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ABSTRACT

VORTEX TRANSFER IN CHARGED-NEUTRAL
SUPERFLUID MIXTURES

Semih Kaya
M.S. in Physics
Supervisor: Assoc. Prof. Dr. Ozgiir Oktel
August, 2013

Bose-Einstein Condensation (BEC) was introduced by Einstein 1925. It took
70 years to confirm BEC by experiments. BEC creates a suitable environment to
observe macroscopic-quantum behavior. Condensates consist of ultracold atoms
allow physicists to create superfluids and also they allow to manipulate these
quantum structures easily. One of the main tool needed to manipulate these
structures is synthetic magnetic field. Under the light of these experimental
achievements we studied the angular momentum transfer in the N-body systems.
First of all, to develop physical intuition, we solved 2-body problem. This prob-
lem can be defined as: The system consist of two particles and confined in a
ring. Particles interact with each other and charged one coupled to the mag-
netic field. We used two approaches to solve the system and compared these
approaches in the small limit of inter-particle interaction. Finally, we studied
N-body systems and vortex transfer in the two-component superfluid mixtures
via Gross-Pitaevski equation and Bogoulibov equations. We observed that for
various parameters neutral-neutral mixtures do not possess vortex transfer, yet

charged-neutral mixtures coupled to the magnetic field experience vortex transfer.

Keywords: Superfluidity, charged-neutral mixture, vortices, vortex transfer.
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OZET

YUKLU-YUKSUZ USTUNAKISKAN
KARISIMLARINDA GIRDAP AKTARIMI

Semih Kaya
Fizik, Yiiksek Lisans
Tez Yoneticisi: Doc. Dr. M. Ozgiir Oktel
Agustos, 2013

Bose-Einstein yogusmasi (BEY) 1925 senesinde Einstein tarafndan ileri siirtildi.
Bu fiziksel olay1 dogrulamak deneycilerin 70 yilini aldi. BEY makroskopik-
kuantum davranigimi gozlemlemek igin uygun bir ortam yaratmaktadr. Agiri
soguk atomlardan olugsan yogusuklar fizikgilere iistiinakigkan yaratma ve bu
kuantum yapilarini rahathkla kullanma imkani vermistir. Bu yapilarn kul-
lanabilmek igin ihtiya¢ duyulan ana araclardan biri yapay manyetik alandir.
Bu deneysel basarilarin 1g1g1 altinda N-parcgacikli sistemlerde acisal momen-
tum aktarmmim calstik. Ik olarak, fiziksel sezgimizi gelistirmek icin 2-
parcacik problemini ¢ozdiik. Bu problemi su sekilde tanimlayabiliriz: Sis-
tem iki parcaciktan olugsmustur ve bir halka iizerindedir. Parcaciklar birbir-
leriyle etkilegim halindedir ve yiiklii olan manyetik alanin etkisi altindadir. Bu
problemi ¢ozmek icin iki yaklagim kullandik ve bu yaklagimlari etkilesmenin
kiiciik limitinde karsilagtirdik.  Son olarak, Gross-Pitaevski ve Bogoulibov
denklemleri aracihigiyla N-parcackli sistemleri ve iki bilegenli iistiinakigkan
karisgimlarinda girdap aktarimini ¢alistik. Cesitli parametreler icin yiiksiiz-ytiksiiz
karigimlarin girdap aktarimi igermedigini, fakat manyetik alan altindaki yiiklii-
yiiksiiz karigimlarin girdap aktarimi sergilediklerini gozlemledik.

Anahtar sézcikler: Ustiinakiskanlik, yiiklii-yiiksiiz karisimlar, girdaplar,vorteksler,

girdap aktarimi.
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Chapter 1

Introduction

In this thesis, we investigate a scenerio where Gross-Pitaevski equation is quanti-
tatively and qualitatively wrong. We present vortex transfer conditions between
two components of charged-neutral superfluid mixtures where the charged one

has vortex. We study this problem for different cases.

In the 2" chapter, to gain physical insight for vortex transfer, we first stud-
ied 2-body problem. We can state the problem as; two particles-one of them
is charged and subjected to magnetic field as well as the other one is neutral-
interacting via delta potential on a ring. We investigate the angular momentum
transfer from charged particle to the neutral one in the ground state. We solve
the problem perturbatively and numerically. Then, we compare the results of the

two approaches.

In chapter 3, we build necessary background to understand and solve N-body
transfer problem. We mention 3 main subjects; Gross-Pitaevski Equation, The
Bogoliubov equations and vortices in BEC and applied them to a very basic model

to grasp the topics.

In the 4" chapter, we solve the Gross-Pitaevski equation and The Bogoliubov
equations in many different systems with use of numerical techniques and try

to observe vortex transfer in these systems. We make comparison with another



paper to verify our numerical approach.

Finally, we review our results for 2-body and N-body problems and comment

on the obstacles that we tackled.

To make this introduction more complete, we mention the fundamental con-

cepts associated with our study.

1.1 BEC in Ultracold Atoms

Bose Einstein Condensation also known as BEC and ultracold atoms are very
important concepts due to their applications and their potentials to produce new

ideas in physics.

In 1924, De-Broglie came up with the idea of matter waves [1]. BEC concept
in gases was introduced by Einstein in 1925 after reading S. Bose’s paper on

photon statistics. Einstein immediately combined the two ideas of De-Broglie
and Bose. [2]

BEC is an interesting quantum behaviour which is exhibited by N-body sys-
tems which obey Bose-Einstein statistics while approaching zero temperature. [3]
We can define BEC as; a state where most of the particles in the N-body system
occupy the ground state near the zero temperature. We can state BEC in a more

mathematical manner; for 3D ideal Bose gas, [4]
P\ > 2.612

where p is density of gas and A\ is De-Broglie wavelength of particles. As a
final comment in simple manner, when De-Broglie wavelength of particles are

comparable with interatomic spacing between them, BEC starts to occur.

A decade after from Einstein’s paper, the physics community was interested in
the mysterious phase transition of *He and was trying to understand in physical
concepts what was happening when *He was cooled down to the specific tempera-

ture which called critical temperature. While scientists from the low temperature

2



physics community were struggling with the problem and trying to find differ-
ent angles to attack, Fritz London carried the problem onto a different level and

brought forward an argument.

Fritz London, a German physicist and known as the founder of novel theory of
superconductivity which is constructed on the concept of the macroscopic wave
function-the idea which later has been used to provide verification of quantum be-
haviour at the macroscopic scale- was aware of the Einstein’s ideas. “He is known
as boson and London connected the concepts of BEC and Superconductivity to
explain superfluidity of “He. But his ideas lacked mathematical foundations and
there were no quantitative predictions. London’s innovative arguments had to
wait to be put on a mathematical basis until Bogoliubov’s 1947 research on the
microscopic model of weakly interacting Bose gas was complete. Thus, *He seems
to be suitable playground for experimentalists to observe BEC-related quantum
phenomenon. But, due to strong interactions between particles, the fraction of
the condensate is only 10%, in contrast with the novel concept of BEC. This
handicap sets limitations on control of the experiment. At this point, ultracold

atoms enter the stage. [2,4]

Ultracold atoms which are alkali metals and have integral spin, hold the title
of "ultracold’ due to their critical temperatures between 1nK and 1K, unlike
‘H whose critical temperature is at the order of 1K. The main advantage of
ultracold atoms is that, at near zero temperature 99% of the atoms occupy the
ground state. That condition gives experimentalists the oppurtunity to examine
BEC over a broad extent of scenerios, by this means scientists gain great control
on experiments. Regardless of the fact that lowest state is highly populated by
the particles, interactions between atoms play an active role in the system. Thus,
standard ideal Bose gas model does not work here, This paradigm needs to be

modified on the basis of mean field approach. [4—6]

Creating a succesful BEC requires two main elements; cooling down to near
zero temperatures and trapping atoms. Reaching very low temperatures and
trapping atoms is a very difficult, but highly rewarding quest for physicists. To

overcome this challenge, scientists had to modernize their experimental techniques



for cooling and trapping alkali atoms. These efforts yielded a Nobel Prize in
physics in 1997. Cloude Cohen Tannoudji, William D. Phillips and Steven Chou
was awarded with Nobel Prize, 'For development of methods to cool and trap
atoms with laser light’. In 1995, physicists managed to create BEC at JILA and
MIT, Carl E. Wieman, Eric A. Cornell and Wolfgang Ketterle won the Nobel
Prize in Physics, 'For the achivement of Bose-Einstein condensations in dilute
gases of alkali atoms, and for early fundemental studies of the properties of the

condensates’ in 2001. [7]

