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COUNTER ALIGNING INCLINATION ANGLE OF CRAB PULSAR
WITH DECREASING MOMENT OF INERTIA

SUMMARY

A star with a mass between 8 —22 M, becomes a neutron star when it has used up all of
its nuclear energy sources. This transition occurs with a gigantic supernova explosion.
Today there are many types of neutron stars classified according to their energy source.
The first discovered neutron stars are the rotationally powered pulsars. These are
highly magnetized rapidly rotating objects which are slowly spinning down, and the
rate of rotational kinetic energy lost forms their luminosity. These objects, presumably
the younger ones, radiate in all bands of the electromagnetic spectrum yet they are
generally detected in the radio wavelength. The first models envisaged the pulsars as
a magnetic dipole rotating in vacuum converting the kinetic energy to magnetic dipole
radiation (MDR). It was soon understood that the rotating dipole generates electric
fields large enough to rip off charged particles from the surface of the neutron star
which then form a co-rotating plasma. It is harder to solve the magnetospheric structure
in the presence of this plasma, but recent numerical simulations provide insight into
this problem. Even in that case, the basic dependence of the spin-down torque on the
pulsars in the presence of the plasma is similar to the MDR model. Interestingly both
models predict that the inclination angle between the magnetic moment and the spin
axis would be aligned in time.

The Crab pulsar is the best known and studied rotationally powered pulsar among the
more than 2000 pulsars discovered to date. It is about 960 years old according to the
ancient Chinese records, which call the supernova explosion as a ‘guest star’. Lyne
et al. discovered in 2013 that the inclination angle of this object is not decreasing, as
expected from the MDR or the plasma model, but increasing at a rate of 0.62 degrees
per century. We argue that this observation can be explained if the moment of inertia of
this object decreases in time. In standard estimations of pulsar properties the moment
of inertia and magnetic dipole moment are assumed to be constant. In this thesis, I
investigate the implications of a decrease in the moment of inertia on the spin evolution
of this object.

The Crab pulsar, just like many other young pulsars, occasionally show sudden spin-up
events called “glitches”. The glitch events of the Crab pulsar are explained by the
starquake model. According to this model the solid crust of the Crab pulsar, which is
formed when the object cooled down while rotating much more rapidly, can not follow
the equilibrium shape corresponding to the rotation rate which slowed down. The
stress increases as the pulsar slows down further and finally the crust of the neutron
star fractures. Recently, we had shown that the rate of decrease of the moment of
inertia as a result of these crustal fractures is sufficient to explain the rate of increase
of the inclination angle.
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YENGEC ATARCASININ AZALAN EYLEMSIZLIK
MOMENTIYLE ACILAN EGIKLiK ACISI

