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SOME MATHEMATICAL PRINCIPLES ON SOLUTIONS OF ELASTICITY
OF QUASICRYSTALS

ABSTRACT

An initial value problem for two dimensional quasicrystals is the main study of the
thesis. The coefficients appearing in the generalized Hooke’s law are taken in such a
way that they are inconstant. The studied initial value problem is reduced to system of

integral equations.

Keywords: Linear elastic theory, quasicrystals
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YARI KRiSTALLERIN ELASTiIGININ COZUMLERI UZERINE BAZI
MATEMATIKSEL iLKELER

0z

Bu tezin temel ¢alisma konusu iki boyutlu yar kristaller i¢in bir baslangi¢ deger
problemidir. Genellestirilmis Hooke yasasinda yer alan katsayilar sabit olmayacak
sekilde alimmistir. Calisilan baslangi¢ deger problemi integral denklem sistemine

indirgenmistir.

Anahtar kelimeler: Dogrusal esneklik teorisi, yar1 kristaller
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CHAPTER ONE
INTRODUCTION

Crystal is a solid with a geometric structure in which atoms, molecules or ions are
arranged in a regular order. In solids, atoms are arranged in a repetitive sequence.
Crystals have their own characteristical shapes and sizes. Crystal systems are
separated from each other according to the symmetry of the repetitive simplest
geometry. Most rotational symmetries, including five-, seven- and higher fold
symmetries in two dimensions, and icosahedral symmetry in three dimensions Levine

& Steinhardt (1984).

Quasicrystals (QCs) are different from periodic crystals. It is one of the kinds of
aperiodic crystals by Levine & Steinhardt (1984). The unusual characteristical
properties of quasicrystals come from special atomic structures with a certain
symmetry and diffraction patterns. With the help of these diffraction patterns, the

researchers discovered the differences between crystals and quasicrystals.

Quasicrystals were first observed by Shechtman et al. (1984). They observed from
the electronic microscopy that a rapid cooled Al-Mn alloys. Moreover in 2011, D.
Shechtman was awarded with the Nobel Prize in Chemistry with his discovery.
Quasicrystal’s observation was a striking event and an important discovery. The
unusual structure of quasicrystals grabbed the attention of the researchers who work
in the areas such as, physics, crystallography, chemistry, applied mathematics, etc.
Quasicrystals affected the scientific world due to their structure and properties. These
properties are; elasticity, brittle, low friction coefficient, high harness, low level of
porosity and high wear resistance. Many of these features are effectively combined to
provide technological point of view interesting applications which are under
protection by patents recently (Dubois, 2005), Royer & Dieulesaint (2000). For
example, motor vehicle engines, coatings, surgical applications, thin metal films.

(Yang et al., 2014)

So far about 200 kinds of QC appearead in the book (Fan, 2016). One, two, and



three dimensional quasicrystals are defined as three dimensional body with the special
atom arrangements. The atom arrangement of one dimensional quasicrystal is
quasi-periodic in direction, while two dimensional is quasi-periodic in a plane, and
one dimensional quasicrystal is periodic in the plane which is orthogonal to this
direction while two dimensional quasicrystal is periodic in the orthogonal direction.
Different from one and two dimensional atom arrangements, three dimensional
quasicrystal is quasi-periodic three dimensions without periodic direction (Cerdik

Yaslan, 2019), which are important for the QC study.

Many problems for various quasicrystals have been studied, for example:

* Green’s functions of Fourier images of the plane elasticity problems of two
dimensional quasicrystals for dodecagonal, pentagonal and decagonal systems

were obtained by using symbolic calculations by Akmaz & Akinci (2009).

* The physical properties of one dimensional quasicrystals studied by Wang et al.
(1997) .

* The time-dependent differential equations of elasticity for two dimensional
quasicrystals with general structure of anisotropy for dodecagonal, octagonal,
decagonal, pentagonal, hexagonal, triclinic systems were studied by Yakhno &

Cerdik Yaslan (2011).

* The fundamental solution of the time-dependent differential equations of
anisotropic elasticity in three dimensional quasicrystals were obtained by

Cerdik Yaslan (2019).

The thesis has been studied depending on following structure: Chapter 1 contains
some notations, generalized Hooke’s law, the basic equations of the elasticity theory

of quasicrystals that we actively used in this thesis.

The chapter 2 of the thesis contains the initial value problem for two dimensional

quasicrystals which is the main problem of our study.



Fourier transform, d’Alembert formula, some information from matrix theory and
linear algebra were actively used in this thesis. The method used in this thesis was also

applied for the electric field equations by Sevimlican (2007).



In this chapter, we first give some notations used in thesis. Preliminary knowledge

CHAPTER TWO
EQUATIONS OF QUASICRYSTALS

about quasicrystals and generalized Hooke’s law will be given.

2.1 Notations

u;(z,t) phonon displacement field
wq(x,t) phason displacement field
Eij phonon strain
L phason strain
Tij phonon stress
Hg; phason stress
Cijkl phonon elastic coefficient tensor
Kpgji  phason elastic coefficient tensor
Rij,i constitutive tensor of phanon-phason coupling
p mass density
1% change variable in V/
Fuz,  Fourier operator with respect to the variables 2 and x5
Vv Fourier image of V
AT Transpose of the m X n matrix A = [a;|mxn

2.2 Basic Equations

The basic equations of the elasticity theory of quasicrystals will be given under this
topic. The strain displacement relations of the elasticity theory of quasicrystals will be

given.

Let w = (uj,ug,u3) and w = (wy,wy,w3) denote the phonon and phason



displacement vectors, where w; = wu;(z,t) and w; = w;(x,t), i = 1,2,3 are the
functions of the space variable * = (21, 22, x3) and the time variable ¢. ¢;; and wy,

are phonon and phason strains, respectively Akmaz & Akinci (2009).

