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ABSTRACT

HIGHER DIMENSIONAL SPHERICALLY SYMMETRIC
GRAVITATIONAL THEORIES

Emre Sermutlu
M.S. in Mathematics
Supervisor: Prof. Dr. Metin Giirses
September 1994

We consider all possible theories in spherically symmetric Riemannian
geometry in D-dimensions. We find solutions to such theories, in particu-
lar black hole solutions of the low energy limit of the string theory in D-

dimensions.

Keywords : Gravitation, higher dimensions, black holes, low energy

limit, spherical symmetry.
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OZET

YUKSEK BOYUTLARDA KURESEL SIMETRIK
GRAVITASYON TEORILERI

Emre Sermutlu
Matematik Yiiksek Lisans
Tez Yoneticisi: Prof. Dr. Metin Gurses
Eylil 1994

D boyutlu kiiresel simetrik Riemann geometrisinde mimkin olan bitin
teorileri ele alarak c¢oziimleri inceledik. Bir 6zel hal olarak sicim teorisinin
diigiik enerji limitinde kara delik ¢éziimleri bulduk.

Anahtar Kelimeler : Gravitasyon, yliksek boyutlar, kara delikler, digik
enerji limiti, kiiresel simetri.
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Chapter 1

Introduction

In the classical relativity, the lagrangian contains only the Ricci scalar. On
the other hand we learned from the low energy limit of string theory that
the classical lagrangian contains all possible invariants constructed from the
curvature tensor and the matter fields. Depending upon the order of the
string tension parameter, this lagrangian is an infinite series expansion in

these invariants, i.e.

L=+v—gR+)> a"L,. (1.1)

n=1

Here « is the inverse of the string tension and L, are functions containing
the invariants up to n®* order. There are several examples where the sum is
terminated at some value n. For instance when n = 2 we have Gauss-Bonnet

theory

L =+/=gR+ (R"™R;;;; — 4AR"R;; + R?). (1.2)

For different n we have the Lovelock theorem: In d-dimensions divergence-
free second order symmetric tensors constructed from the metric and its first

two derivatives are given by

m=1

thi...hop Ririz piais 2p—1J2p i
Z 6.1.71 -J2p h1h2 h3h4 ) R.;sz 1hap + a6;7 (]-'3)
p=1



where m = 1n if n is even, m = J(n + 1) if n is odd.

Boulware and Deser [2] found two solutions for the Einstein plus Gauss-
Bonnet lagrangian, one of them asymptotically flat, the other asymptotically
anti-de Sitter.

Wiltshire [4] slightly generalized the previous results by including a
Maxwell field. Wheeler [5] has considered the most general second-order grav-
ity theory in arbitrary dimensions and analyzed asymptotically flat spheri-
cally symmetric static solutions, and cosmological solutions. Whitt [6] ex-

tended Wheeler’s work to non-static space-times.

The Schwarzschild solution which describes the uncharged black holes in
general relativity also describes (to a good approximation) uncharged black
holes in string theory. But, this is not the case for charged black holes. The
dilaton has a coupling to F'2, so the Reissner-Nordstrém solution is not even

an approximate solution of string theory.

Charged black holes were first analyzed by Gibbons-Maeda [7] and GHS
(Garfinkle, Horowitz, Strominger) [8] independently.

Black hole solutions depend on dimension and number of physical param-
eters. In this work we find D-dimensional solutions with three independent
parameters, mass M, electric charge @), and the dilaton charge ¥. We also
extend the Levi-Civita Bertotti-Robinson metrics to D-dimensions and prove
that they solve all field equation arising from a variational principle.



Chapter 2

Spherically Symmetric Riemannian

Geometry

The metric of a static and spherically symmetric D-dimensional spacetime is
given by:
ds? = —A%di? + B*dr® 4+ C?d0%_,, (2.1)

where A,B,C depend only on r. d%_, is the metric on Sp—». The metric
can be rewritten as g;; = —A%t; + B%k;k; + C?h;j, where t; = &}, k; = ],
h;; =metric on D-2 sphere for ¢,j > 2, ho; = hy; = 0.

Christoffel symbols are given by

: 1 in
F_z'im = 59 (gj'n,m + 9nm,j — gjm,n) (22)
Do = —AAE(tikm +tmk;) + AA Ktitm + BB' Kkjkm — CC' k' hjr,
+CC' (hikm + Binki) + Tigyim, (2.3)

where T'(,) is the christoffel symbol on D — 2 sphere.