OZET

Yildizlar da dogar, biiyiir ve oliirler. Giines ve diger yildizlar gibi niikleer tepkimeler
sayesinde enerji lireten ve 151k sacan yildizlar, “biiyiime” donemlerini ge¢irmektedirler.
Iste bu dénemden sonra yildizlar kiitlelerinin getirdigi bicimde, kimileri ¢ok hizl,
kimileriyse daha yavas olmak iizere Olmeye baslarlar. 8 — 22 M, Kkiitleli bir
yildiz tiim niikleer enerji kaynaklarim tiikettiginde bir notron yildizina doniisiir.
Bu gecis devasa bir siipernova patlamasi ile gerceklesmektedir; Oyle ki, giines
haricindeki neredeyse tiim goksel nesneler yalnizca gece karanliginda goriilebilirken,
bir siipernova patlamasi parlakliinin biiyiikligli sayesinde giinesli havada bile
gozlenebilen bir astrofiziksel olaydir. No6tron yildizlarinin olusma mekanizmalari
benzerdir fakat temel enerji kaynaklar1 farklilik gosterebilir. Giiniimiizde, enerji
kaynaklarinin cesidine gore smiflanan bir¢ok notron yildizi vardir. ik kesfedilen
notron yildizlart 1s1ma giiciinii donme kinetik enerjisinden alan atarcalardir. Bu
atarcalarin da ilki Anthony Hewish ve onun doktora Ogrencisi Jocelyn Bell
tarafindan 1967 yilinda kesfedilmis, bu kesif Anthony Hewish’e 1974 yili Nobel
Fizik Odiili'nii kazandirmistir.  Atarcalar, manyetik o6zelligi olduk¢a kuvvetli
(108 Gauss ile 10" Gauss arasinda degisen), gittikce yavaslamakla beraber hizlica
donen nesneler olup donme kinetik enerjilerindeki kayip orani, onlara 151ma giiclerini
kazandirmaktadir. Bu nesneler, 6zellikle genc olanlari, genelde radyo dalgaboyunda
saptanmaktadirlar fakat aslinda elektromanyetik tayfin tiim dalga boylarinda 1s1ma
yapmaktadirlar. Bu olguyu aciklayan ilk modeller atarcalari, kinetik enerjilerini
manyetik dipol 1s1masina (MDR) doniistiiren, boslukta donen manyetik dipoller olarak
ortaya koymaktadirlar. Kisa siire sonra anlagilmistir ki donen bir manyetik dipol,
notron yildizimin yiizeyinden, koptuktan sonra yildizla birlikte donen bir plazma
meydana getirecek yiiklii parcaciklar1 sokiip alabilecek denli biiyiik elektrik alanlar
indiiklemektedir. Nitekim donen bir notron yildizinin boslukta degil, plazma i¢inde
bulunmas: gerektigi de 1969 yilinda Goldreich ve Julian tarafindan gosterilmis,
atarcalarin i¢cinde bulundugu bu plazma manyetosferin yogunluguna da pg; (Goldreich
ve Julian yogunlugu) denilmistir. Bu plazmanin varliginda manyetosferik yapiy1
cozmek daha zor hale gelmektedir fakat son yapilan sayisal benzesimler bu
problemin i¢ yiiziiniin de anlasilmasini saglamistir. Plazmanin varoldugu durumda
bile, yavaslamanin dogurdugu dénme momentinin MDR modelindekine benzerlik
gosterdigi goriilmektedir. Minimum enerji prensibine bagli olarak her iki model de
manyetik moment ve donme ekseni arasindaki egiklik acisinin zamanla kapanacagini
ongormektedirler.

Yengec (Crab) atarcasi, bugiine kadar kesfedilmis, sayilar1 2000’in iizerindeki donme
kinetik enerjisiyle giiclenen atarcalar icinde en iyi bilineni ve en ¢ok calisilanidir.
Yengec atarcasi iizerine internet arsivlerinde bugiine degin yaymlanmis ¢alismalar bes
haneli sayilara ulasmak iizeredir. Bu da, Yengec atarcasinin dogumundan bugiine dek

Xix



kaydinin tutulmasindan ileri gelmektedir. Bu atarca, diinya takvimiyle M.S. 1054
yilinda, olustugu siipernova patlamasini bir ‘misafir yi1ldiz’ olarak kaydetmis olan antik
Cin kayitlarina gore yaklasik 960 yasindadir. Bu patlama ve sonrasinda ¢ok daha hizli
doniiyor olmakla beraber, Yengec atarcasi giiniimiizde 33 ms periyotla donmekte ve
saniyede 4.21 x 10~!3 saniye periyot tiirevi ile yavaglamaktadir.

Notron yildizlarmin yukarida bahsedilen biiyiilk manyetik alanlar1 onlari tanimlayan
cok Onemli ozelliklerinden biridir.  Elektrik alanlari, kiitlelerinin biiyiikk kismini
notronlar ya da elektron-proton c¢iftleri olusturdugundan daha ¢ok manyetik alanin
indiikledigi elektrik alanlar olarak ©One ¢ikarlar. Notron yildizlarimin manyetik
alanlar1, notron yildizlarinin yarigaplarimin kiiciik olmalarindan etkilendikleri gibi,
aynt zamanda farkli mekanizmalarla olusup desteklenirler. Bu sebeple notron
yuldizlarmin izole ya da tek olmalari, yaslar1 ve doniis hizlar1 manyetik alanlarinin
varolugsunu biiyiik oranda etkilemektedir. S6z gelimi magnetar adi verilen ¢ok
biiylik manyetik alanli ntron yildizlari, isimlerinden de anlagilabilecegi gibi manyetik
alanlarinin biiyiikliikleri ile 6ne ¢ikmiglardir. Gorece daha yavas periyotlarla donen
bu nétron yildizi tiplerinin manyetik alanlar1 dipol yapida degildir. Dipol yapist
baskinlik gostermeyen baska tip notron yildizlar1 da vardir fakat notron yildizlari,
ozellikle atarcalar genelde dipol manyetik alan etkisi yiiksek olan cisimlerdir. Bir
manyetik dipol, bilindigi {izere, yonlii bir manyetik momente sahiptir. Atarcalarin
manyetosferlerinde plazmanin varligi gosterilmis olsa da, daha rahat anlasilir
olmasindan otiirli yaygin olarak kullanilan MDR modeli, notron yildizlarinin donme
kinetik enerjilerini manyetik dipol 1s1masindan aldiklarini one siirer. Bu modele gore
manyetik dipol donme momentinin iki bileseni bulunmaktadir. Bunlarin biri agisal
hizin degisimiyle gelen terimdir:
d 2u203
dt (1) = 33

