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ABSTRACT

HIGH FREQUENCY QUADRATURE AND ITS
APPLICATION IN SCATTERING PROBLEMS

Highly oscillating integrals have drawn interest since the early stages of real and
complex analysis. Their role in scattering theory, optics, fluid dynamics and many
other applications increased this interest, and in the early 2000s study of numerical
computation of such integrals leaped forward. Several methods are proposed for nu-

merical methods, which we briefly compare in the thesis.

In this thesis we survey the Filon-Clenshaw-Curtis quadrature for highly oscil-
lating integrals with algebraic and logarithmic singularities and oscillators with sta-
tionary points. In that matter, several algorithms are developed and error analysis
is presented. The algorithms utilize the advantageous properties of Filon-Clenshaw-
Curtis quadrature compared to previously proposed numerical methods. Numerical
experiments which investigate extreme cases show the accuracy and stability of the

proposed quadrature rule.



OZET

YUKSEK FREKANSLI INTEGRALLER VE SACILIM
PROBLEMLERINDE UYGULAMALARI

Yiiksek frekansli integraller reel ve karmagik analizin ilk asamalarindan itibaren
ilgi cekmigtir. Sagilma teorisi, optik, akigkanlar dinamigi ve diger bircok alanlardaki
uygulamalar1 bu ilgiyi arttirmig ve 2000°li yillarin bagindan itibaren bu integrallerin
sayisal hesaplanmasina yonelik ¢aligmalar biiyiik bir sigrama yapmistir. Tezde, sayisal

yontem olarak onerilen yontemleri kisaca karsilastiracagiz.

Bu tezde cebirsel ve logaritmik tekillikleri ile duragan noktalar: olan integral-
lerin hesaplanmasi i¢in sunulan Filon-Clenshaw-Curtis yontemini inceleyecegiz. Bu
baglamda, cesitli algoritmalar gelistirilmis ve hata analizleri sunulmustur. Algorit-
malar, Filon-Clenshaw-Curtis yonteminin diger sayisal yontemlere kiyasla sahip oldugu
avantajli ozelliklerinden yararlanmaktadir. Onerilen sayisal hesaplamanin dogrulugunu,

stabilitesini inceleyen ve c¢esitli kritik vakay1 inceleyen deneyler sunulmustur.
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1. INTRODUCTION

In this thesis, we derive a two-phase algorithm depending on the Filon-Clenshaw-
Curtis quadrature rule for the computation and error estimates of highly oscillatory

integrals (k > 1) in the form

1Y (f,9) / f(z) explikg(z))dx (1.1)

where f may have singularities and g may have finitely many stationary points (¢'(x) =

0). We also consider oscillatory integrals in the form

b
],[ga’b]’()“(f7 g) = / f(z)log((z — a)?) exp(ikx)dr where a € [—1,1]. (1.2)

These types of integrals are encountered in a wide range of studies; acoustic
scattering, optics, image analysis, fluid dynamics, and so on [1] [3] [11]. Thus, the
oscillatory integrals (1.1) and (1.2) has been a focus for many researchers in the last

two decades.

Filon-type methods along with Levin’s method and the steepest descent method
are considered as the most efficient methods for calculating highly oscillatory integrals
[12]. Filon-type methods interpolates the integrand f at distinct nodes {c;}¥ ™ with

N degree polynomial Py f and calculates the integral as an approximation of (1.1)

[a b] U, g) = / Py f(x) exp(ikg(x))dx (1.3)

a

when g is the linear oscillator (g(z) = z) and [a,b] = [—1, 1], I[a b](f, g) is written as

It n(f). The method’s name comes from Louis Napoleon George Filon, who introduced



the method in his seminal work in 1928 [8], fort the calculation the integral

/ f(z)sin(kzx)dz. (1.4)

Contemporary works on Filon-type methods established asymptotic error analysis
and convergence rate of the method. The paper [6] showed that the precision increases
as the frequency of oscillation (namely k) increases and the decay rate of error is O(k~2)
as k — oo. Later, Dominguez, Graham and Smyshlyaev in their paper ’Stability
and error estimates for Filon-Clenshaw-Curtis Rules for highly oscillatory integrals’ [3]

improved the error analysis, which we included in this thesis.

Filon-type methods enjoy simplicity and flexibility [13]. However, the Filon

method depends on the computability of moments in the form

I,[;l’l] (™, g) = /1 ™ exp(ikg(zx))dz, (1.5)
-1
which give rise to in closed form (incomplete) Gamma function and this, in turn,
leads to unstable computation as the order of the interpolation polynomial’s degree
increases [7]. Later studies on the computation of moments, such as Olver that of [10]
derives the moment-free Filon-type method to deal with the difficulty of computability
of moments. For further discussions on interpolation polynomials, nodes, and moment

computations we refer to [14].

The approach we discuss in this thesis for the numerical approximation of os-
cillatory integrals (1.1) and (1.2) is based on the Clenshaw-Curtis quadrature. The
classical Clenshaw-Curtis method emerged in the paper [9], to deal with the integral
(1.1) when & = 0. In Clenshaw-Curtis rule, the interpolant Py f (1.3) is computed

using the Clenshaw points

z; = cos (%T) je{o,...,n}. (1.6)



For the linear oscillator (g(z) = x), the nonsingular integrand f and the interval
[—1, 1], Filon-Clenshaw-Curtis rule, using N + 1 evaluations, approximates the integral

(1.1) by replacing f with Py f [3] to have

1
Ly = / 1 Py f(z) exp(ikz)dz. (1.7)

With FFT (Fast Fourier Transform), Py f can be expressed as a linear combi-
nation of Chebyshev polynomials of the first kind, which will be developed later in
the thesis. Chebyshev polynomials admit recursive relations, which is essential for the
calculation of the weights. Also, this recursive relation provides a better calculation

time [3]. Therefore, our computation mainly depends on the calculating the weights

wn(k):/ T (z) exp(ikz)dz, n e {0,...,N}. (1.8)

1

In [3], Dominguéz presents estimates and algorithms for nonsingular f with linear
oscillator. In [4], they extended the estimates to cover the case of f with algebraic

singularities of order r and obtained estimates in the form
1) = )| < CRTNAO follam (L9)
for all N > 1 and r € [0, 2] (see section 3.2 Theorem 3.3).

The paper [4] also discusses the case where g has a stationary point and extends

the FCC method to cover this case (see Chapter 4).

This thesis is organized as follows. In Chapter 2 we show and discuss different
methods for numerical computation of the integral (1.1). In Chapter 3, the algorithm
for the FCC rule is constructed, and the error estimates are derived. In Chapter 4

the composite algorithm is presented for oscillatory integrals with singularities and



stationary points. Chapter 5 focuses on the integral (1.2) to obtain new weights for
this type of integrals. In Chapter 6 numerical experiments are given for various settings

which involve oscillatory integrals arising in scattering theory.



2. METHODS FOR COMPUTING HIGHLY
OSCILLATING INTEGRALS

As mentioned in the introduction several different numerical algorithms are de-
veloped in the literature for the efficient evaluation of the oscillatory integrals (1.1). In

this chapter, we provide a brief overview along with a comparison.

2.1. Asymptotic Expansion

The asymptotic expansion method is the basis of most of the methods devel-
oped for integrals (1.1) as it provides a general guideline. An important property of
asymptotic expansion is that, as the frequency k increases, estimation accuracy in-
creases. This property is crucial since our main interest is computing highly oscillating

integrals.

For definiteness, let assume that [a,b] = [-1,1], f € C*°[-1,1] and ¢ has no
stationary points. For convenience, we use the notation I;(f) for integrals on [—1,1].

