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ABSTRACT

MIXTURES OF CHARGED-NEUTRAL SUPERFLUIDS

Fatmanur Ünal

Ph.D. in Physics

Advisor: Mehmet Özgür Oktel

December 2016

Motivated by the developments of artificial magnetic fields (AMFs) enabling cou-

pling to the neutral particles of ultracold quantum gases, we have theoretically

studied charged-neutral mixtures in various settings. The techniques that have

been used to manufacture these AMFs are highly sensitive to the internal de-

grees of freedom of the atoms, resulting in unequal coupling to the components

of a mixture. We demonstrate the possible consequences of this unequal coupling

by considering two different systems. First, we examine an impurity problem

in a fermion background under an AMF coupling selectively to the impurity in

a ring trap. We calculate the response of the system exactly by using Bethe

Ansatz and argue that the AMF can be employed as a probe to analyze polaron

formation. Secondly, we explore Bardeen-Cooper-Schrieffer theory of supercon-

ductivity in the presence of a charge imbalance under an AMF. We analytically

calculate the gap equation for any degree of asymmetry between the Landau

level spectra of up and down spin particles, and show that the system displays

reentrant superconductivity both in magnetic field and temperature. Apart from

mixtures, we also investigate the non-equilibrium Hall response of a topological

system. The strength of an AMF applied on a optical lattice can be suddenly

changed without creating Eddy currents, allowing us to quench the system across

a topological phase boundary. We report a fractional Hall response for the result-

ing non-equilibrium system and discuss possible implementations for cold atom

experiments.

Keywords: Ultacold atoms, artificial gauge fields, Bethe Ansatz, polaron, BCS

theory, high-field superconductivity, two-channel model, topological phases, Hal-

dane model, non-equilibrium Hall response..
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ÖZET

YÜKLÜ-YÜKSÜZ SÜPERAKIS.KAN KARIS. IMLAR

Fatmanur Ünal

Fizik, Doktora

Tez Danışmanı: Mehmet Özgür Oktel

Aralık 2016

Nötr parc.acıklardan olus.an as.ırı soğuk kuvantum gazlarına c.iftlenebilen ya-

pay manyetik alanların (YMA) gelis.tirilmesinden motivasyon alarak, bu tezde

c.es.itli kos.ullar altındaki yüklü-yüksüz karıs.ımları teorik olarak inceledik. Bu

YMA’ları üretmek ic.in kullanılan teknikler, atomların ic. serbestlik derecelerine

kars.ı oldukc.a hassastır. Bu nedenle, Raman lazerle olus.turulan YMA’lar, bir

karıs.ımın biles.enleri ile es.it olmayan bir s.ekilde c.iftlenirler. Bu es.it olmayan

c.iftlenmenin olası sonuc.larını iki farklı sistemi dikkate alarak gösterdik. Öncelikle,

bir fermiyon denizindeki bir safsızlık problemini, saf olmayan atoma sec.ici olarak

c.iftlenen bir YMA altında inceledik. Bethe Ansatz’ı kullanarak sistemin kesin

tepkisini hesaplayarak, YMA’nın polaron olus.umunu analiz etmek ic.in bir sonda

olarak kullanılabileceğini savunduk. İkinci olarak, YMA altındaki bir yük denge-

sizliğinin varlığında Bardeen-Cooper-Schrieffer süperiletkenlik teorisini inceledik.

Yukari ve asaği dönel parc.acıkların enerji spektrumu arasında bir asimetri ol-

ması durumunda, aralik denklemini analitik olarak hesaplayarak, sistemin hem

manyetik alan hem de sıcaklıkta yeniden giris.li süperiletkenlik gösterdiğini ispat-

ladık. Yüklü-yüksüz karısımların yanı sıra, topolojik sistemlerin denge dıs.ı Hall

tepkilesini de aras.tırdık. Optik örgülere uygulanan YMA’ların Eddy akımlarına

neden olmadan bir anda degis.tirilebilir olması, sistemi topolojik bir faz gec.is.inin

diğer tarafına aniden gec.irmemize olanak sağladı. Ortaya c.ıkan denge-dısı. duru-

mundaki sistemin kesirli bir Hall tepkisi olacağını göstererek, soğuk atom deney-

leri ic.in olası uygulamaları inceledik.

Anahtar sözcükler : As.ırı soğuk atomlar, yapay ayar alanları, Bethe Ansatz, po-

laron, BCS teorisi, güc.lü-manyetik-alan süperiletkenlik, iki-kanal modeli, topolo-

jik fazlar, Haldane modeli, denge-dıs.ı Hall tepkisi..
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2)1/3 = 0.53. For ωr = 1, there is

SC transition at any field, the oscillations in TC (stars) originates

from the LL structure. For ωr = 0.95, this oscillation evolves into

bubble SC regions (shaded areas). The system is not SC even at

zero temperature between the bubbles and the transition becomes

weakly reentrant in temperature. At the low (many LLs) and high

field (only LLL) regimes, TC is not affected significantly by a small

charge imbalance. c⃝2016 APS . . . . . . . . . . . . . . . . . . . 46

3.3 Pairing susceptibility (left panel) and respective phase diagrams

(right panel) for three frequency ratios ωr = 1, 0.95, 0.75. The sys-

tem is made dimensionless with effective magnetic energy ~ω as in

Fig.3.2 and decreasing n1 corresponds to increasing AMF at fixed

real-space density N . The phase diagrams are in linear scale in

order to cover TC = 0 and plotted for intermediate field strengths

where charge imbalance effects are most prominent. a) Pairing

susceptibility of equal charges diverges at low temperature, guar-

anteeing SC for any field value. Divergence is more pronounced at

LL thresholds. The corresponding phase diagram (b) is obtained

by Eq.3.23. The phase boundary is also highlighted on the surface.

c) Even a slight asymmetry between the charges, ωr = 0.95, lifts

the low temperature divergences and the oscillations in (b) turn

into bubble SC phases (d). Each LL susceptibility peak is split into

smaller peaks, thus, the bubble phases branch into smaller bubbles

for weaker interactions (not displayed). e,f) The mismatch between

LL spectra is greater for smaller ωr, resulting in prominent reen-

trance with temperature. The maximum reentrance temperature

is controlled by ~|ω1 − ω2|. c⃝2016 APS . . . . . . . . . . . . . . 48



LIST OF FIGURES xiii

4.1 Non-equilibrium Hall conductivity, Cneq, of a single Dirac cone

following a ramp of the gap from −∆ to ∆ in time 2τ as shown

in inset. Cneq is measured in units of e2/h, and the product ∆τ/~
is dimensionless. In the sudden quench limit (τ = 0), Cneq = 1/6

and as ∆τ → ∞, Cneq → 1/2. The dashed line shows prediction

of the LZ theory from Eq.(4.9). c⃝2016 APS . . . . . . . . . . . 55

4.2 Haldane model. (a) illustrates the matrix elements of the tight-

binding Hamiltonian in Eq.(4.10); hoppings t1, t2e
±iϕ and bias 2M

between A (dark) and B (light) sublattices. (b) Phase diagram

showing the Chern number of the lowest band C = 0,±1. The

arrow indicates the quench studied in the text. Bands touch at a

single Dirac point for MC = ±t23
√
3 sinϕ. c⃝2016 APS . . . . . . 57

4.3 Non-equilibrium Hall response of the Haldane model. The energy

offset M is suddenly quenched from Mi = MC + ∆M to Mf =

MC − ∆M , where MC = t23
√
3 sinϕ is the topological transition

point. Here ϕ = 0.6π and t2 = 0.1t1. For small quenches one

reaches the fractional regime in which Cneq → 2/3. c⃝2016 APS . 58

4.4 Nonlinear Hall response Cneq = ∂X/∂I following a quench, for

transverse displacement X resulting from an impulse I. The pa-

rameters are adimensionalized by using the unit length of the lat-

tice. The system is quenched between states ∆M around the tran-

sition point MC as detailed in the text. The Hall response of a

non-equilibrium system saturates to equilibrium result (C = 1 in

this case) for large impulse. Linear response regime shrinks for

decreasing ∆M . c⃝2016 APS . . . . . . . . . . . . . . . . . . . . 60

4.5 Haldane strip with armchair termination, for parameters intro-

duced in Fig.4.2(a). Unit cell is given by the shaded area. We

label the layers in the finite y-direction. Green (thick vertical)

lines represent how nearest- and next-nearest-neighbor hoppings

are assigned into these layers to calculate the current density Jℓ.

c⃝2016 APS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62



LIST OF FIGURES xiv

4.6 Equilibrium Hall conductivity of the strip as a function of number

of layers in the finite direction. The system is in CI state atM = 0

and M =MC − 0.1, for t2 = 0.1t1 and ϕ = 0.6π. Hall conductivity

approaches to the quantized bulk value as 1/L for increasing strip

width. c⃝2016 APS . . . . . . . . . . . . . . . . . . . . . . . . . . 63

4.7 Effect of a harmonic trap with ~ω = 0.09t1 in the finite direction

for M = 0, t2 = 0.2t1 and ϕ = 0.5π. (a) Local density of states

along the finite direction where the center is a CI and the edges

are metallic. The Fermi energy is indicated with the red line. (b)

Current density flowing along the strip with (dark line) and with-

out (light line) trap, in the absence of an electric field. The force

exerted by the trap Fy = −mω2y results in anomalous currents in

the central topological region according to jx = eCFy/h (dashed

line). c⃝2016 APS . . . . . . . . . . . . . . . . . . . . . . . . . . . 64



Chapter 1

Introduction

Since the first observation of a Bose-Einstein condensate using rubidium [2] and

then sodium [3] atoms, the physics of ultracold atomic gases has advanced tremen-

dously. These systems are essentially the quantum emulators of Feynman’s origi-

nal idea [4], where an isolated and controllable quantum system is used in simulat-

ing other quantum mechanical phenomena arising naturally in condensed matter.

Rapid developments in experimental techniques, regarding cooling and probing,

have rendered ultracold quantum gases the ideal laboratory to observe many-body

physics. Several theoretical models have been observed for the first time in these

systems such as the superfluid to Mott transition or the BEC-BCS crossover, and

several others challenged by these experimental achievements [5, 6, 7, 8].

The main appeal of the ultracold atomic gases has been the level of control

and tunability of the experiments. One can engineer the confining potentials into

a desired geometry, choose particle types, create a clean system or add impurities

at will, and tune the inter-particle interactions from infinitely-strong attractive to

infinitely-strong repulsive limit. The dominant interaction between these atoms

is through s-wave scattering which can be tuned via Feshbach resonances between

the atoms [9]. On the other hand, the constituents of the cold atom experiments

are neutral atoms. Hence, at the first glance, it may seem impossible to observe

the effects originating from an external magnetic field. However, one can always

1



try working around this problem by mimicking the effect of a magnetic field in

the system.

Under a magnetic field, a charged particle performs cyclotron motion and it is

possible to create the effect of this Lorentz force artificially. Initial efforts in this

direction employed rotation using the analogy with the Coriolis force. However,

rotation as a synthetic magnetic field brings further constraints on the confining

potential of the ultracold system to keep particles from escaping the harmonic

trap at high frequencies and requires perfectly symmetric traps [10].

A recent development in ultracold quantum gases is the creation of geomet-

rically induced artificial magnetic fields (AMFs) [11, 12]. This method does not

impose any constraint on the symmetries of the underlying system and enables

the investigation of orbital magnetism in a wide variety of settings. Classically,

the fields (electric, magnetic) are the important quantities, not the potentials.

Contrarily, the magnetic field enters into the Hamiltonian in the form of vector

potential in quantum mechanics, enabling coupling even if the strength of the

magnetic field vanishes at some point in space. When a charged particle moves

along a closed loop, the effect of the magnetic field can be characterized in terms

of the Aharonov-Bohm (AB) phase that the particle feels. This AB phase is

given by the flux enclosed by the loop. In other words, it depends only on the

geometry of the contour, not on the dynamics (e.g. the velocity) of the particle

while traveling around the loop. One can generalize this concept and say that if

a particle acquires a geometric phase over the course of a closed loop, it feels an

effective magnetic field.

Light-induced AMFs exploit the relation between the AB phase of a real mag-

netic field and the Berry phase of an adiabatic cyclic evolution. Berry phase is

a geometric phase which emerges when a particle adiabatically follows a local

eigenstate while it moves along a closed contour in the parameter space of the

Hamiltonian. We encounter the Berry phase in various systems throughout the

condensed matter literature. In the case of the AB effect, the Hamiltonian

H =
1

2m

(
p⃗− qBx

~c
ŷ
)2
, (1.1)

2



is position dependent and a charged particle moving along a circle in real space

acquires a geometric phase.1 In a lattice, if one chooses the parameter on which

the Hamiltonian depends, to be the crystal momentum k, and moves a parti-

cle along a closed loop in momentum space, the particle acquires a geometric

phase. In this case, the curl of Berry connection (the Berry curvature) essen-

tially defines a ‘magnetic field in the reciprocal space’. Another example is the

position-dependent Hamiltonian

H(r⃗) = −µ.B(r⃗), (1.2)

of a neutral particle with magnetic moment µ moving in a plane perpendicular

to a nonuniform magnetic field. The local eigenstates are calculated from the

Schrödinger equation H|ψm(r⃗(t))⟩ = Em(r⃗(t))|ψm(r⃗(t))⟩. If the particle starts

at r⃗0 in a local eigenstate |ψm(r⃗0)⟩, and moves in the real space adiabatically

under the nonuniform magnetic field, so that at all times it remains in the local

eigenstate |ψm(r⃗(t))⟩. At any time, the wave function acquires a dynamical phase

factor of e−
i
~
∫ t
0 d t′Em(r⃗(t)) due to the time evolution. When the particle returns to

its initial position r⃗0, its wave function is again given by the local eigenstate

|ψm(r⃗0)⟩. But, aside from the time-evolution phase factor, let us also allow a

phase factor that might result from the position dependency of the eigenstates,

eiφm |ψm(r⃗0)⟩. (1.3)

This geometrical phase factor can be easily calculated by inserting the wave func-

tion into the time-dependent Schrödinger equation i~∂t|ψm(t)⟩ = H(r⃗(t))|ψm(t)⟩
as [13]

φm =

∮
d r⃗ i⟨ψm(r⃗)|∂r⃗|ψm(r⃗)⟩. (1.4)

In a cold atom setting, dressed states play the role of the adiabatic eigenstates.