After BEC was achieved, superfluids created by using BEC in ultracold atoms
are scrutinized by physicists. Subjects of superconductivity can be investigated
by using charged Superfluids, thus observing and understanding vortices in Su-
perfluids became a main target for scientists. Rotation of the superfluid is enough
to create a vortex, yet there are obstacles in exploring the subjects like quantum
Hall effect using rotating charged superfluids. Experimental techniques have limi-
tations for obtaininig high rotation velocity which is crucially needed for quantum
Hall effect. Experimentalist tried to find creative methods to overcome this dif-
ficulty and Synthetic magnetic field turned out to be one of the possible answers

to their problem. [8]

1.2  Superfluid Mixtures And Synthetic Mag-

netic Fields

Superfluids consisting of two or more different components are called Superfluid
mixtures. Since superfluids are made up of alkali atoms, electrical neutrality of
atoms seems to be a problem while examining quantum Hall effect via charged
superfluids. This difficulty has been overcome by establishing a connection with
Lorentz force and Coriolis force with use of mechanical rotation, yet rotational ve-
locity is not sufficient to replicate high magnetic fields required for quantum Hall
effect. Synthetic or artificial magnetic field technology is developed to overcome
this hardship. [§]



Creating synthetic magnetic fields can be achieved by use of two counter-
propagating laser beams. Y.-J. Lin et al. [8] succeeded in producing the Synthetic
magnetic fields by means of lasers in ultracold atoms of 8"Rb. Electro-magnetic
field of lasers spatially stimulate alteration between internal atomic states. Thus,
laser fields create dressed states. For the center of mass motion, spatial nature of
dressed states alters the momentum operator p = —ihV to p — A in n'" internal
state. In this way, a unit charge’s motion in magnetic field can be mimiced by the
atomic motion in n'"* dressed state. The technology allows us to generate high

magnetic fields necessitated to enter quantum Hall regime. [8,9]



Chapter 2

Angular Momentum Transfer in
the Two-Body Problem

2.1 Perturbative Approach

In this section, our main objective is to calculate angular momentum transfer from
charged particle subjected to the magnetic field to neutral particle via interaction

by means of perturbation theory.

We can describe the problem as; two particle confined in a ring, interacting
via delta function potential and charged one is coupled to the magnetic field. In
order to apply perturbation theory, we need to solve unperturbed Hamiltonian.
To solve the interaction-free system, we can identify this problem as; two distin-
guishable particle problem. Because of distinguishability, we can easily construct
interaction-free wave function by solving one-body problem of each particle. After
calculating one-body wave functions, we multiply them to obtain the interaction-

free wave function.

The solution of the one neutral particle on a ring is straightforward and its

wave function given by the expression



I

Now, we must deal with the charged particle on a ring subjected to the magnetic

field. This problem, also known as Aharonov-Bohm Effect, has been discussed in
many texts. In this problem, we are assuming that the magnetic field is generated

by a solenoid.

Standard Hamiltonian for the system is

1 h - 1 = 2h » =
H=_—(=V—qA)?=——[-*V*+FA* - —A.V]. 2.2
5 GV —qA) = o [-hV 4 g A4V (2:2)
We calculated vector potential of solenoid as [10]
- [OJEN
A=—¢. (2.3)

27r
® is magnetic flux of the solenoid and r is displacement from the center. Now we

have to solve eigenvalue problem. Our Schrodinger equation looks like [11]

> @
Y 262% +yY =0 (2.4)

where
~ ) ~
5:%,E:—2m§E and v = E — 32
B, v and E are dimensionless quantities. R is defined as trajectory radius of ring

and E as energy. By solving the Schrodinger equation we can obtain eigenstates

of the system as .
m(P) = eime. 2.5
v ( ) V2T R ( )

m is an integer and can be positive, negative or zero.

Energy eigenstates are
h2
" OmR?

(m — B)%. (2.6)

We obtained the eigenfunction and the eigenenergies of the one particle prob-

lem. But we are interested in the two particle system. The two particle Hamil-

2 2 2
R el b o 27)

7

tonian is



We take the mass of charged particle as m; and neutral particle’s mass as ms. To
obtain the eigenfunction of the system, we don’t have to solve this Hamiltonian
from beginning. We can constuct eigenfunction by simply multiplying single

particle eigenfunctions due to two particles’ distinguishability.

The two particle eigenfunction is

1

Z(n1¢1+n2¢>2). 2.8
— (25)

m,nz (¢1> ¢2)

We can also write the total energy by summing single particle energies to yields

h 82+ ™Mp,2. (2.9)

By = ——[(ng —
one 2mlR2[(n1 Mo

B contains magnetic flux parameter which belongs to solenoid. Thus, we are free
to choose  values. We assume £ is in the interval; —% < B < %, for these values

of 3, possible wave function with lowest energy is W.

Thus far, we have made calculations that exclude the interaction between two
particles. Because we need to know interaction-free system’s eigenfuntions to
apply perturbation theory to transfer problem. Next, we include the interparticle
interaction. We assume interaction is in the form of delta function. We define

interacting Hamiltonian as
H, = U05(¢1 - ¢2) (210)

where Uy is in energy units. We can calculate the first order correction to the

ground state energy [12]

AV = \1100|H|\1/00> (2.11)
27
= / / 5Uod(d1 — ¢2)dgr1dey (2.12)
1) _
AD = 27T (2.13)

The first order correction to the ground stateis [13]

1 _ < n1n2|Hl|\IJ > 0)
\IJOO - Z Z E(o) B E(o) \IJOO (214)
00 ninz




where ny # 0 and ny # 0.

Let us calculate matrix element (\11591)”2 |H' |\If(()%))

_ f27r %daﬁl 027r LB emilmortnd) [ 5y — ¢o)doy (2.15)

0 27R

taking advantage of the delta function yields to

Uy [ _.
<\IJ£LO1)n2‘H/|\Ij(()%)> _ 4_02 6*1¢1(”1+”2)d¢1 (2.17)
™ Jo
U,
= 5 Onmna- (2.18)
Hence,
) _ Uo2m 17 ! 3O 2.19
0 o p? 7%:0 B2 —[(m = B2+ ing?] " (2.19)

The ground state eigenfunction with first order correction is
Ues =0+ ol (2.20)

. Also, the ground state eigenket with first order correction is

[We.s) = 10,0/ + 0,0 (2.21)
where
Uymq R? 1
T ny, —ny)© 2.22
10,0) wh? 7;]52—[(”1—5)2+%n12]| 1 1) (2.22)

. We define the angular momentum operator for the second particle as

hd

L, =—-——— 2.2
zZ2 Za¢2 ( 3)

. We're looking for the expectation value of the second particle’s angular momen-

tum

(Loy) = (Yas]Lxl¥as), (2.24)



(L.,) = (90,0 + 1(0,0]) L., (|0, 0)® + [0, 0))), (2.25)

o Uymi R2\? ny ‘ .
(L.,) = h(—ﬁh2 ) ;;O [62 T ]]2 (2.26)

m2

We have almost calculated the expectation value of angular momentum. Now,
we have to deal with summation. In order to simplify, we make some arrengements

over summation. For instance, there is no need to hold “1” index under n any

more. -
n17£0 7:;(6 [52 — [(n — ﬁ)Q + Z_;HQ]]

- n n
=> - — - (2.28)
n=1 [Qmﬁ —n?(0L + 1)} [Qmﬁ +n?(2 + 1)}
Next we introduce variable n = 4 + 1, with some simple algebra summation
reduces to

- 861
Z [4532 — n2n?)? (2.29)

n=1

. With aid of “wolfram-alpha” we find

o0 o2 B2esc? (2L ) + wBncot -’
Z [452 — n2p?)2 - ( >453 ( )

n=1

(2.30)

. Finally, putting all pieces together, we obtain the angular momentum of the

second particle as

L.,)=—h , 2.31
< 2> ( 71_7;'/2 4/63 ( )
with dimensionless parameters
__,2m%Besc? (2“6) + m]cot(%ﬁ) n?
(Lay) = —hUy (2.32)

167232n

where Uy = meﬁ Y For certain % values, we can keep track of the behaviour of

(L.,) due to .

