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ABSTRACT

EFFICIENT ONLINE TRAINING ALGORITHMS FOR
RECURRENT NEURAL NETWORKS

Nuri Mert Vural
M.S. in Electrical and Electronics Engineering
Advisor: Stileyman Serdar Kozat
December 2020

Recurrent Neural Networks (RNNs) are widely used for online regression due
to their ability to learn nonlinear temporal dependencies. As an RNN model,
Long-Short-Term-Memory Networks (LSTMs) are commonly preferred in prac-
tice, since these networks are capable of learning long-term dependencies while
avoiding the exploding gradient problem. On the other hand, the performance
improvement of LSTMs usually comes with the price of their large parameter size,
which makes their training significantly demanding in terms of computational and
data requirements.

In this thesis, we address the computational challenges of LSTM training. We
introduce two training algorithms, designed for obtaining the online regression
performance of LSTMs with less computational requirements than the state-of-
the-art. The introduced algorithms are truly online, i.e., they do not assume
any underlying data generating process and future information, except that the
dataset is bounded. We discuss theoretical guarantees of the introduced algo-
rithms, along with their asymptotic convergence behavior. Finally, we demon-
strate their performance through extensive numerical studies on real and synthetic
datasets, and show that they achieve the regression performance of LSTMs with

significantly shorter training times.

Keywords: Long-Short-Term-Memory, Recurrent Neural Networks, Online Opti-
mization, Kalman Filtering, Sequential Learning.
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OZET

YINELEYICI SINIR AGLARI ICIN VERIMLI
CEVRIMICI EGITIM ALGORITMALARI

Nuri Mert Vural
Elektrik ve Elektronik Miihendisligi, Yiiksek Lisans
Tez Danigmani: Siilleyman Serdar Kozat
Aralik 2020

Yineleyici sinir aglar1 dogrusal olmayan zamansal bagintilarini 6grenebilmeleri
nedeniyle cevrimig¢i 6grenme uygulamalarinda yaygin olarak kullanilmaktadir.
Uzun-Kisa-Soluklu Bellek (UKSB) mimarisi uzun siiregli bagintilari gradyan pat-
lamas1 yasamadan o6grenebildigi i¢in uygulamada en sik tercih edilen yinelemeli
ag yapilarindan biridir. Ancak, UKSB’ler bu performans kazanimlarini oldukca
yiiksek sayida parametre ile saglamaktadir. Bu durum UKSB egitimini veri ve

hesaplama gereksinimleri acisindan oldukca pahali bir isleme doniigtiirmektedir.

Tezimizde UKSB egitiminin hesaplama zorluklarini ele aliyoruz. UKSB’lerin
gevrimici regresyon performansina daha diigiik hesap yikiiyle ulagan iki adet
egitim algoritmas1 tanitiyoruz. Tanmttigimiz algoritmalar tamamiyle cevrimici
olup, verinin siirh bir dizi olmas1 diginda veriye dair hicbir 6n kabul yapma-
maktadir. Tezimizin devaminda tanittigimiz algoritmalarin teorik garantilerini
ve asimptotik yakinsama ozelliklerini tartisacagiz. Ayrica, gergek ve sentetik ver-
iler lizreinde yaptigimiz c¢ok sayida deneyle algoritmalarimizin literatiirdeki en

son gelismeleri yansitan algoritmalara gore performans iistiinliigiinii gosterecegiz.

Anahtar sozcikler: Uzun-Kisa-Soluklu Bellek, Yineleyici Sinir Aglari, Cevrimici
Eniyileme, Kalman Filtresi, Dizi Ogrenimi.
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Chapter 1

Introduction

Estimating an unknown desired signal online is one of the main subjects of interest
in the contemporary machine learning literature [1-4]. In this problem, a learner
sequentially receives a data sequence related to a desired signal to predict the
signal’s next value. This problem (also known as online regression) is extensively
studied due to its applications in a wide set of problems, such as neural network

training [2,4-6], signal processing [7,8], or machine learning [1, 3].

For online regression, there exists a wide range of established methods in ma-
chine learning literature [1,3,9,10]. Adopting neural networks is one of the most
preferred among them, due to their relative ease of training and high general-
ization capacity [11,12]. Among several neural network architectures, recurrent
neural networks (RNNs) are the most commonly used ones for online regression,
since they are able to identify sequential patterns and learn temporal behavior as
well [13]. Despite their performance improvements, however, simple RNNs have
been shown to fail to capture long-term dependencies due to vanishing and explod-
ing gradient problems, which significantly restricts their performance in real-life
applications [14]. To resolve this issue, a sophisticated RNN architecture with
several control structures, namely long-short-term-memory network (LSTM), was

introduced [15]. Through many variants, LSTMs have seen remarkable empirical



success in a broad range of sequential learning tasks, including online regres-
sion [16-19].

LSTMs maintain constant backward flow in the error signal to overcome the
vanishing gradient problem. They utilize three gates, i.e., input, forget, and out-
put gates, to regulate the information flow through the next steps. In each gate,
an independent set of weights, i.e., gate weights, are employed to learn the op-
timal information regulation in a data-dependent manner. With this structure,
LSTMs have been shown to improve the performance of simple RNNs dramati-
cally [15,20]. To provide this improvement, however, LSTMs require significantly
larger number of parameters than simple RNNs, which makes their training more

demanding in terms of computational and data requirements.

In this thesis, we address the computational challenges of the LSTM training.
We introduce two online optimization algorithms that achieve the online regres-
sion performance of LSTMs with a significantly shorter training time. To develop
our algorithms, we use several tools from the fields of convex optimization [1, 3]

and nonconvex sequential learning [4].

In Chapter 2, we consider second-order optimization. Since the computa-
tional requirements of the existing online second-order training algorithms is at
least quadratic in the number of the network parameters, the large parameter
size of LSTMs makes it especially difficult to train them with second-order al-
gorithms [21,22]. To resolve this issue, we introduce a highly efficient extended
Kalman Filter (EKF) based training algorithm for LSTM-based online learning.
To design our algorithm, we use the independent EKF approach, i.e., a variant
of the EKF learning algorithm that uses an approximation to the state covari-
ance matrix in a block-diagonal form. We develop an IEKF-based algorithm for

LSTMs, which guarantees errors to converge to a small interval.

The main contributions of Chapter 2 are as follows: 1) We introduce a second-
order training algorithm with a performance guarantee for LSTM-based online
learning algorithm. 2) Since we construct our algorithm on the independent

EKF method [23,24], our algorithm provides significant computational savings in



comparison to the state-of-the-art second-order optimization methods [21,25]. 3)
Our algorithm can be used in a broad range of adaptive signal processing applica-
tions, since it does not assume any underlying data generating process or future
information, except that the target sequence is bounded [19,26]. 4) Through an
extensive set of experiments involving synthetic and real data, we demonstrate
significant performance gains achieved by the proposed algorithm with respect to
the state-of-the-art algorithms. 4) In the experiments, we particularly show that
our algorithm provides a considerable increase in the accuracy of the widely-used
adaptive learning method, i.e., Adam [6], RMSprop [5], and DEKF [24], and very

close performance to EKF [21] with a 10 to 15 times reduction in the run-time.

In Chapter 3, we consider first-order optimization. Due to our efficiency con-
cerns, here, we use simple RNNs (SRNNs) [13,27]. In this part, we introduce
a first-order training algorithm for SRNNs, which achieves the online regression
performance of LSTMs in a considerably shorter training time. We also provide
strong theoretical analysis to support our experimental results by providing regret

bounds on the converge rate of our algorithm.

The main contributions of Chapter 3 are as follows: 1) To the best of our
knowledge, our study is the first study that obtains the online regression per-
formance of LSTMs with SRNNs by using a first-order training algorithm. 2)
Since SRNNs have four times fewer parameters compared to LSTMs for a fixed
hidden layer size, our algorithm obtains the performance of LSTMs in a 2 to 3
times shorter training time. 3) We support our experimental results with strong
theoretical analysis and prove that our algorithm converges to the local optimum
parameters. Moreover, we do not make any assumption on the data sequence
to guarantee convergence, except that the input/target sequences are bounded.
Therefore, our algorithm can be safely used in any online regression scenario in
a theoretically justified sense. 4) Through an extensive set of experiments on
real and synthetic data, we verify our theoretical work and demonstrate signifi-
cant performance improvements of our algorithm with respect to LSTMs and the

state-of-the-art training methods.

Notation: All vectors are column vectors and denoted by boldface lower case



letters. Matrices are represented by boldface capital letters. The 0 (respec-
tively 1) represents a matrix or a vector of all zeros (respectively ones), whose
dimensions are understood from on the context. I is the identity matrix, whose
dimensions are understood from the context. ||-|| and Tr(-) denote the Euclidean
norm and trace operators. Given two matrices A and B, A > B (respectively
>) means that (A — B) is a positive definite (respectively semi-positive definite)
matrix. Given two vectors x and y, [x;y] is their vertical concatenation. We

use bracket notation [n| to denote the set of the first n positive integers, i.e.,

[n]:{17”' ’n}'



Chapter 2

An Efficient and Effective
Second-Order Training Algorithm
for LSTM-based Online Learning

In this chapter, we introduce a highly efficient and effective extended Kalman
filter (EKF) based second-order training algorithm for LSTM-based online learn-
ing. Our algorithm is truly online, i.e., it does not assume any underlying data
generating process and future information, except that the target sequence is
bounded. To design an efficient algorithm, we use the independent EKF (IEKF)
approach [23], i.e., we approximate the state covariance matrix in a block-diagonal
form by neglecting the covariance terms between the weights belonging to differ-
ent nodes. Differing from the previous work on IEKF [23,24], we provide strong
theoretical analysis for our algorithm by deriving an adaptive hyper-parameter
selection strategy that guarantees errors to converge to a small interval under the
only assumption that the target sequence is bounded. Through simulations, we
demonstrate significant performance gains achieved by our algorithm with respect
to the state-of-the-art methods. We mainly show that our algorithm provides a
considerable improvement in the accuracy of the widely-used adaptive methods
Adam [6], RMSprop [5], and DEKF [24], and very close performance to EKF

with a 10 to 15 times reduction in the run-time.



2.1 Related Work

Various optimization algorithms in the deep learning literature, such as Adam [6],
RMSprop [5] or SGD [28], can be used to train LSTMs online. Among the widely
used first-order algorithms, the adaptive learning methods, e.g., Adam and RM-
Sprop, are observed to provide faster convergence than the plain SGD [29]. The
performance gains of Adam and RMSprop are justified with their approximate
Hessian-based preconditioning, which let them use the second-order properties
of the error surface to improve the convergence speed [30]. However, the ap-
proximation employed in the first-order adaptive methods considers only the di-
agonal elements of the Hessian matrix, which severely limits their performance
in comparison to the second-order algorithms that utilize a full Hessian matrix
estimate [25].

For LSTMs, the Hessian-Free and EKF algorithms are capable of utilizing a full
Hessian matrix estimate with reasonable time complexity [21,22]. However, the
Hessian-Free algorithm requires a large size of batches to approximate the Hessian
matrix, making it impractical for the online settings. On the other hand, the EKF
learning algorithm is higly suitable for adaptive learning, as it recursively updates
its Hessian estimate, i.e., its state covariance matrix, without using mini-batch
statistics. Moreover, EKF is extensively studied in the neural network literature,
where it has been repeatedly demonstrated to have faster convergence and better
accuracy than the first-order methods [19]. However, EKF requires a quadratic
computational complexity in the number of parameters, which is prohibitive for

most of the practical applications.

To reduce the computational complexity of EKF, it is common in practice
to use a block-digonal approximation for the state covariance matrix, which we
refer to as the IEKF approach. The algorithms using the IEKF approach, such
as DEKF [24] or MEKA [23], have been shown to provide better performance
than the first-order methods with an acceptable reduction in the error perfor-
mance (due to their computational savings) compared to EKF [23]. Despite their

empirical success, however, the existing methods are heuristic-based; hence, they



have no guarantee to converge to an optimum set of weights during the train-
ing [24]. Moreover, due to the neglected covariance terms, they are sensitive to
the hyperparameter selection and initialization, which degrades their performance
compared to that of EKF [21]. In this study, we are interested in reducing the
performance difference between EKF and IEKF to provide an efficient and effec-
tive second-order training algorithm for LSTM-based adaptive learning. To this
end, we introduce an [EKF-based algorithm with an adaptive hyperparameter

selection strategy that guarantees errors to converge to a small interval.

There are only a few recent works studying convergence analysis of RNN train-
ing with EKF [31,32]. However, these studies consider basic RNN training with
full Hessian approximation, which cannot be easily extended to LSTMs due to
high computational complexity of EKF. Hence, differing from the previous works,
we use the IEKF approach and introduce an IEKF-based training algorithm with
a performance guarantee. Endowed with a theoretical guarantee, our algorithm
performs very closely to EKF in a considerably shorter running time. As noted
earlier, our algorithm is truly online, i.e., it does not require a priori knowledge on
the environment for its performance guarantee, making the proposed algorithm
of practical value for a wide range of adaptive signal processing applications, such

as time-series prediction [19] or object tracking [26].

2.2 Model and Problem Description

In this chapter, we study the online regression problem, defined as as follows: We

"d - and input

sequentially receive bounded target vectors, {d;};>1, d¢ € [—1,1]
vectors, {X; }1>1, X; € R™ such that our goal is to estimate d; based on our current
and past observations {--- ,x;_1,x;}.! Given our estimate cit, which can only be
a function of {--- ,x;_1,x;} and {--- , dy_y,d;_1 }, we suffer the loss ¢(d;, d;). The
aim is to optimize the network with respect to the loss function ¢(-, -). In this part,

we particularly work with the squared error, i.e., £(dy, d;) = ||d; — dy|?>. We note

"'We assume d; € [—1,1]™¢ for notational simplicity; however, our derivations hold for any
bounded desired data sequence after shifting and scaling in magnitude.



Cell State

Ct—1

[0 ®
Zt
Hidden State

Yi—1

/ S D \ Ct
] ©
“

N ()

/

o

Output

Figure 2.1: The detailed schematic of the equations given in (2.1)-(2.7).

that since we observe the target value d; at each time step, i.e., full information
setting, all of our results hold in the deterministic sense. We additionally note
that our work can be extended to a wide range of cost functions (including the

cross-entropy) using the analysis in [33, Section 3].

