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ABSTRACT
COHOMOLOGY OF SEMIDIRECT PRODUCTS

Aysegiil Tekin
M.S. in Mathematics
Supervisor: Assoc. Prof. Dr. Ergiin Yal¢in
May, 2012

Let I' = L x G be a semidirect product where G is a finite cyclic group and L is
a finitely generated ZG-lattice. Adem-Ge-Pan-Petrosyan [8] stated a conjecture
which says that the cohomology of I' is given by the following isomorphism,
HYL xG,Z) = @, ;_, H(G, H(L,Z)). However, Langer-Liick [10] and later
Petrosyan-Putrycz [9] showed that there are some groups which do not satisfy
this isomorphism. In this thesis we do some explicit calculations related to this
conjecture. Through the thesis we consider the case where dimL = 4. In fact,
dimension 4 is the lowest dimension for L where the semidirect group I' =L x G
does not satisfy the conjecture. According to [9], in dimension 4 there are 44 non-
isomorphic representations and only 2 of them do not satisfy the conjecture. We
consider two of these 44 representations where one of them is counterexample for
the conjecture of Adem-Ge-Pan-Petrosyan and the other one satisfies it. These
results were already stated in [9]. In this thesis, we make detailed calculations
for the cohomology of I' for these representations by using the method of N.
Petrosyan and B. Putrycz.

Keywords: Cohomology of semidirect products, Compatible action, Wall’s Theo-

rem.
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OZET
YARI DIREKT CARPIMLARIN KOHOMOLOJISI

Aysegiil Tekin
Matematik, Yiiksek Lisans
Tez Yoneticisi: Dog¢. Dr. Ergiin Yal¢in
Mayis, 2012

G sonlu devirli bir group, L sonlu boyutlu bir ZG latisi, ve I' = L x G
yarl direkt bir garpim grubu olsun. Adem-Ge-Pan-Petrosyan [8] I'min ko-
homoloji grubunun L’in kohomoloji grubunun katsayilariyla hesaplanan G'nin
kohomoloji grubu tarafindan verildigini soyleyen bir sani ortaya atti. Yani
HYL xG,2) =@, ,_, H(G, H(L,Z)) oldugunu iddia etti. Fakat, bu izomor-
fizmay1 saglamayan bazi gruplarin var oldugu daha sonra Langer-Liick [10] ve
Petrosyan-Putrycz [9] tarafindan gosterildi. Bu tezde biz L'nin 4 boyutlu oldugu
durumu inceliyoruz. Aslinda bu, yar1 direkt ¢arpimlar i¢in saninin dogru olmadig:
en kii¢iik boyut. Dort boyutlu durumda, 44 tane izomorfik olmayan grup temsili
var [9] ve bunlardan sadece 2 tanesi saniy1 saglamiyor. Biz bir tanesi Adem-Ge-
Pan-Petrosyan’in sanisina kargit ornek ve diger bir tanesi onu saglayan bir 6rnek
olmak iizere G'nin iki farkl temsilini inceledik. Bu sonuglar [9]’da verilmistir.
Bu tezde N. Petrosyan ve B. Putrycz'nin metodlarini kullanarak verilen temsiller

icin kohomoloji gruplarinin detayl hesaplamalarin yaptik.

Anahtar sozciikler: Yar direkt carpimlarin kohomolojisi, Uyumlu etki, Wall Teo-

remi.
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Chapter 1

Introduction

In this thesis we study cohomology of semidirect products. We consider the
groups I' = L x GG where G is a finite cyclic group and L is a finitely generated
ZG-lattice. Note that a group I' of this type is called an n-dimensional crystal-
lographic group of split type. Crystallographic groups are defined as the discrete
subgroups of the group of isometries of R™ which act on R™ properly discontinu-
ously and cocompactly [9]. The action of a group G on a topological space X is
said to be cocompact if the quotient space X/G is a compact space or there is a
compact subset K of X where under the action of G the image of K covers X.
We say the action is proper if the map G x X — X x X sending (g, ) to (gz, )
is continuous and the inverse image of a compact subset is compact. To say that
the action is properly discontinuous, we need G to be discrete.

A projective resolution for I'" can be described as a double complex. Let B,
and C, be projective resolutions of Z over ZL and ZG, respectively. If B, admits
a compatible G-action, then we can easily write a projective resolution for I'.

Otherwise, we first take B, as follows

9;, 91
B,: - ——=B,—~ B, , By

Note that we have IndEB* = B, ®y ZI' is free over ZI' and Z ®y; ZI' = ZG.
Since taking tensor product of a complex with a projective module is an exact

functor, Ind} B, with the induced differentials is a free ZI'-resolution of ZG. The

1



CHAPTER 1. INTRODUCTION 2

induced complex Ind! B, is given by

mdB, B, @y Zr 2 B, @ 27— 7G —— 0.

Now we consider each module of IndEB* with the trivial left G-action and define

A** = ®7"7S Ar,s

where
A, s = Ind] B, ®3¢ Cs.

To complete the construction of the projective resolution of Z over ZI', we need
to make the double complex A,, a chain complex. In this step, we use Wall’s The-
orem [5] which makes A,, a chain complex by adding differentials d,’s. For the
calculation of d,,’s we define a contracting homotopy for a particular resolution of
Z over ZL. Then we let d,, = —h(3?_,d;d,—;) for n > 1. If all the ds differentials
become trivial on the cohomology groups calculated by using d;’s, then the coho-
mology of I" is given by a cohomology of G with the coefficients in the cohomology
of L. In this situation, the Lyndon-Hochschild-Serre spectral sequence associated
to given L x G collapses at F,. For this case Adem-Ge-Pan-Petrosyan [8] made

the following conjecture:

Conjecture 1.0.1. Suppose that G is a finite cyclic group and L is a finitely
generated ZG-lattice. Then for any £ > 0 we have

HYLxG,7)~ @ H(G,H(L,7)).
i+j=k

There are papers in the literature discussing the cases where the conjecture
is satisfied. For G = Z4, the complete list of indecomposable representations
given in [8]. In this paper, Adem-Ge-Pan-Petrosyan prove that for indecompos-
able modular representations pi, pa, ps3, ps, there is a compatible action and as a
consequence of this, the conjecture is satisfied. In addition, for p; and p; the con-

jecture is also satisfied. Although it is not known whether there is a compatible
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action for pg, according to [8] Conjecture 1.0.1 also holds for pg.

M. Langer and W. Liick [10] disprove the conjecture by giving a counterex-
ample for L = Z°. Another article [9], written by N. Petrosyan and B. Putrycz,
disprove Conjecture 1.0.1 by providing a complete list of counterexamples up to
dimension 5. In this thesis, we consider the 4-dimensional case which is the lowest
dimension of that type of semidirect groups for which the conjecture is not true.
In [9], it is stated that in dimension 4, there are 44 non-isomorphic groups of
the given type and the only 2 of them do not satisfy the conjecture. In [9], N.
Petrosyan and B. Putrycz make the detailed calculations for one of these coun-
terexamples and they stated that pg satisfies the conjecture where pg does not.

In this thesis we first give the basics of homological algebra. Then we describe
group cohomology and discuss Wall’s Theorem which is about constructing acyclic
doubly graded complex. Then we discuss how we can construct a projective res-
olution for semidirect products. We give a practical way for the calculation of
cohomology of the groups whose resolution admits a compatible action. After
that we describe the method of calculation for Conjecture 1.0.1 due to Petrosyan
and Putrycz [9]. Last we consider the group I' = L x (Z/4) with two different
actions given by the representations v2 and pg which are mentioned in [9]. As a
result, we see that first representation is the counterexample for Conjecture 1.0.1

and second one satisfies it.

The thesis is organized as follows:

Chapter 2 is a preliminary section on the basics of homological algebra and
group cohomology. In Chapter 3, we define the compatible action and consider
two groups whose resolutions admits a compatible G-action. In Chapter 4, we

make two calculations for the representations v, and ps.



Chapter 2

Homological Algebra and Group
Cohomology

2.1 Preliminaries on Homological Algebra

This section contains some basic definitions and properties of homological algebra
which are used in the following sections. For the definitions and results of this

section, we follow [2], [5], and [6]. First, note that the sequence
A—=-pLlsc

is said to be exact at B if Im a = ker 5. Similarly, a sequence

Qn—1 Qn An+1
Anfl An An+1 >

is said to be an exact sequence if it is exact at A, for every n. This definition

gives the following.

Proposition 2.1.1. Let A, B, and C be R-modules. Then,

1. The sequence 0 —= A—"= B s exact at A if and only if o is injective.

2. The sequence B P00 is ezact at C if and only if B is surjective.

4



CHAPTER 2. HOMOLOGICAL ALGEBRA AND GROUP COHOMOLOGY?5

Example 2.1.2. Let § : A — B be any homomorphism. Then we can write an

exact sequence

A% Tme 0

0 ——ker6

where ¢ is the inclusion map.

Definition 2.1.3. Let

and

0 A B’ C’ 0

be two short exact sequences of modules. We say a triple (fo, f1, f2) is a homo-

morphism of short exact sequences if the following diagram commutes

0 A B C 0
le lfl lfo
0 A B’ C’ 0.
Definition 2.1.4. The short exact sequence 0 A—2~B b C 0 of

R-modules is said to be split if there exists an R-module homomorphism s : C' —
B where o s = id¢. In this case the extension is called by a split extension of
C by A.

Proposition 2.1.5. 1. Let A, B, and C' be R-modules for some ring R. Then
B .

C 0 is
split if and only if there is an R-module complement to o(A) in B. In this

the short exact sequence of R-modules 0 A—"-B

case, we can write B=A® C.

2. Let A, B, and C be groups. Then the short exact sequence of groups
a B
1 A B

complement to «(A) in B. In this case, we can write B = A x C.

C 1 s split if and only if there is a subgroup
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Proof of Proposition 2.1.5 is straightforward. We consider the first case. If
we have B =2 A @ C, then we define s such that s(c) is equal to preimage of
¢ under the map [ for all ¢ € C. Since [ is surjective, s is well-defined and
[ os = idec. Hence, the sequence is split. If the sequence is split, then there
exists an R-module homomorphism s such that § o s = idg. Then we choose
C'" = s(C) C B, where (" is mapped isomorphically onto C' by 5 : 8(C") — C.
So B = A@® C. Note that a homomorphism s given in the Definition 2.1.4 is
called a splitting homomorphism for the sequence.

One of the important concepts in homological algebra is the con-
cept of the projective modules.  Before giving the definition of a pro-
jective module, recall that Hompg(D,—) is a left exact functor.  This
means that if 0 A—e.p?’
0 —— Hompg(D, A) L/>HomR(D,B) LHomR(D,C) is exact. Now we de-

fine projective module.

C 0 is a short exact sequence, then

Proposition 2.1.6. Let P be an R-module. Then the following conditions are

equivalent:

1. If 0 Ae.p . ¢ 0 is a short exact sequence of R-modules,
then 0—>H0mR(P,A)ﬁHomR(P,B)LHomR(P,C)ﬁO is

also a short exact sequence.

2. Gien a diagram

P
e LW
B ¢

with B 1s surjective, there exists a lifting f : P — B such that Bf = 7.

3. PRvery short exact sequence 0 A B P 0 splits.

4. P is a direct summand of a free R-module.

Proof. First we show that conditions (1) and (2) are equivalent. Now, assume

that Hompg(P, —) is an exact functor which means ' is surjective. That is for any
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v € Hompg(P, C) there exists g € Homg(P, B) such that v = f'(g) = 8g. So for

given maps 3 and v, there is a lifting g where the following diagram commutes

P
g/// j,y
B ¢ 0

Hence, (2) is true.

Conversely, if (2) is given, then for a given map v : P — C, there is a map
g : P — B with g = ~. This implies that for any v € Homg(P, C) there exists
g € Hompg(P, B) with v = 8g = 3'(g). Then v € Im /3’ gives that 3’ is surjective.

Therefore, Hompg(P, —) is an exact functor.
B

Suppose that condition (2) is satisfied and 0 A—+B P 0 is
a short exact sequence. Consider the identity map from P to P. By (2), this

map lifts to a homomorphism s making the following diagram commute

P
5/// jid
gt % _p 0

This proves (3).

Note that every module P can be written as a quotient of a free module.
For example, P is quotient of the free module on the set of elements in P.
We denote this free module by F. Then there is always an exact sequence
0—>kerf—>F "
splits. From previous arguments, we can say F' is isomorphic to the direct sum of
ker 5 and P. Hence F' = ker 5 & P. So, P is a direct summand of a free module.
This proves (4).

Finally, we need to show that (4) implies (2). Let us assume P is a direct

P 0. Condition (3) implies that this sequence

summand of a free R-module F' and we write F' = P @& K. Also we have a ho-
momorphism v from P to C' which is given in (2). Consider the homomorphism

vyom : F — C where 7 is the natural projection from F' to P. Now define an
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element ¢, such that for some element € F', we have yow(z) = ¢, € C, and
b, € B by B(b,) = ¢,. From the universal property of free modules, there exists a

unique homomorphism f’ from F to B with f'(z) = b,. So the following diagram

commutes
F=Pop K
L
. s d j'Y
B~ g C 0.

Now we define a map f from P to B by f(p) = f'((p,0)) for p € P. More
precisely, f = f’ o where i is the injection map from P to F. This shows that f

is an R-module homomorphism. Then

Bo f(p) =80 f((p,0)) =7om((p,0)) =~(p).

That is B o f = ~. Hence, we prove that the diagram

P
e L .,
=" ¢ 0
commutes and that (4) implies (2). This completes the proof. O

Definition 2.1.7. An R-module P is called projective if it satisfies one of the

equivalent conditions given in Proposition 2.1.6.

Now, we continue with the definition of a chain complex. This is a sequence

of abelian group homomorphisms where successive maps compose to zero.

Definition 2.1.8. Let C, be a sequence of R-modules

dn dnf 1 d1

Cn—l R 4

Coiee Ch Co 0.

1. If the composition of any two successive maps is zero, i.e., d,,_1 od, = 0 for
all n > 0, then the sequence C, is called a chain complex.

2. If C, is chain complex, then its n-th homology group is defined by H,(C) =
kerd,, /Tm d, .
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Similarly, we define a cochain complex and a cohomology group of a cochain

complex as follows.