10



In numerical part, we assumed 1 = 2.

2.2 Numerical Approach

In this approach, we solve the problem utilizing MATLAB. We constructed matrix
representation of full Hamiltonian and extracted the necessary information from
ith,

We are looking to solve the eigenvalue problem;

" [ : 5]2 " [82 }‘P(¢1,¢2)—Uo5(¢1—¢2)‘1’(¢17(b?) = B¥(61,02)

o2mR?Lag, U1 2mR?Lagk
(2.33)
The energy eigenfunction of H is;
1 .
(D1, P2|n1,n2) = Yy 0y (D1, 2) = ﬁez(nlqﬁ—&-ng(ﬁz) (2.34)

here R is the radius of ring, n, and ny are charged and neutral particle’s quantum

numbers respectively.

Before making any attempt to solve the problem numerically, we must obtain
the dimesionless form of Schrodinger equation and in order to do this, we divide

both sides of the equation by %.
Hence, we obtain the form

HY =E, VU (2.35)

Isee Perturbation section

11



where RU — U and fU\g is dimensionless strength of interaction as well as

is dimensionless parameter.To solve system numerically, first we are assuming

Z Z In1, n2) (1, ng| =1 (2.36)

niy n2

complete set of states;

and observe that _
—~ U
<n17 n2|H/|m17 m2> = ﬁém-i-nz,ml-&-mz' (237)

This expression gives us a clue about solution of the system. States feel interac-
tion, if ny + no = my + my condition holds. We use this property to construct
appropriate matrices. mj-+msy gives us total angular momentum quantum number
L. For a given total angular momentum L, we can determine matrix representa-
tion of physical quantities. If we choose L = 0, we can see n; = —ng, or L = 1
then n; = 1 — ny. Generally

ny = L — ny. (2.38)

If the second particle is in the m'™ state then first particle is in (L — m)™ state.
Taking advantage of completeness we propose that our general state ket in the

form
o0

T) =) enlL = m,m) (2.39)

—0o0

and also the general wave function is

<¢1’ (ﬁg"l’) _ \I]((bla ¢2) — Zcmei(Lfm)tﬁlJrim(ﬁz' (240)

—0oQ
Before demonstrating the numerical approach, we can add a comment here. If

we make some arrangements on this expression, we obtain

(e 9]

(61, 02| W) = W(¢y, By) = €1 Zcmeimwr‘i’l). (2.41)

—0oQ
We can write it in a more simplified form by a making coordinate transformation
where 0 = ¢ — ¢1. Hence,

U(¢y,0) = o1 £(0). (2.42)

This form can be taken to calculate analytical solution of the problem. [14]

Energy eigenvalues of the unperturbed system are
Ep mm = (L —m— B)*+m? (2.43)

12



Numeric vs Theoretical
0.5 T T T

T T
Numeric
— — — Theoretical

Unitless E
/

-15f N

-2

. . . . . . .
0 0.5 1 15 2 25 3 35 4
Unitless U

Figure 2.1: Ground-state Energy Vs. Interaction Potential, for L=0 and g = 0.2

Now, We can construct H matrix numerically by using our state ket. Hy matrix
is diagonal and H’ matrix is unit matrix multiplied with % constant. For given
L values, We can find eigenvalues and eigenvectors of H by using simple eigs
command in MATLAB.

For L. = 0, We calculated ground-state energy numerically and compared
with analytical expression [14] with varying ﬁ;. We can compare theoretical
and numerical values in Figure 2.1 which are compatible with each other. The
result meets our expectations. Increasing interaction strength reinforces bounding

energy between particles and lowers energy.

Our main purpose is to calculate angular momentum transfer from charged
particle coupled to the magnetic field to the neutral one via delta-interaction. To
compute expectation value of neutral particle’s angular momentum, all we have
to do is to find eigenvector of Hamiltonian and construct the L., matrix which
is diagonal. Let a be an eigenvector of full Hamiltonian matrix. Then, in matrix

notation expectation value of neutral particle can be calculated as
(L.,) =d'L.,a.

We can compare perturbation and numerical angular momentum transfer results

with varying g in Figure 2.2. We can also compare them with varying U, in

13



Numeric vs Perturbation

|
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Figure 2.2: Neutral Particle’s Angular Momentum Vs. Uy for L=0, $=0.2 in
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Figure 2.3 where we see that numeric and perturbative results agree with each

other for small ﬁg which is meaningful.

The numerical method gives us the freedom of examining the problem in
all interaction regimes, in contrast with perturbative approach which is only

applicable in the weak interaction regime.
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Chapter 3

Theoretical Background for the
N-Body Problem

3.1 Gross-Pitaevski Equation

Disclaimer: The notes in this section are far from originality and closely fol-
low the subjects in the book: C. Pethick and H. Smith, Bose — Einstein
Condensation in Dilute Gases. Cambridge University Press, 2000.

Bose Einstein Condensation including interactions can be described by Gross-
Pitaevski equation known as non-linear Schrodinger equation. Gross-Pitaevski
equation can explain many aspects of BEC and the existence of quantized vortices.
[7] At the zero temperature, electronic degrees of freedom are frozen and atoms
can be treated as particles. [4] Due to the ultracold nature of atoms, s-wave
collisions have an important role in interactions. Therefore, we can model this
interaction as contact interaction where V(r; — ) = Uyd(ry — r2) and Uy =
4rha/m which is characterized by scattering length a. We can interpret this
type of interaction between all atoms as; apart from the trapping potential, an
atom in the condensate that senses an extra potential dependent on the local
atomic density due to mean field of other atoms. The positivity or negativity of a

presents us whether atoms repel each other or attract each other. We can safely
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state that if inter-particle spacing is much greater than scattering length a then
we can investigate the system’s properties with use of Gross-Pitaevski Equation

at zero temperature. [15]

We follow the mean-field or Hartree approach to calculate energy of N-body
system. At zero temperature, all bosons occupy ground state and they are in the

same single particle state ¢(r). Hamiltonian of the system is

H = ivj {% + V(rn)] . (3.1)

U(ry,r,.orn) = [ ¢(ra). (3.2)
The Normalization of ¥ (r) is

/dr]w(r)\z _ 1 (3.3)

This wave function belongs to BEC created by ideal Bose gas. Thus, interactions
are excluded. We have to include interactions to achieve the true form of wave
function. We consider two-body interactions in the form of delta function where
Uy is the strength of the interaction potential.

The Hamiltonian that contains interactions can be written as
N 2 U N N
H= LIRS VAT i 5(rn — T 3.4
;[2m+ <r>]+2;m2<r ) (3.4)

where V(r) stands for trapping potential.

In the Hartree Approximation, the energy of the system can be calculated as

(V- 1)

E=N [arl i voel s veme - S a6

In the Mean Field approach, we are assuming that all of the atoms are in con-
densed state, yet some of the atoms are not. Actually, the number of atoms

in condensed state is lower than N due to interactions. The microscopic theory

17



of weakly interacting Bose gas can give us the real number of atoms in non-
condensed state. For uniform Bose gas, the number of particles in the non-
condensed state can be calculated by means of microscopic theory, fraction of
atoms also known as depletion of condensate is in the order of (na®)'/? where n
is the atomic density. [15] To calculate depletion of the condensate roughly, we

assume the average volume occupied by an atom, is a sphere and has the radius R.

N N 1
_ N _ (3.6)
% N%ﬂR3

n
4-R3

3
Therefore, depletion of condensate is in the order of (a/R)%? which is ~ 1% in
the experiments conducted with alkali atoms. [15] Thus, we can safely ignore the

depletion for the sake of our calculations.