In this chapter, we study online regression with LSTM-based networks due to
their succes in modelling highly nonlinear sequential tasks [15]. As illustrated
in Fig. 2.1, we use the most widely used LSTM model, where the activation
functions are set to the hyperbolic tangent function and the peep-hole connections
are eliminated. As in Fig. 2.1, we use a single hidden layer based on the LSTM

structure, and an output layer with the hyperbolic tangent function?. Hence, we

2We use the hyperbolic tangent function in the output layer to ensure that the model esti-
mates also lay in [—1,1]™4. However, our results hold for any output activation function, given
that the function is differentiable, and its range is sufficient large to include the target vectors.



have:

z; = tanh(W.[x;y, ,]) (2.1)
i, = o(Wilx;y,1]) (2.2)
f, = o(Wylxi; y1]) (2.3)
=10z +fOc (2.4)
o, = o(Wo[xi;y,1]) (2.5)
y; = 0, ® tanh(c;) (2.6)
d, = tanh(W,y,) (2.7)

where ® denotes the element-wise multiplication, ¢; € R™ is the state vector,
x; € R™ is the input vector, and y, € R" is the output vector, and d, € [—1, 1]
is our final estimation. Furthermore, i;, f; and o; are the input, forget and
output gates respectively. The sigmoid function o(.) and the hyperbolic tangent
function tanh(.) applies point wise to the vector elements. The weight matrices
are W,, W, W; W, ¢ R *(n=tns) and W@ e Rma*ns We note that although
we do not explicitly write the bias terms, they can be included in (2.1)-(2.7) by

augmenting the input vector with a constant dimension.

2.3 Review of EKF-Based Online Training Al-

gorithms

In this section, we review the EKF' learning algorithm and derive the update rules
of the IEKF learning algorithm within the LSTM-based online learning frame-
work. We note that in the neural network literature, there are two approaches to
derive EKF-based learning algorithms: the parallel EKF approach, where both
the network weights and hidden state vectors are treated as the states to be esti-
mated by EKF, and the parameter-based EKF approach, where only the network
weights are viewed as states to be estimated [24]. In the following, we derive
our algorithms by using the parameter-based EKF approach. We prefer to use
the parameter-based EKF approach since, unlike the parallel EKF approach, the

9
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Figure 2.2: The detailed schematic of h¢({x:};0:) given in (2.9). The figure represents the
unfolded version of the LSTM model in (2.1)-(2.7) over all the time steps up to the current
time step t. Here, the iterations start with the predetermined initial states y, and cg, which are
independent of the network weights. Then, the same LSTM forward pass (given in (2.1)-(2.6))
is repeatedly applied to the input sequence {x;}, where the LSTM cells are parametrized by
their corresponding weights in ;. Finally, the resulting hidden state vector y, goes through
the output layer function in (2.7), which is parametrized by its corresponding weights in 6y,
and generates the desired data d;. We note that by the given h:({x:}; 6;), the data generating
process in (2.8)-(2.9) is fully characterized only by the network weights 68;, as the parameter-
based EKF approach requires.

parameter-based EKF approach allows us to use the Truncated Backpropaga-
tion Through Time algorithm [13] to approximate the derivatives efficiently [24].
However, we emphasize that it is possible to adapt our analysis to the parallel
EKF approach by using the state-space representation in [34] and changing our

mathematical derivations accordingly.

For notational convenience in the following derivations, we introduce two new
notations: 1) We group all the LSTM parameters, ie., W,, W, W; W, €
R *(metns) and W, € R™*"s into a vector @ € R™, where ng = dng(ns +
ng) + nsng. 2) We use {x;} to denote the input sequence up to time ¢, i.e.,

{x:} = {x1,%2, "+, x¢}.

Now, we are ready to derive the EKF and IEKF learning algorithms.

10



2.3.1 Online Learning with EKF

In order to convert the LSTM training into a state estimation problem, we model
the desired signal as a nonlinear process realized by the LSTM network in (2.1)-
(2.7). We note that since we use the parameter-based EKF approach, our desired
signal model should be fully characterized by only the network weights 6. There-
fore, we describe the underlying process of the incoming data with the following

dynamical system:

Bt = 015_1 (28)
d, = h({x:};0,). (2.9)

Here, we represent the LSTM weights that realize the incoming data stream with
a vector 6; € R™, which is modeled as a stationary process. As detailed in Fig.
2.2, we use hy({x;}; 6;) to represent the unfolded version of the LSTM model in
(2.1)-(2.7) over all the time steps up to the current time step ¢, where all forward
passes are parametrized by 6;. Note that the dependence of hi(-) on t is due
to the increased length of the recursion at each time step. The EKF learning
algorithm is the EKF applied to the state-space model in (2.8)-(2.9) to estimate
the network parameters 6;. From the optimization perspective, EKF performs
an online optimization procedure with the squared loss, aiming to predict the
time-series with performance close to the best state-space model formulated as
(2.8)-(2.9), i.e., the LSTM model with the (locally) optimum parameters [34].

In the algorithm, we first perform the forward LSTM-propagation with (2.1)-
(2.7) by using the parameters 6, € R™, which is our estimate for the optimum

weights at time step t. Then, we perform the weight updates with the following

formulas:
ét-l—l — ét ‘I— Gt(dt - Cit) (210)
Pt+1 - (I - Gth)Pt + Qt (21].)
Ohi({x:};0)
H = a 2.12
¢ 00 0=0, ( )
G, =P,H/ (HPH/ +R,) " (2.13)
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Here, P; € R™*"™ is the state covariance matrix, which models the interactions
between each pair of the LSTM parameters, G; € R"*"¢ is the Kalman gain
matrix, and H; € R"*™ is the Jacobian matrix of h,({x;};0) evaluated at
ét. The noise covariance matrices Q, € R™*™ and R; € R"*"™ are artifically
introduced to the algorithm to enhance the training performance [21]. In order
to efficiently implement the algorithm, we use diagonal matrices for the artificial
noise terms, i.e., Q, = ¢I and Ry = I, where ¢, 7, > 0. Due to (2.11) and
(2.13), the computational complexity of the EKF learning algorithm is O(n2),

which is usually prohibitive for the online settings.?

2.3.2 Online Learning with IEKF

In this study, we use IEKF to develop an efficient EKF-based training algorithm
for LSTM-based online learning. In IEKF, we approximate to the state covariance
matrix by using a block-diagonal matrix approximation. To this end, we assume
each neural node in LSTM as an independent subsystem, and use a different (and
independent) EKF learning algorithm to learn the weight in each node. Let us
denote the LSTM nodes with the first (4ng + ng) integers, i.e., [(4ns + ng)| =
{1,---,(4ns +ny)}, and use i to index the nodes, i.e., i € [(4ns + ng)]. Then, we
perform the weight updates in IEKF with the following:

fori=1,---,(4ns + ng)

éi,t-‘,—l = éi,t + Gi(d; — dt) (2.14)
Pit1=0-GiH; )Py + ¢l (2.15)
Ohy({x:};0)
H;i=—->"— 2.16
. 801 gi:éi’t ( )
G = Pi,tHz:t<Hi,tPi,tHZt + T‘i,tI)_l- (2.17)

Here, 6;, and éi,t denote the weights in the LSTM node with index 7. P;; €

LB — . . . ngxX —28
R @nstra) " Gnsing) s the state covariance matrix, H;; € R @nstna) is the Ja-

ng
cobian matrix of h;({x;};8;) and G,; € R@=+ """ is the Kalman gain matrix

corresponding to the LSTM weights in node . Since we perform (2.15) and (2.17)

3We use big-O notation, i.e., O(f(x)), to ignore constant factors.
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(4ng + ng) times, the computational complexity of the IEKF learning algorithm
is O(n2/(4ns +mng)). We note that since LSTMs include a large number of nodes
in practice, the reduction in the computational requirement with IEKF leads to
considerable run-time savings in LSTM-based online learning. However, as noted
earlier, the existing IEKF methods are heuristic-based, and thus, sensitive to
hyperparameter selection and initialization, which reduces their performance in
comparison to EKF. Therefore, to provide an efficient and effective online learn-
ing procedure, we introduce an IEKF-based LSTM training algorithm with a

theoretical performance guarantee in the following section.

2.4 Algorithm Development

In this section, we introduce an online IEKF-based training algorithm with a
performance guarantee. We present our algorithm in two subsections: In the first
subsection, we develop our algorithm by assuming that we have prior information
about the data (in the form of the non-linear term in the error dynamics) before
the training. In the second subsection, we drop this assumption and extend our
algorithm to a truly online form, where the final algorithm sequentially learns
the non-linear term without a priori knowledge of the data while preserving its

performance guarantee.

For the analysis in the following subsections, we write the error dynamics of
the independent EKF structures. To this end, we first write the Taylor series

expansion of hy({x;};0;) around 6;:
ht({xt}7 Gt) = ht({xt}a ét) + Ht(et — ét) + Ct, (218)

where H; € R"™*™ is the Jacobian matrix of h;({x;}; ) evaluated at 6,, and
¢+ € R™ is the non-linear term in the expansion. Note that d; = h,({x:}; 6;)
and d; = hy({x,};8;). For notational simplicity, we introduce two shorthand

notations: x;: = (6;+— éi,t), and e; = (d; — cft) Then, the error dynamics of the
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EKF learning algorithm applied to node ¢ can be written as:

(4ns+nq)

O = Z H;ixie + G = Hixie + Giss (2.19)
i=1

where we consider the effect of partitioning the weights as additional non-linearity

for node 1, i.e.,
(4ns+nq)
Git = Z H; X + G- (2.20)
g
For now, let us assume that the norm of ¢;; is bounded by a scalar value ¢ for

all the nodes throughout the training, i.e.,
¢ > |IGisll forall t € [T)] and i € [(4n, + ng)]. (2.21)

We note that we will prove (2.21) in the following part (in Theorem 2.3).

2.4.1 Performance Guarantee with Known Parameters

In this subsection, we present an IEKF-based algorithm that guarantees er-
rors to converge to a small interval under the assumption that ¢ is known, i.e.,

Algorithm 1.

In Algorithm 1, we take the upper bound of the residual terms ¢ as the input.
We initialize the state covariance matrix of each independent EKF as P;; =
piI, where p; € R*T. In each time step, we first generate a prediction cit, then
receive the desired data d;, and suffer the loss |le;]|> = ¢,(0, ). We perform the
parameter updates only if the loss is bigger than 462, ie., |le]* > 452. If so, we
calculate the Jacobian matrix H;;, measurement noise level r;;, and the Kalman
gain matrix G;; for each i € [(4ns + ng)| in lines 7-9 of Algorithm 1. We, then,
update the weights and state covariance matrix of the weights belonging to node

7 in lines 10 and 11.

In the following lemma, we present several propositions that will be used to

prove the theoretical guarantees of Algorithm 1.
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Algorithm 1

1: Parameters: ( € R*.
2: Initialization: P;; = piI for i € [(4ns + ng)], where p; € R™.
3: fort=1to T do

4:  Generate dy, observe dy, and suffer the loss |je;||? = £,(0, ).
5. if |jes)|? > 4C then

6: for i =1 to (4ns + ng) do

7 Calculate the Jacobian matrix H;;
8: Tit =3 Tr(HivtPi,tHgt)/nd

9: G =P H ,(H;,P; ,H], + r;,I)~!
10: 0,11 =0, + G, (d — dy)

11: Piivi=(01-G;;H; )P+ ¢l

12: end for

13:  else

14: éi,tﬂ = éi,t, for i € [(4ng + ng)]
15: Piii1 =Piy, for i € [(dng + ng)]
16:  end if
17: end for

Lemma 2.1. For {t: | e]* > 422}, Algorithm 1 guarantees the following state-

ments:

1. For each node i, the difference between the locally optimal weights and

LSTM weights is governed with the following equation:

Xit+1 = (I— Gz‘,thi,t)Xz‘,t - Gi,tCz‘,ta (2-22)

which can also be written as
Xit+1 — Xit = — GirHi Xt — Gi G- (2.23)

2. For each node 1, P;tl and (P41 — qtl)_l exist and they are always positive

definite as such

’ %,t ’ ’
(Pipy1 — )™ = PN (I- G, H;,) (2.24)
=P} +r'H \H;,; > 0. (2.25)

3. As a result of the previous two statements,
(Pz‘,t+1 - QtI)_IXi,t—i-l = PZtIXi,t - (Pz‘,t+1 - QtI)_l Gz‘,tCz‘,t (2~26)
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holds for each node i € [(4ns + ng)].

In the following theorem, we state the theoretical guarantees of Algorithm 1.

Theorem 2.2. If Zggﬁnd) Tr(P;;) stays bounded during training, Algorithm 1

guarantees the following statements:

1. The LSTM weights stay bounded during training.

2. The loss sequence {||e||*}i>1 is guaranteed to converge to the interval
0,4¢).
Remark 2.1. Due to the Kalman gain matriz formulation (line 9 in Algorithm
1), Tr(I — GitH;1)P;y) is always smaller than or equal to Tr(P;;) for each
node i, i.e., Tr(I — Gt H;1)Piy) < Tr(P;;) for all i € [(4ns + ng)]. Since
Py =(I— G H;;) Py + ¢ 1, and the artificial process noise level ¢ is a user-
dependent parameter, the condition in Theorem 2.2 can be satisfied by the user

by selecting sufficiently small q;.

We note that due to dy,d; € [—1,1]", |le;|> < 4ng. Therefore, to ensure
that the 2nd statement in Theorem 2.2 is not a trivial interval, we must show
that ¢ € [0, /nq). In the following theorem we show that choosing small initial
weights, i.e., @) ~ 0, guarantees ¢ € [0, NTE

Theorem 2.3. For any bounded data sequence {d;}i>1 with dy € [—1,1]", there
exists a small positive number € such that ||91 | < € ensures that C is in the interval
0, /).

Remark 2.2. We note that although Theorem 2.3 guarantees the existence of
e, which guarantees ¢ € [0,/ng) under the condition of 161]] < e, it does not
provide us a specific € value. However, in the simulations, we observe that 0, ~
N(0,0.011) gives us both small error rates and fast convergence speed at the same
time. Therefore, in the following we assume that 0, ~ N(0,0.011) is sufficiently
small to ensure { € 0, /na] for practical applications.

Note that by Theorem 2.3, we guarantee an interval for ¢. In the following

section, we utilize this interval to extend our algorithm to a truly online form.
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Algorithm 2

Parameters: ¢, € R".
Initialize ¢ = [\/Tg, 0.5y/Mg, 0.25\/Tg, =+, Cpnin) - -
Set N = log(\/n_d/Zmin) + 1.
Initialize N independent Algorithm 1 instances with the entries of ¢.
Let the indices of the instances be j € [V].
Initialize the weight of the instances as w;; = 1/N, for j € [N].
fort=1to T do
Receive {dj,t}je[N} vectors of the Algorithm 1 instances.

il wyed e

Zivﬂ Wht
Observe d; and suffer the loss [|e,||? = ||d; — d||%.
Update all the Algorithm 1 instances by using d; and their own dﬂjyt vector.

