to design a model
for sloshing phenomena. By taking into consideration the factors, to use an equivalent
mechanical model becomes a realistic approach to liquid dynamics in closed tanks.
Primal parameters of liquid are qualified and by utilizing these parameters, equivalent
mechanical models are designed. Some rules must be followed before equivalent
mechanical models are created. Firstly, passing from the liquid material to rigid
masses, the change of masses and moments of inertia must be preserved. Then, center
of gravity must be unchangeable. The equivalent models produce the same frequency
range as liquid model does. Lastly, the system must come up with the results which is
equivalent to real material. Having regard to these conditions, physical parameters
must be determined, then the system is designed.

The major objective of this thesis is to investigate the case of sloshing in space vehicles
by utilizing equivalent mechanical models. Mass-spring system is one of the models,
and for small oscillations, it becomes the most appropriate model. It replaces the liquid
fuel by becoming inner-rigid-masses corresponding to first few slosh modes. As a
result of axial and transverse accelerations of space vehicle, the inner-masses begin to
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oscillate and have a great impression on the stability of vehicle. After designing an
acceptable model, to investigate the stability, optimal feedback law and Lyapunov-
based control law are utilized. Firstly, the model is designed with two-inner-masses
and the results of simulations are demonstrated. Then, the model with four-inner-
masses are designed and same steps are applied to it in order to show the stability of
the spacecratft.

When large-amplitude oscillations occur, mass-spring system is no longer sufficient
to demonstrate the change in the stability of spacecraft. In such a case, simple-
pendulum model accommodates to the circumstances and describes relatively large
motions. For sloshing due to a nonplanar or rotational motion, simple-pendulum model
fits to real life cases excellently.

The main purpose is to derive the equations of motion of spacecraft by means of these
two model. Utilizing the mass-spring-system and simple-pendulum model, the motion
of vehicle in a specific time and plane can be estimated. Moreover, the stability of the
space vehicle can be investigated by taking advantages of Linear Quadratic Regulator
and Lyapunov-based control laws.

Apart from these two cases, space vehicle is investigated under lateral and pitching
excitations. The equations of motion are derived by using the same parameters and
they are compared to each other. In previous models, it is assumed that there are no
external forces or moments. But in these models, important thing is the change of force
and moment equations for either mass-spring system or simple-pendulum system
under excitations. Moreover, in these systems, gravitational effects are not neglected.
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YAKIT CALKALANMALI UZAY ARACLARI ICiN STABILITE KONTROL
PROBLEMI

OZET

Yakit calkalanmasina, hareket eden bir aracin kismen dolu olan yakit tankinda ki
sivinin serbest yiizeyinin diizeninin bozulmasi sebep olur. Herhangi bir yondeki ani
ivmelenmeye ya da konteyner sekline bagli olarak, sivinin serbest yiizeyi simetrik ya
da simetrik olmayan bir¢ok farkli hareket tipine maruz kalabilir. Bu hareket tipleri,
tanklarinda sivi yakit bulunduran araglar tizerinde kayda deger bir etkiye sahiptir.
Yakit calkalanmasinin arag¢ stabilitesi iizerinde hayati bir rolii oldugundan dolayi,
bir¢ok miihendislik boliimii bu probleme hatirt sayilir derecede 6nem vermektedir.
Otoyollardaki kamyonlar, arabalar, gemiler, uzay araclar1 gibi siv1 yakith araglar i¢in
yapisal zarar1 onlemek adina yakit tanklart i¢in yeni modeller tasarlanmaktadir ve
calkalanmadan kaynaklanan stabilite kayb1 en aza indirilmeye ¢alisilmaktadir. Bu
calkalanmay1 6nlemek adina tank i¢ine yonlendirici fiziksel bariyerler yerlestirilmekte
ya da tank keseli bir sekilde dizayn edilmektedir. Tiim bu tasarimlarin amaci yakit
calkalanmas1 sonucu ¢ikabilecek hareket tiplerini kismen de olsa engellemek ve
sinirlamaktir. Fakat bu yontemler, hem gorev maliyetini fazlalastirmakta hem de
tankin kiitlesini artirmaktadir.

Sivinin hareketinin dogal frekansi, hareketi tayin etmede dnemlidir ve iki ana etkene
baglidir; (i) tankin sekli ve (ii) yer ¢ekimi ivmesi ya da aracin eksenel ivmesi. Bir
stvinin hareketi sonsuz sayida dogal frekans modlari igerir, fakat arag i¢in dnemli olan
aralik en diisiik bir kag¢ frekans modudur. Ilk frekans modlarindan sonra aracin
hareketine bagli olarak sivinin davranisi kaosa dogru gidebilir. Bunun yani sira sivinin
dogal frekansi aracin frekansiyla cakistiginda, bu durum rezonans olusmasina sebep
olur ve yapiya zarar verir. Rezonans kaynakli yapisal zararlar geri doniisii olmayan bir
bicimde araca zarar verir, sivi yakith tanklarda patlamaya bile yol agabilir. Ciinkii
rezonans araligi yakinlarinda, akiskanin hareketi lineerlikten uzaklasir ve lineer
olmayan bir temsil gegerli olmaya baslar ve sivinin hareketi tayin edilemez bir duruma
gelir. Bundan dolayi tasarim yapilirken lineer ya da lineer olmayan durum goéz 6niinde
bulundurulmali ve bu duruma uygun modellere bagvurulmalidir.

Probleme bir ¢dziim elde etmek i¢in yakit calkalanmasina analitik olarak yaklagmanin
bazi sinirlar1 vardir. Tank sekli, digsal kuvvetlerin var olusu vb. etkenler ¢alkalanma
olay1 i¢cin model tasarlarken 6nemli bir etkiye sahiptir. S1vi hareketi olduk¢a belirsizdir
ve Ongoriilmesi zor bir yol izler. Bundan dolay1 bu etkenleri dikkate alarak, s1v1 yakita
denk olarak tasarlanan bir mekanik model kapali tanklarda gergekci bir yaklasim
olarak goriliir. Sivinin baslica parametreleri belirlenir ve bu parametrelerden
yararlanarak es deger mekanik modeller dizayn edilir.Bu mekanik modeller
tasarlanmadan once uyulmasi gereken bir takim kurallar vardir. Sividan kat1 kiitleli
modellere gecerken Oncelikle kiitle ve eylemsizlik momenti korunmalidir. Ardindan
agirlik merkezi, tasarim yaptiktan sonra kiiciik salinimlar i¢in bile degismeyecek bir
sekilde ayarlanmalidir. Sistem dizayn edildikten sonra sivi yakitli halinde ki titresim
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modlarina sahip olmali ve ayni soniimlii kuvveti iiretmelidir. Son olarak sistem,
disardan bir rahatsizlik varoldugunda ger¢cek model tarafindan iiretilebilecek sonuglara
denk olarak bir sonug iiretmelidir. Tim bunlar gbz oniline alindiktan sonra fiziksel
parametreler belirlenmeli ve sistem ona gore tasarlanmalidir.