In this case, an integration by parts yields

/ f(z)exp(ikg(z))dx =
_ 1 {f(l)
ik

exp(ikg(1)) —

g'(1) g’( 1)
—l li f(z) exp(tkx)dx
i i iy ikt

This leads into the approximation

f(=1)

! {f(l) exp(ikg(—1))| . (2.2)

I ~— [
Indeed, as shown in [15] the remaining term in (2.1) decays like O(k™?) since the

integral itself decays as O(k~!). Thus, the higher frequency leads to a more accurate



approximation. This approach can be extended, by recursively defining,

ift—1($)

= =1,2,... 2.
= g(z) "’ T (2:3)

Repeating the process in Eq.(2.1), for & > 1, we obtain the asymptotic expansion

W) ~ =3 e | esslik() - S esping-1)] . (24)

Q

Approximating I (f) with the partial sum

S

- L [A) CAGED
Ii(f) = ;1(_Z-k>t+1 {g’(l) p(ikg(1)) g(—1) p(iky( 1>>1 (2.5)
+ m[k(f;)

we thus see that the error decays at the rate O(k™*72) as k — oo. Naturally, this
approach is not suitable when &k < 1 [16] [1]. In addition, even for small values
satisfying £ > 1, increasing s may not lead to more accurate approximations [17].
Thus, we can conclude that for a wide range of computations, we need a method that
also works for £ < 1. Also we need to know the derivatives of f at the endpoints

{—1,1} in the asymptotic expansion method, which we may not be available.

When the oscillator g has a stationary point ¢ € [—1, 1], the expansion (2.5) must
be appropriately modified. Considering, for instance, the case of a first order stationary
point (¢'(¢) = 0 and ¢"(c) # 0), we define the moments associated with the oscillator

g as

o () :/_ ™ exp(ikg(z))dx, m > 0. (2.6)



Following the same steps as in (2.1) and (2.4), we obtain,

= c l li —f(x)—f(c) exp(tkx)dz
() =m0+ 5 [ [P et 2.7

The integral on the right-hand side has an integrand that has a removable singularity

at * = ¢, hence we can use the same approach in the derivation of (2.4) by defining

_ % {ftl(x;/(_x{“@} . (2.8)

As above, one can then use partial sums of (2.9) to approximate I(f). While,
as shown in [15] this improves the error bound to O(k~*~%/2). Computation of (k)
is usually problematic. See [16] for extension of this approach to cases where the order

of the stationary point is larger.

2.2. Steepest Descent Method

The steepest descent method has a different approach than other methods as it
deforms the integration path of the integral (1.1) to the complex plane.

Indeed, considering the case of the linear oscillator g(z) = x and the interval

[—1, 1], one observes that

exp(ikz) = exp(ika) exp(—kb)  for z = a + ib. (2.10)



Thus, the oscillatory part comes from the real component of z, and the imaginary
component is nonoscillatory and decaying with increasing k. Assuming that the f is

analytic on the upper half plane, one can then invoke Cauchy’s Theorem to have

[k(f):/_llf(x)exp(ikx)dx:/ONf(—l—i—z’t)exp(z’k(—lJrit))idt
4 /_ 11 F(t+iN) explik(t + iN))dt — /0 YL i) exp(ik(1L 4 it))idt
— jexp(—ik) /0 "1 4 it) exp(—th)dt (2.11)
+ exp(—kN) /_ 11 F(t -+ iN) exp(ikt)dt

— i exp(ik) /0 f(1+it) exp(—tk)dt.

The term involving exp(—kN) in this equation decays as N increases. Taking limit as

N — oo we obtain

I (f) = iexp(—ik) /OO f(=14it) exp(—tk)dt
0 (2.12)

—iexp(ik) /000 f(1+it) exp(—tk)dt.

While the Laplace integrals in (2.12) can be expanded into their asymptotic expan-
sions [17], the approach in the steepest descent method [16] is based on the following

approximation:

I(f) = iexp(—ik)/ f(—=1+1it) exp(—tk)dt
0 (2.13)

— i exp(ik) /0 f(1+idt)exp(—tk)dt + O(exp(—kN)).

Considering next the case of a general oscillatory function g without a stationary

point, observe that

exp(ikg(z)) = exp(—kIm[g(2)]) exp(ik Re[g(2)]). (2.14)



Thus, oscillatory component is exp(ik Re[g(z)]), and the component exp(—k Im[g(2)])
decays exponentially as k — oo if Im[g(z)] > 0 [17]. Choosing a path I (), originating
from point a and parametrization as 7,(t), such that Re[g(z)] is fixed along the path,
will thus remove the oscillating component [18]. That is to say, 7,(t) satisfies, for some

interval [0, V],

9(1a(t)) = g(a) +it (2.15)

for all ¢t € [0, N]. Then, along the path ~,, equation (2.14) takes on the form

exp(ikg(z)) = exp(ikg(7a(t))) = exp(—tk) exp(ikg(a)). (2.16)

With this choice the integral (1.1) becomes

N
() explibg(2))d= = explikg(@) [ FQu(ONLOep(—kde. (217
I 0
The integral on the right-hand side of (2.17) is nonoscillatory and decays exponentially
with increasing k. Indeed, as shown in Proposition 5.4 in [16], when f and g are analytic

in an open neighbourhood [—1,1] , there exists N > 0 and paths Iy (t) satisfying

1(f) = ( / - / ) F(2) explikg(2))dz + Olexp(—kN)).  (218)

As this equation shows, the steepest descent method does not require computing
moments, which is one of the advantages of the method. However, the implementation
of the steepest descent method requires the determination of the path I, which, in turn,
corresponds to the computation local inverse of g. Usually this leads into a nonlinear

ordinary differential equation [16]. For instance, if

g,('ya(t))’)/;(ﬂ =1, (219)
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the corresponding nonlinear ordinary differential equation is

(2.20)

A more precise form of these ideas is summarized in the following proposition

(see Proposition 5.4 in [16]).

Proposition 2.1. Consider an oscillatory integral I (f, g), with f and g analytic in a
neighborhood of [—1,1], and with g real-valued on [—1,1]. Let {x,,}"_, be the ordered
set of the endpoints £1 and all stationary points of g inside [—1,1]. Then there exist

a sequence of finite contours I, of constant phase around x,,,
I, "\R={x,,} and Reg(z)=g(xn), =z€Il,,, (2.21)

and a constant P > 0 such that

M
n.9) = [ F@)eWdr =3 [ f@eMOdz 10 *). (222)

=1 Fﬂ?m

2.3. Filon Method

Plain (vanilla) Filon method interpolates the integrand f with a polynomial p
of degree N, and approximates the integral the (1.1) with Ix(p). As we have seen
in asymptotic expansion method (c.f. (2.4)), the integral itself depends on f and its
derivatives at the endpoints and, for a given s > 0, we interpolate f at these points as

follows

p(j)(a) = f(j)(a) and p(j)(b) = f(j)(b), j€{0,...,s}. (2.23)
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Therefore p is the Hermite interpolant. We define the Filon operator of order s as

2s+1

b
Fi1) = [ po)espivg(@) = 3 g (221)
a t=0
Again, by approximation (2.4), and the fact that first s — 1 derivatives of f and p

coincides at the endpoints, we obtain decay rate O(k~571).

The Filon method satisfies the properties of asymptotic expansion and also works
for all k. Thus, the Filon method does not blow up for small values of k£ . As mentioned
before, while the Filon method depends on calculating the moments, Olver [10] has also
developed a moment-free Filon method. As can be seen in equation (2.23), the Filon
method depends on the computability of derivatives of f at the endpoints, which can be
unavailable in some cases. In [16] [13], it is advised that for a derivative-free approach,
instead of calculating f’(a), one can use the value f(a+ h) for sufficiently small i, and

they established that this method works very well.