Calculate the prediction vector as d, =

—
o L 0 atE Wy

—_

—_
N

wjer1 = wye exp(—gi=||d; — dj[|?), for j € [N].
: end for

—_
w

2.4.2 Truly Online Form

In this section, we extend Algorithm 1 to a truly online form, where we do
not necessarily know ¢ a priori. To this end, we introduce Algorithm 2, where we
run multiple instances of Algorithm 1 with carefully selected ¢ values, and mix
their predictions with the exponential weighting algorithm to find the smallest ¢

efficiently in a truly online manner.

In Algorithm 2, we use the fact that the effective range of ¢ is [0, \/ng].

Here, we specify a small ( and run multiple Algorithm 1 instances in-

dependently with ¢ values from /ng to (.,

e., ¢ = [Vna,0.5nq,0.25./ng, - ,Cin)’, where we have a total of N =
10g(\/Td/Cin) + 1 number of independent Algorithm 1 instances. In each round,

decreasing with powers of 2,

we receive the prediction of the instances, i.e., {cij7t}je[N], and take the weighted
average of {ciﬂ}jem to determine cit, ie., d, = (Zj\le wj,tcij7t)/ ij:l w4 In its
following, we observe the target value d,, and suffer the loss |je;||> = ||d; — dy||.
We, then, update the Algorithm 1 instances with their own predictions cij,t, and

update the weights as w;;41 = w;, exp(—ﬁ“dt —d;,|)?) for j € [N].
In the following theorem, we derive the theoretical guarantees of Algorithm 2.
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Theorem 2.4. Let us use (., to denote the smallest possible value for
that guarantees the tightest possible interval for {||e;]|*}i>1. Assuming Cpq €
[Conims /1], Algorithm 2 guarantees that {|e||*};>1 converges to the interval

[0, 162?8“] in a truly online manner.

Remark 2.3. We note that the results so far do not assume any specific dis-
tribution for the data mor any topology for the error surface. Therefore, our
performance guarantee holds globally regardless of the distribution of the data,
given that the target sequence is bounded (required in Theorem 2.3). The differ-
ence between different noise levels or two local optima demonstrates itself in C, or
in the asymptotic error interval in Theorem 2.2, which is guaranteed to be learned

i a data-dependent manner in Theorem 2.4.

Now that we have proved the performance guarantee of our algorithm, in the
following remark, we present the computational complexity of Algorithm 2, and

compare the presented complexity with the computational requirement of EKF.

Remark 2.4. We maintain that C,,;, = 0.01 is practically sufficient for C,,.; €

[ V1al (or to guarantee a tight interval for error to converge). In this case,
the number of independent Algorithm 1 instances in Algorithm 2, i.e., N, becomes
log(1004/nq), equivalently, (7 + 0.5logng). Hence, the computational complexity
of Algorithm 2 becomes O((7+0.5log ng)ng/(4ns +ny)) in the worst case, where
we assume that all the Algorithm 1 instances perform the IEKF updates (lines

7-11 in Algorithm 1) in every time step.

As noted earlier, the computational requirement of EKF is O(n2). There-
fore, the asymptotic efficiency gain of Algorithm 2 over EKF is (4ns + ng)/(7 +
0.5logng). Since the number of nodes in practical LSTMs is usually more than
50, in the worst case, Algorithm 2 reduces the computational requirement of the
EKF-based training by 5 — 7 times [19, 26, 34, 35]. However, we note that in
practice, Algorithm 1 with a high ¢ (> 0.2) performs a small number of updates,
usually around 20 — 30 updates in 1000 time steps. Therefore, the ratio between
the run-times of EKF and Algorithm 2 is generally considerably higher than the

worst-case ratio derived above. In fact, in the following section, we demonstrate
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that Algorithm 2 provides a 10— 15 times reduction in the training time compared

to EKF while yielding very similar performance.

2.5 Simulations

In this section, we illustrate the performance improvements of our algorithm, i.e.,
Algorithm 2, with respect to the state-of-the-art algorithms. To this end, we
compare Algorithm 2 (abbreviated as Alg2) with five widely used optimization
algorithms, i.e., SGD, Adam, RMSprop, DEKF, and EKF, on six real-world and
three synthetic datasets. We linearly map the target vectors between [—1,1] to

satisfy the condition in Theorem 2.4.

In all simulations, we randomly draw the initial weights from a Gaussian dis-
tribution with zero mean and standard deviation of 0.1, i.e., 8; ~ N(0,0.011).
to 0.01. To provide

a robust comparison, we report results with 90% confidence intervals. To obtain

We set the initial values of all state variables to 0 and (,;,
the confidence intervals, we repeat the experiments twenty times with randomly
chosen initial parameters and calculate the 5th and 95th percentiles of the errors
in each time step. Then, we report the average of the calculated intervals between

the calculated percentiles.

We search the hyperparameters of the learning algorithms (except EKF) over
a dense grid and report the results using the best hyperparameters in that set-
ting, i.e., the hyperparameters minimizing the mean squared error. Since the
grid search for EKF takes a very long time, in EKF, we use the same hy-
perparameters used in DEKF. To provide a consistent scale for the results,
we normalize the squared errors with the variance of the target stream. To
evaluate the generalization performance of the algorithms, we report the confi-
dence intervals of both one-step normalized squared errors (shortly NSE) and
k-step normalized squared errors (shortly kNSE), where kNSE is the normal-
ized squared error of the k-step ahead forecast. In the experiments, we use

k = 50. We share the source code of our experiments on GitHub at https:
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‘ kin8nm (n, = 16, n, = 9) ‘ kin32fm (n;, = 12, n, = 33) ‘ elevators (nj, = 12, n, = 19) ‘

\ NSE | kNSE | Run-time | NSE | kNSE | Run-time | NSE | kNSE | Run-time |

| SGD | 06954025 | 0658+0.26 | 058 | 0.483+028 | 0486+031 | 115 | 0488+022 | 0494+024 | 062 |

| RMSprop | 0.4304+0.17 | 04274017 | 059 | 0228+0.12 | 0.2324+0.13 | 1.03 | 0.326+0.16 | 0.336+0.16 | 055 |

| Addam | 04234020 | 04264020 | 058 | 0243+0.16 | 02494017 | 1.06 | 0393+025 | 03964025 | 057 |

[ DEKF | 04194022 | 04174022 | 1.68 | 0198012 | 0.2094+0.13 | 251 | 0247+£0.12 | 0249+0.12 | 174 |

| EKF [0.331+0.18 [ 0.324+0.18 | 6217 | 0.171+0.10 | 0.1814+0.10 | 11211 | 0216+0.10 | 0.215+0.10 | 53.74 |

| Alg2 | 03454020 | 03354020 | 448 |0.148+0.06 | 0.164+0.10 | 9.04 |0.213£0.09|0.215£0.09 | 445 |
(a)

‘ pumadnm (nj, = 16, n, =9) ‘ puma8nh (nj, = 16, n, = 9) ‘ puma32fm (n;, = 12, n, = 33) ‘

\ NSE | kNSE | Run-time | NSE | kNSE | Run-time | NSE | kNSE | Run-time |

| SGD | 04594022 | 0448+£0.22 | 058 | 0.708+022 | 07254023 | 061 | 0.383+£022 | 0395+025 | 111 |

| RMSprop | 0.25240.13 | 0.254+0.13 | 059 | 0.517+0.14 | 05244013 | 061 | 0.185+0.10 | 0.187+0.10 | 1.03 |

| Adam | 0.291£0.21 | 0293021 | 058 | 0.523+0.23 | 0526+£0.23 | 0.65 | 0.1724+0.11 | 0.181+0.11 | 1.06 |

| DEKF | 0.216+£0.11 | 0211£0.11 | 172 | 0509+0.23 | 0.502+0.23 | 176 | 0.14840.08 | 0.1564+0.09 | 251 |

| EKF | 0.153 +0.08 | 0.1524+0.08 | 59.38 | 0.480+0.24 | 04744024 | 6823 | 0.1364+0.08 | 0.1444+0.08 | 113.14 |

| Alg2 | 0179£0.11 | 0.171£0.11 | 431 |0.464+0.21 [0.457+£0.21 | 460 [0.1224+0.05|0.129+0.08| 921 |
(b)

Table 2.1: Empirical 90% confidence intervals for the one-step and k-step normalized squared
errors, i.e., NSE and kNSE, with the run-times (in seconds) of the compared algorithms. The
bold font shows the best NSE and kNSE results (in terms of the median value) for each dataset.
The simulations are performed on a computer with i7-7500U processor, 2.7-GHz CPU, and 8-GB
RAM.

//github.com/nurimertvural/EfficientEffectiveLSTM.

2.5.1 Real Data Benchmark

In the first part, we evaluate the performance of our algorithm with six real-world
datasets. Since the EKF simulations require very high running times, we consider

only the first 2500 input/output pairs in each dataset, i.e., 7" = 2500.

2.5.1.1 Kinematic Family of Datasets

In the first set of experiments, we use the kinematic family of datasets [36], which
are obtained through the simulations of eight-link all revolute robotic arms with
different forward-dynamics. The aim is to estimate the distance of the end-effector
from a target by using the input predictors, i.e., ny = 1. Here, we consider two

datasets from the kinematic family: kin8nm, which is generated with nonlinear
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dynamics and moderate noise, and kin32fm, which is generated with fairly linear

dynamics and moderate noise.

For the kin8nm dataset, we use 8-dimensional input vectors of the dataset
with an additional bias dimension, i.e., n, = 9, and 16-dimensional state vectors,
i.e., ny = 16. In Adam, RMSprop, and SGD, we use the learning rates of 0.003,
0.004, and 0.3 In EKF and DEKF, we choose the initial state covariance matrix
as 100I and anneal the measurement and process noise levels from 30 to 3, and
1072 to 107°, respectively. In Alg2, we initialize the state covariance matrices as

10T and anneal the process noise level from 10~ to 1072.

In the leftmost column of Table 2.1a, we present the experiment results for
the kin8nm dataset. Here, we observe that SGD provides the worst NSE and
kNSE performance, followed by Adam, RMSprop, and DEKF. Moreover, Alg2
and EKF outperform the other algorithms in NSE and kNSE while providing
very similar error intervals. However, Alg2 provides that equivalent performance

in approximately 15 times smaller run-time.

For the kin32fm dataset, we use 32-dimensional input vectors of the dataset
with an additional bias dimension, i.e., n, = 33, and 12-dimensional state vectors,
i.e., n, = 12. In Adam, RMSprop, and SGD, we use the learning rates of 0.001,
0.002 and 0.5. In EKF and DEKF, we use the same hyperparameters used in the
previous experiment. In Alg2, we initialize the state covariance matrices as 0.51

and choose the process noise as ¢; = 107° for all ¢ € [T].

In the middle column of Table 2.1a, we present the experiment results for the
kin32fm dataset. Here, we see that EKF and Alg2 provide lower NSE and kNSE
values compared to DEKF, Adam, RMSprop and SGD. Differing from the previ-
ous experiment, Alg2 achieves slightly better NSE and kNSE performance than
EKF. Similar to the previous experiment, Alg2 provides very close performance

to EKF in 12 times smaller run-time.
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2.5.1.2 Elevators Dataset

In the second part, we consider the elevators dataset, which is obtained from
the controlling procedure of an F16 aircraft [37]. Here, the aim is to predict the
scalar variable that expresses the actions of the aircraft, i.e., ny = 1. For this
dataset, we use 18-dimensional input vectors of the dataset with an additional
bias dimension, i.e., n, = 19, and 12-dimensional state vectors, i.e., n, = 12. In
Adam, RMSprop, and SGD, we choose the learning rates as 0.005, 0.005, and
0.35. In EKF and DEKF, we initialize the state covariance matrix as 100I and
anneal the measurement and process noise levels from 50 to 3, and 1072 to 1075,
In Alg2, we set the initial state covariance matrices to 10I and anneal the process

noise from 10~* to 1078.

In the rightmost column of Table 2.1a, we present the experiment results for
the elevators dataset. Here, we see that as in the previous two experiments,
Adam and RMSprop obtain smaller NSE and kNSE values compared to SGD.
Furthermore, EKF-based methods, i.e., DEKF, EKF, and Alg2, improve the ac-
curacy of the first-order methods considerably. Here also, EKF and Alg2 achieve
the smallest errors while Alg2 reduces the training time of EKF 13 times without

compromising the error performance.

2.5.1.3 Pumadyn Family of Datasets

In the last set of experiments, we use the pumadyn family of datasets obtained
through realistic simulations of the dynamics of a Puma 560 robot arm [36].
The aim is to estimate the angular acceleration of the arm, i.e., ng = 1, by
using the angular position and angular velocity of the links. In this part, we
consider three datasets from the pumadyn family: puma8nm, which is generated
with nonlinear dynamics and moderate noise, puma8nh, which is generated with
nonlinear dynamics and high noise, and puma32fm, which is generated with fairly

linear dynamics and moderate noise

For the puma8nm dataset, we use 8-dimensional input vectors of the dataset
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with an additional bias dimension, i.e., n, = 9, and 16-dimensional state vectors,
i.e., ny = 16. In Adam, RMSprop, and SGD, we use the learning rates of 0.009,
0.01 and 0.4. In EKF and DEKF, we initialize the state covariance matrix as
100I and anneal the measurement and process noise levels from 30 to 3, and 1072
to 1079, respectively. In Alg2, we set the initial state covariance matrices to 101

and anneal the process noise level from 10~% to 1075.

In the puma8nh experiment, we left the hyperparameters of the puma8nm ex-
periment unchanged with the following exceptions: Here, we choose the learning
rates of Adam, RMSprop and SGD as 0.006, 0.006, and 0.25. In EKF and DEKF,
we anneal the measurement and process noise levels from 20 to 3, and 1073 to

1075, respectively.

For the puma32fm dataset, we use 32-dimensional input vectors of the dataset
with an additional bias dimension, i.e., n, = 33, and 12-dimensional state vectors,
i.e., ny = 12. In Adam, RMSprop, and SGD, we use the learning rates of 0.003,
0.004, and 0.35. In EKF and DEKF, we choose the initial state covariance matrix
as 100I and anneal the measurement noise and process noise levels from 20 to 3,
and 1073 to 1079, respectively. In Alg2, we initialize the state covariance matrices

as 0.5I and choose the process noise as ¢, = 107% for all t € [T].