Definition 2.1.9. Let C* be a sequence of R-modules

C* 2 0 oo on-1 4 on &

1. If the composition of any two successive maps is zero, i.e., d* o d" ! = 0 for

all n, then the sequence C* is called a cochain complex.

2. If C* is cochain complex, then its n-th cohomology group is defined by
H™(C) = kerd™/Im d"'.

Note that the cochain complex C* is exact means that all its cohomology
groups are zero. Thus, the n-th cohomology group is a measure of the failure of
exactness of a complex at the n-th stage (see [2]).

In the previous part, we defined the homomorphism of short exact sequence.

Now we generalize this and define a homomorphism of complexes.

Definition 2.1.10. Let A, = {4, } and B, = {B,} be chain complexes.
Then the map f : A, — B, which is a family of homomorphisms f, : A, — B, is
called a homomorphism of complexes or a chain map where the following diagram

commutes for every n € Z

An dn An—l
\jfn Lfn—l
Bn o anl

One can show that a homomorphism f of chain complexes A, and B, induces
a group homomorphism from H, (A,) to H,(B.) for n > 0. Observe the relation

between two chain maps.

Definition 2.1.11. Let A, = {4, }, B, = {B,} be two chain complexes and f,
g be two chain maps from A, to B,. Then the homomorphism s : A, — B, is

called homotopy from f to g if it satisfies d/,,, o s, + 5,—1 0dy, = f;, — gn. So, the
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following diagram commutes

dn+1
An-‘,—l An

In+1 fn+1 4 gn fn
Ve n
Ve Ve

+1 n
Bn+1 Bn Bn—l

In this case, we say f is homotopic to g and write f ~ g. A chain map f is
called a homotopy equivalence if there is another chain map f’ such that f o f’
and [’ o f are homotopic to identity map, that is f o f' ~idy4 and f' o f ~ idp

and the chain complexes A, and B, are called homotopy equivalent.

Definition 2.1.12. Let A, = {A,} be a chain complex. Then A, is contractible
if it is homotopy equivalent to the zero complex. In particular, the identity map
on A, is homotopic to zero map, i.e., id4 ~ 0. A homotopy from id4 to 0 is called

a contracting homotopy.

One can show that any contractible chain complex is acyclic, so its all homol-
ogy groups are zero, i.e., H,(C) = 0 for all n. Also it is easy to see that homotopy
relation ~ is an equivalence relation.

Now we define a projective resolution of an R-module A. Since for projective
modules it is possible to lift various maps, they are used for the construction of

resolution of A.

Definition 2.1.13. For any R-module A, define a projective resolution of A as

an exact sequence

dn dn— 1 dl

P, Py—S= A 0 (2.1.1)

b,

where P, is a projective R-module for all n.

For every R-module A, there is a projective resolution. To see this, first we
choose Py such that it is a free R-module on a set of generators of A. Clearly, all
free modules are also projective. Then we define an R-module homomorphism

€: Py — Aby e(d ra;) = > rif(a;) where  : A — A is any map of sets. From
i=1 i=1
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the universal property of free modules, this map is uniquely defined. Now, the
resolution begins with Py —— A ——= 0. Since e is surjective then the sequence
is exact. Second we choose a free module P; which is mapping onto the submod-
ule ker e of Fy. After this stage the sequence becomes P, —— Fy—— A . From
construction the sequence is exact. Inductively, at the n-th stage we define a free
R-module P, ;; that maps surjectively onto the submodule kerd,, of P,. As a
result, we obtain a projective resolution of A.

In general, if A is not projective then a projective resolution of A has in-
finite length. In the case where A is projective, we have a trivial resolu-

tion such that 0 A9 A 0. Now consider the projective resolu-

tion 2.1.1 and omit the term A then take homomorphisms of each of the terms
into an R-module D. Note that by taking Homg(—, D) of A—— B, we get
Hompg (B, D) —— Hompg(A, D) . That is Hom functor reverses the direction of

the homomorphisms. Then we obtain the following

U

0 — Homp(Py, D) — 2~ Homg( Py, D)

!/

d .y
Hompg(P,-1,D) O Homp(P,, D) —> ... .
(2.1.2)

The corresponding cohomology group has a special name.

Definition 2.1.14. Let A and D be two R-modules. For a projective resolution
of A asin 2.1.1 define d!, : Homg(FP,_1, D) — Homg(P,, D) as in 2.1.2. Then

Ext}h(A, D) = kerd,

n+1/Im d;l
for n > 1 and Ext%(A, D) = ker d}. This group is called the n-th Ext-group. Note

that this is the n-th cohomology group derived from the functor Homg(—, D).

It is easy to see that Ext%(A, D) = Hompg(A, D).

Definition 2.1.15. Let A and D be two R-modules and

dn dn—l dl
P, e

P, Py——=A 0

be a projective resolution of A over R. By deleting the term A, take tensor
product of the resolution with D then we get the following

~~—>D®Pn&d">D®Pn,11%>1~~~%D®PO—>O.
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Then define
Tor®(D, A) = ker(1 ® d,,) /Im(1 @ d,,11).

for n > 1 and Torf(D,A) = (D ® P,)/Im(1 ® dy). The group Tor?(D, A) is
called the n-th Tor-group. It is the n-th homology group derived from the functor
(D® —).

Now we consider the following examples which can also be found in [1] and

2].

Example 2.1.16. 1. As we mentioned above if F'is a free R-module, then

there is a free resolution of F' as in the following

0 g 0.

2. Let R=Z[t]/(t* — 1) and A = Z. Since t* — 1 = (t — 1)(t + 1), it is clear
that an element of R is canceled by (t+ 1) (respectively, (¢t —1)) if and only
if it is divisible by (¢t — 1) (respectively, (¢ 4+ 1)). Hence we can write the

following projective resolution which is of infinite length

R—=A 0.

3. As a generalization of the above example, take R = Z[t]/(t"—1) and A = Z.
Since (t" 1 4-¢"24...+t+1)(t—1) = t"—1, then we get a similar projective

resolution of A

where Xt = (" + "2 4+ L+t + 1).

4. Now we give an example for the calculation of Ext-groups. Let R = Z
and A = Z,. First we write the projective resolution of A. We have Z
is projective module as an R-module. Then the exactness of the following

sequence makes it a projective resolution of A

0 7227 7 0.
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Note that (xn) denotes the map of multiplication by n. From the definition,
we can say that Ext)(Z,, D) = Homg(Z,, D) = ,D, where ,D is a set of
elements d of D which satisfy nd = 0. Now take Homgz(—, D) of the above

sequence. Since Homy(Z, D) = D, then we obtain the following

0 — Homg(Z,, D) DD 0.

So, Ext-groups can be calculated easily as follows;

12

e Ext)(Z,, D)= ,D,

12

e Ext}(Z,, D)= D/nD,

e Exti(Z,, D) =0 for all k > 2.

Let A and A" be R-modules and C, and C’ be a projective resolutions of A
and A’ respectively. Assume f is a homomorphism from A to A’. Then we have

the following proposition.

Proposition 2.1.17. Let C, and C! be as above and f: A — A’ is a homomor-
phism of R-modules. Then for any n > 0, there is a lifting f, of f where the

following diagram commutes

C* ds P2 ds P1 & P() < A 0
AN
T Iy Ty Wy Ry )

Proof. For a given diagram since P, is projective then there exists a lifting fy :
Py — Pj such that € fy = fe. Proceeding inductively, assume f,, has been
defined and it makes above diagram commute. Also note that, d, (fndni1) =
d,(d,.1 frms1) = 0. So, Im(fdni1) C kerd,, for all 0 < m < n. Now the

0
projectivity of P,;; implies that there is a lifting f,11 : Poy1 — P, such that
fndni1 = d;, | fog1- This completes the proof.

[

We continue with the one of the important theorems of homological algebra.



CHAPTER 2. HOMOLOGICAL ALGEBRA AND GROUP COHOMOLOGY14

Theorem 2.1.18 (Fundamental Theorem of Homological Algebra). Let P, be
a chain complex of projective R-modules and C, be an acyclic chain complex.
Then for a given homomorphism ¢ : Ho(P.) — Hy(Cy), there is a chain map
fv + Po = C, inducing ¢ on Hy. Furthermore, any two such chain maps are

chain homotopic.

This fundamental theorem implies that any two projective resolutions of an

R-module M are homotopy equivalent.

Corollary 2.1.19. Let M be an R-module. Then any two projective resolutions

of M are chain homotopy equivalent.

I

Proof. Let P, and @, be two projective resolutions of M where Hy(P,) & M
Hy(Q.). Consider the following diagram:

P Py M 0

From 2.1.17, the identity map id : M — M can be lifted. Then we obtain the
chain maps f, and g.. Note that the chain map g, o f, : P, — P, induces the
identity map on M. But the identity map id, : P, — P, also induces identity map
on M. So by the second statement of the fundamental theorem of homological
algebra, we get g, o f, = idp,. Similarly, f, o g, induces identity on homology, so

f« 0 g« =1idg.. Thus P, homotopy equivalent to @).. O]

Hence this corollary implies the independence of Ext-groups from the choice

of projective resolution.

Corollary 2.1.20. The Euxt-group Extp(N,M), which maps (N,M) into
H"(Homg(P.(N),M)), does not depend on the projective resolution P.(N) of
N.
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As a last part of that section, we give the Universal Coefficient Theorem and
the Kiinneth Theorem.

Theorem 2.1.21 (Kiinneth Theorem). Let C, and C', be chain complexes over
R where R is principle ideal domain and C, is dimension-wise free. Then the

following sequences are exact and naturally split

0——— @pGZ Hp(c) QR Hn—p(0/>

H,(C®rC")

- @pEZ TOT’F(HP(C% Hpy (C/))

and
0 —T1,ez Brtr(Hy(C), Hpypi1(C")) — Ho(Homg(C, C"))

— [l ez Homr(Hy(C), Hp1n(C"))

Now assume that C, as in the above theorem and C? consists of a single
module M. So C. is
" 00— M —0.

In this special case, we have a Universal Coefficient Theorem.

Theorem 2.1.22 (Universal Coefficient Theorem). Let C, and C be as above.

Then we have the following exact sequences
0— H,(C) ®r M — H,(C @ M) — Tor}(H,_,(C), M) —=0
and

0 — Baty(H,_1(C), M) — H"(Homg(C, M)) — Homp(H,(C), M) —0.

2.2 Group Cohomology

In this section, we define a group cohomology and consider some applications.

For more details you can see [2]. Let A be an abelian group and G be a group.
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If G act on A as an automorphism, then we say A is a G-module. We denote
the set of elements of A which are fixed by all elements of G by AY. That is
A% ={a € A|ga=aforall g e G} For Aisa G-module, Homzg(Z, A) is a
group of all ZG-module homomorphisms from Z to A with trivial G-action. Every
G-module homomorphism from Z to A is uniquely determined by the image of
L. We say f,(1) = 2. Then z = f,(1) = fo(g-1) = g+ fo(1) = g - 2 for all
elements of G. So one can show that for any element x € A%, the map f, — z is

an isomorphism. Hence, A% = Homyg(Z, A). For a short exact sequence

0 A B C 0,
we obtain again an exact sequence such that

0 A¢ B¢ ce .

This shows that by considering as a ZG-module, any projective resolution of
Z gives a long exact sequence extending above sequence. One of this type of

resolutions is standard resolution of Z. Consider the following sequence

. dn+1 F dn dnfl d1
n

Fo——>17 0. (2.2.1)

Here, for n > 0, F,, is a free Z-module generated by the (n+1)-tuples (go, - - -, gn)
where g; € G for all i. The action of G is given by g-(go,---,9n) = (990, - -, 9n)
and the boundary operator is defined by

n

dn(Gos -1 9n) = D (=1)(g0s -+ Fis- -+ Gn)-
i=0
The augmentation map € maps gy to 1. One can show the exactness of the above
sequence. Then this sequence is called by the standard resolution of Z over ZG.
Now we change the basis of a free ZG-module F,,. The (n + 1)-tuples whose first
element is 1 and in the form (1, g1, 192, .., 9192 - - - gn) forms a basis, since these
represent the G-orbits of (n + 1)-tuples. Then we introduce the following bar

notation

[g1]92] - - |gn] = (1, 01,9192, - - -, G192+ - - Gn)-
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In that case, the action of G on F), is given by ¢ - [g1]92|.--|gn] = [991]..-|gn]. Note

that the augmentation map € from Fy to Z and d; are defined as in the following

€(D_reg) =1y

geG geG

and

di([g]) =9 -1

Other maps are more complicated. For n > 2, d,, is given by

n—1

dnlg1]--1gn) = 91-g2)--- 19+ D (=1)'[01].--gi-119ii 11| giv2l | g+ (=1)"[g1]--- | gn-1].
i=1
One can show that the above resolution is projective, in fact a free resolution. In
the above notation, resulting resolution is called bar resolution.
Now we take Homyg(—, A) of resolution 2.2.1 in Chapter 2 and replace the
first term by 0 to obtain

0 —— Homyg(Fo, A) N Homyq(F1, A) i Homyg(Fy, A) &,
This sequence gives the cohomology groups which are Ext}.(Z, A). To make
the notion clear, we consider the elements of Homzg(F,,, A) that are uniquely
determined by their images on the ZG-basis elements of Fj,. Lets identify this
image by n-tuple (g1, 92, ..., gn) Where g; € G. So we can identify Homyg(F,, A)
with the set of functions from G" = G x --- x G (n-times) to A. Note that for
n =0, Homyzs(ZG, A) is given by A.

Now we define a new concept.

Definition 2.2.1. Let G be a finite group and A be a G-module. Define C"(G, A)
as a collection of all maps from G™ to A for n > 1 and C°(G, A) = A. Then the

elements of C™(G, A) are called n-cochains.

One can show that each C"(G, A) is an additive abelian group.
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Definition 2.2.2. We define the n-th coboundary homomorphism for n > 0 from
C™"(G, A) to C"Y(G, A) by

dn(f)(Qh -~-,Qn+1) =01 f(g27 ---7gn+1)

+ Z(_l)if(gb vy Gim15 9iGit 15 Gi 2y oy Gt 1)
i=1

+ (_1)n+lf(gla ) gn)‘

Definition 2.2.3. 1. The elements of Z"(G, A) = ker d" are called n-cocycles.