In the original experiment by Lin et al., the NIST group used 87Rb F = 1

hyperfine states [1]. They first applied a real magnetic field to Zeeman split

1Here, one must note that to simulate the cyclotron motion resulting from the Lorentz force
F⃗ = v⃗ × qB⃗, the crucial ingredient is to have nonvanishing qB⃗ product, not the magnetic field
itself nor the charge. So, for a general coupling appearing in the Hamiltonian in the form of
(p⃗ − αr⃗)2, one can always assign an effective charge q∗ and an effective magnetic field B∗, for
which the cyclotron frequency is given by ω =

√
~/q∗B∗.
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Figure 1.1: Illustration of the dressed states of a system in F = 1 hyperfine level,
representing the experimental scheme employed by Ref. [1]. The sublevels are
first split by a real magnetic field (dotted lines for mF = ±), and then coupled
with resonant Raman transitions k1,2. Then a second, position-dependent Zeeman
shift is applied (solid lines), creating a spatially changing detuning δ(r). So, the
energy of the dressed states will change with position, and a particle adiabatically
following such a dressed state will experience a geometric phase.

the sublevels m = 0,±1 and lift the degeneracy. Then, by using off-resonant

Raman lasers, they dressed the atomic energy levels (see Fig. 1.1). The system is

initially prepared in the eigenstate with the lowest eigenvalue of this atom-light

coupling. The eigenenergies of these atomic dressed states can be made position

dependent, by making the Raman coupling position dependent. This can be

achieved, for example, by a spatially changing detuning of the laser frequency

or a spatially changing laser intensity. The NIST group employed a position-

dependent detuning; i.e. along one spatial direction, let us say ŷ, they uniformly

changed the detuning δ between the atomic states and the Raman transitions,

which can be easily achieved by implementing a position dependent Zeeman shift

for these atomic levels. If the particles move slowly enough, they adiabatically

follow the lowest energy dressed state at each y-point in space. Therefore, the

position dependence of the eigenstates results in a geometric phase.

Raman-coupling of the internal degrees of freedom of the atoms has facilitated

the realization of synthetic gauge fields in various setups, and even been used

to create synthetic dimensions [14, 15]. However, all of these AMF experiments

have employed only a single atomic species. In this thesis, we point out an im-

portant, yet hitherto unexplored, aspect of the AMFs. The techniques described
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above inducing the geometric phases are highly sensitive to the internal degrees

of freedom of the atoms. Therefore, if one applies this scheme to a mixture of two

different atomic species, or to a mixture of the same species at different hyperfine

levels, the resulting coupling will be different for the two components. For exam-

ple, the g-factors for 87Rb 5S1/2 F = 1 and 85Rb 5S1/2 F = 2 have a 3/2 ratio. If

the original recipe implemented by Ref. [1] is to be applied to a mixture of these

atoms at different hyperfine levels, position dependent detunings, consequently

the AMFs, would reflect this ratio.

This unequal coupling to the different components of a system can have non-

trivial consequences, testing the limits of orbital magnetism effects, or can be

implemented as a probe for the response of the system. In the next chapter,

we first consider a one-dimensional Fermi gas trapped in a ring geometry (the

results are published in Phys. Rev. A 91, 053625 (2015)). We then drop an

atom from another species or hyperfine level among the fermions, and consider

an AMF coupling specifically to the impurity atom. When the impurity is inter-

acting with the fermionic background, we can pump angular momentum to the

fermions by using the AMF. We show that such an AMF is a versatile tool to in-

vestigate the impurity dynamics and the polaron formation. Using Bethe Ansatz,

we calculate the eigenstates and corresponding energies exactly as a function of

the flux passing through the toroidal trap. Adiabatic change of flux connects

the ground state to excited states due to flux quantization. We consider contact

interactions between the impurity and fermions, and analyze the full spectrum

for the interaction strength, from the infinitely-strong attractive to the infinitely-

strong repulsive limit. The impurity atom perturbs the Fermi sea by dragging the

fermions whose momentum matches the flux, and this drag transfers momentum

from the impurity to the background. Analyzing this angular momentum trans-

fer can help us understand the angular momentum transfer occurring at larger

scales between two different species in a mixture which are rotating at different

rates. One must also analyze the effect of interactions on the effective mass of

the impurity. For attractive interactions, formation of a dimer from the impurity

and one fermion can be also investigated in detail by using the AMF.

In Chapter 3, we turn our attention to one of the most intriguing concepts of
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condensed matter theory; superconductivity. In the semiclassical approximation,

critical temperature of a superconductor decreases with applied magnetic field.

However, if one includes the Landau level (LL) structure at high field values,

the critical temperature surprisingly starts increasing with some oscillations (see

Fig. 3.1). This high-field superconductivity was first predicted by Tešanović in

1989 [16]. However, an experimental observation has been elusive due to the high

magnetic field values required in a solid state system to confine particles into their

first few LLs, not even mentioning the low temperatures required to observe the

quantization effects. In Chapter 3, we propose to use light-induced AMFs in cold

atoms to investigate the superconducting phase diagram in the strong coupling

limit (the results are published in Phys. Rev. Lett. 116, 045305 (2016)). In

the cold atom context, two different atomic species or two different hyperfine

states would play the role of up and down spins forming the Cooper pairs, and

therefore, resulting in an unequal coupling to the AMF. This enables the study

of Bardeen-Cooper-Schrieffer (BCS) pairing of fermions with unequal effective

charges. This constitutes a fundamental extension of the BCS theory, in addition

to the studies on pairing in the presence of density [17, 18] or mass imbalance

[19, 20]. We investigate the superconducting phase diagram of a system formed

by such pairs of unequal effective charges as a function of field strength. We

consider a homogeneous two-component Fermi gas of unequal effective charges

with attractive contact interactions. We employ a two-channel model to describe

the system and analytically calculate the Gap equation at the transition point.

Finally, aside from mixtures, one can also simulate various condensed matter

models by using synthetic gauge fields in the clean environment of cold atoms;

such as the topologically protected states which have attracted great interest of

the condensed matter community over the last decades. Thouless, Kosterlitz and

Haldane were awarded the Nobel Prize in Physics in 2016 for their contribution

to the theory of topological phases of matter [21]. The Haldane model is a sim-

ple yet realistic topological lattice model which realizes quantum Hall effect in

the absence of an external magnetic field [22]. Since its proposal in 1988, the

Haldane model has been constantly studied by theorists to investigate topologi-

cally protected states of matter. However, its experimental observation has only
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been achieved in a cold atom setting [23], by implementing an AMF in an optical

lattice. Recent cold-atom realizations [23, 24, 25, 26, 27, 28] open up the pos-

sibility of exploring topological response in different limits enabled by the high

controllability of the experiments.

Depending on the staggered magnetic field passing through a unit cell, the

Haldane model can be either in a topologically trivial state or have ±1 Chern

number. Therefore, by suddenly quenching the magnetic field value, one can

drive the system across a topological phase boundary. This is something impos-

sible to implement in a solid state setting, because a sudden change of a real

magnetic field would induce Eddy currents and inevitably heat the system. In

cold atoms, however, magnetic fields are created artificially and one can study

quenches between Hamiltonians with different magnetic field values. In Chapter

4, we theoretically investigate the Hall response of a lattice system following a

quench where the topology of a filled band is suddenly changed (the results are

published in Phys. Rev. A 94, 053604 (2016)). Aspects of the original topology

survive the quench, but most physical observables (edge currents, Hall conductiv-

ity) appear to be non-universal. In the limit where the physics is dominated by a

single Dirac cone, we find that the change in the Hall conductivity is two-thirds of

the quantum of conductivity. We explore this universal behavior in the Haldane

model, and discuss cold-atom experiments for its observation.
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Chapter 2

Impurity under an Artificial

Magnetic Field

The dynamics of a single impurity interacting with a many-particle background

is one of the central problems of condensed-matter physics. Several condensed-

matter models can be reduced to a problem of an impurity interacting with

a reservoir. Depending on the type of the impurity (magnetic/nonmagnetic,

stationary/mobile, charged/neutral ...), the type of the interactions in the sys-

tem (contact, dipolar ...), or the specifics of the system (fermionic, bosonic,

dimensionality ...), a wide range of phenomena can be observed in this setup

[29, 30, 31, 32, 33, 34, 35]. Compared to a full-scale many-body problem, the

dynamics of an impurity is generally easier to treat where the most interesting

physics emerges around the impurity and, hence, can be controlled in a better

way. This, however, does not imply that it is trivial. The collective behavior of

the system can be quite unconventional as in the Kondo effect [29] or the po-

laron formation [31, 35]. Therefore, it is fundamentally important to examine

how these novel phenomena emerge from the underlying interactions between the

building blocks of the system.

Here, we consider an impurity atom in a cold atom setting. If one creates an

artificial magnetic field (AMF) in the system by coupling light to the internal
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states of the atoms, the effect will be highly sensitive to the internal degrees

of freedom of the particles. So, the resulting effective magnetic field acting on

the impurity atom and the background atoms will be different. We argue that an

AMF coupling specifically to the impurity is an efficient way to probe the polaron

state.

For the theoretical study of an impurity, one generally resorts to some form

of approximation, e.g. by averaging out the effect of the background. An exact

solution for a many-body system is rare in the literature. One great example

for such an exact solution is the Bethe Ansatz (BA) in one dimension. The

BA solution has been generalized to many integrable models, e.g. systems with

multiple components, different statistics or spin [36, 37, 38, 39, 40]. This exact

solution method has been employed to explain experimental data on a number

of instances [41, 42]. However, as BA methods are restricted to one dimension,

they have not been used to describe systems where an external artificial gauge

field is present.

In one dimension, such an external magnetic field can be disregarded by using a

gauge transformation, unless the one dimensional system closes onto itself. Thus,

if the particles are confined to a ring as opposed to a line segment, the AMF will

significantly effect the physics. Such rings, in the form of toroidal traps, have

been realized experimentally [43, 44, 45, 46, 47, 48, 49, 50], although none of

these experiments have included an artificial gauge field so far. When the radial

extent of a toroidal trap is small, so that only a single mode is supported in the

radial direction, the system becomes quasi one dimensional and can be treated

exactly with BA.

Here, we consider a one-dimensional spin polarized Fermi gas trapped in a

ring geometry and drop an impurity atom among them (see Fig. 2.1 for the

illustration). In the cold-atom context, both the impurity and the fermions are

neutral atoms. Under an AMF coupling exclusively to the impurity, it will act like

a charged particle among the uncharged fermions. We imagine an AMF along

the axis of ring by the use of which we can pump angular momentum to the

system. The charged impurity is expected to drag the uncharged fermions along
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Figure 2.1: A simple illustration of the system. N − 1 uncharged fermions (light
gray) and a single charged impurity (dark gray) are trapped on a ring. The
impurity is interacting with the fermions via Delta-function interaction. An AMF
couples exclusively to the impurity. The dynamics of the system depends on the
interaction strength between particles and the total flux through the ring β = qRA

~ .
c⃝2015 APS

with itself around the ring. Because of the interactions between the impurity and

the background atoms, a collective excitation usually called a polaron, is formed

[51]. This excitation will couple to the external magnetic field with the charge of

the impurity particle, however, its mass will critically depend on the interaction

strength. The amount of angular momentum carried by the impurity and the

uncharged fermions also depend on the total external flux through the ring. By

changing the AMF strength, it is possible to access excited states of the system

adiabatically. We describe this system exactly using a BA solution for contact

interactions, which are justified for cold atoms since the dominant scattering is

s-wave, and show that using an AMF coupling the impurity would be a very

effective tool to observe the resulting polaron physics.

This chapter is organized as follows: In the next section, we define the model,

introduce the notation and review earlier studies. In Section 2.2.1, we solve the

system for two particles and then generalize to any particle number using the BA

in Sec. 2.2.2. Sec. 2.3 presents the analytical solution of the BA equations in

certain limits and the comparison with numerical solutions. We calculate several
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quantities such as energy, angular momentum and effective mass of the charged

particle.

The discussion presented in this chapter is based on the material published in

Ref. [52].

2.1 The Model

The Schrödinger equation for one charged particle under a magnetic field among

N − 1 uncharged fermions of equal mass m reads

HΨ = EΨ,

1

2m

(~
i

∂

∂x1
−qA

)2
− ~2

2m

N∑
j=2

∂2

∂x2j
+2c

N∑
j=2

δ(x1−xj)Ψ(x1, x2..xN) = EΨ(x1, x2..xN),

(2.1)

in the first quantized form. All particles are assumed to be on a ring of radius

R; 0 ≤ xi ≤ 2πR. The position of the charged particle is x1 and A is the vector

potential in the symmetric gauge. The impurity interacts with the background

atoms with contact interactions of strength c. The Hamiltonian can be adimen-

sionalized by using the radius of the ring: x̃j =
xj

R
, Ẽ = E 2mR2

~2 , c̃ = c2mR
~2 and

β = qRA
~ , where β is the total magnetic flux through the ring in units of flux

quantum q/h. We then drop the tildes for simplicity, so that the Hamiltonian is

given by

H =
(
− i

∂

∂x1
− β

)2
−

N∑
j=2

∂2

∂x2j
+ 2c

N∑
j=2

δ(x1 − xj). (2.2)

The effect of the magnetic field can be shifted to the boundary conditions (Ψ(x1+

2π, x2..xN) = Ψ(x1, x2..xN)) by a gauge transformation [53],

e−iβx1Heiβx1︸ ︷︷ ︸
H′

e−iβx1Ψ(x1, x2..xN) = Ee−iβx1Ψ(x1, x2..xN) (2.3)

︷ ︸︸ ︷[
−

N∑
j=1

∂2j + 2c
N∑
j=2

δ(x1 − xj)
]
Ψ′(x1, x2..xN) = EΨ′(x1, x2..xN), (2.4)
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where Ψ′ = e−iβx1Ψ, and we again drop the prime-sign on Ψ in the following.

Namely, when the first particle (charged impurity) makes a full circle around the

ring the wave function gains a phase factor of eiβ2π where the periodic boundary

conditions (PBCs) for the uncharged particles remain unaffected by the gauging

process.

Apart from the twisted boundary conditions (BCs), the δ-function interaction

serves as two-sided BC between two different regions of space which are essentially

different permutations of particles. This discontinuity relation can be obtained

easily by passing to the center of mass (z) and relative coordinates (y),

y = x1 − x2

z = x1+x2

2

} ∂1 = ∂y +
1
2
∂z

∂2 = −∂y1 + 1
2
∂z

} ∂y =
1
2
∂1 − 1

2
∂2

∂z = ∂1 + ∂2.

(2.5)

By integrating the Hamiltonian with respect to the relative coordinate for
∫ +ϵ

−ϵ
dy

when ϵ→ 0,∫ 0+

0−
dy →

[
− 2∂2y −

1

2
∂2z + 2cδ(y)

]
Ψ(y, z) = EΨ(y, z), (2.6)

we obtain the two-sided discontinuity relation for contact interactions,

2∂yΨ(y, z)
∣∣∣0+
0−

= 2cδ(y)Ψ(y = 0, z). (2.7)

By going back to normal coordinates, we find the discontinuity relation at the

boundary x1 = xj as

(∂j − ∂1)ψ
∣∣∣
x1<xj

− (∂j − ∂1)ψ
∣∣∣
xj<x1

= 2cψ
∣∣∣
xj=x1

, j ̸= 1. (2.8)

This one-dimensional problem of two-component fermions has been studied by

using the BA in the previous century. First, the one-spin deviate problem in a

Fermi sea is solved by McGuire [39], then Flicker and Lieb [54] solved the two-spin

deviate problem. Yang [38] elegantly derived the BA equations for the general

M down-spins among N up-spins. Twisted BCs have been used throughout the

BA literature as a way to probe ground state properties. However, with the

possibility of optically inducing AMFs, it is important to calculate the properties
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of the system at finite flux as opposed to infinitesimal values near zero. It is also

necessary to consider cases where different components in the system experience

different gauge fields.