Bir¢ok bagka atarca gibi Yenge¢ atarcasinin da manyetik dipol ekseni ile doniis ekseni
birbirinden farklidir. Bu iki eksen arasindaki agiya “egiklik acis1* denir. Bu egiklik
acisinin degisimiyle de ikinci donme momenti terimi bulunur:

d 2u%0Q2?

E(la) B 3c3
Lyne ve ark.’min 2013 yilinda yaptiklari, 22 yillik bir gézlemi analiz edip ulastiklari
sonuglar gostermektedir ki, Yengec atarcasinin egiklik acisi MDR ya da plazma
modellerinde beklendigi lizere azalmamakta, tam aksine yiiz yilda 0.62 derece
oraninda artmaktadir. Bu iki bilesende de eylemsizlik momentinin zaman iginde
degismedigi gozoniine alinir ve hem egiklik agisinin hem de acisal hizin yavas yavas
azaldig1 kanis1 yaygindir. Biz bu gozlemin, bu nesnenin eylemsizlik momentinin
zaman ic¢inde azalmasiyla aciklanabilecegini iddia ediyoruz ¢iinkii azalan eylemsizlik
momenti her iki bilesen i¢in de pozitif terimler getirir. Burada kafa karistirici
olan, acisal hizdaki artisin da, egiklik acisimi arttiran eylemsizlik momentiyle dogru
sekilde artip artmayacagidir. Bu tezde, azalan donme momentinin Yenge¢ atarcasinin
doniisliniin zaman icindeki evrimine etkilerini inceledik. Tezde bahsedilen evrim,
notron yildizlarinin gozlenebilen parametreleri olan frenleme indisi, ikincil frenleme
indisi, manyetik moment gibi degiskenlerin egiklik agisina, acisal hiza ve birbirlerine
gore durumlar iizerinden anlagilmaya caligiimistir.

sin® .

Sin ¢ cos .

Atarcalar icin bir¢ok kesif, onlarin atma profillerinin uzun siiren gozlemlerinin
analizleri sonucunda yapilabilmektedir. Yengec atarcasi da, diger bircok geng atarca
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gibi zaman zaman doniisiinde “glitch” (ariza) denilen ani hiz artiglar1 gosterir. Atma
profilinde gozlenen bu arizalar y1ldiz depremi modeliyle agiklanmaktadir. Bu modele
gore, Yengec atarcasinin ¢cok daha hizli dondiigii ve bu sebeple daha hizli da sogudugu
ilk zamanlarinda sertlesmis olan kabugu, artik yavaslamis doniis hiz1 yiiziinden seklini
muhafaza edemez. Atarca daha da yavagladikca gerginlik artar. Sonunda kabuk
kirilir ve biiyiik bir deprem meydana gelir. 1lk kirilma ¢ok zor gerceklesir fakat
daha sonraki kirilmalar ve bu kirilmalarin dogurdugu depremler daha kolayca ve sikca
olusurlar. Kisa siire once gostermis bulunmaktayiz ki, kabuk kirilmalarinin sonucu
olan eylemsizlik momentindeki azalma, Yengec¢ atarcasinin egiklik acisinda gozlenmis
olan artis1 aciklamaya yeterli biiyiikliiktedir.
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1. INTRODUCTION

When a star with a mass in the range ~ 8 —20 M, consumes its nuclear energy creating
thermal pressure, the balance between gravitation and thermal pressure is broken down.
Neutron stars (NS) are collapsed remnants of these stars. The collapse of the core is
accompanied by a spectacular supernova (SN) explosion, as first argued by Baade and
Zwicky in 1934 [1]. If the mass of the star before death is bigger than ~ 20 M, a black
hole (BH) is expected to form. Stars with initial mass less than 8 M;, become white

dwarfs (WDs).

