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ABSTRACT

ONLINE LEARNING WITH RECURRENT NEURAL
NETWORKS

Tolga Ergen
M.S. in Electrical and Electronics Engineering
Advisor: Stileyman Serdar Kozat
July, 2018

In this thesis, we study online learning with Recurrent Neural Networks (RNNs).
Particularly, in Chapter 2, we investigate online nonlinear regression and intro-
duce novel regression structures based on the Long Short Term Memory (LSTM)
network, i.e., is an advanced RNN architecture. To train these novel LSTM
based structures, we introduce highly efficient and effective Particle Filtering
(PF) based updates. We also provide Stochastic Gradient Descent (SGD) and
Extended Kalman Filter (EKF) based updates. Our PF based training method
guarantees convergence to the optimal parameter estimation in the Mean Square
Error (MSE) sense. In Chapter 3, we investigate online training of LSTM archi-
tectures in a distributed network of nodes, where each node employs an LSTM
based structure for online regression. We first provide a generic LSTM based re-
gression structure for each node. In order to train this structure, we introduce a
highly effective and efficient Distributed PF (DPF) based training algorithm. We
also introduce a Distributed EKF (DEKF) based training algorithm. Here, our
DPF based training algorithm guarantees convergence to the performance of the
optimal centralized LSTM parameters in the MSE sense. In Chapter 4, we inves-
tigate variable length data regression in an online setting and introduce an energy
efficient regression structure build on LSTM networks. To reduce the complexity
of this structure, we first replace the regular multiplication operations with an
energy efficient operator. We then apply factorizations to the weight matrices so
that the total number of parameters to be trained is significantly reduced. We
then introduce online training algorithms. Through a set of experiments, we il-
lustrate significant performance gains and complexity reductions achieved by the
introduced algorithms with respect to the state of the art methods.

Keywords: Online learning, recurrent neural network (RNN), extended Kalman
filtering (EKF), particle filtering (PF), stochastic gradient descent (SGD).
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OZET

YINELENEN SINIR AGLARI ILE CEVRIMICI
OGRENIM
Tolga Ergen
Elektrik ve Elektronik Miihendisligi, Yiiksek Lisans

Tez Danigmani: Siilleyman Serdar Kozat
Temmuz, 2018

Bu tezde, Yinelenen Sinir Aglar1 (YSA) ile gevrimigi 6grenim problemini
caligmaktayiz. Ayrintili olarak, ikinci bolimde, dogrusal olmayan c¢evrimici
baglanim problemini incelemekteyiz ve geligmis bir YSA olan Uzun Kisa Soluklu
Bellek (UKSB) aglar1 tabanh 6zgiin baglamim yapilar: sunmaktayiz. Bu yapilar
egitmek i¢in, oldukga verimli ve etkili Parcacik Siizme (PS) tabanh giincellemeler
sunmaktayiz. Buna ek olarak, Olasiliksal Gradyan Inisi (OGD ve Genigletilmig
Kalman Siizgeci (GKS) tabanh giincellemeler sunmaktayiz. PS tabanh algorit-
mamiz Ortalama Karesel Hata (OKH) performans: bakimidan en iyi parametre
tahminine yakinsamay1 garanti etmektedir. Uciincii boliimde, her bir digiimiin
gevrimici baglanim i¢in UKSB yapisini kullandigr daginik aglarda UKSB yapisinin
egitimini incelemekteyiz. Oncelikle, her bir diiglim ig¢in genel bir UKSB yapist
saglamaktayiz. Bu yapiy1 egitmek icin oldukca verimli ve etkili olan Daginik
PS (DPS) tabanli egitim algoritmasi sunmaktayiz. Buna ek olarak, Daginik
GKS (DGKS) tabanl egitim algoritmas1 sunmaktayiz. Burada, DPS egitim al-
goritmamiz OKH performansi bakimindan en iyi merkezi UKSB parametrelerine
yakinsamay1 garanti etmektedir. Dordiincii boliimde, degisken uzunluklu veri
baglanimini ¢evrimigi bir diizende incelemekteyiz ve enerji tasarruflu bir UKSB
yapist sunmaktayiz. Bu yapinin karmagikligini diigtirebilmek igin oncelikle ¢arpim
igslemlerini enerji tasarruflu bir iglem ile degistirmekteyiz. Daha sonra agirlik ma-
trislerine faktorizasyon uygulayarak toplam parametre sayisini ciddi bir miktarda
azaltmaktayiz. Bundan sonra ise ¢evrimici egitim algoritmalar: sunmaktayiz. Bir
takim deneyler araciligiyla, algoritmalarimiz tarafindan en geligkin metotlara gore

elde edilen performans kazanclarini ve karmasiklik eksiltmelerini géstermekteyiz.

Anahtar sézciikler: Cevrimici 6grenim, yinelenen sinir agi (YSA), genisletilmis
Kalman siizme (GKS), parcacik siizme (PS), olasihiksal gradyan inigi (OGI).
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Chapter 1

Introduction

The problem of estimating an unknown desired signal is one of the main sub-
jects of interest in contemporary online learning literature, where we sequentially
receive a data sequence related to a desired signal to predict the signal’s next
value [1]. This problem is known as online regression and it is extensively studied
in the neural network [2], machine learning [1] and signal processing literatures [3],
especially for prediction tasks [4]. In these studies, nonlinear approaches are gen-
erally employed because for certain applications, linear modeling is inadequate
due to the constraints on linearity [3]. In this thesis, in particular, we study the
nonlinear regression in an online setting, where we sequentially observe a data
sequence and its label to find a nonlinear relation between them to predict the

future labels.

There exists a wide range of nonlinear modeling approaches in the machine
learning and signal processing literatures for regression [1,3]. However, most of
these approaches usually suffer from high computational complexity and they may
provide inadequate performance due to stability and overfitting issues [3]. Neural
network based regression algorithms are also introduced for nonlinear modeling
since neural networks are capable of modeling highly nonlinear and complex struc-
tures [2,4,5]. However, they are also shown to be prone to overfitting problems

and demonstrate less than adequate performance in certain applications [6, 7].



To remedy these issues and further enhance their performance, neural networks
composed of multiple layers, i.e., known as Deep Neural Networks (DNNs), are
recently introduced [8]. In DNNs; a layered structure is employed so that each
layer performs a feature extraction based on the previous layers [8]. With this
mechanism, DNNs are able to model highly nonlinear and complex structures [9].
However, this layered structure poorly performs in capturing time dependencies
in the data so that DNNs can only provide limited performance in modeling time
series and processing temporal data [10]. As a remedy, basic Recurrent Neural
Networks (RNNs) are introduced since these networks have inherent memory that
can store the past information [5]. However, basic RNNs lack control structures
so that the long term components cause either an exponential growth or decay in
the norm of gradients during training, which are the well known exploding and
vanishing gradient problems respectively [6,11]. Hence, they are insufficient to
capture long term dependencies on the data, which significantly restricts their
performance in real life tasks [12]. In order to resolve this issue, a novel RNN ar-
chitecture with several control structures, i.e., Long Short Term Memory (LSTM)
network [12,13], is introduced. However, in the classical LSTM structures, we do
not have the direct contribution of the regression vector to the output, i.e., the
desired signal is regressed only using the state vector [4]. Hence, in Chapter 2, we
introduce LSTM based online regression architectures, where we also incorporate
the direct contribution of the regression vectors inspired from the well known
ARMA models [14].

After the neural network structure is fixed, then there exists a wide range of
different methods to train the corresponding parameters in an online manner.
Especially the first order gradient based approaches are widely used due to their
efficiency in training because of the well known back propagation recursion [4,15].
However, these techniques provide poorer performance compared to the second
order gradient based techniques [5,16]. As an example, the Real Time Recurrent
Learning (RTRL) algorithm is highly efficient in calculating gradients [15, 16].
However, since the RTRL algorithm only exploits the first order gradient infor-

mation, it performs poorly on ill-conditioned problems [17]. On the other side,



although the second order gradient based techniques provide much better perfor-
mance, they are highly complex compared to the first order methods [5, 16, 18].
As an example, the well known Extended Kalman Filter (EKF) method also uses
the second order information to boost its performance, which requires to update
the error covariance matrix of the parameter estimate and brings an additional
complexity accordingly [19]. Furthermore, the second order gradient based meth-
ods provide limited training performance due to an abundance of saddle points
in neural network based applications [20]. To alleviate the training issues, in
Chapter 2, we introduce Particle Filtering (PF) [21] based online updates for the
LSTM architecture. In particular, we first put the LSTM architecture in a nonlin-
ear state space form and formulate the parameter learning problem in this setup.
Based on this form, we introduce a PF based estimation algorithm to effectively
learn the parameters. Here, our training method guarantees convergence to the
optimal parameter estimation performance in an online manner provided that we
have sufficiently many particles and satisfy certain technical conditions. Further-
more, by controlling the amount of particles in our experiments, we demonstrate
that we can significantly reduce the computational complexity while providing a
superior performance compared to the conventional second order methods. Here,
our training approach is generic such that we also put the recently introduced
Gated Recurrent Unit (GRU) architecture [22] in a nonlinear state space form
and then apply our algorithms to learn its parameters. Through an extensive set
of simulations, we illustrate significant performance improvements achieved by

our algorithms compared to the conventional methods [18,23,24].

The main contributions of Chapter 2 are as follows: 1) As the first time in the
literature, we introduce online learning algorithms based on the LSTM architec-
ture for data regression, where we efficiently train the LSTM architecture in an
online manner using our PF based approach; 2) We propose novel LSTM based
regression structures to compute the final estimate, where we introduce an addi-
tional gate to the classical LSTM architecture to incorporate the direct contribu-
tion of the input regressor inspired from the ARMA models; 3) We put the LSTM
equations in a nonlinear state space form and then derive online updates based

on the state of the art state estimation techniques [21,25] for each parameter.



Here, our PF based method achieves a substantial performance improvement in
online parameter training with respect to the conventional second and first order
methods [18,23]; 4) We achieve this substantial improvement with a computa-
tional complexity in the order of the first order gradient based methods [18,23]
by controlling the number of particles in our method. In our simulations, we
also illustrate that by controlling the number of particles, we can achieve the
same complexity with the first order gradient based methods while providing a
far superior performance compared to the both first and second order methods;
5) Through an extensive set of simulations involving real life and financial data,
we illustrate performance improvements achieved by our algorithms with respect
to the conventional methods [18,23]. Furthermore, since our approach is generic,
we also introduce GRU based algorithms by directly applying our approach to

the GRU architecture, i.e., also a complex RNN, in our simulation section.

In Chapter 3, we consider online training of the parameters of an LSTM struc-
ture in a distributed network of nodes. Here, we have a network of nodes, where
each node has a set of neighboring nodes and can only exchange information with
these neighbors. In particular, each node sequentially receives a variable length
data sequence with its label and trains the parameters of the LSTM network.
Each node can also communicate with its neighbors to share information in order
to enhance the training performance since the goal is to train one set of LSTM co-
efficients using all the available data. As an example application, suppose that we
have a database of labelled tweets and our aim is to train an emotion recognition
engine based on an LSTM structure, where the training is performed in an on-
line and distributed manner using several processing units. Words in each tweet
are represented by word2vec vectors [26] and tweets are distributed to several

processing units in an online manner.

The LSTM architectures are usually trained in a batch setting in the litera-
ture, where all data instances are present and processed together [5]. However,
for applications involving big data, storage issues may arise due to keeping all
the data in one place [27]. Additionally, in certain frameworks, all data instances
are not available beforehand since instances are received in a sequential manner,

which precludes batch training [27]. Hence, we consider online training, where

4



we sequentially receive the data to train the LSTM architecture without stor-
ing the previous data instances. Note that even though we work in an online
setting, we may still suffer from computational power and storage issues due to
large amount of data [28-30]. As an example, in tweet emotion recognition ap-
plications, the systems are usually trained using an enormous amount of data
to achieve sufficient performance, especially for agglutinative languages [26]. For
such tasks distributed architectures are used. In this basic distributed architec-
tures, commonly named as centralized approach [28], the whole data is distributed
to different nodes and trained parameters are merged later at a central node [5].
However, this centralized approach requires high storage capacity and computa-
tional power at the central node [28]. Additionally, centralized strategies have
a potential risk of failure at the central node. To circumvent these issues, we
distribute both the processing as well as the data to all the nodes and allow
communication only between neighboring nodes, hence, we remove the need for
a central node. In particular, each node sequentially receives a variable length
data sequence with its label and exchanges information only with its neighboring

nodes to train the common LSTM parameters.

For online training of the LSTM architecture in a distributed manner, one can
employ one of the first order gradient based algorithms at each node due to their
efficiency [5]. In the distributed implementation of the first order gradient based
methods, each node exchanges either its estimate or its first order gradient with
its neighboring nodes in order to compute the final estimate, e.g., [31] directly
shares the estimates at each node with its neighbors and then updates the lin-
ear combination of the estimates to get the final estimate. However, since these
training methods only exploit the first order gradient information, they suffer
from poor performance and convergence issues. As an example, the Stochas-
tic Gradient Descent (SGD) based algorithms usually have slower convergence
compared to the second order methods [5,31]. On the other hand, the second
order gradient based methods require much higher computational complexity and
communication load while providing superior performance compared to the first
order methods [5]. Following the distributed implementation of the first order

methods, one can implement the second order training methods in a distributed



manner, where we share not only the estimates but also the Jacobian matrix, e.g.,
the Distributed Extended Kalman Filtering (DEKF) algorithm [19,32]. However,
as in the first order case, these sharing and combining the information at each
node is adhoc, which does not provide the optimal training performance [32]. In
addition to the EKF algorithm, the Hessian-Free (HF) [33] and Quasi-Newton
(QN) [34] algorithms are also employed as the second order training methods
for training RNNs. The HF algorithm avoids the direct Hessian computations,
i.e., highly complex computations, so that it significantly reduces its computa-
tional complexity while enjoying high performance provided by a second order
method [33]. Similarly, the QN algorithm approximately computes Hessian to
save computational resources [34]. However, both of these algorithms provide re-
stricted performances in online tasks [5,18]. In this chapter, to provide improved
performance with respect to the second order methods while preserving both
communication and computational complexity similar to the first order methods,
we introduce a highly effective distributed online training method based on the
particle filtering algorithm [35]. We first propose an LSTM based model for vari-
able length data regression. We then put this model in a nonlinear state space

form to train the model in an online and optimal manner [36].