2. The elements of B"(G,A) = Im d"~! are called n-coboundaries.

By definition it is easy to show that d™ o d"~! = 0 for n > 1. This implies
Im d"! C kerd" so B"(G, A) C Z"(G, A). Now we define the group cohomology.
Definition 2.2.4. Let A be a G-module, we say H"(G, A) = Z"(G, A)/B"(G, A)
is the n-th cohomology group of G with coefficients in A.

Remark that H"(G, A) = Exty,(Z, A) and these groups can be calculated
by using any projective resolution of Z. Now we observe the following examples

which can be found in [2].

Example 2.2.5. 1. As a first example, consider the trivial group G. Then
G™ is also a trivial group. Any element of f of C"(G, A) is determined by
the image of n-tuple (1,...,1). So C"(G,A) 2 A. If f = a € A, then the
map

d"(f)1,...1) =a+ ) (=1)a+(-1)""a
returns 0 if n is even and returns a if n is odd. Hence, d,, = 0 if n is even

and d,, = id if n is odd. Then the cohomology groups are given as follows

o H(G,A) =AY = A, and
e H"(G,A) =0 for all n.
2. In this example, we discuss the cohomology group of finite cyclic group

which is used in the following chapters. Assume G = (z) is a cyclic group

of order n. We use the following projective resolution

N TR fe i S N f e i e P 0
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where ¢ is the augmentation map and Yz = 2" ' + ... + 2 + 1. Take
Homyg(—, A) of the resolution and replace first term by 0. By using the
fact of Homzg(ZG, A) = A, we get the cochain complex

-1

0 AZTL g B p "

Then cohomology groups are as in the following

o HY(G,A) =A%,
o H"(G,A) = A%/(Xx)A if n is even, and
o H'(G,A)={ac A| (Ex)a=0}/(x —1)Aif nis odd.

3. As a special case, do the above example for n = 2 and A = Z. Let G =
Zy = (t | t* = 1). Then the projective resolution of Z over ZG is given by

t—1 t—1 t+1 t—1

76 2 7a 7G 76 —=7, 0.

Take Hom(—, Z) of the resolution and replace the first term by 0. Note that
Homy(ZG,Z) = 7. Then we get

0 7.7 X2 70

So the cohomology groups are H (G, Z) = (7,0, 75,0, Zs,, . ..) for n > 0.

Note that we say A is cohomologically trivial if H"(G, A) = 0 for alln > 1. Let
A be a G-module and A’ be a G'-module. We take two group homomorphisms «
and 8 such that « : G = G and §: A — A’. We want to define a homomorphism
between the cohomology groups H"(G, A) and H"(G’, A"). To do this we need «
and [ to be compatible.

Definition 2.2.6. Suppose that a and § be as defined above. Then o and 5 are
said to be compatible if f(a(g')a) = ¢'B(a) for all a € A and ¢’ € G'.

Now we define a homomorphism h,, such that

h, : C"(G,A) — C™(G', A')
f—=pBofoa"
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If @ and (8 are compatible, one can show the commutativity of h,, with coboundary
maps, that is h,4q od, = d, o h,. Then h, maps cocycles to cocycles and

coboundaries to coboundaries. So, it induces the homomorphism on cohomologies
h,: H*(G,A) — H"(G', A").
We discuss the following examples that can be found in [2].

Example 2.2.7. 1. Let A be a G-module. Then for any subgroup H of G, A
is also an H-module. We consider the maps inc: H —- G and id : A — A
which are the inclusion map and the identity map, respectively. Since
id(inc(h)a) = id(ha) = ha = h(id(a)), then inclusion map and identity
are compatible. The corresponding induced group homomorphism on co-

homology groups is called the restriction homomorphism
Res: H"(G,A) — H"(H, A).

2. Now suppose H is a normal subgroup of G and A is a G-module. Note that
AH is a G /H-module under the action of (§H)-a = g-a. Observe the maps
projection and inclusion, that are 7 : G — G/H and inc : A% — A. Since
inc(m(g)a) = inc((gH )a) = ga = g(inc(a)), then these maps are compatible.
The corresponding induced group homomorphism on cohomology of groups

is called the wnflation homomorphism

Inf: H"(G/H, A™) - H"(G, A)

One of the notion that will be used in following chapters is the tensor product
of projective resolutions which gives a double complex. Assume R is a ring. Let
A be a right R-module and B be a left R-module. Tensor product of A and B
over R, i.e., A®pg B, is an abelian group generated by a ® b with the following
properties;

(a+d)@b=a®b+d @b,
a®@(b+b)=a@b+axl,
ar®@b=a®rb,

where a € A, b€ B, and r € R.
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Definition 2.2.8. A double complex is a commutative diagram with each row

and column is a complex:

| | |
| | |
Y ds, Y 35 Y d33

A

C3O C(31 032 CY33 =<- -
d3o ds1 d32 ds3

Cog=— 2 Oy = Oy < -
d2o d21 da2 da3

Cro——0 O =22 0y -
dio di1 di2 di3

Coo il 001 o cv? s 003 ~- =

We define a module C,, such that C,, = @, tj=n C;; with the differential 0,, where
Op = dij + (—l)idfij for i +j = n. That is 0, : C,, = C,,_ satisfies 0,(c;;) =
dij(cij> + (—1)Zd;](CU) where Cij € ng

Note that 0,,_10n(c) = di—1;di;(c) + d; ;_,di;(c) £ (di_y jdij(c) — d; j1d};(c)).
Since each column and row is a complex, then d? = d”? = 0. Also commutativity
of diagram gives dd'(c) = d'd(c). Hence 9? = 0.

By using the notion of double complex, we can calculate the resolution A, ® B,
where A, = {A,} and B, = {B,} are projective resolutions of R. Assume A,

and B, be as in the following:

A* e Ag
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Then A, ® B, gives the following double complex:

| | | |
| | | |
¥ Y ¥ / ¥
A3 ® B A3 ® B A3 ® B

is 2s A3 ® By <-— -
dos dis das dss
Az ® By i Ay ® By : Az @ By : Ay @ By =< - -
doo dra das ds2

U U U

dll d21 dl
A1®BO A1®B1 A1®B2 3 A1®B3<——

do1 d11 d21 ds1

AO®BO A0®B1 AO®BQ

In the above diagram we get C, = @, ,_,,(4p ® By).

2.3 Wall’s Theorem

In this section, we discuss the construction of doubly graded complex and Wall’s
Theorem which defines the boundary maps to make the complex exact. To do
this, we follow the methods of [5]. Before this process, we observe the following
result. Let B, be the projective resolution of Z over ZL where L is normal

subgroup of I' and B, is given by

By B, By By Z 0.

Note that Z®z ZI' = Z(I'/L). Indeed, assume LUg  LU---Ug,LU--- be a coset
decomposition of I". Then the free Z-module basis of Z®z,Z1" is {[1], [g1], [g2], - - - }
where the action of ' is given by g[g:] = g¢.lgi] = [9:-1g:] = [9r9:], with g = g,l.
This result is given in [5]. By using this property, taking tensor product of B,
with ZI" over ZL results the resolution of Z(I'/L) over ZI" which is given in the

following

Bl —= B, ®z ZT —> -+ —= By @z, ZT —=Z(T /L) —=0 . (2.3.1)
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After this observation, now we write the resolution of Z over Z(I'/L) which is

given by

C,:ee C,—9... C,—2~Cy—>17 0.

Then we can resolve each C, over ZI' by using above argument and B.. In
particular, for all n, we take the tensor product of B, and C,, over Z(I'/L) where

Z(I'/L) ®zr/1) Cn = Cyn. Now we denote the resulting resolution as follows

Bn2 do Bnl do Bno n Cn 0
Here, we get the following

| | |

| | |

¥ ¥ ¥
Boa By Baa
do dO do
By Bny Bo
do dO do
By B Bag
€0 €1 €2

Then we lift the boundary maps 0 in the resolution of Z. We make a guess that
the differential map of doubly graded complex is of the form d(b;;) = do(b;;) +
(—1)"dy(b;;) where d; is the lifted boundary and dy is a vertical differential and
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bi;j € B;j. So, we obtain a new diagram

- — —
- — —

di di1 di
BOQ B12 B22
do do do

d1 d1 di
BOl Bl 1 B21
do do do

d1 di d1
Boo B Bao
€0 €1 €2

Z~——Cy— O ~— Ly 2
Now the problem is d may not be a differential. This is because

d* = (do + (=1)'dy)?
= d2 + (—1)'dody + (—1)"dyd + didy
= dyd;

may not be zero where d, : B;; — B;_; ;. To make d?> = 0, we add correction
terms. We have that €;d1d; = 90¢;15 = 0. So the chain map d;d; is homotopic
to zero and there are maps dy from B, ; to B j_2 where dody + dody = did;.
The map d, is the first correction term and the total differential becomes d =
do + (—1)'d; + do. Then we continue the same procedure until to find d? = 0.

Following theorem, gives the idea of these maps.

Theorem 2.3.1 (Wall [5]). In the above situation, there is a series of ZI'-
homomorphisms d,, : B; j = Bjyn_1,—n such that if we set D,,, = @Zio By -t and
d=do+ (=1)'dy + > ", di, then d* = 0 and the resulting complex is a resolution

of Z over ZI'. In particular, each d, can be chosen so that

1. dy is the vertical differential,
2. aEi = Ei—ldI;

3. ¥ (didy_s =0 for all k > 2.
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Moreover, any map which satisfies the properties (1), (2), and (3) is a differential

that makes the above complex acyclic.

Proof. In this proof we follow the method of [5]. Now, we first show that any
map with (1), (2), and (3) makes the total complex acyclic. To see this result,
we use a spectral sequence which converges to a homology group of the given
complex. Note that property (1) gives that the differential in E° is exactly the
map dy. Hence in E* we get just C, which is a free Z(T'/L)-resolution of Z. By
(2), d* is precisely the differential of C, that is 0. Then exactness of C, gives the
result. That is E? = E* = Z. So, the above complex is acyclic.

Conversely, we need to show that there exist maps dj, for £ > 3 which satisfies
given properties. Assume that we define d; for all ¢ < k and dj, for B,_; s that
satisfy (3). Claim of theorem says that there is a map dj such that dody = f
where f = —%F  d;dy_;. Tt is equivalent to say that f is in the kernel of dy. By

direct calculation, we can see the result.

k
dof == dodidy i
=1

- —<d0d1dk,1 + dodgdk,Q + .. )

k i
=D didijdi

i=1 j=1

k k—j
- Z d; Z di_jdi_;
j=1  i=j
=0

Hence, this completes the proof. O

For the calculation of d,, which is defined in Wall’s theorem, we need to take
the preimage of f under dy where f is in kerdy = Im dy. For this process, an
efficient computational method is to use a contracting homotopy.

Assume that we are given a free and acyclic chain complex over ZG as in the

following

C,—4- 0, O, -4~ Cy—=7 0.
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We consider the following contracting homotopy h.

d2 dl

C, Co = Z 0
/ d , / g
/
d 7 id ; id
%// k//
I R S o N S/ 0

Recall that a contracting homotopy is a chain map h : C; — C;;1 such that
hd, + d,1h = id where we denote Z = C_; and € = dy. Here we consider some

examples of construction of contracting homotopy given in [5].

Example 2.3.2. 1. Let ' = Z with generater t. We consider the following

resolution of Z over ZI'

t—1

0 —— Z(Z)[er] =2 Z(Z)[eg) —> Z —0 .

Then the contracting homotopy h is given by

S ten, i>0;
h(l) = €y and h(tleo) = — Z;:ll t—jeb < O’
0, 1=0.

One can show that h satisfies the contracting homotopy condition;
hd(t'ey) + dh(t'eg) = h(1) +d((t"™ +... 4+ 1ey)
=eo+ (t' = 1)eg
= tieo
for all 7.

2. Now we choose I' = Z/2 and take the standard Z(Z/2)-resolution of Z

L 7 (eo] s 7T ey ] 2 2T [eg] ——> Z —— 0.

The contracting homotopy is the following
h(1) = eq, h(e;) =0, and h(te;) = e;41.

3. In general, we consider the case of I' = Z, where p is an odd prime. Then
the projective resolution of Z over ZI" is that

o 2 I [eo] —2> 2T [ey] = ZT[e) —— Z — 0.
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Then the following formula is a contracting homotopy for the above resolu-

tion
h(l) = €p

and

0, 1#p—1

€on12, ’l:p— 1

| 0 =0
h(ties,) = { o !

for n > 0.



Chapter 3

Cohomology of Semidirect
Products

In general, cohomology groups of semidirect products I' = L x G are not easy
to calculate. However, if the projective resolution for L admits a compatible G-
action, then the calculation of cohomology groups becomes easier. Hence for a
given semidirect group, the first thing to check is whether there is a compatible
action on the projective resolution of Z as a ZL-module. In this chapter, first we
give a definition of a compatible action. When there is a compatible action, if
there is minimal L-resolution on which G acts then the cohomology group of I’
is given by the cohomology of G with coefficients in the cohomology group of L.
Otherwise, group cohomology calculation is much more difficult and the details

of that case is explained in Chapter 4.

3.1 Compatible Action

In this section, we consider a compatible action which gives a practical way for
calculating cohomology of semidirect products. For details you can see [7]. Let
[' = L x G. We define the action of G on L by 9 = p(g)l foralll € L and g € G

where ¢ is a homomorphism ¢ : G — Aut(L). Now we take the free resolution

28
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(P,,d.) of Z over ZL with the augmentation map € : Py — Z. Then the definition

of compatible action is given as follows:

Definition 3.1.1. Given a free ZL-resolution (P, d,) of Z with augmentation e,
we say P, admits a compatible G action with respect to ¢ if for all g € G there
is an augmentation preserving chain map f(g) : P. — P, where the following

properties are satisfied

1. f(9)l-z)=1)-(f(g)x) for alll € L and z € P,,

2. f(9)f(g') = f(gg') for all g, " € G,

3. f(1) =idp,.