In Table 2.1b, we present the experiment results for the puma8nm, puma8nh,
and pumad2fm datasets. Here, we observe that the error values in the puma8nh
experiment are relatively higher due to the nonlinear dynamics and high noise
of the puma8nh dataset, whereas the error values in the pumad2fm experiment
are comparably smaller due to the linearity and moderate noise of the puma32fm
dataset. As in the previous parts, Alg2 and EKF achieve lower NSE and kNSE
values than the other algorithms in all experiments. However, Alg2 provides the

comparable error values in 12 to 15 times smaller running times than EKF.
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2.5.2 Binary Addition

In this part, we compare the performance of the algorithms on a synthesized
dataset that requires learning long-term dependencies. We show that our al-
gorithm learns the long-term dependencies comparably well with EKF, which

explains its success in the previous experiments.

To compare the algorithms, we construct a synthesized experiment in which
we can control the length of temporal dependence. To this end, we train the
network to learn adding n number of binary sequences, where the carry bit is the
temporal dependency that the models need to learn. We note that the number of
added sequences, i.e., n, controls how long the carry bit is propagated on average,
hence, the average length of the temporal dependence. We learn binary addition
with a purely online approach, i.e., there is only one input stream, and learning

continues even when the network makes a mistake.

In the experiments, we consider n € {3,4,5}. For each n, we repeat the ex-
periments with five different input streams, where all input bits are generated
randomly by using independent Bernoulli random trials with success probability
0.5. We assume that the network decides 1 when its output is positive, and 0
in vice versa. For the performance comparison, we count the number of symbols
needed to attain error-free predictions for 500 subsequent symbols, i.e., sustain-
able prediction. We note that as the algorithms demonstrate a faster rate of
convergence, the number of steps required to obtain sustainable prediction is

expected to be smaller.

In this part, we use 12-dimensional state vectors, i.e., n, = 12. As the input
vectors, we use the incoming n bits with an additional bias, i.e., n, =n + 1. In
EKF and DEKF, we initialize the state covariance matrix as 100I, choose the
measurement noise level as r; = 3 for all ¢t € [T], and anneal the process noise
level from 1073 to 107%. In Alg2, we set all initial state covariance matrices to
10T and choose the process noise as ¢; = 1077 for all ¢ € [T]. In RMSprop, we
use the learning rate of 0.02. Due to space constraints, we compare the EKF-

based methods only with RMSprop, which is observed to demonstrate a faster
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rate of convergence compared to Adam and SGD during the experiments. In the
following, we say that an algorithm is failed if it is unable to obtain sustainable

prediction after 10° timesteps.

In the first experiment, we consider adding three sequences, i.e., n = 3. The
experiment results are presented in Table 2.2a. Here, we see that Alg2 and
EKF achieve 500 subsequent error-free predictions with considerably fewer data
compared to RMSprop and DEKF. On the other hand, RMSprop and DEKF
achieve sustainable prediction with shorter running times in general due to their

relatively small computational complexity.

In the second and third experiments, we consider adding four and five se-
quences, i.e., n = 4 and n = 5, respectively. The results are presented in Ta-
ble 2.2b and Table 2.2c. Here, we see that in all experiments, RMSprop and
DEKF are unable to obtain subsequent 500 error-free predictions even after 10°
timesteps. On the other hand, EKF and Alg2 consistently achieve the sustainable
prediction parallel to their success in the previous experiments. Moreover, we see
that EKF requires slightly fewer data to complete the task in general. However,
Alg2 requires significantly shorter running times due to its relative efficiency in

comparison to EKF.
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| RMSprop | DEKF | EKF | Alg2 (This work) |
‘ Timestep ‘ Run-time ‘ Timestep ‘ Run-time ‘ Timestep ‘ Run-time ‘ Timestep ‘ Run-time ‘
| 43778 | 1561 | 29995 | 1124 | 5995 | 3793 | 6906 | 11.21 |
| 44472 | 1574 | 11464 | 5.21 | 2651 | 1716 | 6107 | 1026 |
| 22912 | 8.47 | 25382 | 972 | 5411 | 3374 | 7065 | 11.79 |
| 27264 | 746 | 12242 | 5.25 | 4205 | 265 | 8245 | 1448 |
| 21073 | 6.69 | 19491 | 767 | 3244 | 2065 | 5510 | 926 |
(a) Adding three binary sequences (nj, = 12, ng, = 4).
‘ RMSprop ‘ DEKF ‘ EKF ‘ Alg2 (This work) ‘
‘ Timestep ‘ Run-time ‘ Timestep ‘ Run-time ‘ Timestep ‘ Run-time ‘ Timestep ‘ Run-time ‘
| Failed | Failed | 28978 | 197.03 | 31353 | 52.05 |
| Failed | Failed | 30578 | 207.38 | 36606 | 61.41 |
| Failed | Failed | 59835 | 407.63 | 53204 | 88.03 |
| Failed | Failed | 50549 | 34384 | 18083 | 30.99 |
| Failed | Failed | 15871 | 107.75 | 18165 | 32.96 |
(b) Adding four binary sequences (nj, = 12, ngy = 5).
| RMSprop | DEKF | EKF | Alg2 (This work) |
‘ Timestep ‘ Run-time ‘ Timestep ‘ Run-time ‘ Timestep ‘ Run-Time ‘ Timestep ‘ Run-Time ‘
| Failed | Failed | 27977 | 20227 | 33912 | 52.34 |
| Failed | Failed | 61709 | 47721 | 78583 | 128.53 |
| Failed | Failed | 54763 | 41244 | 54777 | 85.38 |
| Failed | Failed | 32647 | 24528 | 93080 | 174.21 |
| Failed | Failed | 44492 | 33485 | 57919 | 86.36 |

(¢) Adding five binary sequences (nj, = 12, ny = 6).

Table 2.2: Timesteps and the run-times (in seconds) required to achieve 500 subsequent error-
free predictions, i.e., sustainable prediction. The experiments are repeated with five different
input streams and the results are presented in order. The bold font shows the best result (in
terms of both timestep and run-time) for each input stream. The simulations are performed on

a computer with i7-7500U processor, 2.7-GHz CPU, and 8-GB RAM.
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Chapter 3

Achieving Online Regression
Performance of LSTMs with
Simple RNNs

In this chapter, we achieve the online regression performance of LSTMs with
SRNNSs efficiently. To this end, we introduce a first-order training algorithm
with a linear time complexity in the number of parameters. We show that when
SRNNs are trained with our algorithm, they provide very similar regression per-
formance with the LSTMs in two to three times shorter training time. We provide
strong theoretical analysis to support our experimental results by providing regret
bounds on the convergence rate of our algorithm. Through simulations, we verify
our theoretical work and demonstrate significant performance improvements of

our algorithm with respect to LSTMs and the state-of-the-art training methods.
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3.1 Related Work

LSTMs have recently seen remarkable empirical success in a broad range of se-
quential learning tasks, including online regression [16,34]. To achieve such per-
formance, however, LSTMs require a comparably large number of parameters,
which make them more demanding in terms of computational and data require-
ments compared to simpler models, such as SRNNs [17]. There exists a wide
range of work for obtaining the performance of the LSTMs with simpler mod-
els [38,39]. One of the most common approaches to that end is allowing SRNNs to
have direct connections from the distant past to enable them to handle long-term
dependencies. One model in this line is the NARX-RNN, which introduces an ad-
ditional set of recurrent connections with time lags of 2,3, - | k time steps [39].
However, NARX-RNNSs are extremely inefficient, as both parameter counts and
computation counts grow by the same factor &k [38]. A more efficient model with a
similar structure is Clockwork RNNs, i.e., CW-RNNs [20]. The main idea of CW-
RNNs is splitting the weights and hidden units of SRNNs into partitions, each
with a distinct period, to maintain an additive error flow. However, CW-RNNs
require hidden units to be partitioned a priori, which in practice is difficult to
do in any meaningful way, especially in online regression where we usually have

a very small amount of a prior: information on the data sequence.

Another approach to improve the performance of SRNNs is to use higher-order
properties of the error surface during training. For example, RMSprop [5] utilizes
approximate Hessian-based preconditioning, which significantly improves the er-
ror performance of SGD [30]. Due to its efficiency and performance improvement,
RMSprop and its follow-on methods, such as Adam [6], are being frequently used
in the current deep learning applications. However, these techniques are not suf-
ficient to close the gap between SRNNs and LSTMs in general. As a second-order
technique, Kalman filters have shown advantages in bridging long time lags as
well [19]. However, this approach requires a quadratic time complexity in the
parameter size, which is computationally unfeasible for larger networks. Another
attempt to bridge the performance of LSTMs and SRNNs is Hessian Free opti-

mization, an adapted second-order training method that has been demonstrated
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to work well with SRNNs [22]. However, the Hessian Free algorithm requires a
large size of batches to approximate the Hessian matrix, which makes it imprac-

tical for the online settings.

In this chapter, we obtain the online regression performance of LSTMs with
SRNNs by using a first-order training algorithm. Our study differs from the
model-based studies since we do not use any complex model rather than the
standard Elman Network. Moreover, our algorithm is fundamentally different
from the Kalman Filter and Hessian Free algorithms since it is a truly online
first-order training algorithm. In the experiments, we show that our algorithm
provides very similar performance with LSTMs trained with the state-of-the-art
first-order methods, in two to three times shorter training time. Therefore, we
introduce a highly practical algorithm, providing comparable performance with

the state-of-the-art methods in a highly efficient manner.

3.2 Model and Problem Definition

We consider the following online regression setting: We observe input variables
{x:}+>1 at each time step in a sequential manner. After receiving the vector x;, we
produce an estimate d; for the next unobserved target value d;.' After declaring
our estimate, we observe d; and suffer the loss ¢(d;, azt) Our aim is to optimize the
network with respect to the loss function ¢(-, ) in an online manner. In this part,
we particularly work with the squared loss, i.e., €(czt, dy) = 0.5(d; — th)Q, where
we scale the squared loss with 0.5 for mathematical convenience when computing
the derivatives. However, our work can be directly extended to the cross-entropy

loss, which is detailed in Appendix B.1.

We study online regression with continually running RNNs. For this task, we

!For mathematical convenience, we assume x; € [—1,1]" and d; € [—+/nn, /7n], Where
np € N is the hidden-size of the network. However, our derivations can be extended to any
bounded input and output sequences after shifting and scaling the magnitude.
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use the SRNN model (or the standard Elman network model), i.e.,

ht == tanh(Wht_l + UXt) (31)
Czt - ’l9Tht. (32)

Here, we have W € R™>*" and U € R™*™ as the hidden layer weight matrices.
We have ¥ € R™, with ||9]| < 1, as the output layer weights.? Moreover,
h, € [-1,1]™ is the hidden state vector, x; € [—1,1]™ is the input vector,
d, € [—+/Th, /T,] is our estimation, and tanh applies to vectors point-wise. We
note that although we do not explicitly write the bias terms, they can be included

in (3.1)-(3.2) by augmenting the input vectors with a constant dimension.

3.3 Algorithm Development

In this section, we introduce the main contribution of our paper, i.e., an online
first-order algorithm that achieves the online regression performance of LSTMs
with SRNNs. We develop our algorithm in three subsections. In the first subsec-
tion, we describe our approach and provide definitions for the following analysis.
In the second subsection, we present the auxiliary results that will be used in
the development of the main algorithm. In the last subsection, we introduce our

algorithm and provide a regret bound on its convergence rate.

3.3.1 Sequential Learning Approach

We investigate the SRNN-based regression problem in the sequential learning
framework, i.e., we make no statistical assumptions on the data in order to model
chaotic, non-stationary or even adversarial environments. Hence, we model our
problem as a game between a learner and an adversary, where the learner is tasked

with predicting the weight matrices from some convex sets in each round t.

2Note that for the convergence of the training, the output-layer weights, i.e., 9, should stay
bounded. To this end, our algorithm performs projection onto a convex set to keep 1 bounded.
As the convex set, we use {9 : ||¥]| < 1} for mathematical convenience in our proofs. However,
our derivations can be extended to any bounded set of 9 by shifting and scaling the magnitude.
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Output Layer
—_—

9T he (8¢, i) = dy

. SRNN pass hy SRNN pass hy he_1 SRNN pass j
Initial ho —»| parametrized by »| parametrized by |—p e —| parametrized by ht(gt ut)
State ’
0; and p¢ 0 and pt 0; and pt
Input { x+ j :
Vectors | ! 2 t

Unfolded version of the SRNN model in (3.1)-(3.2) over all the time steps up to the current time step ¢.
Note that all forward passes share the same parameters, i.e., ; and .

Figure 3.1: In this figure, we visually describe h; (6, py). hy (0, py) is defined as the hidden
state vector obtained by running the model in (3.1)-(3.2) with 6; and g from the initial time
step up to the current time step t. In the figure, the SRNN sequence is initialized with a
predetermined initial state hg, which is independent of the network weights. Then, the same
SRNN forward pass (given in (3.1)) is repeatedly applied to the input sequence {x;};>1, where
all the iterations are parametrized by 6; and ;. The resulting hidden vector after ¢ iterations
is defined to be hy(0;, u;). Here, we note that the dependence of h;(,-) on ¢ is due to the
increased length of the recursion at each time step.

To formulate the game, we first introduce three new notations: We use Wy,
U, and 9, to denote the weights learned by the first ¢ — 1 data/input pairs.
For mathematical convenience, we work with the vectorized form of the weight
matrices, i.e., 8; = vec(W,) and pu; = vec(U;). Moreover, we use h;(6;, ;) to
denote the hidden state vector obtained by running the SRNN model in (3.1)-
(3.2) with 6; and p, from the initial time step up to the current time step t (for
the detailed description of h;(6;, p:) see Fig. 3.1).

Then, we construct the game as follows: At each round ¢, the learner declares
his prediction 0; and p,; concurrently, the adversary chooses a target value d; €
[—v/Tn, /Tn), an input x; € [—1,1]", and a weight vector ¥, ||| < 1; then,

the learner observes the loss function

00y, 1) == 0.5(dy — 91y (6,, i) ) (3.3)
———

dy

and suffers the loss ¢;(0;, ;). This procedure of play is repeated across T rounds,
where T is the total number of input instances. We note that we constructed our
setting for adversarial ¥, selections for mathematical convenience in our proofs.
However, since the selected ¢,(0;, p;) is convex with respect to 9, we will use the

online gradient descent algorithm [40] to learn the optimal output layer weights
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(simultaneously with the hidden layer weights) during the training.

Since we assume no statistical assumptions on the input/output sequences, we
analyze our performance with the notion of regret. However, the standard regret
definition for the convex problems is intractable in the non-convex settings due
to the NP-hardness of the non-convex global optimization [4]. Therefore, we use
the notion of local regret recently introduced by Hazan et al. [4], which quantifies

the objective of predicting points with a small gradient on average.

To formulate the local regret for our setting, we first define the projected

partial derivatives of £;(0, u) with respect to @ and p as follows:

a;cg%(g M) n<9 I, [9 _ ”W]) (3.4)
O, 6529 you 717(” I, [“—”WD’ (3.5)

where Jxc denotes the projected partial derivative operator defined with some
convex set K and some learning rate 1. The operators Ilx,[-] and Ilx,[-] denote

the orthogonal projections onto Ky and IC,,.