The main contributions of Chapter 3 include: 1) We introduce distributed
LSTM training methods in an online setting for variable length data sequences.
Our Distributed Particle Filtering (DPF) based training algorithm guarantees
convergence to the optimal centralized training performance in the Mean Square
Error (MSE) sense; 2) We achieve this performance with a computational com-
plexity and a communication load in the order of the first order gradient based
methods; 3) Through simulations involving real life and financial data, we illus-
trate significant performance improvements with respect to the state of the art
methods [18,23].

In Chapter 4, we investigate efficient training of LSTM networks for data re-
gression. In the literature, LSTM networks are usually trained in a batch setting,
where all data sequences are available and processed together for training [15,16].
However, in big data applications, such approaches might cause storage problems

due to need to store all data sequences at one place [5,16,23]. Furthermore, in

6



certain settings, we sequentially receive data instances, which prevents training in
a batch setting [16]. Hence, we investigate efficient training of the LSTM network
in an online setting, where we sequentially receive a data sequence with its label
to train the parameters of the LSTM network and forget the data sequence after

using it.

In the current literature, there exist several online training methods for the
LSTM network [4,5,18,23,37]. Among these methods, the first order gradient
based algorithms are generally employed due to their computational efficiency in
training the LSTM network [4,23,38,39]. The first order gradient based train-
ing algorithms usually perform additive updates, i.e., each parameter is updated
through an addition operation, e.g., the SGD algorithm [4,5,23]. However, such
algorithms suffer from slow convergence rate and poor performance, especially
when only few components of the input data is related to the desired label [40]. To
circumvent these issues, a first order training method with multiplicative updates,
i.e., the Exponentiated Gradient (EG) algorithm, is introduced [40,41]. However,
since the EG algorithm employs multiplicative updates, it requires more compu-
tational resources compared to additive updates, especially for implementations
on FPGAs [42,43], which restricts its usage in real-life applications [40,44,45]. To
be more precise, [43] shows that a multiplication operation consumes more than
four times of the energy required by an addition operation. Furthermore, since the
classical LSTM network has numerous vector matrix multiplications and several
parameters to be trained, it requires high amount of energy and computational

resources to provide an adequate performance [4,44,46,47].

In order to address these issues, we introduce a novel energy efficient LSTM
network and training methods based on the EG [40] and SGD [23] algorithms.
Particularly, we first introduce an LSTM based regression structure to process
variable length input sequences. We then introduce an energy efficient LSTM
network, which has significantly smaller number of the regular multiplication op-
erations (only required for certain scaling operations) compared to the classical
LSTM network. In order to further reduce the complexity, we also apply a ma-
trix factorization method [48] to the LSTM parameters such that the number of

parameters that needs to be learnt is significantly reduced. For this structure,

7



we also introduce online training algorithms based on the EG and SGD algo-
rithms. Thus, unlike the methods in the literature [23,49], we enjoy not only
high performance provided by the LSTM network but also achieve low computa-
tional complexity in training. Here, thanks our generic approach, we also apply
this approach to the GRU network [22] in our experiments. Through an exten-
sive set of simulations, we illustrate significant performance gains and complexity

reductions with respect to the conventional methods [23].

Our main contributions in Chapter 4 are as follows: 1) As the first time in
the literature, we introduce an energy efficient LSTM network, where we apply a
matrix factorization method to reduce the computational complexity of our net-
work. Here, we also replace each regular multiplication operation with an energy
efficient operator that only requires sign multiplication and addition to further
reduce the computational complexity; 2) We introduce online training methods
based on the EG and SGD algorithms to train our energy efficient LSTM archi-
tecture, where we derive online updates for each parameter. Here, the energy
efficient LSTM network trained with our algorithms achieve substantial perfor-
mance gains with respect to the classical LSTM architecture [12] trained with the
conventional training methods [23]; 3) We achieve these substantial performance
gains with a computational complexity that is significantly less than the con-
ventional methods in the current literature [23]; 4) Through an extensive set of
simulations, we demonstrate significant performance improvements achieved by
the introduced methods with respect to the conventional methods [23]. Moreover,
since our approach is generic, we also introduce an energy efficient GRU network

in our simulation section.

Notation: In this thesis, all vectors are column vectors and denoted by bold-
face lower case letters. Matrices are represented by boldface upper case letters.
For a matrix U (or a vector u), U” (or u”) is its ordinary transpose. The time
index is given as subscript, e.g., u,; is the vector at time t. For a vector u, |u|
and ||u|| = VuTu are its ¢;-norm and ¢y-norm, respectively. For a vector uy, u;
is the i element of that vector. Similarly, for a matrix U, u;; is the entry at the
i™ row and j* column of U. Given a vector u, diag(u) is the diagonal matrix

with the entries of u at its diagonal. Moreover, 1 is a vector or matrix of all ones,

8



0 is a vector or matrix of all zeros and I is the identity matrix, where the sizes

are understood from the context.



Chapter 2

Online Learning Algorithms
Based on LSTM Networks

In this chapter, we sequentially receive {d;};>1, d; € R and regression vectors,
{x:}i>1, & € RP such that our goal is to estimate d; based on our current and
past observations {...,x; 1,a;}. Given our estimate th, which can only be a
function of {...,x;_1, @} and {...,d;_2,d;_1}, we suffer the loss l(dt,czt). This
framework models a wide range of machine learning problems including financial
analysis [50], tracking [51] and state estimation [19]. As an example, in one step
ahead data prediction under the square error loss, where we sequentially receive
data and predict the next sample, we receive &; = [z, 241 . .. ,xt,pH]T and then

generate cit, after d; = 441 is observed, we suffer (d;, th) = (dy — th)Q.

Here, to generate the sequential estimates th, we use RNNs. The basic RNN

structure is described by the following set of equations [16]:
h, =k (W(h)a:t + R(h)ht,1> (2.1)
Y, =u <R(y)ht> , (2.2)

where h; € R™ is the state vector, ; € R? is the input and y, € R™ is the
output. The functions (:) and u(-) apply to vectors pointwise and commonly
set to tanh(-). For the coefficient matrices, we have W e R™*» R ¢ gmxm
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and RY) e Rmxm,

As a special case of RNNs, we use the LSTM neural network [12] with only
one hidden layer. Although, there exists a wide range of different implementa-
tions of the LSTM network, we use the most widely used extension, where the
nonlinearities are set to the hyperbolic tangent function and the peephole con-
nections are eliminated. This LSTM architecture is defined by the following set

of equations [12]

zi=h (W(Z)wt +R%y, |+ b(z)> (2.3)
ih=0 (W(%t +RYy, | + b“’) (2.4)
fo=0(WWz, + RDy, | + b(f)) (2.5)
c = Agi)zt + A,Ef)ct_l (2.6)
0. (W(”)wt + ROy,  + b<°>) (2.7)
y. = A7 h(er), (2.8)

where AY) = diag(f,), AP = diag(;) and AV = diag(o;). Furthermore, ¢; €
R™ is the state vector, &; € RP is the input vector, y, € R™ is the output vector.
Here, 24, f, and o; are the input, forget and output gates, respectively. The
functions ¢(-) and h(-) apply to vectors pointwise and commonly set to tanh(-).
Similarly, the sigmoid function o(+) applies pointwise to the vector elements. For
the coefficient matrices and the weight vectors, we have W) e Rmx2 R(®) ¢
Rmxm pE) e R, WO ¢ Rmxr, RO ¢ Rmxm pl) ¢ Rm W) e Rmxp,
R e Rmxm pl) ¢ Rm W0 ¢ Rmxp RO ¢ Rmxm and b(® € R™. Given the
output y,, we generate the final estimate as:

A

dt = w?yta (29)

where the final regression coefficients w; will be trained in an online manner in
the following. Our goal is to design the system parameters so that >  1(dy, th)

or E[l(dy,d,)] is minimized.

Remark 2.0.1. The basic LSTM network can be extended by including last s

outputs in the recursion, e.g., {Y;_q, .-, Ys_1}, however this case corresponds to
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an extended output definition, i.e., an extended super output vector consisting of

all{y,_g--- Y;_1}. We use only y,_, for notational simplicity.

In the following section, we first introduce novel LSTM network based regres-
sion architectures inspired from the ARMA models. Then, we develop review
and extend the conventional methods [18,23] to learn the parameters of LSTM

in an online manner. Finally, we provide our novel PF based training method.

2.1 Novel Learning Algorithms based on LSTM

Neural Networks

In this section, we first introduce our novel contributions for data regression. For
these contributions, we also derive online updates based on the SGD, EKF and

PF algorithms.

2.1.1 Different Regression Architectures

We first consider the direct linear combination of the output y, with the weight

vector wy. In this case, given (2.8), we generate the final estimate as

A

dgl) = w/y,

= wl Ah(e,), (2.10)

where w; € R™. In (2.10), the final estimate of the system does not directly
depend on @x;. However, in generic nonlinear regression tasks, the final estimate
usually depends on the current regression vector also [52]. For this purpose, we
introduce a linear term to incorporate the effects of the input vector, i.e., the
regression vector, to the final estimate as shown in Fig. 2.1. Hence, we introduce

the second regression architecture as
AP = wI A h (¢;) + T A D (2) (2.11)
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vy € RP, in accordance with (2.10), where A = diag(a) and
oy =0 <W(a)$t + R(Q)A§?1h<ct_1) + b(a)) .

Here, the final estimate directly depends on a; and also the dependence is con-

trolled by the control gate, i.e., ay.

In (2.10) and (2.11), the effects of the input and state vectors are controlled
by the control and output gates, respectively. Thus, these gates may restrict the
exposure of the state and input contents in nonlinear regression problems. To
expose the full content of the state and input vectors, we remove the control and

output gates in (2.11) and introduce the third regression architecture as follows
d® = w! h(c,) +vlh(x,). (2.12)

Note that dgz) is our most general architecture to compute the final estimate since
the updates for dgl) is a special case when AE“’ = 0 and the updates for aZ§3) is a
special case when A§°’ = I and A§°“) = I. In the following sections, we provide
the full derivations for dﬁ” for notational and presentation simplicity, and also

provide the required updates to extend these basic derivations to CZEQ) and df’).

2.1.2 Conventional Online Training Algorithms

In this subsection, we introduce methods to learn the corresponding parameters
of the introduced architectures in an online manner. We first derive the online
updates based on the SGD algorithm [17], i.e., also known as the RTRL algo-
rithm [23] in the neural network literature, where we derive the recursive gradient

formulations to obtain the online updates for the LSTM architecture.

The SGD algorithm only exploits the first order gradient information so that it
usually converges slower compared to the second order gradient based techniques
and performs poorly on ill-conditioned problems [17]. To mitigate these problems,
we next consider the second order gradient based techniques, which have faster
convergence rate and are more robust against ill-conditioned problems [5]. We

first put the LSTM equations in a nonlinear state space form so that we can
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linear combination
@ pointwise function

Xp- o Xt
..... e,
Ve=q Yt-1
Xt-..
Yezi”
_-X¢
.......... Vo1

Figure 2.1: Detailed schematic of the proposed architecture in (2.11) for the regression tasks.
Note that for the summations before the gate and h(:) functions, we multiply x; and y,_; by

W) and R('), respectively and also we add the weight vector b") to these summations. We
omit these operations for presentation simplicity.

consider the EKF algorithm [19] to train the parameters in an online manner.
However, the EKF algorithm requires the first order Taylor series expansion to
linearize the nonlinear network equations and this degrades its performance [5,19].
Additionally, Table 2.1 shows that the EKF algorithm has high computational
complexity compared to the SGD algorithm.

In the following sections, we derive both the SGD and EKF based training
methods and extend these derivations to the regression architectures in (2.10),
(2.11) and (2.12).
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Algorithm | Computational Complexity
SGD O (m* + m?p?)
EKF O (m® + m?*p?)
PF O (N(m? +mp))

Table 2.1: Comparison of the computational complexities of the proposed online training
methods. In the table, p represents the dimensionality of the input space, m represents the
dimensionality of the network’s output space, and N represents the number of particles for the
PF algorithm.

2.1.2.1 Online Learning with the SGD Algorithm

For each parameter set, we next derive the stochastic gradient updates, i.e., also
known as the RTRL algorithm [23], to minimize the instantaneous loss, i.e.,
I(dy, dy) = (d,—d,)?, and extend these calculations to the introduced architectures.

For the weight vector, we use

w1 = w; — 1 Vaw,l(dy, dy)
= w; + 2p(dy — d) AR () (2.13)

where for the learning rate i, we have y; — 0 as ¢ — oo and 2221 [ — 00 as

t — o0, e.g., iy = 1/t. For the parameter W@ we have the following update

WG =W — 1,V ol(dy, dy).

w®

For notational simplicity, we derive the updates for each entry of w® separately.
We denote the entry in the i row and j"* column of W) as wg). We have the

following update for each entry of W)

(A (cr)
(2) _ ) AV A
w,;
We write the partial derivative in (2.14) as
8<A§0)h (ct) ) ( B(OZ)> 1%
Wij o (c) dc
=AY (e + A )At( ) s (2.15)
8wij awij

15



(v@)

where h'(-) denotes the differential of h(-) with respect to its argument, A, =
diag (%’ (¢;) ) and

Now, we compute the partial derivatives of o; and ¢; with respect to ng). Taking

derivative of (2.7) gives

do
ao o <(0) y K (c) . ) < wl(z.)>
(i) frg At( ( )) |:R( A At( 1 )1)05]',)1&—1 + R( )At—al J h/(thl)], (216)
8wij
where
¢ =Wz, + ROAC h (e, 1) + b (2.17)
and
(2) dci—y
ij = . 2.1
J5t— z
Vit = o0 (2.18)

ij

To get (2.15), we also compute the partial derivative of ¢; with respect to w§;).

Using (2.18), we write the following recursive equation

z a ) 1 a c 8
’l)bzg t A( z(i) _'_ Ai(f ) z(i) + A( ) ft _'_ A wz] t—1- (219)

To obtain (2.19), we compute the partial derivatives of (2.3), (2.4) and (2.5) with

(2)

respect to w;;’ as follows

i o (¢ ] 4 (f@,))
i — At( (C )) |:R Z)Aj(s 1 t( . ) ( )_1 _i_R(z)Atji ij h(ct—l)} (220)

ow'? ot
ij
9o
o (¢ ( 2)
of, _ At( (¢t9)) [R(f)Ago_)lAt(fl( ))¢2Jt L+ R(f)A< >h (thl)} (2.21)

ow'®
(a M)

v

0z,
ow . (2)

U

(2) (c
A( « )) [5z‘jmt + R(Z)Ago_)1At(—hl( ))d"z(]t 1t RY A h(ee-1) }’
(2.22)
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where d;; is a m x p matrix with all entries zeros, except a 1 in the i7" position.
With these equations, we can compute (2.19) and then obtain (2.15) using (2.19)
and (2.16). By this, we have all the required equations for the SGD update in
(2.14).