Our calculation takes both of these constraints into account and allows us

to exactly study the dynamics resulting from the dragging effect of the charged

particle on the uncharged particles. The resulting polaron physics has attracted

great interest in the context of cold atoms over the last few years [51, 55].

2.2 The Ansatz

As the interactions are reduced to BCs, the wave function for a given permutation

of the particles can be written as a superposition of plane waves. Since the

collisions of equal mass particles in one dimension conserve magnitudes of the

incoming momenta, the interacting problem is integrable. Hence, in a given

region only a finite number of plane waves are needed to construct the wave

function. To make our notation clear, we first start with the case of one charged

particle with one neutral particle.

2.2.1 N = 2 Particles

For two particles we have 2! = 2 regions and the wave function in these regions

is expressed as follows:

R1 : x1 < x2 Ψ12(x1, x2) = (12)12e
i(k1x1+k2x2) + (21)12e

i(k2x1+k1x2) (2.9)

R2 : x2 < x1 Ψ21(x1, x2) = (12)21e
i(k1x1+k2x2) + (21)21e

i(k2x1+k1x2) (2.10)

where we use parenthesis with a subscript to indicate the coefficients of plane

waves. In this notation numbers in the parenthesis indicate the order the wave

vectors k1, k2 are distributed to the coordinates in the exponent and the subscript

indices indicate the ordering of the particles on the ring, i.e. Ψ12 means x1 < x2.

At x1 = x2, the wave functions in these two regions should be equal whereas their
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derivative should obey Eq.2.8. Equating the coefficients of each plane wave on

both sides, we obtain:

BCs: at x1 = x2,

(12)21 + (21)21 = (12)12 + (21)12, (2.11)

(12)21 − (21)21 = (12)12

(
1 +

2

s12

)
+ (21)12

(
− 1 +

2

s12

)
, (2.12)

where s12 = i(k1 − k2)/c. Combined BCs (continuity of the wave function and

discontinuity of its derivative) give
(12)

(21)


21

=


1 + 1

s12
1
s12

−1
s12

1− 1
s12



(12)

(21)


12

. (2.13)

Allowed values for k1, k2 are found by applying the PBCs. PBC for one of the

particles gives the BA equation.

Twisted BCs: at 2π

as x2 : 0 → 2π, Ψ21(x2 = 0) = Ψ12(x2 = 2π),

(12)21 = (12)12e
ik22π, (21)21 = (21)12e

ik12π. (2.14)

as x1 : 0 → 2π, Ψ12(x1 = 0) = eiβ2πΨ21(x1 = 2π),

(12)12 = (12)21e
i(k1+β)2π, (21)12 = (21)21e

i(k2+β)2π. (2.15)

Combining the two BCs at 2π, we obtain another constraint k1 + k2 + β = n,

for n ∈ Z. This is a reflection of the total angular momentum conservation

in the system. Eqs.2.13 and Eq.2.15 have non-trivial solutions only when the

determinant below vanishes,
(12)

(21)


21

=


1 + 1

s12
1
s12

−1
s12

1− 1
s12



(12)

(21)


12

=


e−i(k1+β)2π(12)12

e−i(k2+β)2π(21)12

 (2.16)
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Figure 2.2: Energy of the three lowest states vs. interaction strength for N = 2
particles, and zero total angular momentum. Only scattering states are displayed.
Energy is calculated in three different ways. Lines are from Eq.2.19 direct ana-
lytical solution without employing BA, which is algebraically same as the two-
particle BA calculation (Eq.2.18). Diamonds are from the general N -particle BA
calculation (Eq.2.27). c⃝2015 APS

∣∣∣∣∣∣∣∣
1 + 1

s12
− e−i(k1+β)2π 1

s12

−1
s12

1− 1
s12

− e−i(k2+β)2π

∣∣∣∣∣∣∣∣ = 0. (2.17)

The solution of this determinant gives the BA equation,

α =
c

2
cot
(π
2
(α + n− β)

)
+
c

2
cot
(π
2
(α− n+ β)

)
, (2.18)

where energy is E = (n−β)2+α2

2
for α = k2 − k1. For the two-particle case, this

problem can also be solved exactly without using the BA [56],

c = α
(cos(π(n− β))

sin(πα)
− cot(πα)

)
. (2.19)

These two equations (Eqs. (2.18) and (2.19)) analytically reproduce each other

and the numerical results match perfectly (Fig.2.2).

Extension of this method to N particles is straightforward if cumbersome.
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2.2.2 N − 1 Fermions, One Charged Particle

The distinguishable charged particle is denoted again by x1 and the wave function

is defined in N ! regions corresponding to different permutations [39]. In each one

of these regions, the wave function consists of N ! plane waves in its most general

form without imposing the antisymmetry between the fermions. As a total, we

have N !×N ! coefficients:

Ψ123... = (123 . . .)123...e
i(k1x1+k2x2+k3x3+...) + (213 . . .)123...e

i(k2x1+k1x2+k3x3+...) + . . .

Ψ213... = (123 . . .)213...e
i(k1x1+k2x2+k3x3+...) + (213 . . .)213...e

i(k2x1+k1x2+k3x3+...) + . . .

Ψ132... = (123 . . .)132...e
i(k1x1+k2x2+k3x3+...) + (213 . . .)132...e

i(k2x1+k1x2+k3x3+...) + . . .
...

... (2.20)

where k1, k2, . . . kN are distinct wavenumbers. BCs at x1 = x2 are not effected

by the addition of other fermions at the end of the sequence:
(123 . . .)

(213 . . .)


213...

=


1 + 1

s12
1
s12

−1
s12

1− 1
s12



(123 . . .)

(213 . . .)


123...

. (2.21)

BCs at 2π follow the same logic; as x2 : 0 → 2π

Ψ213...N(x2 = 0) = Ψ13...N2(x2 = 2π),

(123 . . .)213...N = (123 . . .)13...N2e
ik22π,

(213 . . .)213...N = (213 . . .)13...N2e
ik12π. (2.22)

Number of independent coefficients decreases considerably by requiring antisym-

metry upon exchange of fermions. Every coefficient of a plane wave in region

x1 < x3 < x2 < . . . < xN is identical with the coefficient of the same plane

wave in region x1 < x2 < x3 < . . . < xN , i.e. (some permutation)132 =

(the same permutation)123. This can be shown by noticing that at x2 = x3 the

wave function in a given region must vanish, requiring e.g. (123 . . .)123...N =
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−(132 . . .)123...N . Fermionic antisymmetry also relates the wave functions in sep-

arate regions; Ψ123...N = −Ψ132...N . As a result, the coefficients only depend on

the position of the charged particle in the order. We can move indistinguishable

fermions through one another at will and the N ! regions reduce to N regions.

After this simplification it is easy to combine the BC at a δ-function with the

overall PBC.
(123 . . .)

(213 . . .)


213...N

=


1 + 1

s12
1
s12

−1
s12

1− 1
s12



(123 . . .)

(213 . . .)


123...N

=


eik22π(123 . . .)123...N

eik12π(213 . . .)123...N

 . (2.23)

The determinant can only vanish if k1 and k2 satisfy,

k1 −
c

2
cotπk1 = k2 −

c

2
cotπk2. (2.24)

Remember that these conditions are obtained by using the BCs at x1 = x2 and

by using the first two pairs of plane waves in the wave functions (the coefficients

in front of the eix1(k1+k2)+ik3x3 term). However, there are other plane waves in

this same BC, e.g. ((231)123 + (321)123)e
ix1(k2+k3)+ik1x3 term. If we write down

the BCs for these terms, we will obtain relations between other momenta (e.g.

between k2 and k3 for the given plane wave). Alternatively, we can obtain the

relations between other momenta by writing the BCs between other particles, for

example BCs at x1 = x3. These two approaches produce the same result, and all

the wavenumbers must satisfy

k1 −
c

2
cotπk1 = k2 −

c

2
cotπk2 = k3 −

c

2
cotπk3 = . . . = λ,

where λ is a real constant. This form is equivalent to the usual BA equations

[37].

Hence, the N wavenumbers which define an eigenstate must be chosen as N

distinct roots of the equation:

k − λ =
c

2
cotπk. (2.25)
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However, there is another constraint. Applying PBCs sequentially on all particles

restricts λ.

As x1 : 0 → 2π, Ψ123...N(x1 = 0) = eiβ2πΨ23...N1(x1 = 2π),

(123)123 = (123)231e
i(β+k1)2π,

as x2 : 0 → 2π, (123)231 = (123)312e
ik22π,

as x3 : 0 → 2π, (123)312 = (123)123e
ik32π,

...
...

In combination:

(123 . . .)123...N = ei(k1+k2+...+kN+β)2π(123 . . . N)123...N , (2.26)

reflecting angular momentum conservation: Sum of all the wavenumbers plus the

flux must be integer on a ring.

In short, the BA equation is solved by finding N roots of a simple equation

(see Fig. 2.3) subject to the angular momentum constraint:

k − λ =
c

2
cotπk,

N∑
j

kj = n− β, n ∈ Z. (2.27)

So far our treatment implicitly assumed repulsive interactions. In which case, all

the wavevectors ki are real. The ansatz can easily be extended to attractive inter-

actions yielding exactly the same equations Eq.2.27 [57]. However, for negative c

two of the roots will be complex, as the δ-potential in one dimension has only a

single bound state.

2.3 Solution of the BA Equation

The cot πk term in Eq.2.27 diverges at every integer k, thus, regardless of the

value of β (or λ) there is a root between every consecutive integer (Fig.2.3). By

changing the value of λ, all roots can be adjusted so that the total angular
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Figure 2.3: A representation of graphical solution to BA equation. The cotπk
term in Eq.2.27 diverges at every integer k and there is a root between every
consecutive integer independently from λ(β). By changing the value of λ, all
roots can be adjusted so that the total angular momentum constraint is satisfied.
c⃝2015 APS

momentum constraint is satisfied. All the eigenstates in this problem can be

labeled identically by choosing N distinct integers corresponding to the different

branches of cotπk and the total angular momentum n ∈ Z. The energy of an

eigenstate is simply the sum of squares of all wavenumbers

E =
N∑
i=1

k2i . (2.28)

For the simplest case of β = 0, the ground state corresponds to λ = 0 and

the total angular momentum n = 0. The roots k are distributed symmetrically

around zero for even N, hence, automatically satisfy the total angular momentum

condition. The wavevectors for the ground state are in the N branches of cot

from −N/2 to N/2. Excitations above this ground state can be generated by

two procedures. First, by changing λ, N roots which are on the same branches of

cot can be generated so as to create an eigenfunction with non-zero total angular

momentum (n ̸= 0). Second, at least one of the roots can be chosen to reside

on a branch that is not occupied for the ground state. For such a particle-hole

excitation, λ must be adjusted to ensure the total angular momentum constraint.
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Figure 2.4: Ground state energy vs. flux β for N = 2 particles with total angular
momentum n. Eigenstates for flux β with total angular momentum n are also
eigenstates for flux β + 1 with total angular momentum n + 1. The system can
be analyzed by considering flux values between −1/2 < β < 1/2 for all n. As the
flux is increased by one adiabatically, the system evolves to a higher excited state
which has one more unit of total angular momentum. The crossings between
different eigenstates is not a problem for adiabatic evolution since only states
with different total angular momentum n are degenerate. c⃝2015 APS

Inclusion of the magnetic field affects only the total angular momentum con-

straint. As that constraint is defined only up to an integer (n), the problems

with values of β differing by an integer are identical. Eigenstates for flux β which

have total angular momentum n are also eigenstates for flux β + 1 which have

total angular momentum n + 1. This is a restatement of flux quantization. We

can analyze the system by considering flux values between −1/2 < β < 1/2.

However, in an experimental setting slowly increasing the value of the flux

through the ring is a useful method to access excited states. As the flux is

increased adiabatically from zero to one, the ground state evolves to an eigenstate

which has its roots exactly in the same branches as the ground state, but, has

a total angular momentum of minus one at zero flux (Fig.2.4). The crossings

between different eigenstates do not pose a problem for adiabatic evolution as

only states with different total angular momentum n can be degenerate in energy.

The BA equation Eq.2.27 can be very efficiently solved once the regions for the

roots are determined. We used the Newton-Raphson algorithm to find a solution
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within a particular region. As all the roots depend monotonically on λ, another

Newton-Raphson search is employed to satisfy the total angular momentum con-

dition. We have found numerical solutions for systems of up to 10000 particles

with high accuracy.

Although numerically solving the BA equation is efficient and accurate, an

analytic solution can provide more insight about the physics of the system. An-

alytic formulae for energy, angular momentum and effective mass also would be

desirable to make correspondence with experimental observations.

In the limit of strong interactions 1/c≪ 1 and large particle number N/c≫ 1,

such an analytic form can be obtained by approximating the roots of the BA

equation. In this limit, because the cot diverges quickly near integers, most of

the roots are close to integers. Apart from the few roots near k ∼ λ, if we say

that the s-th positive root occur at ks = s+∆ where ∆ is small, the BA equation

follows

2

c
(s+∆− λ) = cot (sπ +∆π) =⇒ ∆ ≈ 1

π
cot−1 2

c
(s− λ), (2.29)

where ∆/c term is extremely small and omitted. So, we find that the roots occur

at

k+s = s+
1

π
acot

2

c
(s− λ),

k−s = −s− 1

π
acot

2

c
(s+ λ), s = 0, 1, . . . ,

N

2
− 1, (2.30)

where acot is defined in the continuous region (0, π) for Eqs.2.30 to be accurate

guesses. Here we have restricted s to analyze the ground state and excited states

with roots on the same cot branches. Applying the total angular momentum
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condition we get,

n− β =

N/2−1∑
s=0

ks

=
1

π

N/2−1∑
s

(
acot

2

c
(s− λ)− acot

2

c
(s+ λ)

)
=

c

2π

∫ xF

0

dx
(
acot(x− b)− acot(x+ b)

)
=

−c
2π

∫ xF+b

xF−b

dxacotx+
cb

2
, (2.31)

with b = 2λ/c and xF = kF/c = (N − 1/2)/c. Here the initial assumption of

strong interactions and large particle numbers allow us to approximate the sum

by an integral. For the ground state and the first few excited states n−β is small

compared to N and the integral can be approximated by using N/c≫ 1 as

n− β =
c

2π

∫ xF+b

xF−b

dx atanx ≈ cb

π
atanxF . (2.32)

Through this relation b, hence λ, is obtained for any flux value, allowing us to

find expressions for all the roots in a self consistent way.