Extended Filon methods [16], internal points {c;}}_, are also considered by

adding the restrictions

fei) = plg)) (2.25)

to Eq.(2.23), for all j € {1,...v}. While the extended Filon method does not provide
a better decay rate for the method, asymptotic order of a method is not the only
property that provides good accuracy. Indeed as shown in [16] and [20], accuracy
may be improved by choosing a noval choice of the internal points. More precisely,
in [16] Jacobi nodes and Clenshaw-Curtis nodes are considered. While the Filon-Jacobi
method provides a better decay rate, the method we discuss in this thesis is based later
since the implementation of FCC is cheaper as it does not require the computation of

the derivatives of f.
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2.4. Levin’s Method

David Levin, in his paper [19], constructed the Levin collocation method which

does not depend on computing moments. The idea is determining a function F' satis-

fying

Zg%[zw¢p>exp<zkg<1»>]::Lf0x>exp<ikg<x>> (2.26)

since, in this case, our integral simplifies into

[a.5] L ’ exp(ikg(z))dr = bi x)exp(ikg(z))] dx
11.9) = | f@yesplikg@)is = | <[P explikg(a))]d (227)

= F(b) exp(ikg(b)) — F(a) exp(ikg(a)).

Motivated with this observation we define the differential operator L(F') as
L(F)=F +ikg'F, (2.28)
and consider the differential equation
L(F)=F+ikdF = f. (2.29)
As (2.26) implies, there is no need to couple (2.29) with an initial condition. The idea
is to approximate F' in the form of v = ", | ¢;tpy where {¢1,...,1,} is a basis for an

appropriate space of functions, and the coefficients ¢; are obtained by solving the linear

system

L(v)(x:) = f(x) (2.30)
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for all t € {1,...,v} with {x,...,2,} denoting the collocation points. Thus, our

approximation is

5 (f)

b b
| c@@ esplitg(onds = [ weplikg(a))] do

= v(b) exp(ikg(b)) — v(a) exp(ikg(a)). (2.31)

When the endpoints are included in collocation nodes, Levin’s method decays as
O(k™?). On the other hand the plain Filon method has the same decay rate with Levin’s
method when natural polynomial basis {1,z,22,..., 2V} is used and g(z) = = [17].

This motivates the following definition

Definition 2.2. Provided g’ # 0 in [a,b],

vy ={g'(z),q'(2)g(x),d (x)g*(z), ..., d'(x)g" " (z)} (2.32)

is called the N natural basis of the oscillator g.

Indeed, as shown in Theorem 3.9 in [16], when this natural basis is used, Filon

and Levin’s methods coincide.

A Hermite type generaliziation to Levin’s methods can be obtained by considering
confluent collocation points, that is distinct points {xy,..., 2y} with multiplicities
{ma,...,my} so that 224:1 m; = N and determine the coefficients ¢; as the solutions

of the Hermite linear system

L) (z,) = [P () (2.33)



14

for all p € {0,...,m; — 1}. As shown in [17], [16] when g is nonstationary and {1, }¥ ,

are chosen as the Chebyshev polynomials, one has
Qe (f) = In(f) = O(k™). (2.34)

Therefore the extended Levin’s method has a similar asymptotic behavior when com-

pared to the plain Filon method.
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3. FILON-CLENSHAW-CURTIS RULES FOR HIGHLY

OSCILLATORY INTEGRALS

3.1. Filon-Clenshaw-Curtis Rule

We consider the polynomial interpolation operator Qu : C[—1,1] — Py

Qnf(tin) = f(tjn)

where j =0,..., N and

g
t;N = cos (W)

are the Clenshaw points. Using the trigonometric identity

, ] | lifj=7€{1,2,...,N —1},
nm nm
NZHCOS<]N )COS(]T)— 2if j =4 €{0,N},

n=0

0 otherwise ,

we see that

Qnf(s) = "ann(f)Tu(s)

n=0

(3.1)

(3.3)

(3.4)

where T,,(s) = cos(narccos(s)) are the Chebyshev polynomials of the first kind (see

Appendix A), and

N :
ann(f) = %Z”COS (j%) ftjn), n=0,...,N.

J=0

(3.5)



Using Eq. (3.4) and Eq. (1.3), Iy ~(f) can be written as

Ien(f) = Z "o N (f )wn (k)

n=0

where the weights

wn(k) == /_l T, (s)exp(iks)ds, mn > 0.

1

have to be computed. The weights w, (k) carry an essential property, namely

wn(—k) = /_ T (5) expli(—k)s)ds / T, (s) exp(—iks)ds

1 -1

= [ oyt = [ 7o) explike)as

-1

16

(3.6)

(3.7)

(3.8)

which allows us to expand our setup for k£ > 0 to all real numbers. Thus, we can con-

struct an approximation for k£ > 0, and for negative values, we can take the conjugate

of wy (k).

Next, we introduce the cosine transform of f which is the even 2m-periodic func-

tion

Je(0) = f(cos0)

where 0 € R. Getting back to summation (3.4), we have

(Qnf(0)). "o v (f)Ta(cos(0))

I
WE

0

3
i

"oy v (f) cos(n arccos(cos(6)))

I
WE

3
Il
o

(3.9)

(3.10)
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which shows that (Qn f), € span{1l,cos#,cos20, ..., cos Nf} is the even trigonometric
polynomial of degree N that interpolates f. at the N + 1 equally spaced points j7 /N,
j =0,...,N. In [3] an error analysis is carried out to obtain for 0 < p < v and

v >y >1/2

1fe = (@NFell g < CoouN" 7" ([ fell o (3.11)

for all N > 2 and for some constant C,, ,. In section 3.3 and 3.4, we follow [3] and

provide an improved version of this estimate.

3.1.1. Evaluating Integrals With FCC

Let C be the (N 4+ 1) x (N + 1) matrix with entries

Cnj = (2/N)cos(jnm/N) (3.12)

where n,7=0,..., N, and define the column vectors
an(f) = loon(f), aan (), axn (N (3.13)
f = [f (to) /2. f (taw) - f (Evoaw) s f (Evw) /2] (3.14)

By dicrete cosine transform of type I (see Section 4.7.25 in [28]) we can write ay(f) =
Cnfx which can be computed by FFT in O(N log N) time. Using the fact that Cy is

symmetric we have
Lin(f) = wyan(f) = wyCniy = (CJF{TWN)TfN = (Cywy)" fy (3.15)

where wy = [wo(k)/2,wi(k), ... ,wn_1(k),wy(k)/2]". Our focus is mainly on the

weight wy, since the computation of Cy and fy is straightforward.
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3.2. Error Estimation of Integrals Over [-1,1]

In this section, we present error estimations for Eq.(1.3), for a function f €

C[—1,1]. We begin with the next result.

Theorem 3.1. Forr =0,1,2 and for allv > vy > max{1/2, p(r)} there exists C,, > 0
such that for all k > 0

1 1 v—p(r)
L) -t <00 () (5) el (3.16)
where
0, =0,
p(r)=91, r=1, (3.17)
7/2, r=2

Moreover, the inequality (3.16) holds also for v =1 =1.

Proof. We begin with introducing the 27-periodic error function

en = fo— (@nf).- (3.18)

Since Chebyshev points include the endpoints £1 we have,

GN(O) = 6N(7T) =0. (319)
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Using the cosine transform along with integration by parts and (3.19), we obtain
1
I(f) — Len(f) = / (f —Qnf) (s)exp(iks)ds
-1

= / en(0) exp(ik cos 0) sin Odo
0

_exp(ik cosf)en(0)

7r+]_
1k

o ik

/ ey (0) exp(ik cos 0)do
0

1 ™
= ey (0) exp(ik cos 0)db. (3.20)
th Jo

When r = 0, this entails

1 (f) — L ()| =

/ en(0) exp(ik cos ) sin Odo
0

< [ lex(®)1d = llewl 130 (3.21)
0
and (3.11), in turn, implies

llenl|zro.m < Vllenl 2o = Vllen | moo.n
< VTC (N) 7 || fell 1o

= Cyy(N)™ (ki) (%)Hm 1foll o - (3.22)

For the case r = 1, using the definitions (B.3) and (B.4) of Sobolev norms, we see that

1/2 1/2
lewllm = (llex Bagom + llewlEzom ) = (llenlBaom) = lehllzom.  (3:23)
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Therefore, (3.20) implies