Remark 2.1.1. Here, we derive the updates just for the entries of W) . When
we take the partial derivative of d, with respect to the entries of the other param-
eters as in (2.14), the equations (2.15), (2.18) and (2.19) still hold with a change
of the derivative variable. For (2.16) and (2.20)—(2.22), we have also a change in
the form and location of the 8,2, term. In particular, as in (2.22), when we take
the derivative of wb, RY, and b with respect to their entries, respectively,
additional é;;2¢, 8,5y, and 8;; terms appear in the derivative equation of the
corresponding structure, i.e., one of (2.16), (2.20), (2.21) and (2.22). Here, the

size of 8;; changes accordingly.

Remark 2.1.2. In case of aﬁz), instead of (2.14), we have the following update

M n vtTAt<aj%>> h () ] (223

8@05;

wz(;) = ng) + 214(dy — dy) [’th
where the introduced partial derivative term Ooy /8w§;) is computed in the same

manner with (2.16). Furthermore, we have an additional update for vy as follows
Vi1 = Ut + 2/Lt(dt — CZt>A£a)h ($t) . (224)

Then, we follow the derivations in (2.13), (2.15), (2.16), (2.19), (2.20), (2.21) and
(2.22). For A, we just set AEO) =1 and A%a) = I and then all the derivations
in (2.13), (2.15), (2.16) and (2.19)(2.24) follow as in d\>.

According to the update equations in (2.15), (2.16) and (2.19), update of an
entry of a parameter has a computational complexity O(m? + mp) due to the
matrix vector multiplications in (2.17). Since we have mp, m? and m entries
for W, R and b“ respectively, this results in O(m* + m2p?) computational

complexity to update the entries of all parameters as given in Table 2.1.
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2.1.2.2 Online Learning with the EKF Algorithm

We next provide the updates based on the EKF algorithm in order to train the
parameters of the system described in (2.3)—(2.8) and (2.10). In the literature,
there are certain EKF based methods to train LSTM, e.g., [18,37], however, these
methods only estimate the parameters, i.e., ;. However, in our case, we also
estimate the state and the output vector of LSTM, i.e., ¢; and y,, respectively.
In the following, we derive the updates for our approach and extend these to the

introduced architectures.

The EKF algorithm assumes that the posterior density function of the states
given the observations is Gaussian [19]. This assumption can be satisfied by
introducing perturbations to the system equations via Gaussian noise [53]. Hence,
we first write the LSTM system in a nonlinear state space form and then introduce
Gaussian noise terms to be able to use the EKF updates. For convenience, we
group the parameters {w, w@ R p& wi RO p&) W) RS p) W)
R, b(o)} together into a vector 8, @ € R™, where ng = 4m(m + p) + 5m. By
this, we write the LSTM system as

y, =71(Ct, e, Y,_1) + € (2.25)
c: = Qei-1, T, Y, q) + Uy (2.26)
0,=0,,+e (2.27)
d; = wly, + ¢, (2.28)

where 7(-) and €(-) are the nonlinear functions in (2.8) and (2.6) respectively,
and €;, e;, v; and &; are zero mean Gaussian random variables. Additionally,
el vl el and ¢; are with variances Q, and Ry, respectively. Here, we assume
that @, and R, are known or can be estimated from the data as detailed later in

the chapter. We write (2.25), (2.26) and (2.27) in a compact form as

Y, T(ctv L, yt—l) €t
| = |,z y,0) | + | (2.29)
0, 0, €

d; = wly, + . (2.30)
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In the system described in (2.29) and (2.30), we are able to observe only d; and
we can estimate y,, ¢; and 0; based on the observed d; values. Thus, we directly

apply the EKF algorithm [19] to estimate y,, ¢; and 6, as follows

Yt Yi—1

cie | = | et | + Le(de — w1y, 1) (2.31)

0, 0411
Yupr—1 = T(Coft—1: Tt Yy—10-1) (2.32)
ce—1 = Qei—1—1, T4, yt71|t71) (2.33)
O1ji—1 = 01111 (2.34)
Li=%, H,(H S H,+ R)™* (2.35)
i = Syt — LiH| Sy (2.36)
Siie1 = FeaZ i Fl + Q. (2.37)

where ¥ € RZm+n0)x(2m4ne) i5 the error covariance matrix, L, € R™+7) ig the
Kalman gain, Q, € R(2m+7m0)x(2m+ne) i the process noise covariance and R, € R

is the measurement noise variance. We compute H; and F; as follows

T _ | ad ad, ad,
Ht - 3_’]; (9_Ct 6_0ti| y:yt\t—l (238)
C=Cy; 1
:et\t—l
and
or(C,2+,Y) or(C,2+,Y) or(C, 21, Y)
] aC
F, — |220cxny) o0(C, 1, Y) 00(C,I1,Y)
¢ oY oc 90 Y=Y,
0 0 I C=Cue

=Yy

where F; € RZm+no)x(@m+no) and H, € RE™+m), For (2.35) and (2.37), we use
Q, and R;, however, these may not be known in advance. To estimate R;, we

can use exponential smoothing as follows
Ri=(1—a)R_1+a),
where 0 < a < 1 is the smoothing constant and
e = (dy — wgf;—lyﬂtfl)- (2.39)
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For the estimation of Q,, we cannot use the exponential smoothing technique due
to our inability to observe the states at each time instance. Although there exists
a wide variety of techniques to estimate Q,, we use the algorithm in [54], which

provides a highly effective estimate of Q.

Remark 2.1.3. For the EKF derivations ofa??), we change the observation model
in (2.30), the update in (2.31), the Jacobian computation in (2.38) and the def-
inition in (2.39) according to the definition of the architecture in (2.11). Addi-
tionally, we also extend the parameter vector 6; by adding vy, W(a), R and
b . Hence, we have 0, € R™, where ng = (4m + p)(m + p) + 5m + 2p. For the
EKF derivations of df”, we change the observation model in (2.30), the update
in (2.31), the Jacobian computation in (2.38) and the definition in (2.39) ac-
cording to (2.12). Moreover, we modify 0, by removing w@ R p@ W)
R and b from its definition for 0?752). Hence, we obtain 0, € R™  where
ng = 3m(m + p) +4m + p.

According to the update equations in (2.31), (2.32), (2.33), (2.35), (2.36) and
(2.37), the computational complexity of the updates based on the EKF algorithm
results in O(m® + m?p*) due to the matrix multiplications in (2.35), (2.36) and
(2.37).

2.1.3 Online Training based on the PF Algorithm

Since the conventional training methods [18,23] provide restricted performance
as explained in the previous section, we introduce a novel PF based method that
provides superior performance compared to the second order training methods.
Furthermore, we achieve this performance with a computational complexity in
the order of the first order methods depending on the choice of N as shown in
Table 2.1. In the following, we derive the updates for our PF based training

method and extend these calculations to the introduced architectures.

The PF algorithm [21] requires no assumptions other than the independence

of noise samples in (2.29) and (2.30). Hence, we modify the system in (2.29) and
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(2.30) as follows

a; = p(a_1, ;) +mn, (2.40)
d; = wly, + &, (2.41)

where 1, and &; are independent noise samples, ¢(-,-) is the nonlinear mapping
in (2.29) and

Y,
a; = [ ¢

0,

For (2.40) and (2.41), we seek to obtain E[a;|d.], i.e., the optimal state estimate
in the mean square error (MSE) sense. For this purpose, we first find the posterior
probability density function p(a;|d;.;). We then calculate the conditional mean
of the state vector based on the posterior density function. To obtain the density

function, we employ the PF algorithm [21] as follows.

Let {ai,wi}¥ | denote the samples and the associated weights of the desired
distribution, i.e., p(a¢|di;). Then, we obtain the desired distribution from its

samples as follows

N
plaildyy) =~ Zwié(at —al), (2.42)
i=1

where 0(+) represents the Dirac delta function. Since obtaining the samples from
the desired distribution is intractable in most cases [21], an intermediate function
is introduced to obtain the samples {ai}Y ,, which is called as importance function
[21]. Hence, we first obtain the samples from the importance function and then
estimate the desired density function based on these samples as follows. As an

example, in order to calculate E,[a;|d;.], we use the following trick

p(
E, la;|di4]| = E,|aj————=
p[ t| Lt] ‘1|: tQ(at|d1:t)

where E¢ represents an expectation operation with respect to a certain density

function f(-). Hence, we observe that we can use g(-), i.e., called as importance

function, when direct sampling from the desired distribution p(-) is intractable.
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Here, we use ¢(a;|d;.;) as our importance function to obtain the samples and the

corresponding weights are calculated follows

;. plaild)
a(aildy)

where the weights are normalized such that

N

i _
E wy = 1.
i=1

To simplify the weight calculation, we can factorize (2.43) to obtain a recursive

(2.43)

formulation for the update of the weights as follows [25]

A dlai i i '
W o p( t|a:)pi(at|gt_l)wz—1- (2.44)
q(aila;_,,d;)

In (2.44), we aim to choose the importance function such that the variance of the
weights is minimized. Thus, we can guarantee that all the particles have non-
negligible weights and contribute considerably to (2.42) [55]. In this sense, the
optimal choice of the importance function is p(a;|a!_,,d;), however, this requires
an integration that does not have an analytic form in most cases [56]. Thus, we
choose p(a;|ai_,) as the importance function, which provides a small variance for
the weights but not zero as the optimal importance function does [21,56]. This

simplifies (2.44) as follows
wi o< p(dy|al)wi ;. (2.45)

We can now get the desired distribution to compute the conditional mean of
the augmented state vector a; using (2.42) and (2.45). By this, we obtain the

conditional mean for a; as follows

E[at|d1:t] = /atp(at|d1:t)dat
N .
~ /atzw;a(at — al)da,
i=1
N

= wia;. (2.46)
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While applying the PF algorithm, the variance of the weights inevitably in-
creases over time so that after a few time steps, all but one of the weights get
values that are very close to zero [55]. Due to this reason, although particles with
very small weights have almost no contribution to our estimate in (2.46), we have
to update them using (2.40) and (2.45). Hence, most of our computational effort
is used for the particles with negligible weights, which is known as the degeneracy
problem [21]. To measure degeneracy, we use the effective sample size introduced

in [57], which is calculated as follows
1

Neff = N—
> iz (wh)?

Note that a small N.s¢ value indicates that the variance of the weights is high, i.e.,

(2.47)

the degeneracy problem. If N.;; is smaller than a certain threshold [55], then we
apply the resampling algorithm introduced in [25], which eliminates the particles
with negligible weights and focuses on the particles with large weights to avoid
degeneracy. By this, we obtain an online training method (See Algorithm 1 for
the pseudocode) that converges to E[a;|d;.], where the convergence is guaranteed

under certain conditions as follows.

Remark 2.1.4. For the PF derivations of CZEQ), we change the observation model

n (2.41) according to the definition in (2.11). We also modify a; by adding vy,
W@ R and % to 0,. For the PF derivations ofd , we modify (2.41)
according to the definition in (2.12). Furthermore, we modify 0, by removing
w@ R p@ WO RC 4nd b from its definition for dﬁ”.

Theorem 2.1.1. Let a; be the state vector such that
Séllp |at‘4p(dt|at) < Ky, (2.48)
t

where K, is a finite constant independent of N. Then we have the following

convergence result

Zwtat — Ela;|di4] as N — 0.

Proof of Theorem 2.1.1. From [58], we have

N 4
i NE ||| 4
[\E m(a)|dre] — Eil:wtw(at)’ ] < C, N; : (2.49)
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where

N

17]lea = max {1, (E[|7(a)|*|dre])* ' =1,2,... 1},

T € B}, i.e., a class of functions with certain properties described in [58], and C;
represents a finite constant independent of N. With (2.48), w(a;) = a, satisfies
the conditions of B}. Therefore, applying 7(a;) = a; to (2.49) and then evaluating
(2.49) as N goes to infinity concludes our proof. ]

This theorem provides a convergence result under (2.48). The inequality in
(2.48) implies that the conditional distribution of the observations, i.e., p(d;|a;),
decays faster than a, increases [58]. Since generic distributions usually decrease
exponentially, e.g., Gaussian distribution, or they are nonzero only for bounded
intervals, (2.48) is not a strict assumption for a,. Hence, we can conclude that

Theorem 2.1.1 can be employed for most cases.

According to update equations in (2.40), (2.41), (2.45) and (2.46), each par-
ticles cost O(m? + mp) due to the matrix vector multiplications in (2.40) and
(2.41), and this results in O(N(m? 4+ mp)) computational complexity to update

all particles.

Algorithm 1 Online Training based on the PF Algorithm
:for:=1: N do
Draw a; ~ p(a:|a;_,)
Assign w} according to (2.45)

1
2
3
4: end for '

5: Calculate total weight: S = Zjvzl w}

6: fori=1:N do

7 Normalize: w! = w!/S

8: end for

9: Calculate Ny according to (2.47)

10: if Nepp < Np then %Nrp is a threshold for N,g¢

11: Apply the resampling algorithm in [25]

12: Obtain new pairs {ai, i} |, where w; = 1/N,Vi

13: end if

14: Using {a},&!}Y,, compute the estimate according to (2.46)
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2.2 Simulations

In this section, we illustrate the performances of our algorithms on different
benchmark real datasets under various scenarios. We first consider the regression
performance for real life datasets such as kinematic [59], elevators [60], bank [61]
and pumadyn [60]. We then the consider the regression performance for financial
datasets, e.g., Alcoa stock price [62] and Hong Kong exchange rate data [63]. We
then compare the performances of the algorithms based on two different neural
networks, i.e., the LSTM and GRU networks [22]. Finally, we comparatively illus-
trate the merits of our LSTM based regression architectures described in (2.10),
(2.11) and (2.12).

Throughout this section, “Architecture 1”7 represents the LSTM network with
(2.10) as the final estimate equation, similarly “Architecture 2” represents the
LSTM network with (2.11) and “Architecture 3” represents the LSTM network
with (2.12).

2.2.1 Real Life Datasets

In this subsection, we evaluate the performances of the algorithms for the real life
datasets. We first evaluate the performances of the algorithms for the kinematic
dataset [59]. We then examine the effect of the number of particles on the con-
vergence rate of the PF based algorithm using the same dataset. Furthermore, in
order to illustrate the effects of model size while keeping the computation time
same, we perform another experiment on the same dataset for the PF based al-
gorithm. Finally, we consider three benchmark real datasets, i.e., elevators [60],
bank [61] and pumadyn [60], to evaluate the regression performances of our al-

gorithms.