A heuristic calculation for the energy of uniform Bose gas whose trapping
potential is zero in a finite volume V. By use of eqn. 3.3 we may find the wave
function of single particle in ground state is 1/V'/2. Thus, we can easily see from
eqn. 3.5 that kinetic energy vanishes and interaction energy between two atom
is Up/V. We are looking for the energy of the entire system. So, this is just a
counting problem. The number of possible ways of choosing pairs of atoms can
be shown as; [15]

N! N(N —1)
W = prm— . 3.7
2I(N —2)! 2 (37)
If N>1, then we can approximate the number of possible ways as;
N2
W~ —. 3.8
. (33)
Thus, the energy of the system can be simply expressed as;
N2Uo n2V
E= = —. i
2V 2 (39)

where n is atomic density. Recalling from statistical sechanics, the chemical

potential p = 0E/ON. By using this relation, we obtain

w = Upn. (3.10)

So far, physical quantities for uniform Bose gas have been calculated heuristi-

cally. To investigate non-uniform Bose gas, calculations must be made in a more
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formal manner. We define a new wave function for condensate state which is

more appropriate to use

U(r) = NY2p(r). (3.11)
With this, atomic density becomes
n(r) = [W(r)|. (3.12)
The energy of the system in terms of the newly defined wave function can be
written as
_ h’ 2 2, Uo 4
E(W) = [ dr %|V\I/(r)| + V(r)|W(r)] +7\\I/(r)| . (3.13)

where N>>1 approximation has been used.

We need to minimize the energy expression by varying W(r) and U*(r) to

obtain the most suitable form of ¥ imposed by constraint

N = /dr|\ll(r)|2. (3.14)

Minimization of the energy can be carried out by taking chemical potential u

as Lagrange multiplier which guarantees a fixed atom number. This procedure
gives; [15]

72

—%v%y(r) + V(r)¥(r) + Up|¥ ¥ (r) = p¥(r) (3.15)

which is called time-independent Gross-Pitaevski Equation. This form, also

known as non-linear Schrodinger equation, contains the non-linear term Up| ¥ (r)|?

generated by the mean field of other atoms apart from usual Schrodinger equa-

tion.

Simple application of Gross-Pitaevski equation to uniform bose gas reveals;
UolW(7)|? = p = Upn (3.16)

which confirms the eqn. 3.10

The properties of a Bose gas at thermodynamic equilibrium can be studied
with the use of time-independent Gross-Pitaevski equation. To examine dynami-
cal stucture of the gas, we need to address time-dependent Gross-Pitaevski equa-
tion which is given by [15]

ih% = —%V%(r, t) + V(r)U(r, t) + Up| W (r, )% (3.17)
19



3.1.1 Thomas-Fermi Approximation

In condensates where interactions are repulsive and the particle number is of
order 10° or higher [4], interaction energy dominates kinetic energy. This gives
us the opportunity to obtain a very accurate simple solution by disregarding the

kinetic term in the Gross-Pitaevski equation. Therefore, eqn. 3.15 reduces to
[V (r) + U (r)]*]W(r) = pP(r). (3.18)
This admits the solution as
()P = [ - V()] /s (3.19)

If we put this approximation into words; The energy needed to add an atom

anywhere in the condensate is constant. [15]

3.1.2 Coherence Length

We have studied condensates confined to a volume V. It is now appropriate to
mention a parameter which enables us to infer information about behaviour of
condensate in a confined volume. Here, the term ’confined volume’ refers to the
volume with solid boundaries. At the boundary, the wave function is zero and
somewhere in the middle of the volume, the wave function reaches the value that
the wave function of uniform Bose gas has in equilibrium. The distance between
boundary and the point where gas reaches its bulk value can be evaluated by
Gross-Pitaevski equation and this distance is called 'coherence length’ or "healing

length’ which is given by [15]

£(r) = <#(QT)UO)W. (3.20)

The kinetic energy term in Gross-Pitaevski equation can be ignored when healing

length is shorter than typical lengths in the system. [16]
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3.1.3 Two-Component Condensates

We have investigated single component BEC. We can widen our perspective to
discuss two-component BEC which includes two macroscopically-occupied quan-
tum states. These two components can be isotopes of the same atoms or just

different atoms.

To obtain Gross-Pitaevski equations for two-component condensate, we use
the same arguments that have been used to derive a single component Gross-
Pitaevski equation. The many-body wave function for two-component condensate

which excludes interaction is [15]

N1 N2
U(ry, v T tg) = [ ¢10m) T ¢20) (3.21)
n=1 m=1

where 7, and 7, denotes coordinates of different components and ; and 1,
are ordinary normalized single-particle wave functions. Once again we introduce
appropriate wave functions where ¥, = Nl1 /2 and v, = NQ1 /2. The energy of the

system referring to the single component is [15]
h’ 2 ., I 2
E=[dr [—|wl| F VA2 4 —— |V
2m, 2mey
1 1
+ Vo) [Waf? 4+ SUn W[ + SUnl Wl + Un 012|922 (3:22)

where we assumed N; > 1 and Ny > 1. my and msy represents the mass of two
different atoms and V; stands for external potentials which may be dependent on
internal structures of atoms. U;; is the strength of interaction which is associated
with scattering length a;; and Uy = Usy;. To minimize energy by using 1, and po
as Lagrange multipliers yields to two coupled time-independent Gross-Pitaevski

equations as [15]

h2
—%V2‘I’1 + Vi(r)¥y + U11|\I’1|2‘I’1 + U12"I’2‘2\I’1 = mV¥y,
1
h2
—%VQ\IJQ + ‘/Q(’T‘)\DQ + U22|\I/2|2\I[2 + U12|\I/1|2\I/2 = [LQ\PQ. (323)
2
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3.2 The Bogoliubov Equations

Investigation of BEC under time-dependence provides invaluable information
about the physical properties of the condensate such as elementary excitations
and ballistic expansion of the cloud. [15] The thermodynamics of the system can
be studied with use of the excitation spectrum. In addition, elementary excita-
tions are needed to realize dynamical instability of the system. In this section,

we will offer a method to calculate these excitations.

We can calculate the excitation spectrum starting from Gross-Pitaevski equa-
tion. The time-dependent condensate wave function of unperturbed state may be
written as; W(r,t) = 1(r)e”**" where v (r) is time-independent solution of the
condensate wave function. To describe spectrum of elementary excitations, we
consider the deviation of the condensate wave function from equilibrium is small
and the contribution of weak perturbations of the wave function is given by the

variational form [17]
U(rt) = et/ h [@/J(T) + u(r)e_i“’t + U*(r)em} (3.24)

where u(r) and v(r) need to be solved. We plug the ansatz into eqn. 3.17. By
equating coeflicients of exponential terms and only regarding the terms linear in

u(r) and v(r), we end up with the two coupled equations of u(r) and v(r);
h2
[ — %VQ + V(r) + 20 (r)|*Us — . — hw} u(r) — () PUsw(r) =0 (3.25)
and

{— h—V2 + V() + 210 ()20 — p + hw] v(r) — () PUgu(r) =0 (3.26)

2m

which are known as the Bogoliubov equations.As in usual, we use these equations

to study the uniform Bose gas where the form of u(r) and v(r) are

eik-r
and A
ezk-r
’U(T‘) = Ukm. (328)
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The Bogoliubov equations for the uniform system are;
21.2
k

hwuy, = < B + nU(])uk — nUyuy, (3.29)
and P2
—hwvy = ( 5 + nU0> v, — nUyuy, (3.30)

where chemical potential is nUj. By equating the determinant to zero and setting
EY = h?k?/2m, one can find that

(hw)* = (B} +nlh)* — (nlp)*
= E)E} +2nl) (3.31)
which is consistent with the results obtained with use of microscopic theory of
Bose gas. [15] There are two roots for the excitation spectrum. The physically

relevant one is positive root.
Thus;

By = \/ BY(EQ + 20l). (3.32)
There can be imaginary excitation energies which depict dynamical instability

of the system. These imaginary energies will be our guide when we investigate

vortex transfer between two-components.

3.3 Quantization Of Circulation and the Single-

Vortex Structure

As we mentioned before, investigation of rotation of superfluid is an important
quest for physicists. Concepts studied in superfluid theory such as; phase of
wave function, vortex structure, found place in research of rotational properties
of atomic Bose-FEinstein condensates. These acquisitions has been used to resolve

rotating condensates under trapping potentials.

The Hydrodynamic equations which can be derived from Gross-Pitaevski
equation [15] imply that velocity of condensate is gradient of phase of wave func-
tion.

h
V=V (3.33)
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from vector calculus we can easily infer that curl of a gradient is zero.
V xv=0. (3.34)

This form indicates irrotational velocity field. Yet, if wave function has a singu-
larity in its phase that leads us to quantization of circulation. This interesting
property can be investigated by taking line integral of velocity in a closed contour.
We expect that to preserve single-valuedness of wave function, the phase must
change in multiples of 27 when line integral is carried out in closed contour.