™

[~

1 (f) = Len ()] <

(G)exp(zkcose)dﬁ‘ i / €/ (6)]] exp(ik cos 8)[d6

o

;
- / ()18 = Tl < |k|f|\eN||Lz

/ —v 1 1\
< Vi lblon < viCu () (%) Wik

oo () () s

For r = 2, we observe that €/y(0) = — (f — Qnf) (cos@)sinf, so e (6) vanishes

IN
oY

1o - (3.24)

also at 0 and w. Hence, we can insert function

on(@) = DO (r sy (cosh) (3.25)

sin 0

into (3.20) and then perform another integration by parts to obtain

L(f)— Lin(f) = % on(0) exp(ik cos0)|) — /O7r Oy (0) exp(ik cos 0)db
_ % B, — B3] (3.26)

Using L’Hopital’s rule and (3.19) we see that ¢n(0) = €X(0) and on(7) =
—eli(7), and using the Sobolev embedding theorem and inequality (3.11) again, we
obtain

|Er| < Jon(m) +@n(0)] < R (0)] + ek (m)] < Cllexlys < Commpmg lfellge (3:27)

NI/3



21

for all v > vy > 3. Now we turn our focus to Es. To this end, we begin by writing ey

as a cosine series

en(0) = ZAN(m) cos mb (3.28)
m=1
where
1 s
—/ en(0)do, m =0,
en(m) = 72T 0. (3.29)
—/ en(0) cosmbdh, m > 1.
T Jo
Hence,
A sin m#
pn(0) = —n;me]v(m) 7 (3.30)

Then considering the bounded C* function () = (sin#)/6, we observe that () >
2/7 for § € [—m/2,7/2] and so for 6 € [0, 7/2] and m > 1, we establish the estimate

7)) |-

for some constant C'. The trigonometric identity

-0) —m 2(0) < Cm (3.31)

’ ,0'(m0) o(mb)a’(6)

sinmf m_1Sinm(6 — )

sing (=1) sin(f — ) (3:32)

allows us to extend (3.31) to @ € [0, w]. Therefore,

|Bo| < 7l [l e om < C Y m® [En(m)] . (3.33)
m=1
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To estimate the right-hand side of (3.33) we use elementary estimates

Y, NT NS NS N3 N (N+41)
>_m -

_ A T S 3.34
— 7 * 2 * 2 6 * 42 7 ’ ( )
= 1 © 1 1
< = — > 0. 3.35
§+1 m1+a [\f m1+a aNa’ o ( )

In detail, we divide the sum in (3.33) into two parts as m < N and m > N +1, and use
the Cauchy-Schwarz inequality, (3.34), (3.11) and (B.3) to deduce, for all v > vy > 7/2,

1/2 A 1/2 - r .
|E2|s0{[ziz_1m6} [Zos ewm)P] ™ + [ sbs] 7 [ m? reN<m>|2]”2}

<C {N—1(—7/2) ||€N||HO + N-1w=7/2) ||€N||Hv}

< CouN ) | ] (3.36)

with C' denoting a generic constant. Combining the estimates in (3.27) and (3.36) gives
the desired result. O

The error estimate in the preceding theorem is not desirable for small values of
k, a case that arises in implementations. Thus, we introduce the following corollary,

which gives us a better error estimation when k is small.

Corollary 3.2. Under the conditions of Theorem 3.1, for r = 0,1,2 and for all v >

vo > max{1/2, p(r)}, there exists Cy,, > 0

1I:(f) = Ten (f)] < Copmin {1,577} N=CPOD | £l (3.37)

Proof. For the case k > 1 the result is directly obtained from Theorem 3.1 since
k=" <1 which yields the desired result. When k < 1 it follows from inequalities (3.11)
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and (3.21) that, for 0 < p < wv and v > vy > 1/2,

11:(f) = Ten (D] < lewllpom < VA llenllzaom < Vllenl o

< Coo N | fell o

<yo min {1,k } N=CPON | £l (3.38)

which yields the result. O]

In Theorem 3.1 provides the necessary estimates when » = 0, 1, 2. The next result

presents the error estimates for r € [0, 2].

Theorem 3.3. There exists a constant C' > 0 such that for allr € [0,2] and all integers

m > max{1/2, p(r)},p(r) = 5r/2 —3/2,r € [1,2], the estimate

w - tai=e (2) (5) 1l (339

where N > 1 holds when f. € H™.

Proof. In Theorem 3.1, the estimate above was obtained for k¥ > 1/2 and r = 0, 1, 2.

Now, for 6 € [0, 1] we write

1T:(f) = Tew ()] = 11e(f) = T (DI 1(f) = T (77 (3.40)

and estimate the first factor on the right-hand side using the bound obtained for r = 0

and the second term the bound for » = 1 to deduce

1:(f) = Ten () 11e(f) — T (F)] 0 <

. 1 mb ; » 1 (1-0) 1 (m—1)(1-0) -
(0 (v) uchHm> (cl 1) () 1452 )

(3.41)
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In other words,

W -t <o (1) (5) Wlae (3.42)

Setting # = 1 — r, this entails

wn -t =0 (1) (5) 1l (3.43

Thus, obtained the result for r € [0, 1]. Now consider the case r € [1,2]. We will follow
the same approach, bound the first factor of the right-hand side with the bound we

obtained for r = 1 and the second factor for r = 2 to get

1:(f) = Len (P)I° [ 1e(f) = Ten ()]

(1 0 /1 m-18 ) /1 21-6) / 1\ (m=7/2(1-0) -
(@) ) ) (e () (3) It )

(3.44)

Therefore,

I\20 /1 \mT/2H50/2
nn-n<c(;) (5) el (3.45)

Setting 6 = 2 — r, we obtain the desired result for £ > 1/2 while r € [1,2]. The case
k < 1/2 follows from Theorem 3.1 and Corollary 3.2 since k bounded by 1/2. O

With these theorems, we obtained a bound depending on f.. To obtain a bound

that depends on the derivatives of f, not f., we need to lemmas.
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Lemma 3.4. Let f be such that (f'), € L'[—m,x|. Then

~ 1 — —

felw) = o= | (el = 1) = () e+ )| for  p#0. (3.46)

Proof. Since f. is even we can use the Sobolev norm (B.3) and integrate by parts to

get
/ 1.(0) cos(0)d (fc) (6) sin(0)d6
= ,U_W f (cos0) SlH@SlH(M@)d@
= 5= [ O)eos(s = 1)0) = cos(e + 10)}d9
le/fcos —-1)0 9—2M—7T/fcos (n+1)0)do
3 [Pt = 1) = (P + 1) (3.47)
which delivers the desired result. ]

Lemma 3.5. For 0 < m < N + 1 there exist constants o, n > 0 such that

17 = Sn) Fell g < O [[(F7) o (3.48)

Proof. Since Sy is the orthogonal projection of H° onto span{exp(ijf): 0 < |j| < N},
the result is straightforward when m = 0. So we assume m > 1. Since f, is even, from

(B.3) and (B.5) we have, for all J > 0,

(I-8)) f.= QZfC cos(pud) — QZfC cos(ub) =2 Z fC )cos(uB) (3.49)

p=J+1
so that

2

Fol) (3.50)

(1 =85 follgm =2 ) ™

p>J+1
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Using Lemma 3.4, this entails

=8 fllg < 5 32 w2

u>J+1
(Pl =0 + 3 e

< 2{: MQm—2

(Pl =1) = (P (n+1)

(Feu+ 1]

p>J+1 p>J+1
— 2
=S "+ )P (). ( D (=1 (1))
w>J wn>J+2
— 2
<2 (u+ 122 (f). (1) (3.51)
u>J
J+1
For pn > J we have @ >+ 1 so that
J+1 o~ 2
I e <2 (25) S s | 7
u>J
{]+_1 2m—2 ) . 9
<9 (m—1) |71 ‘
<2(1) > (1)
J 1 2m—2
= (=) M-S Pl (3.52)
J