Bu tezin baslica amaci, yukar1 da belirtildigi gibi uzay araclarinda ki yakit
calkalanmasin1 siviya es deger olarak modellenen mekanik sistemleri kullanarak
incelemektir. Bu modelleri uygulamanin en biiyiik sebebi, kuru yiiklerin hareketlerinin
stv1 yiiklerin hareketlerinden daha tahmin edilebilir olmas1 ve sivi yiikiin hareket
karmasasini en aza indirgemektir. Bu ¢alismada kiitle-yay sistemi bu amagla kullanilan
modellerden birisidir ve kiiclik salinimlar i¢in en uygun modeldir. Ilk bir kag
calkalanma moduna karsilik olarak olusturulan i¢-kati-kiitleler s1v1 yakitla yer degisir.
Uzay aracinin eksenel ve enine ivmelerinin bir sonucu olarak, i¢-kiitleler salinim
yapmaya baslarlar ve aracin hareket kararliliginda oldukga biiytik etkiye sahip olurlar.
Uygun ve kabul edilebilir bir model tasarlandiktan sonra, aracin hareketinde ki
degisimleri gorebilmek adina bir takim kontrol yasalarindan yararlanilir ki bunlar
optimal geri besleme kontrol yasasi ve Lyapunov temelli kontrol yasalaridir. Kiitle-
yay modeli tasarlanirken ig-kiitleleri farkli sayida kullanip sonu¢ goérmek adina
oncelikle iki-i¢-kiitleli model tasarlanir. Bu model esas alinarak aracin stabilitesi
incelenir, kiitlelerin yer degisimlerinin yani sira eksenel hiz, yunuslama momenti ve
sapma agis1 grafiklerle gosterilir. Bu modelin ardindan dort-ig-kiitleli yeni bir model
kurulur ve bir dnceki model ile karsilastirilmak i¢in sistem ayni islemlerden gegirilir.
Stabilite incelenir ve kiitlelerin yer degisim miktari, eksenel hiz, yunuslama momenti
ve sapma agis1 bu model i¢in de bulunur. Ardindan i¢-kiitle sayisinda ki degisimin arag
stabilitesini tayin etmede etkin bir rolii olup olmadigi modeller karsilastirilarak
bulunur.

Aracin hareketine bagli olarak biiyiik genlikli salinimlar meydana geldiginde, kiitle-
yay sistemi aracin stabilitesinde ki degisimi gosterebilecek kadar yeterli olmaz. Boyle
bir durumda, basit-sarka¢ modeli kosullara uyum saglar ve biiylik hareket genliklerini
tanimlar. Diizlemsel olmayan ya da rotasyonel hareket sonucu olusan yakit
calkalanmasi i¢in basit-sarka¢ modeli gergege en yakin duruma oldukea 1yi bir sekilde
uymaktadir. Tezin bir kisminda, kiitle-yay sistemine benzer parametreler kullanilarak
uygun bir basit-sarka¢ modeli tasarlanir ve kontrol yasalarindan yararlanilarak arag
kararlilig1 incelenir.

Burada ki asil amag¢ uzay aracinin hareket denklemlerini bu iki mekanik modeli
kullanarak tiiretmektir. Kiitle-yay sisteminden ve basit-sarkag modelinden
yararlanarak, aracin hareket denklemleri belirli bir zaman araliginda ve belirli bir
diizlemde elde edilebilir. Buna ek olarak, uzay aracinin kararliligi, bir takim kontrol
yasalarindan yararlanilarak incelenebilir. Burada kullanilan kontrol yasalar1 optimal
geri besleme kontrol yasasi ve Lyapunov temelli kontrol yasasidir.

Yukarida bahsedilen kiitle-yay sistemi ve basit-sarkag sistemi incelenirken yer
cekimsel etkiler yok sayilir ve digsal bir kuvvetin olmadigi durumlar incelenir.
Simiilasyon sonuclar1 bu sartlar altinda elde edilir. Ama daha gercekci bir model
olmas1 agisindan gravitasyonel etkileri goz oniine alarak, dis kuvvet ve momentlere
maruz kalan modeli incelemek adina, uzay araci yanal eksenden ve yunuslama
dogrultusundan dis uyariya maruz birakilir ve bu durum altinda aracin hareketi ve
tepkisi incelenir. Burada ki 6nemli nokta aracin kararliligini sagladigini gorebilmektir
ve sistemler teorik olarak incelenir. Roketlere ait benzer parametreler kullanilarak
hareket denklemleri tiiretilir ve bu etkiler altinda kuvvet ve moment degisimi incelenir.
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Lineer modelleme olarak adlandirilan ve yukarida bahsedilen sistemler birbirlerine
tamamen denk olan mekanik modellerdir. Kiitle-yay sistemi ig¢in belirlenen yay
direngenligi basit-sarkag sisteminde sarka¢ agirliginin uzunluguna boliimiine karsilik
gelir. Her iki modelde belirlenen kiitleler birbirlerinden tamamen bagimsiz degildirler
ve kiitle-yay pozisyonu ile basit-sarka¢ modelinin pozisyonu géz ard1 edilebilecek hata
payina sahip bir sekilde saptanabilir. Mekanik modelin avantaji, akigkanin serbest-
yiizey hareketini sivinin bir kisminin kat1 kiitle gibi diger kisminin ise kiitle-yay ya da
basit-sarkag sistemi gibi disiiniilerek fiziksel bir sekilde yorumlamaya olanak
tanimasidir. Bu lineer modeler, disaridan verilen uyarmin frekansiyla ¢alkalanma
modal frekanslar ¢akismadiginda ve uyar1 genligi olduke¢a kiiclik oldugunda ideal
davranig sergilerler. Fakat bu durumun tam aksi mevcut oldugunda lineer modeler
yerini lineer olmayan modellere birakmak zorundadir. Bu tez kapsaminda frekanslarin
ayni aralikta olmadigi ve genliklerin kii¢lik oldugu varsayilip lineer modeller kurulur.
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1. INTRODUCTION

There are two kinds of propellant, which are generally used in rockets and missiles, as
rigid and liquid. Liquid fuel is used for the first time for a flight of a rocket in the 1920s
by Dr. Robert H. Goddard [1]. Since that time, liquid fuel becomes widespread.
Because propellant slosh can cause uncertainty in space vehicle’s attitude and
structural failure of vehicles, sloshing has been severe problem for space vehicles
which have liquid propellant in their fuel tanks. Up to the present, the sloshing problem
cause several accidents thereby mission failures in space area because most of the
space vehicles contain liquid fuel in their tanks as nearly 40% of initial total mass. The
studies about sloshing involves very complex mathematical modeling and dynamical

analysis in order to avoid slosh effects and find the vehicle structure frequencies.

Sloshing is one of the material effects on the stability of the spacecraft and it takes
place when space vehicles have peak acceleration in the take-off time, then the liquid
fuel starts to move inside the tank. Two of the components of this peak acceleration,
translational and rotational accelerations, produce fuel sloshing. Fig. 1.1 shows a tank
with half full liquid propellant under lateral excitation and the first three mode shapes

of the fuel.

Container

Free Surface of
Liquid

Static Level

Figure 1.1: Three modes of sloshing fuel



Effects of the interaction of the movement of propellant with the rigid body can be
prevented by using some physical barriers. NASA releases a comprehensive study
about slosh suppression in 1969 and from that day to today lots of companies and
people try to find avoid sloshing effects [2]. There are several passive techniques such
as baffles, bladders and partitions which these physical barriers limit the movement of
liquid propellant. Although these techniques have been very effective, yet they do not
prevent completely the effects of sloshing and they increase the weight of space

vehicles thereby the cost of vehicles.

1.1 Literature Review

Since sloshing adversely affect space vehicle performance, great numbers of problems
have been studied so as to see the sloshing effects, limit the movement of liquid etc.
Ebrahimian et al. determine an equivalent mechanical model for multi-baffled
containers, and the effects of baffles on some parameters are investigated. The model
of fluid is developed by using the Laplace equation and Green’s theorem and the
boundary element method is used to solve the governing equation [3]. One of the
principle of the slosh dynamics is to estimate the movement of liquid fuel under the
acceleration of vehicle. Based on this, Adler and friends use a laser sensor so as to
measure the fluid displacement in the tank and find the natural frequency of sloshing

fuel [4].