We first consider the kinematic dataset [59], i.e., a simulation of 8 link all-
revolute robotic arm. Our aim is to predict the distance of the effector from

a target. We first select a fixed architecture. For this purpose, we can choose
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any one of three architectures since the algorithm with the best performance is
the same for all three architectures as detailed later in this section. Here, we
choose Architecture 1. Furthermore, we choose the parameters such that all the
introduced algorithms reaches their maximum performance for fair comparison.
To provide this fair setup, we have the following parameters. For this dataset, the
input vector is x; € R® and we set the output dimension of the neural network
as m = 8. For the PF based algorithm, the crucial parameter is the number of
particles, we set this parameter as N = 1500. Additionally, we choose 1, and &
as zero mean Gaussian random variables with the covariance Cov[n,] = 0.011 and
the variance Var[&;] = 0.25, respectively. For the EKF based algorithm, we choose
the initial error covariance as oo = 0.011. Moreover, we choose Q; = 0.011 and
R, = 0.25. For the SGD based algorithm, we set the learning rate as p = 0.03.
As seen in Fig. 2.2, the PF based algorithm converges to a much smaller final

MSE level, hence significantly outperforms the other algorithms.

In order to illustrate the effect of the number of particles on the convergence
rate, we perform a new experiment on the kinematic dataset, where we use the
same setup except the number of particles. In Fig. 2.3, we observe that as
the number of particles increases, the PF based algorithm achieves a lower MSE
value with a faster convergence rate. Furthermore, as IV increases, the marginal
performance improvement achieved becomes smaller compared to the previous
N values. As an example, we observed that even though there is a significant
improvement between N = 50 and N = 100 cases, there is a slight improvement
between N = 500 and N = 1500 cases. Hence, if we further increase N, the
marginal performance improvement may not worth the increase in the computa-
tional complexity for our case. Thus, we illustrate that N = 1500 is a reasonable

choice for our simulations.

In addition to the simulation for the convergence rate, we perform another
experiment on the same dataset in order to observe the effects of model size
while keeping the computation time the same. To provide this setup, we choose
four different the output dimension, i.e., m, and the number of particles, i.e.,
N, combinations so that each combination consumes the same amount of the

computation time. In Fig. 2.4, we observed that as the model size increases, the
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performance of the PF based algorithm decreases. Since the PF based algorithm
approximates a density function based on the particles, as the number of particles
decreases, we expect to obtain worse approximations for the density function.

Hence, Fig. 2.4 matches with our interpretation for the PF based algorithm.

Other than the kinematic dataset, we also consider the elevators [60], bank
[61] and pumadyn [60] datasets. For all of these datasets, we again select a
fixed architecture, i.e., Architecture 1. Additionally, we choose the performance
maximizing parameters while forcing the PF based algorithm to consume less
training time than the other algorithms by controlling N. With this setup, we
have the following parameter selection for each dataset. The elevators dataset
is obtained from the procedure that is related to controlling a F16 aircraft and
our aim is to predict the variable that expresses the actions of the aircraft. For
this dataset, we have x; € R'® and we set the output dimension of the neural
network as m = 18. For the other parameters, we use the same settings with
the kinematic dataset case except that we choose N = 100, Q, = 0.00161,
Cov[n,] = 0.0016I and p = 0.7. Moreover, the pumadyn dataset is obtained
from the simulation of Unimation Puma 560 robotic arm and our goal is to
predict the angular acceleration of the arm. We have x;, € R?*? and we set the
output dimension of the neural network as m = 32. Additionally, we set the
learning rate as p = 0.4 and the number of particles as N = 170. For the other
parameters, we use the same settings with the elevators dataset case. Finally, the
bank dataset is generated from a simulator that simulates the queues in banks
and our aim is to predict the fraction of the customers that leave the bank due to
full queues. In this case, we have x; € R?? and we set the output dimension of the
neural network as m = 32. Moreover, we set the learning rate as p = 0.07 and
the number of particles as N = 150. For the other parameters, we use the same
settings with the elevators dataset case. As shown in Table 2.2, the PF based
algorithm achieves a smaller time accumulated error value while consuming less
training time compared to its competitors, therefore, it has superior performance

compared to the other algorithms in these real life tasks.
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Distance Prediction Performance of a Robotic Arm
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Figure 2.2: Sequential prediction performances of the algorithms for the kinematic dataset.
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Figure 2.3: Comparison of the PF based algorithm with different number of particles for the
kinematic dataset.
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Comparison for the PF Algorithm
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Figure 2.4: Comparison of the PF based algorithm with different N-m combinations for the
kinematic dataset. Note that all the combinations in this figure has the same computation
time.

2.2.2 Financial Datasets

In this subsection, we evaluate the performances of the algorithms under two
different financial scenarios. We first consider the Alcoa stock price dataset [62],
which contains the daily stock price values. Our goal is to predict the future prices
by examining the past prices. As in the previous subsection, we first choose a fixed
architecture. Since for all architectures, we obtain the best performance from the
same algorithm as detailed later in this section, we can choose any architecture.
Hence, we again choose Architecture 1. Moreover, we set the parameters such that
all the introduced algorithms converge to the same steady state error level. To
provide this fair setup, we choose the parameters as follows. For the Alcoa stock
price dataset, we choose to examine the price of the previous five days, so that we
have the input &, € R and we set the output dimension of the neural network as
m = 5. For the PF based algorithm, we set the number of particles as N = 2000.
Additionally, we choose 1, and & as zero mean Gaussian random variables with
Cov([n,] = 0.00361 and Var[&] = 0.01. For the EKF based algorithm, we choose
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Igorithms
Datasets PF EKF SGD
’ ‘ Error ‘ Time ‘ Error ‘ Time ‘ Error ‘ Time ‘
Elevators 5.26 x 10~% | 5.5s | 6.61 x 107 | 12.125 | 6.84 x 107* | 6.16s
Pumadyn 0.0010 9.64s 0.0013 20.17s 0.0015 10.97s
Bank 0.016 2.48s 0.018 5.50s 0.022 2.78s

Table 2.2: Time accumulated errors and the corresponding training times (in seconds) of the
LSTM based algorithms for the elevators, pumadyn and bank datasets. Note that here, we use
a computer with i5-6400 processor, 2.7 GHz CPU and 16 GB RAM.

Yoo = 0.00361, Q, = 0.00361 and R, = 0.01. For the SGD based algorithm, we
set the learning rate as u = 0.1. With these fair settings, Fig. 2.5 illustrates that

the PF based algorithm converges much faster.

Aside from the Alcoa stock price dataset, we also consider the Hong Kong
exchange rate dataset [63], for which we have the amount of Hong Kong dollars
that one is able to buy for one U.S. dollar on a daily basis. Our aim is to
predict the future exchange rates by exploiting the data of the previous five days.
We again choose Architecture 1 and then we select the parameter such that the
convergence rate of the algorithms are the same. We use the same parameters with
the Alcoa stock price dataset case except @, = 0.0004I and Cov[n,] = 0.00041.
In this case, Fig. 2.6 shows that the PF based algorithm converges to a much

smaller steady state error value.

2.2.3 LSTM and GRU Networks

In this subsection, we consider the regression performances of the algorithms
based on two different RNNs, i.e., the LSTM and GRU networks. In the previ-
ous sections, we use the LSTM architecture. Since our approach is generic, we

also apply our approach to the recently introduced GRU architecture, which is
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Stock Price Prediction Performance
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Figure 2.5: Future price prediction performances of the algorithms for the Alcoa stock price

dataset.
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described by the following set of equations [22]:

=0 (W@mt + R@yt_l) (2.50)
r=0 (W“”mt + Rmyt,l) (2.51)
6= 0 (W9, 4,0 (RO, ) (252
Y, =9, %y, 01— ), (2.53)

where x; € RP is the input vector and y, € R™ is the output vector. The
functions ¢(.) and o(.) are set to the hyperbolic tangent and sigmoid functions,
respectively. For the coefficient matrices, we have W& ¢ Rmxr, RZ) ¢ Rmxm.
W e Rmxp,. R0 ¢ Rmxm W) ¢ Rmxe. RW ¢ Rm*m Here, 2, and 7, are
the update and reset gates, respectively. To obtain GRU based algorithms, we
directly replace the LSTM equations with the GRU equations and then apply our
regression and training approaches. However, the GRU network lacks the output
gate, which controls the amount of the incoming memory content. Furthermore,
these networks differ in the location of the forget gates or the corresponding
reset gates. Hence, they have significant differences. To compare them, we use
the Hong Kong exchange rate dataset as in the previous subsection. For a fair
comparison, we again select a fixed architecture. Here, since we compare the
performances of the networks rather than the algorithms, we arbitrarily choose
one of the architectures. We select Architecture 1. Moreover, we choose the
same parameters with the previous subsection so that convergence rate of the
algorithms are the same. With this fair setup, Fig. 2.7a, 2.7b and 2.7c show
that the LSTM network based approach achieves a smaller steady state error,
therefore, it is superior to the GRU architecture based approach in the sequential

prediction task in our experiments.

2.2.4 Different Regression Architectures

In this subsection, we compare the performances of different LSTM based regres-
sion architectures. For this purpose, we use the Hong Kong exchange rate dataset

as in the previous subsection. For a fair comparison, we select the parameters
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the PF based Algorithm for the Networks ; the EKF based Algorithm for the Networks , the SGD based Algorithm for the Networks
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Figure 2.7: Comparison of the LSTM and GRU architectures in terms of regression error
performance for (a) the PF based algorithm, (b) the EKF based algorithm and (c) the SGD
based algorithm.

Alg Oritﬁrfl(;hltectures Architecture 1 | Architecture 2 | Architecture 3
PF 0.03590 0.03489 0.03600
EKF 0.03824 0.03744 0.03825
SGD 0.03708 0.03988 0.04090

Table 2.3: Time accumulated errors of the LSTM based regression algorithms described in
(2.10), (2.11) and (2.12) for each algorithm.

such that the convergence rate of the algorithms are the same. We choose the
same parameter with the previous subsection except 3o = 0.011. Under this
fair setup, Table 2.3 shows that for the PF and EKF based algorithms, Archi-
tecture 2 achieves a smaller time accumulated error thanks to the contribution
of the regression vector with the control gate ;. Due to the lack of the control
and output gates, although Architecture 3 has also the direct contribution of
the regression vector, it has a greater error value compared to its competitors.
For the SGD based algorithm, the direct contribution of the regression vector
does not provide improvement on the error performance. Hence, Architecture
1 achieves a smaller time accumulated error. However, overall Architecture 2
trained with the PF based algorithm achieves the smallest time accumulated er-
ror among our alternatives, hence, it significantly outperforms its competitors in

these simulations.
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Chapter 3

Online Training of LSTM
Networks in Distributed Systems

In this chapter, we consider a network of K nodes. In this network, we declare two
nodes that can exchange information as neighbors and denote the neighborhood
of each node k as N, that also includes the node k, i.e., k € N,. At each node
k, we sequentially receive {dj}i>1, dir € R and matrices, {X+}¢>1, defined as
X, = [a:,(:z :1:,(32 . ..acgjzt)}, where zc,(ﬂl)t e R VI € {1,2,...,m;} and my € ZT
is the number of columns in Xy, which can change with respect to t. In our
network, each node k£ aims to learn a certain relation between the desired value
dr: and matrix Xy,. After observing X, and dj,, each node k first updates
its belief about the relation and then exchanges an updated information with its
neighbors. After receiving X 1, each node k estimates the next signal dj, ;11 as
cikﬂl. Based on dj 111, each node k suffers the loss [(dy 141, dk7t+1) at time instance
t+1. This framework models a wide range of applications in the machine learning
and signal processing literatures, e.g., sentiment analysis [26]. As an example, in
tweet emotion recognition application [26], each X ; corresponds to a tweet, i.e.,
the t'" tweet at the node (processing unit) k. For the ' tweet at the node k, one
can construct Xy, by finding word2vec representation of each word, i.e., wg)t for
the I™® word. After receiving dy s, i.e., the desired emotion label for the ¢ tweet

at the node k, each node k first updates its belief about the relation between the
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Figure 3.1: Detailed schematic of each node k in our network.

tweet and its emotion label, and then exchanges information, e.g., the trained

system parameters, with its neighboring units to estimate the next label.

Here, each node k generates an estimate dk,t using the LSTM architecture.
Although there exist different variants of LSTM, we use the most widely used
variant [12], i.e., the LSTM architecture without peephole connections. The
input X, is first fed to the LSTM architecture as illustrated in Fig. 3.1, where

the internal equations are given as [12]:

'Ll(cl)t = U(ng) (lt + R Z)ykt + bg)) (3.1)

b =oWal, + BPy Y+ b)) (3.2)
) =i o g Wz, + Ry y,ilt Vb)) + fl oY (3.3)
o, = o(W 'z, + Ryl ;Y + b)) (3.4)
Y, = op, @ hlc)), (3.5)

where a:,(f)t € RP? is the input vector, y,(f)t € R" is the output vector and cg)t € R"is

the state vector for the {*" LSTM unit. Moreover, o,(cl’)t, f,(i)t and z,(cl)t represent the
output, forget and input gates, respectively. g(-) and h(-) are set to the hyperbolic
tangent function and apply vectors pointwise. Likewise, o(-) is the pointwise
sigmoid function. The operation ® represents the elementwise multiplication of

two vectors of the same size. As the coefficient matrices and the weight vectors
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of the LSTM architecture, we have Wg), REC') and b,(c'), where the sizes are chosen
according to the input and output vectors. Given the outputs of LSTM for each
column of X ; as seen in Fig. 3.1, we generate the estimate for each node k as

follows

dy, = (LTI (3.6)

where wy,; € R" is a vector of the regression coefficients and g, , € R" is a vector
obtained by taking average of the LSTM outputs for each column of X4, i.e.,

known as the mean pooling method, as described in Fig. 3.1.

Remark 3.0.1. In (3.6), we use the mean pooling method to generate g, ,. One
can also use the other pooling methods by changing the calculation of g, , and
then generate the estimate as in (3.6). As an example, for the max and last
pooling methods, we use g, = max; y,(ji and Yy, = y,(ﬂt), respectively. All our
derivations hold for these pooling methods and the other LSTM architectures. We

provide the required updates for different LSTM architectures in the next section.