1 (Ou; Ouy o
E4j 2<8%+axi), i, =123 (2.1)
Ow,,
Wy = e 121,23 2.2)
8$l

Here « signifies the number of the dimension. If o runs 1 to 3, it means that the QC
has 3 dimensions, « runs 1 to 2, the QC has 2 dimensions. When « is 3, it means that

the QC has 1 dimension.

The main problem of the this thesis is initial value problem of 2D quasicrystals

which will be given in the following chapter.

2.3 Generalized Hooke’s Law

In this section Hooke’s Law and Generalized Hooke’s Law will be defined.

Symmetry properties between elastic tensors will be given.

Hooke’s law allows us to find the tension that must be applied to elastically require
a substance and the relation between stresses o;; and strains ¢;;. When referring to
Hooke’s Law for unidirectional tension, there is the following relationship between

elastic tension and strain by Fan (2016).

Ope = E €. (2.3)

Hooke’s Original Law is generalized in situations where tension is two or three-

dimensional.
oF

J 8€ij

= Cijii €k + Rijor War, (2.4)



OF
E)wij

Hg; = = Rugjen + Kgjor Wai, (2.5)

in which F denotes the free energy, or the strain energy density in the book of Dikici

(1993).

Cijri 1s the elastic constant tensor, which consists of 81 components. Because of
the symmetry of o;; and ¢;;, each of them has 6 independent components only, such
that the independent components of C;;,; reduce to 36. F is a quadratic function of €;;,

considering the symmetry of €;;, then we have:

Cijrr = Chiij, (2.6)

so the independent components 36 reduce to 21.

Kpgjn and R;jy, are constitutive tensor corresponding to the phason field and R and
the phanon and phason coupling. The tensors Kpgj,; and R;ji; have to the following
symmetries:

Kgjor = Kupj, (2.7)

Rypi = Rigj, (2.8)

21 the relationship with the independent elastic constant is known to be Generalized
Hooke’s law. Generalized Hooke’s law describes anisotropic elastic bodies containing
crystals. Stress and strain tensors can also be expressed by corresponding vectors with

6 independent elements (Fan, 2016).

Equations (2.4) and (2.5) can be written in a shorter way, such as (3.8) using the

summation symbol (Dikici, 1993, p. 5).

Indices can be changed to make the equations easier and to prevent repetitions. It is

shown below (Dikici, 1993, p. 131):

Let o = ¢j and 8 = kl. To describe C;;i; one can shortly use the notation C,.



17 or ki
11
22
33
23, 32
13,31
12,21

N
= NS S S SUR N B o)

or 8

This correspondence is possible due to symmetry properties in Camlidag (2003) and

Cerdik Yaslan (2011). By the help of the above notations instead of using four

subindices, two subindices may also be used. For instance; C'531 = Cgs.



CHAPTER THREE
THE BASIC EQUATIONS FOR 2D QUASICRYSTALS

In this chapter, we will define the main problem of the thesis. The studied problem

is reduced to the system of vector integral equations.

3.1 Statement of the Problem and Assumptions

Let x = (21, x9,23) € R3 be a space variable, t € R be a time variable. According
to the linear elastic theory of 2D QCs the strain-displacement relations are given by the

following equations: (see Cerdik Yaslan (2011))

1 0u;  Ouj y
i = = 5 5 :1,2,3, 3-1
dw,
W = 2% 04=1,2 1=1,2,3, (3.2)
8xl

where u;(x, t) is phonon displacement field and w,,(z, t) is phason displacement field.
€i; and w,,; are the phonon and phason strains respectively. The generalized Hooke’s

law of the elasticity problem of 2D QCs is given by Cerdik Yaslan (2019):

0ij = Cijricr + Rijaiwar, (3.3)

ng = Rklﬁjgkl + Kﬁjalwal, ’i,j, k,l = 1,2,3, 05,6 = 1, 2, (34)

Here 0;; and H; are phonon and phason stresses, respectively. C;;x; and K are the
constitutive tensors corresponding to the phanon and phason fields and R;;;; are the
constitutive tensors of the phanon-phason coupling. Similar to Yang et al. (2014) we

assume that the following symmetric properties are satisfied:

Cijkt = Cjit = Cijie = Chuiijs (3.5)

Kgjar = Kaigj (3.6)



Rijoai = Rjiat, (3.7)

The positivity of the elastic strain energy density requires that the elastic constant
tensors Cijki, [2ijai, K pjor must be positive definite. In other words, when the strain
tensors €;;, Wy are not zero totally, the elastic constant tensors satisfy the following

inequality:

3

3 2 3 2
Z Cijklgijgkl > 0, Z Z Kﬁjalwﬁjwal >0, Z ZRijalf‘:ijwal > 0.

§lik=1 jl=1a,p=1 g li=1 a=1
(3.8)

The dynamic equilibrium equations can be written in the following form (Yang et al.,

2014), (Yakhno & Cerdik Yaslan, 2011)

0?u;(z,t) 8@ (z,1) .
> 28 Z J +fz($ t), i=1,2,3, (3.9)
Pws(r,t) = OHpgj(x, 1)
Pz = Z " 4 +gs(z,t), B=1,2, (3.10)

where p > 0 is the density; f;(x,t),i = 1,2,3 and gg(x,t), f = 1,2 are body forces
densities for the phonon and phason displacements, respectively. Initial value problem

for (3.9) and (3.10) is considered with the conditions

ui(z,t)|=0 =0,  ws(x,t)]t=o = 0. (3.11)

We assume that p and all coefficients appearing in the generalized Hooke’s law, Cjj,

Rijo and K3j4; depend on x3 variable.