2.3.1 Energy

Using these expressions for the roots, the total energy can be calculated as

E =

N/2−1∑
s=0

k2s

=

N/2−1∑
s

{
2s2 +

2s

π

(
acot

2

c
(s− λ) + acot

2

c
(s+ λ)

)
+

1

π2

(
(acot

2

c
(s− λ))2 + (acot

2

c
(s+ λ))2

)}
. (2.33)

The first term above is the total ground state energy of N − 1 non-interacting

fermions. Interactions result in the second and third terms which are first and

second order corrections in our expansion. When ∆’s are small, the third term is
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Figure 2.5: Ground state energy vs. interaction strength for N = 1000 particles
and zero total angular momentum. Numerical solution of BA equation Eq.2.27
(dots) are virtually indistinguishable from analytical solution (circles) E =(Fermi
energy of N − 1 fermions)+∆E. Error between the numerical and analytical
solutions are too small to observe even in the regimes where the assumptions for
analytical calculation fails. c⃝2015 APS

negligible. In this limit, the energy shift due to repulsive interactions (c > 0) is:

∆E =
c2

2π

∫ xF

0

dx x
(
acot(x− b) + acot(x+ b)

)
=

c2

2π

{∫ xF−b

−b

dx x acot x

+

∫ xF+b

b

dx x acot x+ b
(∫ xF−b

−b

dx acot x−
∫ xF+b

b

dx acot x︸ ︷︷ ︸
)}

2π

c
(n− β)

= cb(n− β) +
c2x2F
4

− c2

2π

∫ b+xF

b−xF

dx xatan x

= cb(n− β) +
c2x2F
4

− c2

4π

{(
(xF + b)2 + 1

)
atan(xF + b)

+
(
(xF − b)2 + 1

)
atan(xF − b)− 2xF

}
,(2.34)

with b =
π(n− β)

c atan(xF )
.
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This approximate form for energy successfully reproduces numeric results for

particle numbers as small as 4 throughout all the interaction range. Ground

state energy as a function of interaction strength is plotted for a typical case in

Fig.2.5 for 1000 particles at β = 0.2 flux. The deviation between numerical and

analytical results are too small to observe in this plot.

For attractive interactions, the δ-function interaction supports one bound state

in one dimension. Corresponding imaginary wavevectors appear as solutions of

the BA equation. For k = α+ iσ with (α, σ) ∈ R, the BA equation has only two

roots with σ ̸= 0. The charged particle is bound with only one of the background

fermions. When 1/|c| ≪ 1, the complex roots are at k = λ± ic/2 while the rest

of the roots preserve their form given in Eqs.2.30. Within these approximations,

we analytically calculate the total energy for attractive interactions,

∆E = −c
2(b2 + 1)

2
+ cb(n− β) +

c2x2F
4

(2.35)

+
c2

4π

{(
(xF + b)2 + 1

)
atan(xF + b) +

(
(xF − b)2 + 1

)
atan(xF − b)− 2xF

}
,

with b =
(n− β)

c
(
1− 1

π
atan(xF )

) .
If the bound state is narrow, Pauli repulsion between the fermion in the bound

pair and background fermions decreases the effective interaction.

2.3.2 Angular Momentum

To understand the physics of the polaron formation and make correspondence to

possible experiments, it is important to calculate other measurable quantities. In

particular, for this system we are interested in how the dynamics of the impurity

particle is affected by the fermion background. To this end, it is instructive to

calculate angular momentum carried by the impurity L1 and the related effective

mass. As the impurity is interacting with the fermions, this effective mass is not
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Figure 2.6: Angular momentum of the impurity vs. interaction strength for N =
100 particles for (a) attractive and (b) repulsive interactions from the analytic
calculation; numerical solutions produce the same results. In the non-interacting
limit, the impurity carries all the angular momentum (n − β). L1 saturates to
zero for infinitely strong repulsive interactions as the total angular momentum is
shared equally between all particles. The same behavior holds for excited states.
For strongly attractive interactions, L1 saturates to half the total value, signifying
dimer formation with one background particle. The insets in both figures focus
on the weak interaction limit. c⃝2015 APS

only the mass of the impurity, but, also gets a contribution from the fermions

dragged along with it. Such a compound object is generally called the polaron

state or dimer state especially for attractive interactions.

As stated above, one of the most physically interesting quantities in this system

is the angular momentum carried by the charged particle, represented by the

operator P̂1 = −i ∂
∂x1

. As this particle is coupled to the external magnetic field,

P̂1 is the canonical momentum not the kinetic momentum. However, canonical

momentum is the quantity that is generally measured by expansion imaging in

AMF experiments in cold atoms. The expectation value of ⟨P̂1⟩ = L1 is easily

obtained by taking the derivative of the total energy with respect to flux,

L1 =
−1

2

∂∆E

∂β
. (2.36)

Using the approximate form for the energy Eq.2.34, we obtain

L1 =
π(n− β)

atanxF
− c

4atanxF

{
(xF+b)atan(xF + b)−(xF−b)atan(xF − b)

}
. (2.37)
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interaction strength for N = 100 particles. As expected L1 depends linearly
on flux. The slope of the line decreases with increasing interaction strength
indicating higher values of effective mass of the impurity. c⃝2015 APS

This form is valid for positive c and easy to interpret. In the non-interacting

limit, the canonical momentum of the charged particle is fixed by the external

flux. Hence, all the angular momentum is carried by the charged particle. As in-

teractions are turned on, the charged particle drags the background fermions and

transfers some of its angular momentum to them. Stronger interactions increase

the fraction of the transferred angular momentum, and in the limit of infinitely re-

pulsive interactions, angular momentum is equally shared by N particles. On the

other hand, for strong attractive interactions, L1 saturates to half of the angular

momentum in the system proving the formation of a dimer with one background

fermion.

The behavior of L1 is displayed in Fig.2.6 and Fig.2.7 as a function of inter-

action strength c and flux β. Even for N = 100 particles, the difference between

numerical calculation of the derivative and the expression given above is neg-

ligible. As a function of interaction strength, the rapid decrease and eventual

saturation of L1 validates the scenario discussed above. The linear dependence

on flux is expected, however, the slope of L1 decreases as interaction gets stronger.

This slope carries valuable information as it is related to the effective mass of the

composite excitation formed by the impurity and background fermions.
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Figure 2.8: Effective mass of the impurity vs. interaction strength for N = 50
particles and zero total angular momentum n = 0. (a) For attractive interac-
tions, m∗ saturates to twice the mass of the impurity due to the formation of a
tightly bound pair. The inset shows the behavior around zero interaction in more
detail. For attractive interactions, the effective mass (given by Eq.2.39) is almost
insensitive to flux change. (b) For repulsive interactions, m∗ converges to N . As
flux β increases, this saturation gets faster. The dependence on the flux is more
prominent for small particle numbers. c⃝2015 APS

2.3.3 Effective Mass

We define the effective mass as

1

m∗ =
1

2

∂2∆E

∂β2
. (2.38)

In the non-interacting limit, the effective mass is equal to m, however, its be-

havior is very different for attractive and repulsive interactions. As repulsive

interactions are increased, it gets harder for the impurity to tunnel through the

fermions and the dragged particles increase the effective mass. The increase in

the effective mass saturates only when all the particles are moving together with

the impurity. Thus, at large repulsive interaction, the effective mass reaches Nm.

For weak attractive interactions, the first effect is once again the drag increasing

the effective mass. However, the attractive δ-function has a single bound state

in one dimension. Thus, the impurity captures one of the background fermions

and as the size of the bound state gets smaller, Pauli exclusion effectively repels

the other fermions. The effective mass for attractive interactions increases and

reaches 2m for infinitely attractive interaction where a dimer is formed from the
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impurity and one fermion. For attractive interactions, the analytical expression

in the strongly interacting limit is useful to calculate the dimer mass,

∂2∆E

∂β2
=

2

1− atan(xF )
π

− 1

(1− atan(xF )
π

)2

+
1

2π(1− atan(xF )
π

)2

{
atan(xF + b) + atan(xF − b)

+
xF + b

1 + (xF + b)2
+

xF − b

1 + (xF − b)2

}
. (2.39)

We calculated the effective mass numerically and analytically. For the ground

state, the above scenario is validated by these calculations (see Fig.2.8). The de-

pendence of the effective mass on the external magnetic field is strongest for small

particle number as this limit is the strongly interacting limit in one dimension.

As the number of fermions increases, effective mass in the ground state has weak

dependence on β. In this case, effective mass is essentially determined locally as

the ability for the impurity particle to complete a full rotation is hampered.

The utility of an external magnetic field is the access it provides to excited

states through adiabatic pumping. Excited states in this system are expected
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Figure 2.10: Effective momentum density in k-space for different interaction
strengths. In the strongly interacting limit, the distance between adjacent BA
roots (wavevectors) is one. For small c, the roots are closer to each other around
(n − β), which means the impurity carrying n − β units of angular momen-
tum in the non-interacting limit first disturbs the fermions which are momentum
matched to that value. c⃝2015 APS

to be stable due to angular momentum conservation. It is thus reasonable to

expect effective mass measurements to be carried out on such states in a cold

atom setting. For the excited states, with angular momentum |n| < N/4 the

main effect is faster saturation of effective mass as c increases. However, for

higher excited states, there is resonant behavior (Fig.2.9). Due to the nature of

BA solution, a state for which all the roots are on the cot branches from −N/2
to N/2 can have at most N/2 units of angular momentum. When the total

angular momentum of an excited state is comparable to particle number N, the

sharing of this angular momentum between the impurity and the background is

limited by this constraint. Thus, it is possible for this system to support negative

effective mass if the external force acted by the magnetic field is overcome by

the back reaction from the fermions. We numerically find this behavior for both

low and high particle number (see Fig.2.9). Experimentally this effect should

be more accessible for small number of particles as it is easier to pump angular

momentum comparable to particle number.
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2.3.4 Correlations

Apart from the single particle properties related to the impurity, it is instruc-

tive to look at global properties to understand how the external particle disturbs

the one dimensional Fermi liquid. A common way to visualize the disturbance

in the Fermi sea is to plot the deviation of the distance between the BA roots

(wavevectors) from one. For an undisturbed Fermi sea, this deviation is always

one. For a weakly interacting impurity, the deviation is confined to a narrow

region in k-space around n − β (see Fig.2.10). This is expected as the impurity

carrying n−β units of angular momentum in the non-interacting limit first starts

dragging fermions which are matched in momentum. As the strength of repul-

sion increases, so does the effected region in k-space, however, the deviation gets

smaller. For infinitely repulsive interactions, the impurity becomes indistinguish-

able from the background fermions (Fig.2.10). For highly excited states where

n is comparable to N, particle-hole excitations complicate this picture similar to

the effect we discussed for the effective mass.

Another important physical property is the two-particle correlation function.

Although for δ-function interactions only the value of this function at zero deter-

mines the interaction energy, its general form is experimentally accessible through

Hanbury-Brown-Twiss[58] type measurements. This correlation also can be re-

garded as the real-space form of the bound state created by the impurity. To

calculate the two-particle correlation function, we need to determine the coeffi-

cients of the plane waves in each region. Following McGuire [39] we choose the

first coefficient in the first region x1 < x2 < . . . < xN ,

(123..N)123..N = (1− ei2πk1). (2.40)

Other coefficients in this region determined by BCs yield very similar expres-

sions. The wavenumber associated with the distinguishable particle appears in

the exponent and the sign of the permutation multiplies the coefficient:

(213..N)123..N = −(1− ei2πk2), (2.41)

(312..N)123..N = (1− ei2πk3) (2.42)
...
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Figure 2.11: Two-particle correlation function for N = 2 particles. As expected,
g12 at zero separation decreases with increasing interaction strength. For weak
interactions, the correlation function at zero decreases with increasing flux. How-
ever, for strong interactions, the correlation is almost insensitive to flux change
due to the fermionization of the charged particle. c⃝2015 APS

The coefficients in other regions are related to the same coefficient in the first

region with a phase factor determined by the PBCs. This phase factor is a full

circle rotation around the ring of the particles that x1 has to pass to be in the

given region. Thus, the momenta belonging to the particles that x1 has passed

multiply the coefficient, e.g.

(21354..N)2314..N = (1− ei2πk2)ei2π(k1+k3) . . . (2.43)

In the simple form, the wave functions are not normalized, but we normalize the

correlation function at the end. The two-particle correlation function in any state

is given as

g12(x1, x2) =

∫ 2π

0

dx3 · · ·
∫ 2π

0

dxNΨ
∗Ψ. (2.44)

For the N = 2 particle case, the correlation function is simply the absolute

square of the wave function. As could be expected, the correlation function is

highly affected by the flux for the two-particle case. Using the numerically and
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Figure 2.12: Two-particle correlation function for N = 50 particles. (a) For weak
interactions, Friedel oscillations occur as interference of two waves with wave-
lengths related to kF − β and kF + β. (b) At strong interactions, the correlation
becomes zero at zero separation since the impurity is effectively indistinguishable
and g12 and the frequency of Friedel oscillations are almost insensitive to flux
change. c⃝2015 APS

analytically calculated wavenumbers in the expression,

g12(x1, x2) = 4− 2 cos(2πk1)− 2 cos(2πk2)

− 8 sin(πk1) sin(πk2) cos(k1 − k2)(x2 − x1 − π), (2.45)

we observe that inclusion of the flux generally decreases the two-particle cor-

relation function (Fig.2.11). However, if the interactions are strong enough so

that the particles are almost fermionized, this decrease is very small. It is also

notable that although the flux breaks time-reversal symmetry and the wave func-

tions choose a direction on the ring, correlation function is even with respect to

x1 − x2. This property holds for any particle number.

For the general N particle case, we arrange the wave function in a better

form to evaluate the integrals. We assign two wavenumbers to x1 and x2, and

the rest of the particles are represented by a Slater determinant since they are

indistinguishable fermions. For example, if we have k1, k4 associated with x1, x2

respectively, the Slater determinant is represented by D14 indicating the use of
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all wavenumbers except k1 and k4 in the exponents,

D14 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

eik2x3 eik3x3 eik5x3 . . .

eik2x4 eik3x4 eik5x4 . . .

...

eik2xN eik3xN eik5xN . . .