The Riemann tensor is given by

%
ijl

=T% =T+ T8 I =TI (2.4)
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P AA'B , CC'B'
Rijmi = (AA'— 5 ) tkitimbn + (CC - T) i jim Koy
AA'CC! c”
+ B2 tmhaypity — —Ez—hi[mhl]j + C?Raijmi, (2.5)

where Rsz’jml = hi[mhl]j-
Riemann tensor can be rewritten as

Rijmi = gi1Sim — gimSit + GimSit ~ GitSmj + M2 Hijhm HE™ (2.6)
where
1
Sij = noMij + nkik; + 5383 (2.7)
M.:: = H; Hmm ——1——H2 .. (2.8)
i = ddimendl; 2(D _ 2) 9i; .
which turns out to be
_(D-=3)! 1
M; = ?;,(—D__;;)'(hij - 555%), (2.9)
the tensor Hj;, i is the volume form of Sp_,, i.e.
Hi.r = _\/l:Qj...k. (2.10)

Here the scalars are given by

CAD-2) A" A'B o B'C'

= D=3) (AB2 ~AB CB T B3C’) ’

A'C' C" B'C'

m o= =TT + BC (2.11)
Cz(D—S) 0'2 A'C'C  A"C? A'B'C? cc” BC'C

o= (D—4)!( ~Bmt AR " Ap T aB T B B )




A'CY

"= (2.12)

The Ricci tensor, Ricci scalar and Einstein tensor can be computed from

Riemann as follows:

Ry = (Do no(D~4)+m) + 35m +1s(D — )| g
411D — D)kiks + fro(D — 2) + mal M (2.13)
R = %gf_z))!{no(p —4)(D—1)+m(D - 2]+ -2’7—1(32—_1—)
+n3D(D - 1), (2.14)
Gy = =[S no(D — 4D ~2) + na(D ~3)) + gm(D ~2)
+315(D = (D = 2)] g + m(D - Dk
+[no(D — 2) + 2] Mi;. (2.15)

The covariant derivatives of H;; x and k; are given as

ViH;;..m = —pl(D — 2)Hij..mbki + ki Hyjooon + ks Hitoon + ... + ki Hij 1], (2.16)

Vik; = p1gi; + p2Mij + pakik; (2.17)
where
¢ _AC+AC
P= T M= "94BC
cuP-1 AC' — A'C (ABY
P2 = Tp 3 ABC Pa=""4p (2.18)

The covariant derivatives of H;;.., and k; are expressed only in terms
of themselves and the metric tensor. Riemann tensor is given in terms of

H;;..k, 9;; and k;. Hence we have the following theorem:

5



Theorem 1 Covariant derivatives of the Riemann tensor R, the ten-

sor H;; and the vector k; at any order are expressible only in terms of

Hij"'k sy Gij 5 kz

Since contraction of k' with H;;.., vanishes, the only symmetric tensors
constructable out of H;;...k , gi; and k; are M;;, the metric tensor g;; and k;k;.
Then the following theorems hold:

Theorem 2 Any second rank symmetric tensor constructed out of the Rie-
mann tensor, anti-symmetric tensor H;j...,, dilaton field ¢ = ¢(r) and their

covariant derivatives is a linear combination of My;, gij and k;k;.

Let this symmetric tensor be E;. Then we have

Ej; = 01Mij + 025 + o3kik; (2.19)

where o1, 03 and o3 are scalars which are functions of the metric functions,
invariants constructed out of the curvature tensor Rijxi, H;; and the dilaton

ﬁel‘:)i.‘

Theorem 3 Any wvector constructed out of the Riemannian tensor
Riju, Hij., the dilaton field ¢ = ¢(r) and their covariant derivatives is
proportional to k;.

Let this vector be E!. Hence
E: = O'kz' (2.20)

where o is a scalar like oy, o3, 03.

Theorem 2 has an application:

Theorem 4 In a spherically symmetric, D-dimensional spacetime, the coef-

ficients a; in the identity

alR»iman;'nnl + a2-RimR;n + a3ijz'ann + a4&j + asgi; = 0 (2~21)
6



can be found in terms of the ;.