If there is a compatible action, then we can define a ZI'-module structure on
P. Note that all the elements of I' can be written uniquely as v = lg where [ € L

and g € G. In that case, the following equation gives the ZI'-module structure

vz =(lg)-x=1-f(g)z.

Now we give some basic properties of compatible actions which are given in [7].

1. Let P, and P/ be projective resolutions of Z over L; and Ly with compatible
actions f; and fo, respectively. Note that P, ® P! is a projective resolution
of Z over L = L; X Ly. Then there is a compatible action of G on P, @ P/
with

f9)(x®y) = fi(g9)(r) @ f2(9)(y)

where x € P and y € P/.

2. Let G = G; x Gy and M is a G;-module for ¢ = 1,2. Assume a com-
patible action of G; on a resolution of Z over M, P,, is given by f; where

fi1(g1) f2(g2) = f2(g2)fi1(g1). Then a compatible action of G on P, is given
by f(g9)(x) = fi(g)f2(g)z.
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3. Assume ¢ : Gy — G is a group homomorphism and P, is a resolution of Z
over L where L is Gi-module. If G| acts compatibly on P, by f’, then Gs
also acts compatibly on P, by

for any g € G and = € P,.

3.2 Projective Resolutions for Semidirect Prod-

ucts

In this section, we define projective resolutions for semidirect product I' = L x G
in the case where there is a compatible G-action. The details on the material in
this section can be found in [3]. Let R be a ring and X, and W, be projective
resolutions of R over RL and RG, respectively. An action of G on X, is defined
as a map g : X, — X, which satisfies

g(lz) = (*Dg(x)

forge G, € L,and x € X. We write X, and W, as in the following

d3 da di

X, - X,

Xo X

X, R 0,

ds do dy

W, I/V3

Wy Wi

Wo R 0.

Assume W is projective RG-module and X is projective RL-module on which G

acts as above.

Now we want to construct a projective R(L xG)-resolution of R which depends
on X, and W,. Note that we can make X, ® W, into an (L x G)-complex by
defining

(L, g)(x @w) =1(g9(x)) ® gw

withl € L, g € G, x € X, and w € W. Then we get the following result.
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Theorem 3.2.1. Let X, W be as above with the given G-action. Then X @ W
is a projective R(L x G)-module.

Proof. First we show that there is a natural equivalence of functors Homy, . (X ®
W, M) and Homg(W, Hom (X, M)). To see this we define a map 6 such that

0 : Homp.q(X @ W, M) — Homg(W, Hom (X, M))
f=0(f)
where f(zx®@w) = 0(f)(w)(x). We need to verify that §(f) is a G-homomorphism
and 0(f)(w) is a L-homomorphism. Note that f is a L x G-homomorphism. So
it satisfies f((I,1)(z @ w)) =1f(x @ w) and f((1,9)(x @ w)) = gf(x ® w). Then
0(f)(w)(lx) = flz @ w) = f((, D(z @ w)) = If (x @ w) = I(O(f)(w)(z))
gives that 6(f)(w) is a L-homomorphism. To show that 6(f) is a G-
homomorphism, 6(f)(gw)(x) = f(z ® gw) should be equal to g(8(f)(w)(z)).

By the following argument we can prove this
9(O(f)(w)(x)) = go(f)(w)(* x)
= gf(" r@w)
= f(1,g)( z@w))
= [z @ gw).

Now we define a map ¢ such that
¢ : Homg(W, Homy (X, M)) — Homp (X @ W, M)

with ¢(t)(x ® w) = t(w)(x). Similarly, we show that ¢(t) is a L x G-
homomorphism. Since t is a G-homomorphism and t(w) is a L-homomorphism,

then we get

p(t)(( g)(z @ w)) = @(t)(I("r) @ gw)
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Obviously, O0p(t)(z @ w) = pf(f)(w)(x) = id. Hence, 6 is an isomorphism.

We know that X and W are projective R-modules. By Proposition2.1.6,
Homy (X, —) and Homg (W, —) are exact functors. Now take composition of two
functors

Homg (W, Homy (X, M)) = Homp.q(X @ W, M)

which is again an exact functor as a composition of two exact functors. Again
from 2.1.6, X ® W is a projective R(L x G)-module. This completes the proof.
O

Now, we are ready to prove our main theorem.

Theorem 3.2.2. Let X, be a projective RL-resolution of R and W, be a projective
RG-resolution of R.Suppose that the map g : X, — X, satisfies g(lx) = (%l)g(z).
Then X, @ W, is a projective R(L x G)-resolution of R.

Proof. Let X, and W, be as in the theorem. We consider X,®W, as an R(LxG)-
complex where (X ® W), = @,,,,(Xp, ® W,). By Theorem 3.2.1, we have
(X ® W), is projective R(L x G)-module for all n.

To see the exactness of the complex X, ® W,, we use the Kiinneth Theorem

which says that the following sequence is exact

0 —— B,z (Hp(X.) @ Hyp(Wa)) — Ha (X, @ W)

- Torf(Hp(X*), Hyp1(W5))

From the exactness of X, and W,, we get
Hy(X) 2 H, (W) 2 Torf(H,(X), Hyp1(W)) 2 0,

Hence H,(X.®@W,) = 0 for all n > 0. So we prove that (X, ®@W,)is an R(L xG)-
projective resolution of R.
[
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As a result, we see that the above construction gives a projective resolution
for semidirect products when X, admits a compatible G-action. This result can
be used to calculate the cohomology of semidirect products. In particular, if we
take X, as a minimal L-resolution on which G acts, then we have the following

isomorphisms
H*(LxG,M)= H*(G,Hom(X,,M)) = H(G,H*(L, M)).

Now we give some applications of above results. First we consider the Di-
hedral group of order 8, Dg and take R = 5. This group has some special
properties which make this application possible. This is a simple illustration of

Theorem 3.2.2. After that we work on more general cases.

Example 3.2.3. Let ' = Dg where Dy = (a,b | a* = b = 1,bab = a™!) and
R = F,. Note that in Fy, —1 and +1 are same things. Let Cy = (a | a* = 1)
and Cy = (b | b = 1). Then Dg = C; x Cy where b acts on Cy is by %a = a™!.
Recall that FyCy and FoC5 have projective resolutions in the following forms,

respectively,

X*I"'iFQOZL a FQC4 Lta FQC4_E>F2_>O

1 1

W* IR 1+ ]FQCQ +0 IFQCQ i FQCZ ;/>F2 —0

where Ya = 1+ a+ a® 4+ a®. Now we consider the action of b on C; and with this
action all free FoCs-modules can be considered as FyCy-modules. We denote this
new complex by X.. Note that there is a chain map between X, and X which
is extended from id : Fy — 5, by Theorem 2.1.17. Let us denote this chain map
by f, where f,(hz) = (°h)f.(z). In particular, f, satisfies f,(a’z) = a = f,(z).
Since X consists of FoCy-modules, we define a map 6 on X! to return the same

module structure with X, where 6(a) = a~'. Now we get a following picture

X* PR Ita FQC4 a ]FQC4 Ita FQC4*F2;O

Cb b ]

X; . Lta IFQC4 a ]FQC4 Lta ]F204—>IF2—6>0
X! B ROy S Ty Oy S By - Fy — - 0
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We denote 6f, = a,. We can calculate each «a,, by using commutativity of the

above diagram. Recall that we have ay = id. Then

i) 1+a)=014a "oy = a1 =a and

(i) a(l+a+a*+a®) = (14+a+a®>+a*)ag = g = 1.

Note that « is two periodic. As a special case for Dg, we can assume @ is multi-

3

plication by a?, that is 6(a) = a® = a~'. By using these information, it is possible

to calculate each f, where

o Ofy(a) =a= fola) = a® = fy is multiplication by a? and

o Ofonii(a) =a® = fo(a) = a®> = fi is multiplication by a

for n > 0. Remember the action of a and b on z ® w. We have that a(x ® w) =
ar @ w where b(z ® w) = %z ® bw. For the calculations of differentials of double
complex, it is easy to see that the vertical maps do not change which are trivially
dependent on multiplication by a. However, for the horizontal maps, we should
consider the action of b. In each coordinate the action of b is given by f,’s. In
particular, the first horizontal differential map (1 + b) becomes 1 + a?b and the

second one becomes 1 + ab. So we get the following diagram:

|
|
Y

RCy & RCy— 5 ROy & ROy~ RO, & RCy " RO, & RCy=— -
1+a 1+a 1+a 1+a
RC, @ RCy—" RO, @ RCy——" RO, @ RCy——"  RC, @ RCy < -
Ya Ya Ya Ya
RC, ® ROy~ RC,y® RCy =~ RC, ® ROy~ RC,® RCy < - -
1+a 1+a 1+a 1+a
RC, ® RCy — " RO, @ ROy <" RO, @ ROy~ RC, @ RCy<- -

Let us observe the commutativity of double complex. The relations
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(1+a)(14ab)+ (1+a*)(1+a)=0

and

(I+a+a*+a*)(14+a®b)+(1+ab)(l+a+a*+a®)=0

proves the commutativity. As a result, we obtain a projective resolution of Ds.

Now we check the minimality of FoCy-resolution. Note that X, is said to be
a minimal resolution if Hom(X,,Fs) has zero differentials. Clearly, by applying
Hom(—,F5) to the resolution X,, differentials, (1 + a) and (1 + a + a* + a?),
becomes multiplication by 2 and 4, respectively. Since we have R = [y, then all
the differentials of Hom(X,,Fy) are zero. That is

Hom(X,,F,) : 0 Fy —2>Fy —2>F,

So X, is a minimal resolution. Now the cohomology of Dg can be calculated eas-
ily. First we calculate cohomology in each row. Note that, Hompg(c, «cy)(RCy ®
RC5, R) = Hompge,(RCy, Hompge,(RCy, R)) = R and all differentials in rows
and columns return to zero since we choose R = Fy. As a result, we get
HY (G, H’(L,Fy)) = Fy for all 0 < 4,j. Hence, we conclude that the cohomol-
ogy of Dg is given by

H"(Ds,F>) = D TF>.

n+1

Now we consider the more general case and make same calculations for Ds,.

Example 3.2.4. Let us observe Dy, = C, x Cy with C,, = (a | a"™ = 1),

1

Cy = (b | b*> = 1) and the action given by %a = a~!. In this example, we take

R = 7Z. Projective resolutions of C),, and Cs are X, and W,, respectively, where

X,:--- % RC, 2% RC, X% RC,—~R— 0

1-b 1+b 1-b €

RCy

Weo--- RCy RCy R 0.
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Let f, and 0 be as in the previous example. So we get a following commutative

diagram

X, % RC, 2% RC, % RC,—~R——0

bbb

Xy:-- % RC, 2% RC, X% RC,—~R——0

ol

L~ RC, -2 RC, RC, —>R——>0

l—a 1—a~ !

Xg:--

where Ya = 1+a+a?+ ... +a*!. By using commutativity of above diagram we

find each «,, = 0f,.

e ap=1

1l-—a)=(1-aYa=a;=—a

o (—a)(Za) = (Za)ay = az = —1

e (1-a)=1-aHas=a3=a

a(Xa) = (Ba)ay = ay =1

So « has period 4. Now we want to find the differentials of the complex X, ® W,.
Note that a(z ® w) = ar ® w and b(z ® w) =’z ® bw. Since ay = id, the first
differential map in the double complex does not change and we get f, = 6. So
the differential d : Xo @ Wi — Xy ® W is identified by (1 — b) which fixes the b
action. We get b(xg @ w) = foxg ® bw where x5 € Cy(X.). To define the second
map, we observe b(r; ® w) = 'z} ® bw = fiz; ® bw. Affect of f; can be seen by
the following:

fizy = 0(—a)zy = —a 0z, = —a~ ! foxy.

Then the former equation becomes

b(ry @ w) = —a Y for; @ bw).
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1

Hence for this differential —a™" comes in front of b. As a result, the map d :

X1 @W, = X; ® Wy is (1 +a'b). By using same method we can find other

differentials.

o b(zy®w) = fors @bw = —0xs @ W = — fors @ W = —(fozes @ W)
o b(r3 QW) = f3x3Qbw =0(ar3) @w = a ! fors @ w = a ! (fors ® w)

o b(xy@w) = fxs ®bw = 0rys@w = (fors @ w)

So we complete the maps of the double complex which is given below

1-b 1+b 1-b

Ya Ya Ya Ya
RC, @ RCy """ R & RCy <" R @ RCy <" RC, ® RCy < - -

l1—a 1—a 1-a 1—a
RC, ® RCy~——"" RC, ® RCo ~——" RC, ® RCy ~—" RC, ® RCy =< — -

Ya Ya Ya Ya
RC, @ RC, < R & ROy """ RC, @ RCy <" RO, ® RCy<- -

l-a l-a l1-a l1-a
RC, ® RCy~———" RC, ® RCo ~—" RC, ® RCy <" RC, @ RCy < — -

Clearly, commutativity of the above diagram is satisfied. As an example, we can

consider the followings

—(1—a)(l+a D)+ (1 —=0b)(1—a)=0
(Ba)(1+b) — (1 +a 'b)(Xa) =0
—(1—a)(1—a'b) + (1 +b)(1—a)=0.
So we obtain the projective resolution of D, which is X, ® W,. Let us denote

(Xe @ W) = (Cp)nzo where C,, = @, (RC, ® RC;) and maps come from the

above double complex. Note that X, is not a minimal resolution since when
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we observe Hom(X,,Z), its differentials (1 — a) and Ya, becomes multiplication
by 0 and n, respectively. Then we cannot use the same method with the pre-
vious example. Calculation of cohomology of D,, requires the usage of spectral

sequemnce.