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
. (2.46)

Hence, the wave function in the first region can be written as,

Ψ =
(
(12 . . . N)12...N + (21 . . . N)12...N

)
D12

+
(
(13 . . . N)12...N + (31 . . . N)12...N

)
D13 + . . . (2.47)

Integrating Ψ∗Ψ over x3, . . . , xN , the Slater determinants are orthogonal in large

particle number limit, as the outer roots of cot ’s are very close to integer val-

ues. The correlation function is then expressed as a sum over pairs of momenta

associated with x1 and x2,

g12(x) =
N∑
t<s

N∑
|(ts . . . N)|2 + |(st . . . N)|2

+ 2Re
{
(ts . . . N)∗(st . . . N)ei(kt−ks)x

}
, (2.48)

where x = x2 − x1. Here, x > 0 but the symmetry of the correlation function

for x < 0 can be easily seen by using the region x2 < x3 . . . xN < x1 instead of

the first region. Finally, the correlation function is normalized to average density

on the ring so that it saturates to one. The correlation function for N = 2 and

N = 50 particles are given in Fig.2.11 and Fig.2.12 respectively, for different

interaction strengths and flux. As expected, the correlation function at zero

separation g12(0) decreases with increasing interaction strength until it saturates

to zero. The other important feature of the correlation function is the Friedel

oscillations [59] reflecting the sharpness of the Fermi surface in one dimension.

The two-particle correlation function is a local quantity while the external flux

changes the system properties globally. For any pair to feel the effect of the flux,
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Figure 2.13: Kinetic energy of the particles vs. interaction strength for β = 0.2
and β = 10.2 for N = 50 particles. The inset shows the interaction potential
contribution to the total energy. The initial increase in interaction energy follows
the increase in the interaction strength. However, beyond a certain strength,
the tendency of the fermions to avoid the impurity is more dominant. These
plots are obtained by taking the derivative of the total energy with respect to
c. Alternatively, the interaction potential energy is also obtained by using the
two-particle correlation function at zero separation. Both results are plotted in
the inset showing remarkable agreement. c⃝2015 APS

one of the particles must go a full circle around the ring. Hence, as could be

expected, the effect of the magnetic field on the correlation function decreases

as the number of particles increases or if they interact strongly. Even for the

lowest lying excited states, we find the primary effect of the flux is on the Friedel

oscillations while the shape of the correlation hole is unchanged.

Finally, we calculate a thermodynamic quantity which is also related to g12(0).

Derivative of the energy with respect to interaction strength c gives us interaction

potential, so, the kinetic and interaction contributions to the total energy can be

separated. In Fig.2.13, one can notice that the interaction energy makes a peak

and then decreases for increasing c. The initial increase is expected, however, as

interactions become stronger, the tendency of the fermions to avoid the impurity

dominates and the impurity is effectively fermionized. This is apparent in the

δ-function BC Eq.2.8. Additionally, the interaction potential is equal to the

correlation function at zero g12((x2 − x1) = 0) times the interaction strength
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which reproduces the results obtained by taking the derivative of the total energy.

These results show that the system can be described by a simple physical

picture. The charged particle interacting with the background particles drags

them along with itself around the ring. In the non-interacting limit, all of the

angular momentum in the system is carried by the impurity. As interactions are

turned on, fermions which are close to the impurity in momentum are disturbed

more and start to gain momentum. At the limit of infinitely repulsive interactions,

the charged particle is effectively indistinguishable from the background and the

total momentum is shared equally between all particles. The pair correlation

function also confirms this picture. The value of the correlation function near

zero is mostly insensitive to the external flux while away from the correlation

hole frequency of the Friedel oscillations sensitively depends on it. For strongly

repulsive interactions, the effective mass saturates the total mass of the particles

since it is dragging all of the background fermions along with itself around the

ring.

For attractive interactions, the impurity forms a bound pair with one of the

fermions. The effect of dimer formation can be clearly seen in the angular momen-

tum and the effective mass. For infinitely strong attractive interactions, angular

momentum carried by the impurity saturates half the value of total angular mo-

mentum and the effective mass saturates twice the mass of the particle which

confirm the presence of the dimer as a composite particle.

The physical properties calculated in this chapter are experimentally accessi-

ble through the standard tools of ultracold atom experiments. While artificial

magnetic fields have been demonstrated in a variety of settings, they have not

been used in combination with a toroidal trap to our knowledge. We believe these

exact results would be relevant for such an experiment.
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Chapter 3

Pairing in the Presence of

Change-Imbalance

Superconductivity has attracted great interest since the beginning of 20th cen-

tury as a demonstration of quantum mechanical effects on macroscopic scales.

Although Bardeen-Cooper-Schrieffer (BCS) theory successfully explains super-

conductor (SC) and superfluid (SF) behavior in a large number of systems [60],

there is still much debate over certain limits of SC states, such as the origin of the

high-temperature SC [61, 61, 62, 63, 64]. As in many other areas of condensed

matter physics, ultracold atomic gases have been used to observe several differ-

ent aspects of SCs, and the original theories had to be extended to cover these

new regimes [7, 8]. Pairing due to resonant interactions has been explored both

theoretically and experimentally, uncovering the BEC-BCS crossover in detail.

Density imbalance between components forming the Cooper pairs and resulting

unconventional SC states were first considered for condensed matter systems,

but, experimental observation of polarized SFs [7, 8] with cold atoms required

significant improvements upon prior approaches. Similarly, Cooper pairs made

up of fermions with unequal masses have been explored theoretically [19, 20], and

are yet to be observed experimentally.
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The Meissner effect, the expulsion of an external magnetic field from the inte-

rior of the sample up to a critical field valueHC , was part of the initial observation

regarding the SC states and is one of the most fundamental properties of SCs.

Type-II SCs also display a mixed state up to an upper critical field value HC2,

where the magnetic field is partially expelled while the material is still electrically

superconducting. In this mixed state, the magnetic field penetrates the sample as

quantized vortices which then arrange in a lattice (usually in a triangular) forma-

tion. This experimentally observed behavior is explained by Abrikosov-Gorkov

theory within a semiclassical approximation [65], i.e. the effect of the magnetic

field is included only as a phase factor to the wave function. However, it is well

known that under a high magnetic field, the energy spectrum of the electrons

consists of Landau levels (LLs). This highly-degenerate, discrete spectrum usu-

ally results in counterintuitive phenomena as in the case of the quantum Hall

effect [66, 67, 68, 69]. One of the mysteries about the SCs is their behavior in

this extreme quantum limit.

In the semiclassical regime where the magnetic field is weak, the critical tem-

perature TC of a SC decreases monotonically with applied field and vanishes at

some critical field value HC2 (see Fig. 3.1). In 1989, Tešanović et. al predicted

that if one includes the LL structure of the electrons, TC first decreases in the

same fashion, but instead of vanishing, starts to increase with some oscillations

as demonstrated in Fig. 3.1. The peaks in the density of states reflect onto the

phase diagram as oscillations. However, due to the limitations on the magnetic

field values that can be created in a solid state system, the high-field phase dia-

gram of SCs is not easy to observe experimentally. Although new developments

in experimental techniques constantly push this upper limit up to higher field

values, such as the pulsed magnetic fields which can reach up to 100 Tesla [70],

observation of the pairing behavior when the particles reside in their first few LLs

is still not within the reach of current solid state experiments. One alternative

is to use the versatility of the cold atomic gases to observe this quantum limit:

AMFs can reach field values much higher than what is attainable in solid state

settings. Temperatures and cleanness of the cold atoms would also provide a

natural advantage. Since the synthetic gauge fields induce the orbital effect of a
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Figure 3.1: Superconducting phase diagram. For weak magnetic fields, semiclas-
sical approximation predicts monotonically decreasing critical temperature TC
(dashed line). For strong magnetic fields, one must consider the Landau level
structure. A fully quantum mechanical treatment shows oscillations in TC at
high magnetic fields, corresponding to peak in the density of states.

magnetic field directly into the Hamiltonian, it is possible to isolate the effect of

the LL structure on pairing.

Vortex lattices have been already observed in cold atoms by implementing ro-

tation [71, 72, 73]. However, mimicking a magnetic field by physically rotating

the gas sets additional constraints on the trapping potential. Although experi-

mentalists have recently succeeded in creating a uniform gas [74], almost all cold

atom experiments include a harmonic confinement. In a harmonic trap, if one

rotates the gas at a high frequency, the particles would start escaping the con-

finement, which then hinders the search for high-field superconductivity. Using

Raman laser-assisted synthetic gauge fields liberates us from such constraints on

the confining potential.

The laser-assisted AMFs are realized by coupling the internal states of the

atoms to light to imprint a Berry phase on the motion. While a number of

different schemes have been used to manufacture these synthetic Hamiltonians,

all of them sensitively depend on the internal excitation structure [11]. Hence, for

a mixture of two different atom species or even a mixture composed of atoms in

different hyperfine states, the effective magnetic field acting on each component

can be different. Although the Zeeman shifts due to the real magnetic field are

utilized to create the AMF, this artificial field only couples to the spatial motion

of the atoms and does not cause an artificial Zeeman effect [11]. So, we can focus
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only on the orbital effect of the magnetic field on SC state.

In this chapter, we explore the consequences of an AMF which couples un-

equally to the fermions forming a Cooper pair. One can model this system as

different effective charges under the same magnetic field (as we implement here),

or same charges under different effective magnetic fields. Essentially, we consider

the pairing of fermions with different cyclotron frequencies. We discuss the con-

ditions for pairing and the response of the paired state to the external AMF. I

will present the two-channel model we use to describe the system in Section 3.1.

In Sec. 3.2, I will calculate the gap equation at the transition point. Section 3.3

presents SC phase diagrams for various charge ratios.

Content of this chapter is based on the material published in Ref. [75].

3.1 The Model

We consider a mixture of two fermion species of equal mass and equal density. The

system is assumed to be spatially homogeneous, as in most cold atom experiments

the effect of the confining potential can be taken into account through the local

density approximation. An AMF of arbitrary strength is acting on the system

by coupling only to the orbital motion of the fermions, but, causing no Zeeman

shift. The coupling of the AMF to each component is different, defining the

effective charges q1 and q2. Corresponding cyclotron frequencies ω1 = q1B/m and

ω2 = q2B/m define the respective LL separations. We parameterize the system by

using the relative frequency ωr = ω2/ω1 and the effective frequency ω =
√
ω1ω2.

Within the Landau gauge A⃗ = (0, Bx, 0), the non-interacting Hamiltonian can

be written as

H0(ω1, ω2) =
∑
ν

ε1νf
†
1νf1ν + ε2νf

†
2νf2ν , (3.1)

where the subscript ν = (n, ky, kz) incorporates the LL index n, momentum along

the z -direction kz, and the momentum ky which also labels the LL degeneracy.
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The associated kinetic energy for the up and down spin particles is

εiν = ϵiν − µi =
~2k2z
2m

+ ~ωi

(
n+

1

2

)
− µi, (3.2)

for i = 1, 2. We fix the total particle number N = N1 + N2, and consider a

mixture of two fermion species of equal mass and density N1 = N2. The particle

number of up and down spins can be written as

Ni =
∑

kx,ky ,kz
n

f(εiν) =
LxLyB

h/qi

∑
kzn

f(εiν) =
LxLyLzBqi
(2π)2~

∑
n

∫ ∞

−∞
d kz f(εiν), (3.3)

where V = LxLyLz is the volume of the system. The summations over kx, ky give

the degeneracy of the LLs and f(εiν) is the Fermi-Dirac distribution function,

Ni

V
=

2

(2π)2ℓ2i

∞∑
n=0

∫ ∞

0

d kz
1

1 + e
β

(
~2k2z
2m

+~ωi(n+
1
2
)−µi

) , (3.4)

with ℓi =
√

~/mωi being the magnetic length of the particles. The particle

densities are then scaled with the effective magnetic length, ℓ =
√
~/mω, i.e.

n1 = N12π
2ℓ3/V . In general, the chemical potentials µi are not equal but are

chosen to fix the density of both species to be the same at each magnetic field

value. We numerically solve the number equations (3.4) for chemical potentials

at each AMF value. Thus, for a fixed charge ratio ωr and total real-space density

N/V , changing the AMF strength alters only the effective density n1.

This single particle spectrum is unique as the LLs of up and down spins do

not match in energy. Since their zero point energy and the separation between

the LLs are different, two LLs can have equal energy only if the charge ratio

ωr is a rational number. When the chemical potentials are adjusted to equate

the densities, low energy single-particle excitation spectra for up and down spins

are asymmetric. This mismatch has drastic consequences on pairing when the

interactions are introduced.

In a solid state system, the attractive electron-electron interaction in a SC is

mediated by the phonons in the system. So, not all of the electrons can inter-

act to form Cooper pairs. The upper limit for phonon energy is given by the

Debye frequency [60], and only the electrons in a small region around the Fermi
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surface can form pairs. In cold atom experiments, the two species interact reso-

nantly through s-wave scattering. In the absence of phonon energy limiting the

electron-electron interaction, one needs alternatives to put a cutoff to the inter-

actions. Here, following Refs.[76, 77] studying the balanced magnetic field case

(ωr = 1), we model the system by using the two-channel Hamiltonian which will

intrinsically normalize the interactions. We write the interacting Hamiltonian as

H(ω1, ω2) =
∑
ν

ε1νf
†
1νf1ν +ε2νf

†
2νf2ν +εBb

†b +α
∑
νν′

Q∗
νν′b

†f1νf2ν′+H.c.

(3.5)

The open-channel fermions interact to form closed-channel bosons with energy

εB = γ +
~ω1 + ~ω2

2
− µ1 − µ2 + C, (3.6)

where γ is the unrenormalized detuning between the closed-channel boson and

the open-channel fermions. C is the counterterm which will be set to compensate

the divergence of the boson self energy due to the infinite number of LLs of the

closed-channel fermions. In the original problem, there were only up and down

spin fermions interacting through contact interactions. However, we introduced

bosons into the system to represent Cooper pairs. The boson energy εB and the

coupling constant α are not real parameters. The physical parameters are the

scattering length and the effective range of the s-wave interactions. So, while

using the two-channel model, one needs to relate these secondary parameters to

the physical parameters. In the next section, I will present how to perform this

renormalization of the two-channel model.

3.1.1 Renormalization of the Two-Channel Hamiltonian

The eigenstates for the open-channel fermions can be written as

ψiν(r⃗) =
1

(πℓ2i )
1/4

√
2nn!

Hn

(x− xi
ℓi

)
e
− (x−xi)

2

2ℓ2
i eikyyeikzz, (3.7)

for xi = ~ky/qiB and the n-th Hermite polynomial Hn(.). The closed-channel

boson eigenstates Φnkykz have the same form as the fermion single particle states,
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however the effective charge of the boson is qB = q1 + q2, and its mass 2m. Con-

sequently the boson magnetic length is ℓB = ℓ1ℓ2/
√
ℓ21 + ℓ22 =

√
~/m(ω1 + ω2).