In the literature of slosh dynamics, to facilitate to determine the equations which
belong to liquid, some mechanical models are used such as mass-spring system and
simple pendulum model. Dong and his colleagues try to figure out the effect of
propellant slosh by using an equivalent mass-spring system and that system is built by
use of Computational Fluid Dynamics (CFD) [5]. Dodge and Garza study to show
liquid sloshing experimentally and theoretically with a mass-spring model. In the
theory part, Bond number is kept at a specific value and the results of high-g conditions
and low gravity are compared with each other. The experiments are done by using
different liquids in some small tanks. As a result, a correlation is found between the
theory and experiments [6]. In any other study, a multi-mass-spring model is used to
acquire a nonlinear mathematical model in order to show the slosh modes and
Lyapunov-based nonlinear feedback control laws are designed to see the stability of

vehicle [7].



In one of the models of simple pendulum, the dynamic model of sloshing under some
excitations is developed by using Lagrangian method in order to examine influences
over the rocket. The main idea in this study is to focus on the characteristics of weakly
nonlinear sloshing [8]. In an article, another simple-pendulum model is used to design
the propellant that is within partially filled tank and the model is obtained from
calculations about some parameters as the vehicle’s lateral acceleration changes.
FLUENT is the program being used to obtain sloshing frequency, forces and the other

parameters in order to simulate liquid sloshing in the tank [9].

Together with all the theoretical and experimental studies, there are several patents all
over the world and one of them belongs to Robert W. Conaway and James S. Spindler
about anti slosh media for fuel tanks. This study inserts a baffle system into fuel tanks
to prevent sloshing effects. The tank is filled with plastic balls and these balls are
designed not to prevent the movement of the liquid but to restrain the sloshing effects
[10]. Another patent is anti-sloshing apparatus by Sang-Eon Chun, which effectively
prevents sloshing of liquid fuel in any shape and size of tanks for any vehicles such as
spacecraft, cars etc. This invention presents anti-sloshing equipment which has
buoyancy to be floated on the surface of the liquid to minimize the sloshing effects
[11]. Deog Jin Ha has a patent named as anti-sloshing structure for LNG cargo tank to
lessen sloshing phenomenon by using two base barriers. In the invention, while the
first barrier prevents leakage of liquid fuel, a second barrier becomes a complementary
part for the first one and includes anti-sloshing bulkhead to reduce sloshing problem
[12]. At last but not least, Bryce Andrew Schwager and Patrick Joseph Curran make a
diagnostic mechanism for liquid fuel to attain accurate output signal in order to avoid
calculating false indications. This mechanism controls fuel system valves and an
electronic controller measures the level of fuel at certain time to see the state of the

sloshing [13].

1.2 Purpose of Thesis

The underlying physics of the sloshing effects by investigating the liquid is fairly
complex and mistakable. Therefore, this dissertation presents a realistic approximation
to the liquid dynamics inside closed containers by utilizing equivalent rigid masses. In
this thesis, the main idea is to see fuel-sloshing effects on the stability of the spacecraft.

Hence, a mechanical transition is applied to liquid propellant by transforming it into



rigid fuel bodies by using equivalent mechanical models such as mass-spring system

and simple-pendulum model.

Both mechanical models are investigated theoretically and necessary physical
parameters, which are taken from articles by Mahmut Reyhanoglu and Jaime Rubio
Hervas, are utilized to control the stability of the spacecraft. In this study, Linear
Quadratic Controller and Lyapunov-based controller are chosen as the main
controllers to compare results to each other and make a verification for previous works

in the literature.

1.3 Overview

This part deals with the whole content of dissertation by giving an outline of each
chapter. The general information is given to one who is eager to learn about slosh

dynamics and transformations from liquid to rigid masses.

Chapter 2 demonstrates the motion of spacecraft theoretically in the case of lateral and
pitching excitations. Force and moment equations are derived under these excitations
and compared to each other. For this purpose, two models, which is multi-mass-spring
system and multi-simple-pendulum system, are utilized to obtain the changes in

moment and force equations of the system.

Chapter 3 is about multi-mass-spring system which is applied to liquid fuel in the tank
of AVUM upper stage spacecraft Vega. At first, considering the system, equations of
motion are derived by the help of Lagrange equations. Then, the linearized system are
acquired and by using these equations, new inputs are determined for feedback
controllers and simulations. Optimal feedback control law and Lyapunov-based
control law are utilized in order to compare each laws’ results about the stability of the
spacecraft. In this investigation, it is assumed that there are no external forces and

gravitational effects are ignored.

The concept of Chapter 4 is similar to previous chapter in general terms. The model
used here is single-simple-pendulum model and the equations of motion of vehicle is
derived by means of this model. The stability of the spacecraft is investigated by using
feedback controllers such as optimal feedback control law and Lyapunov-based

control law.



Chapter 5 discusses results which are obtained from two different models. Using
different physical parameters, the stability of the spacecraft is viewed. This part
demonstrates that the thesis makes a verification with some articles, which belongs to
Mahmut Reyhanoglu and Jaime Rubio Hervas, using same conditions. Moreover,
differently from the literature, an investigation for mass-spring system with four-inner-

mass model is discussed.






2. EQUIVALENT MECHANICAL MODELS UNDER EXCITATIONS

For a representation of equivalent mechanical models, first three modes of motion of

the fuel tank are demonstrated and figures are compared with Figure 1.1.

Free surface of
liquid

vds
P 77

@

Linear modeling

® ©
Weakly nonlinear Sloshing impact

Figure 2.1: First three modes of motion for a simple-pendulum system

Free surface of
liquid

/

(a)
Linear modeling

Figure 2.2: First three modes of motion for a mass-spring system

(b) ()

Weakly nonlinear

Sloshing impact



This chapter demonstrates attitudes of the mechanical systems when the models are
subjected to lateral and pitching excitations. Force and moment equations are

investigated theoretically and compared between each other.

2.1 Multi-Mass-Spring System

General concept in literature is applied to a multi-mass-spring system so as to acquire
alike model with a dashpot. For a system in Fig 2.3, in consideration of kinetic energy,
potential energy and Rayleigh dissipation function, the equations of motion are derived

by means of Lagrange equation.

kl C1
- AN
L kn Cn
VNS ]
Ln
: C ™
I \fr
d
Lo el
Cd
\ mg,lo
=

Figure 2.3: Undamped model under excitations for multi-mass-spring system

Total kinetic energy;

1 . 1 .. 1% . 1 . 2.1)
T = = mo(5 - Lo)” + SIoW? 5 ) my (345 + L) +51a( + y)*
1

n=



Potential energy;

1 1 X =z 1S , 2.2)

U= 591/) moLo — Egl/) Z myL, — glpz m,S, + Ez kS,

n=1 n=1 n=1
Rayleigh dissipation function;
I~ ., 1, 2.3)
R = Ez CpSn” + Ecd)/
n=1
1 2 1 . 1¢ .
L=T=U=2mo(k—Lo) +5loh? + Ez My ($p + % + Lyp)”
n=1
1 . 2 1 1 -
+ Eld(w +y) - EglpszLO + Egtpz z myLy 2.4)
n=1

+ gll} Z mySpy — Ez knsn
n=1 n=1

Lagrange equation;

d (6L) oL OR _ 0,

L=—\—F|—"5—+—=
dt\dq;/ 0dq; 0q;
The equations of motion are derived applying Lagrange equation with the generalized

forces/moments @; and internal coordinates g;which are demonstrated below;
ql = {x’ S'l’l' lp’ V}T QL = {_Fxl 01 Myl O}T

Applying Lagrange by using above equations, force, slosh, moment and disc equations

are found, respectively;