Since m < N + 1, we can iteratively use this inequality m — 1 times to have

(I = Sn) fell grm
N+1\""/ N \"7? N—-—m+3 m_
() (7)) () Sy U 53)
which we write as
1= Sw) Fellygm < om0 = Syvmat) (F ) I (3.54)
where
B (N + 1) T N+
TN ENN-1)...(N-m+2) M \Ni1-; (3:55)

.
Il
-
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For m < N + 1, we apply (3.52) to the right-hand side of (3.54) to get
(T = S) fellsm < T [ (F™) o - (3.56)

For the case m = N + 1,

17 =80 (£ 2) [
< [T + 3 | 0]

1>0 p>2
< IF0)P + 2.3 [T )| = 1), (3.57)
u>1

where the last equality comes from (B.2). Hence

1T = Sn) fell gm < oy [|(T=S0) (F779) Nl 11 < oo [[(F™) | o (3.58)

and this completes the proof. ]

Remark 3.6. For fited m > 1 o, n bounded and, o, n bounded and o, n — 1 as

N — oo. Furthermore, if m grows with N (for example, set m = N +1 )

_(N+1)N¥ NV INY N
ON+1,N = N = Nl 1+ N ~ 271-]\7 (359)

The previous lemmas and theorems were constructed for improving the bound
on |Iy(f) — Ixn(f)| we obtained Theorem 3.1 and Theorem 3.3. To state the next

theorem, we define, for integer m > 1 the weighted seminorm on the interval [a, b] as

2 1/2
\flampan = {/\/b—xz‘ )d.:z:} . (3.60)
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When [a,b] = [~1,1] we just write |- |g» and we note that

- ) 1/2
e ={ [ 16 @ a0} =R (7)) 361

Theorem 3.7. Let v € [0,2] and 0 < m < N + 1. Then there exist constants o,, y

such that

1\" 1 m—p(r)
(0 - bl <o (1) () Vo (3.62)

when | f|m < co. Moreover o, x = Comn with C independent of m, N.

Proof. Assuming that |f|gm < oo, we have f € L?*[—1,1], and therefore we can define

an algebraic polynomial p of degree N as

p(a) = F(0) + 2 fo(n)Tu(z). (3.63)

Using definition (B.6) we obtain

pe(0) = F(0) + 2 fu(n) cos(nf) = (Snfo)(0) (3.64)

for all § € [—m,7]. Since Iy is exact for polynomials of degree up to N, Using

Theorem 3.3, we get

1k (f) = Len(f)| = [Ie(f — p) = Ln (f — p)

r 1 m—p(r)
(%) 1=l

r(—)WﬂﬂWf—&ﬂﬂmm- (3.65)
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By Lemma 3.5 we have

80~ 101 = o (1) (%) 160

1\ /1\™"" 1
=Copn (E) (N) ﬁ‘le’T (3.66)

and the proof is complete. O

3.3. Error Estimation of Integrals Over [a,b]

In previous sections we worked on the interval [—1,1]. Now we investigate arbi-

trary intervals [a, b]. To this end, we utilize the linear change of variables
r=a+d, te[-1,1] (3.67)

where a = I’JFT‘Z and 0 = I’_T“, to deduce

1Y (f) = 6 exp(ika) L (f) (3.68)

where f(t) = fla + dt),t € [—1,1]. So, we can apply the FCC quadrature to the
right-hand side to approximate / ,[Ca’b]( f) as

10(f) = 8 explika) Ip n (f) = 1 (f). (3.69)

We now consider an extension of Theorem 3.7.

Theorem 3.8. Let r € [0,2] and 0 < m < N + 1 and suppose that |f|pmap < 0.
Then

. . 1 r b—a m+1—r 1 m—p(r)
-1 <o (3) (550) (5) Mz 670
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Proof. Upon noting § = 52, we get

Il[ca,b](f) I[ab ‘ :5‘](% _]6kN(f)

(3.71)

Therefore Theorem 3.7 implies

0 \Isk(f) — Lo (f)| <

1
N
r m—p(r)
/ 1 1—r 1 g r
— - — m. 72

Since f™)(t) = 6™ f™) (v + 6t), we observe that

4 V™ (e + 51&)}
2 = 52m/ | dt = 6*™ | f|%,., 3.73
| flz » T | i - (3.73)
Thus
. . 1 r b —a m+1—r 1 m—p(r)
-] <o (3) (550) (5) Mz 67

This theorem is the most useful when we assume N is fixed. Observe that con-

vergence is satisfied by letting b — a — 0, hence § — 0.

Corollary 3.9. Let r € [0,2]. For each N > 1, there exists a constant cy =
OU§V+1,N(1/N)N+1_p(T) such that

a a ]' ' r
1 -] <o (5) 0 mps i@l 6

when f € CNta, b].
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Proof. Theorem 3.8 entails for m = N + 1

(] (4] . I\N" /b—a N+2—r 1 N+1—p(r)
Iy (f)—Ih}v(f)‘SUNH,N (E) ( 5 ) (N) |f 1 yniay- (3.76)

By (3.73), we also have,

2 1/2
P /1 | D (o + 6t))| @t
Hy [avb] 1 /1 _ t2

1 1 1/2
< max [N (2)] (/ dt)
z€la,b] _1V1-— t2

= \/;;2[%] | V()] (3.77)

Therefore the choice ¢y = (%)T N2 yields
1O - 120 <o (3) % mag |70 (378)
which is the desired result. 0

3.4. Accurate Computation of the Weights

The FCC quadrature rule highly depends on the accurate computation of the

weights. In this section, we introduce a two-phase algorithm.
In this connection, we first note that Eq. (A.2) implies
2wn (k) = pnt1(k) = pu-a(k), n=>2 (3.79)
where, for n > 1,

pn(k):/_ Un—1(s) exp(iks)ds (3.80)



_! /_ 11 T/ (s) expliks)ds.

where n > 1. Setting

we obtain the relation

wolk) = 20(k). (k) = 3u(k) = zpu(h).

32

(3.81)

(3.82)

(3.83)

(3.84)

where n > 1. Combining Eq. (3.79) and (3.80) we obtain the recurrence relation

2n

29 (k) = —pn(k) = ppi1 (k) — pna(k), n>2.

1k

Moreover, since Uy(s) = 1 and U;(s) = 2s, we have

p1(k) = 0(k)

pa(k) = 2 (k) — 70(k).

(3.85)

(3.86)

(3.87)
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For computational purposes, it is important to observe that

(k) = = exp(ik) — (~1)" exp(—ik)

2sin k
? for even n,
_ (3.88)
2 C_OS K for odd n
1k

which follows from Eq. 22.4.4 in [21].

3.4.1. Algorithm I: For n < min{N, k}

The first phase of the algorithm is constructed as follows.

Algorithm I: for n < min{N, k}

Result: Weights w,, defined as Eq. (3.7)

Initial: Compute p; and p, defined in Eq.(3.80) using 7, as in Eq. (3.88)
p1(k) = 7o (k),
pa(k) = 21 (k) — Fv0(k)

for n =2 to min{N,k} — 1 do

() = 20 (k) = 2 (K) + s (8)
end

Set: wy(k) = p1(k)

for n =1 to min{N, k} do

wn (k) = (k) = fon(k)

end

Algorithm 1: First phase of the algorithm

For the sake of stability, the restriction n < k£ must be added to the first phase.

If N > k, then the second phase must be implemented. To this end, we set and define
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ng = [k], choose M > nyg, tridiagonal matrix

21% 1
1 2(n;)k+1) 1

Au (k) = —1  AHmd) (3.89)

and the right-hand side vector

2910 (K) + prg-1(k)
27n0+1 (k)
bas(k) = Pnos2(k) - (3.90)

| 272m-1(k) — pane (k) |

Observe that

P (k) = [0ng (k) pro-11 (k) proy2(k), - - pars 1 (K)]* (3.91)

is a solution of the equation

Apr(k)x = b (k). (3.92)

With that linear system, the variables p appearing in the equation (3.92) compu-
tation of the weights can then be found by solving the tridiagonal linear system. Note
in this connection that the entries of by, (k) are given by (3.88) except for p,,_1 and
poni- The former is computed in the first phase of the algorithm, and for the latter
we use approximation with sufficiently large M. This approximation is given at the of

Section 3.5.
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3.4.2. Algorithm II: For k <n < N

The first phase of the algorithm is constructed as follows.