Hence from vector calculus
Aé— / Vo dl, (3.35)

for a closed contour due to single-valuedness of wave function is

Ap = 7{ V- dl =2mn (3.36)

where 1 is an integer. Therefore integral of velocity field in a closed contour which

is called circulation yields to [15];

m

h
fv ~dl=n— (3.37)
which implies that circulation is quantized as multiples of i /m.

For example, by considering smooth azimuthal flow under a rotationally in-
variant trap about the z axis, some simple properties of the wave function of that
state can be deduced. Because of single-valuedness, the phase of wave function
in the form e where ¢ is azimuthal angle. Only ¢ component of the velocity

vector survives. Using polar coordinates velocity vector can be written as

hoo-

v=mn
2mmr

(3.38)

Thus, line integral of velocity field yields to nh/m if the taken path encloses z
axis, on the other hand if it is not, integral gives zero. If the circulation is non-
zero, velocity field diverges on the z axis, Thus, kinetic energy goes to infinity.
To overcome this ambiguity the value of wave function on the z axis must be
zero. For a cylindrically symmetric trap and a state with non-zero circulation

about z axis corresponds to each particle in trap carries nh azimuthal angular
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momentum, thus total angular momentum about z axis is Nnh. We can write

the wave function in cylindrical coordinates is
U(r,z) = (r, 2)e™. (3.39)

Therefore the updated Gross-Pitaevski equation becomes

h? 18(8_1/1)+82_w h?

| = 2 3 _
2m [r or " or 322} T o2 Y+ V(r,2)Y 4+ Ugp® = . (3.40)

The ground state of wave function does not depend z, therefore z derivative does

not give any contribution and we can model the system in 2-dimensions [15].

25



Chapter 4

N-Body Problem

In this section, we will demonstrate solutions to particular systems. First, we will
solve Gross-Pitaevski equation for those systems and by means of these solutions,
we will attempt to solve the Bogoliubov equations. For rotationally symmetric
systems, by observing excitation energies we will conclude whether vortex transfer

exist or not.

4.1 1-D Box

The second most basic system to solve for BEC is 1-d box with solid walls. The
analytical solutions for BEC is very limited due to non-linear terms in Gross-
Pitaevski equation. So, we have to use numerical techniques' to resolve conden-

sate systems.

Our system is BEC with repulsive interactions confined in a box with length
L. We need to know one more parameter to solve this problem and normally this

parameter is particle number of the system. But, due to our numerical technique,

'see Appendix

26



we assume chemical potential of the system is given. The time-independent Gross-
Pitaevski equation for one-component gas in 1-d box is
n® d?

() + gl UPU() = () (41)

where g is strength of interaction and in Energy x length units.

Boundary Conditions: Due to hard walls, wave function of the condensate

vanishes at the boundaries. Our numerical calculation must take into account
these conditions where ¢(0) = (L) = 0.

The standart procedure before making any numerical calculation is choosing
suitable dimensionless parameters which are compatible with the natural param-
eters of the system under consideration.

Dimensionless parameters which are chosen for 1-d box are

r — z/L,
v = /L,
- 2mL
g = 7%
_ 2mL?

with dimensionless parameters Gross-Pitaevski eqn. becomes
LYy 0T = 77 (43)
a2z Y — K '
with the normalization,

N = / 4(F)2dz. (4.4)

In terms of new parameters healing length is
E=—. (4.5)

By adjusting dimensionless parameter 1, the proportion of healing length to box’s
length can be determined. In our calculations, we usually take this proportion
as; £/L = 0.01.

The Numerical solution of QZ is in figure 4.1 where N =~ 9.7x10%. In figure 4.2
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another wave function with different parameters is shown. We can make a com-
parison between these wave functions, we can see that first wave function reaches
its bulk value in very short distance, yet other wave function reaches its bulk
value in a longer distance. These results are compatible with their coherence

lengths which second wave function has the longer one.
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Figure 4.1: Wave function in 1-d Box where /L = 0.01
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Figure 4.2: Wave function in 1-d Box where /L ~ 0.03
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The bulk value of wave function of uniform bose gas can be calculated as in
term of dimensionless parameters; @Z = /11/g, this gives the number 316.23. The
bulk value of figure 4.1 reads 316.20. Two numbers agree with each other as

expected.

The excitation spectrum of the system can be found with inserting the ansatz
3.24 into 4.1 and disregarding second and higher orders of u and v, resulting

equations are
h? d*u

= = 4 2|Pu — 2 4.
fou = =55 + 2919w — pu+ g(¥) v (4.6)
and h2 d2 *
—hwvt = == 4 2 U P — "+ () (4.7)

Once again, we need to use dimensionless parameters to apply numerical methods.
We assume u,v and v are real and set ¢ = hw. By dividing the both sides of
equations with 2mL?/ 7%, we obtain the dimensionless set that is found before.

Addition to them new dimensionless parameters need to be defined as

i — uw/L,

~ 2mL2e

€ = PO

7 — uVL. (4.8)

Hence, dimensionless Bogoliubov equations can be written as

— PU o e g

€u = —@+29|¢|2U—MU+9(¢)2U (4.9)
and _

== 2g|Y |0 4+ po — g(v)=u. (4.10)

Two coupled equations with same eigenvalue, by discretizing derivatives we can
solve this eigenvalue problem numerically. First four of excitation energies are

shown in the table 4.2
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0t | -2.6312e-11 + 7.1957i
-2.6312¢-11 - 7.1957i
15t 450.6552
-450.6552
ond 902.1604
-902.1604
3rd 1354.9816
-1354.9816
4th 1809.8202
-1809.8202

Table 4.1: Bogoliubov energies of 1-d box

Here, we need to emphasize a point about energies, there is zero mode energy
which does not correspond to instability of the system in the Table 4.1. In the
Bogoliubov equations, if we set € = 0, it can be shown that equations may be
satisfied by u(r) = —v(r) ~ ci where cis arbitrary constant. When this condition

is met, zero mode shows up [18], otherwise it is not observed.

4.2 Cylinder Geometry

Axially symmetric traps are important tools to study BEC especially with vortex
structure. In this section, we will start with one-component gas without vor-
tex and gas with vortex. Then, we will continue with BEC with vortex under

magnetic field and also study the mixed condensates to reveal vortex transfer.

4.2.1 One Component Gas

Our system is BEC confined in cylinder with radius R. The time-independent

Gross-Pitaevski equation of the system is

Prro 92 109> 9 )
SR - 411
2m r8r+8r2+r28¢2+8z2 Y gloly = py ( )
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where g in Energy x Area units, due to 2-d geometry. Because BEC does not
possess vortex, ¢ derivative does not give any contribution, moreover, ground
state of the system does not depend on the z variable [15], so the z derivative
also vanishes. Thus, problem reduces to two-dimension.

G.P. equation becomes

1o 0
— o |5t s U+ g = o (4.12)

2m

Wave function only depends on radial coordinate.

Boundary Conditions: ¢(R) = 0 as expected because of solid walls. (0)
needs to be finite, does not have to be zero. This condition can be satisfied by

derivative of 1 with respect to r variable on z axis is zero.

We can define dimensionless parameters as usual

r — 7r/R,
v = Ry,
~ 2m
g = ?97
_ 2mR?
io= (4.13)
Dimensionless G.P. equation is
1d 1~ o~
B BB = . 4.14
|-+ |+ 5101 = (4.14)
Normalization may be written as
N = 27r/x|i/;(x)|2dx. (4.15)

Numerically calculated wave function is shown in the figure 4.3; where v is plotted
in the range [0, R] and reaches its bulk value 100, as estimated. Calculated
number of particles is N = 2.86 x 10%.

One of the our tasks is to find excitation spectrum. We will follow the stan-
dard procedure by plugging ansatz 3.24 into time-dependent G.P. equation and

ignoring second or higher orders of u and v. The Bogoliubov equations are

h2
hwu = —%Vzu + 290 2u — pu + g(¥)*v (4.16)
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Figure 4.3: One-component Wave function in cylinder where £/L = 0.03

and .
—hwv = —%VQU +29|Y)*v — pv + g(¥)*u (4.17)

where V? is Laplacian operator in polar coordinates. u(r,¢) and v(r,¢) both

depend on r and ¢. Therefore, we make fourier expansion of them as

o0

U(T,¢) = Z um(r)eim(z)?
u(r,g) = Y v(r)ee (4.18)

by inserting these expansion into Bogoliubov equations and equating coefficients
of same powers of e¢?, we obtain set of equations for u,, and v, components.