Under these assumptions and notations, the system (3.9)- (3.11) can be written as

follows:



For i=1 from (3.9) - (3.11) we have

82’&1 5 801j
= t), = 17 2737
P Of2 p oz, + fi(z,t), i

oy oo Oo3
= t
3:151 + (9.1'2 + 81'3 + fl(x7 )7

where

o1 = Chiinien + Ciiieciz + Ciiiseis + Crizi€21 + Chizagan + Chiaseas
+ Chiziest + Chigegse + Chigsess + Rinnnwin + Rinpwiz + Ripswss

+ Riigiwar + Rijgowas + Ri123was.

o12 = Cia11€11 + Chai2€12 + Chaiz€13 + Cra21€21 + Crazgas + Craoseas
+ Chag1631 + Clagacss + Chassess + Rio11wir + Rig12wie + Ri213wis

+ Rigo1war + Rig90was + Riga3wos.

013 = Ciz1ie11 + Cisi2€12 + Cizize1s + Ciz2i€21 + Cizoacan + Crsaseas
+ Cisziest + Chissagse + Chsssess + Riziiwin + Riziowie + Rizizwis

+ Ri321w21 + Ri322Wa2 + Ri323Wos.

10

(3.12)

(3.13)

(3.14)

(3.15)



Substituting 0y,, j = 1,2, 3 into the equation (3.12) we obtain

82U1 82U1 82’11,1 82U2

! <Cllll 3.9

0*u 0*u 0%u 0*u
+Chom——F— 2 01122—2 + 01123—2 + 01123—3
0x10x5 0x10x 110% [y
82’&3 82114 82U3 82’&2
52z, +011313 D5 + 011323 Oy +01132M
8211,3 82U3 82101 82’101
011015 +011338m18x3> ox? 021079
82w1 82w2 82UJ2 62102
-5 —F— + Ri23
8 181‘3 81E1 8$18x2 81‘181‘3
82114 62U1 82’&1 8211,2
<C1211 e -
ox 28 X1 81‘281‘1 81'2 (%528:161
0%uy 0%us 0%uy 0%uy
Cioo1 75—
81‘281‘3 81‘28I1 81‘261‘1 8:528902

6211,2 82’&2 82U2 82U3

+Ch131

+Chi3s

+Ri113

0%us 0%uy 0%us 0%uy
C Ciaza—— + C
D290, + C1231 D905 + C1232 22 + Cl232 D907

0%us 0%us 0w, 0w,
C R Ris19——
D00 + 12335x28x3> + 12115 e + 212 (%U%

82w1 62’LU2 82102 82U)2

— + Ri293

811281’3 81‘281'1 (9 ox 281‘3
+ Ci311 +C

(Cma 011 01301, 01301y 200801,

d%uy d%us d?uy d%uy
C C Clgo————
022 + 13138:538 o + O 7——F— D201 + 132181’381;2

0%uy 0%uy 0usy 9%us
+C1300 77— 023019 + 013228 02 + 01323W + C'1323m

9%u 0%uy 0%u 0%u
+C'331 o7 383 o + Ciss1 = 022 L 013328 3@3 . + Chzs2 81'32

82U3 0? us3 8211}1 82101
C ) R Rizjo———
022 + Cisss 3= 02 + 131183:38 o + 11312 023015
(92 8211)2 8211)2 8271}2
R R Ri393——
022 -+ 13215 o 0 + 13227 5 0 + [11323 022

+Cha31

+Cha33

+Ri213

+Ciz13

+C333

+Riz13

11




+c’(x3)% (Ol?’”g_g T 013113_2 + 013122—2 + 013122—2
+Cl313g_2 + 013132—3:1)’ + 013212—7;? + 013212—2 + Clggzg—zz
+Cl322g_zz - 013232_32 + Clszzag—zz + 013312—5? + Clgglg—z;
+C’1332g—zz + 013322—: + 013332—2 + 013332_23

+r'(x3) <R1311(;—7j_11 + R1312g—1;)21 + R1313g_1;};

+R13212_IZ + R1322g_z + R1323Z—:§) + fi(x, ).

For i=2, from the equation (3.9) we have

- 8331 8x2 89[:3 u

091 = Cor11€11 + Coriee1z + Carizers + Cora1€21 + Coi2622 + Car23€23
+ Coiz1€31 + Carzaese + Coigzess + Ror1iwin + Rop1owiz + Rogiswss

+ Roig1war + Rajgowas + Raja3was.

092 = Coor1€11 + Caoiae12 + Caoizers + Cazi€a1 + Cazzacan + Cozaseas
+ Cooz1631 + Coasaesza + Coazsess + Roor1wir + Rogowis + Rogiswis

+ Rago1wa1 + RaggetWag + Rogozos.

093 = Chsi1€11 + Casiac1a + Cazize1s + Cazar€01 + Cazancan + Cazaseas
+ Casziest + Cassacsa + Casszess + Roziiwin + Rasiowis + Raziswss

+ Raso1war + Ragaowas + Ragaszwas.

12

(3.16)

(3.17)

(3.18)

(3.19)



Substituting 09;, 7 = 1, 2, 3 into the equation (3.16), we obtain

0*u D?u 0*u 0*u
p(xs) o2 5(02111%%1 + Cori— 5 022 -+ 021128 181 o 2112%%2

82u1 62163 (9211,2 32u1
Dm0z, | g O 921015

82’UQ 82u2 82u2 82U3
C
92105 + 21227 Dy + 021238 D5 + Co123 02,01
62U3 82u1 82u3 82u2
C C Cor13o———
022 + 2315 o W 3+ 225 o Oz 2+ 213281’13:1:3

82U3 82163 6211)1 8211)1

921075 +C21338 O3 ) + Roini——- 02 S0

8211)1 (92 82102 82w2
R R R Rojo3———
+ 235 O, + fio101 (- B2 2 4 225 5 Oy + fi2123 .
82u1 82u1 (9211,1 82u2
C C. C. Coyro———
( 25 o Bz, + 215 o s + Co120—=— B2 + 22128x28x1