. - . 2.5
mo(% — Lo) + Z m, (8, + & + L) = —F
n=1
My (8 + % + Lot)) + knSp + cpSp — mpgh = 0 (2.6)



Io) + myLy (x - Lolﬁ) -4 Z MpSp + Z My Ly, (gn tX+ Lnl]j) 2.7
n=1 n=1

+1L,(P+7) =M,

IL(P+7)+cay =0 (2.8)

2.1.1 Lateral excitation for undamped models

Slosh equation is solved in order to determine the steady-state solution for a multi-
mass-spring system under a translational excitation x(t) = Xysint. y= y= 0 and

damping is assumed as zero.
m, (¥ +8,) + kps, =0 2.9
MpS, + kpsy, = 22°m, X,sinflt

The steady-state solution;

02 (2.10)

Sp = mnXO mSith

This solution is utilized so as to derive force and moment equations;

00 (2.11)
n=1
0o © 02 (2.12)
E, = 0?Xysint || my + Z my |+ Z e w2 — 02
n=1 n=1
(2.13)

M, = myLoX — g Z my,s, + Z myL, (8, + X)
n=1 n=1

10



M, = —02Xysinft

moLg + z my (sn + %)
n=1 n

+ ) my(spt+ w02 \o? =02
n=1

(2.14)

2.1.2 Pitching excitation for undamped models

To get the steady-state solution of slosh equation for a multi-mass-spring system, same
steps are applied to the system with a pitching excitation i = ,sinflt. It is assumed

that damping is zero and the displacement of container is neglected.

My (8n + Lah) + kpSp — mugp =0 (2.15)

MpSy + kpSy = mp(Q%L, + g)YPosindt

The steady-state solution;

0L, +g (2.16)
Sn = w2 — 02

Force and moment equations are derived by means of the steady-state solution;

. X . (2.17)
—F, =myLop + z my (8, + Lpip)
n=1
i 0.2 2.18)
2 2 n
E. = Yo°sinQt |myLy + Z m,, (L,02* + g) <ﬁ>
Wy — 0
n=1
(2.19)

My = IOII). + mOLOZIIj ) Z mysy, + Z MmyLy (5p + Lnlp)
n=1 n=1

11



© 2 (2.20)
2 2 2[__%n
Iy + myLy” + ) m,(L,2°+ g) T2
- n

n=1

M, = o22sint

2.2 Multi-Pendulum Model

System in Fig. 2.2 is inspired from the models in the literature. Using the expressions
of kinetic energy, and potential energy, the equations of motion is derived for the

model.

Ly

h/2

h/2

mo, lo

Figure 2.4: A model under excitations for multi-simple-pendulum system
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The total kinetic energy;

T = lTno [x + (ﬁ— Lo) lli]z ‘F%Iol/.)2

2 2
- (2.21)
1 h . 7P
+§Zmn[<E—Ln—an)lp+anlpn+x
n=1
The total potential energy;
i (2.22)
U= —-mygLycosy — Z m, g[L,cosyp + a,cos(Y + Y,,)]
n=1
Lagrangian form;
1 1. (h 11
L=T-U =Em0 [X+(§—Lo)lp] +§Iol[1
1w h . 7
+ EZ my, [(E — L, — an) Y+ ap, + x] (2.23)
n=

1

+ mygLocosy + Z my, g[L,cosy + a,cos(Y + P,)]
n=

Lagrange equation;

d (6L> dL OR 0,

dt\dq;/ 0dq; 0q;
The equations of motion are derived applying Lagrange equation with the generalized

forces/moments @Q; and internal coordinates q; which are demonstrated below;

q; = {x, ¥, lpn}T Q; = {_Fx'My' O}T

Applying Lagrange by using above equations by means of generalized forces and

coordinates, force,moment and slosh equations are found, respectively;

—F, =mq [x + (g - Lo) 1])] ¥ i m, [(g L, - an> b 4o+ (2.24)
n=1

13



ity = o + (5= 1] (- 1) 0
4 i ma, [(g L, - an) Y + aniy + & (2.25)
n=1
+ i gmu[Lyyp + a, (Y + )]
n=1

i My an [(; — L, — an)lﬁ + a, P, + x] + i My (W + y) = 0 (2.26)
n=1 L

2.2.1 Lateral excitation

Slosh equation is solved so as to determine the steady-state solution for the system
under a translational excitation x(t) = X,ysinft. It is assumed that y=0 and the slosh

equation becomes;

c i} > 2.27)
z myan (anlpn + x) + Z gmpanP, =0
n=1 n=1
Z mya,% P, + Z MpQy gy = 22Xosint z My, ay,
n=1 n=1 n=1
The steady-state solution;
n? X, . (2.28)
Yn = [mla—nsmﬂt
The solution is utilized so as to derive force and moment equations;
> . (2.29)
—F, =myX + Z my(a Y, + %)
n=1
) Cm, 0 (2.30)
Pk::7anbQ sinQt| 1+ 1;;;;;;7:165
n=

14



_/h * . ot (2.31)
M, = myX (E — LO) + Z m,a, (anl/)n + x) + Z gmyua, Y,
n=1 n=1

(5 10) + Y
+Y (o= 2) ()

n=1

(2.32)
M, = -X, N?sinQt

2.2.2 Pitching excitation

To get the steady-state solution of slosh equation for multi-pendulum-system, same
steps are applied to the model with a pitching excitation Y = Y,sinf2t by neglecting

the displacement of container.

i Myl [(% ~ “") v+ and}”] ’ i gMyn (P + 1) =0 @39
n=1 -

[ee] ) (o] . [ee] h
Z mnan2 Y, + Z gmnanlpn = Posinilt Z myan (E —Ly,—a,— g)
n=1 n=1 n=1

The steady-state solution;

_ 2.34
Osmﬂt ( /2 Ly, Otan _wn2> (2.34)

"=y 2

Using steady-state solution, force and moment equations are derived;

(2.35)

o= mo (B o)+ S (R )+ i

15



Fx = .QZIP()Sin.Qt moLo

St

n=1 (2.36)
+ i Mmpan (h/z —Lln—an wn2> 0*

L a, 0% w2 — 02

=) 94105+ 3 ()]
n=1

o 2.37)
£ gimg (Lth + an( + )
n=1
5 ' h 2 had h (2.38)
M, = —0%Y,sinflt |m, (E - LO) + 1y + Z my,a, (5 — L, — an)
n=1
2 h/z - Ln - an (l)nz .(22 Lo
+mya, @ 2 0.2 — 02 - mogﬁ

*® 2

Wn

- Z mnan(Ln + an) 02
n=1
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3. MASS-SPRING SYSTEM

In this part of study, a multi-mass-spring model is used to design an equivalent
mechanical model. The dynamics of a spacecraft with a single propellant tank is
investigated by means of this model which is a tool in order to see the stability of
vehicle. Spacecraft and internal masses are considered as main rigid body and sub-
rigid bodies, respectively. The base body translational velocity vector is denoted by v,
the base body angular velocity vector by w, and the vector of internal coordinates by
n. The generalized forces and moments over the spacecraft are denoted by 1t and 1r.
Subscript t represents the generalized forces and the subscript r represents the
generalized torques that act on the spacecraft. The derivation of the equation of motion,
which is under the axial and lateral acceleration is obtained from placing the
generalized coordinates, forces and moments into the Lagrange equations. In these

equations, L is the Lagrangian form and R is Rayleigh dissipation function [14].

doL oL _ @.1)
dtov Cov
doL oL oL (3.2)

_— Yy — N —=
dtoo ow Tov

doL oL oR (3.3)

dtoq om o

17



Vx

S S1 mo ’

Figure 3.1: Mass-spring system for a spacecraft

As seen in the figure, vx and v, are the axial and transverse components of the velocity
of the center of tank and 0 is the attitude angle of the spacecraft. my is a rigidly attached
mass and [, is the moment of inertia of this mass, the rest of the propellant is
represented as point masses m,,, and their positions from the equilibrium positions are
showed by s,. Ly and L,, are the locations for masses, h, is the distance between the
center of the tank and the center of mass of the spacecraft, h, is the distance from the
thruster to the center of mass of spacecraft. The spacecraft mass m and moment of
inertia I, the fuel masses m, and m,,, the distances h, and h, are the constants for this
spacecraft. In addition to this, the shape of the tank revises the parameters m,,, h,, and

k.