This can be easily seen if we write each of the symmetric tensors as a

combination of M;;, gi;, kik;. Let us denote these tensors as follows:

R!R;. = pPrgi; + P2 Mi; + Bskik;

Riat R™® = Bagi; + BsMij + Bekik;

R{™Rjae = Brgij + BsMi; + Pokik;
R;; f1gi; + faMi; + fskik;. (2.22)

]

Thus, we obtain

Bra1 + Braz + Bsas + frag+as = 0,
Bsay + Paas + Psaz + faas = 0, (2.23)
Boar + Bsas + Peas + faas = 0.

Provided we know a4 and as, we can compute a;, a3, as.

Let’s denote

Br B Ba .
Bs B2 Bs =—\I7’ (2-24)
Bo Bs Ps

then,

ar = —U[(B286 — B3P )( fraa+as)+(BaBs— B1B6)(f2a4)+ (5185 — B284)(fza4)],
(2.25)

ay = —U[(BsBo— Pels)( fras+as)+(BeB7— BaPBs)(f2a4)+(BsPs— BsB87)(fza4)],
(2.26)



az = ~VU[( 08— B2Bo)(fras+as)+ (81 8o — Bafr)(faas) + (P27 — B18s)(fsa4)].

(2.27)
We will give 8’s explicitly in appendix.
We may also write the Riemann tensor in the form
Rijmi = 951Sim — Gim St + 9im Sit — 9itSmj + €2 Fij Frui, (2.28)
where AB
F; = E(tikj - tjk'i). (2.29)
Other tensors are defined similar to the previous case, i.e.
— 1
Sij = eo Mi; + e1 kik; + 5 ©3 iy (2.30)
My = By Pl — ~F g = = (h -
i = FriFi" = 7F gi; = =3 (hij = 53 9id)- (2.31)
The scalars are given as
012 C? C3C' A’
2
© = O =~ + g
€1 = ™, (2.32)
) c? AC'C A'C* A'B'C* CC" B'C'C
@ =0 (1““B_z+ ABT _ABT T AB® T BT B )
€3 = T73.

Notice that when D =4, ]TJT] = M;;, and e; = —17,.

The covariant derivatives of F}; , k; and ¢; are given as

3C’ AC!

ViFyj = ——5-Fik — 55 (tiga — tign), (2.33)
Viki = prgi + 2 Mi; + pakiks, (2.34)

8



'
V,'tj = %(tikj + tjki). (2.35)

~ =3)! . . .
where pg = Gﬁ =3 py. The covariant derivatives of Fi; and k; are expressed

in terms of themselves, metric tensor and #;. So we have a similar theorem

for an extended set:

Theorem 5 Covariant derivalives of the Riemann tensor R, the anti-
symmetric tensor F;;, and the vectors k; and t; at any order are expressible
only in terms of Fy;, k;, t; and g;;.



Chapter 3

Schwarzschild and Reissner-Nordstrom

Solutions

These are the earliest spherically symmetric solutions, obtained in 1916, so

they deserve a short rewiew here.
Let’s take the line element as
ds® = —A%dt? + B%dr? 4 r?dQ2. (3.1)

In other words, take C(r) = r. Our equation is

Gi;; =0. (3.2)

We have already computed G;; in terms of g;;, k;k; and M;; (2.15), so equating
the coefficients of these terms to zero, we obtain three equations:

___ég2;§)2; [70(D — 4)(D —2) +n2(D —3)] +%1;(D—-2)+ "2—3(17— 1)(D-2) =0,
(3.3)

m(D —2) =0, (3-4)

no(D — 2)+n,=0, (3.5)

10



(3.4) gives
A/ BI
S+F=0 (3.6)

so AB = c¢; but the boundary condition for the metric to be Lorentzian at
infinity requires that ¢; = 1.

Thus
AB=1. (3.7)
Using (3.5), we can find 7, in terms of 7o. Inserting 7, and substituting

B = 7 in (3.3) gives

(D-2)

AA" + A + AA' =0, (3.8)

which is actually

u + (D - 2)3;- i (3.9)

where u = A A'.

Thus A? = ¢; + csr~P*3. Inserting this in (3.5), we find that ¢; =1,

S50

2m
2 _ =
A 1-—- sl

(1- Ti“_‘s)_l, (3.10)

where 2m is the integration constant c3.