3.1 Online Distributed Training Algorithms

In this section, we first give the LSTM equations for each node in a nonlinear state
space form. Based on this form, we then introduce our distributed algorithms to

train the LSTM parameters in an online manner.

Considering our model in Fig. 3.1 and the LSTM equations in (3.1)(3.5), we

have the following nonlinear state space form for each node k

Crt = UCryt—1, Xkt Up 1) (3.7)
gk,t = @<5k,t’ Xk,ta gk,t—l) (3-8)
Ori =011 (3.9)
s = Wi, Gy + s (3.10)

where Q(-) and ©O(-) represent the nonlinear mappings performed by the con-

secutive LSTM units and the mean pooling operation as illustrated in Fig. 3.1,
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and 0y, € R™ is a parameter vector consisting of {wy, W,(CZ),R;Z),b,(:),Wg),
R bP wi) RY b W R bV where ng = 4n(n + p) + 5n. Since the
LSTM parameters are the states of the network to be estimated, we also include
the static equation (3.9) as our state. Furthermore, ¢, represents the error in

observations and it is a zero mean Gaussian random variable with variance Ry, ;.

Remark 3.1.1. We can also apply the introduced algorithms to different im-
plementations of the LSTM architecture [12]. For this purpose, we modify the
function Q(-) and O(-) in (3.7) and (3.8) according to the chosen LSTM archi-
tecture. We also alter Oy, in (3.9) by adding or removing certain parameters

according to the chosen LSTM architecture.

3.1.1 Online Training Using the DEKF Algorithm

In this subsection, we first derive our training method based on the EKF algo-
rithm, where each node trains its LSTM parameters without any communication
with its neighbors. We then introduce our training method based on the DEKF
algorithm in order to train the LSTM architecture when we allow communication

between the neighbors.

The EKF algorithm is based on the assumption that the state distribution
given the observations is Gaussian [19]. To meet this assumption, we introduce
Gaussian noise to (3.7), (3.8) and (3.9). By this, we have the following model for

each node k

Ci.t QCryi—1, Xt Yps1) €kt
Uri| = | OChts Xit: Y1) | + | €re (3.11)
Ok,t ek,tfl ()

diy = wg,tgk,t + €kt (3.12)

where [e] ,, €} ,, v ,]7 is zero mean Gaussian process with covariance Q, ,. Here,
each node k is able to observe only dy; to estimate €., y,, and 6;,. Hence,
we group Cpy, Y, and 6y, together into a vector as the hidden states to be

estimated.
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3.1.1.1 Online Training with the EKF Algorithm

In this subsection, we derive the online training method based on the EKF al-
gorithm when we do not allow communication between the neighbors. Since the
system in (3.11) and (3.12) is already in a nonlinear state space form, we can

directly apply the EKF algorithm [19] as follows

Time Update:

Crtt—1 = QUCryt—11t-1, Xkts Ypp—1t—1)
Grtt—1 = O(Crt—1, X bt Y p1jt-1)

Ok tjt—1 = O —1)t—1

Yktlt—1 = Fk,t—lzk,tflhfleZ,t_l + Qi1
Measurement Update:

R= H;;F,tEk,t\t_1Hk,t + Ry

Ct)t Ct|t—1

_ R -1 7
Yt | = | Yktft—1 + Zk‘,t\t—lHk,tR (dk,t - dk,t)
0510 051111

1 gyT
P = Bpp—1 — Vg1 Hp e B H D g1,

where 3 € R(n#nm0)x(2n#n0) jg the error covariance matrix, Qy,, € R®nFme)x(2n+no)
is the state noise covariance and Rj; € R is the measurement noise variance.
Additionally, we assume that Ry, and Q, , are known terms. We compute Hy,

and F'j; as follows

T acfk,t Bdk’i 86219’1 . _
Hy, = %3¢ 55 ae] E=Cp i1 (3.17)
Y=Y 1j1-1
020k,t|t—1

and

oC, X, Y) 0CX . Y) 09CX, . Y)

_oc _?% _ 90
F’{Jt g 89(07Xk,t7y) 86(07 k,tvy) ae(chk,tvy) = & (318)
’ ocC oy 50 ’g*’gk,t\t ’
=T kt|t
0 0 I 66"

where Fy, € R (2n+ng)x(2n+n9) q1nd H,, < R (2n+ng)
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3.1.1.2 Online Training with the DEKF Algorithm

In this subsection, we introduce our online training method based on the DEKF
algorithm for the network described by (3.11) and (3.12). In our network of K
nodes, we denote the number of neighbors for the node k as ny, i.e., also called
as the degree of the node k [32]. With this structure, the time update equations
in (3.13)—(3.16) still hold for each node k. However, since we have information
exchange between the neighbors, the measurement update equations of each node

k adopt the iterative scheme [32] as the following.

For the node &k at time ¢:

_T 4y T T
¢k,t [ck,t|t—1 Yk t)t—1 ek,t\t—l]

Dy, Ek,t\t—l
For each [ € N} repeat:
R +— Hﬂfbk,tﬂz,t + Ry
Qpp ¢k,t + ‘I’k,tHl,tRil(dl,t - wz,ﬂtflgk,t\t—l)
Py — Py — q)k,tHl,tRilHZt(I)k,t-
Now, we update the state and covariance matrix estimate as
Yipalt = Pry

[Eg,t\t ’yg,t\t 0£t|t]T = Z C(k7 l)¢l,t7
lE/\fk
where ¢(k, 1) is the weight between the node k and [ and we compute these weights

using the Metropolis rule as follows

1/ max(nx, n) if | € Ni/k
(k) =91 =Y enmelk ) ifk=1 . (3.19)
0 if 1 ¢ N

With these steps, we can update all the nodes in our network as illustrated in
Algorithm 2.

According to the procedure in Algorithm 2, the computational complexity of
our training method results in O(n(n®+n*p?)) computations at each node k due

to matrix and vector multiplications on lines 8 and 19 as shown in Table 3.1.
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Algorithm 2 Training based on the DEKF Algorithm

1: According to (3.17), compute Hy,, Vk € {1,2,..., K}
2: for k=1: K do

T _ T T
3 G [ck,t|t—1 Yitjt—1 ek,t\tfl]
4: Dy — X1
5 for [ € N}, do
6: R«— H|/ ®,,H,, + Ry,
7 Bry ¢ Py + o H R (die — Wiy Gye—1)
8 Py — Py — ‘I)k,tHl,tR_lHZt(I'k,t
9 end for
10: end for

11: for k=1: K do
12: Using (3.19), calculate ¢(k, 1), VI € N,

T =T T 1T
13: [Ck,ﬂt Yt 0k,t|t] y ZleNk C(k’» l)¢l,t
14: Ekvtlt <—— Qk,t
15: According to (3.18), compute F'y;
16: Critilt € Q(Ek,t\u Xt gk,t|t)
17: Yrprye S O(Crt11t) Xt gk,t|t)
18: 01411t <— Oyt .
19: Ek,tJrl\t — Fk,tzk,ﬂtFk,t + Qk,t
20: end for

3.1.2 Online Training Using the DPF Algorithm

In this subsection, we first derive our training method based on the PF algorithm
when we do not allow communication between the nodes. We then introduce
our online training method based on the DPF algorithm when the nodes share

information with their neighbors.

The PF algorithm only requires the independence of the noise samples in (3.11)
and (3.12). Thus, we modify our system in (3.11) and (3.12) for the node k as

follows

apt = p(ari—1, Xpt) + Vit (3.20)
diy = Wi Gy + Enss (3.21)

where 7, , and €, are independent state and measurement noise samples, respec-

tively, ¢ (-, ) is the nonlinear mapping in (3.11) and ax; = [¢], ¥, o),
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3.1.2.1 Online Training with the PF Algorithm

For the system in (3.20) and (3.21), our aim is to obtain Elay|dk1.], i.e., the
optimal estimate for the hidden state in the MSE sense. To achieve this, we
first obtain posterior distribution of the states, i.e., p(ay|di1+). Based on the
posterior density function, we then calculate the conditional mean estimate. In

order to obtain the posterior distribution, we apply the PF algorithm [21].

In this algorithm, we have the samples and the corresponding weights of
p(@ri|dra:), ie., denoted as {aj,, wj }X,. Based on the samples, we obtain

the posterior distribution as follows

plar|diie) = Zwkt apt — Clkt) (3.22)

Sampling from the desired distribution p(ay|dk 1) is intractable in general so
that we obtain the samples from g(ay ¢|dg 1.¢), which is called as importance func-

tion [21]. To calculate the weights in (3.22), we use the following formula

N

; plaj, |dy1.0) ;
w;y, , X ——————— where wyr, = 1. 3.23
e o) T 2 ke 529

We can factorize (3.23) such that we obtain the following recursive formula [21]

W o p(dkvt|a’7i.€,t)p(a'7];€,t|a’§€,t71)
i Q(ai,tlai,m dt)

Who_1- (3.24)

In (3.24), we choose the importance function so that the variance of the weights
is minimized. By this, we obtain particles that have nonnegligible weights and
significantly contribute to (3.22) [21]. In this sense, since p(a},|aj,_,) provides
a small variance for the weights [21], we choose it as our importance function.
With this choice, we alter (3.24) as follows

wlic,t X p<dk7t‘a§§,t)wli,t71‘ (3.25)
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By (3.22) and (3.25), we obtain the state estimate as follows

Elay|dk 4] = /ak,tp(ak,t|dk,1:t)dak,t
N

~ i i
~ / ajgt E Wk,t5(ak,t - ak,t)dak,t

i=1
N
_ i i
—§ W 1A -
i=1

Although we choose the importance function to reduce the variance of the weights,
the variance inevitably increases over time [21]. Hence, we apply the resam-
pling algorithm introduced in [21] such that we eliminate the particles with small

weights and prevent the variance from increasing.

3.1.2.2 Online Training with the DPF Algorithm

In this subsection, we introduce our online training method based on the DPF
algorithm when the nodes share information with their neighbors. We employ
the Markov Chain Distributed Particle Filter (MCDPF) algorithm [35] to train
our distributed system. In the MCDPF algorithm, particles move around the
network according to the network topology. In every step, each particle can
randomly move to another node in the neighborhood of its current node. While
randomly moving, the weight of each particle is updated using p(d¢|ax:) at the

node k, hence, particles use the observations at different nodes.

Suppose we consider our network as a graph G = (V| E), where the vertices
V represent the nodes in our network and the edges E represent the connections
between the nodes. In addition to this, we denote the number of visits to each
node k in s steps by each particle i as M'(k,s). Here, each particle moves to
one of its neighboring nodes with a certain probability, where the movement
probabilities of each node to the other nodes are represented by the adjacency
matrix, i.e., denoted as A. In this framework, at each visit to each node k, each

2/E(G)]
particle multiplies its weight with p(dy¢|ax:) * in a run of s steps [35], where

|E(G)| is the number of edges in G and 7y is the degree of the node k. From
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(3.25), we have the following update for each particle i at the node k after s steps

i i - i 2‘i(,c.’v)‘f\/li(j,S)
Wpy = Wgy q Hp(dj,t‘ak,t) / . (3.26)

j=1

We then calculate the posterior distribution at the node k as

akt|0kt Zwkt a,kt akt) (327)

where Oy, represents the observations seen by the particles at the node k until ¢
and wy, , is obtained from (3.26). After we obtain (3.27), we calculate our estimate

for ay, as follows

E[ak,t\ok,t] — /ak,tp( ,)dak,t
N(k)
~ /ak’t Z Wy O(ar, — ay)dag,
i=1
N(k)
=) wp,ah, (3.28)

We can obtain the estimate for each node using the same procedure as illustrated
in Algorithm 3. In Algorithm 3, N(j) represents the number of particles at the
node j and Z;_,; represents the indices of the particles that move from the node ¢
to the node j. Thus, we obtain a distributed training algorithm that guarantees
convergence to the optimal centralized parameter estimation as illustrated in

Theorem 1.

Theorem 3.1.1. For each node k, let ay, be the bounded state vector with a

measurement density function that satisfies the following inequality
0 < po < pldislar:) < ||plle < o0, (3.29)

where pg 18 a constant and

2)-

|[P]]oe = sup p(

it
Then, we have the following convergence results in the MSE sense

N
Zw,ita};’t — E[ak,t|{dj,1;t}f-(:1] as N — oo and s — oo.
i=1
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Proof of Theorem 3.1.1. Using (3.29), from [35], we obtain

2

E[(E[r(a,)|{d;.}5,] - Zw,’;,tﬂ(a};’t))?] <||r||% (Ct U(s,v) + \/%) :
- (3.30)

where 7 is a bounded function, v is the second largest eigenvalue modulus of A,
; and C; are time dependent constants and U(s, v) is a function of s as described
in [35] such that U(s,v) goes to zero as s goes to infinity. Since the state vector
ay; is bounded, we can choose 7(ay ;) = ay;. With this choice, evaluating (3.30)

as N and s go to infinity yields the results. This concludes our proof. O]

According to the update procedure illustrated in Algorithm 3, the computa-
tional complexity of our training method results in O(N(k)(n? + np)) computa-
tions at each node k due to matrix vector multiplications in (3.20) and (3.21) as
shown in Table 3.1.

Algorithm 3 Training based on the DPF Algorithm

1: Sample {aé’t}i]\;(f) from p(at|{a§7t71}f\§f)), Vi
2: Set {wéﬂt}iji(lj) =1,Vj
3: for s steps do
4: Move the particles according to A
5: for j=1: K do
6: {aé‘,t}z‘]\j{) A Ule,/\/’]- {a%,t}iel—laj
T {w;’,t}i\i(lj) A Ulej\/j {wli,t}iGIz%j
, ) L 2B@G)]
8 {wp 3 o {w i p(del{ag 1))
9: end for
10: end for
11: for j=1:K do 4
12:  Resample {a},, w§7t}f\i(f)
13: Compute the estimate for node j using (3.28)
14: end for
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Algorithm | Computational Complexity
SGD O(n* + n*p?)
DEKF O(nk(n® + n*p*))
DPF O(N(k)(n? + np))

Table 3.1: Comparison of the computational complexities of the introduced training algorithms
for each node k. In this table, we also calculate the computational complexity of the SGD based
algorithm by deriving exact gradient equations, however, we omit these calculations.