The sum of all the masses is equal to the liquid mass and the center of mass of the

equivalent mechanical model must have the same height with the liquid mass [15].

N
me=mg+ Z my
n=1

(3.4)

18



(3.5)

N
moLo-z m,L, =0
n=1

The position vector of the center of mass m, the position vector of the fuel masses m,

and m,,, respectively;

= (x-h))i+zk (3.6)
fo=(x+Lo)1+zk (3.7)
£, =(x+L,)i+(z+s,)k (3.8)

Time derivative of these position vectors;

t=(x+20)i+(2+(b-x)0)k (3.9
F= (4 20) i+ (- (xthg)O)R (3.10)
to=(i+(z+5,)0)i+(2-(x+h, ) +5, )k (.11)

The total kinetic energy;

N
1 21 -2 1 2oy 2 (3.12)
T= Emr + zmoro + EZ (mnrn +In6 ) +§ (I‘l‘lo)@
The total potential energy excluding the gravitational effects;
3.13)

1 N
U=3 ) ksh
VM
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By using above equations the Lagrangian form;

. . 3.149)
L=T-U= Sm [V)Z( + (v, + bé)z] +2omg [V)% + (v, — hoé)z]
1 )
+ ~ (I + 10)92
2
N
1 N2 .
+ Ez mn[(ve + 508)° + (v, — hn + $1)7]
n=1
N
1 )
+ EZ(IHGZ — knsﬁ)
n=1
where v,=%+z0 and v,=2-x0. Rayleigh dissipation function;
3.15)

1 N
R= 5 Z Cnéﬁ
n=1

The equations of motion are derived applying Lagrange equations with the generalized

forces/moments and internal coordinates which are demonstrated below;

S1 Uy 0 Fcosd 0
n= p:[O] w:[&] T = 0 Ty = M+F(h1+h2)5ln6“
Sn Uy 0 Fsiné 0

s o (3.16)
(m+m¢)a,+mh; 6 +Z m, (sn9+23n9)=Fc056
n=1
e S (3.17)
(m+mf)az+mh19+z m, (§n-sn9 ) =Fsiné
n=1
& _ (3.18)
ITG+Z mp, (snaX—Ln's'n+25nén9)+mh1a2=M+F(h1+h2)sin6
n=1
mp, ('s'n+aZ-Lné-snéz) +k,Sp+Cn5,=0 (3.19)

where a,=v,+0v, and a,=v,-0v,.
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N
I;=I+Iy+mh, *+myLy>+ Z [m, (L3+s2)+1,]
n=1
F represents thrust force, M is the pitching moment and ¢ is the gimbal deflection
angle. Initially, when the fuel burn time is zero, 6=0 , s,=0, §,=0, thrust force F is
accepted as constant and if the gimbal deflection angle and the pitching moment are

zero. Considering these conditions, Eq. (3.16) gives the axial acceleration;

a,=——=v,+0v, (3-20)
(m+mg)
. } N . 3.21)
(m+my) (\'/Z-GVX)+mh1 0+ z m, ('s'n-sne ) =Fsind
n=1
) N . . 3.22)
T+ Z 11y (3 Sy~ Lo+ 28,5,0) b, (¥,-0v,)=M-+F (h, +h,)sing
n=1
(3.23)

e A I .2 kn Cp .
S, tv,-0v,-L,0-s,0 + — Syt —35,=0
n n

In view of assuming small vehicle motions, the linearized equations of system are

obtained;

' o (3.24)
(m+mg) (\'/Z—OVX)+mh1 0+ Z m, §,=F%
n=1
X . (3.25)
0+ Z my(2,8p-Ly8,) +mhy (V,-0v, )=M+F(h;+h,)d
n=1
) . k C .
St Vm Ov - Lo+ —= syt —5,=0 (3.25)
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Eliminating §, in Eqgs. (3.21) and (3.22) using Eq. (3.23);

. X (3.26)
(mmg) (¥,-6v, )+ (mh; -moLo)d - Z(knsn+cnsn) —Fsin$
n=1

. N ) . (3.27)
(mh;-mgLo) (V,-Ovy )+ <1T - z an,%) 0+N(s1,8;,0)=M+F(h; +h,)sind
n=1

N
N(Siaéiaé): Z [(mnax+ knLn)Sn + annén+ 2rnnsnsné - annSnéz]

n=1

(\'/Z-GVX) is described as u; and 0 is described as u, defining control transformations

to use new control inputs.

m+mo mhl -moLo . N (3'28)
[ul] _ N Fsino+ Z (kysptc,$,)
Wl |mh;-myLy, I;- Z m,L2 =1
n=1 M+F (hl +h2)sin5—N
.. k Cn . ) 3.29)
Sp=- m—’; Sp - m_nn Sp - uytL,uy+s,0

Using the system with new control inputs u; and u,, the gimbal deflection angle and

the pitching moment are obtained for t<t;.

5= sin’! <(m+mo)u1 +(mh;-mgLo)u,- X1 (knsn+cnén)> (3.30)
F

N | (3.31)
M:(mhl -mOLO)u1+ (IT- Z an§> u2+N(si,éi,6)-F(h1+h2)sin5

n=1

3.1 Feedback Control Laws

Using AVUM Upper Stage rocket Vega’s parameters, a mass-spring system is
designed for a detailed development of feedback controllers. By means of this model,
feedback control laws, which are optimal feedback control law and Lyapunov-based
control law, are investigated whether they enable to show the stability of the

spacecraft or not.
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3.1.1 Optimal feedback control law

In this part, a control method which is called optimal feedback control is applied and
the stability of spacecraft and changes in some parameters are viewed. This method is
a mathematical discipline using in both science and engineering with lots of
applications. In order to apply to the mass-spring system in a case of just one inner-
mass, a special case of optimal controller that is called Linear Quadratic Regulator

(LQR) is used and this controller aims minimizing the quadratic cost function.

Considering the system,

x = Ax + Bu 3.32)
where
Uz v,
sz v,
0
0 . U=
_ . 6
51 51
-51- 7 ]
0 1 0 0 0 0
0 0 0 0 0 0
0 1 0 0
3.33
0o a o = a a
0 , 0 0 0 0 1
0 m?h*—Ip(m+ms) 0 m?h,® — Ir(m+m;) mhya,
ma Ve ma a
0 0
0 0
0 0
L, — hy 1 (3.34)
— F S
B = ( a ) a
0 0
ITm - hzmhlz _ mhl
mlhla mla_
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a = IT + mhlLl

Considering to stabilize the system, designing state feedback control,
u=-—-Kx 3.35)

To define the cost functional, K is designed as tradeoff between the response of the
system and the control effort, and u is searched to minimize the index. The cost

function,

J= f oo[xT(t)Qx(t) +u” ()Ru(t)]dt (3.36)
0

Here, Q and R are an n x n symmetric positive-semi definite weighting matrix, and an

m X m symmetric positive-definite weighting matrix, respectively.