Algorithm II: for k <n < N

Set: ng = [k] and take M > max {nq/2, N/2}

Result: Weights w,, defined as Eq. (3.7)

Initial: Compute matrix Ay/(k) defined in (3.89) and column vector by (k)
defined in (3.90)

Solve: Obtain py(k) by solving Ay (k)par(k) = b (k) where
a1 (k) = [Png (k) g1 (k) g2 (k). - .. pans—1 (k)]

for n = ng to N do

wn (k) = vu(k) = 5 pn(k) /* 7, defined as Eq. (3.88) =*/

end

Algorithm 2: Second phase of the algorithm

After establishing our two-phase algorithm, a natural question is why the second
phase of the algorithm is not used for computing all the weights p, (k). The reason is
that the first phase of the algorithm is faster since we only use a forward recurrence
relation, whereas the second phase involves the solution of a tridiagonal system. Addi-
tionally, the proof of the stability of the second phase of the algorithm, depends on the
diagonal dominance of the matrix. This property holds only if the second phase of the
algorithm is restricted to the computation of the A,, (k) the coefficients p,, (k) for n > k.

Remark 3.10. The first phase of the algorithm deals with a forward recurrence re-
lation, hence has complexity O(N). The second phase solves a tridiagonal system,
which is solved by Thomas’ algorithm which has complexity O(N) when M is propor-
tional to N. Also, we obtained I, y(f) by applying the discrete cosine transform which

has computational complezxity O(N log N). Hence our quadrature rule has complezity

O(NlogN).
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3.5. Asymptotic Expansion of pyy,

In this section, we study the asymptotic expansion of pyy; which is essential for

the second phase of the algorithm. Let M be given, and introduce for M > k

pani (k) = /1 Uanr—1(s) exp(iks)ds = /07r exp(ik cos 0) sin(2M0)do (3.93)

where the identity follows from (A.2) and (A.3). Therefore

(3.94)
where we have set
(M) = / exp (iS1(6)) 6, S (0) = (+2M0 + k cos 6). (3.95)
0
The families of smooth functions
1 1
£0) = = .
w0 = 5@ T 2 — ksin) (3.96)
1 dp,(0)
+ _ r—1
po(0) = o) d (reN) (3.97)

will be used in the next Lemmas and Theorems.

Lemma 3.11. For allr > 0,

SO .



where ¢ (0) is a trigonometric polynomial in 0 defined recursively as
@w=1 q¢.= (qf),Sﬁ_L —(2r+1)gtSyL, r=0,1,2,...
In addition

pr(0) = (=1)p;(m)

p (0) = —p,(0), p(7)=—-p, (7).
Proof. For r =0,
1 1 1
p(0) = iSh(0)  i(£2M — ksin(0))  i(£2M — ksin(r)) o ()
and also

W0 = o =0 = s

Assume by induction for some 7, Eq. (3.98) holds. Then

. B 1 i Qﬂe)
Pr(0) = Ty g L‘r“ (S;(9))2T+1]

1 [(qﬂ’(e) _<2r+1>qf<9>51<9>]
i25,(0) | (S.(0)” (S.(0))” "
- g ) 050 - Cre g 0o
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(3.99)

(3.100)
(3.101)

(3.102)

(3.103)

(3.104)

So, Eq. (3.98) is proven. Considering equations (3.100) and (3.101), we observe that

ST0) = (1) SO (r — 0) = (1)), r=1,2,...

(3.105)
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We also need the identities

¢ (0) = (=1)q (7 —0), (3.106)

¢ (0) = ¢ (=), (3.107)

which clearly holds for » = 0. To see these we argue as follows. By induction we

assume, (3.106) and (3.107) hold for some r, and compute

a51(0) = (a2 (0)S4(6) — (2 + 1)g(0)S(0)
= (=) (g2 (7~ 0)] (-128(x —0)
— (2 + 1)(=1) [¢(m - )] (-1)*SL(x )
= (=1 ((a)' (v = 0)Sk(r — ) = (2r + 1) (x — 0)SL(m — 0))

— (1) (r — 0). (3.108)
and

01 (6) = (a7) (0)5.(6) — (2r + 1)g; ()5 (6)
= |- (@) (=0)] (=5L(=0)) = @r+1) [g; (=6)] (~1)S"(~0)
= () (=0)S_(=0) = (2r + 1)g; (~6)S"(~6)

— g (-0) (3.10)

]

Corollary 3.12. For all M > k and r > 1 there exists C,. > 0 independent of M and
k such that

pE(0)] + ’(pf)’ (0)( < C,kM™7% for all 6 € [0, 7). (3.110)
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Proof. First we note
¢ (0) = —1¢F(0)S] = kcosh. (3.111)

So, by recurrence relation in (3.99), we can see that every ¢ (6) has k as a common

factor. Also, observe that
G = (qf)/ (M — ksin@) — (2r + 1)g-(—k cos §). (3.112)

Now, fix 6, then we have ¢ as polynomial in M and k which have total degree of 7.

So we can deduce for r > 1

kNP
+ ! p—1larq _ v r—1 v q+p—r
@) <Cik D KTM=ClkM > <M> M= (3.113)
p21,q20,p+q<r p>1,¢>0,p+q<r
Now, since M > k we have, for all 6 € [0, 7],
g (0)] < CLkM™ 1. (3.114)
Also
|SL(0)] = [£2M — ksing| > 2M — k > M. (3.115)
Combine these, we obtain
£(9) ClRM !
+ 9| = qr( r — M—T—Q 11
}pr ( )‘ (Sg:(e))?r-i-l - M2+l Crk (3 6)

where 6 € [0, 7]. For estimation of |(p;)" (9)|, we use the definition of p;® in equations

(3.96) and (3.97) to have

() (0)] = [iSLOpEAO)] < CLy @M + R)EM " < 3C KM T2 (3117)



for 0 € [0, 7]. Combining these estimates, we conclude
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pE(O)] + ‘(pf)’ (9)( < CEM™2,  for all 0 € [0, 7]. (3.118)
O
Theorem 3.13. For all M > k we have
J J
pon (k) = —2 [ijr(()) sink +1 Zpé;H(O) cosk| + R;(M, k) (3.119)
r=0 r=0
with
\R;(M, k)| < CrkM 24 (3.120)
and C'y is independent of M and k.
Proof. Remark that
IF(M) = / exp (i1S+(0)) do. (3.121)
0
Now, by integration by parts twice,
T ]- -V . T -1 .
00 = [ o [1S40) e (15:(6)] db = [ 55(6) [1SL(6) exp (15:(6))) do
o 5%(0) 0
‘ [T dpy (0 ,
= paE(Q) exp (zSi(Q))‘O —/ pfw( ) exp (1.5+(0)) do
0
— 55 (0) exp iS5 (0))[; — [ (6) [1SL(6) exp (i8:(6))] s
0
1 T T d :I:(g)
= Z(—l)rpf(ﬁ) exp (154 (6)) —|—/ pcllé exp (1.5+(0)) dob. (3.122)
r=0 0 0
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We can repeat the integration by parts argument and with Sy (0) = k, Si(7) =
+2Mn — k, we have

™

00 =Y (1wt @ e 50| — [ P22 e 5. 0)) a0
== (=1)pF(0) [exp(ik) + (—1)""" exp(—ik)]
- /0 ﬂ%ﬂexp (iS..(0)) df (3.123)

where we have now used equations (3.98) and (3.100). So by equations (3.94), (3.98)
and (3.100)

1 _
B []:<M) — I (M)]

. 2J42

:% Z (=1)" (pf(O) - p;(O)) [exp(ik) 4 (—1) eXp(—ik;)}

pam (k)

+ % /OTF [dp%?@?) exp (154 (0)) — Clp;&—g@ exp (iS_(ﬁ))] @

+ Ry(M, k), (3.124)

J J
=2 [Zpé@(O) sin k —i—in;H(O) cos k
r=0

r=0

where we have used equation (3.100) in the last step. If we now define

Ry(M, k) =—2p3, ,(0)sink

+%' /0” [dngéz(@ exp(i&(@))_@%?(@)exp@s_(@)) g (3.125)

then we have
|Ry (M, k)| < Ci |p3;,2(0)] + Comazoeior |(p3y42) (0)] - (3.126)
Therefore Corollary 3.12 entails

\R;(M, k)| < CykM 24 (3.127)



where constant C; is independent of M and k.