3.2 Simulations

We evaluate the performance of the introduced algorithms on different bench-
mark real datasets. We first consider the prediction performance on Hong Kong
exchange rate dataset [63]. We then evaluate the regression performance on emo-
tion labelled sentence dataset [64]. For these experiments, to observe the effects
of communication among nodes, we also consider the EKF and PF based algo-
rithms without communication over a network of multiple nodes, where each node
trains LSTM based on only its observations. Throughout this section, we denote
the EKF and PF based algorithms without communication over a network of
multiple nodes as “EKF” and “PF”, respectively. Moreover, we denote the EKF
and PF based algorithms with communication over a network of multiple nodes
as “DEKF” and “DPF”, respectively. We also consider the SGD based algo-
rithm without communication over a network of multiple nodes as a benchmark

algorithm and denote it by “SGD”.

We first consider the Hong Kong exchange rate dataset [63]. For this dataset,
we have the amount of Hong Kong dollars that can buy one United States dollar
on certain days. Our aim is to estimate future exchange rate by using the values
in the previous two days. In online applications, one can demand a small steady
state error or fast convergence rate based on the requirements of application [17].
In this experiment, we evaluate the convergence rates of the algorithms. For this
purpose, we select the parameters such that the algorithms converge to the same
steady state error level. In this setup, we choose the parameters for each node k

as follows. Since X, € R? is our input, we set the output dimension as n = 2.
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Figure 3.2: Error performances over the Hong Kong exchange rate dataset.

In addition to this, we consider a network of four nodes.

For the PF based algorithms, we choose N (k) = 80 as the number of particles.
Additionally, we select 7, and €;; as zero mean Gaussian random variables
with Covl|y,,] = 0.0004I and Varley,] = 0.01, respectively. For the DPF based

algorithm, we choose s =3 and A=[0303;530350;0202;2010].

For the EKF based algorithms, we select 30 = 0.00041, Q,, = 0.00041
and Ry: = 0.01. Moreover, according to (3.19), the weights between nodes are
calculated as 1/3.

For the SGD based algorithm, we set the learning rate as p = 0.1.

In Fig. 3.2, we illustrate the prediction performance of the algorithms. Due to
the highly nonlinear structure of our model, the EKF and DEKF based algorithms
have slower convergence compared to the other algorithms. Moreover, due to only
exploiting the first order gradient information, the SGD based algorithm has also
slower convergence compared to the PF based algorithms. Unlike the SGD and
EKF based methods, the PF based algorithms perform parameter estimation
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Figure 3.3: Error performances for different N and s combinations of the DPF based algo-
rithm. Here, we also provide computation times of the combinations (in seconds), i.e., denoted
as T', where a computer with i5-6400 processor, 2.7 GHz CPU and 16 GB RAM is used.

through a high performance gradient free density estimation technique, hence,
they converge much faster to the final MSE level, i.e., defined as = S (dy—dy)?
for a sequence of length 7. Among the PF based methods, due to its distributed

structure the DPF based algorithm has the fastest convergence rate.

In order to demonstrate the effects of the number of particles NV and the number
of Markov steps s, we perform another experiment using the Hong Kong exchange
rate dataset. In this experiment, we use the same setting with the previous case
except Cov[y,,,] = 0.00011, X0 = 0.00011 and Q,, = 0.00011. In Fig. 3.3,
we observe that as s and N increase, the DPF based algorithm obtains a faster
convergence rate and a lower final MSE value. However, as s and N increase, the
marginal performance improvement becomes smaller with respect to the previous
s and N values. Furthermore, the computation time of the algorithm increases
with increasing s and N values. Thus, after a certain selection, a further increase
does not worth the additional computational load. Therefore, we use N (k) = 80

and s = 3 in our previous simulation.
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Figure 3.4: Error performances over the sentence dataset.

Other than the Hong Kong exchange rate dataset, we consider the emotion
labelled sentence dataset [64]. In this dataset, we have the vector representation
of each word in an emotion labelled sentence. In this experiment, we evaluate
the steady state error performance of the algorithms. Thus, we choose the pa-
rameters such that the convergence rate of the algorithms are similar. To provide
this setup, we select the parameters for each node k as follows. Since the number
of words varies from sentence to sentence in this case, we have a variable length
input regressor, i.e., defined as X, € R*™  where m, represents the number
of words in a sentence. For the other parameters, we use the same setting with
the Hong Kong exchange rate dataset except N (k) = 50, Cov[y, ] = (0.025)°1,
Yoo = (0.025)%I, Q,, = (0.025)*I and p = 0.055. In Fig. 3.4, we illustrate
the label prediction performance of the algorithms. Again due to the highly non-
linear structure of our model, the EKF based algorithm has the highest steady
state error value. Additionally, the SGD based algorithm also has a high final
MSE value compared to the other algorithms. Furthermore, the DEKF based
algorithm achieves a lower final MSE value than the PF based method thanks

to its distributed structure. However, since the DPF based method utilizes a
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powerful gradient free density estimation method while effectively sharing infor-
mation between the neighboring nodes, it achieves a much smaller steady state

error value.

We also perform another experiment that includes a larger dataset, where
we include two additional algorithms, namely the Hessian-free [33] and quasi-
Newton [34] algorithms to illustrate their performances. For this purpose, we use
the temperature dataset [65] and in this dataset, we have temperature data that
was collected from 2006 to 2013 by a weather station in Amherst, Massachusetts.
Our aim is to predict tomorrow’s temperature value by examining the tempera-
ture of the previous four days. Since we aim to compare the convergence rates
of the algorithms, we select the parameters such that all the algorithms con-
verge to the same steady state error level. Here, we use the same setting with
the Hong Kong exchange rate dataset except N(k) = 80, Cov|v,,] = 0.00041,
3000 = 0.00041, Q). , = 0.0004I and p = 0.001. Furthermore, we set the learn-
ing rate of the quasi-Newton algorithm as 0.0003 and for the other parameters of
the Hessian-free and quasi-Newton algorithms, we follow [33,34]. Here, we denote
the Hessian-free and quasi-Newton algorithms as “HF” and “QN”, respectively.
In Fig. 3.5, we demonstrate the temperature prediction performances of the al-
gorithms. Since the SGD based algorithm only exploits the first order gradient
information, it has the slowest convergence rate compared to the others. The
QN and HF algorithms perform similarly and achieve slightly slower convergence
rate compared to the EKF based algorithm. The PF based algorithm achieves the
fastest rate among the algorithms that lack communication thanks to its powerful
gradient free density estimation technique. However, overall the distributed algo-
rithms achieves much faster rates due to their communication capability, among
which the DPF based algorithm converges to the final MSE level in a much faster

manner.

In addition to the temperature dataset, we also perform experiments on four
different large datasets. For these datasets, we select the parameters such that all
the algorithms have similar convergence rates. We first consider the CMU ARC-
TIC dataset [66], where an English male speaker reads 1132 different utterances

and it contains 4 x 10° samples. Our aim is to predict the next sample based on
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Figure 3.5: Sequential prediction performance of the algorithms for the temperature dataset.

lgorithms
PF DPF EKF DEKF SGD
Datasets
Speech 0.01121 0.01087 0.01648 0.01621 0.02063
Elevators 5.5489 x 1074 | 5.1489 x 10~* | 6.5240 x 10~ | 5.9140 x 10~* | 6.6899 x 10~*
Pumadyn 0.0011 0.0008 0.0012 0.0010 0.0015
Bank 0.0156 0.0121 0.01759 0.0158 0.0170

Table 3.2: Time accumulated errors the algorithms for the speech, elevators, pumadyn and
bank datasets.

the previous four samples. For this experiments, we use the same setting with the
temperature dataset except N (k) = 50, Cov[vy,,] = 0.00011, X g0 = 0.00011,
Q.. = 0.00011 and p = 0.003. We then perform another experiment on the bank
dataset [61], where we have feature vectors related to the queues in banks and we
aim to estimate the fraction of the people that leaves the bank because of the full
queues. This dataset contains 8192 samples. For this experiment, we use the same
setting with the speech dataset except n = 32, N(k) = 150, Cov[y,,] = 0.00161,
Var(ey ] = 0.25, X0 = 0.00161, Q;, = 0.00161I, Ry, = 0.25 and p = 0.07.
As the third dataset, we use the elevator dataset [60], where we have feature
vectors related to an F16 aircraft and our aim is to predict a certain variable that
explains the aircraft’s actions. This dataset contains 16000 samples and we use
the same setting with the bank dataset except n = 18, N(k) = 100 and p = 0.7.
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Finally, we perform an experiment on the pumadyn dataset [60], where we have
feature vectors related to the action of a robotic arm and we aim to predict its
angular acceleration. Here, we have 8192 samples and we use the same setting
with the bank dataset except N (k) = 170 and p = 0.4. As seen in Table 3.2, in all
experiments, the DPF based algorithm achieves much smaller time accumulated
error thanks to its distributed architecture and high performance gradient free

density estimation technique.
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Chapter 4

Energy Efficient LSTM Networks

for Online Learning

In this chapter, we sequentially receive {d;};>1, di € R and matrices {X}¢>1,
ie., defined as X; = (@11, Tr2...,T1y,], Where ¢, ; € RP.Vy € {1,2,...,n:}
and n; € Z* is the number of columns in X; that may vary with respect to
time t. Here, we aim to find a relation between the desired label d; and the
corresponding input vector sequence X;. To find this relation, after receiving
each X, we generate an estimate d, based on the current and past observations.
We then receive the desired value d; and suffer the loss L(th, d;) based on our
estimate. This framework can be encountered in several machine learning and
signal processing applications [67]. As an example, in sequential prediction under
the square loss, at each time ¢, we receive a set of features, i.e., X; in our case,
related to the desired label d;. We then generate the estimate through a function,
ie., d, = k(X). After the desired label d; is observed, we suffer the square loss
L(dy, d)) = (d, — dy)2.

Here, we use RNNs to obtain the final estimate th. Since we have variable

length data sequences, we use a structure as in Fig. 4.1 to obtain fixed length
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sequences. The basic RNN architecture is defined by the following equations [16]:

ht,j = f(Wmm + RhtJ’_l) (41)
th = g(Uht’j), (42)

where x; ; € R? is the input vector, h,; € R™ is the state vector and z;; € R™
is the output vector for the j RNN unit. Here, f(-) and g(-) usually set to the
hyperbolic tangent function and they apply to vectors pointwise. Moreover, W,
R and U are the parameters of the basic RNN architecture, where the sizes are

chosen according to the size of the input and output vectors.

We use the LSTM network as a special variant of RNNs to obtain the final
estimate d;. Among different implementations of LSTM network, we choose the
most widely used one, i.e., the LSTM network without peephole connections [4].
Since we receive variable length data sequence X at time ¢, we apply the LSTM
network to each column of X as illustrated in Fig. 4.1, where the internal LSTM

equations for the 5™ unit are as follows [4, 12]:

Ctj=g (W(é)mt,j + R(é)ht,j—l + b(5)> (4.3)
;=0 (WO + ROy +00) (4.4)
fo=o <W<f>%, + ROhy, + b(f)) (4.5)
c.j=DVle,;+D)e,; (4.6)
Onj =0 (W(O)wt,j + R+ b(o)) (4.7)
hi; = DE?Q(CtJ)? (4.8)

where ¢;; € R™ is the state vector, x;; € R” is the input vector, h,; € R™ is
the output vector. Here, #;;, f,; and o, ; are the input, forget and output gates,
respectively. The function g(-) applies to vectors pointwise and commonly set to
tanh(-). Similarly, the sigmoid function o(-) applies to vectors pointwise. More-
over, Dilj) = diag(), Dgf;) = diag(f, ;) and Dg? = diag(o, ;). The sizes of the
other matrices and vectors are determined according to the size of the input and
output vectors. After the consecutive applications of the LSTM network to each

column as in Fig. 4.1, we take the average of the outputs of the LSTM networks,

i.e., the mean pooling method, in order to obtain a fixed length representation,
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Figure 4.1: Detailed schematic of Energy Efficient LSTM based architecture.

i.e., denoted as h; € R™ at time ¢. Using the fixed length vectors, we generate

the final estimate as
(it = w?ht, (49)

where w; € R™ represents a vector of the regression coefficients at time ¢. In
this framework, we aim to train the system parameters such that the total loss

at time ¢, i.e., 2221 L(cZi, d;), is minimized.

For the pooling operation in Fig. 4.1, we use the mean pooling method to
obtain fixed length output vectors as h; = nit > ity hy ;. However, there are certain
other pooling methods in the literature and we can also employ them in our
approach. As an example, we can apply the max and last pooling methods in our
case by using h; = max; h; ; and h; = h,,,, respectively. With such changes, our

derivations can be extended to the other pooling methods.
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4.1 Online Learning with Energy Efficient RNIN

Architectures

In this section, we first apply the ef-operator to the basic RNN and LSTM archi-
tectures. We then introduce our energy efficient RNN and LSTM architectures
using the matrix factorization method along with the ef-operator. Finally, we in-
troduce online training algorithms based on the SGD and EG algorithms, where

we provide the required updates for each parameter.

4.1.1 RNN with ef-operator

In this subsection, we study a modified version of the basic RNN architecture,

where we replace the regular multiplication operations with the ef-operator.

Let a,b € RP, the ef-operator [44] on a and b is defined as

p

acb = Zsign(ai x b;)(|ai| + 16i]), (4.10)

i=1
where the sign(+) function returns the sign of its input. (4.10) can also be written

as
p

aob = Z sign(a;)b; + sign(b;)a;. (4.11)

i=1
From the above definition, it is obvious that the ef-operator only uses addition

and sign multiplications, which are all energy efficient operators.

By applying the ef-operator, (4.1) can be written as
hog = fan® (W omy) + by, © (Rohyy 1)), (4.12)

where a, € R™ and b, € R™ are the scaling coefficients introduced in [46, 47]

and © is the element by element multiplication of two vectors of the same size.

In (4.12), W o x,; and R o h,;_; are given as follows
Womi;=[w o wao X ... Wy oxy;]"

)
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where w, represents the transpose of the i* row of W and w; ¢ T, ; is given as

p
w; ¢ a:t,j = Z sign(xtvjk)wik =+ Sign(wik)xt’jk,
k=1

where z; ;. is the k™ element of x; ;. Similarly,
T
Ro ht,j—l = [7’1 < ht,j—l oo ht,j—l Ty O h't,j—l] s

where r; represents the transpose of the i** row of R and r; o h;; is given as

T, <o ht,j = Z sign(ht,jk)rik -+ sign(rik)htvjk,
k=1

where hy ji. is the k™ element of h, ;. Likewise, (4.2) is modified as follows
z1;=g(b: © (U o hyy)), (4.13)

where b, is the scaling coefficient.