Two fermions with up and down spin in different LLs can interact to form a bo-

son through the coupling constant α and the overlap integral Qνν′. This overlap

integral can be calculated by using the eigenstates of the particles,

Qνν′ =

∫
d3r

∫
d3R ψ∗

1ν

(
R⃗ +

r⃗

2

)
ψ∗
2ν′

(
R⃗− r⃗

2

)
D(r⃗, R⃗), (3.8)

for the center of mass R⃗ and relative r⃗ coordinates of the fermions. We take the

wave function of the tightly-bound boson as

D(r⃗, R⃗) = δ(r⃗)
∑
p

Φ0,p,0(R⃗). (3.9)

In general, the sum in Eq. (3.9) should be also over the LL index and momen-

tum along the z-direction for the bosonic wave function. However, the dominant

pairing mechanism is through the closed-channel boson with the lowest possible

energy. So, we consider coupling of fermions into the bosonic lowest LL (LLL)

with zero momentum along z. Hence, the wave function of the boson is in general

only a superposition over the degenerate LLL states with different p. However, a

straightforward calculation shows that the distribution of the boson wave func-

tion over the degenerate LLL states with different p does not affect the physical

properties after the bosons are integrated out [77, 76]. Thus, we calculate the

overlap integral only for the LLL state with p = 0, which gives

Qνν′ = δ(kz + kz′)δ(ky + ky′)
(−1)nℓn1ℓ

n′
2√√

π2n+n′n!n′!(ℓ21 + ℓ22)
n+n′+1/2

× e−
k2y
2
(ℓ21+ℓ22)Hn+n′

(
ky

√
ℓ21 + ℓ22

)
. (3.10)

After calculating the overlap integral, we need to normalize the boson energy

and connect it to the physical parameters. Renormalization can be performed by

solving the two particle problem. We consider the most general wave function

|Ψ⟩ =
(∑

νν′

Aνν′f
†
1νf

†
2ν′ +Bb†

)
|0⟩, (3.11)

and insert it into the Schrödinger equation,

H(ω1, ω2)|Ψ⟩ = E|Ψ⟩. (3.12)
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By equating the coefficients of bosons and fermions on two sides, we obtain

E − γ − C = α2
∑
νν′

|Qνν′|2

E − ϵ1ν − ϵ2ν′
. (3.13)

We then insert Eq. (3.10) and take the sums over ky and kz after converting them

into integrals. This leaves only the summations over the LLs of the fermions,

γ − E =
α2

√
m

4π~
∑
nn′

(n+ n′)!

n!n′!

ℓ2n1 ℓ
2n′
2

(ℓ21 + ℓ22)
n+n′+1

× 1√
~ω1

(
n+ 1

2

)
+ ~ω2

(
n′ + 1

2

)
− E

− C. (3.14)

The sum on the righthand side diverges due to the infinite number of LLs. So, C

is chosen in such a way to suppress this divergence (by setting E = 0),

C =
α2

√
m

4π~
∑
nn′

(n+ n′)!

n!n′!

ℓ2n1 ℓ
2n′
2

(ℓ21 + ℓ22)
n+n′+1

1√
~ω1

(
n+ 1

2

)
+ ~ω2

(
n′ + 1

2

) . (3.15)

Since we normalize the boson self energy, we can now connect the two-channel

model to the real scattering parameters. The system should produce the low

energy scattering properties for (ω1, ω2) → 0. Taking the limit of Eq. (3.14) gives

γ − E =
−α2m3/2

4π~3
√
−E. (3.16)

By comparing this equation with the conventional scattering theory result [77, 78]

√
−E =

~
as
√
m

− r0
√
m

2~
E, (3.17)

we find that the renormalization parameters γ and α are related to the physical

parameters as-scattering length and r0-effective range as follows,

− γ

α2
=

m

as~24π
,

1

α2
= −r0m

2

8π~4
. (3.18)

3.2 Gap Equation

We examine this Hamiltonian around the SC transition point to calculate the

phase diagram. Following mean-field theory, we introduce the average amplitude
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of the bosonic wave function ∆ = α < b >, which defines the order parameter in

the Ginzburg-Landau theory [79]. Near the SC transition, ∆ is small, so we can

expand the free energy in powers of ∆. For this purpose, we write the Hamiltonian

in terms of ∆,

H(ω1, ω2) =
∑
ν

ε1νf
†
1νf1ν + ε2νf

†
2νf2ν + εB

∆2

α2
+
∑
nn′
kykz

∆∗Q∗
nn′f1nf2n′ +H.c.

(3.19)

The third term in the Hamiltonian (bosonic term) is already second order in

∆, so it is already in the correct order that we are after. There is no first order

correction. Introducing attractive interactions to the system gives rise to a second

order correction, because particles are converted into pairs two-by-two. Following

the same logic, the next term will be fourth order. For small ∆, we can treat the

interaction term Hint at the end of the Hamiltonian with perturbation theory.

The second order correction to the energy due to this interaction term is given

by

Θ(2)
ν =

∑
ν′

ν′ ̸=ν

|⟨ν|Hint|ν ′e⟩|2

Eν − Eν′
, (3.20)

for the fermionic states |.⟩ = |00⟩, |01⟩, |10⟩, |11⟩ where we can put at most two

fermions in a given state. But, since the fermions are created/annihilated in pairs

in Hint, the states |01⟩, |10⟩ do not contribute. We then include the Boltzmann

weights exp{−β(ε1n+ ε2n′)} of the states experiencing this correction, for inverse

temperature β = 1/kBT and Boltzmann constant kB. So, we have

Θ(2) =
∑
nn′
kykz

|∆Qnn′|2
e−β(ε1n+ε2n′) − 1

ε1n + ε2n′

1

z
, (3.21)

where z =
(
e−βε1n + 1

)(
e−βε2n′ + 1

)
is the partition function. If we combine the

second order terms, and with a little bit of arrangement, the free energy can be

written as

44



F = F0 +

{
εB
α2

− 1

2

∑
n,n′

ky,kz

|Qnn′|2
tanh ε1n

2kBT
+ tanh

ε2n′
2kBT

ε1n + ε2n′

}
︸ ︷︷ ︸

0

|∆|2 +O(|∆|4). (3.22)

If the second order term is negative, it means that forming Cooper pairs out

of fermions is energetically favorable. And if it is positive, we would not have

pairs in the system. Critical temperature for pairing is obtained by setting this

coefficient to zero. By substituting Eq. (3.18) for the renormalization parameters,

and assuming a wide Feshbach resonance, we obtain the gap equation at transition

point

− 1

as
=

~2

m

∞∑
n,n′

(n+ n′)!

n!n′!

ℓ2n1 ℓ
2n′
2

(ℓ21 + ℓ22)
n+n′+1

×
∫ ∞

−∞

dkz
2π

{
tanh ε1n

2kBT
+ tanh

ε2n′
2kBT

ε1n + ε2n′
− 2

ϵ1n + ϵ2n′

}
. (3.23)

Right-hand side of Eq.3.23, the pairing susceptibility, determines the behavior

of TC and can be used to understand the underlying physical picture for its

evolution.

3.3 Phase Diagram

For a fix particle number and charge ratio ωr, we solve Eq.3.23 numerically by

calculating the pairing susceptibility for a given value of temperature T and n1

(namely the magnetic field). Phase diagram of the system is then obtained by

comparing this value with −1/as. For the numerical solution, we scale all ener-

gies by the effective magnetic energy ~ω. Similarly the dimensionless scattering

length is ãs = as(Nπ
2)1/3. Our equations are symmetric for ωr → 1

ωr
which is

equivalent to switching the indices of the components. We checked this symmetry

numerically and concentrate on 0 < ωr ≤ 1 in the following.
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Figure 3.2: Phase diagram of the system as a function of dimensionless temper-
ature T̃ = kBT/~ω and effective density n1 = Nπ2ℓ3 where N is the real-space
density and ℓ =

√
~/mω. Notice that increasing AMF, B = mω/

√
q1q2, cor-

responds to lower n1 values. Two frequency ratios ωr = 1 and ωr = 0.95 are
displayed for the same interactions strength ãs = as(Nπ

2)1/3 = 0.53. For ωr = 1,
there is SC transition at any field, the oscillations in TC (stars) originates from
the LL structure. For ωr = 0.95, this oscillation evolves into bubble SC regions
(shaded areas). The system is not SC even at zero temperature between the
bubbles and the transition becomes weakly reentrant in temperature. At the low
(many LLs) and high field (only LLL) regimes, TC is not affected significantly by
a small charge imbalance. c⃝2016 APS

In Fig.3.2, we present the phase diagram of ωr = 1 which is in agreement with

Ref. [76]. For the balanced-charge case, there is always a critical temperature

below which the SC state is preferred within the mean-field approximation. The

critical temperature is non-monotonic with the applied field. It first decreases

and becomes exponentially small as smaller number of LLs are involved in the

pairing, but, then ultimately increases when only the LLL contributes. This

high-field SC has been studied for both solid state [80, 16] and cold atom systems

[76]. The oscillatory behavior of TC with the applied field is a direct result of

the underlying LL spectrum. When the LLs of the two components coincide in

energy, the pairing susceptibility diverges as 1/
√
T at the peaks and as ln(T ) at

the rest in Fig.3.3(a), always guaranteeing a SC state.

We also display the phase diagram for ωr = 0.95 in Fig.3.2. First of all, unlike

the balanced case, there are magnetic field values for which a SC state is never

46



favored, even at zero temperature. Oscillatory behavior in pairing due to the LL

structure causes stable islands of superconductivity in the phase diagram isolated

from the zero field SC phase. Although the low field SC is not affected from

unequal frequencies, the high-field SC proves to be surprisingly resilient too. The

destruction of the low temperature SC in the presence of a small misalignment

between LLs has been predicted [81], however, this misalignment also leads to

a third effect, reentrant SC. For some AMFs, at low temperatures the sample

is in normal state while at higher temperatures it becomes SC. Consequently,

even for a slight asymmetry between the charges of the components, the phase

diagram undergoes fundamental changes. These changes are most pronounced

in the regime where only a few LLs are populated for both components and we

display representative phase diagrams in Fig.3.3. In the following, we discuss the

physical reason for each of these three features.

Fig.3.3(c) displays the pairing susceptibility for ωr = 0.95 by focusing on

intermediate field strengths. The most striking feature of this phase diagram

is the emergence of isolated islands of SC Fig.3.3(d) which come about because

Eq.3.23 does not have a solution at some AMF strengths. The absence of solutions

even for a minute amount of charge imbalance is best understood by considering

the single-particle spectra. The one-particle density of states (DOS) for each

component has sharp peaks at each LL threshold. For the balanced case, the

DOS and the chemical potentials of the components are always equal. If the

temperature is low enough, only the DOS near the chemical potential is relevant.

At low temperatures, the pairing susceptibility diverges as T−1/2 at each LL

threshold and the peaks in TC follow from the one-particle DOS. When ωr ̸= 1,

LLs of different components do not have the same energy or total degeneracy.

In general, chemical potentials of both components must be chosen differently to

give equal real-space densities. If the mismatch between the chemical potentials

and the LLs is large, the energy cost of exciting particles may not be redeemed

by attractive interactions even at zero temperature.

The pockets of SC phases roughly correspond to population of a new LL.

Whenever a chemical potential crosses a LL threshold, there is a new set of

states at the Fermi surface which become suddenly available to contribute to
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Figure 3.3: Pairing susceptibility (left panel) and respective phase diagrams (right
panel) for three frequency ratios ωr = 1, 0.95, 0.75. The system is made dimen-
sionless with effective magnetic energy ~ω as in Fig.3.2 and decreasing n1 corre-
sponds to increasing AMF at fixed real-space density N . The phase diagrams are
in linear scale in order to cover TC = 0 and plotted for intermediate field strengths
where charge imbalance effects are most prominent. a) Pairing susceptibility of
equal charges diverges at low temperature, guaranteeing SC for any field value.
Divergence is more pronounced at LL thresholds. The corresponding phase di-
agram (b) is obtained by Eq.3.23. The phase boundary is also highlighted on
the surface. c) Even a slight asymmetry between the charges, ωr = 0.95, lifts
the low temperature divergences and the oscillations in (b) turn into bubble SC
phases (d). Each LL susceptibility peak is split into smaller peaks, thus, the bub-
ble phases branch into smaller bubbles for weaker interactions (not displayed).
e,f) The mismatch between LL spectra is greater for smaller ωr, resulting in
prominent reentrance with temperature. The maximum reentrance temperature
is controlled by ~|ω1 − ω2|. c⃝2016 APS
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the pairing. The most favorable case for pairing is when both chemical poten-

tials simultaneously cross a new LL. For small charge imbalance, these threshold

crossings happen within a small difference in AMF which essentially turns the

TC oscillations of the balanced case into bubble SC phases in Fig.3.3(d). For a

general ωr ratio, the picture is much more complicated. For chemical potentials

to give equal densities and cross LL thresholds simultaneously, ωr must be close

to a simple fraction. This complicated behavior is evident in the pairing suscep-

tibilities displayed in Fig.3.3 where simple peaks of balanced LLs are split into

smaller structures. For very strong attractive interactions, these bubble phases

are not resolved as TC becomes comparable to the LL separation. A similar effect

was predicted for the balanced case [76].

As the magnetic field is increased further, we observe that TC increases and

reaches the same value with the equal charge limit. This surprising revival hap-

pens only when both components populate their LLLs. Although the degenera-

cies of the two LLLs are not equal, they both increase with increasing AMF. The

chemical potentials of both components then lie very close to the correspond-

ing LLL thresholds and the asymmetry between the two energy spectra loses its

importance. Hence, the excitation cost for pairing decreases at such high fields.

We can estimate the AMF for which the effect of charge imbalance vanishes by

requiring all the particles with smaller effective charge to reside in their LLL.

This estimate is in good agreement with our numerical results.

Another fundamental change brought about by the charge imbalance is SC that

is reentrant with temperature. While this effect is not clear for small imbalance

as in Fig.3.3(d), we found that it is a common feature of the phase diagrams for

general ωr. A more prominent reentrant SC phase can be observed for ωr = 0.75

as in Fig.3.3(f). For some field strengths, the system prefers normal phase at zero

temperature and becomes SC only above TC1. SC phase subsequently disappears

after a higher temperature TC2. Similar reentrant behavior was predicted for

graphene bilayers [82] and asymmetric nuclear matter [83]. In our system it is

easy to understand the physical basis for this reentrance. Increasing temperature

generally prefers a disordered state, however, it also excites a significant amount

of particles to higher LLs. Because of the antisymmetric and oscillatory nature of
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the DOS in the charge imbalanced system, states which are close to not only the

chemical potential but also to LL thresholds are most favorable for pairing. Thus,

if the pairing contribution from thermally excited particles overcomes the entropy

cost, increasing the temperature can drive the SC transition. With this scenario

we expect the maximum lower critical temperature TC1 to be of the order of LL

mismatch between the components which agrees with our numerical results. In

contrast to other reentrant SC phases where a competing order precludes SC at

low temperatures [84], the current system has reentrance solely due to non-trivial

nature of the single-particle DOS.