A NS has a radius about 10 km, and a mass up to 2 — 3 M,. Accordingly, gravitational
acceleration on the surface is about g ~ 1.9 x 10" cm s=2(M/1.4M)(R/10 km)~2
and the average density is p ~ 6.7 x 10! g/cm3(M/1.4M)(R/10 km)~>. A typical
young neutron star has a magnetic field B ~ 10'> Gauss. The hydrostatic equilibrium
of a neutron star is provided by the neutron degeneracy pressure of the interacting

neutrons.

Neutron stars have many astrophysical manifestations with different mechanisms for
their radiative output. The first discovered [2] type of neutron star, radio pulsars, are
rotationally powered [3] i.e. they derive their radiative output from their rotational
kinetic energy. Pulsars were discovered in 1967 by Jocelyn Bell, then a graduate
student, and her advisor Anthony Hewish who was awarded the Nobel Prize in 1974
[2]. Up to now, more than 2000 rotationally powered pulsars are discovered. In
1971 X-ray pulsars were discovered in binary systems. These are gravitationally
powered neutron stars accreting mass from their companion. Apart from these
canonical manifestations there are more recently identified neutron star classes. These
young neutron star families include anomalous X-ray pulsars (AXP), soft gamma-ray
repeaters (SGR), rotating radio transients (RRAT), X-ray dim isolated NSs (XDINs)
and central compact objects (CCO). Of these AXPs and SGRs are commonly accepted
to be magnetars i.e. magnetically powered NS. RRATs are most likely rotationally

powered. XDINs and CCOs most likely emit their thermal energy.



Of the more than 2000 pulsars discovered to date the Crab pulsar rotating at the center

of the Crab nebula is the most well known and studied object. The SN explosion of the

Crab nebula was detected by ancient Chinese astronomers in 1054. By this record, we

know that the Crab pulsar is about 961 years old presently.
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P-Pdot diagram for isolated pulsars. This figure includes almost all observed radio
pulsars, CCOs, INSs, RRATSs, magnetars. Dashed slope lines are neutron star age and
magnetic field lines.

The inclination angle between the spin axis and the magnetic moment axis of the Crab

pulsar is constrained to be 45° — 70° [4-7]. In 2013, with 22 years of observation,

Lyne et al. [8] has shown that the Crab Pulsar’s inclination angle is increasing at a rate

of 0.62° +0.03° per century. This means that the Crab pulsar’s magnetic moment axis

is counter-aligning. This observation is contrary to the view that the inclination angle

should decrease on energetic grounds. There are several ideas which claim that the

inclination angle should decline; for instance pulsars are also spun-down by torques

caused by open field lines of the magnetosphere and the return current on the NS

surface could cause counter-alignment of the inclination angle [9].



The observed increase in the inclination angle might be a consequence of the change of
the moment of inertia. Such a change in the moment of inertia of a NS may probably
be caused by star-quakes. Star-quakes are related with pulsar glitches [10] which are
sudden spin-ups. As these glitches occur, the crust of NS becomes more spherical and

the moment of inertia (/) decreases.

In this thesis, the MDR model would be introduced as basis. Spin [11, 12] and
inclination angle [13] evolution of pulsars in plasma medium will be considered.
Finally, the plasma-filled magnetosphere model will be modified by allowing moment
of inertia to change. The implications of this model for the Crab pulsar and rotationally

powered pulsars in general will be investigated.






2. MAGNETIC DIPOLE RADIATION MODEL

In this chapter, I introduce the basics of the magnetic dipole radiation model (MDR)
for RPPs.

2.1 Basic model with vacuum medium

Soon after their discovery pulsars were identified as rapidly rotating magnetized
neutron stars [3]. The possibility that the Crab nebula is energized by such an object
was already discussed before the discovery [14, 15]. It was suggested that MDR is the
mechanism converting rotational energy to radiation. Explicit solutions for magnetic
and electric fields around a magnetized conducting sphere, in the context of ordinary

stars was already given by Deutsch (1955) [16] long before the discovery of RPPs.

A neutron star with moment of inertia / has a rotational kinetic energy

1
E,pr = Emz (2.1)

where Q is the angular velocity. As the object slows down, the rate of change of the

rotational kinetic energy is

dErat .
=1QQ 2.2
7 (2.2)
where we assumed / is constant. The rate at which the energy is radiated by MDR 1is
dE.;  B*R® ,
i =— 6 Q7 sin“ o 2.3)

[3, 15] where « is the inclination angle between rotation and magnetic axis and c is

the speed of light. At the poles, the magnetic field of a conducting sphere is

.
B,= g{“ | 2.4)

w

[17] where u is the magnetic moment and B, is the polar component of the magnetic
field of neutron star. If we plug Equation 2.4 into Equation 2.3 and equate it with