4.1.2 LSTM with ef-operator

In this subsection, we replace the regular multiplication operators in the classical
LSTM architecture with the ef-operator. Based on this modification, (4.3)—(4.8)

are written as follows

&y =9 (a:0 (WO o) +b:0 (R o hyyy) +60) (4.14)
iy = (@ ® (WD omy) + b0 (RY 0 hyjy) +b0) (4.15)
frj=0 (af OWWow ) +by o (R o)+ bm) (4.16)
Cij = 11;9C; + [ 4¢ 1 (4.17)
01 = (@0 © (W 0,5) + b, © (R® 0 by 1) + b)) (4.18)
hij = 0. 99(ci;), (4.19)

where a(.), by € R™ are the scaling coefficients and the 4 operation is defined as

follows

a’b = [(Ilobl GQObQ...QPObp]T

= sign(a) ® b +sign(b) © a.
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In (4.14), W o, ; is written as

©

W@ox, = [w!” oxy; wy owy;. . w9 om, |7 (4.20)

©

é -
where w;” o x; ; is given as

p
wz('C) Tt = Z Sign(l’t,jk)wgg) + Sign(wz(l?)xhjk
k=1

and
R(é) < ht,j—l = [’l"ge) < ht,j—l ’I"ée) < ht,j—l . ’I"gs) < ht’j_l]T, (421)

@ T
where 7,7 o h; ; is given as

rl@ ohyj = Zsign(htyjk)rg,? + sign(rg,?)ht,jk,
k=1
@)

where w;” and 'rz(é) are the i row of W@ and R respectively.

For the other multiplications, we change the parameters in either (4.20) or
(4.21) according to the chosen coefficient matrix. Other than that, we follow the
same procedures in (4.20) and (4.21).

Remark 4.1.1. Compared to the original LSTM network in (4.3)—(4.8), we con-
vert 4m(m + p) + 3m regular multiplication operations into sign multiplication
and addition operations thanks to the ef-operator. However, due to the scaling
factors introduced in (4.14)—~(4.16) and (4.18), we have 8m additional regular mul-
tiplications. Overall, since for large m and p values 8m < 4m(m + p) + 3m, we
significantly reduce the number of reqular multiplications, which provides substan-
tial decrease in the computational complexity and energy consumption compared

to the classical LSTM network.

4.1.3 Energy Efficient RNN with Weight Matrix Factor-

ization

In this subsection, we apply the matrix factorization method [48] to the weight
matrices of the basic RNN architecture in order to reduce the number of param-

eters to be trained.

o7



Ty hy xy hy e hy ry hi

W(u)l R W(i)l RO W(&)l R W(f)l RN
! ! ! !

®  ef-operator

S>) summation

@ sigmoid activation function
@ tanh activation function

‘? ~ time lag connection

b

Figure 4.2: Detailed schematic of energy efficient LSTM block at time ¢. Note that solid lines
represent direct connections while dotted lines represent time lagged connections. For the sake
of simplicity, bias terms are not shown in the figure.

We first factorize the weight matrices in (4.12) as W ~ M N and R ~ PQ,

where W € R™P M € R™4 N € R»?P R € R™™ P ¢ R™/ and Q €
R <.

Remark 4.1.2. We factorize the RNN weight matrices into two smaller matrices.
The rank of these two smaller matrices are selected such that d, f < min(m, p).
Thus, we significantly reduce the number of parameters that needs to be learnt,

e.g., W has mp entries while M and N have d(m + p) < mp.

The energy efficient RNN with weight matrix factorization can be written as
h’t,j = f(ah ® (M oN o iL‘tJ) + bh ® (P < Q < ht,j—l)) . (422)
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In (4.22), M o N o x;; is given as follows

T
MoNox j=[p 0T oyOTyj... [y, Ly

Y

where p; € R? is the i row of M o N and p,; o x;; is given as

p
ppo ;= Y sign(wy e ik + sign(pi) i (4.23)
k=1

and
T
Po Q < ht,j—l = [Vl < ht,j—l Uy o ht,j—l VU O ht,j—l] R

where v; € R™ is the i** row of P o Q and v; © h,; is given as
vioh,; = Z sign(he k) vik + sign(vik ) he k- (4.24)
k=1

In a similar manner, (4.13) is modified as follows
z1; = g(b: O (SoT o hyy)), (4.25)

where we factorize the U matrix as U ~ ST so that the number of columns in
S (or the number of rows in T') is significantly smaller than the number of rows

in S (or the number of columns in T').

4.1.4 Energy Efficient LSTM with Weight Matrix Factor-

ization

In this subsection, we apply the matrix factorization method [48] to the weight
matrices of the LSTM network to diminish the number of parameters in the

network.

We factorize the LSTM neural network weight matrices into two sub-matrices
of lower rank as WO ~ MON® and RY ~ PYQY, where WO ¢
R™e MO e Rmxd NO ¢ RI» RO ¢ Rmxm PO ¢ Rm*S and QU e R/*m
such that d, f < min(p, m). We then apply this factorization to the LSTM neural
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network in (4.14)—(4.19) by replacing the weight matrices with their factorized
forms. The modifications for the 5" LSTM unit in Fig. 4.1 are as in the following.

Here, M© o N© o x,; is given as follows

MO o N@og,; = [,u,gé) O Ty ,u,é&) oxpj. .. 9 om, ;|7 (4.26)
where p;© € R is the i row of M© o N© and ,uz@ O Xy ; is given as
~ p ~ ~
w omy; = sign(ze )y, + sign(ug ) .
k=1
and
P(é) 3% Q(E) <& ht,jfl = [I/gé) < ht,jfl Véé) < htjjfl .o Vg) 3% hnj,l]T, (427)

where v\? € R™ is the i row of P ¢ Q® and VZ@ o hy ; is given as

%

W9 oy = 3 sl D+ s e
k=1

For the other weight matrices, we use the factorized form of the chosen weight
matrix in (4.26) and (4.27). Then, we follow the same operations in (4.26) and
(4.27).

Remark 4.1.3. We reduce the total number of LSTM network parameters by
applying weight matriz factorization. In the original LSTM equations in (4.3)-
(4.8), we have 4m(m + p) scalar parameter in the weight matrices, i.e., W) and
RY). However, in our energy efficient LSTM network, we have 4d(m+p)+8mf,
which is significantly less than 4m(m + p) provided that d, f < min(m, p).

4.1.5 Online Training Algorithms

In this subsection, we derive the online updates to train the parameters of the
introduced energy efficient networks. We first derive the online updates based
on the SGD algorithm. We then derive the online updates based on the EG

algorithm.
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We first employ the SGD algorithm [23] to obtain the online updates for each

parameter. For w;, the SGD update is computed as follows
w1 = wy — NV, L, (4.28)

where Vqp, represent the gradient of a certain function with respect to w; and
7; is the learning rate. Here, L is the instantaneous loss, i.e., the squared error
(d, — d;)?, and we denote it as L rather than L(d,,d,) for notational simplicity.
Note that SGD updates, e.g., (4.28), are additive updates since the gradient

information is being added at each time step.

On the other hand, for w;, the EG update [40] is computed as follows

Wy 3Tt

ST
j=1 Wt,jT,j

(4.29)

W1, =
where

rt,i = eXp(_nt L;Utyi)’

and wy; is the ith component of w, and L;Um_ is the partial derivative of the in-
stantaneous loss function with respect to wy;. As seen in (4.29), EG updates
are multiplicative updates since the gradient information is encapsulated in the
exponent part and multiplied at each time step. In order to eliminate the multipli-
cation and exponentiation in (4.29), we use the first order Taylor series expansion

along with the ef operator as follows

Wi,i O Ty

W41, = Z;szl(wt’j o f’td‘) )

(4.30)

where

’

ft,izl_WtL

Wi *

Note that since the division in (4.30) is the same for all possible i values, it is
just a scaling factor in the implementation of the algorithm. Thus, this operation
does not require high amount of energy and computational resources unlike the

regular multiplication operation.
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Remark 4.1.4. Since the weight vector w; might contain negative components,

we use the slightly modified version of the original EG algorithms, i.e., the EGT

algorithm [40], that uses a weight vector w; —wy . In this algorithm, the weight

vector is updated as follows

+ ot
+ Wy O Ty

w .=
T L o il iy o f)

Wy ; O Ty,

+

w_ 14 =
t+1,2 Zm r

(Wi o7l w0 fr)

where

A o /
Fei= 1—mn iji’

Fa=1+mL,_.

In the following subsection, we derive the updates for the parameters of the

proposed energy efficient RNN and LSTM networks.

4.1.5.1 Online Training of Energy Efficient RNN

We compute the first order gradient of the loss function with respect to each

parameter in order to perform SGD and EG updates.

In the basic RNN architecture, we have z; = Z;“Zl zi;/m: as the output at
time t. Although our structure in Fig. 4.1 is generic in the sense that it can
process variable length data sequences, here, we only derive the equations for
n; = 1 for notational and presentation simplicity. However, at the end of this
section we also provide required extensions to obtain the equations for generic n,
values. With this modification, we have z; = 2,1, thus, we generate the estimate

as d; = wi zy1.
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Under the square loss, we compute the first order derivative of the loss function

with respect to b,;, i.e., the i*® element of b,, as follows

8L . 3_L &Zt azt’l
ob.; 8th 0z Ob;

= —2(dy — dy)w! {g’(m ® <(ui ohii)e; +b. O AE’””)] ,
(4.31)

where ¢’ is the derivative of g(-) with respect to its argument, e; is a vector of

zeros except a 1 at the i index and
p, =b,® (U ohy,).

Moreover, for the i*" element of )\gUh) = 0(U ¢ hy1)/0b,;, we use the following
formula in (4.31)

m

AT =S " (w328 (hea ) + sign(ui i), (4.32)

j=1
where §(-) is the dirac delta function, we compute the derivative of the sign
function as d(sign(z))/dx = 2§(z) [68] and

) Ohgqj
Veii = ab.,

= f1(0)bi M"Y, (4.33)

where f/ is the derivative of the i'" element of f(-) with respect to its argument

and
Ot =ap ® (W & wtyl) -+ bh ® (RO ht—171>~

Similarly, we have the following derivative for w;

L DL Do - gt g0
(bzi(sign(ht,lk) +20(ug)he )i + b, © ai”h)ﬂ : (4.34)
where
i (1520 (hy 1, ’yt p uik) 4 &gn(ulj)’yt(qf;k)), (4.35)
j=1
and

(uie) _ T015 f (0t>bhjatR}11)J

T Dug
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Remark 4.1.5. When we take the derivative of L with respect to the other param-
eters, the position of the term with e; changes. As an example, for the derivative
of L with respect bp;, r; o hy_11 term appears in (4.33) when j = i, otherwise,
(4.33) does not change. If we write (4.33) in a vector form, the contribution of
r; o hi_11 can be written as (R o hi_11)e;. As seen in this case, for the other
deriwatives, the position and form of the term with e; slightly changes, other than
that we follow the same procedure in (4.31)—(4.35).

Remark 4.1.6. For the other n, values, i.e., ny # 1, the recursion in (4.33) is
performed through the outputs of the different RNN blocks at a certain time t as
in Fig. 4.1. Thus, rather than having t — 1 in (4.33), we have multiple recursions
based on another index at time t. Besides this slight change, all of our derivations

hold for generic n; values.

Remark 4.1.7. For the energy efficient RNN architecture with weight matriz
factorization, we take the derivative of the loss function with respect to the param-
eters of each factorized matriz. As an example, in (4.34), instead of only taking
the derivative with respect to the parameters of U, we compute the derivatives of
the loss with respect to the entries of both S and T, i.e., the factorized versions

of U. Other than such changes, we follow the same procedures in (4.31)—(4.35).

With the derived gradients, we can update each parameter of the basic RNN
architecture as in (4.28) and (4.30).

4.1.5.2 Online Training of Energy Efficient LSTM

Here, we derive the first order gradient of the loss function with respect to each
LSTM parameter to obtain the online updates based on the SGD and EG al-
gorithms. We again derive the derivatives for the n, = 1 case for notational
and presentation simplicity. However, at the end of this section we also pro-
vide required extensions to obtain the equations for generic n; values. With this
modification, we have h; = h; 1, hence, we generate the estimate aAlt = thht,l-

©

We first compute the derivative of L with respect to w;;’, i.e., the element at
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the i*" row and the j™ column of W@ as follows

0L 0L ddy Ohy,
ow)  0dy Ohur 0wy

(9(01:,109(01:,1))
ow® ‘

v

= —2(d, — dy)w! (4.36)

In (4.36), we calculate the partial derivative as

9(0,.149(c d . : 0
(0u189(610)) _ 9001 )+ 0na © 200(e0)) © ' e0) 0 %%

ij Wy
Jdo . Oe
—?51) ® gle) + sign(og1) © ¢'(ce1) © —t(cl)
8wij 8wij

(4.37)

8w§5)  ow

+26(011) ©

()
ij "

With )\El_%(lwh) = J(RY o ht—1,1)/aw§) as in (4.32), the derivative of (4.18) is as

follows

For (4.37), we now compute the derivatives of 0,7 and ¢;; with respect to w

doy 1 ' (¢?) R
: L Dfl ) (bo o AE >>, (4.38)
where
¢ =a,0 (WO om)+b,0 (R ohi 1))+ b (4.39)

In order to calculate (4.37), we also compute the derivative of ¢;; with respect
(@)

to w;;”. For this derivative, we obtain the following recursive relation from (4.17)
Jc L 01 - oc .
t(’él) = sign(€;1) ® —t(cl) +26(¢1) ® —t(cl) O 781
w;; Ow;; ij
S oc . 01 ~
+ sign(iy1) © —t(cl) +20(2,1) © —t(; © €1
ij dw;;
. of e
+ sign(c-1,1) © —E}) +20(¢i-11) © t—({)l O fi1
PG PG ’
1) )
. oc;_ of
+sign(f,,) © T +20(£,) © S5 O (440)
PG 9@
Wij ij

For (4.40), we compute the derivatives of (4.14), (4.15) and (4.16) with respect
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(@

to w;;” as in the following
a’i’t,l U’(C(")) R@p
L Dt(ﬂ ) (b: 0 A (4.41)
awij
of, o’ (¢1) RDn
811}(:3) = Dt(,l ) (bf © AE—I )) (4.42)

ij
52%1) - Dt(f/(w))) <(sign(xt,1j) +20(w!)wr1)eq + be O AERT”‘)). (4.43)
Using (4.41)-(4.43), we compute (4.40). Then, we compute (4.37) using (4.40)
and (4.38) in order to calculate (4.36). After obtaining (4.36), we update the
parameter using the SGD and EG based algorithms as in (4.28) and (4.30).