The optimal control gain matrix K is found by solving Riccati equation. The Algebraic
Riccati Equation;

ATP+ PA+Q - (PB)RY(BTP) =0 3.37)
and the optimal state-feedback matrix gain K;

K = R™Y(BTP) (3.38)

As a hint, MATLAB’s LQR command is [K, P, E] = Iqr (A, B, Q, R) can be used so
as to solve The Algebraic Riccati Equation [16].

3.1.2 Lyapunov-based control law

Lyapunov-based control, which is used to see whether a dynamical system is stable, is
chosen to bound the uncertainties for a closed-loop system. Though Lyapunov control
method is applied to nonautonomous system X = f(x, t)s, it can be restrained to time-
invariant nonlinear systems x = f(x) [17]. Even though this controller is not interested
in system’s performance, it is a significant tool for nonlinear control system design

and stability.
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Considering a system x = f(x) with a fixed point x*, a continuously differentiable and

real valued candidate Lyapunov function is found [18]. Lyapunov method consists of

i.  Choosing a positive definite candidate Lyapunov function V(x)
ii.  Calculating function’s time derivative V (x), and checking whether it is

negative valued for stability
, V(x) Lyapunov
function

x*Fixed point

Figure 3.2: The trajectory of Lyapunov function

Constructing Lyapunov functions is not easy and there is no systematic way. An
accurate function is found by trial and error and sometimes one can get the function

by working backwards [19].

Utilizing the information from the articles and having the inputs from previous chapter,

a candidate Lyapunov function ¥ is determined;
U, = Uy + v, (t) 6 =u,

y=Pl,2, P29 P34, (3.39)

%
27 2 2
The time derivative of function along the trajectories;

V = p,v,v, + p,00 + p;06 (3.40)

25



Substituting the control inputs into Eq. (3.36) new form is obtained;

V= p1v U t+ é(Pﬂ’zvx + P20 + psuy) (3.41)

The feedback laws;

u1 = _Ml UZ (3.42)

1 . 3.43

where p;, p,, p3, M; and M, are positive constants and the numbers satisfy the

conditions for Lyapunov function.

3.2 Simulations

AVUM upper stage spacecraft Vega’s parameters, used in this part, are based on an
article which belongs to Reyhanoglu and Hervas are utilized in order to make a
simulation [7]. In calculations, results are obtained by taking into account slosh modes
for two-inner-mass model and four-inner-mass model. Necessary physical parameters
are given in Table 3.1 and Table 3.2. Initial conditions for the equivalent mass-spring
system, vy, = 3000 m/s, v,, = 150 m/s, 6, = 5° 6, =0°, s;, =0.15m, s, =
—0.15, s3, = 0.075m, s, = —0.075 m. In all of these calculations, fuel burn time

is assumed 660 s for the simulations [21].
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Table 3.1: Physical Parameters for Mass-Spring System with Two-Inner-Mass

Parameter Value Parameter Value

m 975 kg F 2450 N
m, 205 kg I 400 kgm?
my 195 kg I 44.1 kgm?
m, 6.5 kg I 10 kgm?
k4 1174 N/m I, 1 kgm?
k, 120 N/m c1 48 Ns/m
Ly 0.135m c, 2.75 Ns/m
L, —0.145m h, —-0.6m
L, 0.035m h, 1.2m

Table 3.2: Physical Parameters for Mass-Spring System with Four-Inner-Mass

Parameter Value Parameter Value

m 975 kg F 2450 N
m, 205 kg I 400 kgm?
my 194 kg I, 44.1 kgm?
m, 6 kg I, 10 kgm?
mg 1kg I, 1 kgm?
my 0.5 kg I3 0.5 kgm?
k4 1174 N/m Iy 0.1 kgm?
k, 120 N/m cq 48 Ns/m
k; 12N/m c, 2.75 Ns/m
k, 6 N/m c3 2Ns/m
Ly 0.135m Cy 1.5Ns/m
Ly —0.145m h, —0.6m
L, 0.035m h, 1.2m
L —0.023m L, 0.017m
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As mentioned before, (\'/Z-GVX) is described as u; and 0 is described as u, defining
control transformations to use new control inputs. Starting from this point of view, to

investigate the stability of the spacecraft, u; and u, are utilized.

3.2.1 Linear quadratic regulator

In section 3.1, Linear Quadratic Regulator is defined as the theory of optimal control
for a dynamic system. Physical parameters are substituted in the matrices, which is

used for control purpose.

0 1 0 0 0 07
0 0 0 0 0 0
o 0 0 1 0 0
A= 0 08704 0 -0.8704v, -0.3826 O
0 0 0 0 0 1
0 —4.4731 0 4.4731v, -—0.2296 0l
0 0
0 0
gl O 0
—3.6527 —0.0011
0 0
L—7.1777  0.0032 A
The weigthing matrices;
1 0 0 0 0 O
0 1.0 0 0 O
o o1 0 0 0
=10 0 0 1 0 0
0 0 0 01 O
0 0 0 0 0 1
10 O
B=10 0.1]

The optimal control gain matrix K cannot be found because of the system’s chaotic
behavior. Due to the fact that there are time-varying terms in matrix A, the poles of A

are not controllable through B.
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3.2.2 Lyapunov-based controller

Specified parameters are substituted into Lyapunov function for mass-spring system

and this edited function is utilized to investigate the stability of the spacecratft.

Table 3.3: Necessary physical parameters of mass-spring system for Lyapunov function

Parameters Value
P1 8*1077
P2 2500
P3 500
M, 10*
M, 10*

V =4%10""v,% 4+ 125002 + 25062
V =8*10""v,uy + 6(8*107 1,1, + 25000 + 500u,)
u, = —10%v, u, = 56 + 200

The basis conditions for Lyapunov function which are V>0 and V <0 are

theoretically proven.

3.2.3 Simulation results for mass-spring system

3.2.3.1 Graphics for two-inner-mass model

0.1

Theta (rad)

L L . . . L
0 100 200 300 400 500 600
Time (g)

Figure 3.3: Change of the attitude angle with respect to time for two-inner-mass
model
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Figure 3.4: Change of the axial component of velocity of spacecraft with respect to
time for two-inner-mass model
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Figure 3.5: Change of the transverse component of velocity of spcacraft with respect
to time for two-inner-mass model
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Figure 3.6: Change of s; with respect to time for two-inner-mass model
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Figure 3.7: Change of s> with respect to time for two-inner-mass model
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Figure 3.8: Change of gimbal deflection angle & with respect to time for two-inner-
mass model
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Figure 3.9: Change of pitching moment M with respect to time for two-inner-mass
model
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3.2.3.2 Graphics for four-inner-mass model
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Figure 3.10: Change of the attitude angle with respect to time for four-inner-mass

model

4500 T T T T T T

40001 -
&
>t><

3500+ 4

| | | | | |
30000 100 200 300 400 500 600
Time (s)

Figure 3.11: Change of the axial component of velocity of spacecraft with respect to
time for four-inner-mass model
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Figure 3.12: Change of the transverse component of velocity of spacecraft with
respect to time for four-inner-mass model
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Figure 3.13: Change of s1 with respect to time for four-inner-mass model
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Figure 3.14: Change of s» with respect to time for four-inner-mass model
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Figure 3.15: Change of s3 with respect to time for four-inner-mass model
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Figure 3.16: Change of s4 with respect to time for four-inner-mass model
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Figure 3.17: Change of gimbal deflection angle 6 with respect to time for four-inner-
mass model
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Figure 3.18: Change of pitching moment M with respect to time for four-inner-mass
model
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4. SIMPLE PENDULUM MODEL

In this chapter of dissertation, a simple pendulum model is used to design an equivalent
mechanical model. As mentioned in previous chapter, in order to investigate slosh
effect over the stability of spacecraft, liquid fuel can be modeled as mechanical model.
Starting from this point of view, a single pendulum is utilized for a space vehicle with
a gimbaled thrust engine. Equations of motion is obtained from using Lagrange
equations with some parameters, which are mentioned in the previous part. Here, L is

Lagrangian form and R is Rayleigh dissipation function.

d 6L+A oL 4.1)
dtov Cov
doL oL oL 4.2)
——tO—tV—=1,

dtom o Ov

doL oL oR_ 4.3)
dtog o onq
Vx
h;
0 .