Chapter 4

Calculations for v and pg

In this chapter we make calculations for the conjecture of Adem-Ge-Pan-
Petrosyan. We assume [I' = L x G, where G is a finite cyclic group and L is
a finitely generated ZG-lattice. Conjecture of Adem-Ge-Pan-Petrosyan says that
the cohomology group of I' is given by the cohomology group of G with the co-
efficient in the cohomology group of L. We consider the 4-dimensional case, that
is L = Z*. Actually, it is the lowest dimension of that type of semidirect groups
for which the conjecture is not true. According to [9], in dimension 4 there are
44 non-isomorphic groups of the given type and the only 2 of them do not satisfy
the Conjecture 1.0.1. In both of these groups G is a cyclic group of order 4. The

action of GG on L is given by a left multiplication by matrices:

|

—_

s}
— = = O

and

39
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-1 0 0

B 0 O —1
Y2 = 1 ]
0 -1 1

Calculations for the representation 7; is given in [9]. In this chapter, I make
detailed calculations for the representation 7, which is a counterexample for Con-
jecture 1.0.1. In [9], it is also stated that the example of pg satisfies the conjecture
where pg is one of the indecomposables for G = Z, which are defined in [8]. I
also calculate this example in detail. We recall the conjecture of Adem-Ge-Pan-

Petrosyan:

Conjecture 4.0.5. Suppose that G is a finite cyclic group and L is a finitely
generated ZG-lattice. Then for any £ > 0 we have

HYL % G,2) =@, ., H(G,HI(L,Z)).

i+j=Fk

Actually the right hand side of the conjecture is easy to calculate. The main
difficulty is the calculation of the left hand side. For that calculation we use
a method of Petrosyan and Putrycz. In the following section we explain this

method step by step.

4.1 The Method of Petrosyan and Putrycz

Let I' = L x G where G is a finite cyclic group and L is a finitely generated
Z.G-lattice.

Step 1: Suppose (B,,d) and (C,,0) are free ZL and ZG-resolutions of Z,
respectively. Note that the induced module IndEB* = B, ®z, ZI' is free over ZI'
and Z ®z;, ZI' = ZG. Since taking tensor product of a complex with a projective
module is an exact functor, then IndEB* with the induced differentials is a free

ZI'-resolution of Z(G. For given B,

o, 91
B,:---—B,—=DB,
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we get the following induced complex

B, : B, @ Zr 2 B, ®p 27— .~ 7G — 0.

Now we consider each module of Ind} B, with the trivial left G-action and define
A= IndEB,, ®za Cs.
By denoting the graded complex B, IndEBr by IndEB* we set
Dy =@, A, = Ind} B. ®36 Cs
and
Ao =@, Ar

Also we named the differentials of each complex D, by dy. So, we get the following

A2 0 A2 1 A2,2 Az 3=<———~—=
do do dO dO
A1,0 Ay A1,2 Ajg=<-—---~-
do do do do
Apo Ao A0,2 Apg=<—-—--—-~
€0 €1 €2 €3

In our case L = Z". To obtain a free ZL-resolution B, of 7Z, first consider the
n = 1 case. Now we have a trivial resolution with generators e and e; as in the

following

0 — Z(Z)[e1] —= Z(Z)[e] — Z —=0. (4.1.1)
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For n = 2, we just need to take the tensor product of above resolution by itself.

So we get

0 Z(Z?)[ere] — D, Z(2)[es] —= L(Z2)[e] —= Z—>0.

Inductively, if we define a resolution for n = k£ — 1, by taking tensor product of

this resolution with 4.1.1, we get a resolution for n = k. By this construction,

we have each module B,, in the following form

Bp= ey 4, | 1<i3 < -+

and the differentials are given by

A5 (i in) = Zl(_l)jfl(tij —De; i
]:

Now we need to define a free ZG-resolution of Z which is called C.,.

<im <n)zpfor 0 <m<n

In our

computations, G is a finite cyclic group. That is G = (x | 2™ = 1). So we can

take a standard 2-periodic resolution

7G =276 L 70

where Yz denote 2™ ' 4+ ...+ x + 1. Hence

A,

s = IndEBr Xz Os
= Ind} B, ®z¢ ZG
=~ Ind}, B,.

Now the complex A,, is given by the following doubly graded complex:

Y Y Y ¥
Dicjlle;j Dicjlle;j Dicjlle;;

do do do do
®iLl'e; AN ®iLl'e; ®iLle;

do do do do
Zl'e Zl'e Zl'e Zl'e <

€0 €1 € €3
ZG 0 ZG 0 ZG ZG <
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Step 2: In the following steps, we need to find inverse of dy for elements in
ker dg = Im dy. An efficient computational method for this is to use a contracting
homotopy. Recall that a contracting homotopy of an acyclic complex C; is a
chain map h : C; — C;1;1 such that hdy + dph = id. Then for ¢ € ker dy, we have
doh(c) = ¢. Hence h maps c to its preimage under dy. This is the result that we
want.

In general, we study on a chain complex of the form C, ®z C., where C, is
free over ZH and C, is free over ZH'. Note that the tensor product of two acyclic
complexes, that are free over 7Z, is again acyclic and free over Z. Hence C, ®z C?,
is a free resolution of Z over ZH ®z; ZH' = Z(H x H'). Then the contracting
homotopy of this resolution can be constructed by using the following lemma

which appears in [5].

Lemma 4.1.1. Let C, ®z C. be as above. Assume hy, a contracting homotopy
for C., and hyg, a contracting homotopy for C., are given. Then a contracting

homotopy for C, @z C. can be written by the formula
he(c®d)=[hg @1+ hye® hpl(c® ) (4.1.2)

where c € C,, and ' € C),.

Proof. One can see the result by direct calculation

d®h® +h%d® =(d @1+ (-1)*" @ d)(hy @ 1 + hye @ hy)
+ (hg ® 1+ hge® hp)(d® 1+ (—1)*" ®d)
—(dhy @ 1) + (hge @ dhg) + (—1)" @ d)(hy @ 1)
+ (hgd ®1) + (hye @ hyd) + (hy @ 1)((=1)" @ d).

Note that the terms ((—1)*" @ d)(hy ® 1) and (hy ® 1)((—1)*9" ® d) cancel out.

After simplification, we first consider the case where ¢ is not in Cy. In this case
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hue(c) = 0, hence we obtain the following

[d®h® + h2d®](c @ ¢) = [(dhyg + hgd) @ 1 + hge @ (dhy + hgpd)](c @ )
=[lel(cad)

=c®Cc.
Otherwise, if ¢ € Cp, then hgd(c) becomes 0. Hence we obtain

[d®h® + h®d®)(c @ ) = [(dhy + hyd) @ 1 + hye @ (dhp + hppd)|(c ® )
= [dhy © 1+ hye ® (dhg + hgd)](c ® ¢)

=[dhg @1+ hpe®1](c® )

= [(dhg + hge) @ 1](c® )

=c®c.

This finishes the proof. O

Recall that in Section 2.3, for n = 1 we define a contracting homotopy denoted

by 'h as follows

'h(1) = e and
S ten, i>0:
h(tie) = { — Z;l tey, i<0;
0, i =0.

Alternatively, 'h can be written in a more simple way

h(tie) = t;:llel.
Lets (B.,dZ,n = 1) be a free Z(Z)-resolution of Z. Since for each k > 1, the
resolution (B,,d? n = k+ 1) is isomorphic to the tensor product of (B,,dZ n =
k) and (B,,d?,n = 1), then from Lemma 4.1.1 we can define a contracting

homotopy by
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Mh="h @ 1+ (*he) @ 'h

where *h is the contracting homotopy for (B,,d?,n = k). Before the gen-
eralization of h, we make clear the notation. While writing the resolution
(B.,dB,n = k + 1) which is isomorphic to the tensor product of (B.,d?,n = k)
and (B,,d? n = 1), we call the generators of (B,,d?,n = 1) by e¢ and ¢,. By
taking the tensor product, we obtain the generators at the dimension n = k + 1.
As an illustration, we take tensor product of (B,,d?,n = 2) with (B,,dZ,n =1)

to obtain a basis for (B,,d? n = 3).

e®e=e
€1 ®e=e;
ey Q€ =69

e12 ® e =ejqa

e X ez =e3
€1 X €3 —€13
€y &) €3 =ea3

€12 ® ez =€123
Now we construct the contracting homotopy for n = 2.

n(titye) =("h @ 1)(tTe @ t5'e) + (the @ 'h) (e @ t5'e)

B dme e B 1o
= (& € (& (&
ti—127 ty—1 2
=L, =1
— e (&
thh—12" -1t
h(titre;) =(th @ 1)(tTey @ th'e) + (*he @ *h)(te; @ th'e)
=0
“h(tityes) =("h @ 1)(te @ ty'es) + (‘he @ 'h) (e @ t5'es)
B lime o
=—1y € €
th—127"17
=1
= e
tl 1 2 €12

By induction, one can show that the general formula of h for n = k is as in the

following
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i1—1 Ak . .
Zjlzo Ajejil...ima it m > 0,
k
h(t?lt?tzkenzm) =

Z?:o Ag‘?ej, if m =0;

s
t.7—1 n;
J j+1 Nk k
Lot et and Aj = 0.

Step 3: Now we want to complete the construction of free ZI'- resolution of

where A;? =

Z. To do this we need to add some differentials to the complex A,, as discussed
in Section 2.3. Let us 7 = 0 and « be a generator of Ay,. We define the first
differential d; by di(a) = h(0(es(a))) € Ags-1.

d1 dl

Aip Arq Alg=-----
dol dol doj
d1 dl
AO,O AO,I AO,Q <-—- - - =
A :
h €1 E2j
v

For r = 1, we get €;,_1d1dy = €5,_1h0esdy = Oesdy = 0. Hence didy from A, ;5 to
Ap s—1 maps into ker e, = Im dp.

Step 4: Similarly, we can define di(o) = —h(di(do(a))) for o € A, 5 and
r > 1. According to Theorem 2.3.1, there are maps d; for k& > 2 such that
Zfzodidk,i = 0. In Section 2.3, it is proved that dj, satisfies the equation dyd; = f
where f = —Eledidk,i and f is in the kernel of dy. To define a map dj, we need
to find the preimage of f under dy. Note that the image of f is in the kernel of
dp. This is the case which we discuss in Step 2. By using a contracting homotopy,
we get the result. Then dy = —h(3F_ d;d;_;)(a) for a € A, 5 and this completes
the construction of free ZI'-resolution of Z.

Step 5: Now we can calculate the cohomology of I'. First we apply the func-
tor Homyr(—,Z) to the resulting resolution (A..,d). Then we obtain a cochain
complex of finitely generated Z-free modules denoted by (F\, d.).

Step 6: Now we consider the following extension

0 —— ker (SHI/Im 52 I FHl/Im 51 ——Im 6i+1 —0.
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Since Im 6,1 is a free Z-module, then the above extension splits. So we have the
isomorphism

By using the above formula, we can calculate H**}(T") for all i > 0. Note that
each boundary map 9; : F; — F;, 1, for 0 < ¢ < n + 1, is represented by a
matrix given by the differentials d;’s. To make our work easy we use the Smith
Normal Form (SNF) of these matrices which is a transformation of a matrix to

the diagonal form.

4.2 Calculations for the Representation v,

As we mentioned earlier, the representation v, gives a 4-dimensional counterex-
ample for Conjecture 1.0.1. In this section, we show the detailed calculations for
this example by using the steps given in Section 4.1. We consider ' = L x G
where L = Z*, G is a cyclic group of order 4 with generator x. G is acting on L

by a left multiplication given by the matrix

-1 0 O 0
O 0 0 -1
M =
1 0 1
0o -1 1

Proposition 4.2.1. The cohomology group of I' is given as in the following

Z, 1=1;
H1<P): Z@Z4@Z2, ’i:2,3,'
Z4s® 73, i > 4.

Proof. Note that we describe (B, d'), a free ZL-resolution of Z, as in Section 4.1.

We consider the case of n = 4. Also we know the contracting homotopy *h given
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by
231:_01 A?ejilmim, if m > 0,
4h(t?l...t24€ilmim) = (42].)
Z?:o Aje;, if m = 0;
nj, )
where A? = tgj_llt?iﬁl...tZ“ and Aj = 0. By denoting x = (1, M) € L x G, we

write the standard ZG-resolution (C\, d) as it follows

%76 76 216 2 1G — 7 — . (4.2.2)

In Section 4.1, we define
Dy =@, A, = Ind} B, ®z¢ ZG = Ind} B,
and
Ao =D, Ars = @, Ind}B,.

Now we use the notation of [9] and we add superscript to the generators of B, to

make clear which A, ; they belong. We say
1®r €, €Apsforr,s>0and 1 <y < ... <i, <4,

and

S o— S
9€i,ig. iy = 9D €y i
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So the resulting resolution is given by:

49

d d d
ZT'e1234 - ZI'e1234 - ZT'eq1234 - Zl'ejozg < - - =~
do do do do
di d1 d1
@i<j<k Zreijk ®i<j<k Zreijk @i<j<k Zreijk @i<j<k Zreijk =- -
do do do do
di d1 d1
@i<j Zl'e; ®i<j AR @i<j ARGy ®i<j Zlejj=<---
do do do do
di d1 d1
@D, Zle; D, Zle; D, Zle; D Zlei< - - -
do do do do
d d d
Zle ! Zle ! Zle ! Zle<———— -
€0 €1 €2 €3
x—1 > rx—1
7G 7G < 7G 7G <—-—-—-—- -

We have dj, = —h(XF_,d;d)_;). By using this result, all the maps dy : A, —

A, ik—1s—1 can be calculated. For s > 1 and k = 1, we get the followings:

s

dle

S

QL

1€

=8

(e
(€3
(e’
(€3

)
)
)
)

= — x3t362 —x

dy(e*™ ) =(z —1)e

dl (623)

s—1

25—
dy (€]
2s—1
2
25—

S
S

=8

1\€3

2s—1
4

(e
dl(e
(e
d1(€

3

)
)
)
)