Although we concentrate on the interplay between discrete LL structure and

charge asymmetry, it is worth mentioning that there is a profound effect even in

the semiclassical regime where many LLs are filled for both components. The

effect of an external magnetic field on a Cooper pair is modeled by only con-

sidering the phase acquired by the center of mass motion. This semiclassical

approximation due to orbital dephasing describes the upper critical field HC2 in

type-II SC successfully. However, if the charges of the fermions forming the pairs

are different, the magnetic field couples the center of mass motion with the rel-

ative coordinate. As pairing is controlled by the relative coordinate, especially

for tightly bound pairs, it is possible for the Lorentz force due to the center of

mass motion to break the pairs. Classically, if the center of mass of a bound pair

with charges q1, q2 is moving with velocity v in a perpendicular magnetic field

B, Lorentz force difference between the two particles is F ≃ |q1 − q2|Bv. This

real space picture can be utilized to give a rough estimate for the strength of

this pair breaking mechanism by comparing the work done by this force over the

size of the pair to the SC gap. This effect becomes dominant especially for large

charge ratios and we estimate the upper critical field due to this pair breaking

mechanism as HC3 ≈
√
ωr

1−ωr
HC2 which is in agreement with our numerical results.

While competing orders such as charge density waves, which were not taken into

account in our approach, may complicate the physics in the high magnetic field

limit, the decease of TC with charge imbalance is observed even when many LLs

are filled and the mean-field approximation is most reliable.
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Chapter 4

Non-equilibrium Topological

Response

In previous chapters, we have studied different cold atomic systems whose com-

ponents experience unequal effective magnetic fields under an AMF. Aside from

mixtures, developments in AMFs have led to investigation of several other con-

densed matter phenomena in cold atom experiments, such as the creation and

manipulation of topologically protected phases of matter [23, 27, 28, 85, 86].

Topological systems defy Landau theory of phase transitions with information

encoded in the global properties of the wave function rather than an energy de-

pending on a local order parameter [13, 87]. Being topologically protected, they

exhibit novel quantum phenomena with extreme resilience to local perturbations.

The quantum Hall effect (QHE) is an excellent example of topological response

as perfectly expressed by Steven Girvin in Poincaré Seminars; “QHE is one of the

most remarkable condensed matter phenomena discovered in the second half of

the 20th century, rivaling superconductivity in its fundamental significance as a

manifestation of quantum mechanics on macroscopic scales” [88]. In QHE, trans-

verse conductance is perfectly quantized with the quantization constant given by

the Chern number of the ground state [13, 87] and, hence, cannot be affected by

the presence of defects in the sample.
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It has been well known that the topological systems are immune to local per-

turbations for many years, but one important question which naturally arises

is the response of a topological system to a global perturbation: What hap-

pens if one suddenly changes the Hamiltonian globally or periodically drive

the system? While the equilibrium topological properties are studied exten-

sively throughout the literature, these non-equilibrium questions pave the way

for new topological phenomena not accessible in conventional equilibrium setups

[89, 90, 91, 24, 92, 93, 94, 95]. Effect of a global perturbation on the topological

properties, e.g. in the form of a quench, has recently attracted great interest

with an ongoing discussion about the characterization of the non-equilibrium

topological systems [90, 93]. It has been shown that although the Chern number

is preserved following a quench between states with different topology [90, 91],

physical observables, like the edge currents, can change depending on the final

Hamiltonian not only on the initial state. Hall conductivity is no longer related

to the Chern number out-of-equilibrium and, hence, not quantized.

Developments in cold atom experiments have played an important role in these

recent theoretical studies on the out-of-equilibrium topological response. It is

now within the reach of experiments to change the system parameters faster than

the internal dynamics and probe the resulting non-equilibrium system before it

decays.

In this chapter, we study non-equilibrium Hall response following a quench

where the mass term of a single Dirac cone changes sign. To establish our central

result, we first analytically calculate the non-equilibrium response for a single

Dirac cone in a two-band model in Sec. 4.1. We then generalize this discussion

to the Haldane model in Sec. 4.2, and show that the universal fractional Hall

response of a single Dirac cone appears in symmetric quenches of any topological

system. We consider both an infinite geometry as well as a strip configuration.

The latter configuration lets us study the evolution of the edges modes. In ad-

dition to linear response, we explore the full time dynamics of this system in an

electric field in Sec. 4.2.2. Then in Sec. 4.2.3, we consider a strip configuration

and investigate finite size effects. Section 4.3 focuses on the effect of a harmonic

confinement on the Hall conductivity of a strip, and discusses correspondences to
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cold atom experiments.

When discussing the neutral atomic systems we will continue to use the lan-

guage of electrodynamics: The electric field is a force, current is particle current,

and the charge is simply unity. Content of this chapter is based on the material

published in Ref. [96].

4.1 Single Dirac Cone

Near a topological transition of a 2D system, the low-energy physics is described

by a massive Dirac model [13, 22, 87]. We parameterize the static Hamiltonian

by two quantities; the gap ∆ and the ‘speed of light’ c,

H(k⃗) =


∆ ckeiθ

cke−iθ −∆

 , (4.1)

where keiθ = kx + iky expresses the 2D momentum as a complex number. When

∆ = 0, the spectrum consists of a gapless Dirac cone at k⃗ = 0. For nonzero

∆, a gap with magnitude 2|∆| opens at zero momentum. The energies εn =

(−1)n
√
∆2 + c2k2 for the band index n = 1, 2 are independent of the sign of the

gap (mass). The corresponding eigenstates are

un(k⃗) =
1

Nn(k⃗)


(−1)nckeiθ

√
∆2 + (ck)2 − (−1)n∆

 , (4.2)

where Nn(k⃗) =
√
2
√

∆2 + (ck)2 − (−1)n∆
√
∆2 + (ck)2 is the normalization.

One imagines that the negative energy modes are filled, and the positive en-

ergy modes are empty. The contribution to the Hall conductivity from these

low-energy modes can be calculated from the Chern number C via σH = Ce2/h

[97]. The Chern number is given by

Cn =
1

2π

∫
d2k Ωn(k⃗), (4.3)
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where the Berry curvature is

Ωn(k⃗) = −i⟨∂k⃗un(k⃗)| × |∂k⃗un(k⃗)⟩ =
(−1)n+1c2∆

2(∆2 + c2k2)3/2
. (4.4)

The Berry curvature is odd in the gap parameter, and the Chern numbers of

the cones C = ±1/2 depend on the sign of ∆, even though the energy spectrum

does not. The Chern number for a given band must be an integer, so the modes

neglected in the low-energy description must also supply a half-integer Chern

number. We are envisioning a quench which does not affect these higher energy

modes, and their contribution to the Hall conductivity will not change during the

quench.

We imagine suddenly flipping the sign of the ∆. The probability Pn(k⃗) of a

particle of momentum k being found in the nth band following this quench is

simply the inner product between u1(k⃗), and ūn(k⃗), where ūn is given by Eq.(4.2)

with ∆ → −∆. This yields

P1(k⃗) =
c2k2

∆2 + c2k2
, P2(k⃗) =

∆2

∆2 + c2k2
. (4.5)

After the quench, the system is in a non-equilibrium state. Hence, each k

point contributes to the Hall conductivity with its Berry curvature weighted by

its occupation probability [98, 93],

σH,neq =
e2

h
Cneq =

e2

2πh

∑
n

∫
d2kPn(k⃗)Ωn(k⃗). (4.6)

Any effects from coherences between the bands average out over a time τ ∼ h/∆,

and can be neglected in linear response. Eq.(4.6) reduces to the usual Thouless,

Kohmoto, Nightingale and den Nijs (TKNN) formula [97] for the ground state

where the occupation probability of the lowest band is one at each k and the

higher bands are completely empty. For partially filled bands, the dimensionless

Hall conductivity Cneq is clearly not quantized and can take any value. However,

in a mass-sign-inverting quench, the symmetry between initial and final states

will yield a universal result. In particular for our case, the integrals in Eq. (4.6)

are elementary and

Cneq =
1

3
− 1

6
=

1

6
. (4.7)
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Figure 4.1: Non-equilibrium Hall conductivity, Cneq, of a single Dirac cone fol-
lowing a ramp of the gap from −∆ to ∆ in time 2τ as shown in inset. Cneq is
measured in units of e2/h, and the product ∆τ/~ is dimensionless. In the sudden
quench limit (τ = 0), Cneq = 1/6 and as ∆τ → ∞, Cneq → 1/2. The dashed line
shows prediction of the LZ theory from Eq.(4.9). c⃝2016 APS

Here, the first (second) term is the contribution coming from the lower (upper)

band. This fractional Hall response is independent of ∆. Although the Berry

curvatures and the number of excited particles are highly sensitive to the value

of the gap, they remarkably balance each other in symmetric quenches and one

always ends up with 1/6-Hall response. If the quench is performed in the opposite

direction, Cneq changes sign to −1/6. Since the initial Chern number was ±1/2,

the change in the Hall conductivity in such symmetric quenches is always ±2/3.

For completeness, we also consider sweeps with finite rate where the gap is

linearly ramped from −∆ to ∆ within time 2τ as illustrated in the inset of

Fig.4.1. We solve the Schrödinger equation

i~
∂

∂t
|Ψ(k⃗, t)⟩ = H(k⃗, t)|Ψ(k⃗, t)⟩, (4.8)

assuming the lower band is initially full. The adiabatic eigenstates of the Hamil-

tonian traverse an avoided crossing as the sign of the gap changes. At each k,

there is an independent Landau-Zener (LZ) problem, with adiabaticity parame-

ter ηk = c2k2τ/~∆. When ηk ≫ 1, the particle remains in the lower band, while

ηk ≪ 1 it transitions with the probabilities in Eq.(4.5). Adiabaticity always holds
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for modes with sufficiently large k. If the gap is large, ∆ ≫ ~/τ , then the major-

ity of the modes which contribute to the Hall conductance will be in that region.

One can then use the LZ approximation, P2(k⃗, τ) = e−πc2k2τ/~∆ which yields a

Hall conductivity

CLZ
neq = −1

2
+ π

√
∆τ

~
eπ∆τ/~erfc

(√
π
∆τ

~

)
. (4.9)

Here, erfc is the complementary error function. For a general value of ∆τ/~,
we numerically calculate the excitation probabilities and the Hall conductivity

(see Fig.4.1). We see that for slow sweeps, the Hall conductivity saturates at

Cneq = 1/2, while rapid quenches yield Cneq = 1/6. For ∆τ/~ > 2, the Hall

conductivity is well approximated by the LZ result Eq.(4.9).

Our result, that the contribution to the non-equilibrium Hall conductivity from

a single Dirac cone is 1/6 of the quantum of conductivity, implies that one will

see this same fraction in small quenches of any topological lattice system. To

illustrate this universality, we study the Haldane model.

4.2 The Haldane Model

4.2.1 Infinite System

The static Haldane Hamiltonian describes non-interacting fermions on a honey-

comb lattice (see Fig.4.2(a))

H = −t1
∑
<ij>

a†iaj − t2
∑
≪ij≫

e±iϕa†iaj

+M
∑
A

a†iai −M
∑
B

a†iai, (4.10)

where a†i (ai) creates (annihilates) a fermion at site i. The first term is the nearest-

neighbor hopping between the two sublattices, and the second is the next-nearest-

neighbor intra-sublattice hopping which breaks time reversal symmetry (TRS).
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Figure 4.2: Haldane model. (a) illustrates the matrix elements of the tight-
binding Hamiltonian in Eq.(4.10); hoppings t1, t2e

±iϕ and bias 2M between A
(dark) and B (light) sublattices. (b) Phase diagram showing the Chern number
of the lowest band C = 0,±1. The arrow indicates the quench studied in the
text. Bands touch at a single Dirac point for MC = ±t23
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The arrows in Fig.4.2(a) represent hopping directions for which the phase gain

is positive. An energy offset M of A and B sublattices breaks inversion sym-

metry (IS). The corresponding phase diagram is given in Fig.4.2(b) where we

take |t2/t1| ≤ 1/3 to allow the bands to touch but not to overlap [22]. When

both ϕ and M are zero, the spectrum is graphene-like with two Dirac cones in

the Brillouin zone. Breaking TRS opens a gap at the two Dirac points, yielding

topological bands with Chern numbers C = ±1. Opening a gap by breaking IS,

on the other hand, results in an ordinary insulator (OI) where the Chern numbers

vanish. By tuning the competition between the two symmetry breaking terms,

one can engineer a topological transition involving only one of the Dirac cones.

The critical energy offset of the transition is given by MC = ±t23
√
3 sinϕ. The

analysis in Section 4.1 suggests that a symmetric quench across this boundary

will yield a universal non-equilibrium Hall response.

We now calculate the Hall response of the Haldane model following a quench

that changes the mass sign of one of the Dirac cones in the Brillouin zone. As is

simplest in experiments, we quench the energy offset M , but a quench of ϕ or t2

would also work. We start with a completely filled lower band at energy offset

Mi =MC +∆M for ϕ = 0.6π and t2 = 0.1t1, where the system is in OI state for

∆M > 0. These lattice parameters are representative: we find equivalent results

for other parameters. The first Dirac cone initially contributes a Chern number
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of −1/2 where the second one contributes 1/2, hence the Chern number is zero.

We then suddenly change the sublattice bias toMf =MC−∆M , as illustrated in

Fig.4.2(b) with the red arrow, and calculate the excitation probabilities at each k

in the Brillouin zone. By multiplying the Berry curvatures of the final bands with

the occupation probabilities, we calculate the Hall conductivity as in Fig.4.3.

In the limit of ∆M ≪ MC , the transition involves only the first Dirac cone.

Since particles near the second Dirac cone are not excited, they continue to con-

tribute 1/2 to the Chern number. On the other hand, the mass of the first Dirac

cone changes sign, so its contribution to the Hall response is 1/6 as in Sec.4.1.

Together they add up to a Hall response of 2/3, as seen in Fig.4.3. Note that in

this limit, the actual number of particles excited to the upper band is small, but

the change in the Hall conductivity is still 2/3 as the Berry curvature is peaked at

the Dirac cone. There are no contributions from the rest of the Brillouin zone as

the Berry curvature is negligible and no particles are excited. For larger quenches

(∆M ∼ MC), the Hall conductivity deviates from 2/3 due to the excitations at

the second Dirac cone. For quenches in the other direction, from Chern insulator

(CI) phase to OI phase, the Hall conductivity becomes Cneq = 1/2 − 1/6 = 1/3

where the contribution of the first Dirac cone comes with a minus sign.

58



Experimentally, the local Berry curvature of the bands can be probed by using

wave packets [99], which is the measurement of choice in the Zurich experiment

[23]. In this method, the wave packet is moved through the Brillouin zone sam-

pling the transverse drift in regions with significant curvature. In quenches on

the Haldane model, the action takes place mostly around one of the Dirac cones.