82U1 82163 82u2 82U1
C. C C C.
+ 2185 5 07 + 2135 5 o + Cooo1 7—F=— D201, + Co201 55 3x%

621@ 82 8QUQ (9211,3
C. C. C.
072 + Co220 5 o2 2+ e 5 + Co223 5 B2
82U3 8211,1 82u3 82u2
C. C. C.
D201, + 22318.’1:28 s + Co230—5— o2 + 2825 5 01
82U3 82U3 82w1 821{}1
C C —) R Raggy 1
+ 2335 0 + 22837 o + 2211&102(9 o + Ho212 022
0*w 9*w 9*w 9*w
L Rogo) ——— 2 4 Raooo——5- 2 4 Rogoz ——— 2

8283 8281 (%2 6283

0%u 9%u 0%*u 9%u
<02311 : + Cosnnm——— L + Caaiz : 2

+ Co113

+ Caia2

+ Coizn

+ Corzz——=—

+ Coz

+ Coog1 m———

+ Roois

6’ 36 X1 (9 38 T (99038962 8x36’x1

0*u 0%us 0%us Lo 0%uy
D2 01307, 01301, 22 00501y

82U2 aQUQ 82U2 82U3
D205 + Cazo D309 + Cazos——- 022 + Caszas D205

9%u 0%*u 0%u 0%u
7 3631 + Cos31—— 07 : +C23328 3832 + Casso o2 32

0%u J%u 0*w 0*w
3 3) ¥ Rosy 1 1

C
52 T BB g I R L e,

82w 0%ws 0w, 0%ws
R R
022 T e T o

1
+ Cos13—=— + Caais

+ Casa0

+ Coaszy

+ Cosgs——

+ Rozis——

13



1 ou ou ou ou
+ ' (x3) (02311—1 + 02311—1 + 02312—1 + C'2312—2

2 0xy 14 92 9,
+ 023133—2 + 023132—7;? + szlg_zj + 023212_2 n 023222_22
" 023222_2 - 023232—2 + 023232—2 + ngglg—f + 023312—2
+ ngszg—zi + 023322_2 + Oy g_zi 4 Cos Z_Zi )
+ () (RQ?’”Z_ZJ; + R231zg—l;21 + R2313z—7j; + R2321?)_Z}12
+ 323222—:22 + Rggzgg—ll’:;) + fola,t).

For i=3 from the equation (3.9) we have:

82113 60’3J
= t
Pae =2 gy, T
Oos; 0039 0033

= +
(%1 81'2 8[E3
where
031 = Cs111€11 + Cs112€12 + Cs113613 + Cs121621 + Cs192822 + Cs193623

+ Cs131631 + C132832 + C133633 + R3111wi1 + R3112wi2

+ R3113wi3 + R3121Wa1 + R3j22wan + Rzja3was,

032 = Csa11611 + Cs212612 + Cs213613 + Cs291691 + Cs299692 + Cs203623
+ Csa31€31 + Caasoeza + Csogzess + Rao11win + Ragrowio

+ Rag13wiz + Rago1war + Ragaowas + Rzga3was
and

o33 = Csz11611 + Cszi2€12 + Cszi3€13 + Cszo1€21 + Cszaae22 + Cszaseas
+ Csszie31 + Cizzaese + Cizzzess + Rziiwin + Rsziowio

+ Raz13wis + Rago1war + Raga0wag + Raz03woas.

14

(3.20)

(3.21)

(3.22)

(3.23)



Subsituting o35, j

(92U3
ot?

p(rs3) <03111
+ Cs113
+ Cs122
+ C3131

+Ca133 75— —

+ Raiis

+ Cso13 17— —
+ C3202
+ Cso31 77—
+ Caas3——

+ Ragism———

+ C3313—
+ Cs392
+ Cs331
+ Cs333— 5

+ Razi3——5

3u1

31’165133

0x107
82U3

O0x10x3

0x10x3
(03211

O0xy0x3

82u2

0x9014
O0xy0x3

0z2013
+5(Cromz—a

0“uq

61‘38[E2

O0x3014

02U3

82101

= 1,2, 3 into (3.20) we obtain:

82?,61
C
+ Cs111—5—> &L"l

62’&3
0?3

62’&2

C!
+ 312275 Oy

82u1
+C +C,
31318 18 73 31324 o
a2U3

82U3
C
+ BI85 O,
32
R
+ 3121 5 02

82U1 82161
C
52,07 1+ 82115 5 s
0%*u 0%u
: +Cg213a 2831
82
o2

ox
(92162
+ Cs191 = 022
0 U2
+ 03123(9 O
82@63
0x10x5
82
) Rs111——- 022
8211)2
R R
2 4 31225 5 Dy +
621,61
03
9%u 0%u
+ Cs991 (91:282 o + Cs901 8:1;21
82162 82u3
02205 + 032238_1:%
82u3 82u2
C
B2 + 82825 o L0

0*w
3233@) R:azn(9 2(911 + R3212

821112 621,(]2
+ R3go——

ox?
0

6U1

+ Cs113—=—-

8QUQ

+C

Oxt

32w1 82w2

3123
8.T18$3

+ Cso12—=—5 + Cs212

+ Csoo3—F—

02u1
C
+ U331 7—F7— 92207

+C O

+C
22 32223 5

82U3
+ Cs930—=—

82U3

0 w1
+ R
32219 Iz T

0%uy
+ Csgii——F7— Daa0ts
0%us
0x301,
82U2

8382

8211]2

R
+ 3225 5 01
82U1

Da0ts + Csg1057——

ox

2 2

aUQ
+O33218 0,

2
+ 033238822
0%us
013019
0*w,
0x3011

0*w
2 4+ Rygoy——r
To

+ Cs313

0x}

62u

+ Cs320

2

0 us 82U2

+ Cs330—— 72
62w1

812G
02’(1)2

O3

+ C3332

R
07 *

0%

15

D109

32u2

O0x901,

82w1

2
Oxs




1 ou ou ou ou
+ CI($3)§ (03311—1 + C'3311—1 + 03312—1 + C'3312—2

0xy 011 B2 9,
- 033132_2 + 033132—;? + 033212—2 + 033212—2 + 033222—22
+ 033222_: + 033232—1;2 + 033232—?;2 + 033312—2 + 033312_?;;
+ C3332§—u2 + 033322—2 + 033332—52 + 033332_1‘2)
+ries) <R3311(;_w11 + Razio gw; + Rs313 z;t + R33212_w12
+ R3322Z_w22 + Rggzgg—ll;};) + f3(z,1)