Equation 2.2 we obtain
d pYIRION

V="

gy sin® a, (2.5)
5



Table 2.1: Pulsar Data

Period, characteristic age and braking index values of well-observed pulsars

Pulsar Name Period(s) 7. (kyr) n Reference
B0531+21 (Crab) 0.033 1.2568 2.51+0.01 [8,24]
B0833-45 (Vela) 0.089 11.322 1.440.2 [25,26]
J1833-1034 0.0618 4.8535 1.8569+0.001 [25,27]
B0540-69 0.0505 1.6706 2.14040.009  [28,29]
J0537-6910 0.016 4.9328 -1.5 [30]
B1509-58 0.151 1.5648 2.839+0.001 [29,31]
J1846-0258 0.3266 0.728 2.16 £0.13 [32]
J1119-6127 0.408 1.6078 2.684+0.002 [33]
J1734-3333 1.1693 8.128 0.9+0.2 [34]

[18-20]. Notice that the moment of inertia is assumed to be constant, so that we can
take it out from the parenthesis. Equation 2.5 tells us the dynamics of a neutron star
in a vacuum medium with a dipole moment ¢ and inclination angle ¢. Apart from
the spin-down torque there is another component of the MDR torque which forces
alignment of the inclination angle

202

<10y = —HE

T 303 sin @ cos &, (2.6)
c

[21,22]. The components of the torque given in Equation 2.5 and Equation 2.6
presume that outside the star the medium is vacuum. This is a gross simplification
for a pulsar magnetosphere as it was soon shown by Goldreich & Julian (1969) that

there exists a co-rotating plasma around a pulsar [23].

2.2 Braking Index

The braking index of a pulsar is defined as:

Q0

which is a dimensionless parameter describing the angular acceleration of a
spinning-down pulsar. In Table 2.1, there are observed values of period, characteristic
age and n values with references.

As it could be noticed, most of n are close to but less than 3. This implies that for the
spin-down of a neutron star, Q3 dependence of the MDR model is basically correct,

but that there would be other factors modifying the spin-down behaviour.



The second braking index, m is defined as

Q0
o (2.8)

m

and for a spin-down law of the form Q = KQ" we have m = n(n— 1)+ n?. For example,
for the Crab pulsar n = 2.51 (see Table 2.1) gives m,—» 51 =2.51 x 1.514+2.512=10.1

which is very close to the observed value mq,s = 10.2 £0.1 [24].

2.3 Characteristic Age

Equation 2.5 is of the form

Q=-—KQ3 (2.9)
where
2u?sin o

is a constant. If we integrate Equation 2.9 and eliminate K between the integrated form

and Equation 2.9 we would derive

Q Q?
0

If, Q is much smaller then €, the term in parenthesis on the right hand side equals to

unity. Then Equation 2.11 becomes:
T. = —Q/2Q (2.12)

which is a reasonable approximation for the age of a pulsar and called the characteristic

age. Referring to the ATNF database [35]

Q = 334x1072(s7 !

= —4.21 x 1013 (dimensionless)
and so the characteristic age of the Crab Pulsar is:
Q
T, = ——— = 1257 (years
=08 (years)
which is reasonably close to the real age of the Crab pulsar, 961 years.

The braking index is 3 only if the assumptions that u, / and & remain constant; if @ is
changing w.r.t. time the braking index becomes
n=3—4at.cota. (2.13)

7



If one calculates the braking index with the time derivative of o observed by Lyne et

al. (2013) [8] as o =45° —70° for the vacuum medium, one obtains:

n4s = 2.46

njy) — 2.80.
If we plug Equation 2.6 into Equation 2.13, then we get:
n=3+2cot’a, (2.14)

[21,22]. It’s still assumed that the magnetic moment and the moment of inertia of the

pulsar are constant.

2.4 Plasma model of the pulsars

Soon after it was established that pulsars are spinning down under MDR torques it
was understood that the presumption of the vacuum medium is inadequate and that
pulsars are surrounded by a co-rotating plasma [23] because of the driving electric and
inducing magnetic fields. These fields can rip off electrons from the surface of the

neutron star.

Oblique 3-D solution in plasma medium was first simulated by Spitkovsky (2006) [12].
By fitting the results of his numerical simulation in the force-free limit, he found the

spin-down torque on the star as

d JTEI0%:

ﬁmp—&(um%) (2.15)
Accordingly the braking index is
n=3—-40T.u (2.16)
where .
uwz%%%» (2.17)

and we assumed / is constant. If we use the value of time derivative of & obtained by
Lyne et al. (2013) [8] as 0.0062° per year and calculate n for the plasma medium, we

get:

nys = 2.82

nio = 2.91.