We define the time-smoothed loss at time ¢, parametrized by some window-size

w € [T], as

Li(0, 1) Zet (0, ). (3.6)
Then, we define the local regret as

R,(T) =

i(H aicht,w<9t, Ht)

2L Q_i_HaIC#Lt,w(et,Mt) 2

op

). (3.7)

Our aim is to derive a sublinear upper bound for R, (7") in order to ensure the
convergence of our algorithm to the locally optimum weights. However, before
the derivations, we first present some auxiliary results, i.e., the Lipschitz and
smoothness properties of L; (0, p), which will be used in the convergence proof

of our algorithm.
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3.3.2 Lipschitz and Smoothness Properties

In this section, we derive the Lipschitz and smoothness properties of the time-

smoothed loss function L; (6, ).

We note that L;,, (0, p) is defined as the average of the most recent w instant
loss functions (see (3.6)), where the loss function ¢,(6, ) recursively depends on
0 and p due to hy(0, p) (see (3.3) and Fig. 3.1). We emphasize that since we are
interested in online learning, this recursion can be infinitely long, which might
cause Ly, (0, p) to have unboundedly large derivatives. On the other hand, online
algorithms naturally require loss functions with bounded gradients to guarantee

convergemnce.

Therefore, in this part, we analyze the recursive dependency of L;,, (8, p) on
p and 6. We derive sufficient conditions for its derivatives to be bounded and
find the explicit formulations of the smoothness constants of L;,, (6, p) in terms
of the model parameters. To this end, we first derive the Lipschitz properties of

h,(0, i), and observe the effect of infinitely long recursion on the derivatives of
Lt (0, p).

Lemma 3.1. Let W, W U, U satisfy |W]|, || W| < A, and | U, || U] < A
Let h(0, ) and hy(0', ') be the state vectors obtained at time t by running the
model in (3.1)-(3.2) with the matrices W, U, and W', U on common input

sequence {xy, Ty, - -+ , @}, respectively. If ho(0, u) = ho(6', 1'), then
t—1
17u(6, 1) — Bu(6', 1) <Y N (V|6 — 0| + v/l — 1) (3.8)
i=0

Remark 3.1. We note that, by (3.8), to ensure h (0, p) has a bounded gradient
with respect to @ and p in an infinite time horizon, X should be in [0,1), i.e.,

A €1[0,1). In this case, the right hand side of (3.8) becomes bounded, i.e.,

hO.1) ~ 0 )| < 0 — 0+ | (39)
for any t € [T].

We recall that Ly, (0, p) is dependent on h(0,p) due to (3.3) and (3.6).

Hence, to ensure the derivatives of Ly, (0, p) stay bounded, we need to constrain
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our parameter space as Ko = {vec(W) : || W] < A} and K, = {vec(U) : || U] <
A} for some A € [0,1). Note that since Ky and K, are convex sets for any
A € [0,1), our constraint does not violate the setting described in the previous

subsection.

Now that we have found A € [0, 1) is sufficient for L, (0, i) to have bounded
derivatives in any ¢ € [T, in the following theorem, we provide its smoothness

constants.

Theorem 3.2. Let 0 = vec(W) and p = vec(U) , where W and U satisfy
| W] < A, and |U]| < X for some X\ € [0,1). Then, Ly,,(0, i) has the following

Lipschitz and smoothness properties:

82Lt7w(0,[,l,) - 4nh np
D || 5| < oy where By = _VA):}. (3.10)
0Ly (0, 1) Ang\/Tn
’ < = — .
2) o2 < By, where B, TESNE (3.11)
0Ly (0, ) Anp/Ty
) < = —. .
3) 20051 < Bou, where By, 1= ) (3.12)

In the following section, we use these properties to develop an SRNN training

algorithm with a convergence guarantee.

3.3.3 Main Algorithm

In this part, we present our algorithm, namely the Windowed Online Gradient
Descent Algorithm (WOGD), shown in Algorithm 3.

In the algorithm, we take the learning rate n € [0,1), window-size w € [T
and A € [0,1) as the inputs. We, then, define the parameter spaces Ky, K, and
Ky in line 3. Here, we define Ky and K, as given in Remark 3.1 to ensure that
the derivatives of the loss functions are bounded. Furthermore, we define Ky as

Ky = {9 :||9|| <1} to satisfy our assumption of |9 < 1.
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Algorithm 3 Windowed Online Gradient Descent Algorithm (WOGD)

1: Parameters:

e Learning rate n € [0, 1)
e Window-size w € [T
e \c[0,1)

2: Initialize 61, pq, ¥, and hy.
3: Let

o [Cy = {vec(W) : [W]| < A}
o K, = {vec(U) : ||U|| < A}
o Ky=A{9: |9 <1}

4: fort =1to T do

5 Predict 6;, p; and 9,.

6:  Receive x; and generate dt.

7. Observe d; and the cost function ¢,(0;, ;).
8

Updates:
D1 = e, 9, — %%ﬁ:”‘”] (3.13)
01 =0, — n(’);cht,géOt, Hi) (3.14)
Hit1 = Mt — naKMLtéUffh “t)- (3.15)
9: end for

In the learning part, we first predict the hidden layer weight matrices, i.e., 6;
and p,, and the output layer weights, i.e., ¥ (see line 5). Then, we receive the
input vector x; and generate our estimate d; by running the model in (3.1)-(3.2).
We next observe ground truth value d; and the loss function ¢,(8;, p;) in line 7.
Having observed the label, we update the weight matrices in line 8 (or in (3.13)-
(3.15)). Here, we update the output layer weights 1, with the projected online
gradient descent algorithm [40]. We update the hidden weights in (3.14)-(3.15)
by using their projected partial derivatives defined with (g, n) and (IC,, n).
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Note that since we constructed our setting for adversarial ¥, selections, the
update rule for the output layer in (3.13) does not contradict with our analysis.
Moreover, since Ly, (6, p;) is the average of last w losses, which are all convex
with respect to ¥, L., (0, pt) is also convex with respect to ¥;. Then, by
using [40, Theorem 1], we can prove the update rule in (3.13) converges to the
best possible output layer weights satisfying ||| < 1. Therefore, in the following
theorem, we provide the convergence guarantee of WOGD specifically for the

hidden layer weights.

Theorem 3.3. Let (,(0, ) and L;,, (0, p) be the loss and time-smoothed loss
functions defined in (3.3) and (3.6), respectively. Moreover, let B be the maximum

possible smoothness constant, i.e.,

6 - maX{B@) /B,ua ﬁ@u}a (316)

where By, B, and By, are defined in (3.10), (3.11) and (3.12). Then, if WOGD

18 run with the parameters

1
O<n< = 3.17
n< g (3.17)
it ensures that
16/ny, T 164/
R,(T) < n”’lw n"h, (3.18)

where R, (T) is the local regret defined in (3.7). By selecting a window-size w such
that L = o(T), one can bound R,(T) with a sublinear bound, hence, guarantee

convergence of the hidden layer weights to the locally optimum parameters.’

Theorem 3.3 shows that with appropriate parameter selections, WOGD guar-
antees to learn the locally optimum SRNN parameters for any bounded in-
put/output sequences. Moreover, here, we observe that the window-size of the
algorithm directly controls its convergence rate (see (3.18)). That will the key
property of our algorithm to obtain the regression performance of LSTMs with

SRNNE.

3We use little-o notation, i.e., g(x) = o(f(x)), to describe an upper-bound that cannot be
tight, i.e., limy o0 g(x)/f(x) = 0.
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Now that we have proved the convergence guarantee of WOGD), in the following

remark, we investigate the computational requirement of WOGD.

Remark 3.2. The most expensive operation of WOGD 1is the update rule of the
hidden layer weights, i.e., (3.14)-(3.15), which can also be written in the form as

(see (3.4)-(5.5))

8Lt,w(9t7 Mt)
00

0,1 = llg, |:ét+1i| - Projection.

ét+1 =60;,—n - Update

Note that the update part of requires the computation of the partial derivatives of
Ly.w(0, i) with respect to @ and . Additionally, the projection part projects @,

onto the spectral unit ball KCy, which requires a matriz projection operation.

To compute the partial derivatives, we use the Truncated Backpropagation
Through Time algorithm [13], which has O (hny(n,+ng)) computational complez-
ity with a truncation length h. Since WOGD uses the partial derivatives of the
last w losses, we can approzimate to these partial derivatives with a single back-
propagation by using a truncation length w, which results in O(wnh(nh + nr))

computational requirement for computing the partial derivatives.

Furthermore, the projection step can be written as

0,,, = argmin||@ — 6,,,]|. (3.19)
0Ky

By [41, Proposition 9], (3.19) can be performed by computing the singular value
decomposition (SVD) of the matriz form of étﬂ and clipping its singular values
with A. Moreover, we can reduce the computational requirement of this part by
performing projection only when the €5 norm of the weights exceed some prede-
termined threshold ., i.e.,

arg mingey, |6 — Oppal| (|0 >

0,1 = (3.20)

A~

011 10,11 < a.

Note that since the weight matrices are initialized close to the origin, (3.20) effi-
ciently ensures the stability of the weight matrices with a reasonable « selection,

such as a € [5, 10].
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During the experiments, we observe that when the hidden size is chosen in a
reasonable range, i.e., 5 < ny, < 20, WOGD performs the projection step very
rarely -at most 3 times in a single simulation. Therefore, the main computational
bottleneck of our algorithm is to compute the partial derivatives of L., (0, p) with
respect to @ and ., which requires O(wnh(nthnw)) , i.e., a linear time complexity
in the number of weights. With this complexity, our algorithm has the same

computational requirement as SGD [13].

In the next remark, we discuss the effect of choosing higher learning rate than

the theoretically guaranteed one in Theorem 2.

Remark 3.3. We note that WOGD is constructed by assuming the worst-case
Lipschitz constants derived in Theorem 3.2. On the other hand, our experiments
suggest that in practice, the landscape of the objective function is generally nicer
than what is predicted by our theoretical development. For example, in the simu-
lations, we observe that the smoothness of the error surface is usually 10* to 10°
times smaller than their theoretical upper-bounds given in (3.10)-(3.12). There-
fore, it is practically possible to obtain vanishing regret with WOGD by using
much higher learning rate than the theoretically guaranteed one. Since the regret
bound of WOGD 1is inversely proportional with the learning rate (see (3.18)), in
the following, we use WOGD with the higher learning rates than suggested in

Theorem 3.3 to obtain faster convergence.

3.4 Experiments

In this section, we verify our theoretical results and demonstrate the performance
improvements of our algorithm. To this end, we use four real-life and two syn-
thetic datasets. We compare our algorithm with three widely used neural-network
training algorithms: Adam [6], RMSprop [5], and SGD [28]. To illustrate per-
formance differences between the models, we apply Adam, RMSprop, and SGD
both to SRNNs [27] and LSTMs [15]. Since the main focus of our paper is to
obtain the regression performance of LSTMs with SRNNs, we apply WOGD only
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to SRNNs. In the following, we use the prefixes "SRNN-" and "LSTM-" to de-
note to which model the optimization algorithm is applied, such as SRNN-Adam,
LSTM-RMSprop, or SRNN-WOGD.

In the experiments, we use the most widely used LSTM model, where the ac-
tivation functions are set to the hyperbolic tangent function, and the peep-hole
connections are eliminated [34]. As the SRNN model, we use the standard El-
man model given in (3.1)-(3.2). Moreover, we implement our algorithm slightly
differently than Algorithm 3 to obtain its maximum performance. Differing from
Algorithm 3, we use 8/v/t as the output layer learning rate and choose the max-
imum ¢ norm of the output layer weights as 2.5, i.e., ||| < 2.5 for t € [T].
We emphasize that these changes do not hurt our convergence guarantee as they

alter the regret bound in Theorem 3.3 only by a constant factor.

In all simulations, we randomly draw the initial weights from a Gaussian distri-
bution with zero mean and standard deviation of 0.1. In all SRNN-WOGD runs,
we use v = 7.5 and A = 0.95. We search the hyperparameters of the learning al-
gorithms over a dense grid and report the results using the best hyperparameters
in that setting, i.e., the hyperparameters that provide the smallest mean squared
error. We run each experiment 30 times and provide the mean performance of

the algorithms.

3.4.1 Real Data Benchmark

3.4.1.1 Pumadyn Datasets

In the first part, we consider the pumaydn dataset [36], which includes 7000 in-
put/output pairs obtained from the simulation of Unimation Puma 560 robotic
arm, i.e., T" = 7000. Here, we aim to estimate the angular acceleration of the
arm by using the angular position and angular velocity of the links. To com-

pare the algorithms under various scenarios, we use two variants of the pumaydn
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Figure 3.2: Sequential prediction performances of the algorithms on the (a) puma8nh, (b)
puma32fm, (c) kinematic, and (d) elevators datasets.

dataset with different difficulties, i.e., puma8nh, which is generated with nonlin-

ear dynamics and high noise, and puma3d2fm, which is generated with fairly linear

dynamics and moderate noise.

For the puma8nh dataset, we use 8-dimensional input vectors of the dataset
with an additional bias dimension, i.e., n, = 9, and 12-dimensional state vectors,
i.e., n, = 12. In SRNN-Adam, SRNN-RMSprop, and SRNN-SGD, we use the
learning rates of 0.007, 0.005, and 0.03, respectively. For LSTM-Adam, LSTM-
RMSprop, and LSTM-SGD, we choose the learning rates as 0.01, 0.01, and 0.007.
In SRNN-WOGD, we use n = 0.03. To test the effect of the window-size on

performance, we run SRNN-WOGD with three different window-sizes, i.e., w €
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‘ Datasets ‘ Puma8nh ‘ Puma32fm ‘ Kinematics ‘ Elevators

|
‘ Algorithms ‘ MSE ‘Run—timc(s) ‘ MSE ‘ Run-time(s) ‘ MSE ‘ Run-time(s) ‘ MSE ‘Run—timc(s) ‘
| SRNN-WOGD(w = 50) | 0456 |  1.32 | 0068 | 140 | 0346 | 131 |0183 | 172 |
| SRNN-WOGD(w = 100) | 0.428 | ~ 2.14 | 0.060 | 229 | 0293 | 206 | 0168 | 280 |
| SRNN-WOGD(w = 200) | 0.408 |  4.16 | 0.053 | 4.66 |0.263| 4.08 [0.158| 5.42 |
| SRNN-SGD | 0470 | 087 [ 0075 ] 095 ] 0448 | 083 | 0186 | 109 |
| SRNN-RMSprop | 0467 | 093  [0076 | 098 ]0419 | 08 | 0188 | 115 |
| SRNN-Adam | 0451 | 098  [0.072| 1.05 | 0407 | 094 | 0186 | 128 |
| LSTM-SGD | 0453 | 732 [o0111| 777 0316 | 733 | 0189 | @ 9.65 |
| LSTM-RMSprop | 0412 | 780 [o0101| 78  ]0.261| 755 | 0162 | 1013 |
| LSTM-Adam |0.408| 7.60 [0.100| 797 ] 0265 | 791 |0.160| 10.10 |

Table 3.1: Mean squared errors and the corresponding run-times (in seconds) of the com-
pared algorithms. The two algorithms with the lowest two mean errors are emphasized. The
simulations are performed on a computer with i7-7500U processor, 2.7-GHz CPU, and 8-GB
RAM.