For =1, from the equation (3.10) we have:

82w1 . (9H11 i 8H12 4 6’H13
Por =~ x| 0z, | Ox

o gl(xvt)>

where

Hyy = Ry + Rignicie + Risnigis + Raingar + Ragi1€22 + Razii€23
+ Raines + Rsoi1€32 + Raszi1€33 + Kinwin + Kinewie + Kiiswis

+ Ki121w21 + Ki120w92 + Ki123wss,

Hiy = Rii2e11 + Rig12612 + Riz12€13 + Rat12€21 + Rao12622 + Rag12€23
+ Rai12€31 + R3212€32 + R3312633 + Kionwin + Kig1owiz + Ki213wi3
+ Ki991w91 + Ki220Wa0 + Ki223w23

and

Hi3 = Rii3e11 + Rigi3e12 + Rizi3e13 + Rai13€21 + Raoi3c22 + Rog13€23
+ Raj13e31 + R3213632 + Ras1333 + Kisnwin + Kiziowig + Kizi3ws

+ Kigo1wa1 + Kigoowag + Ki323wos.
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(3.24)

(3.25)

(3.26)

(3.27)



Substituting I, j = 1,2, 3 into the equation (3.24) we obtain

o~ 2

82101 1 ( 82’&1 82’&1 82’&1 (92u2

82u3 82161 62U3 82U2
022 + R g——F— 021073 + Rsml_@xﬁm + R3211—3x13x3

82U3 82U3 82’11}1 8211)1
+Rs3na D23 ﬂLR:’,:ma D5 ) +K11118—x% m

62101 82’11}2 82102 8211)2
K K K K
+ 35 5 O, + K1121——>5 (9 + 1122(9x18 s + U235 5 O

9%u 82u 9*u 0%u
(R1112a 231 A + R11123 231 v + Risio—— 8 : + Ri212 ax232xl

02u1 82U3 82’&2 82U1
R
+ 13125 5 L0 +R13123 o, + R21128x28 o + Rotio—— 8x%

0%u 0%u 0*u 0%u
3 2 + Rosio—— 8 ; +R23IQa 2823 +R231237§

02u 82u 0%u 0%u
+R31123 233 r + R3H23 231 o + R3212 o2 23 + R3212a 232 o

82U3 82163 82’[1)1 82’11}1
+R33123 0 +R33123 0 ) K12118 e + Kio1o—— 022

82w1 6211)2 82’11)2 8211)2
+K K K K
12135 5 o 3+ 12215 5 o 1+ 12228 + 122375 5 07
9*u 0%u 82u 0%u
<R1113 ! + Rinis——5— ! + 11%1213—1 + Ri913 2

+R3111——

+Roo10——

8 38 X1 8 38 T 8x38x2 8x38x1

82'LU1 K 82w1
81’381’1 1312 81'381’2
8211}1 (9211)2 82102 62?1]2

g g L2 e 2
0x301, 13228x38x2+ 1323 3

17



+%r/(x3) (ngg—ui + Rz gzi + Rigs gz: + leg_u?
+R1313§—u; + Rigi guj’ + Rontg ng + Rm?»gul + Ross g_’“z
+R2213g_uz - Rgglgg—uz + R23lgg—zz + Rgngg_”i’ + 33113‘;_121)
+R3213% + Rmm% + R3313g_;‘2 n 33313%>

+k' (3) <K1311?9—1;11 + K312 21;}21 + K313 21;2 + Klgzlg—u}f
+K1322g—1:22 + K1323g—> + g1(z, 1)

For g = 2, from (3.10) we have:

82w2 8H21 aHQQ 8H23

- + 7t )
P 8t2 81‘1 p 6372 + 81’3 92(17 )

where

Hy = Ri2i€11 + Rigoi1€12 + Rizg1€13 + Ra121621 + Ra21622 + Rogoi€23
+ R3i21€31 + R3221€32 + Ragor€33 + Koinwin + Kojpwiz + Kopzwis

+ Ko1921w91 + Ko190Wa0 + Ko123Wa3.

Hay = Ryj122e11 + Ri222€12 + Rig22€13 + Ra122€21 + Ra29222 + Razaecas
+ R3122€31 + R3220832 + R3320833 + Koonnwin + Kagrowiz + Kagizwis

+ Kogo1wa1 + Kagaowag + Kaoozwos.