Recently, Philippov et al. [13] has shown that the torque acting on the pulsar in the

plasma has a component forcing alignment as

d u>Q?
“la) = —
5 1)

3 sin ¢ cos . (2.18)
C

Dividing Equation 2.15 by Equation 2.18 we get

dlnQ  1+sin’a

= 2.19
doo  sinocosa’ (2.19)
which can be solved by integrating both sides
Q sin ot/ sin oy
— = . 2.20
Qp cos?a/cos? oy (2.20)
By plugging Equation 2.18 into Equation 2.16 we get
n=7342(a). (2.21)

This form is similar with the Equation 2.14 indeed. As the object tends to align n > 3
for case of plasma medium just like the case of vacuum medium. Both MDR model
in vacuum (with Equation 2.13) and in plasma (Equation 2.16), and also the recent
simulations in plasma medium (with Equation 2.21) by Philippov et al. [13] imply

alignment and n > 3 although the observations suggest n < 3.
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3. METHOD

As shown by Lyne et al. [8], the inclination angle of the Crab pulsar has been increasing
at a rate of 0.62 degrees per century. MDR model and the plasma model both predict
alignment, as the right hand side of Equation 2.18 is negative, in contradiction with
this observation. A simple reason for the increasing inclination angle could be that the
moment of inertia of the neutron star decreases, i.e. / < 0. This would bring a positive

term to the right hand side that may dominate the alignment term.

A possible cause for the decrease of the moment of inertia could be the reduction of
the normal component of the crust while the superfluid component enlarges by the
cooling of the object [36]. Indeed, we first considered this effect as the cause of the
reduction of the moment of inertia. We have seen that this is a very small effect unable
to explain the required rate of change in the moment of inertia for the observed rate of
increase in the inclination angle. We have then considered the continuous reduction in
the oblateness of the neutron star as a result of spin-down as a cause of the change in
the moment of inertia. This also is not sufficient for explaining the observed rate of

change of the inclination angle.

The Crab pulsar suffers star-quakes occurring on the crust of the NS. These quakes
would create sudden increases in the rotation rate of the NS, followed by a recovery
to its original rotation state [37,38]. The crust is broken in during the star-quakes and

becomes more spherical. As the shape changes, the moment of inertia changes as well.

This section discusses the spin evolution of the Crab pulsar in the presence of a change
in the moment of inertia without referring to the cause of the change in the moment of

inertia.
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3.1 Spin down with decreasing moment of inertia
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Figure 3.1: |/ /]|

Relative change in the moment of inertia required to explain the rate of increase in
inclination angle as inferred by Equation 3.5 (dashed line) and the critical relative
change in the moment of inertia given in Equation 3.4 (solid line). The vertical
shaded region shows the range of inclination angle of the Crab pulsar measured
[4-7] to be between 45-70 degrees. The horizontal shaded region shows (|I/I|) =
(0.686 +0.124) x 10~ s=! inferred from the observed glitches via the star-quake
model.

Assuming the moment of inertia of the neutron star changes in time, the equations
describing the evolution of angular velocity and inclination angle, Equation 2.15 and

Equation 2.18, become

203 i
S PR |
Q= 73 (1+sin“ o) IQ, 3.1)
and
2Q? I
(X:—H 3 sin@cosa — -, 3.2)
Ic 1

respectively. If 1 /I < 0 and dominates the first term on the right hand-side then ¢ > 0.
In this chapter we consider whether the counter alignment of the Crab pulsar at a rate of

0.62° per century could result from the decrease of its moment of inertia. Equation 3.2

12
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Figure 3.2: |/|c? /m*Q?