{50, 100, 200}.

We plot the learning curves of the puma8nh experiment in Fig. 3.2a. Here, we
see that the LSTM-based methods and SRNN-WOGD(w = 200) outperform the
SRNN-based state-of-the-art methods while providing very similar performances.
We present the mean errors and the run-times of this part in the first column
of Table 3.1. In the table, we observe that as consistent with our theoretical
results, the performance of SRNN-WOGD improves as its window-size, i.e., w,
gets larger. Moreover, we see that LSTM-RMSprop and SRNN-WOGD(w = 200)
are on a par error-wise, while SRNN-WOGD(w = 200) achieves the equivalent

performance in almost two times shorter run-time.

For the pumad2fm dataset, we use 32-dimensional input vectors of the dataset
with an additional bias dimension, i.e., n, = 33, and 12-dimensional state vectors,
i.e., n, = 12. In SRNN-Adam, SRNN-RMSprop, and SRNN-SGD, we choose the
learning rates as 0.001, 0.001, and 0.01. For LSTM-Adam, LSTM-RMSprop, and
LSTM-SGD, we use the learning rates of 0.002, 0.002, and 0.065. In SRNN-
WOGD, we use n = 0.08 and w € {50,100, 200}.

We plot the learning curves of the puma3d2fm experiment in Fig. 3.2b. In the
figure, we see that SRNN-WOGD(w = 200) converges to the small loss values
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much faster than the other algorithms. Additionally, we observe that the LSTM-
based methods converge to the same loss values as the SRNN-based models, yet
more slowly due to their higher number of parameters. We present the mean
errors and the run-times of this part in the second column of Table 3.1. Here,
we see that as in the previous experiment, the error of SRNN-WOGD reduces as
its window size increases. Moreover, we observe that SRNN-WOGD(w = 200)
provides a considerably smaller mean error compared to the other models due to

its relatively fast convergence.

3.4.1.2 Kinematic and Elevators Datasets

In the second part, we consider the kinematic and elevators datasets, which in-
clude 7500 and 9500 input/output pairs, respectively [36,37]. The kinematic
dataset is obtained from a simulation of an eight-link all-revolute robotic arm,
and the aim is to predict the distance of the effector from a target. The elevators
dataset is obtained from a procedure related to controlling an F16 aircraft, and

the aim is to predict the variable that expresses the actions of the aircraft.

For the kinematic dataset, we use 8-dimensional input vectors of the dataset
with an additional bias dimension, i.e., n, = 9, and 15-dimensional state vectors,
i.e., ny = 15. In SRNN-Adam, SRNN-RMSprop, and SRNN-SGD, we choose the
learning rates as 0.007, 0.007, and 0.035. For LSTM-Adam, LSTM-RMSprop,
and LSTM-SGD, we use the learning rates of 0.009, 0.01, and 0.15. In SRNN-
WOGD, we use n = 0.075 and w € {50, 100, 200}.

For the elevators dataset, we use 18-dimensional input vectors of the dataset
with an additional bias dimension, i.e., n, = 19, and 15-dimensional state vectors,
i.e., n, = 15. In SRNN-Adam, SRNN-RMSprop, and SRNN-SGD, we choose the
learning rates as 0.002, 0.002, and 0.02. For LSTM-Adam, LSTM-RMSprop,
and LSTM-SGD, we use the learning rates of 0.004, 0.004, and 0.05. In SRNN-
WOGD, we use n = 0.04 and w € {50,100, 200}.

We plot the learning curves of the kinematic and elevators experiments in
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Figure 3.3: (a) Comparison between smothnesses the error surfaces and their theoretical
upper-bounds formulated in (3.16)-(3.17). (b) The normalized regret bounds of SRNN-WOGD,
ie., Ry, (t)/t for t € [T], with varying window-sizes.

Fig. 3.2c and Fig. 3.2d. Here again, we observe that the SRNNs trained with
the state-of-the-art algorithms perform the worst, followed by the LSTM-based
models and SRNN-WOGD(w = 200), which give substantially better results. We
present the mean errors and the run-times of this part in the last two columns of
Table 3.1. Here, we see that as in the previous experiments, the larger window-
size SRNN-WOGD has, the lower mean error it attains. Moreover, we observe
that in both experiments, SRNN-WOGD(w = 200) provides very similar mean
error with the best LSTM models, yet within two times shorter training time due

to efficiency improvements of our algorithm achieved by utilizing SRNNs.

3.4.1.3 Experimental Verification of Theoretical Results

In this section, we further verify our theoretical results by analyzing the smooth-
ness of the error surface and behavior of the normalized regret in the simulations.
To observe the smoothness parameters efficiently without calculating the Hessian

matrix, we use the finite differences formulated as

erp exp Qexp
t —max{ﬁe,w it 1o
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where

’ OLt w(Ot+1,0041)  OLtw(6t,11)
exp 00 00 op on

e 1641 — 64]] [ ppee1 — pe| .
We note that since we use very small learning rates in SRNN-WOGD, the given

OLt,w(Ot11,0t41)  OLt,w(0t,401)

and 57 = ’

it T

finite differences closely approximate the smoothness of the error surface in the

direction of the gradient update.

In Fig. 3.3a, we plot the smoothness parameters of the error surface that is
obtained from the simulations of SRNN-WOGD(w = 200). In the plots, error
bars extend between the minimum and maximum smoothness values observed in
30 simulations. Moreover, we provide the theoretical upper bounds (formulated in
Theorem 3.2) in the title of the plots. In the figure, we observe that as indicated
in Remark 3.3, the error surface is much smoother than what is predicted by its
theoretical upper-bounds. We note that this gap is expected, since we derived
the upper-bounds by considering the worst-case scenario, i.e., saturation region
of SRNNs, which is rarely encountered in practice due to variations in real-world
data.

Additionally, we see in the plots that the selected learning rates satisfy the
condition of Theorem 3.3 given in (3.17). To verify the regret bound, we plot the
normalized regret, i.e., R, (t)/t for t € [T], of all SRNN-WOGD runs in Fig. 3.3b.
Here, we see that as consistent with our theoretical derivation, the normalized
regret vanishes and its convergence rate increases as the window-size gets larger,

which agrees with the results of the previous four experiments.

3.4.2 Binary Addition

In this part, we compare the performance of the algorithms on a synthesized
dataset that requires learning long-term dependencies. We show that SRNN-
WOGD learns the long-term dependencies comparably well with LSTMs, which

explains its success in the previous experiments.

To compare the algorithms, we construct a synthesized experiment in which we
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Algorithms ‘ SRNN-WOGD(w=200) LSTM-RMSprop SRNN-RMSprop

| | | |
‘ Net ‘ Sustainable Prediction ‘ Run-Time(s) ‘ Sustainable Prediction ‘ Run-Time(s) ‘ Sustainable Prediction ‘ Run-Time(s) ‘
| 1 | 1911 | 07 | 2787 | 223 | 5325 | o051 |
| 2 | 2050 | 085 | 2828 | 224 | 9535 | 093 |
| 3 | 1454 | 056 | 2588 | 199 | 14331 | 139 |
| 4 | 1934 | o079 | 3799 | 287 | 9079 | 087 |
| 5 | 1891 | o074 | 2607 | 203 | 10125 | 096 |
()
‘ Algorithms ‘ SRNN-WOGD(w=200) ‘ LSTM-RMSprop ‘ SRNN-RMSprop ‘
| Net Sustainable Prediction | Run-Time(s) | Sustainable Prediction | Run-Time(s) | Sustainable Prediction | Run-Time(s) |
\ 1 | 19398 | 953 | 22553 | 1697 | 32902 | 357 |
| 2 | 18891 |  9.03 | 30062 | 2348 | Failed |
| 3 | 27173 | 1199 | 15171 | 1142 | Failed |
| 4 | 21499 | 1046 | 42526 | 3238 | Failed |
\ 5 | 23718 | 1164 | 25623 | 1957 | Failed |
(b)

Table 3.2: Time steps and run-times required to achieve 1000 subsequent correct predictions,
i.e., sustainable prediction. The algorithm requiring the smallest number of time step for
sustainable prediction is emphasized. In (a), we consider adding 2 sequences. In (b), we
consider adding 3 sequences.

can control the length of temporal dependence. To this end, we train the network
to learn the summation of n number of binary sequences, where the carry bit is the
temporal dependency that the models need to learn. We note that the number of
added sequences, i.e., n, controls how long the carry bit is propagated on average,
hence, the average length of the temporal dependence. We learn binary addition
with a purely online approach, i.e., there is only one single input stream, and

learning continues even when the network makes a mistake.

In the experiments, we consider n € {2,3}. For each n, we repeat the experi-
ments with 5 different input streams. We generate the input sequences randomly,
where 0 and 1’s are drawn with equal probabilities. In the models, we use the
sigmoid function as the output layer activation function and the cross-entropy
loss as the loss function. We assume that the network decides 1 when its out-
put is bigger than 0.5, and 0 in vice versa. For the performance comparison,
we count the number of symbols needed to attain error-free predictions for 1000
subsequent symbols, i.e., sustainable prediction. We note that as the models are
more capable of learning long-term dependencies, the number of steps required

to obtain sustainable prediction is expected to be smaller.
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In the first experiment, we consider adding 2 sequences. The results are pre-
sented in Table 3.2a. Due to space constraints, we compare our algorithm only
with RMSprop since we observe that RMSprop generally provides the fastest
convergence in this task. In the table, we see that SRNN-WOGD(w = 200)
consistently achieves the sustainable prediction with considerably less number of
time steps compared to both SRNNs and LSTMs. Moreover, due to the efficiency
of our algorithm, SRNN-WOGD(w = 200) requires almost three times smaller

run-time compared to LSTMs.

In the second experiment, we consider adding 3 sequences. The results are
presented in Table 3.2b. Here, we see that SRNN-RMSprop fails in the four out
of five simulations, i.e., it could not achieve the sustainable prediction within
5 x 10*-time steps. Moreover, as in the previous experiment, SRNN-WOGD(w
= 200) obtains the sustainable prediction within a relatively small number of
time steps and considerably shorter run-time compared to LSTMs in almost all

experiments.
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Chapter 4

Conclusion

In this thesis, we studied online nonlinear regression with continually running
RNNs. We have introduced two efficient online learning algorithms that achieve

the regression performance of LSTMs with significantly shorter training times.

In Chapter 2, we introduced a highly efficient EKF-based second-order training
algorithm. To design our algorithm, we first modeled the LSTM-based adaptive
regression problem with a state-space model to derive the update equations of
EKF and IEKF. Next, we derived an adaptive hyper-parameter selection strat-
egy for IEKF that guarantees errors to converge to a small interval under the
assumption that all the data-dependent parameters are known a priori. Finally,
we extended our algorithm to a truly online form, where the algorithm learns the

data-dependent parameters by sequentially observing the data sequence.

In Chapter 3, we introduced a first-order gradient-based optimization algo-
rithm with a linear time complexity in the number of parameters. To design our
algorithm, we modeled the SRNN-based online regression problem as a sequential
learning problem, where we assumed each time step as a separate loss function
assigned by an adversary. We characterized the Lipschitz properties of these loss
functions with respect to the network weights and derived sufficient conditions

for our model to have bounded derivatives. Then, by using these results, we
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have introduced an online gradient descent algorithm, guaranteed to converge to
the locally optimum parameters in a strong deterministic sense, i.e., without any

stochastic assumptions.

In both chapters, we demonstrated significant performance improvements of
our algorithms with respect to the state-of-the-art training methods. To be spe-
cific, in Chapter 2, our algorithm provided a considerable improvement in accu-
racy with respect to the widely-used adaptive methods Adam, RMSprop, and
DEKF, and very close performance to EKF with a 10 to 15 times reduction in
the training time. In Chapter 3, our algorithm achieved the online regression
performance of the LSTMs trained with Adam, RMSprop and SGD, in a 2 to 3

times shorter run-time.

As future work, the use of adaptive learning rate schemes and momentum
methods can be considered to improve the performance of the presented algo-
rithms further. Another possible research direction is to explore the performance
of our algorithm in different practical problems, such as sequence to sequence

learning or sequence generation.
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Appendix A

Supplement for Chapter 2

A.1 Proof of Lemma 2.1

In the following, we manipulate the IEKF update rules in (2.14)-(2.17) to obtain
the statements in Lemma 2.1. We note that since Algorithm 1 performs the IEKF

updates if |e]|* > 462, it guarantees the following statements for {¢ : |le:|* >
4y,
1. By multiplying both sides of (2.14) with —1, we write:
0,111 =0, — Giy(d, — dy). (A.1)
Then by using (2.8), we add 6,41 and 6, to both sides of (A.1) respectively:
;111 — i1 = (0:1 — 0;4) — Giy(dy — dy). (A.2)

By using the Taylor series expansion in (2.19) and using the notation x;: =

(6,4 — 6,,), we write
Xit+1 = Xit — Gi,tHi,tXi,t - Gi,tCi,t~ (A-3)
The statements in (2.22) and (2.23) follow (A.3).
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2. By (2.15), for all i € [(4ns + ng)l,

Pi,t+1 —ql= (I - Gz‘,tHz‘,t)Pz‘,t (A-4)
= (I-P;H],(H;,P; ;H], +r;,])""H, )Py, (A.5)
=P, — Pi,tHZ:t(Hi,tPi,tHZt + ri,tI)ilHi,tPi,t (A.6)

where we use the formulation of G;; in (2.17) to write (A.4) from (A.5). By

applying the matrix inversion lemma! to (A.6), we write
(Pis1 — )" =P} +r ) H] H;,. (A7)

By noting that P;’ ! > 0, and using (A.7) as the induction hypothesis, it can be
shown that (P; 41 — ¢I)~" exists and (P; 41 — ¢I)™! > 0, for all ¢ € [T]. Since
g > 0, P;tl has the same properties, which leads to (2.25). Also, (2.24) can be
reached by taking the inverse of both sides in (A.4).