B2

So we obtain the Schwarzschild solution. For Reissner-Nordstrom solution
we have to take electrostatic charge ¢} into account.

Our equation is

11



Gij =T (3.11)

where

1
Ti; = —2 [E‘NF,N - ZFMNFMNgij] , (3.12)
AB
FtT = Q rD_Z . (3-13)
T;; turns out to be
, 2(D-4)
T =-2Q (D=3)! M;;. (3.14)

Thus we obtain the same set of equations except for(3.5).

Proceeding in a similar manner, instead of (3.8) we obtain

AA"+ A + (—Dr;z—)AA’ = ~2

D-3 2
ED —_ 2; ﬂ(%-z)’ (3.15)

which is actually

(rP-24AY  _(D-3) Q@

(
rD-2 2 (D —2)ri0-2° (3.16)
so we find
—2Q)? -
A= (D=2)(D =3) r3D=3), (3.17)

But this is the non-homogeneous solution, we have to add the solution of
(3.8) to this.

Thus

12



2m 2Q?
rD=3 (D —2)(D — 3) r2(D-3)’

_ 2m 2Q? !
B = (1 55 T (B0 ) rz(D—3)) . (3.18)

A = 1-

Here integration constants are found by the asymptotic behaviour of the

solution:

lim rP=3(4% - 1) —2M,
lim rP72F, = Q. (3.19)

i

13



Chapter 4

Levi-Civita Bertotti-Robinson Metric

4.1 Einstein’s equation

An example is the Levi-Civita Bertotti-Robinson (LCBR) metric in D-

dimensions

2
gii = L (—tit; + Bkk; + r2hij) (4.1)

-

where h;; is the metricon Sp_s, t; = 8! , k; = 87 , g and ¢g are constants.

This is the previous metric with the choice A = 2, B = 22, ' = ¢, then

Co
Fij = —5(tik; — tiki), (42)
AL m 1 2
M;; = F,,; Fi" — ZF Gij» (4.3)

— e — = eaMios. en = g2
ex=e3=0= Sz]—eon,Co—q,

2
~ — — __ 1—
Rijni = ¢*[gaMix — gix M + gi M1 — ga Mi;] + ﬂ'g—cl)'ﬂjf’ﬂml, (4.4)

1. — 1 1
'%]Mij +55(D=3)-5

2q2 ]g"]’ (4'5)

Rij=q¢[(D -3)+

14



1, —~ 11
— 02 M 4 —[— .
Gij =q [(D - 3) + 6(2,]sz + 2% [Cg - (D - 3)2]g,,_1. (46)
It is easily seen that
ViFi; =0 VpBiju=0. (4.7)

If we consider the Einstein’s equations

Gy =Ty (4.8)
where
S— jg—
ﬂj = ij im -3 ZFZ g.;j (49)
and Fi;(E.M) = eF};, we obtain
2 1 2
q [(D -3)+ %] = e, (4.10)

%2-[-0%—(0-3)2] -

where A is the cosmological constant. To eliminate the cosmological constant,
we let cl—o = |D — 3|. It is interesting that spacetime is conformally flat only

for D = 4.

We can obtain the same equations using the expression (2.15). This time we

have to choose

~ = 1

men _ ___~ __TT2,..
; 2(D—2)H Gij (4.11)

and Ej...k = eHj;..,.. When the cosmological constant is set equal to zero,

we obtain

15



2 1

Hence the higher dimensional (D > 4) Levi-Civita Bertotti-Robinson space-

times without cosmological constants can not be conformally flat.

4.2 The Solutions of Lovelock Theory

In the following §2%*¥ is the generalized Kronecker delta defined by

J132+-IN

st e 8
S <det| © (4.13)
s e o

According to a theorem by Lovelock, the only symmetric tensor
A% = A¥(g,q; Grsst * Grstu) for which Al=0is

Z 5zh1 th ‘;:1-7}32 R.;;J}L e RjZP‘ljZP + a&j. (4.14)

J1d2p hap—1hap
p=1

where a and a, are arbitrary constants. We have found the equation for
n=2>5,6

0,63 Rmme | g fimransm  prama prmema 4 g6i = ( (4.15)

Jmimsz = *ning Jmimamamyg = "n1n2 n3ng

which is

Gij + aol(R? — 4R® Ry + R*** Rupea)gi; + 4(2RE Rjo + 2Rjas R — RR;j—

R Rjane)] = Agij
(4.16)

where ag = —5231“

16



We know that every symmetric tensor of rank two can be written as a
linear combination of g;;, M;; and k;k;. To calculate these we need the

following:

For the LCBR metric

2
ds* = Z_Z (—-dt2 +c2drt + rzdﬂz) (4.17)

where ¢ and ¢p are constants, we have

- L
o = acd’
m = 0, (4.18)
(D—=3)(c5—1)
2 = 2 ’
acy
n = 0.