If the system is quenched while the wave packet is passing through the Dirac

cone of interest, the resulting transverse drift will reveal the contribution of that

Dirac cone alone, namely 1/6. Since the observation of the universal 1/6 Hall

response does not require a Haldane model, but just the presence of a Dirac cone,

it should be also accessible in the hexagonal lattices of the Hamburg [24] and Mu-

nich groups [25] as long as one can isolate the contribution of a single Dirac cone.

In practice, extracting the Chern number from such experiments requires atten-

tion to several technical details [99, 23, 85, 92, 100]. We discuss an alternative

approach in Section 4.3.

4.2.2 Beyond Linear Response

In an equilibrium state (at half filling), where the bands are either completely

filled or empty, the occupation probability at each point in the Brillouin zone does

not change when a force is applied [97]. However, in a non-equilibrium state, the

nonuniform distribution will evolve as forces are applied, leading to pronounced

nonlinearities in the Hall response. Here we characterize these nonlinearities.

Linear response should be valid when the impulse imparted on the atoms I =

E∆t is small compared to the width of the Dirac cone ∆/c. Here we relax

this constraint but still take E ≪ ∆2. In this regime band coherences can be

neglected, and one does not encounter the zitterbewegung related effects found

in Ref.[92] when they considered delta-function impulses.

An infinitesimal impulse dIŷ shifts a particle in the nth band with a momen-

tum k⃗ to k⃗ + dIŷ, and shifts its center-of-mass in the transverse direction by

dX = Ωn(k)dI. The total displacement of the cloud is found by adding up the

contribution from each (n, k) mode; weighted by the probability of occupation
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Pn(k⃗). The response to a finite impulse is then calculated by adding up these

infinitesimals,

X(I) =
1

2π

∫ I

0

dI ′
∑
n

∫
BZ

d2kPn(k⃗ − I ′ŷ)Ωn(k⃗). (4.11)

The rate of change of this transverse displacement gives the Hall conductivity

σH = ∂X/∂I.

As in Section 4.2.1, we quench the system from the ground state of the OI

phase at Mi = MC + ∆M to the CI phase at Mf = MC − ∆M (where C = 1)

with t2 = 0.1t1 and ϕ = 0.6π. We numerically calculate the final Berry curvatures

Ωn(k⃗) and the probability distributions within the bands Pn(k⃗). We then apply

an impulse Iŷ which shifts the probability distributions according to Eq.(4.11).

As seen in Fig.4.4, the resulting Hall conductivity σH = ∂X/∂I depends on the

applied impulse.

We observe a crossover from a fractional Hall response to an integer response.

For large impulses, the excited particles move away from the Dirac point towards

k-values with negligible curvature. The lower band becomes again completely

filled around the Dirac cone and the upper band completely empty. Hence, the
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Hall response approaches that of the equilibrium system (C = 1 in this case).

In Fig.4.4, we consider two different values of ∆M . For smaller ∆M , particle

excitations and curvature are more confined around the Dirac point, resulting in

a smaller linear response regime.

In experiments on equilibrium states, larger impulses are almost always favor-

able: The bigger the impulse, the larger the transverse drift and hence the larger

the signal. In a non-equilibrium setting, however, there is a tension between the

desire to have a large signal, and the desire to be in the linear response regime.

The strength of the impulse should be chosen carefully.

Up to this point we have been considering an experiment in which the fermionic

cloud is initially in its ground state, and hence the Brillouin zone is uniformly

filled. One could imagine other scenarios in which this fractional quantized con-

ductance could be explored. For example, one could fill only the states near the

Dirac cone (those with k . ∆/c). In that case, one could observe the 1/6 Hall

response of that Dirac cone. Of course, if the spread of the cloud in k-space is too

small, or too large, a non-universal value would be found. Many of the Haldane

model experiments in Zurich have utilized such partially filled bands [23].

4.2.3 Strip geometry

The energy spectrum of a finite topological system is fundamentally different than

the infinite system due to the presence of protected edge modes. In this section,

we investigate how edge states modify both the equilibrium, and non-equilibrium

Hall response. We find that for wide enough strips, our results from bulk cal-

culations hold. We also set up notation for exploring the spatial distribution of

currents in a harmonic trap. In Sec.4.3, we show that these currents can be used

as a probe of the Hall effect.

We take the system to be infinite in the x-direction and finite in the y-direction

with an armchair termination. We define a ‘layer’ index for each site, which

corresponds to its y-position as shown in Fig.4.5. Under a uniform electric field
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Figure 4.5: Haldane strip with armchair termination, for parameters introduced
in Fig.4.2(a). Unit cell is given by the shaded area. We label the layers in the
finite y-direction. Green (thick vertical) lines represent how nearest- and next-
nearest-neighbor hoppings are assigned into these layers to calculate the current
density Jℓ. c⃝2016 APS

Eŷ in the finite direction, a Hall current JH flows along the strip in the x-direction.

Our Hamiltonian can be expressed as H = −
∑

ij ti→ja
†
iaj + M

∑
A a

†
iai −

M
∑

B a
†
iaj. The matrix element ti→j is equal to t1 for neighboring sites, t2e

±iϕ

for next-neighbor sites, and 0 for all others. The current from site i to j is then

Ji→j = 2Im{tj→i⟨a†iaj⟩}. (4.12)

To quantify the spatial distribution of currents, we group the currents according

to the layers of i and j. For each odd integer ℓ, we define Jℓ to be the sum

of currents either originating from or ending at the ℓth layer, at some fixed x-

position in the unit cell (see Fig.4.5). In an OI state, JH =
∑

Jℓ is always

zero even though there may be nonzero currents in individual layers. For a CI

phase, however, JH is finite in the presence of a nonzero electric field. The Hall

conductivity of the strip is then σs
H = 1

W
∂JH
∂E

where W is the width of the strip.

Cold atom experiments can explore strips of varying width, even as small as

two layers [86]. Thus, they are well suited to quantifying finite size effects. To

analyze these effects in accessing bulk topological properties, here we first consider

equilibrium Hall response of a strip in CI regime.

We take an L layer strip with M = 0, t2 = 0.1t1 and ϕ = 0.6π. Here, the
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MC − 0.1, for t2 = 0.1t1 and ϕ = 0.6π. Hall conductivity approaches to the
quantized bulk value as 1/L for increasing strip width. c⃝2016 APS

edge states are well separated from the bulk, and we take the Fermi energy to lie

in the bulk gap. An infinite system with these parameters would have a Chern

number of 1. We apply an electric field, and measure the resulting JH . Due to

the presence of the hallmark edge states, we find that σH is somewhat smaller

than one would expect from the bulk calculations (see Fig.4.6). The deviation

falls off as 1/L for large L. This is sensible, as the ratio of edge to bulk modes

falls off with this same power. We repeat this calculation at M = MC − 0.1,

where the bulk gap is smaller. Given the larger extent of the edge modes, it is

not surprising that we find a larger deviation from bulk behavior.

We now consider a wide strip and study our symmetric quenches of Section

4.2.1. We start with a ground state as before in the OI phase at Mi =MC +∆M

with the same parameters in the previous section t2 = 0.1t1 and ϕ = 0.6π. We

numerically calculate the initial eigenstates for L = 201 layers. We then quench

the system into the CI phase at Mf =MC −∆M and find the occupation proba-

bilities of the final eigenstates by calculating overlaps with the final eigenstates.

To explore the Hall response, we then add a small electric field Eŷ, and calcu-

late the currents in our non-equilibrium state. We find that for small quenches

∆M/MC = 0.1 and 0.2, the resulting Hall response of the strip is σs
H = 0.66
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Figure 4.7: Effect of a harmonic trap with ~ω = 0.09t1 in the finite direction
for M = 0, t2 = 0.2t1 and ϕ = 0.5π. (a) Local density of states along the finite
direction where the center is a CI and the edges are metallic. The Fermi energy is
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exerted by the trap Fy = −mω2y results in anomalous currents in the central
topological region according to jx = eCFy/h (dashed line). c⃝2016 APS

and 0.65 respectively. Hence, in small quenches symmetric around the transition

point, the Hall conductivity of a strip successfully reproduces the infinite system

result of 2/3.

4.3 Harmonic Trap

Nearly all cold atom experiments include a harmonic trap. Naively, this potential

complicates the search for topological physics: Even if the center of the cloud is a

CI, the edge is always metallic. The metallic edges wash out any potential signals

from edge modes, and one might expect them to dominate the Hall response,

yielding non-universal, non-quantized results. In this section, we investigate a

Haldane model with harmonic confinement added. We find equilibrium currents

whose spatial distribution reveals the underlying topological physics. We discuss

protocols for detecting these currents, and using them to infer the quantize Hall

response.

We take the formalism of Section 4.2.3, and add a potential H =
∑

i
1
2
mω2y2i

where yi is the y-position of the ith site. We consider this uni-directional harmonic

64



potential as it makes analyzing the currents simpler. In a cylindrically symmetric

harmonic trap, one would observe similar results, with the radial direction playing

the role of y. In Fig.4.7(a), we show the local density of states of this system,

taking M = 0, t2 = 0.2t1, ϕ = 0.5π, and ~ω = 0.09t1. We take the chemical

potential to lie in the bulk gap at the center of the cloud, which will locally be in

the CI phase. The metallic edges are characterized by the finite density of states

at the Fermi level.

In Fig.4.7(b), we show the local equilibrium current Jℓ, as a function of position

in finite direction in the absence of an electric field. In the insulating region, one

sees a current which grows linearly with position in a trap. On the metallic edges,

there are large counter-propagating currents. The net current vanishes. The bulk

currents are nothing but the quantized anomalous Hall currents coming from the

topological band and the trapping potential. The trap is equivalent to a spatially

dependent electric field Ey = −mω2y/e. Within a local density approximation

this leads to a local current density jx = σHEy = −eCmω2y/h. Indeed, the slope

of the line in Fig.4.7(b) matches this prediction.

We also propose a simple protocol to measure these local currents. One begins

with a non-interacting spin polarized Fermi gas in a situation like Fig.4.7(a).

Using standard techniques [30, 101, 102, 103], one locally flips the spins of a

small number of atoms. Local currents will be apparent in the motions of these

spins. Cold atom experiments can explore not only the average current, but

also the spatial distribution of the currents [86, 104]. This extra information can

disentangle the contributions from the metallic edges and the bulk. Furthermore,

if the system is to be quenched, one can still access the Hall response of the

topological central region even in the presence of a harmonic trap.
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Chapter 5

Conclusion

The experiments of ultracold quantum gases have made a breakthrough with the

development of synthetic gauge fields which enable the investigation of orbital

magnetism effects in these neutral systems. In this thesis, we tried to show that

the specifics of experimental recipes for creating these AMFs can further offer

access to hitherto unexplored limits of traditional condensed matter theories and

provide us with a deeper understanding of them.

Cold-atom experiments under AMFs can create mixtures where each compo-

nent experiences a different effective magnetic field. In order to demonstrate the

consequences of such unequal coupling to an external magnetic field, we first con-

sidered an impurity problem. We argued that an artificial gauge field coupling

exclusively to the impurity in a spin-polarized Fermi gas is an effective tool to

probe the polaron physics at any interaction strength. We solved this system

exactly by using the BA for contact interactions and calculate the dependence

of measurable quantities on the external magnetic flux. We observed this depen-

dence for total energy, angular momentum of the charged particle, effective mass

and the two-particle correlation function. Using an artificial magnetic field in

this system has two advantages. The usual measurement tools such as expansion

imaging become probes of thermodynamic quantities by comparing measurements

at different flux values. For example, the change of the momentum carried by the
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impurity caused by the magnetic field is a direct probe of the effective mass of

the impurity. The second advantage is obtained by adiabatically increasing the

flux value. Although the Hamiltonian of the system is periodic with flux, adia-

batic evolution connects the ground state at zero flux to excited states at integer

flux. In a cold atom experiment, such excited states can be expected to have long

lifetimes due to total angular momentum conservation. Thus, we have calculated

the physical properties for not only the ground state but also for excited states

adiabatically connected to it.

Secondly, we examined the pairing behavior between fermions of unequal effec-

tive charges which constitutes a unique extension of BCS theory. We have found

that even for a slight asymmetry between the single-particle energy spectra of

the particles forming the Cooper pairs, the phase diagram changes drastically

with the emergence of reentrant SC both in temperature and magnetic field. The

oscillatory behavior of TC with magnetic field for the balanced case modifies into

isolated SC phases. For extremely high AMF values where both components are

in their LLLs, the transition temperature is independent of the charge ratio.

Finally, we turned our attention to investigation of topologically ordered states

of matter in ultracold atomic gases which was rendered possible by implement-

ing AMFs in optical lattices. Extreme controllability of the experiments allows

changing the parameters of the Hamiltonian faster than the internal dynamics,

providing access to non-equilibrium physics. These out-of-equilibrium systems ex-

hibit new topological phenomena which have no equilibrium counterpart. Here,

by considering Chern insulators, we showed a universal fractional value of the

Hall conductivity when the mass sign of a single Dirac cone in a two-band model

is suddenly changed. The energy spectrum is independent of the sign of the gap

while the eigenstates are sensitive to it. We find that this symmetry results in a

contribution to the Hall response of |Cneq| = 1/6 independently from the actual

value of the gap. By studying the Haldane model, we illustrate the universality

of this result: Any symmetric topological quench dominated by a single Dirac

cone will observe this fractional Hall response.

67



Bibliography

[1] Y.-J. Lin, R. L. Compton, K. Jiménez-Garcia, J. V. Porto, and I. B.
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Artificial gauge potentials for neutral atoms,” Rev. Mod. Phys., vol. 83,

pp. 1523–1543, Nov 2011.

[12] N. Goldman, G. Juzeliunas, P. hberg, and I. B. Spielman, “Light-induced

gauge fields for ultracold atoms,” Reports on Progress in Physics, vol. 77,

no. 12, p. 126401, 2014.

[13] D. Xiao, M.-C. Chang, and Q. Niu, “Berry phase effects on electronic prop-

erties,” Rev. Mod. Phys., vol. 82, pp. 1959–2007, Jul 2010.

[14] M. Mancini, G. Pagano, G. Cappellini, L. Livi, M. Rider, J. Catani, C. Sias,

P. Zoller, M. Inguscio, M. Dalmonte, and L. Fallani, “Observation of chi-

ral edge states with neutral fermions in synthetic Hall ribbons,” Science,

vol. 349, no. 6255, pp. 1510–1513, 2015.

[15] B. K. Stuhl, H.-I. Lu, L. M. Aycock, D. Genkina, and I. B. Spielman,

“Visualizing edge states with an atomic Bose gas in the quantum Hall

regime,” Science, vol. 349, no. 6255, pp. 1514–1518, 2015.
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