Now we have the final theorem of the section.

Theorem 3.14. Let M be an integer with M > k and define

1 d
0) = - (0) = po(0)—=pr—_1(0), =1,2,...
Po(0) @M — Fsind)’ pr(0) = po(0) Z5pr-1(0), 7
Then
J
pani (k) = 2i Z( 1) par-(0 smk:—i-z ) pary1(0)cosk | + Ry (M, k)
=)
where

|R;(M, k)| < CykM~2/~4

and C'y is independent of M and k.

Proof. Observe that

po (0) = 5;1(0) = %
and
4 1 dp;,(9)
O = S5 ae
LU R 10
pr(0)
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(3.128)

(3.129)

(3.130)

(3.131)

(3.132)
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So we have establish

p=i"pt  and py, = i(—1)"ps,.. (3.133)
So the result follows from the last theorem O]

For computational purposes, we give the first seven asymptotics

1
po(0) = 0L
k
PO = @y
3k2
PO
(15K — AM?) K
p3(0> - (2M)7 )
~(105k2 — 60M?) k2
p4(0) - (2M)9 ’
(o) (945K — SA0KM2 £ 16M") b
p5 - (2M)11 )
—12600k%M? + 1008 M* + 10395k%) k2
pe(0) = ¢ * * L (3.134)

(2M>13

3.6. Stability of the Algorithm

In this section, we study the stability of the algorithm, starting with the first
phase.

Theorem 3.15. Let (&,,),, C C with |e,,| < e and define

pi(k) = pi(k) + &1

pa(k) = pa(k) + &2

" 2n ~
Puri(k) = 29 (k) = —-pu(k) + pu-r(k) + €nsr, n=2,3,... (3.135)



Then for all2 <n < k

|on (k) = pn (k)| <

4 nk'/?
1 + 5—(]{;2 _ n2)1/4 e.

Proof. For 6, = pn(k) — pn(k), we have

(51 =&
52 = &9
2(n—1
6= — 2 s s aten n=34,...
ik
which can be re-written as
Sy —2Anzl) g O En
— ik 1 , n> 3
5n71 1 O 5n72 O
Introducing the notation
671 €9 En
o, = , €9 = , Ep = forn=3,4,...
5n—1 &1 0

and

_ 2(n—1)

ik
D, = ’

we see that 6, satisfies

0,=D,0,_1+¢€, forn>3

44

(3.136)

(3.137)

(3.138)

(3.139)

(3.140)

(3.141)
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Repeating the argument, we get
0,=D,(Dy 16, 2o+€,1)+e, forn>3 (3.142)

Thus, inductively

ej+e, forn>2 (3.143)

n—1 [n—1
5n = Z [H Di+1

i=2 Li=j

where the sum on the right-hand side vanishes for n = 2 and

n—1
[[Di+1 = DDy ... D (3.144)
i=j

Introducing the sequence {57(3 )} , J = 2 defined as

n=j

n—1
50 — [H Di+1] g, n>j+1 (3.145)

=7

and

5 — g, (3.146)

n

we re-write the relation (3.143) as
5, =) 0V +e,. (3.147)
Writing

o) = , (3.148)
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the recurrence relation 579 ) = Dnéq(ﬁl implies forn > j 4+ 1 and j > 2

. 2n —1) s .
Ug) = __(Tl- >U7(1]_)1 + 07(1]_)2 (3'149)
ik
Initial conditions are,
o =g, oP=c,. (3.150)
and with the relation,
. cx
o =1" (3.151)
0
thus, starting conditions
o =0, o =¢; forallj>s3. (3.152)

Equation (3.149) has a form similar to

2(n—1
Ay — %an_l + ap_o = 0 (3153)

By equations 9.1.27 and 9.1.29 in [21], the sequence of Bessel functions {.J,,(x), Y, (z)}

n>1

is a fundamental system of solutions for (3.153). Therefore
Jo(k) =" Jo(k),  Yu(k) :=1i"Y,(k) (3.154)

are independent solutions for Eq. (3.149). Hence, for j > 3, the solution of Eq. (3.149)

may be written as

8D = oW I (k) + BDY, (k) forn>j+1. (3.155)

n
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By the initial conditions of o ), we also have

ald) 0
|7 (3.156)
_1 [ O ]
. (3.157)
&j

so that

) B Jia(k) Yi1(k)
BU) B Ti(k)  Yj(k)

i(k) €
B (—1)]’2+17rk‘i 00700 [ Vi) Y ] [ 0 ] | 158,
—Jj(k)  Jj-a(k) £

Therefore, defining M, (k) = /J,(k)? + Y, (k)?, using the Cauchy-Schwarz in-

equality and |¢;| < e, we arrive at

1) ki r~  ~ ~Y; 1 (k k
o) = % [ (k)Y )] Yo B) € %M (k)M;_1(k)e  (3.159)
Ji—1(k)
for 5 > 3. Proceeding similarly, for j = 2, we find
k
o] < T M (k) (My(k) + Ma(k)) € (3.160)
Since (c.f. section 13.74 in [22])
, 2 1
M:(z) < — forx >n >1/2, (3.161)
T2 — 12



and 2 < n < k, it follows for 3 < 7 < n that

09| mke V2 V2
N N e Ve T DT
, ke [
(7)
‘O-n | S (k‘2 n2)1/4 _(kf2 (s 1/4]
ke [
2] < +
) .
‘ n ‘ — (kQ n2)1/4 _(kQ . 1)1/4 (k2 . 4)1/4]

After establishing these estimates, we can use (3.147) to deduce for n > 3

ke

1 1 1

|0n] < e+ e n2>1/4

(kZ .

1)1/4 +

1 1

Since (k*

n—1 1

pa (k2 — j2

[n—

[ (K —

—

le

)1/4

< " dx 1
)1/4 - 0 (kz _1:2)1/4 < k1/4

/" dx
o (k—ux)t/4

— 22)"Y* is an increasing function for z € [0, k), we have

48

(3.162)

(/{Z . n)3/4}

-

1 4 34n 4 3/4
=i {—g(k—x)/}o_%m [k —

4112 L (kon AL g2
I _( k > <73
4

= k2

3

(3.164)
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so that
|pn(k) = pu(k)| = |6n]
ke U 1
<e+
(k2 n )1/4 [; (k2 )1/4]
<e+ he ilk:_l/Qn
- (k2 n2)1/4 3
4 nki/?

< [1 3(k2 n2)1/4] € (3.165)

This completes the proof. n

For k > n, the preceding theorem entails |p, (k) — pn(k)| S ne < ke. Next we

consider the case where n is close to k.

Corollary 3.16. Under the same assumptions as in Theorem 3.15, for all 2 <n < k,

we have

(k) = pu(k)] < [4+ 27K €. (3.166)

Proof. By the previous theorem, for n < k — 1,

4 EY2(k—1 27/ EV2(k — 1)
< — =
10,] < [1+ 3 — (k1 2)1/4] {1+ 3 =12/

)
7/41.5/4
{1 ;2 k } <[4+ 274 e (3.167)
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For k — 1 < n <k, we estimate

2n
|5n| S €+ ? |5n—1| + |5n—2|

< e+ 20 1]+ 02|

27/4k5/4
<e+3 {1 + ] e <[4+ 27454 e. (3.168)
Therefore
10n] <[44 274K € (3.169)
and the result follows O

Corollary 3.16 gives us an error bound for n close to k, but it is unstable for the

case n > k. The second phase of the algorithm deals with that instability.