(2® + 2%+ +1)e

a:tflel + e
o1

=xt, €4+ €3
= — xtyes — TE4 + €3

xt§1t463 — ey + ey

w3t le) — xfe) +ati e — e

€3 — thgleg + thf&; + xt;le4 — €9

x3t2_1t4j162 + x3t2164 + x2t§163 — xtyeg — TEY — €3

dy(e3%) =2ty tey + 2%ty gt ey + 1Pty tes + wty tyes — wey — ey
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dl(eg 1) =ty 1754 €14 — €12
d1 (6%; 1) = xtl t4€12 — xtl €14 — €13
dl (G%Z 1) =uxt 1t§1t4€13 — .It1_1614 — €14
di(e357") = — exs + wex
d1 (egj 1) = — €94 — It3 €34
d1 (6:2;,2 1) = iL‘ts t4€23 + .’L't4€24 — €34 + .fL't3 t4€34
dy (6%;) = — I3t1_1t3€12 — 1173t1_1613 + 1’27521613 — I2t21614 + xt;ltllelzl + €12
d1 (6%;) :x3tf1t51t;1612 + l’st;ltzlem — $2t§1€13 — xt;1t4612 — xtf1€14 + €13
dy(e33) =2t 5 ey — 2Pty g ey — w3 ey + at Mg e — wt ey + ey
d1 (6%;) = — IL‘3t3tZ1€24 — 1'37521634 + e23 + 1'3t2_1t21€23 — .17275:;12211634 + Teyy
dy(e33) =eas + 2%ty teas + 22ty 5 ) Teas — 2Pty Yooy — 2Pt Mt Tesy — wtytesy
dy(e33) = — aty ' theas + Ttaeay + eza — 0ty Leay — 2Pt 5 egy + aty Haes
d1(@%§3 1) =e123 + xtl €124
di(el5y') =eroa — wty 5 13
di(efsy ") = — aty '3 ieros + wty taeiog + erza + aty 5 Haeras
di(e35;") =easa — wt3  tyeazs
di(€355) = — 27 gty Leran — 2171 Terzn — eras + 2P M e
+ 2%ty erza + ot terns
d1 (6334) — €124 + $3t1_1t2_16123 — J}2t2_1t§1t21€123 + x2t2_1t3_1t216124
+ I2t§1t216134 — $t;1t51€134
dy(e35,) = — oty 'ty heios + wty Haeios — €134 — 20y Mt eroy
+ I2t2_1t?:26123 + It;1t§1t46134
di(€35,) = — €a3a — @ty tyeasy — x5 ) Yegzs — 27ty 157 Tean
di(eT55)) = — €130 — xt] '3 tae1o34

2s 1,1 3,-1,-1,-1 2,-1,-2,-1
di(e7534) =€1230 — @ty tg taeioza — X7t oty ejoga + Tty t5 7ty e1934
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For dy we have:

ZI'e1934 i Z1'e1934 i ZI'e1934 & Zl'ejgzq <— - — -
do d do do
d1 & d1
Dijcr Lleijn ~——DBijop Lleij ~——Dijo Lleijr <—— D jop Ll €ijr < — -
do 0 o do do
d1 4 d1
@’L<J Zfel] ®l<] ZFGU @Z<] ZFEU ®l<] ZF@U<———
do \w@\ do do
@, Zle; <2 @, Zle; «~— 2 —— @, Zle; ~— 2 @, Zle; < — — —
do @\\do do
Zle dl Zle ! Zle dl Zle<———— -
€0 €1 €2 €3
ZG el 7G S 7G vl /e ——
dg(es) =0
d2(e%s+1) =0
do(e3¥T) = — alens + 1 7%esy
do (€251 =t5  egs + 23t 5 ooy — 23t 5 ooy — 25 esy — 2Pt sy
do(e3 ) =215 15 €23 — 215 5 Teny — 2Pt5 sy

da(e7*) =0

do(€3%) =egq + 2°t) Tesy

do(e2) = — 2°t5 ', Teny — 215 esy
do(e3®) = — 215 '3 eny — 2t5tesy
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da(e35™)

da(er3"™)

3,1 2,-1
— 271y e123 — X7ty €134

-1 3p—14-1,-14-1 3p—14-1,-14-1

3,—-1,-14-1 —1,.2

dg(efi—i—l) 3t1_1t2_1t?:1€123 —|— ZEZtQ_ltg1€124 —f- $2t516134
do(e33™) =2ty eas

dg(egffl) — 1'275271?55115;16234 — $2t51t§16234
d2(€§Z+1) =ty tegsy + Tt t3 %ty Yeass + 27t5 t3 2t €934

+ 2ty My ey + 2Pty M Peasy

da(€335) = — €124 — ¥°t; "e1a

dy(e33) = — 37 5 Yeros + 25 Teyay
d2(€ﬁ) 2752 t3 €104 + X713 €134

do(€33) = — 2t 't eass — eana

dg(@%i) = — $2t;1t§16234 — I'Zt;lt??ltileggzl
dg(egi) = t2 t3 t46234 +x t2 t3 €934

dy(ed33") =t My T erasy

do(elsi!) =ty 51 Terosa + 2715 5 ooz

do(eTsi) = — ty teraza + 22 15257t Terazy — w2ty 5 P taero3a + 20 S 1y T Teran
— l'2t2_1t3_261234

da(e351 ") =0

d2(e123> = — 275t erasa + e1am
da(e754) =t 15  eroga + 2785 1151t T e1a3a
do(e75,) = — 2151 t5  tuerozs — 27515 e 1034
d2(€234> =0
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For d3 we get:

di1 di dq

ZI'e1934

Z1'e934

ZI'e1934

ZTeipga<— - - -

do do do

do
D, Il <2 @D, . T~ @, ., ZTesp <~ @, _._, Zle; < — -
i<j<k ijk i<j<k ijk s i<j<k ijk i<j<k ijk
do N do\ do
@, . Zle;; 2@ Zle; =2 .. Zle; ~— 2 — @@, . Zle;j<— - -
i<j ij i<j i dy i<j i i<j ij
\ do\
di
» D
do

do do do
D, Zle; ~—— 2 @, Zle; —= Zle;~—" ~ @, Zle;< — — -
do do \do
Zl'e @ Zl'e & AR @ Zle<—-—-—-—--
€ a e e
ZG = ZG Ze ZG = ZG<-----
ds;(e®) =0
dy(e2+1) =0
ds(e3* ™) =2’eqs4
ds(e3*™) = — a3ty g eass — 2t M5 teasy
ds(ef*™) = — 2%ty 5 teasy
d3(e1") =0
ds(e3®) =x’eg3y — wty't; 1234
ds3(e3®) = — 2ty 5 ) tegsy — 2Pty Mg tegsy
ds(e3®) =mwtstesss — 215 5 easy

ds(e3™) =2t eran

d3(€%§+1) = — x?’tflt;ltgltfelg% — $3tflt;1t5161234
ds(el5™) = — 2’7ty 5 T eqas

ds(e35t") =ds(e33™!) = ds(e3i™') = 0
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dg(@%é) :l’gtl_161234 — xt;ltglt2161234

dg(eiﬁ) = — x3tf1t51t:§1t;161234 — .Tgtflt;ltglelzgz;
dg(efi) :xt;1t§1€1234 — $3t;1t2_1tg161234

da(e33) =da(e31) = da(e3}) =0

Finally, we obtain dy = 0. Now apply the functor Homyr(—,Z) to the reso-
lution (A, d) and we named the resulting cochain complex by (Fi,d,) with the

dimensions given below

1, +=0;
5, 1=2;
dim(F;) =< 11, i=3;
15, ©=4;
16, <>

\

By using the differentials d;, dy, and d3 we can write matrices which represent
the boundary maps d; for 0 < i < n 4+ 1. During this process, we consider the
lexicographical order of the generators. We find the matrices 01, do, 3, dor, and
09k11. These matrices are given in Appendix A. Finally, we find the Smith Normal

Form (SNF) of matrices as in the following:

Diagonal of SNF
do [0]
01 [1,1,2,4,0]
0o 1,1,1,1,2,4,0,0,0,0,0]
03 1,1,1,1,2,2,2,4,0,0,0,0,0,0,0]
Dok, k > 2 1,1,1,1,2,2,2,4,0,0,0,0,0,0,0,0]
dok+1, K >211,1,1,1,2,2,2,4,0,0,0,0,0,0,0,0]
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Now we use the Formula 4.1.3 to calculate cohomology groups.

7P =H'9©7'= H'=7
2@l Pl =H>®2° => H* =7 ®Zs B Zs
20Dl Dl =H>®7L = H* =70 74y ® Zs
PO, 7T =H* @7 = H' =72, D73
Z8®Z4G§Z% — {2 78 = [kl :Z4®Zg
ZS@Z4®Z§ — 242 g 78 — fr2k+2 :Z4EBZ§

This completes the proof. O

We computed the left hand side of the conjecture and now we consider the right
hand side.

Proposition 4.2.2. Right hand side of the conjecture is given by

Z, 0<353<3,i=0;
Lo, j=1,1>1;

Lo, j=2,12>1, 2|
Zy, j=2,1>1,2¢%4;
Ly, §J=3,1>1;

Lo, j=4,1>1,2¢4;
Zy, 7=0,12>1, 2|

0, otherwise.

HY(G,H'(L,T)) =

Proof. In this proof, we use the similar way given in [9]. We observe that

HY(L,Z) 2 Hom(L,Z) = Z* generated by t;, 1 <1i < 4. We can define H'(L,Z)

as the j-th exterior power A7(H'(L,Z)). Assume its generators are defined by
til...ij = til VAN /\lfzJ for1 < << ij <4

and the action of G on HY(L,Z) is given by

M - th...ij = MTtil VAN MTtiQ VANPIVAN MTtij.
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We have t;At; = 0 and t;At; = —t;/At;. By taking the generators in lexicographical
order, we get the following matrices for the action of M on H(L,Z):

~1 0
i1 | 000
0 0 0 —1
“11 1
0 -1 0 0 0 0
00 1 0 0
j_g | L L Lo
0 0 0 0 -1
0 01 0 1
0 0 0 -1 1
00 1 0
iy | TO L
1 -1 0
0 0 1
j=4:(=1)

After the application of the functor Homgg(—, H?(L,Z)) to the resolution 4.2.2,

we get a cochain complex given by
0—— HI(L,Z) XL (L, 7) 2™ mgi(L,7) 2L ...

Again by using Formula 4.1.3 and SNF of matrices we get the result. Now we



CHAPTER 4. CALCULATIONS FOR ~, AND ps o7

consider the cases:

x0 x4 x0

j=0:0 z 7 7/
H' = (Z,0,Z4,0,Z, ...)

j=1:0——>zt X2t 2 g ML
SNF(M —I) = diag([1, 1,2, 0])4x4
SNF(2M) = diag([2,0,0,0])4x4
H' = (Z,79,7,Zs,...)

i=2:0 76 M=L 6 BM_r6 M-I
SNF(M — I) = diag([1,1,1, 1,4, 0))sxe
SNF(SM) = diag([2,0,0,0,0,0])exe
H = (Z,74,7,74, T, ...)

j=3:0—zt Ml gp 2 g ML
SNF(M — I) = diag([1,1,4, 0])4x4
SNF(2M) = diag([4, 0,0, 0])4x4
H' = (2, 74,74, Ly, ...)

M- M-I

j=4:0 7z MLy ZM 7
SNF(M — I) = diag|[2]
SNF(SM) = diag[0]

H' = (0,Zy,0,Zy,0,...)

This finishes the proof. O
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Proposition 4.2.2 gives the following cohomology groups:
H'=7
H>=7®Zy® Ly
H> =7.® 7Ly & Ly
H*=7:075
H* = 722 0 7,
H2+2 = 72 oy 72

for £ > 2. As a result, we see there is a contradiction between Proposition 4.2.1

and Proposition 4.2.2. The first conflict is that

P H(G H(L,2) =7 Z]

it+j=4

HY L xG,Z)=7,®73.

This is a counterexample for Conjecture 1.0.1.

4.3 Calculations for the Representation pg

In this section, we make calculation for the semidirect product I' = L x G where
G is a cyclic group of order 4 and G-action is given by the representation pg. As
we mentioned, it satisfies the conjecture of Adem-Ge-Pan-Petrosyan. The action

of G on L = Z* is given by a left multiplication by the matrix

00 -1 1

1 0 -1 1
M=

01 -1 0

00 0 1

Proposition 4.3.1. The cohomology group of I is given as in the following

A i=1;
HI(F): Z@Z4€BZ27 i:273;
Z4s® 73, i>A4.
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Proof. By using the same notation with the Proposition 4.2.1, we have the free

resolution of I' as it follows:

d d d
Z1'e1234 - ZI'e1234 - ZT'e1234 - Zl'ejgzs < - — = —
do do do do
di dy d1
@i<j<k Zlejjr <— @i<j<k Llejjr <— ®i<j<k Zlej, ~——— @i<j<k Zlej, < - -
do do do do
d1 d1 d1
D, Zle; D, Zle;; D, Zle; D, Zle;j<- -~
do do do do
di d1 d1
@D, Zl'e; @D, Zle; D, Zl'; D, Zle;< - - -
do do do do
d d d
Zl'e ! Zl'e ! Zl'e ! Zl'e<——-— - —
€0 €1 €9 €3
r—1 > r—1
7G 7.G ad 7G 72G<—-——-——

We have the contracting homotopy 4.2.1. Again by proceeding the same method,
we find the differentials. However, in this case we get nonzero results for dy. For

s>1and k =1, we get the followings:

dy(e*™ ) =(z —1)e

dy(e*) =(2® +2* + 2+ 1)e
dy(e37) =aty tyes — vey + ey
dy(e* 1) = — xt§1t461 + xt§1t463 — xey + ey
di(e3™ 1) = — wt3 ey + wt3 e + e3
di(e35 ) = — wey + ey

dy(e3®) =23t s — 2eq + 215 Hstyes — 2Ptyes — ey + wty ' tyes — vy — €
dl(egs) :x3t1_1t3t461 — 23tye3 — 23ey + $2t51ti€2 — 22tyeq — 26y — xt§1t461