If we insert these values in ¢, t3, ¢3 we find

— 1 ('D — 3)2 200] 2 2a0
= 2q2c3_ 2q2 +q4 (D 3)(‘D—4) (D 5) q4cg('D_3)(D_4)a (4'19)

[1 4 (D - 5)], (4.20)

1 1\ 4ao(D —3)(D — 4
tz=—(D—3+—2)- o 2)5 )
a et aq?cl

Field equations reduce to ¢; = A, ¢ = t3 = 0. This gives relations between

constants of the theory and the constants of the metric.

For D = 5 we obtain

¢ —4q%ct —8ay = 2¢*c3 ), (4.22)
¢ +2¢°c2 -8 = 0

17



which gives @ =0 or ¢> = -2

For D = 6 we obtain

(1 —9¢2) + 24ap(ci — 1) = 2¢*c2 ), (4.23)
3¢%ci+ ¢* — 24ap(1 +c3) = 0.

which gives ¢ = 4ao, ¢} = —32 for A = 0 and

q2 - 24(10
3+’

S

for A # 0.

So there is no solution for 5 or 6 dimensional spacetimes without a cos-

mological constant.

4.3 Solution of the most general theory

The Lagrangian of the most general theory will be a scalar containing the
Riemann tensor, metric tensor, and their derivatives, contractions and mul-
tiple products of all orders. But, according to theorem 2, all second rank
symmetric tensors constructed out of these will be expressible in terms of

Gigs Mij, a,nd kgkj.

- So, whatever the theory is, we’ll obtain two equations for the LCBR
metric, because the coeflicient of the k;k; term will automatically vanish.
This will give us two algebraic equations for two unknown constants in the
metric, namely ¢ and ¢;. These equations may or may not have a solution
according to theory. For example, in the preceding case, in D = 5,6 we have

no solution.

18



Chapter 5

Solutions of the Low Energy Limit of the
String Theory

The gravitational field equations obtained from the low energy limit of the
string theory can be obtained from the following lagrangian

— r R _d 4 2 _ l - 12

L=+/—g [252 DEDE (Vé) e F ] . (5.1)
The field equations are
G = _8_ [6~¢6-¢ _ l(v¢)2g..] — ke ed [F-mF- - lF‘a’g..] (5 2)
4= (D9 5P 2 ij i Hm = G,
Vi(e™*¢F7) =, (5.3)
13 — 2 —

az(\/:g gt a_7¢) + (-D 2);320&3\/_9 e~ b 2 — 0, (5.4)

where F;; is the Maxwell and ¢ is the dilaton field. Here¢,5 =1,2,...,D > 4.

In static spherically symmetric spacetimes, gravitational field equations first
lead to

19



no(D —4)(D —2)! | (D =3)(D - 3)! 4 mD~2) 4 D=1 -2)

202(D-2) 2(2(D=-2) B2 9
44"
=25 " (5.5)
8¢"
”I(D—2)_(D_2) 207 (56)
22 e
Mo(D — 2)! + (D — 3)! — f—% =0. (5.7)
D-2
Dilaton equation is:
8 [A ,p_, ,]' o, ABR?Q%e*®
D-2 [B y 20D-242 , 0. (58)

From (5.5) and (5.6) we obtain

(acd) o]

5 =d* ABC! (5.9)

where d = D — 3. Using the freedom in choosing the r coordinate we can let

ABC*! = pi1, (5.10)

by using (5.9) and (5.10) we obtain

A?C* =% _9b,rd 4 b, (5.11)

where b, and b, are integration constants.

A combination of the dilaton (5.3) and gravitational field equations (5.2)

gives

20



d...
LT L.