Hys = Ri23e11 + Riga3c12 + Rigese1s + Raia3ear + Raoazcan + Ragazeas
+ Rs123€31 + R3223€32 + Ras3€33 + Kognwin + Kagiowia + Ka313wis

+ Kogo1war + Kagoowas + Kasoswos.
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(3.28)

(3.29)

(3.30)

(3.31)



Substituting Hy;, 7 = 1,2, 3 into (3.28) we obtain:

Pwy 1 0%uy 0%uy 0%uy 0%us
o :§< El 022

0%uy 0%us 0%uqy 0%uy
0x1013 0_33%

8211,2 82’&2 821,62 82163
R R R
o7 182+ 22217 " 2+ 2321 55 183+ 23216:1:183:2

82U3 82U1 82u3 82u2
+ R R R Rs99; ———
312173 5 022 + Bl21g o O3 + 32215 o Oy + fi3221 2,07

82 82 2 2
Us Us ) i K21118 W1 0 w1

R Rygo 23 g T
T s 2 O s 022 D105

(92w1 (92 82w2 8271}2
+ K. + K. 2 4 K. Kojo3————
21138 18 T3 212177 o9 8:61 2122°7 o 81‘18 Lo + K123 7

621/4 82u1 (9211,1 82u2
R R R Rigog—"
( 112275 (7 — 52,02, + u22e o e + 120055 8372 + fi1222 D302,

821/4 82U3 82u2 (92u1
R R R R
+ 13225 5 207 + 132275 5 e T 225 5 01 + o120 8x%

82UQ (92 8271/2 82U3
R R Rog00——
B2 + Lig922 5 22 ® + Rogprm——— D205 + L2322 22
32u3 82u1 82u3 82u2
+ R R R R
312275 5 e + 1225 5 207 + fizo00—— B2 + 32225 5 07

82u3 82U3 82w1 (9211}1
R R ) + K Koy ot
+ 38225 o 0 + 38225 o 0 215 o O + K9212 02

8271)1 8211}2 82w2 6211}2
+ K + K + K + K.
22138 28 T3 22217 o o 28 T 222274 o 81’2 22238 26 75

821/4 62U1 82U1 82’&2
R R R R
( R 0 + n2s5 o 01 + 12235 o 0ty + fyoo3 57— —
0%y 0%us 0%uy 0%uy
R R Ryjos—+—
022 + 13237 e + 21235 01 + o123 02309

8211,2 82’&2 821@ 82’&3
92205 2205 + Rosos—— on2 + Rasas

0%us 0%uy 0%us 9%uy
D50, o3 T Hemg 5

8221)1 82w1
—_— Kyji———— + K.
) + 23118x38x1 + Hast 013029

82w1 0%ws 0%ws 0w,
+ K Kogn 7 + Kogoz s + Kogzg——
2313 + £%2321 D20, + 19392 02205 2323 817%

+ Ri301

+ Raoo

+ Rago

2

+ Ri3o3——

+ Ragos

+ R3193

+ R3ses——

19
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1 ou ou ou ou
+r'(x )(R1123 . R1123—1+R1223—1+R1223 2

Oy Oy Oy dxq
- R13232—u; + Rz gul + Ranog gul + Ranos gu2 + Rasoy guz
+ 32223% + RQBQS% + st%% + R3123% + Ra3123 gu;
+ sz:«z% + R32Q3% + 33323% + R3s23 gz)
+ K (2 )(Kggn% + ng—w; + K2313(; o Kggmgjf
+ K2322g—w22 + K323 gw > + ga(7, ).

3.2 Vector Form of the Initial Value Problem (3.9)-(3.11)

Using equations (3.3), (3.4) and symmetry properties (3.5)-(3.7), the equations (3.9)

- (3.11) can be written in the matrix form:

3

U
o _Zl ﬂaxjaxl ZB]lﬁx dr ZTJZ +;Yﬂ o+ 10

Jil=
3.32
PW s, PV S N, IV SR U s g W E t))
P 8t2 N 1 ]l&vjé?xl 1 ]l(?xjﬁxl 1 it 8$l 1 at a(L‘l g,
Jb= Jt= Jbt= Jsbt=
(3.33)
U(z,t)i=0=0, W(x,t)|t=0 =0, (3.34)

where U = (uy(x,t),uz(z,t),uz(z,t))” and W = (wy(x,t),ws(z,t))T are vectors
of phonon and phason displacements, respectively. f = (f1, fo, f3)T and g = (g1, g2)"
are vectors of body forces. The entries of the matrices Aj; = [ak]3x3, Bji = [bia)3x2,
sz = [mﬂk]2x3, le = [nﬁk]2x2, le = [tik]3><3, Y= [’ym]sxz, le = [T’Bk]zxs and

Z ;| = [234]2x2 are defined as follows:

1 - 1
ay, = Ay = Q(Oz‘jkl + Cikj);  bia = B} = §(Rijal + Ritaj), (3.35)

tiw =T = (23)Ciji; Yia = Y1 = 7' (23) Rijou, (3.36)

1 1
mar, = My = 5 (Brips + Brjor); - mge = NG = 5 (Ksjar + Kpiag),  (3:37)

20



ok = R =1 (23)Rujar;  2pa = 25 = K (23) Kgjau- (3.38)

3.3 Matrix Form of the Initial Value Problem (3.9)-(3.11)

If phonon and phason displacement are defined as components of a vector such as
V = [uy, up, uz, wy, wy]” and F = [fy, fa, f3, 91, 92]" then equations (3.32) - (3.34)

can be written in the form:

0?V (x,1) L 0?V (z,1) 8V (z,t)
+ F(x,t .
P~—F o2 ]lzzl il a.. 9. Omjaxl Z (ZL’, )a (3 39)
oV (z,t
V(z,t)|i=0 =0, %ho = (3.40)

where le-l and P?l are block matrices of the size (5 x 5) defined by

Pl Aﬂ Bﬂ ’ P2 _ le Y}l .
gt ) gl )

Remark. The submatrices A;;, Bj;, Mji, Nji, T, Yy, Rji, Z; are given (3.35) -
(3.38) using the symmetry properties (3.5) - (3.7) and equalities (3.34)-(3.37) the

following identities are obtained.