These equations are

R2rld & om?
T "
wu o gy T gz~ 7 |t T 291 — pn + g(¥) 0 (4.19)
and
n* 1 d > n? 9 9
—hwv, = o [;5 i r_2} Up + 290" — pon + g(Y) u—p,  (4.20)
where m = —n. By introducing the dimesionless forms as
u — Ru,
- 2mR%e
f =
v — Rov. (4.21)
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For clarity, we drop tilde symbols. The dimensionless form of Bogoliubov equa-

tions are
w, == [ 2l s+ g, (422)
and
—€U_gy = — E% + dd—; — ZL—;] Vo + 29100 — g + g(0) 0y (4.23)

2 .
where € = hw%. Here m values corresponds to the m unit angular momentum

of perturbative part of wave function. Calculated energies are shown in the table

4.2. The energies are paired and real as expected. The equation set with m = 0

1t | 176.0733
-176.0733
ond | 325.2482
-325.2482
3¢ | 478.0522
-478.0522
4% 1 637.3014
-637.3014

Table 4.2: Bogoliubov energies of One-Component Gas in Cylinder where m=0

produces zero mode energy, but we discarded it.

4.2.2 Single-Vortex in Cylinder

Our system is BEC with single vortex structure confined in cylinder. Time-

independent Gross-Pitaevski equation that describes this system is

P10 9> 1 9> 02 )
— W+%+ﬁ%z+@]w 0) + gl (r, ¢)PU(r, ¢) = p¥(r, ) (4.24)

As we discussed before z derivative vanishes. Yet, ¢ variable does not vanish this

time. BEC with singly-quantized vortex has the wave function is given by

U(r,¢) = ¢(r)e’ (4.25)
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Therefore, G.P. equation reduces the form

RPr1ro 9% 1
orlnr T2 2 U(r) + gl (r)Po(r) = wp(r). (4.26)

Boundary Conditions: Due to vortex structure, 1(0) = 0 and (R) = 0 as
usual. [15] We use same dimensionless parameters and normalization condition
that we defined in previous section, equations 4.13 and 4.15. We may write

dimensionless form of G.P. equation as

SR D) 4 ) — ). 2

rdr dz?  x?

Solution of G.P. equation is exhibited in the figure 4.4, the wave function starts
from zero, ends up at its bulk value, then drops to zero to satisfy boundary

conditions. Number of particles calculated as N = 2.84 x 10%.

. . .
0.4 0.6 0.8 1

2

Figure 4.4: Singly quantized vortex in cylinder where {/L = 0.03

The Bogoliubov equations are

h’ .
hwu = —%VQU + 290 Pu — pu + g(¢)2e* v (4.28)

and

2
—hwv = —f—mVQU + 2g[ [P0 — pv + g(¥)?e %y (4.29)
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where ansatz eqn. 3.24 inserted into time-dependent G.P. equation. By plugging
fourier expansion of v and v (4.18) into Bogoliubov equations and equating coeffi-
cents of €', coupled equations of u,, and v,, can be obtained. We define standart
dimensionless parameters where we used in previous section. For brevity, we drop
tilde symbols.

Coupled expansion components of v and v are

1d d? n?
=i T gzt T 2 e 20, 4.
elin [xdx iz xz]“ﬂ* gl Pun =y + g(0) 03 (4.30)
and
ld & (2-n) 2 2
—€Vg_p = —[;%—Fw— 2 i|U2—n+2g|¢| Vo — sy +g(¥) u, (4.31)

where 2 —m =n and € = hw 27%‘23‘2. Calculated excitation energies can be seen in
table 4.3.
15t | 176.1804
-176.1804
ond | 325.6745
-325.6745
3¢ | 479.2158
-479.2158
4% [ 639.8025
-639.8025

Table 4.3: Bogoliubov energies of Single Vortex in Cylinder where n=1

For n = 1 energies are paired and zero mode emerges, because equations
are symmetric under the exchange ¢ — —e. For other values of n, instead of 1,
equations are not symmetric. Thus, energies are not paired, as seen in the table
4.4.

4.2.3 Singly-Quantized Vortex Under Magnetic Field In
Cylinder

As distinct from previous systems, we will examine charged condensate under

external potential. Our system will be charged BEC with singly-quantized vortex
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15t | -2.4828
83.6234
2nd | _84.2891
242.0179
3rd | -253.3864
393.0887
4th1-410.9724
549.7267

Table 4.4: Bogoliubov energies of Single Vortex in Cylinder where n=0

confined in cylinder geometry under magnetic field. We assume the magnetic field
is generated by a selenoid. The magnetic field that applied to system modifies
the momentum operator, by using the derived quantities discussed in chapter 2,

The Gross-Pitaevski equation that depicts the system is
1
5[~ IAVE P A P 4 2img AT W, 6) + gl W(r, OPW(r, 0) = w¥(r,0) (4.32)

where q is charge of particles. V? and ? operators are defined in cylindrical

coordinates. Thus,

B| 0
—>2
where A is vector potential and |Z|2 = BT|7’2, as well as |§| is strength of

magnetic field. For brevity, we will write as; A2 — A2 and @ = B? The wave

function that contains all the information about the system is

U =q)(r)e”. (4.34)

As we stated before, wave function does not depend on z variable, so our system

reduces to 2 dimension. G. P. equation may be written as

2m

ror = orz 2 2m 2m

PO O L M) 4 gl ) = (). (4.35)

By inserting the definition of A? into G.P. equation, obtained expression is

2m

Prlo 91 ‘B h
o = e+ [ = 2L BJu) + glw()Pe(r) = w(r).

(4.36)
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If we compare the two G.P. equations, 4.26 and 4.36, the only difference is the un-
derlined term in the equation 4.36. This term operates like an isotropic harmonic

potential acting on the system.

Boundary Conditions: The wave function satisfies the same boundary con-

ditions as in section 4.2.2.

Now, we can introduce dimensionless parameters, in addition to the set (4.14),
we define a new dimensionless parameter that is a measure of the strength of

magnetic field as
B q2 BQ R4
4R
By taking into account dimensionless parameters, G.P. equation can be written

(4.37)

as

(@) + 2" (@) — 27 (@) + gl () Y (2) = (). (4.38)

1d d? 1]/\/ — — — —
xdr dx? a2

Response of the wave function to the magnetic fields in different strengths are

shown in the figures 4.5, 4.6 and 4.7. In figures 4.5 and 4.6, the wave functions
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Figure 4.5: Singly quantized vortex under magnetic field where N = 1.61 x 10°

satisfies Thomas-Fermi Approximation after reaching their bulk values, due to
their high particle number [4]. Figure 4.7 exhibits the form of wave function

under very strong magnetic field.
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Figure 4.6: Singly quantized vortex under magnetic field where N = 1.74 x 10*

To investigate stability of the system, we need to calculate excitation spec-
trum. All energy eigenvalues that belongs to spectrum must be real to ensure
dynamical stability [19]. We follow the same procedure to obtain Bogoliubov
equations as we did in previous sections.

The Dimensionless Bogoliubov equations are

1d d? m?