2 _
r (d+1)? ¢ 0,

dT? -

where T is defined as

(r? +¢;) ré? 164’

T= (r2d —2by7d + by)  (d+ 1),

Defining now

ky dré1
(T‘Zd et 2blf'd + bz)

¥(p),

ac ¢’ =
the equation (5.12) becomes

r2d — 2b,7% + by i’tﬁ d_p
dri-1 dp dr

The constants are given by

@t
B 32d
p = —(c+b),

¥ = ap?—-A(a+1).

Now, if we solve the auxiliary equation

7'2d - 2617'd -+ bz iiﬁ _

dri-1 dr
and insert p above, we obtain
d _ 2, 2

= (Y +p)? + 02

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

Note that p depends on the sign of A = b3 — b;. ¢ can be found from % by

21



¢ = gl- / ﬂp”—)dp + do, (5.19)

where k; = f_fl. The metric function C is connected to ¢ as

(rd 4 ¢ )re? 164

Cl
_CT - (T‘zd - Zblf’d + bz) - (d + ].)2C¥e (520)
this gives us
Cua_ u+b+c Q.
In(Z)* = (/ Y du> - 2% (5.21)

where u = r¢ — b;.

Metric functions A and B can be found from C through the equations (5.10)
and (5.11).

We have three different cases according to the sign of A,

d _
Case3 A <0 lnp(r)= \/—1_A [a,rcta,n (r\/__i_l) - g—]

where r¢ = b + VA, rd = bl—\/z, rd = b.

The integration constants co and @o are determined through the asymptotic
behaviour of the functions C(r) and ¢(r).

lim ¢ = ¢o =0, (5.23)
g -1 (531



To determine the remaining integration constants, we use the asymptotic

behaviour of the metric, scalar field and the tensor field F;; as follows:

262 M
o diAt_ 1y - __ M
g = -
lim pitgy = _FYatly
7—00 2Ad+1 ’
lim r*' F, = ¢ .
r—00 ¢ Ad+1

CASE 1
A>0

(5.25)

(5.26)

Which means there are two roots to the equation (5.11). According to

the sign of v? we have three distinct solutions

Type 1
v < 0 2= -2,
" A —p+ (X +p)p*
1— c:2p2,\ :

The metric functions become

42 (rd - T'ii)(rd _ rg) B = r2d=2 (12
B G G E )
1 —c; p* k2
_Cd = (T'd —_ Tg) ('—1:-2-62—) pka.

Dilaton field is given as

wed _ | (L —c2) pr &
e ? = T o .

The constants are given by

23
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(5.28)

(5.29)



__ 1 _(rfi=r)) (vtap)
b= ) by = 12 i 6

Undetermined integration constants are ry, ry, ¢; and ¢;. From the boundary
condition (5.25) we find that

l1+4c¢
2M = [1_sz\+a,u]el,
_ 1 + Cy
r = [1 ., A— y] es, (5.31)
Q = A \/0_2- €3.
1 - Cy
The constants e; are given by
A 2Ad+1 (d + 1)
! (a+1)x? °’
Ad+1 Qe (d + 1)%
.32
€s 8(at)r (5.32)

e = 2 Adam (d-l—l)d
T Tk (a+1)°

Note that, we have four integration constants (ci, ¢, r¢ and r4) but there
exists only three equations to determine them. Also note that ¢; does not
appear in the solution directly, so we have a freedom in ¢;. (cz # 1) In order
to complete the solution,we need to determine the integration constants in
terms of the physical parameters M, ¥ and (). Let us define some auxiliary
variables to solve the set of algebraic equations (5.31)

1 ae¥X 2M 1 2M X
T, = - _-— (. =
! a,+1( ez + e1 ), Ty a+l( €1 62)’
42
Ty = /1 — TP (5.33)

Then the integration constants are
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b= T, (5.34)
g = —1+ 2
P 1+Ty
and
2 )2
_apt+ A
A= ot 1l (5.35)
The reality of T3 imposes
M+g%>s|Q| (5-36)
where g and s are given by
e (d+1 1\/(d+ 1)(a+1)
B 4d K T d (5:37)

Such an inequality has been found by Gibbons and Wells for D=4.