Qik —A;lf = Aff = Qf;,
bia :Bz?é = ‘/\4})16Z = My, (3 41)

mpey Mﬁk

kB _
gl = le - bkﬁv

NBa :Njﬁla = Nj'ozﬂ = Nag-

It follows that the square matrix A;; = [a;x]sx3 and IN j; = [nga)2x2 are symmetric and
also M j; = [mpg|sx2 is a transpose of Bj; = [bja)oxs. Thus, it is clear that P}l isa

symmetric matrix.
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3.4 Reduction to Integral Equations of the Initial Value Problem (3.9)-(3.11)

Using the following change of variable V' = AV (3.39), (3.40) we obtain;

3

*(\V) _ ~
- P!
P on Z d ax 8:10[ Z

L F, (3.42)

jl;ﬁi

oV (z,1)

V(z,t)|i—o =0
(Ia )|t—0 ) ('315

li=o = 0. (3.43)
Equation (3.42) may be written

0*V
O ;01

PV
03

92V OV
N — 4+ 2P, N

=P, A —& .

+P§3A”V+ZP

7,l=1

NV+AV’ oV
2) P, P PNV +A—)+F.
23 +3 Py SE S RN ) ¢
z¢3

8:1:3
(3.44)

It follows from the above equation;

8x26’x3

NV 4+ AV')
019

oV

0T

+ 2P,

ov

+ P, A — P

+ Py A —

ov - oV
+ PLNV + Am—) + PL(NV + A—) + F.
8 8:1;3
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Multiplying both sides of equation (3.45) by AT, we get

PV PV ,0V -
p/\T/\W—/\TP}B/\a +2ATPL A/ 8—3+ATP§3/\”V
2 2
TPy A 2y ANPL—(NV + AV
+ZA Oz, 8xl+ Z 70w ( i
3=l =1 (3.46)

N ov
T P2 T P2 / T
+§ NP3, alVJrZ/\P]3 V+/\a—)+/\ F.

T3

Since P, is symmetric and positive definite, by the theorem (see Appendix 3) we

have
ANT'PyA = D, (3.47)
where D is diagonal matrix with entries d;, 7 = 1,...,5.
Let
ANTPLA =P, ATPA=P, ANF-=F (3.48)

Then, equation (3.46) may be written as

PV PV ,0V B PV
=D INTPLAN Z—— + NTPL A"V
o = o T B gy TN AV ; 9z 0m
]j,l;éii
= ) L2 0
2y ATPp! NV +AVY+Y P,—V 4
+2) N Pl NV Z; 7] (349)
= 3
> ov._ -
+ > ATPL(NV + No—)+ F.
i=1 ’

Applying the Fourier transform with respect to z; and x5 and using the properties
of the Fourier transform (see Appendix 1), equations (3.49) can be written in terms of

the Fourier image V (v, x3, ) as follows:
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PV PV 1% . .
=D +2ATPL A S+ ATPL AV =Y PV

p —
2 - 2 3 -~
, -1 ~1. JV ~2 . -2 OV (3.50)
_QZ;(PB_’_P&)UIG_:[;?)_Z;levlv+;Pj38_%

~2 ~ ~ 2 A~ ~ 2 A A~
+ATPL ANV NP ANV - ATP, ANV + F.

Let us denote the matrices A and B as

3
/ =1 ~ 1 -2
A=2A" PN+ (<2iPy+ Py)u + Py, (3.51)
jil=1
2 ~1 ~ 2 3 ~ 2
B =ATPu N = (Pyoju+iPuo+ A" Py ), (3.52)
7,l=1 7j=1

Thus, for each component V; (v, 23, t) of V (v, x3, t) satisfies

5 5

9V, 9V, oV, N s
pat; :dja—x§+ZA]na_%+ZB]nVn+Fj’ 3217"'75a (353)
n=1 n=1

~

’ 8‘/}(0,x3,t)

‘/j(va x37t)|t:0 = 07 at |t:0 - Oa (354)

where A;, and Bj,, are components of the matrices A and B given in (3.51) and (3.52),

respectively.

Let us consider the following transform

i(€) (3.55)

Using the above transformation, the equations (3.53) and (3.54) becomes:
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06, 9%, 06, 1 0 |\ ;
— = K. (y)—L + — A, = B. F.
Ot2 (93/]2- J(yj>8yj +p(x3)<; ™ O +; jn®n + ])
n#j
O
bileo =0, T)g=0,

where

_1 ld] d 1% A]‘j

$3=Tj_1(yj)

503=7'j71(yj)

(3.56)

(3.57)

(3.58)

We will seek a solution of the problem (3.56), (3.57) in the following form

9;(v,y5, 1) = S;(y;)9;(v, Y, 1),
where the function S;(y;) defined by
1 (v
5,0) = exply [ K©)d0)
0

Then (3.56) and (3.57) becomes

Po; ¢, 1 1

+ZB‘"¢j+FJ> -1
n—1 T3=T; (y])
- Ob.
®jli=o =0, %ho =0

Let

25

(3.59)

(3.60)

. 1 5 0¢;
(2K () — ZK2(q- R I 27
o2 ayjz _(QKJ (yj) 4Kj (%))@ + S:(x3)p(x3) <n§:1 A]naxg

(3.61)

(3.62)



Al 7'.71 .
M) = 8,00l ), L) = 20 )

M;(y;)
&) ([~
L3(y;) = 3\ ( —2i151+151v+15-2),
J( ]) Mj(y]> j’l:1< 3 31) ! J3
ON
Mi(y) L2 (y;) = (/\TlDl —>
(W) L (y5) 3383/]- 3= (1)
2 —1
- = Fi(v, 77 (y;),t) -
M) L3 () = 3 (Pheyo +iP), - =gl e 2= = Fiw,05.0),
=1 e
~. OA 0N ON
M (y) L2 (y;) = &(x AT(P.—+P1 —6-+—5'-> :
i (i) L; (y;) = é(xs) 7 dy; 33(8%2 7 Oy, ) w3=7;"(y;)