Vz

Figure 4.1: Simple-pendulum model for a spacecraft
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As seen in the figure, v, and v: are the axial and transverse components of the velocity
of the center of tank, respectively, 6 is the attitude angle of the spacecraft and y is the
angle of the pendulum. a is the length of pendulum, h, is the distance between the
center of the tank and the center of mass of the spacecraft, h, is the distance from the
thruster to the center of mass of spacecraft. m and my are the spacecraft mass and the
total mass of the liquid fuel, / and I are the moment of inertia of spacecraft and liquid

fuel seriatim.

The position vector of the center of mass of the spacecraft and the position vector of

the fuel, respectively;
t= (x-hy)it+zk 4.4)
t=(x-acosy)i+(z+asiny)k (4.5)

Time derivative of these position vectors;

(i 20 (2-x6 + hyO)R (“.6)
r1=[x+aysiny+6(z+asiny)]i+[z+ajcosy-6 (x-acosy) |k .7
The total kinetic energy;
1 .0 1 .2 1. 1 . . 4.8)
T=§mr2+5mfrf +5192 +§If(9+1|1)2 (

There is no potential energy because of the fact that gravitational effects are ignored.

Therefore, Lagrangian form is equal to total kinetic energy.

1 ., 1 .2 1. 1 . .
L=T=Emr +§mfrf +§IG +Elf(e+L|J)

4.9)
1 5 12
= Em [Vx + (VZ + hle) ]

+ %mf[(vx +a(6 + §)siny)? + (v, + a(® + {)cosy)?]

+1192+1I 0 + )2
> 2f( )

where v,=x+z0 and v,=z-x0. Rayleigh dissipation function;
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1 (4.10)
R = 5 es?

The equations of motion are derived applying Lagrange equations with the generalized

forces/moments and internal coordinates which are demonstrated below;

n=1 Uy 0 Fcosd 0
v=|0 w = [9] .=| 0 7, =M+ F(h, + hz)sinc?]
Uy 0 Fsind

0
(m +mp)a, + mea(® + Y)siny + mh, 02 + mea(6 + ljJ)ZCOSLIJ=FC055 (4.11)
(m +mp)a, + mea( + {f)cosyp + mh, 8 - mea( + ) sing=Fsind (4.12)
(1 + mh;*)8 +mh,a, — ey = M + F(h; + h;)sin& (4.13)
(Ii+msa?)(8+{)+mga[a,siny+a,cosy]+ep=0 (4.14)

where a,=v,+0v, and a,=V,-0v,.

F represents thrust force, M is the pitching moment and o is the gimbal deflection
angle. At first stage, when the fuel burn time is zero, 6=0, ¢y =0, ljJ = 0, thrust force
F is accepted as constant and if the gimbal deflection angle and the pitching moment

are zero. The linearized equations of system are obtained by assuming small gimbal

deflection;
(m + m)ay + mea(® + {)siny + mh, 62 + mea(d + ) cosy=F 4.15)
(m + mpa, + mea(® + Peosy + mh;§ - mea(6 + ) siny=F3 (4.16)
(1+ mh,?)8 +mhya, — ey = M + F(hy + h,)d 4.17)
(Irtmga?) (6+) +myala, siny+a,cosy]+ey=0 4.18)

For ax and a,, Eqgs. (4.15) and (4.16) are solved to find the accelerations, then these

accelerations are eliminated from the other equations.
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mmy mimys

(4.19)

[I + (hl2 - ahlcoqu)] 0 — ah, yicosys

mmys

m+mf m+mf

ahl(é + LiJ)ZSinlIJ — ey

m-l—mf

m¢hy
+ hz) FS
m + ms

=M+

mimy
I+

(a® — ah1COSllJ)] 0+ (If N mmg a2> 0 (4.20)

m+mf m+mf

mea mmy "o . .
( F— ah;0 ) siny + e
m + ms m + ms

mea
=— Fécosy
m + my

The linearized equations are obtained by assuming small 0, v and changes in them;

mmyg 2 ] 5 mmyg O (4.21)
[1 +—— - (h,® —ah,)|6 —— mfahlq; e
meh,
=M+ ( + hz) Fo
m + my
mmg 5 ] ( mmg 2) . ( mea > . 4.22)
— F
If+m+mf(a ah;)|6 + If+m+mfa P+ — sinys
bej= -2 gs
ey = m + mg

Ultimately, by taking Egs. (4.12) and (4.13) into consideration, (VZ-OVX) and 0 are
described as u; and u,, respectively, defining control transformations to use new

control inputs.

[ul] _ [mtmg mfac05L|J+mh1]'1 lFSiHS'mfa‘:I}COSLIJ + mfa(g + d})zsinljj (4.23)
2 .
%21 L mh, [+mh, M-F (h,+h,)sind+eys

Using the system with new control inputs u; and u,, the gimbal deflection angle and

the pitching moment are obtained for t<t;.
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5 sin! ((m+mf)u1+(mfaCOSL|J+mh1)u2+mfacos¢1]5 —mea(6 + l/))zsinv,b) 4.24)
=sin
F

M = mhju; + (I + mhy?)u, — F(h; + hy)sind — ey (4.25)

The slosh equation is found by regulating Eq. (4.18) and then 1 is eliminated from
Egs. (4.23) and (4.24);

mra mra € i (4.26)

) = —Uu cosyu, —
lp 2 If + mfa2 ll} 1 If + mfaz

- —a,sinyp —
Ir + mea? ™™ ¥

4.1 Feedback Control Laws

For a development of feedback controllers, simple pendulum model is designed and
using this model, optimal feedback controller and Lyapunov-based feedback controller

are compared each other to attain accurate results.

4.1.1 Optimal feedback control law

As mentioned in the part of mass-spring system, optimal feedback control is a
mathematical optimization method and it is applied to simple pendulum model. A
special case of optimal controller that is called Linear Quadratic Regulator (LQR) is

used and this controller aims minimizing the quadratic cost function.

Considering the system,

x = Ax + Bu 4.27)
where
9 [0]
_|° . _|o] s
=l P u= ]
¥ P
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0 0 T (4.28)
mea
0 1 _(m+mf) I,F _ (12 _14)5
A= 0 0 L, + 113 L1, + L3
0 0 0 1
mgea
00 B (m +fmf) hE (b1 e
L1, + L1 Liy+ L5 |
0 0 1 4.29)
mea mehy )
<12m+mf I4(m+mf+h2 F L
5 - B L, + Ll L, + Iyl
0 0
I
mea myhy ) 3
(Ilm+mf+l3<m+mf+h2 )F 1114+1213
B L, + L1,
mmy 2 mmys
I, =1 h;“ —ah I, =
1 +m+mf( 1 a 1) 2 m+mfah1
mimy mimys
L. =1 2 _ah [, =1 2
3 f+m+mf(a ahy) 4 f+m+mfa
State feedback control is designed as;
u=—-Kx (4.30)

To define the cost functional, K is designed as tradeoff between the response of the
system and the control effort, and u is searched to minimize the index. The cost

function,

] = jm[xT(t)Qx(t) + uT (t)Ru(t)]dt 4.31)
0

Here, O and R are an n x n symmetric positive-semi definite weighting matrix, and

an m x m symmetric positive-definite weighting matrix, respectively.