When A > 0 we have two roots. In general these roots are the singular
points of the space-time. If the integration constants satisfy some additional
constraints one of these roots becomes regular. In this case we have a black
hole solution carrying mass M, electric charge @ and scalar charge ¥. An
invariant of the space-time is the scalar curvature is given by

z1 | )Y 2c00%* 2 z142X (_1—co _ 2—';1+2
R A p # + + 1_c2p2A + A p 1_c2p2A
= A 2
[(rd — rd)(rd — e 51 - cap) @ [ = rf)(r? — )]

(5.38)
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where

2
a1 = d(a_l_l)(a:u'"*"\))
8 K
A= g (5.39)
k% (D - 4)
Aa 2 (D-2)

As r — r; we have a singularity unless we choose p = A. By this choice,
d_n.d 2 .
p = 552 and hence p** ~ (r¢ — rf)a, p?* ~ (r? — r#)? around the horizon,

so R — 0.

If we insert these values for x and A in the solution, we obtain

0 = (rt — rd) (1 ~3 o (5= rf))kz . (5.40)

—c 1§

At this point, the choice of r, = 0 gives Gibbons-Maeda solution, whereas
d

the choice of ¢; = 7 gives the GHS solution. It is easy to show that Gibbons-
1

Maeda metric is the same as the GHS metric with r» > 5.

Type 2
¥ > 0
¥ = vtan(cp+vinp)—p (5.41)
/ Sb—-‘E-)de = —In[cos(cz + vInp)| —pulnp+cs (5.42)

After similar steps as the previous type, we arrive at the solution

(r¢ — r)(rd — rd) r2d-2 (72
A= Femopeopy 9
k
ct o= (rf—rd p:i"_;:i_%; [COS(Cz + ulnp)} ’ . (5.44)
COS C2
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Scalar field is given as

ks
e _ €os €3
€ [pu cos(c; +vin p)] ) (5.45)

Physical parameters are found using (5.25)

2M = (ap+ vtanc)er,

b (—p + vtanc) ey, (5.46)
v
Q = €3,
€OS Cy
r = Ty,
. ez T’
sine; = 3Q 1 (5.47)
vtanc; = Ti.

The condition |sin ¢;| < 1 imposes

M+g%<s|Q| (5.48)

where g and s are defined in (5.37). We also have to check the sign of A.

1 aX? 4M?:, Q7
= - = .49
@+ DA = o0+ - (5.49)
Here the sign of A puts a constraint on the physical variables.
Type 3
v = 0,
b= g (5.50)
T p+c’ |
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/¢—E:)2dp =—In(lnp+c¢)—plnp+cs,

ky
Qe __ C2
e =1 1 )
e

o= (2222) " ¢ e = )l

C2

Physical parameters are found using (5.25)

1
2M = (a’/‘—g)el’

1
= (u-e,
€3
Q - 262‘
The solution is
L = _T2a
1
- = T17
C2
which gives
20 _r
€3 !

This is the equality case of the inequality (5.36).

CASE 2

le
x

(5.51)

(5.52)

(5.53)

(5.54)

(5.55)
(5.56)

(5.57)

(5.58)



Then there is one root to the equation (5.11). Denote it by rg.

AC? = (r? —r8) (5.59)
A = (—ic_-%i)i B? = (:—zd;% (5.60)
0! = (rf—rd) [°°S(ZSJEC’2’ )ln ”)r . (5.61)
Scalar field is given as
k
Jaed [pﬂ COSE’Z’: i?ylnp)] , (5.62)
CASE 3
A<O (5.63)
This case is similar to the previous one.
COS €3 &l
%t = [p“ cos(cz + vin p)] ’ (5-64)
R s = _;bc‘;+ y (569)
Cl = (12— 2byrd 4 by)F p [COS(ZZ;CZ)IH ”)] - : (5.66)

In cases 2 and 3, the relation of physical parameters to integration constants
are exactly the same as case 1 type 2, the only difference being the sign of
A, hence equation(5.49).
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Chapter 6

Conclusion

In this study, we considered D-dimensional spherically symmetric space times
and obtained the Riemann tensor in compact form. Using this expression, we
established certain theorems concerning any spherically symmetric theory of
gravitation. As a special case, we considered the Lovelock theory in 5 and 6
dimensions with the LCBR metric, which simplifies most of the expressions.
Then we considered the low energy limit of the string theory and obtained
black hole solutions carrying mass, electrostatic charge, and dilaton charge.
We also generalized an inequality concerning physical parameters of the black

hole to D-dimensions.
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Chapter 7

Appendix
no CM(D _4)
M = =%
2
o 04
Min-l‘lj = E‘ng,
no— %L
Mink et (7.1)
where
1 D —3)!
Mij = olhij — 5739i), a= gc_z’(ﬁ‘ (7.2)

Using these, we can compute several contractions of S;;, which in turn will
be used to compute the contractions of the Riemann tensor. Now we’ll define
new variables that will simplify the coefficients.