Then equations (3.61) and (3.62) may be written as

¢ 0*; N, On
T~ g (00 + B) o+ 2 28w 8,
n#j
o 00 NN a5 s (3.63)
+ ZLJ-(?JJ)@—% +) L))o+ Y Li(y;)bn
(e = i
+ F}(U7 Y t)
- Gy v, Y; t
(Vs Y5 t)(t:O =0, —¢j<8t ) =0 (3.64)

Using d’Alembert’s formula (see Appendix 2) the solution of (3.63) and (3.64) can be

written in the form:

26



y]+(t T) ~
(0, ;.1) / / €) + LN(E))y (0. &, 7)dedr

§ (t 7')

SLL Z (L4(€) + L3(€))dnlo. 7€), mpdcn

J;?n

. / / v (%?(5)@%(5)

Yji+
+L3(§)>¢n( L€, n)dedn + = // v, €, n)dédn
1 [t . - e=1;(w3)+(t—)
* 5/0 2 (24O, + L?(ﬁ))sbn(v, 5 O™
j#n

(3.65)

Using the equalities given in (3.55) and (3.59) the above equation may be written as

) ey 1 Vi v,E,T
V(U l’g,t / / (3] (6) + L; (S)) Sj(f)( 757 )
S () + L )v}xv, rﬁ(s), -3 S CBOL(©

J#n

A

FEOWa(v.6m) + F (w6 bean + B [ g2,

i L}o’(ﬁ))f/n(v’ Tj_1(f)> n) r:Tj(xS)Jr(t_T)dn

g=r;(ws)~(t-7)
(3.66)

As aresult of the above fact that we obtain the following result.

Lemma 3.4.1 Fourier image solution of the initial value problem (3.39), (3.40) is

equivalent to the following operator integral equation

t
V(U,:Eg,t) = G(v,x3,t) +/ (KV)(U,:Bg,t,T)dT (3.67)
0

27



where

i (x3)+(t—7)
G(v,z3,t // h (v, &, 7)dédr, (3.68)
v Sj(Tj(x3)) 73 () (=) ‘7]‘(1),5,7')
(V) (0.0, 1.7) =2 ( /Tj(m(“) {00+ L) 258
5
+ Y (L) + LYE)Valv, 7571 (€),m)
n=l
5
= > (28(E)L3, + LY(E)Valv, & n) }dE
e
° , \ . §=(xs)+(t-7)
+ QOB+ LOWalo i @m)| _ ).
n=1 JEs) =T
J#n

(3.69)
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CHAPTER FOUR
CONCLUSION

The basic equations of the elasticity theory of quasicrystals were considered. An
initial value problem for two dimensional quasicrystals was studied. Reduction to the

vector integral equation of the studied problem is the main result of the thesis.

The studied problem of the thesis and obtained results were presented in the

following workshop and symposium:

* 6" Workshop of Association for Turkish Women in Maths, 26-28 April, 2019,
Selcuk University, Konya, TURKEY.

* [zmir Mathematics Days, 26-27 June, 2018, Yasar University, [zmir, TURKEY.
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APPENDICES

Appendix 1. The Fourier Transform

Letz = (1,72, 23) € R3,t € Rand F,,,, be the operator of the Fourier transform
with respect to variables x1, 5. This operator defined by the formula ( see for example
Myint-U & Debnath (2007), Vladimirov (1976), Reed & Simon (1980), Sevimlican
(2007))

f11$2 [Uj](ya I3, t) = / / Uj(%,t)ei(ylxl+y212)dl'1dl'2, j = 1, 2, 3,

i? = —1,v = (v, 1) € R? is the parameter of Fourier transform.

If U(z,t) = (Up(z,t), Us(2,t),Us(x,t)) is the vector function then we define its

Fourier transform F,,,,, [U](v, 3, t) = U(v, 23, 1) as follows

S [U](V7 $3vt) = (lexz [Ul](’/a x3>t)v"rw1x2 [U2](V7 $3vt)'Fx1x2[U3](Va x?nt))'

The operator F,, ., have the following property for j = 1, 2,
o"u ~
Fras| (v, 23, t) = (—iv;)"U(v,x3,t), n=0,1,....

n
ox j

Appendix 2. d’Alembert’s Formula

Consider the following Cauchy problem for one-dimensional homogenous wave

equation Asmar (2005)

Pu 0%

W_C@’ —o00 < T < 00, t>0, (Al)
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u(z,0) = ¢(x), — = (), —00 < 7 < 00. (A.2)

ot
The general solution of (A.1), (A.2) is given by

x+-ct

ulet) = 51600~ ct) + oo+ et + o [ vl (A3)

—ct
(A.3) is called d’Alembert’s solution (formula). It is named after the mathematician

Jean Le Rond d’Alembert who derived it in 1747.

By Duhammel’s principle and d’Alembert’s formula, the solution of the following

nonhomogeneous wave equation (Asmar, 2005)

2 2
%:cz%—l—f(x,t), —oco<r<oo, t>0, (A.4)

subject to the initial conditions given in (A.2) is given by

z+ct z+c(t+T)
(€ d§—|— / / f(&, m)dedr.
c(t—7)

(@, ) = %[(;S(a:—ct)—i-(b(x—i-ct)] b
- (A.5)

2c

Appendix 3. Symmetric Matrix, Positive Definiteness and Diagonanalization

The following basic definitions and theorems are written from the linear algebra

book (Hoffman & Kunze, 1971).
Definiton. A symmetric matrix is a square matrix that is equal to its transpose.
Theorem. A square matrix P is an orthogonal matrix if P~ = P,

Theorem. If A is a real symmetric matrix, then there exists an orthogonal matrix P

such that P~' AP = D where D is a diagonal matrix.

Definiton. A real symmetric n X n matrix A is positive definite if 27 Az > 0 for

all z € R\ {0}.
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