_ 2 2
€Uy, = —b% + preie ﬁ}umjt (va® = 2my\/y — 4 29|¥|" )y,
+9(¥(x)) v2 (4.39)
and
1d & 2 —m)?
—€Uz—m - [;@ toa %}Um + (ya? = 2my/y — p+ 29|19 )vy

+9(¥ (@) (4.40)

Numerically calculated energies are shown in the tables, 4.5 and 4.6. We tested
our system for various parameters and did not observe any imaginary eigenvalue
even under extreme magnetic fields. Thus, we concluded that system is dynami-

cally stable. This result is consistent with the findings in literature [20].
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Figure 4.7: Singly quantized vortex under magnetic field where N = 1.96 x 103

1%t | -14.1126
182.8434
2nd [ _395.3633
414.5050
3¢ | -752.2662
787.6866
4™ 1 -1110.9396
1138.8743

Table 4.5: Bogoliubov energies of Single Vortex under magnetic Field where
v = 10*, m=0

4.3 Vortex Transfer

Our main goal is to observe vortex transfer between two-species Bose-Einstein
condensate. At this point, observing instability-imaginary excitation energy-
corresponds to vortex transfer between two species. We could not predict vortex
transfer via Gross-Pitaevski equation, because phases of wave functions vanish
in the mean field interaction terms. Thus, it can only be checked by solving

excitation spectrum.
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15t 12.9933
1282.6750
2m4 | -3675.0347
4019.8617
3rd | -7048.0715
7323.9770
4t 1 -10463.3924
10622.5487

Table 4.6: Bogoliubov energies of Single Vortex under magnetic field where v =
10%, m=0

4.3.1 Singly-Quantized Vortex Interacting with Conden-

sate

The system under investigation resides in a cylinder and consists of two conden-
sate which one of them possess vortex. To solve this system, we need coupled

Gross-Pitaevski equations (3.23) with usual wave functions defined below
Wy (r) = (1) and Wy(r, @) = by (r)e. (4.41)

By plugging wave functions into eqn. (3.23), the obtained equations where g2

taken as inter-species interaction and m; = msy are

2 2
h [12 + 8_} Y1+ gu Y31 + giolePhr = i (4.42)

2m Lr or = Or?

and

h2[18 0?1

“om Ly ar + 2 7’_2} U2 + gaa| 500 4 graltn[Phs = patds. (4.43)

2m

Boundary Conditions:Wave function with vortex vanishes at z axis and cylin-
der wall, condensate wave function without rotation has a finite value at z axis

and vanishes at cylinder wall. To start numerical process we define dimensionless
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parameters as

r — r/R,
;Z-l/ - R’l/jlu
/1;-2/ - RQan
— 2m
gu = o
— 2m
92 = 392
_ 2m R?
H1 — h2 M1,
_ 2m R?
o = 2 Lo (4.44)
Gross-Pitaevski equations in terms of dimensionless parameters given by
1d &1~ _ ~. ~ o~~~
a [__ + _2} Y1+ gult*n + glval*Yn = iy (4.45)
rdr =x
and ; P
1 117~ g~
Tlads T T 22 = fiat)s, 4.46
|:.Td$ + dr2 x2:|¢2+g22|¢2| ¢2+912|@ZJ1| 77[}2 M2¢2 ( )

Solutions for different parameters can be seen in the figures 4.8 and 4.9. Figures
agree with our expectations. For repulsive inter-species interaction, different type
atoms try to avoid each other, at least near the z-axis. For attractive inter-species

interaction, different type of atoms try to stay close each other.

By using ground-state wave function, Bogoliubov energies can be calcu-
lated. For two-species condensate, the ansatz that needs to be inserted in time-

dependent Gross-Pitaevski equation may be written as

Uy (r, ¢, t) = [1(r) + ur(r, 9)e ™" + vi(r, ¢)e™"] e H/h (4.47)
and

Uy(r, ¢, t) = [¢2(T) + ug(r, @)e ™t + vi(r, gzﬁ)ei“’t} et/ (4.48)
Thus, we obtain four-coupled differential equations. By taking advantage of def-

initions of (4.21), (4.44) and using fourier expansion of perturbed wave functions

where

up =Y ue™  vp =Y vime ",
n m

Uy = Z Uleik(b Vg = Z ngeiipd). (449)
k P
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Figure 4.8: Wave functions of mixture with repulsive inter-species interaction
where Ny = 1.62 x 10° and N, = 1.59 x 10°

The Bogoliubov equations follows as

the first one is

1d d? n?
unn = —| ===+ 7 = = — i+ 200l [ + gualths |
+ g1 (V1)1 + G1281¥20201-0) + G121 3, (4.50)

the second one is

1d & (-n?
—EUI(—n) = — [;% de2 2 M1+ 2911|¢1|2 + 912|¢2|2] U1(—n)
+ 911(¢T)2U1n + G120 V2V2(1—n) + G120 V3 Us(nt 1), (4.51)

the third one is

1d d? n+1)>2
€U(ny1) = — b% P % — Mo + 2922|@/}2|2 + g12|7/11|2} U2(n+1)
+ 922(1/12)202(1—n) + g2 Vauin + G121 (—n), (4.52)

the fourth one is

1d d& (1—n)?
[ — u 2 + 2922|?/J2|2 + 912|¢1|2] U2(1-n)

R A et et - R
+ 922(¢§)2U2(n+1) + 91210501 (=) + GroY VU, (4.53)
where m = —n, p=1—n and £ = n + 1 and once again we drop tilde symbols.

The excitation energies for different solutions of Gross-Pitaevski equation can be

seen in the tables 4.7 and 4.8. We ran the code for various parameters, but we

did not observe vortex transfer in the system.

42



600

500 -

400

300

—— = = = = =

200 =01
g2 =0.1 -~
iz = —0.08 w1
100 a1 =0.5%10* o
fi2 = 10* T
0 ! . . .
0 0.2 0.4 0.6 0.8 1

Figure 4.9: Wave functions of mixture with attractive inter-species interaction
where N; = 1.09 x 10% and N, = 1.18 x 106

4.3.2 Charged-Neutral Superfluid Mixture Under Mag-
netic Field

The last system that we will investigate in this section has two condensate under
magnetic field which one of them charged and has vortex. Also, two condensate
interact with each other. We need to start with solving Gross-Pitaevski equation
to study vortex-transfer. The wave functions that defined in equation 4.41 can
describe the system and as in the previous section, system has two coupled G.P.

equation as

82
™ [;5 + ﬁ} Y1+ gu |3 + giolePhr = (4.54)

and

h? [18 0>  1¢*B*?* hgB

2 2, _
“omlrar T 2 sm %]¢2+gz2|¢|2¢2+912|¢1| Yo = piatPa. (4.55)

2m

Boundary Conditions: System has same boundary conditions as we de-

picted in the previous section.

We will follow the standard procedure to initiate numerical process by using
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1%t | -96.1883
103.5266
-213.6367
232.7449
2nd | _323.1548
354.9493
-428.6085
436.4028
3rd | -437.6475
484.0542
-958.01288
623.4641
4th 1 -689.3830
775.5332
-834.3192
941.7919

Table 4.7: Excitation energies of two-component system where g;5 = 0.09, n=2

defined dimensionless parameters (4.37) and (4.44). The dimensionless Gross-
Pitaevski equation may be written as
1d d&*1—~

B [E% * ﬁ}wl + gl PPr + gl = (4.56)
and
AL E L 2 5]+ Gl + Gl = . (45)
rdr  dr? 22

To observe vortex transfer, we ran our code for different parameters. One of the
scenario that we tried is shown in the figure 4.10. Due to high magnetic field, the
particles in the charged condensate gather near the z axis, because of this high
concentration, density of the other condensate is lowered in this region. Results
shown in the figure agree with our expectations. Our next step is to present

Bogoliubov equations in dimensionless form.

By using variational form (4.47),(4.48) and fourier expansions of u(r, ¢) and
v(r, @), four-coupled dimesionless Bogoliubov equations follows as the first one is
1d d? m?

m— — |5 - — 2 2 2] .
€t x dx + dz2 72 M1 + 911|¢1| + 912|1/)2| U
+ 911 (101)201(Cmy + G12918202(1 ) + Grat1 V5 Us(m 1), (4.58)
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1t | 370.9914
377.9047
-819.381
836.5595
2nd | _1115.6995
1123.2726
-1219.7203
1246.9724
3rd | -1614.5755
1651.7953
-2009.3827
2056.6861
4t 1 -2405.9701
2463.6903
-2467.4343
2486.4067

Table 4.8: Excitation energies of two-component system where g5 = —0.08, n=2

the second one is

1d d? —m?
—EUI(—m) = — [;@ o ( ) — p1 + 2911|¢1|2 +912|¢2ﬂ V1(—m)

+ 11 (V)i + G120 ava(1—m) + G120 Vs Us(mr1),s (4.59)

the third one is

1d & (m+1)?
€U2(m+1) = — [;@ + 7 I R M2 + 2922|¢2| + g12[¥1] ]UQ (m+1)
+ [7$2 —2/y(m+ 1)} Uz(m41) T 922(@/)2)2U2(1—m) + g2 ot
+ g12V1%2V1 () s (4.60)

the fourth one is

—€Vg(1—m) = — [915 dci: + dd—; — % — pt2 + 2922|ta|* + gr2|th1| ]Uz 1-m)
[”yx —2/7(1 — )}Uz 1-m) +922(¢2) U(m+1) + 9120105V (—m
+ g1 Ysur—, (4-61)
where kK = —m, p=1—m and n = m + 1. Excitation energies are exhibited in

the table 4.9. Non-real eigenvalues are observed and we conclude that the system

is experiencing vortex transfer.
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Figure 4.10: Wave functions of charged-neutral superfluid mixture

15t 305.9299
-306.8793 - 0.8177i
-306.8793 + 0.8177i
-674.4201
ond 674.7199
842.7632
-1001.5476
1002.8715
3rd -1325.2200
1327.4081
-1649.4168
1651.1409
Ath -2405.9701
2463.6903
-2467.4343
2486.4069

Table 4.9: Excitation energies of charged-neutral superfluid
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Chapter 5

Conclusion

In our study, we have investigated properties of superfluids and vortex transfer in
the superfluid mixtures. Before dive into N-body problem, we examine two-body

problem to acquire physical insight for N-body problem.