The  dimensionless  parameter  combination |3 /u*Q? = 7.5 x
10 (/1] /I)/.L{OZ(Q/ 189.8 s=1)~2 versus the inclination angle. The vertical shaded
region shows the range of inclination angle of the Crab pulsar measured [4-7] to be
between 45 — 70 degrees. The shaded region between the curves corresponds to the
parameter range satisfying the condition given in Equation 3.7 i.e. that the condition
for spin-down with increasing inclination angle. If the rate of change of moment of
inertia is smaller (region below the solid line) corresponding to sin ¢t cos & /& one may
have ¢ < 0 while the star spins-down. The shaded region corresponding to the < 0
and & > 0 phase is wider for large inclination angles implying that pulsars with large
inclination angles will likely be in a state of counter-alignment. Pulsars with small
inclination angles will more likely be in an alignment phase.

implies that the critical rate of change of moment of inertia for & = 0 is

1] _ ,LL2§322 sinoccosoc‘ 33)
I, Ic o
Eliminating u?Q?/Ic? between this equation and Equation 3.1 we obtain
I Q ula
M@ ula) (3.4)
1|, Qa—u(a)

where u is given in Equation 2.17. Eliminating 4 among Equation 3.1 and Equation 3.2

we obtain .
I o—Gu(a)
I otula)’
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We define the timescale for the change of moment of inertia as

17 N S

12L

7_I/'7_c

0 10 20 30 40 50 60 70 &8 90
a(degrees)

Figure 3.3: 7;/7.
The ratio of the evolutionary time scale of the effective moment of inertia to the

characteristic age of Crab, 1;/1., versus the inclination angle a. The vertical shaded
region shows the range of inclination angle of the Crab pulsar measured [4-7] to be
between 45-70 degrees. The shaded region under the the curve corresponds to the
parameter range satisfying the condition given in Equation 3.8. The horizontal shaded
region is the range 77/, = 3.72+0.75 where 7; = (1.46+0.3) x 10'! s is inferred
from the glitch activity and 7. = 1257 yr is the characteristic age inferred from the
spin-down. Solid line is the ratio corresponding to the measured value of ¢ as given in
Equation 3.9.

I
U= (3.6)

For the different inclination angles measured 45° [6] and 70° [5], 7; takes values as
0.5 x 10''s and 2 x 10'!s, respectively. This is shown in Figure 3.1 (multiplicative
inverse of y-axis). From Equation 3.1 with the constraint that Q < 0 and from

Equation 3.3 with the constraint ¢ > 0 we find:
lIlc*  (sinocosa)
202~
u=Q o

This general inequality for plasma medium is shown in Figure 3.2 with the region

1 +sin®a > (3.7)

between dashed and continuous lines.
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By using Equation 3.1 again, the inequality becomes:
T, in ¢ cos o
0< - <20—20F 9 (3.8)
27, a(l+sin” @)
We may also write the general rate of change of I with this 7;/7. parameter as:

7 2(0—u(a))

= . 3.9
T 20T+ u(o) (3.9)

This last relation is shown in Figure 3.3 with the known values of 7; and 7. as
7 = (1.46£0.3) x 10! s and 7. = 1257 years (as calculated above) respectively and
77/ 7. = 3.68 £0.75.

10
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Figure 3.4: u
The magnetic moment versus the inclination angle as inferred from Equation 3.10. The

vertical shaded region shows the range of inclination angle of the Crab pulsar measured
[4-7] to be between 45-70 degrees. The horizontal line corresponds to the magnetic
moment inferred from the orthogonal vacuum model, iy = 3.78 x 10°° G cm?.

By plugging Equation 3.5 into Equation 3.1 one obtains:

B 2(0+2at)
H _'uo\/3(a—u(06))(1—|—sin2 ) (.10

where g = \/3c3IPP /872 = 3.78 x 10°° Gcem? is the usual magnetic dipole moment

inferred with the orthogonal vacuum model Equation 2.5 and the observed P and P
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values. The change of u against o is shown in Figure 3.4. By assuming a constant
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Figure 3.5: n— a (1)
The braking index versus the inclination angle according to the vacuum model (n =
3+2cot? @) (dashed line), the plasma filled model (dotted line) given in Equation 2.21
for constant moment of inertia, the vacuum model with changing moment of inertia
(dashed line), and plasma filled model with changing moment of inertia (dot-dash
line). For for the latter we have taken n; = 2 a value such that the plasma filled model
with changing moment of inertia can explain the braking index of the Crab pulsar
n =2.51(1) which is shown by Lyne et al. (1993) [24] with the horizontal solid line.

rate of change of the moment of inertia 7; = constant we can obtain a relation between
the angular velocity and the inclination angle. Equation 3.1 and Equation 3.2 can be

used to eliminate u, as:

Q 1 1 +sin® 1
2° (a__a> (ﬂ) _ (3.11)
Q T sincos & T

where we used Equation 3.6. As a result there exist some differences between the two

forms of braking index in simple vacuum model and plasma filled model.