3. By multiplying both sides of (2.22) with (P;;11 — ¢I)™!, and using (2.24),
(2.26) can be obtained.

A.2 Proof of Theorem 2.2

To prove Theorem 2.2, we use the second method of Lyapunov. Let us fix an

arbitrary node i € [(4ns + ng)|, and choose the Lyapunov function as
Vie = X0:Pi Xt (A.8)

Let us say that AV, = V41 — V;;. Since we update P;;, and OAM only when
led|2 > 4C7, for {t : |le))? < 4C°), AV;; = 0. Therefore, in the following,
we only consider the time steps in which we perform the weight update, i.e,
{t: fle]l® > 4C°}.

"Matrix inversion lemma: (A —BCD)"'=A"'+A"'B(C™' - DA 'B)"'DA '
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To begin with, we write the open formula of AV ;:

AV, = Xz?jt+1Pi_,tlJrlXi,t+1 — Xg:tPi_,tIXi,t (A.9)
< X1 (P — @) " Xau — X3P X (A.10)
= XZtHP;thi,t — Xg:t—i-l(Pi,t-i-l — D)7 Gy — XZtP;,I}Xi,t (A.11)
= (Xit+1 — Xi,t)TP;}Xi,t — X?:Hl(Pz‘,tH — D)7 Gy (A.12)
= (_Gi,tHi,tXi,t - Gi,tCi,t)TPi_,tIXi,t - XZ:t+1(Pi,t+1 - QtI)ilGi,tCi,t (A.13)

= _XZtHZtGZtP;tIXi,t - Ci:,FtGZtP;gXi,t - X2t+1 (Pz‘,t+1 - QtI)_lGi,tCi,t;
(A.14)

where we use the 2nd statement in Lemma 2.1 for (A.10), (2.26) for (A.11), and
(2.23) for (A.13). For the sake of notational simplicity, we introduce M,;, =
(Hi,tPi,tHZt + r;.I), where G;; = Pi,tHZtM;tl. Then, we write (A.14) as

AV, < _Xg:tHZtM;tlHi,tX@t - CZtM;tlHi,tXi,t - X;‘I:t+1<Pi,t+1 - QtI)_le‘,tCz‘,t~

(A.15)
We write the last term in (A.15) as
_Xg:t+1<Pi,t+1_QtI)_lGi,tCi,t: - ZtGZ:t(Pi,tH - QtI)_1Xi,t+1 (A.16)
= ~¢hGL (Prixis — (P — al) "G
(A.17)
= —CthgtPZin,t + CzT,tGg:t(Pz’,t—i-l — QtI>_1Gi,tCi,t
(A.18)
= —CgtM;tle‘,th‘,t + CZ’T,tGZt(Pz‘,tH — QtI)_lGi,tCz‘,m
(A.19)

where we use (2.26) to obtain (A.17). By adopting (A.19) in (A.15), we write

AViy < _Xg:tHZtMi_,tlHi,tXi,t — 2C§:Mi_,t1Hi,tXi,t + CﬂGZt(Pi,tH — ) 7'Gy iy
(A.20)

We add j:CZ»TJM;tlgt to (A.20), and group the terms as

AV, < Cth (Gzt(Pi,t-&-l — )Gy + MZtI)Q,t — (Hiixie + Ci,t)TM;tl(Hi,tXi,t + Git)-
(A.21)
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By using (2.25), the definition of e; in (2.19), and formulation of G, ;, we write
(A.21) as

AV <L (M HL Py (P 77 HILHL P HI ML+ M) G — e M ey
— ¢ (1o M L Py HH Py ML M HG Py HE MG M) G
— e/ M, /e, (A.22)

Note that since M;tl = (Hi,tPuHﬂ + riytI)_l, M;tl < ¢, and

it

H;,P;,;H/,M; <I. By using these two inequalities in (A.22), we get

316t eI
Tit maxX;eng] )\j(Mz’,t)7

AViy < (A.23)

where \;(M, ;) denotes the jth eigenvalue of M;;. We note that Tr(M,,)/ng <
maxcny Aj(M;y), and Tr(M;,;) = Tr(HiﬁtPiﬁtHZt) + ngrit.  Then, by using
1Ciel]? < ZZ and (A.23), we write

2

3_ 2
AV, < i - ndHetIU )
Ti,t Tr(Hi’tPi7tHi7t) + nd’rii

(A.24)

To ensure stability, we need AV, < 0. For this, it is sufficient to guarantee that
the right hand side of (A.24) is smaller than 0, i.e.,

2

3_ 2
NS nalle]
Ti,t Tr(Hi,tPi,tHM) + ndriﬂg

< 0. (A.25)

To guarantee (A.25), we need to ensure

3Tv(H, P, HY,)C /n
(H; P, zi)f /1 <rip. (A.26)
le]|? — 3¢

Since we only consider {t : ||e]|* > 422}, we can bound the left hand side of
(A.26) as

—2 —2
3Tr(Hi,tPi7tHZ:t)§ /ng - 3Tr(Hi,tPi,tHZt)< /ng
—2 —2 —2 :
le:||* — 3¢ 4¢ — 3¢
= 3Tr(H;,P; H],) /nag (A.28)

(A.27)

Therefore r;; = 3Tr(Hi’tPi,tHZt) /nq ensures stability.
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As we ensure AV, < 0 for {t : ||e]]* > 422} and AV;, = 0 for {t : |le;|* < 4?2},

Algorithm 1 guarantees

X P xie < xhPiixi = pitxaall, (A.29)

forallt € [T]. S

Since [|x;,1| is finite, as a result of (A.29), x7,P; /X, is also finite. Under the
condition that Tr(P; ) stays bounded, ||x;:| should stay bounded, which proves
the 1st statement of Theorem 2.2. Moreover, since AV;; < 0 for {t : ||e]]* >
422}, as the cardinality of {t : ||e]|* > 422} approaches to infinity, XZth‘_, X
approaches to 0, i.e., x/,P; xi¢ — 0. If Tr(P;;) stays bounded, x*,P; ' xi¢ — 0
implies that ||x;¢|| — 0. Since we learn the LSTM parameters 8, only when
{t:|ed])* > 422}, by the desired data model in (2.8)-(2.9), Algorithm 1 converges
to the weights, which guarantees a loss value lower than or equal to 462. This

proves the 2nd statement of Theorem 2.2.

A.3 Proof of Theorem 2.3

To prove the statement in the theorem, we construct the scenario that maximizes
¢ for 6, ~ 0 and show that { € [0,,/ng] in this scenario. We construct this

scenario in three steps:

1. Due to our LSTM model in (2.1)-(2.7), as ||| approaches to 0, the entries
of d, and H, approaches to 0 as well, i.e., as Hét” —~0,d, — 0 and H, — 0.
Hence, by (2.19), as ||6;]| = 0, ¢y — e, for all t € [T] and i € [(4n, + ng)]-

2. Let us assume ( < ,/ng, which we will validate in the following, and use
¢ = /ng. Since { = /ng does not allow any weight update, [|;| < e and
¢ = /ng result in ||@,]| < e for all t € [T], where € is a small positive number.

3. By the 1st step, d; = £1 maximizes ¢ in the case of ||@;]| < e. By the 2nd
step, if |6y < e and ¢ = \/ng, then ||| < e. This implies that as |6, — 0,
|Citll — lletl] = /na- Thus, our assumption in the 2nd step holds at some
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point for any bounded data sequence. Therefore, we can choose sufficiently

small initial weights to ensure ¢ € [0, \/ng).

A.4 Proof of Theorem 2.4

For the proof, we use the notion of exp-concavity, which is defined in [42, Defini-
tion 2]. Note that by using [42, Definition 2], we can show that F(d,) = ||d,—d,|?,
1

where d;, d; € [—1,1]", is S, ~CXP-concave.

We note that since we assume Cpoy € [Cmins /), there is an Algorithm 1
instance in Algorithm 2, which uses ¢ € [Cpost, 2Cpest)- Let us use j for the index
of that instance, and ¢;; to denote the loss of the jth Algorithm 1 instance at
time ¢, i.e, £;; = ||d; — d;4||*>. Let us also use £4, to denote the loss of Algorithm
2 at time t, where £4; = ||d; — dy||>. In this proof, our aim is to show that

limy yoo a4 — ¢5, = 0. For the proof, we introduce three shorthand notations:

ot

N T T
W, = E Wi, Lir= E Uit Lar = g lay.
=1 t=1 =1

To begin with, we find a lower bound for In(Wg,/W):

W, al 1

T+1

In W In < jEZl eXp(_S_ndLj’T)> —InN (A.30)
1

Then, we find an upper bound for In(W; 1 /W;):

Wi In (Zjvzl Wyt eXP(_ﬁudt - Cij,tH2)>

In (A.32)
Wi Zszl Wkt
N .
<In ((exp(———|d, - Zeimy s ) (A.33)
84 D ket Whit
1 . 1
= ——||d; — dy||* = —¢ A.34
8ndH —l S LA (A.34)
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where we use the exp-concavity of F(d;) = ||d; — dy|? and Jensen’s inequality for
(A.33). Since Y, In %ttt — Wf,fl, by using (A.31) and (A.34), we write

Wy
1 1 «
——L:p—InN < —— l A.35
Snd 7, n — 8nd ; A,t? ( )
which can be equivalently written as
LA,T - L}',T S 8nd In N. (A36)

Note that by (A.19) the series L1 — L; 7 is convergent, which means lim; {4, —
5, = 0. Since the Algorithm 1 instance with index j has ¢ € [Cpestr 2Chest)s BY

Theorem 2.2, the loss sequence of Algorithm 2 converges to [0, 16Ziest].
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Appendix B

Supplement for Chapter 3

B.1 Extension to the Cross-Entropy Loss

In this part, we explain that our algorithm can be used with the cross-entropy
loss, without any change. Since the cross-entropy loss is mainly used to learn

binary target values, we naturally assume the following RNN architecture:

ht = tanh(Wht,1 —+ UXt)
ﬁt = 0'(79Tht)
gt(ptvﬁt) = RE(ptaﬁt)-

Here, o is the sigmoid function, i.e., o(z) = 1/(1 4+ e *), hy € [—1,1]™ is the
hidden vector, x; € [—1,1]™ is the input vector, and p;, p; € [0, 1] are the tar-
get and estimated values. Moreover, RE denotes the cross-entropy loss, i.e.,
RE(py,pi) = —pilog pr — (1 —p;) log(1 —py), and ¢, denotes the instantaneous loss

at time step t.

As in the squared loss, the cross-entropy is convex with respect to output layer
weights 9. Therefore, we can use the projected online gradient descent — as in
(3.13)— to ensure the convergence of the output layer learning rule. Moreover,

the formulation of the derivative of the cross-entropy function with respect to 9

61



is the same with that of the squared loss, i.e.,

0.5(d; — dy)?
B

ORE(pt, pr)

=(d,—d
(dt t)’l9 and 99

= (ﬁt - pt)ﬁa

where d; and d; are the outputs of the regression model in (3.1)-(3.2). Therefore,
the Lipschitz properties derived in Theorem 3.2 applies to the the cross-entropy
loss as well. Since Theorem 3.3 uses only the Lipschitz properties, it can be
extended for the cross-entropy loss with the same learning rules in (3.14)-(3.15).
As a result, Algorithm 3 can be used for the cross-entropy loss without any

change.

B.2 Preliminaries for the Proofs

In the proofs, we use ||-||o for the o, norm. We denote the derivative of tanh as
tanh’, where tanh’(z) = 1 — tanh(x)?. We denote the elementary row scaling op-
eration with @, i.e., x© W = diag(x)W. Here, diag(x) € R™*" is the elementary

scaling matrix whose diagonal elements are the components of x € R".

For the following analysis, we reformulate our network model as

d, =9"h,. (B.1)
ht+1 = tanh(Wht + UXt+1>. (B2)

Moreover, we write the hidden state update in (B.2) with the vectorized weight

matrices as
ht+1 = tanh(HtH + Xt+1[,l,) <B3)

where H, =I® h!, X, = I®x/, and ® is the Kronecker product.
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B.3 Auxiliary Propositions

Proposition 1. For any =,y € R", W € R™™, where n,m € N, the following

statements hold:

1) flzo W] < ||| W] (B4)
2) [[tanh’(z) — tanh’(y)|l < 2|z — | (B.5)
3) [I® =" = [|l. (B.6)

Proof of Proposition 1. 1. Since x ® W = diag(x)W, we have |[|x ©® W] <
||diag(x)||[|[W]|, where we use the Cauchy-Schwarz inequality. Since by defini-
tion |[diag(x)[| = [[xllec, [[x © W[ < [|diag() |[|WI] = [1x|o [ W]]-

2. Recall that tanh’(z) = 1 — tanh(z)?. Since tanh(z) € [—1,1], tanh is 1-
Lipschitz 2-smooth. Then, by using ||x|« < ||x| for any x € R", we have
[tanh’(x) — tanh’(y )|/ < |[tanh’(x) — tanh’(y)||. Since tanh is 2-smooth, we
have [[tanh’(x) — tanh’(y)|| < 2[|x — y]||.

3. See [43, Theorem 8§].

]

Proposition 2. Let W and U be the hidden-layer weight matrices in (B.2) sat-
isfying || W] < A, and | U]| < A for some A € R. By using the formulation given
in (B.3), the Lipschitz and smoothness properties of the single SRNN iteration
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can be written as:

atanh(Hte + Xt—i—ll*l’)

1 <A B.
) o <A (B.7)
2
2) 0 tanh(flatZQ—i- Xip) <N, (B.8)
t
2
3) 6tanh(g}fag Xiip) <o\, (B.9)
2
" 8tanh(§1’;98+ Xii1p) <o\ (B.10)
nw
2
5112 tanh(g;%: Xi1p) SN Vo (B.11)
6) 8tanh(Ht800+Xt+1u)’ < /T, (B.12)
2 8tanh(Hg9+Xt+1M)’ <V (B.13)
©
2
) G, tanh(fggz—FXtHH) ’ <o (B.14)
O*tanh( H,0+ X, 1)
< . ’
) o <20, .