As in Remark 4.1.5, when we take the derivative with respect to the other
parameters, only the location of the term with e; changes. Similar to the RNN
case, when n, # 1, the recursion in (4.33) and (4.40) is performed through the
outputs of the different LSTM blocks at a certain time ¢ as in Fig. 4.1. Moreover,
for the factorized LSTM network, we compute the derivatives of the loss function

with respect to each factorized matrix parameter as in Remark 4.1.7.

With the derived gradients, we can update each parameter of the energy effi-
cient LSTM architecture as in (4.28) and (4.30).

4.2 Simulations

In this section, we illustrate the performances of our algorithms on various
datasets under different scenarios. We first compare the regression performances
of our algorithms on a financial dataset, i.e., the Alcoa Corporation stock price
rate dataset [62]. We then evaluate the regression performances on real-life
datasets, i.e., the kinematic [59] and elevators [60] datasets. Since our approach
is generic, we also compare the performances of our training algorithms on two
different recurrent neural networks, i.e., the LSTM and GRU neural networks.
We then compare the structural complexity of our energy efficient algorithms

with the conventional structures.
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Figure 4.3: Daily stock price prediction performances of the algorithms with the SGD updates
on the Alcoa Corporation stock price dataset.
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Figure 4.4: Daily stock price prediction performances of the algorithms with the EG updates
on the Alcoa Corporation stock price dataset.
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Figure 4.5: Comparison of all the algorithms with the SGD and EG updates on the Alcoa
Corporation stock price dataset.

Throughout this section, “Model 1”7 represents the conventional LSTM network
(LSTM). Similarly, “Model 2” represents the introduced LSTM network with the
ef-operator (ef-LSTM) and “Model 3" represents the introduced LSTM network
with the ef-operator and weight matrix factorization (ef-WMF-LSTM).

4.2.1 Financial Dataset

In this subsection, we compare the performances of our algorithms on a financial
dataset. We consider the Alcoa Corporation stock price dataset [62], for which
we have the daily stock price values. In this case, our aim is to predict future
stock prices based on the past prices, where we examine the past five days for
prediction. Here, we evaluate the regression performance of Model 1 and consider
this performance to be a benchmark for our proposed models, i.e., Model 2 and
Model 3. To provide a fair setup, we select the same values for the common
parameters of all the models. Additionally, for Model 3, we set the rank of

factorized LSTM weight matrices as 2 based on our observations in the next
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sections. For all these experiments, we set the learning rate as n = 0.1. Moreover,

we have X, € R® and set the output dimensionality as m = 5.

Since Model 2 and Model 3 have a multiplication free structure, the gradient
of each parameter becomes more robust against the vanishing and exploding
gradient problems. Thus, in Fig. 4.3, Model 2 and Model 3 outperform Model
1 in terms of the error performance. Although both models, i.e., Model 2 and
Model 3, perform similarly, we consider Model 3 as superior due to less operational
complexity and smaller number of network parameters to be trained (see details
in the next sections). Likewise, in Fig. 4.4, Model 2 and Model 3 have smaller
error than Model 1. In Fig. 4.5, we evaluate the combined results of all the
models with both SGD and EG updates. Model 2 and Model 3 with SGD updates
provide slightly smaller steady state errors compared to all other models. Overall,
Model 3 with the SGD updates outperforms its competitors in terms of both error

performance and complexity issues.

4.2.2 Real Life Datasets

In this subsection, we compare the performances of our algorithms using two
real-life datasets, i.e., the kinematic [59] and elevators [60] datasets. We first
evaluate the performances of the models on the kinematic dataset [59], which
contains data related to a realistic simulation of the forward dynamics of an 8
link all-revolute robot arm. Our aim is to predict the distance of the end-effector
from a target. In order to provide a fair experimental environment, we select
the common parameters in all models to be same, e.g., the learning rate n. For
this dataset, the input vector is X; € R® m = 8 and the learning rate for all
the models is n = 0.1. For Model 3, we select the rank of network matrices as
2. As seen in Fig. 4.6, all the models perform similarly. However, in terms of
computational complexity and the total number of network parameters, Model
3 has the lowest operational complexity and the total number of parameters. In
Fig. 4.7, Model 3 outperforms all other models thanks to having smaller number

of parameters and less complicated optimization problem for the parameters. In
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Figure 4.6: Distance prediction performances of the algorithms with the SGD updates on the
kinematic dataset.

Fig. 4.8, we compare the models with both the SGD and EG updates. We observe
that Model 1 with the SGD updates achieves a slightly smaller time accumulated
error compared to Model 2 and Model 3.

In addition to the kinematic dataset, we also evaluate the performances on the
elevators dataset [60], which is obtained from the movements of an F16 aircraft
and we aim to predict the variable that expresses the movements of the aircraft.
In this case, we have X, € R m = 18 and select the learning rate as n = 0.1.
The rank for Model 3 is 2. In Fig. 4.9, all the models using the EG updates
outperform the models using the SGD updates, which arises from the sparseness
of X; unlike the previous experiments. Among the models with the SGD updates,
Model 3 has the smallest error and for the EG updates, all the models provide
comparable performances. Although all the models perform similarly, Model 3 is
the ideal choice due to having less operational complexity and smaller number of

network parameters compared to the other models.
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Action Prediction Performance of an F16 Aircraft
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Figure 4.9: Movement prediction performances of the algorithms on the elevators dataset.

4.2.3 Rank Effect on WMF

In this subsection, we illustrate the effects of the rank on the performances of
the introduced models. For this purpose, we use the Alcoa Corporation stock
price dataset. In Table 4.1, we observe that as the rank decreases, the training
time also decreases for the LSTM based WMF models with both SGD and EG
updates and the time accumulated errors stay approximately the same. From this
fact, we conclude that we can use lower rank weight matrices for our proposed
models and still get the same performance in less amount of time. Thus, with our
approach, one can significantly reduce the number of parameters to be trained in
an LSTM network while enjoying high performance. Based on this observations,
in all experiments, we select the rank as 2. Note that we do not reduce the rank

to 1 since WMF significantly degrades the performance in that case.
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Rank=2 Rank=3
Error Time Error Time
WMF-SGD-LSTM | 4.1 x 1073 | 103.15 | 4 x 10~3 | 120.31
WMF-EG-LSTM 42x 107311538 | 4.1 x 1073 | 138.2

Table 4.1: Training times (in seconds) and time accumulated errors for the WMF algorithms
using different rank weight matrices on the Alcoa Corporation stock price dataset. Note that
this experiment is performed with a computer that has i5-6400 processor, 2.7 GHz CPU and
16 GB RAM.

4.2.4 LSTM and GRU Neural Networks

In this subsection, we evaluate performances of the algorithms on the real-life
and financial datasets. Since our approach is generic in the sense that it can
be applied to any RNN structure, we also include GRU based algorithms to
provide comparative analysis. The GRU network is defined by the following

equations [22]:

Z,, =0 (W(Z)wt,j + R(E)ht,g—l) (4.44)
ris =0 (W5 + ROhy; ) (4.45)
Gy = 9 (W05 47050 (RO 1)) (4.46)
Yij = Uiy © Zej + Y50 O (1= Z¢), (4.47)

where x;; € R” is the input vector, y, ; € R™ is the output vector. Here, Z; ;
and r,; are the update and reset gates, respectively. The functions g(-) and o(-)
apply to vectors pointwise and commonly set to the tanh(-) and sigmoid functions,
respectively. In order to obtain energy efficient version of the GRU network, we

apply the matrix factorization method and ef-operator as in the LSTM case.

Here, we select the same parameters with the previous subsections. Since
Model 3 provides the best performance in the previous sections, we compare the
LSTM and GRU Networks on three datasets using Model 3. For the Alcoa Cor-
poration stock price dataset, the LSTM based algorithm with the SGD updates
achieves the smallest steady state error as shown in Fig. 4.10. In Fig. 4.11,
the GRU based algorithm with the SGD updates outperforms the other network
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Figure 4.10: Comparison of energy efficient LSTM and GRU networks on the Alcoa Corpo-
ration dataset.
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Figure 4.11: Comparison of energy efficient LSTM and GRU networks on the kinematic
dataset.
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Figure 4.12: Comparison of energy efficient LSTM and GRU networks on the elevators
dataset.

models. For the elevators dataset, the LSTM based algorithm with the EG up-
dates achieves the smallest steady state error among all the network models as
illustrated in Fig 4.12. Overall, since the LSTM architecture has an output gate

to control its memory content unlike the GRU network, it generally outperforms

the GRU network on various real-life scenarios.

Moreover, in order to illustrate the energy efficiency of the introduced architec-
tures, we provide energy consumption data [69] for each dataset in Table 4.2. We
observe that our approach almost halves the energy consumption for each case

and as the dimensionality of the dataset increases, the provided energy efficiency

even further increases.

4.2.5 Training Times and Structural Complexity

In this subsection, we first provide the training times (in seconds) of all the LSTM
network based models with both the SGD and EG updates. We then give the

total number of network parameters for each model, i.e., the structural complexity
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Networks
Datasets LSTM GRU
LSTM | ef-LSTM | GRU | ef-GRU
Alcoa 980 526 741 390
Kinematic 2451.2 | 1187.2 1848 | 883.2
Elevators 12139 5263.2 9126 | 3931.2

Table 4.2: Relative energy consumptions (in pJ) of the introduced RNN networks at each time
step. Here, we use the energy consumption data of arithmetic operations for a 45nm CMOS

process.

Igorithms
D‘it%scgts SGD-LSTM | ef-SGD-LSTM | ef-WMF-SGD-LSTM | EG-LSTM | ef-EG-LSTM | ef-WMF-EG-LSTM
Alcoa 55.71 144.98 103.15 66.43 155.07 115.38
Kinematic 99.84 181.10 167.50 117.01 200.61 178.17
Elevators 545.97 1052.59 384.57 676.73 1185.97 404.44

Table 4.3: Training times (in seconds) of the introduced energy efficient LSTM networks.

of the corresponding model. Finally, we compare all the models based on both

training times, the number of network parameters and error performance.

In Table 4.3, we provide the training times of all the network models for each
dataset. Note that all the experiments are performed with a computer that
has 15-6400 processor, 2.7 GHz CPU and 16 GB RAM. Among all the network
models, Model 1 has the fastest training performance when the data size is small,
however, it does not have the smallest cumulative errors as stated in Table 4.4.
Model 3 achieves intermediate training times (and the fastest training when the
data size is large as in the elevators dataset) and the smallest cumulative errors as
shown in Table 4.3 and Table 4.4 respectively. In Table 4.5, we provide the total
number of network parameters for each model. We observe that Model 3 has the
smallest number of network parameters among all other models thanks to the
weight matrix factorization. Overall, based on training times, error performances

and the number of network parameters, Model 3 is the best choice among all the

Tgorith

Dataseg;“ " SAD-LSTM | ¢£SGD-LSTM | e WMF-SGD-LSTM | EG-LSTM | f-EG-LSTM | ef-WMF-EG-LSTM
Alcoa 0.0084 0.0041 0.0041 0.0069 0.0042 0.0042
Kinematic 0.3595 0.3621 0.3629 0.6139 0.6171 0.5975
Elevators 1.5607 1.367 1.2478 0.9587 0.9611 0.9564

Table 4.4: Time accumulated errors of the introduced algorithms.
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Igorithms
LSTM | ef-LSTM | ef-WMF-LSTM | GRU | ef-GRU | ef-WMF-GRU
Datasets
Alcoa 220 260 220 150 180 150
Kinematic 544 608 352 384 432 240
Elevators 2664 2808 792 1944 | 2052 540

Table 4.5: Total number of parameters to be learnt for the introduced networks.

models.
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Chapter 5

Conclusion

In this thesis, we investigate online learning with RNNs. Particularly, in Chapter
2, we study the nonlinear regression problem in an online setting and introduce
novel LSTM, i.e., an advanced RNN architecture, based online algorithms for
data regression. We then introduce low complexity and effective online training
methods for these algorithms. We achieve these by first proposing novel regres-
sion algorithms to compute the final estimate, where we introduce an additional
gate to the classical LSTM architecture. We then put the LSTM system in a
state space form and then based on this form we derived online updates based on
the SGD, EKF and PF algorithms [17,19,25] to train the LSTM architecture. By
this way, we obtain an effective online training method, which guarantees con-
vergence to the optimal parameter estimation provided that we have a sufficient
number of particles and satisfy certain technical conditions. We achieve this per-
formance with a computational complexity in the order of the first order gradient
based methods [5,16] by controlling the number of particles. In our simulation
section, thanks to the generic structure of our approach, we also introduce a GRU
architecture based approach by directly replacing the LSTM equations with the
GRU architecture and observed that our LSTM based approach is superior to the
GRU based approach in the sequential prediction tasks studied in this chapter.
Furthermore, we demonstrate significant performance improvements achieved by

the introduced algorithms with respect to the conventional methods [18,23] over
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several different datasets (used in this chapter).

In Chapter 3, we study online training of the LSTM architecture in a dis-
tributed network of nodes for regression and introduce online distributed training
algorithms for variable length data sequences. We first propose a generic LSTM
based model for variable length data inputs. In order to train this model, we
put the model equations in a nonlinear state space form. Based on this form,
we introduce distributed extended Kalman and particle filtering based online
training algorithms. In this way, we obtain effective training algorithms for our
LSTM based model. Here, our distributed particle filtering algorithm guarantees
convergence to the optimal centralized parameter estimation in the MSE sense
under certain conditions. We achieve this performance with communication and
computational complexity in the order of the first order methods [5]. Through
simulations involving real life and financial data, we illustrate significant perfor-

mance improvements with respect to the state of the art methods [18,23].

In Chapter 4, we study variable length data regression in an online framework
and introduce an energy efficient regression structure based on the LSTM net-
work. In particular, we introduce a generic LSTM based regression structure to
obtain fixed length representations from variable length data sequences. In order
to reduce the complexity of this structure, we first eliminate the regular multipli-
cations by replacing them with an energy efficient operator, i.e., the ef-operator.
We then apply a factorization method to all the matrices in the classical LSTM
network in order to diminish the total number of parameters. For this energy
efficient and factorized LSTM network, we introduce online training algorithms
based on the SGD [23] and EG [40] algorithms. Hence, we obtain highly efficient
and effective online learning algorithms based on the LSTM network. Thanks
to the generic structure of our approach, we also introduce an energy efficient
GRU network in our simulations. Through several experiments involving real
and financial data, we demonstrate significant performance improvements and
complexity reductions achieved by the introduced algorithms with respect to the

conventional methods.
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