+ $t§1t4€3 — Tey — €9
dy (e2%) =23t yer — 2ey — 2%ty Hyey + 2Pty ey — 2Pey — aty tey + wtgtes — 3

di(e3)=—(®+ 2 + 2+ 1ey
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dl( 25— 1) =—e12 + $t52ti613 — It§1t4614
dl(eﬁ 1) =—e13+ $t§2t4623 — $t§1624 -+ l’t§1€34
di(ei; ) = — wtz'tyez — e
dl(egg 1) :$t52t4612 — $t§2t4613 — €93 + It52t4€23 — th3_1624 + $t§1634
dl(egj 1) :It§1t4€14 — $t§1t4634 — €24
dy(e357h) =atytegy — wtyless — ey
dl(eﬁ) = — I3tflt2t4€13 + .T3t4€23 — $3t;1t2€14 + LU3€24 — $2t51t3ti€24 + x2t?1€34
— $2t2_1t3t4624 + $2t4634 + €19 + $3t1_1t3t4€12 + $2t2_1t2623
+ l'2t2_1ti€24 + It52t2613 — ZL‘t;lt4614
d (6%;) — .I3t1_1t2614 + .773624 - (L’2t2_1t3t4€24 + x2t4634 + e13 + .Z'3t1_1t4612
+ 2%ty Hatiern — 2ty e + wity e — 17t Htaeny
+ 2Pty Myegy + aty Mtaens — aty gy + aty tesy
di(€35) = — 2t M tgers + 2eaq — 275 ataeas + 17tyesq — 2t ez + e
di(e5y) = — 2t Mgt sers + 2Ptyess + at3 tye1s — 1ty *tae1s + eos
+ 23t i e1s + 23 e + 225 2 ey — 27ty ey
— 2%ty Myers + 20ty ey + Tty Ptyes — Tty teay + Tty tesy
di(e33) = — 2t tataers + ataess — 2ty ' tiean + ity taery — aty aesy + e
dy(e2) = — 2%t Myers + 2%t ey — iy Myeoy + aty ey — aty tesy + sy
di(€353") =e123 + w5 the1as — wty tae1oq + wt5 tae13s
di(ei51") =e10s — a3 therss
di(el5i!) =e1za — wt5 *taeasy
d1 ((%gi—l) = l’t3 t46124 + I’t3 t4€134 + €234 — I‘t3 t4€234

dy(e353) =2t Htotse130 — Ttaea3s — €103 — 17t Mtatseron + Tty Ytie103 — Aty 4104

+ wtz tye1ss + 23 e 93 + 23 Hye 100 + 2 Hstie g — 2Pty e 3y

+ 2Pty Hatierny — 2Pty Hieisy — wPty Atheias — wPty Htieiay + 17ty Hiegsy
di(€35,) =2t atserzs — e1oa — T ataerng — 27ty Hheasy — xt5 the13s — 1t se03
dy (6334) — €134 — I3t1_1t4€124 — x2t52t3ti6124 + I2t2_1ti€134 — x2t2_1t26234 — xt52t46234

2,—2,43 —2
d (6234) l’t3 t4€124 + LCtS t4€134 — €234 — T tl t4€134 x tQ t4€124 — $t3 t4€234
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2541y —3,2
di(€e153; ) = — €134 — Tl5 tie1934

25\ _ —3,2 2,-2,4 3,—1,2
di(€e1334) =€1934 — Tt3 tie1934 + 7t “the1934 — x°t] ti€1234
For dy we have:

dy(e®) =0

dz(@%s—i_l) =€ + $3t1_1t4612 — $3t1_1t2614 + ZL’3624 + 1’2t2_1t4623

dg(egs—i—l) = — €12 — J]stl_ltgt4€12 + 173t1_1t2t4€13 - $3t4623 — I2t2_1t2623 + 172t2_1t3t4€24
— $2t4€34 + €e14 + x3tf1t4612 + $2t51t4€23

dg(egs—H) = — €13 — ZBgtl_lt4€12 + $3t;1t2614 — 283624 — x2t2_1t4€23 + $2t2_1t3624

2 3,—1 2,1
— %34 + 27t e1o + 175 eas

dg(efs) = — t§1t4613 +e14 + Igt;1t2t3_1t4€13 - [L’3t3_1t4623 — l’gtl_lt2€14 + ZL’3624 + $2t2_1t4€23
dg(egs) = — t§1t4€23 + €94 + l’gtfltielg — Igtflt3t4€14 + Q33t4634 — $2t51ti€23
+ $2t2_1t3t4624 — $2t4634 + I2t2_1t4€23

2s 2,—-1 2,—-1 2 2,—1
d2(€3 ) —€34 — T t2 t4€23 +x t2 t3624 — T €34 +x t2 €93

da(e3®) =0
do (35T = — tieqoy — 23t 2ot styeroq — 23] Hotatyeioy + 23t e 3y
+ 21 5t e130 — T lataeass + 2P ot 103 + 2P HatGe a3
+ 2%t *totser0s + Tt Htataeros + 20t Ptathenss — Tt Htataeizy
+ 22ty g3y — 23t Mot se193
do(eT5Th) = — tiegsy + 2%t Htaeis + 175 *tataeasy + 27t Htaeazs + 17t *tie 13

- Z’3t1_16124 — $2t2_16234
do(elth) =2t tuera + 275 Haeosa
da(essth) = — tieins — era3 — 2] *tatatseran — 2°t] Hatatseron + 10 ot se134
+ $3t;1t§t46134 — $3t2t4€234 — $3t4€234 + $3tf2t2t26123 + $3t;1t2t36123
+ 23 2ot se10a + TP ot seran — TP P totse1as — 20 Hatse s
—t1€134 + l’gtl_lt4€124 + $2t2_1t4€234 — l‘3t1_16124 — I2t2_16234 — .T3t1_1t3t4€124

34—142 2,-243 2,-2 2 2,242 2,—-1,42
+x tl t4€123 — X tQ t4€123 +x t2 t3t46124 +x t2 t4€123 — X t2 t4€134
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241\ _ 3,-1 3,1 2,-1,2 3,-1
do(e33™) = — €194 — x°t] tatseroq + Tt tolserzq — Tty tieass + 7t tye10q
2,1 3
+x t2 t4€234 — X t4€234

2s+1y __ 3;—-1 2,—1 3,—1 2,—1
d2(634 ) = — €134 — T tl Zf4€124 — X t2 t4€234 +x tl €124 + T t2 €934

dQ(@%;) :t3_2ti€123 — tg1t46124 + l'3t1_1t2t3_1ti€134 — I3t51t26234
+ $3t1_1t2t3_1t46134 — $3t3_1t46234 + 173751_1253_11526123 - x3t;1t36124
+ $2t;1t36234 + t§1t46123 — e124 + xgtflt2t4€134 — $3t4€234 + x3tf1t26123
— Qfgtl_ltgt4€124 + l’2t2_2t3ti€234
do(els) = — t3 ' taersy + 1°t] Moty taeizy — 2Pty Haeasy + 17ty *tatyensy
+ $2t;1t46234 — $2t51€234 — €134 + x?’tfltgltiemg — I3tflt4€124 + $2t52ti€123
da(€35) = — t3 taerss + 234 oty tae1zs — 235 Haenss + 27ty taensy
da(e35) = — t3 ' taeazs + 2°t5 "taeasy — 27ty 'eazy — eazq — 27t5  theras
-+ .T2t2_2t3t4216124 — thQItielyA + $2t2_2ti€123
dg(egi) = — t§1t46234 + $3tflti€134 — $2t51ti€234 + $2t;1t4€234

2s 2,—1 2,—1
d2(634) =—X tQ t4€234 +x t2 €934

2541y _ 42 3,-3,2 3,-2,2 3,-2, 2 3,-2
do(ei3s ") =tierass + x7t] “tataerozq + a7t “totae1o34 + Tt “totie103a — Tt “tots€1234
3,-1 3,-1 2,-3, 43 2,-2,3
— 27ty totaer934 — X7ty Ttalyeq034 — Xty Tlgtye1034 — Ty Tl e1234
2541\ _ 3,2, 42 3,21, 42 3,-1
do(ef54 ") =x t] “totierass + x°t] totieiogs — 27t totseio3a
2541y 2,-2,2
da(ersy ) =27ty “the1234
2541\ _ 3,2, .2 3,-1, 42 3,-2
do(e334 ) =x°t] “tatie1ass + x°t] tatie1034 — t1€1934 — €1234 — ] “totse1934

3,—1 2,—243 2,—242 3,142
— X tl t2t4€1234 — X t2 t4€1234 +x t2 t4€1234 +x tl t461234

da(€355) =€1231 + 13 'ta103a — T 15 the1030 — 275 the1030 — 115 P tather03a
+ t§2t261234

da(€35,) =t3°the103a + 23715 Ehe1030 + 5 tae1os + 27 €103

da(eis,) =2ty 15 te1asa + 2715 te103

2s 2,—243 2,—242

d2(€i234) =0



CHAPTER 4. CALCULATIONS FOR ~, AND pg 63

For d3 we get:

ds(e’) =0

ds(e3°T1) = — 2%t M ye103 + 23 tae100 + 2234 — T o130 + TP €103 — 15 Hae 13
+ xSt;1t51t4€123 — $3tI1€124 + SCgtI1€134
dg(egs—’_l) = — tg1t46123 + €104 — 3;3t1_1t46123 — $3t1_1t46123 + $3t1_1t36124 — $3t1_1t26134
+ ZL‘Stl_1€123 — t;Ztielgg + t§1t4€124 — {L‘3t1_1t51t4216123 + ZL‘3t1_1t46124 — $3t1_1t4€134
— xgtflt2t§1t4€134 + $3t51t4€234 + $3tflt§1t4€123 — $3tI16124
+ 1'3t1_16134 + 1’36234 — t§1t46134
d3(€§5+1) =e134 + T°t] Hye1os — 1Pt Mgeios + 20t Hae1zs — 2Peozs — 20t Lerns — 2t eras
+ 2%t Mty eran — 2Pt Moty Tersa + 2Pt Teazs + 2Pt M) Teras + t5 Mtae1zy
— xStI1t§1t4€123 + x3tI16124 — xgtI1€134 — $3tflt2t§1€134 -+ $3t51€234
+ 23t g eras — 2Pt M eras + 23 e

d3(€is+1) =0

d3(e7®) =t; ' t1e1as — t3 tata€roa + taeiza — t3  tae1oz + €104 — T Haeraz + 217 Hz€104
— x3tf1t26134 + 1’36234 + $3t;1€123 + 1’36124 + $2t;1t3t4€124 — $2tflt2t4€134
— Z'Qtl_ltielgg — Z‘Qtl_lt4€124 — l‘tg_lt4€234 — $2t2_1t3t46124 — l’tl_lti€124
—f- It;1t2t§1t36134 — xtg_lt?16234 —|— (L’tl_ltgltielgg) —|— xtl_ltgltielm — t;ltgltielgg
+ 15 tae12q — t5  taersa + 15 taeazy + wtae134 — Tty Haeron — 15 taeaz
— t§1t46134 — t51t46134 + $2t46234 + .’B3t1_1tg1t46123 — $3t1_1€124 + $3t1_16134
ds(e3®) =wty ' tie1ns + at5 tye10q + taeozy — Tt3 tae1oq + €104 — T Htae103 + €104
+ $3tflt3€124 — $3tflt2€134 + $3€234 + $3tI1€123 + $3t46134 — ZQtI1t4€124
— 2%ty ie1an — ity '15€234 — wty ie1as + wty  therss — 15 taeozs + 1ty Hiers
— 23T g B er0s + 23t ye10s — TP Myersy -ty e 0y — B3 Moty Myl a
+ Z’gtglt4€234 - $t51t4€134 + $3t1_1t51t46123 — .T3t1_1€124 + .Z'3t1_1€134

3;—1 -1 —1,—-1,42
— X tl t4€123 — xtg t4€234 — Q?tQ t3 t4€123
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ds3(e3®) = — 215 'tyernq + t3 Hae193 + 1ty iy + €ozq — €193 — 1) te1aq + Tt a1
— 2 ge100 4+ T M tae130 — 2Peazs + ) te1os — 21 1o + 1] Te1a
+ 23t st L eoy — 23T ot M ersy + 23 M er0s + wt ey
+ 2%t eron — T3 Te13s + 1y tae100 — $3t1_1t2t§1€134 + $3t§16234
+ $3t;1t516123 — x?’tfltfel% + $3t;1t216134 + I3t21€234 — Igtflelgg
— l’gtfltglt4€123 — l‘t§1€134
ds(ef”) =0
d3(€%§+1) :$3tf1t2t51t4€1234 + (L’gtl_lt2€1234 — Istf1t3t4€1234 + tltg_zti61234
+ 132t e1934 + titg P theios — 20t Moty tae103s — 1Ot Moty tae1034
— 2 erasa — 2t M ae10a + ity taeioss + 2P P st a€123a
+ 2%t P ot ser030 + T Hataerozs — T *taer0aa — TP Hae103s
— 1525 e1930 + 2 Hataero3a
ds(e35T) =2t oty eraza — 1Pt taerons + 2 Mtaeiozs — 2P oty Teran
+ 2%t taer030 — T3 Terozs — TPt ooz + M) Terass — $3tf2t2t§161234
— l’stfltgt;lelggm — I3tflt§1t4€1234 + $3tflt§161234

2541y _ 3,1 3,-1 3,-1,-1
ds(e1s™) =x°t] taeioza — T°t] €134 — X7ty t3 ta€i234

2s+1y _ 3,-1 3,-1 3,-1 3,-1,—1,2
d3(623 ) =— tl t3t461234 +x tl t3€1234 +x tl t4€1234 — X tl Zf3 t461234
3t titz 't to ttst ot
— X711 "tae1934 + t1tg Ta€1234 + T3 TaC1234 + T1lg " €1234 + T3 €1934
Sttt t 3%t at 31t
+ 27t “tots€1034 + T1€1234 + €1234 + X1y “t3ta€1234 + Tt 1314€1234
1 -1 3,-2 3,1 3,-2
— t1ly €1234 — 3 €1234 — T71; “t3€1234 — Tl “t3€1234 — Tty “lae1234
3,1 3,-2, ;-1 3,-14 4—1 3,-2
— X7t tae1o34 + X7 “laty e1234 + X7 oty €134 + X7E] “lae1234
3,-1 3,-2, ;-1 3,-1; -1 3,2
+x tl t2€1234 — X tl t2t4 €1234 — X tl t2t4 €1234 +z tl t2t4€1234
3,-1 3,1 3,-1 3,-1,-1
+ 27t tae1934 — X7t €123 — Tl €134 + X7t T, €1234
—2,9 ~3,3 3,-1,-1 3,-1,-1
+t3 t4€1234 +t1t3 t461234 — X tl t3 t4€1234 +x tl t3 €1234
—2,9 3,—1,-1,2
+ ity tie1o3a + 7t 3 the1234
2541y _ 41 3,-1 3,-1 3,-1 2,2
ds(e55) =tg taeiozq + Tt tyeio3q + Tt tye1934 — T°t] 1234 + 3 t1€1934