The optimal control gain matrix K is found by solving Riccati equation. The Algebraic

Riccati Equation;

40



ATP + PA+Q — (PB)RY(BTP) = 0 4.32)

and the optimal state-feedback matrix gain K is

K= R Y(BTP) (4.33)

As a hint, MATLAB’s LQR command is [K, P, E] = Iqr (A, B, Q, R) can be used so
as to solve The Algebraic Riccati Equation [16].

4.1.2 Lyapunov-based control law

According to the theory of Lyapunov that is mentioned before, an appropriate
Lyapunov function is determined for a single simple pendulum model. A candidate
Lyapunov function for a system x = f(x) must provide the necessary conditions

whichare V > 0and V < 0.

Having the inputs from previous chapter, the candidate Lyapunov function;

1.72 =Uuq + Bvx(t) 0 = U,
(h qZ 2 4 mg (4.34)
|4 5V 20 qs Kl +ma2>( cosy) + = ( +1/))
The time derivative of Lyapunov function;
V= q1v,V, + é(qzé + q31])) + q3é(é + 1/)) 4.35)
. mfaax . .
+ @I\ 7y gz | sim + 9]

Substituting the control inputs and v into Eq. (4.35), improved equation is derived;
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V= 6 (4.36)
= U\ q1Vz — q31 + az ( + l/))cosw

. mrad,

+ 0| q1v, 0 + 420 — q3 I + mya? siny
£ l/) € 1/)2

& If +mfa2 s If +mfa2

The feedback laws;
4.37)

u = -1 lfhvz Q37— 5 a2 (9 + 1/’)“’51/)]

I; +

. meraa . & . 4.38
Uy = —T20 — [q1v,Vx + 420 — q3 msmlp mE WI/J] (4.38)
where qq, q;, q3, T; and T, are positive constants and when they are placed in

Lyapunov function, they satisfy the conditions for the function;

(4.39)

V=-T|qv,—qg——"—— az (0 + lp)cosd) —T,62

I+m

& 11}2
s If + mfaz

4.2 Simulations

An article, which belongs to Mahmut Reyhanoglu, are utilized as base for physical
parameters, which are used in this part. The initial conditions which are necessary to
show time responses of the spacecraft are; v,, = 10000 m/s, v,, = 350 m/s, 8, = 2°,
6, = 0.57°, 1, = 15°, 1, = 0°. For the simulations, the fuel burn time is assumed as

660 s.
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Table 4.1: Physical Parameters for Simple-Pendulum Model

Parameters Value
m 600 kg
mg 100 kg
I 720 kg/m?
I 90 kg/m?
F 2300 N
a 0.2m
h, 0.3m
h, 0.2m
€ 0.19 kgm?/s

4.2.1 Linear quadratic regulator

Linear Quadratic Regulator, which is studied theoretically in section 4.1, is utilized so
as to investigate the stability of the spacecraft. By using physical parameters, necessary

matrices are edited;

0 1 0 0
A=10 0 —=0.0050 -0.00025
0 0 0 1
0 0 -0.6987 —0.0023
0 0
B 0.7629  0.0014
- 0 0
—1.4243 -0.0013
The weighting matrices;
1 0 0 O
101 0 0
Q= 0 0 1 0
0 0 0 1
_J1o 0
R_[o 0.01]

The optimal control gain matrix K;

0.3153 1.2211 -0.3495 -—0.2697

K :[0.7801 2.8642 —06581 0.0878
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The eigenvalues of the system matrix A-BK;

—0.3312 + 0.8233i
—0.3312 — 0.8233i
—0.3298 + 0.3295i
—0.3298 — 0.3295i

Ei =

4.2.2 Lyapunov-based controller

Physical parameters taken from Table 4.2 are utilized to write edited Lyapunov

function and check the function whether providing the requirements or not.

Table 4.2: Necessary physical parameters of simple-pendulum model for Lyapunov

function
Parameters Value
a1 1077
qz 10
qs 1072
T, 103
T, 1

V =5%10"%,2 + 562 + 6.991 x 10~2(1 — cosyp) + 5 * 1073(6 + )’
V =-10"*v, + 2.128(8 + ¥ )cosyp — 6% — 2.0213 * 10~ 5¢)2
u; = —107%y, + 2.128(0 + ¥)cosy

u, = —60 — [2.128 x 107 3v,v, + 100 — 6.991 * 10 3siny — 2.0213 * 10~54)]
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4.2.3 Graphics of simple-pendulum model
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Figure 4.2: Change of axial component of velocity with respect to time for simple-
pendulum system
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5. CONCLUSIONS AND RECOMMENDATIONS

The effects of propellant slosh in a rigid tank of any vehicle have been crucial over the
motion. Particularly for space vehicles, the sloshing term is a great factor for a
spacecraft’s motion and the stability. The free surface of liquid allied to container
exhibits different types of motion due to the energy exchange between interacting
modes. Based on this energy exchange, the motion may result in the inner resonance
case and it may drift into a state of chaos that means when sloshing starts to occur

because of the peak acceleration, structural damages become evitable.

To minimize the damages in container, liquid’s motion must be controlled effectively.
By using computer programmes or carrying out experiments over the liquid’s attitude
in a case of sloshing, dynamic loads over the structure may be predicted. In spite of
getting nearly accurate results, these methods have been very complex since the
beginning. In this thesis, to investigate the dynamic loads over the tank and spacecraft,
for propellant of vehicle, a transform, which is from liquid fuel to rigid inner masses,
is utilized. This transform comes true by designing equivalent mechanical systems,

which are appropriate to parameters of liquid fuel.

Firstly, equivalent mechanical models are investigated under excitations in order to
show the effects of external forces and moments. Lateral and pitching excitations over
the space vehicle are studied and then, change in the force and moment equations are

derived theoretically.

Secondly, multi-mass-spring system are designed as an equivalent mechanical system
with a non-sloshing part. Kinetic energy and potential energy are derived with the help
of oscillation of inner rigid masses and then Lagrangian form are composed. This
Lagrangian form is used to derive the equations of motion of spacecraft in the absence
of external forces and moments. After deriving the equations, parameters based on an
article of Reyhanoglu & Hervas are utilized to demonstrate the stability graphics. For
this mass-spring system, Linear Quadratic Regulator and Lyapunov-based Controller

are studied to simulate the stability of the spacecraft. LQR does not give accurate
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results since the system’s time-varying situation is nondisposable. A and B matrices
in control theory does not enable the conditions because the poles of A are not
controllable through B. Therefore, LQR cannot be used to simulate the results of mass-
spring system. A candidate Lyapunov function is chosen as an alternative control
theory to show the simulations. It gives accurate and appropriate results in
demonstration. What’s more, the mass-spring system is designed by changing the
number of inner-masses and demonstrated the results of two model. Main purpose is
to show the effects of the number of the masses over spacecrafts. As one can see from
the graphics in Chapter 3, there is not a significant alteration between the results of

systems.

Ultimately, simple-pendulum model are planned as an equivalent mechanical system
to demonstrate fuel sloshing. There is no potential energy because the gravitational
effects are ignored. Therefore, Lagrangian form are composed of only kinetic energy
in the absence of external forces and moments. Like in the mass-spring model,
parameters of liquid fuel are taken from an article, which is belong to Hervas &
Reyhanoglu, and they are utilized to make a simulation about the stability of
spacecraft. Linear Quadratic Regulator and Lyapunov-based controller are studied
theoretically to demonstrate the stability graphics. As a conclusion, LQR does not give
accurate result in the transverse component of the velocity of space vehicle and it fails
with a steady-state error. A chosen candidate Lyapunov function succeeds to stabilize

the pitch and slosh dynamics.
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