3.2 The effects of change of / to the braking index and second braking index

We obtain this counter alignment with a changing moment of inertia, above. In the

plasma filled model with a changing moment of inertia, with the time derivative of
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Figure 3.6: n — o (ny)
This figure explores the consequences of different values of n; in the plasma-filled
model with changing moment of inertia. The vertical shaded region shows the range
of inclination angle of the Crab pulsar measured [4—7] to be between 45-70 degrees.
The horizontal solid line shows the braking index of the Crab pulsar which is shown
by Lyne et al. (1993) [24] as n =2.51(1).

Equation 3.1, we obtain:

n=73+2u*+ (1 +4u® — 2uoc) x+ (2u2 —2uo — nI)x2 (3.12)
where
IQ Te
X=—=2—
10 %4
and
i
ny= 1—2

are both dimensionless parameters. This equation is visualized below in Figure 3.5
and Figure 3.6 for different models. Note that x = 0 corresponds to constant moment
of inertia. In this case the last equation Equation 3.12 reduces to Equation 2.21. From
Equation 3.9 and the definition of x, it would also be written as:
20t +u(a)
2(a—u(a))
17
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Figure 3.7: m — a(my)
The second braking index versus the inclination angle according to Equation 3.14 for
n=2.51, n; = 1.5 and for m; = 0 (solid line), m; = 3 (dashed line), m; = 5 (dashed
line) and m; = 7 (dashed line). The measured second braking index of the Crab pulsar
m = 10.2(1) is shown by Lyne et al.(1993) [24] as the horizontal line.
Remember that for the MDR model, n = 3 and m = 15, while the observed result is
m = 10.240.1 [24]. Again by Equation 3.1 and Equation 2.8, one can derive this

formula of m in terms of ny, u, v, my, n and Q:

m= (—6142 +ny+ 4u2n1 + 4Py + 2va? + 6ua — my— 6vou — 4uocn1) X
+ (—2uom1 — 14 2u0 — 12vou + 12u®v + 2vo® + 4u2n1 — 6u2) X

+ (4u2n —6vou 4 n —2u* 4+ 12uv — 2u06n) X

— 3+ 4uPn+6n—2u” +4u’y 3.14)
where )
1 —3sin“ o
via) = ———— 3.15
(@) (1+sin” )2 G-15)
and
2
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Figure 3.8: m —n
The second braking index versus the first braking index. For the point that takes the

values of the Crab pulsar, m = 10.2+0.1 and n = 2.51 £0.01, comparing m lines. x
is a dimensionless parameter which is defined as x = 27./7;. Here, x = 0.54 is the
line that m is on, where m; = 21.0. This value would be changed by additional terms
that can be plugged into Equation 3.1, however, these are not within the scope of this
thesis.

my is similar to m as ny is similar to n. In Figure 3.7, the change of m w.r.t. & is shown

for different m; values. Figure 3.8 visualizes how m changes w.r.t. n.
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4. CONCLUSION

In this thesis we studied the spin and inclination angle evolution of pulsars with
changing moment of inertia, first for pulsars rotating in vacuum [16, 18] then for
pulsars with a co-rotating plasma [12,23]. The moment of inertia of pulsars might
decrease as a result of glitch events. We have considered the possibility that the
decreasing moment of inertia may be the underlying reason for the observed increasing
inclination angle of the Crab pulsar [8]. We have seen that explaining the observed rate
of increase, 0.62 degrees per century requires a decrease of moment of inertia at the
rate / = —2.81 x 103? gcm? /s. We have considered whether the changing moment of
inertia can also explain the braking index of the object measured to be n = 2.51(1).
We have found that the rate of changing of the € is not sufficient to induce glitches.
Then we decided to put pulsar wind and gravitational radiation terms into Equation 3.1

to obtain enough change in Q for a glitch

203 2 _
. Q Q 1/7
O=— “IC3 (1+sin? ) — 2.8 x 1013% <Qu8R’5/2) cos? ot
4%1074Q (=4 x 107026208
i _ (4 2 , @.1)
tquake c
and Equation 3.2 becomes
ZQZ ZQ —1/7
a=—H2 1 o8 oK <Q/,L8R_5/2> sin o cos @
Ic3 Ic
4x1074Q
_ax 4.2)
tquake

where 74,4k 1S the interval between two star-quakes and k is a wind parameter, as
well [39]. We also make a numerical simulation that evolves the Crab pulsar from the
SN explosion to millions of years. This work is still ongoing. We have seen the Crab

pulsar will evolve, on the P — P diagram towards the RRAT region.
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