3,—1,—1,2 3y—1,—1
+ a7t ty tieioza — 27t t3 taeio34
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2s+1
d3(€34

ds(

2s
€12

)=

)=

dy(e33) =

dg(

ds(

2s
€14

2s
€a3

)=

— 237 ye1030 + TP €100 + 2 T er03s — 2T er0a

-+ $3t;1t§1t461234 — I3tflt51€1234

— tae1o3a + T taeraza + 15 taeroza + At oty taerasa — 2] Htataerana

— xtgltgltieu:M - $t3_2ti€1234 — ty M the103s + 1y taei03a — Tty Ptheiozs

— xty 'ty e 1030 + Thoty ' her03a 4+t 1030 + xty  he103s + 2 st s€1234
+ 217 ataerazs + 20 P tataerass + 2] ataerozs — 21 Ptae1as — 7] a1
— 23t tae1030 + TPt tse1030 + TP Hotie1ozs + T HotTe1oss + T2 ez
— l’tl_ltgltielg?ﬂ + t51t51t261234 — Itl_ltglti€1234 + t51t3—1t21€1234

+ 2%ty ty the1aza + 17ty ey + at] oty Hhe1ass — wty 3 tie103

— 2Pt My M eiss + B tgei0ss + 2P e 03 + 15 2t e 1034

— xgt;2t2t51t4€1234 — J]3t1_1t2t51t461234

— 19310 — T Haeiass + 2 oty er03a — 2P Hae103s + 275 €103

— by ' the1a3a + 1y tacroza + At e103a + A oty Teroza + 2t e 1034

+ Tty 2tie103s — t ‘tataeiozy — ta€iozs + Tloty tie1n3s + Tty the10

+ tita€1o34 + ta€1234 + t1€1234 + €131 + T Ptae1o3s + 2] Hae1034

— 2 oty erosa 4+ T taera3s — 2 T era3a — 1234 — 2] Te1a34

+ 227 e 1934 — $tf1t§1ti€1234 + t§1t§1t361234 - 3U3t1_2t2t§161234

— Jfgtl_ltgt5161234 — $3t;1t51t4€1234 + x3t1—1t3—161234 + x2t1t51ti61234

+ 2ty the1as — Tty oty her0sa + ity Moty the1ass + mty oty tie123a

— $2t2_1t361234 + $t1t§2t461234 + $t§2t4€1234 — $3t1_2t2t2161234 + l‘gtl_ltllelg;m
— 1y he103s + by taerazs + 20 aerozs — 2P T eross + 2Pt M E1034

—1,-1,3 —1,-1,2 34—1,—-1
—LEtl t3 t4€1234+t2 t3 t4€1234 — X tl f}3 t4€1234

3,-1 3,-1,-1,2 1,142
= — x7t] t3lye1234 — X°t) tg tye1034 + Xty T3 Tie1234 + Litae1234

3,-1 3,-2 3,1 3,-2
+ to€1234 + x°t] “t3€1234 + 171 “l3tae1234 + X7y T3tae1234 + X7 “lotse1234
3,-1 3,-2 3,-1 3,-2 3,-1
+ x°t] “tatse1a34 — X7t “l3€1234 — X7t t3€1234 — XL “tae1234 — XL ta€1234
titots 2t2 tots 2t tits 2t ts 2t
+ xt1tots "ty €134 + Tlots “Tye1234 + Tlilg "T4€1934 + XTl3 “"T4€1034
talt tt t t 3172 3471t
+ xt5 "T4e1234 + L1lo€1234 + t2€1934 + L1€1934 + X711 “Lo€1034 + X711 "1o€1234
3,-1 3,-1 —2,2 2 3,-1,-142
+x tl t4€1234 — X tl €1234 — l‘tltg t461234 -+ t461234 +x tl t3 t4€1234

3,—1 3,—-1,—1 3,—-1,—1 3,—1,—1
— X tl €1234 +x tl t4 €1234 — T tl t3 t4€1234 +x tl t3 €1234
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2s —1,-1,2 1,2 3,-1 3,-1
ds(e3y) =ty t5 tieiass — wty tie1asa + Tt taero3a + Tt tae1234
3,-1 3,-1,-1,2 3,-1,-1
— X tl €1234 +x tl t3 t4€1234 — X tl t3 f}4€1234
2s —1 3,—1 3,—1 3,—1
ds(e5;) = — aty tye1934 — x°t] ta€1034 + T°t]  €1934 + €1934 + Tt €1234

3,-1,-1 3,-1,-1 3,-1,-1
+ X7t ty tae193a — X7t Tty €134 — TVl Tty €1234
For d, we obtain:

dy(e3*th) =e1934 — t3_1€1234 + 2?tiei + $t2t§1t461234 + $t§1t4€1234 — 2%ty the10m
+ $t51t51t261234 - t3_2t461234 + .T2t2_1t461234 + $2t1_1t421€1234 + J}2t1t2_1t461234
+ 2ty taeraza + wty oty taer03a — 215 tae1a34 — 1 Te1234
da(€3¥T) =era31 — 27 tataerozs + e1o34 — 3 €134 + Tty Pther03a + Tty 5 ie103a
— $t2t§1ti€1234 — $t§1t42161234 + t5 Mie1034 — ty ' tae13a + T 51934
+ atoly taeioss + Tl5 taero3s — Tae1030 — 27 1030 — Ty e 1034
— 22ty i e1a3a + Tty '3 i e10ss — 13 ta1030 + Ty tae1034 — Tt 4103

3 2,-2, 42 2,—1, 42 2,-1,3 3
— x°l4€1934 — Tt “talye1934 — x7t] “talie1934 — X7t Ttye1234 + T T4C1234

— Jf2t1t2_1ti€1234 — (132t2_1t461234 — xtf1t2t§1t261234 + I2t2_1ti€1234
+ wt g era3s + 2Pt taeinzs + 17ty Haeiozs + Tt oty tse1034
— 2%ty erass + 2Pt the1a3 — ) erosa — 15 '3 1 tie1a3a

d4(€§s+1) =t; 'e1034 + t§1€1234 + 5 er03 — t§1t21€1234 — j5152153:115461234 — $t§1t461234
+ty M tae1030 — 15 te1o3s + T7ts€1934 + Ttoty Te1ozs + Tt Te1nzs + 27ty Hie1a3s
— xt;1t51t261234 + t§2t461234 — $2t51t4€1234 — $2t51t461234 -+ xt51t§1t261234
— t§2€1234 — 2%t 1030 — TPty tae1030 — Ty Htae1934 — xtf1t2t§1t461234
+ $2t2_1t461234 + xtf1t§1t261234 — t51t51t4€1234 + $2t1t2_1€1234
+ 215 ero3s + Tty oty Teraza — £y Pe1a34 — TPti€1034

d4(6is+l) =0



CHAPTER 4. CALCULATIONS FOR ~, AND ps 67

dy(e3®) =eq1a34 — t; ' e1934 — t§1€1234 — $3t§1t4€1234 — 2%t st aeiozs — 27t Mt ae1934
-+ 1’2tI161234 + $2t51t361234 + Itfltgltiengz; + xtfltgltieuM
— ot Mg ye103s — @ty Haeioss + Tt er03s — t3 2taeio3s — 235 P te10s
+ £L‘2t1_1t3_1t461234 + 172752_125?:115261234 + ZEtl_lt?:lt461234 — xtl_ltglt4€1234
+ Z’t;1t51t4€1234
dy(e3®) = — aty theiass — wty ' tae1a34 + €1934 + €1934 — ty €1934 — Tt 'ts€1234
+ 2%t e1a3s + $2t2_1t§1t261234 + xt;ltgltiemm +ty ' tie1034 — t3_161234
— t5 ' tye1034 — 13 tae1o3a + 27 15 M aer030 — 1 1t e 1034
di(e3®) = — w3 tse1o3s + 5 €1930 + t5 1034 + ) 'e1034 — Ly €1934 — b5 t1 1034
— 2%ty taeraza + t5 taeiozs — 15 Terazn — t5 5 taero3

da(e3®) =0

Now we apply the functor Homyr(—,Z) to the resolution (A, d). From previous
example, we know the dimensions of the resulting cochain complex (F,d,). By
using the differentials dy, dy, d3, and dy we can represent each ; by a matrix.
The list of matrices can be seen in Appendix B. Then we find the Smith Normal

Form of the matrices as in the following:

Diagonal of SNF
do [0]
01 [1,1,2,4,0]
0o 1,1,1,1,2,4,0,0,0,0,0]
03 1,1,1,1,2,2,2,4,0,0,0,0,0,0,0]
Oop, k> 2 1,1,1,1,2,2,2,4,0,0,0,0,0,0,0,0]
doks1, K >211,1,1,1,2,2,2,4,0,0,0,0,0,0,0,0]
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By using Formula 4.1.3, we get the following cohomology groups.

7P =H'®7'= H' =7
27D 7y =H*QZ° = H* =7 D74 D 7o
207,37, =H*07 = H* =727, Zs
2P07,075=H*07*=> H'=7,07)
ZS®Z4@Z§’ — 2+ g 78 = [kl 224@232)
Z8®Z4G§Zg — {22 g 78 = [2R+2 :Z4®Zg

So, this gives the result. m

Proposition 4.3.2. Right hand side of the Conjecture 1.0.1 is given by

0<5<3,:=0;
Lo, 7=13,1>1;
Lo, j=2,1>1,2|i;
HY (G,HI(L,)T) =1 Z4, j=2,i>1,2¢%i;
Lo, j=4,1>1,2¢4;
Zy, j=0,i>1,2|i;

0, otherwise.

Proof. For the calculation of HY(G, H’(L,T)), we use the same method with
the proof of Proposition 4.2.2. We define H'(L,Z) as the j-the exterior power
N (HY(L,Z)) with generators ti..i;, which are specified in the proof of 4.2.2.
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Then the action of M on H'(L,Z) is given by the following matrices:

0 1 0 0
, 0 0 1 0
S RS
11 0 1
0 0 0 1 0 0
0 0 -1 0 0
PP e
10 0 0
-1 0 -1 0 1
1 -1 1 -1 -1
~100 0
i | oo
-1 10 -1
0 01 1
j=4:(=1)

Now apply Homgzg(—, H?(L,Z)) to the resolution 4.2.2 and we get
0—— HI(L,Z) XL (L, z) =M mgi(L,z) XL ...

Then Formula 4.1.3 gives the result:

x0 x4 x0

j=0:0 Z Z Z
H' = (Z,0,74,0,Z4,...)

4 M-I 4 M-I

j=1:0 Z 7t =M 7,
SNF(M — I) = diag([1,1,2,0])4x4
SNF(2M) = diag([2,0,0,0])4x4
H' = (2,Z3,75, 75, ...)

(4.3.1)
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j=2:0—s78 XL 78 BV g6 ML
SNF(M — I) = diag([1,1,1,1,4,0])sxe
SNF(2M) = diag([2,0,0,0,0,0])sxg
Hi — (Z, Z4,ZQ,Z4, ZQ, )

4 M-I 4 M-I

j=3:0 Z YA/
SNF(M — I) = diag([1, 1,2, 0))4x4
SNF(XM) = diag([2,0,0,0])4x4
H' = (Z,79,7, L, ...)

j=4:0—sz XLy =M 7 ML
SNFE(M — I) = diag[2]
SNF(XM) = diag|0]
H' = (0,Z9,0,Z5,0,...)
This completes the proof. n

Hence the second example satisfies the claim of the conjecture of Adem-Ge-Pan-

Petrosyan. That is:

HH(L % G, Z) = @,,,_, H(G, H(L,7)).
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List 1

20 0 00O

01

-1 0 0

-1 0 0

01

00 0 0 4

01

-2

-1

0

-1 0 0 0

0

-1

0 0 =2
-2

0
0

0 O

5y =

71
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APPENDIX A. LIST 1

0

0
—1

-1 0 O

0 -1

1

0O 0 0 =2 =2

0

-2 0 -1 2
0

2

0

-1

0

0 0 0 -2 =2

0

1 =1 0 0

0

03

O2k

0
0
0

0
—4

—2

0 00 O
0 00 O
0 00 O
0 00 O
0 00 O
0 00 O
0 00 O
0O 00 O
0 00 O
0 00 O
0 00 O
0 00 O
0 00 O
0 00 O
0 00 O

-2 0 2

—1

—1
0
—1

—1

0
0
0
0
0
0
0
0
0
0
0

1

0

-1 0 0 O

0

—2
-2

0 O
0 0

0
0

0
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0

0

-2 0 0

-1 0 O
-1 0 0
1
2

2
0

1
1
1

0 0

0

0
-1

—1

0

—1

0O 0 0 -2 =2

0

0
-2 0 -1 2
0 0 0

0
2

-1 0

—1

0
-2

0
0 O

—2

0

0

-1 0 0

1

-1 0 0

1
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List 2

0 00
-1 0 0

—1
1

-1 0 0 0

—1

o1

-2 -4 =2 -4 0

0

0y =

74
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APPENDIX B. LIST 2

-3 0 0 0

1

0

-1 0

-1 —4
3
-1

0

0 -1 -3 1

-1 1
-2

-1 0

1

0 O -1 0

0

—1

-1 0 0

1

0

0 0 0

0

1

-2 =2 0 -2

0

-1 -1 0 0

0

0

-1 0 0

1

0

o 0 0 -1 -1 0 O

0

03

O2k

-2 0 0

—1

0

2

-2 0 4

-2 =2 =2 -1

0 0

—1

—1

—1

-2

-2 =2 =2

0 0

-2 -4 =2 -4 0

0
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52k+1
9 0 13

5 —4 0 00

1

0
0

1

7

-3 0 00

-1 -4 -1 0

0

0 -1 -3 1

1
—1

-1 0 -1
0 0 =2

3
—1

0

0 00
-1 00
1

—1

0

1

0

0 0 0

0

-2 =2 0 -2

0

-1 -1 0 0

0

0

-1 0 0

1

0

o 0 0 -1 -1 O

0
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