Proof of Proposition 2. We prove each statement separately:

1. We note that (B.2) and (B.3) are equivalent. By using (B.4) and tanh’(z) < 1

on (B.2), we write

H 0 tanh(Wht + UXt+1)
Oh,

‘ — [[tank’(Wh, + Ux,.1) © W]|

< |[tanh’(Why + Uxyy1)]|eo [|[W]|

<A

2. By using (B.4) and (B.5), we write

H 8tanh(Wht + Uxt—l—l) _ 8tanh(W’ht + UXt+1) ‘
Oh, Oh,
= |[tanh’(Wh; + Ux;41) © W — tanh’(Wh} + Ux;,1) © W||

< [[tanh’(Wh; + Ux;,1) — tanh’(Whj + Ux;41)||oo | W]|
< 2[W]l[[h; — hi[[[[W]| < 2A*[[h; — hi]].
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3. We note that since tanh is twice differentiable, the order of partial derivatives
is not important. Then, by using (B.4), (B.5), (B.6), and |h|| < /n, we write

H Otanh(H,0 + Xy p)  Otanh(H0 + Xy 1p) H
00 00
= ||tanh’(H;0 + X, 1) © H; — tanh’(H}0 + X, 1) © H|
(B.16)
S Htanh/(HtO + X?H»lIJ') — tanh/(ng + Xt+1l,l,) ||OO”HL‘H
+ [[6anh! (FE}8 + X1110) o [HL, — | (B.17)
< ||tanh’(Why + Ux;, 1) — tanh’(Wh} + Ux; 1) || || He||
+ ||hy — hi|| (B.18)
< (2IWllvnn + 1)1 — Byl < (2Ay/ns + 1) || he — hy]],
where we add =+ tanh’'(H;0 + X;, ;1) ® H; inside of the norm in (B.16), and

use the triangle inequality for (B.17). Here, we omit +1 term for mathematical

convenience in the following derivations.

4. This can be obtained by repeating the steps in the proof of (B.9) for p and
h;.
5. By using (B.4), (B.5), (B.6), ||h¢|| < /mn, and ||x¢|| < /1, we write

H 8tanh(Ht0 + Xt+1[L) _ 0 tanh(HtO + Xt+1[.,b/) H
00 00
= ||tanh,<Ht0 —+ Xt+1[.L) ® Ht — tanh/(HtO —+ Xt+1llf/) ® Ht”

< ||tanh’(H;0 + X, 1) — tanh'(H:0 + Xy pt) || oo || He |
< 2| X || [ — g ||| HL |
< 2\/ Npy/ 7’L$||[J/ - “/H

6. By using (B.4), tanh’(z) < 1, and ||h;|| < /ng,

H 8tanh(Ht9 -+ Xt+1l,b)

50 H = ||tanh'(Ht9 + Xt+1H) © Ht”

< |Itanh’(H:0 + Xyp1 ) || oo | He |
S /1.

7. This can be obtained by repeating the steps in the proof of (B.12) for pu.
65



8. By using (B.4), (B.5), (B.6), and |h:|| < \/n;, we write

H 8tanh(Ht0 + Xt+1[.L) _ @ tanh(Htel + Xt-l—l”) H
00 00
= ||tanh,(Ht0 + Xt-l—lll’) @ Ht — tanh/(HtO/ + Xt-i—lll’) @ Ht”

S ||tanh/(Ht9 + Xt+1/.1/) — taﬂh/(Htel + Xt_t,_lpl:) HooHHtH
< 2|H,||[|6 — ||| H.|
< om0 — 6.

9. This can be obtained by repeating the steps in the proof of (B.14) for p.

B.4 Proof of Lemma 3.1

Before the proof, let h,(8’, ) be the state vector obtained at time ¢ by running
the model in (B.2) with the matrices W', U | input sequence {xi,Xs, - ,X;},
and the initial condition hy(6’, ) = h1(0, ) = hy (€', u'). Then,

1he(6, 1) — 1y (6, )| < [[he(0, ) — he(6, )| + |1 (6", ) — he (6, 1),
(B.19)

where we add £h,(60’, i) inside of the norm and use the triangle inequality.

We will bound the terms in (B.19) separately. We begin with the first term.
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Since h(0, p) and h(€’, ) include the same p, in the following (between (B.20)-
(B.23)), we abbreviate them as h;(0) and h;(6’):

[h,(6) — hy(0)]| = |tanh(Wh,_,(8) + Ux;) — tanh(W'h,_, () + Ux,)|
(B.20)

< ||tanh(Why_1(0) + Ux;) — tanh(Wh;_1(6") + Ux,)||
+ |[tanh(Wh;_,(6’) + Ux;) — tanh(W’h,_1(0’) + Ux,)]||

(B.21)
< Ahy-1(6) — hy_1(8))]| + V/7nll6 — 0] (B.22)
<Y (Nvmlle - e) (B.23)

Here, to obtain (B.21), we add =+ tanh(Wh;_1(0’) + Ux;) inside of the norm in
(B.20), and use the triangle inequality. Then, we use (B.7) and (B.12) to get
(B.22). Until we reach (B.23), we repeatedly apply the same bounding technique

to bound the norm of the differences between the state vectors.

Now, we bound the second term in (B.19). Since h:(€’, ) and h(€’, i)
include the same 6@’, in the following (between (B.24)-(B.27)), we abbreviate
them as h;(p) and hy(p'):

Iy (1) — hu(p)]| = [tanh(W'he_s (1) + Ux;) — tanh(W'he_y (1) + U'x,)|
(B.24)

< [[tanh(W'h;_1(p) + Ux;) — tanh(W'h,_1 (p) + Ux,) ||
+ |[tanh(W'h;_; (u") + Ux;) — tanh(W'h;_ (p) + U'xy) ||

(B.25)
< Mo () = hes (1) | + il — 1] (B.26)
<> (Nl - wl). (B.27)

where for (B.25), we add & tanh(W'h,_; (p') + Ux;) and use the triangle inequal-
ity. We, then, use (B.7) and (B.13) to get (B.26). Until we reach (B.27), we
repeatedly apply the same technique to bound the norm of the differences be-
tween state vectors. In the end, we use (B.23) and (B.27) to bound (B.19), which
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yields the statement in the lemma.

B.5 Proof of Theorem 3.2

Recall that
Ltw 9 l«l/ Zﬁt i 0 [,l,

Then, if we bound the derivative of £,(8, u) for an arbitrary ¢ € [T, the result-
ing bound will be valid for L, (0, 1) as well. Therefore, here, we analyze the
Lipschitz properties of ¢,(0, p) for an arbitrary ¢t € [T] and extend the result to

Li.,(0, ). In the following, we prove each statement of the theorem separately.

1. Let us use h; and h} for the state vectors obtained by running the model
n (B.2) from the initial step up to current time step ¢ with the same initial
condition, same input layer matrix g, common input sequence {xy,---,x;} but
different 6 and @', respectively. Let us also say £,(6', ) = 0.5(d; — d})?, where
ci; is the prediction of the second model producing hj. Then,

Hazt(e,u) _04(6', p) H

00 00
/ / t
o (5 o) - o (3 G )|
(B.28)
<5 - 36 20
=1 T T

<2m Y (|55 ~on-gs |+ |56 on 56 aw )
(B.30)

<o (| O \Ph’ ) o

<2\/_ZA” o o 8h’ (D:32)
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Here, we use the bounds of d;, d; and ¥ for (B.28).! To get (B.30), we add

dh, Oh’
i—ahT 26

we use (B.7) and (B.12).

inside the norm of (B.29), and use the triangle inequality. To get (B.32),

In the following, we will bound the terms in (B.32) separately. We begin with the
first term. Note that h, = tanh(Wh,_ 1+ Ux;), and h! = tanh(W'h!_ ,+Ux,).
Then,

t

t
_.[|Oh,  Oh! __|0h, Otanh(Wh!_ | + Ux, ;)
t—r|| T T < t—T T T— 1
Z)\ 00 00 _Z)\ 00 00 H
t ! /
__||0tanh(Wh! _ | +Ux,_;) 0h
t—7 T —ill! . T
+;)\ -~ 5 || (B:33)
t
<> N Al 1~ B+ 26— 6])
=1
(B.34)
! 2n
< t—T1 h _ 0
_(;)\ )(1_)\+2nh>||9 9| (B.35)
2nh A ,
< - — .
_1—)\(1—)\+1>H0 o', (B.36)

Here, to get (B.33), we add +.2 tanh(Wh/_ | + Ux,_;) inside of the term in
the left hand side and use the triangle inequality. We use (B.9) and (B.14) for
(B.34). We use Lemma 3.1 and X € [0,1) for (B.35).

Now, we bound the second term in (B.32). To bound the sum, we first focus on

INote that since d;, d; € [— /7, /1n) and ||| < 1, the €5 norm of (d: — cit)'z? is bounded
by 2,/mp, i.e., ||[(di — dp)O| < 2y/mp.
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dhy _ Ohy |l

the individual terms, i.e.,

oh, _ on.
Haht Haht ) aht H Haht 1 t 1
8h/ — 8h£ 1 8h:§ 1
(B.37)
, oh oh;_
<X (N by — i 2AV 0 — o)) 43| S -S|
(B.38)
22 h;

< /\t—r—1< \/_ + 2)\\/_> |0—6'| + )\Haht L 88}7;1

(B.39)
22

< (t_T)X:—T—1< 1_\/?74_2)\\/@)“0—0’”’ (B.40)

where we add iafl?tl Bgﬁ L, and use the triangle inequality for (B.37). We use
t

(B.8) and (B.9) for (B.38). We use Lemma 3.1 and A € [0,1) for (B.39). We,
then, repeat the same manipulations in (B.37)-(B.39) to bound the terms with

partial derivatives.

Then, the second term in (B.32) can be bound as:

8ht

ah' _Z( TN 1<2)\\/—+2>\\/_>||0 o (Bl

2\/_< A2 N A
T AT A2 1-

Here, to get (B.42), we use the fact that

>||9 —9. (B.42)

t

1
t— N < for any t € N.
(1—A)?

T=1

Then, by using (B.36), (B.42), and (B.32), we can write

00,0, 1) Oli( 0 ) .|[Oh,  On’ ‘|Oh,  Oh)
< T . T I A 2
=% | <2vm ZA 00 +2”";HahT oh’
(B.43)
4nh np )\2 2\ ,
< — .
< ((1_A)2+1_A+1)|yo Al (B.44)
. 4nh nhp ’
=T VA)gne 0. (B.45)
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By realizing that (B.45) holds for an arbitrary ¢, the statement in the theorem

can be obtained.

2. This part can be obtained by adapting the steps in the previous proof for pu,
and use the Lipschitz conditions in (B.10), (B.13), and (B.15), accordingly.

3. We use the same notation as in the proof of the 1st statement. Then,

Ha&(@,u) _0G(0', ) H

op op
- o (30 S5 < - g (3 G )|
(B.46)
‘.|| Oh, Oh,  Oh) Oh’
= 2M;Haﬁi aI; - 8:115 a}; (B47)

3 / / / /
<o) (I g ~ one g | | Fwom: ~ B i)
(B.48)
<ovm . (oI5 - Sl + 15 5o - ) e
gz\m—h;x—T %}L ai”mmZH% gﬁt (B.50)

Here, to get (B.48), we add ig{l‘t a; inside the norm in (B.47), and use the

triangle inequality. To get (B.50), we use (B.7) and (B.13).

We bound the terms in (B.50) separately. We begin with the first term. Note

71



that h, = tanh(Wh,_ ; + Ux;), and h! = tanh(W’h! _ | + Ux,). Then,

t
_ 8h ﬁh/ 8h 8tanh(Wh’_ + Ux,_4)
t—T t— T— 1
;)\ Tz)\ 00 ‘
(‘3tanh(Wh/, +Ux,_1) Oh
)\t—T T— 1 T i T B.51
i ; o6 o |l (B

t
<Y AT A |+ 2/ ]6 — 6))
T=1

(B.52)
< ( zx V(AL g ) le - (B53)
< 2@(1 f =+ 1) 66, (B.54)

where to get (B.51), we add +.% tanh(Wh/_ | + Ux,_;) inside of the term in
the left hand side and use the triangle inequality,. We use (B.10) and (B.11) for
(B.52). We use Lemma 3.1 and X € [0,1) for (B.53).

Now, we bound the second term in (B.50):

ah d 2N 1/—
d ah' < Z( PIAE 1( QA,/—) 16—6| (B.55)
2«/71]1 )\2 A
= 0—-0 B.
1—>\((1—)\)2+1—)\>H I (B-56)
where we use (B.40) to bound the terms ‘ g% — g:é

Then, by using (B.54), (B.56), and (B.50), we can write

90,0, p) 0L 9 1) .||Oh, O oh, oM
[P S < 2y | G G v 3 -
4nh\/n_x A2 2) ,
S ((1—/\)2+1—>\+1>H0_0H
_ %Ho — . (B.57)

By realizing that (B.57) holds for an arbitrary ¢, the statement in the theorem

can be obtained.
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B.6 Proof of Theorem 3.3

In the following, we use (-,-) to denote the inner product. Due to the space

constraints, we omit the arguments in the partial derivative terms, i.e.,

aLt,w L aLt,w(etalJ’t) angLt,w . aKth,w(9t>Ht)

00 00 ’ 09 00 ’
aLt,w o aLt,w(etalJ’t) alCuLt,w _ alCuLt,w(etall't)
op ow o oy '
2 2
In the following, we bound the sums 3, 1‘ H’C%# and Y1, alc‘éit’w sepa-

rately. To bound the first sum, we first fix an arbitrary p € K, and derive an

upper-bound for the difference Ly, (0¢41, ) — Ltw(6r, p), i.e

Leo@cn )~ Low(O0 ) < (2250 0,0 —0) + Do, 0 (B53)
<o g« g s

<_ HangLtw B HangLtw (B.60)

H(?;chth (B.61)

where we use [44, Lemma 3.4] for (B.58), Theorem 3.2 for (B.59), and [4, Lemma
3.2] for (B.60).

Then, we swap the left and right hand sides of (B.61), add £L; 11, (0:11, 1)
to the right hand side and upper-bound the terms, i.e.,

Oxco Lt
577 H Rot, H < Ly(0r, ) — L1, (6111, 1)
+ Lis1,0(041, ) — Liw(Op11, 1) (B.62)
4./n
< Lt,w(eta N) - Lt+1,w(0t+la N) + w h7 (B-63)

where we use L, € [—/Tn, /1] for (B.63).

Next, we sum both sides of (B.63) over T" and get

Ok, L w 4. /nyT
ZH Rot H < Lyw(01, ) — Lygyw(Or41) + wh

A
< A /mr + Z” . (B.64)
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By realizing that (n — 57"2) > 4 for 0 < n <1/, we simplify (B.64) as

O Litw|? _ 8y/nnT 84/
R (569
now n
a}CuLt,w 2

We note that we can bound Z:{:l o

between (B.58)-(B.64) for p accordingly. In the end, we get the same bound, i.e.,

Oc.Liw|?  SYmT 8
ZH ot |*  BYIR T By, (B.66)

now n
By summing the inequalities in (B.65) and (B.66), we get

16/ T 16\/mn
VT | 16 (B.67)

n n

by fixing 8 € Ky and adapting steps

Ry(T) <
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