We solved two-body problem by using two different methods: perturbation
and numerical. The physical quantities were calculated via different methods and
were compared with each other for small interaction parameter. We observed
angular momentum transfer from charged particle to neutral particle. Also we
presented the dependence of angular momentum transfer to magnetic field. We

found that increase in magnetic field reinforces the transfer in the ground state.

We studied N-body problem under various scenarios. By means of numerical
methods, we obtained the wave function of N-particles. We controlled the con-
sistency of these solutions with suitable parameters. By exploiting solution of
Gross-Pitaevski equation and M AT LAB we calculated the excitation spectrum
of the systems to check stability. Then, we shifted our focus to vortex transfer
between two components. We found vortex transfer between two components
when vortex state coupled to the magnetic field. Vortex transfer revealed itself

via non-real eigenvalue.

Our next study aims to produce phase diagram of vortex transferred system.
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Also, the numerical method that is used to solve Gross-Pitaevski equation may be
modified to number-conserved form. Because, in our codes we designate chem-
ical potential and our codes find number of particles associated with specified
chemical potential. Thus, this is a minor handicap to compare our results with

experiments. We may include the modification of program into our further study.
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Appendix A

Numerical Methods

A.1 Relaxation Scheme

The best way to explain the method that we used in calculations is clarifying it
with an example. We start with writing dimensionless 1-d G.P. equation in the
form

0

——:—{@—FV—/J}\IJ (A.1)

where V' is dimensionless trapping potential and g is dimensionless chemical po-

tential. We discretize the equations in both space and time as

U 2Un 4 g
n+l _ \yn Jj+1 J J—
\Ile = \I/j + T|: A

L Ve — ). (A.2)

Here, upper index (n) stands for time discretization and lower index (j) corre-
sponds to space discretization. Az and 7 are minimum intervals in space and time
respectively. At the beginning we assign a trial value to W which satisfies bound-
ary conditions . If we apply this scheme iteratively, we end up with steady-state
solution which corresponds to the ground state. In every iteration, we compare
old and new values of U regarding to specified tolerance value which enable us
to control relaxation time. Tolerance value can be defined roughly as; difference
between old and new values of U after every iteration, in our codes it is in the

order of 1078 and 1079. Taking 1000 space point is providing good accuracy. To
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realize a successful relaxation, parameters must obey this criteria where [21]

(Az)*

<
="

(A.3)

Otherwise this scheme becomes unstable.

A.2 Solving Eigen-Value Problem

To solve an eigenvalue problem with coupled differential equations, we need to
discretize derivatives in space domain, in this way, problem reduces to (2N-4)

(due to boundary conditions) set of algebraic equations.

Once again, we work on an example to clarify our arguments. If the system
is one-component condensate in a box, then Bogoliubov equations of the system

can be written as

d*u
€u = —ﬁ+29|¢|2U—MU+Q(¢)2U (A4)
and
d*v ; )
GU:@—QQ‘W v+ pv = g(¥) u. (A.5)

After discretization,

eu(j) = — U+ = fg%& WY 4 aglo)u) — ) + o(w()Pel)

(A.6)

and

colj) = D=L =D glii)Poti) ) -aw ) ui) (AT)

where Az is the minimum space interval which depends on N. j indices describe
the points in discretized space. Using this form we can write (2N-4) set of equa-

tions in the matrix form. First define the column matrix as
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U(N'— 1)

Thus, (2N-4) set of equations reduces to form;
ev = Av. (A.8)

All we have to do is constructing A matrix on the basis of set of equations. Eigen-
values of this matrix correspond to excitation energies. So, simple ezg command

in MATLAB does the job.
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Appendix B

Verification of Results

B.1 Gross-Pitaevski Equation for 2-d Harmonic

Trap

To be sure of our results, we need to test our findings. In order to verify reliability
of solution of Gross-Pitaevski equation, we solved G.P. equation in 2-d harmonic
trap with cylinder geometry and crosschecked the results with the paper. [22]
G.P. equation can be written with 2-d cylindrical harmonic potential as
1o 0 1, )
R e - = ). B.1
2m[r8r+8r2}w+2wrw+g|w‘w o (B.1)

We used the dimensionless parameters which are defined in the paper [22]. These

are
a = plhw
h
c =
wa’m
r = r/a
o) = W) (B2)
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where a = /h/mw and c carries the sign of g.

G.P. eqn. becomes

L8 o)+ a%(a) + el Pole) —200(r) =0 (B

Usual normalization for the system is
N = 27T/7“|1/)(r)|2d7". (B.4)
Normalization with dimensionless parameters is given by
/x|w(x)|2d:v =nN=n (B.5)

where n is reduced number of atoms. In the paper, n = 107* [22]. Compari-
son between our calculated n values and results of the paper is a good test to

investigate reliability of our numerical method.

Q n n

2 | 29303 | 2.9253
2.2 3.7509 | 3.7464
24| 4.6518 | 4.6476
2.6 | 5.6331 | 5.6292
3.0 | 7.8377 | 7.8341
3.4 1 10.3651 | 10.3617

Table B.1: a and Reduced number of atoms where c=1

First column is dimesionless chemical potential values. Second column ex-
hibits the reduced number of atoms calculated by our numerical approach. Third
column indicates the values from paper. [22] Our values have a good agreement

with paper’s results. Error is in the order of 0.2% — 1%.

We can safely use our numerical method to calculate Gross-Pitaevski equation
unless c is negative. One of the handicaps of numerical method that we followed

is our program could not realize relaxation for attractive interactions.
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B.2 Bogoliubov Equations in 1-d Box

We can make simple approximation to test our numerical method required to solve
Bogoliubov equations. Let’s start with equations that we derived in chapter 4.

The Bogoliubov equations for 1-d box with one-component gas is

= —ﬁﬁwwﬁa—mr(&)% (B.6)

T T omdez Y peTyg '
and _

= LT Py + - 30T ®.7)

T omdar Y po—9 ' '

Here, for very short coherence length such as £ &~ 0.01 we assume @Z = constant

and define new parameters as

= 2P -7
= g(¥)? (B.8)
and coupled equations reduce to
Eﬁ:—%%+aﬂ+ﬂ5 (B.9)
and P2 P
€ = %@—oﬁj—ﬁﬁ. (B.10)

by arrenging equations for v we obtain as

d*v d?v 9 9 . 2
This is a fourth order Schrodinger like equation. We propose a solution of the

form €7 and by inserting this solution to differential equation, we can solve for
.

V=t \e2+ 32 (B.12)

We can treat v as a wave function, it has to satisfy boundary conditions of box.
Thus, solution of v must be in the form of Asin(kz) where ik = v and k = nw

due to boundary conditions. If we write v? we can observe that

V= -—n’r? =a+ /e + B (B.13)
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Thus we can find an expression for eigenvalue € as
& = (n*r* +a)* - 5 (B.14)

because of the assumption of the constant 1, we can approximate our new-defined
parameters o and (3 as
a=f =~ (B.15)

Hence, eigenvalue is approximated to

€ = +1/2n272]1 + ntml. (B.16)
Calculated eigenvalues are
€ | +444
€s | 888
€3 | £1332
€q | 1777

Table B.2: Approximated Bogoliubov energies of 1-d box

We can compare these results with Table 4.1. Error is in the order of ~ 1.4%.

Hence our numerical method succeeds in the solution of Bogoliubov equations.
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