(04 a
CZ
Sij = —ﬁoMzg +B2£1k k +€ 9,
D—-4
S, = ( 2 ) +&L+ —faDa

02
SinS; = 1(53 +£3)g9:; + &o 63-;1%' + (€ + &165 — &o&r) B2 kik;,
1 1
Sink™ = (—'2—fo +& + 553)’“15,
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n a,l C? 1
S = 73(360gii + 56 Mij — 551327%"%‘),

1
Sthin = Slbo+E)hs,
h,;j

561_'. (7.4)

Smnhjnhmi = (60"‘53)

Now we can compute the second rank tensors in terms of g;;, M;; and

kik;

R}R;, = pPrgij + BaMi; + Pskik;,

RinR® = Pagij + BsMi; + Bekik;, (7.5)
R Riase = Prgi; + PsMij + Bokik;,
R;; f19i; + foMi; + fakik;,

where

(D=3 + lea 1 g2 1 (D 3)tota + i+ 58 + (D = 1)(D ~ Dok

+(D — 4)éobr + 2(D — V)13 + (D — )b + (D — 1)2%42,

Bo = %2[(0 —2)(D ~ 1)& +2(D - 2)bobs +2(D — 3)boba + 26162 + &3
+2(D — 1)(D — 2)éoés + 2(D — 1)é36s,

Bs = B*—2(D —2)éols + D(D - 2)&f +2(D — 1)(D — 2)b1&],

g = L= ot 4 (D - 18 +(D - 9)éota + 26a + 383
+CD - 2)(D - 2)tots + (8D — )6sts + 5(D ~ Daks + (D - 1%,

Bs = g&i[(D — 2)(D — 4)€% + 2(D - 2)&ots + 2(D — 3)éobz + b162 + &
+(D — 2)*0ts + (D — 2)€a63),

Bs = (D—2)B*[(D—2)bés +&ba+ (D~ 2)bés),
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Br = (D —2)& —2ots + 261 + 26olz + (T)L-3_)5§ + 2(D — 4)¢ots + 46163
+2€263 +2(D — l)fg,

02

(04

23
D-3)

s = 2(D — 4)&5 + 4bobr + 4bola + + 4(D — 2)6oés + 42631

Bo = 2(D—2)B*:(& +2¢)
(7.6)

and

i = %(fo(D -4+ &) +ha+&(D-1),
n= Cew-2+6), (1.7
fs = B¥D-2).

If we insert these in (4.16), we obtain

[f , — 1R + ap(R? — 4R R™ + Rapea R + 801 + 8B4 — 487 — 4Rf 1)] 9ii
+[f2 + c0(8P2 + 885 — 48s — 4R f2)] M;;
+[fs + c0(80s + 886 — 4Po — 4R f3)] kik; = Agij

(7.8)

We can rewrite it as

t19i; + taM;; + takik; =0 (7.9)

So, the field equations will reduce to ¢, = A, &3 = i3 = 0, where these

coefficients are given as
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LD - 4D —2)to ~ (D~ D ~ (D =6 = (0 = DD ~ 2o

+ao(D = 3)(D — 4)[(D ~3)(D ~ 6)§5 + 4(D —3)éols + 2(D - 6)6olz

st + LI er oD —a)(D -6t + 4D — st

42D = 3)eats + (D — (D — 218} (1.0

P — 2+ 6 - 1 S0 - (D - 8) | (D~ 96+ G e
2 (D=5) 5. r_

"}"26061 + (_D — 3) 6162 + ('D_—"“_ 3)252 + (D 2){"053 -+ 6263] s (711)

~40BH(D — 2)(D — 4)61[€o(D — 3) + &2 + (D = 3)&5]
+B*(D — 2)¢;. (7.12)
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