Proposition 3.17. Let M > ng = [k] and Ay (k) and by (k) be defined as in (3.89)
and (3.90). If

Ap(k)pr(k) = bar(k),  An(k)pm(k) = bar(k) (3.170)
with
‘ bar(k) — bM(k)H <e (3.171)

then

lowr(k) = Bar (B, < (” ”) - (3.172)
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Proof. The proof mainly depends on bounding A,,(k).To this end, we use (3.170) to

write
(pas () = Paa () = A3} (k) (bas (k) = bas (k) ) (3.173)
so that

1B (k) = pas (k) . < [| A3 () |, |[Bas (k) = bas ()

< ||Ax (B, & (3.174)
Next we observe that if
iy -
ik
2(no+1)
ik
Dy (k) = 2not2) : (3.175)
2(2M—1)
L. T/k -
then
Ap(k) = (Ins + K (k) Dy (k) (3.176)
where I is the identity matrix of order 2M — ng and
_ N -
0 2(n0+1)
ik ik
" 2ng 0 2(no+2)
Ky (k) = Aoty Aoty : (3.177)

ik
T a(M-1) 0
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Note that

(TLO+1)]€ <n0+1
no(n0—|—2) _7’LO—|-2

[ K0 (K| o = <1 (3.178)

Therefore,

k 1
AR < ||Dyf (k Iy + Ky (k)M <
H w ( )”oo = H w )Hoo H( M m(k)) Hoo = 2n 1 — [|[Kp(k)]
2
<Mt (3.179)
2
Hence we established,
~ un) + 2
lpar(k) — pu(B)lloo = { —5— | (3.180)
and the proof is complete. O

From Proposition 3.17 we see that error bound for p,, contains the constant ng.
Therefore, we can choose a large value of M to have a better approximation for b, and

this will increase our accuracy [7].
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4. COMPOSITE CLENSHAW-CURTIS RULES

In this chapter, we will consider integrals with algebraic singularities on an in-
terval [a,b]. Applying the FCC quadrature rule directly on [a,b] would lead to an
unreliable computation. Hence, we develop a graded mesh approach, and assume that
the singularity is at the endpoint of a mesh. Without loss of generality we assume

[a,b] = [0, 1] and the singularity occurs at 0.

First, we define three function spaces that have singularity order (.

Definition 4.1. Let m > 1, 8 € (0,1), and define CF'[0,1] to be the space of all

functions v € C[0,1] such that ||v|/m s < oo where

|v|lm.p = max < sup |v(x)|, sup ’x(j’ﬁ)v(j)(:c)‘ . o J=1,....my. (4.1)
z€[0,1] z€(0,1]

Definition 4.2. Let m > 1, 8 € (—=1,0) and define CF[0,1] to be the space of all

functions v € C(0,1] such that ||v||mz < co where

z€(0,1]

0|l = max{ sup ‘x(j’ﬂ)v(j)(a:ﬂ ., j=0,... ,m} . (4.2)

We now extend these definitions over an arbitrary interval [a, b].

Definition 4.3. Let [a,b] be an arbitrary interval, and let 5 € (—1,0) U (0,1). We
define

b—a) P
A ( CL) Supve[a,b] |f(v>|a ﬁ c (07 1)7

||f||(a,b],m,6 - mMaX;—1,...m SUPye(q,b] |(U - a)j_ﬂf(j) (U)|

.....

maX;—o,...,m Supve(a,b] |(?} - a)jiﬂf(j) (U)| ) 6 S (_]—a 0)
(4.3)
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Now we define the function space appropriate for logarithmic singularities

Definition 4.4. For m > 1, we define CJ*[0,1] to be the space of all functions v €
C(0, 1] such that ||v||mo < 0o where

[0]lm,0 = max { sup |(|logz|+ 1) 'v(z)|, sup !:Ejv(j)(:v)‘ , Jj=1....m,. (44)
z€[0,1] z€[0,1]

Observe that C'[0,1] € L*[0, 1], for € (—1,1).
4.1. The Composite Algorithm

Throughout this section, we assume f € C7'[0, 1] where 8 € (—1,1) and that sin-
gularity occurs at 0, which can be ensured through with an affine change of variables.
For the intervals that contain singularity we develop a graded mesh approach, thus we
will have small subintervals that are near the singularity which increases the accuracy.

The definition of graded mesh is as follows.

Definition 4.5. For M € Ny and g € R™ we define the graded mesh

o\ 4
nM,q:{xj:(ﬁ) :j=0,1,...,M}- (4:5)

With this definition, we write our integral as

M

L) = L) + 2010, (4:6)

j=2

The first term in this expression needs a special treatment since depending on whether
£ > 0or <0, we will have different approximations. For integrals in the summation,

we can directly use the FCC quadrature rule, since these intervals, by assumption, do
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not contain a singularity.

For the first subinterval, we introduce the approximation

el it pe(o
ﬁjoywl](f) _ k,1 (f) 1 B S ( ) 1) (47)

0 if 8 € (—1,0]

where

f (Q[xo Il]f) () exp(ikx)dx  if x1k>1

L) =
[ (@) (f exp(ik)) (e)de i mk < 1.

(4.8)

Here QI"™ f is the linear function interpolating (o, f (zo)) and (z1, f (x1)). Putting

this approximation in place of first subinterval computation, we get

0,1 x T T x]
]IE,N},M,q(f) P ! +ZI ! (4.9)

We define the total error Ejy yaq(f) as

Ernana(f) = |10 () = LN o () (4.10)

where the local errors are given by

e =177 f) = I ()

e; = L) — L) for =2, M (4.11)
Observe that

Epnarg(f) <[]+ el (4.12)
j=2
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4.2. Estimates on the Size of the Integrals

In this section we derive estimates on the integrals / ,LO’a]( f). This will be useful

on estimating the total error Ej narq(f)-

Lemma 4.6. For any 5 € (—1,0) and any f € Cé[O, 1] there exists Cg > 0 such that,
fore € (0,1]

12940 < e (1) Wl (4.13

where s € (0,1 + B]. Furthermore, for any f € C3[0,1] there exists Cy > 0 such that,
fore € (0,1]

. o (1+1logk\”®
1£900)] < Cule + eltogely™ (ZEE) sl (4.14)

where s € [0, 1].

Proof. First we consider the case when 8 € (—1,0). The case = 0 is similar. First

note that, for all € € (0, 1],

S flls (415)

. : 1 1
10900 < | [ waa] Ul = 552l < 1=

For ek < 1, we have

€ 1 - 1 ’ - 1 ’
19| < (o) (5) =t (1) Wohs (1o

where Cs = (1 — |3])~'. Considering the case ek > 1, we observe that |f(z)] =

28| f(2)2 =P < 28| f|1 5, and show that

090) < [ 2] P52] (3) s (117)




To this end, we write
0,e 0,1/k 1/k.e
190y = 1) + 15 ).

Using (4.15), we estimate

0,1/ L (1"
1| < 2 (3) Wl

On the other hand, integration by parts yields

1

4%%ﬂ=%mmwmmmUW”—— J(@)explika)d.

1 'Lk 1/k

Thus we have

&

| < ¢ [ir@1+ rami+ [ 1rla

1/k

| =

Since , | f(x)| < 2P| f|l15 for x < 0, we see that

e , e B 1
/|f@wms/‘ﬁlmwmﬁér1
1

/k 1/k

Thus

R 1 1
‘[,E,l/k’ ](f)‘ < & [1 + W}

B
=+ (7) ]Hfmﬁ

and, since £° < (1/k)”, we obtain

] ) N
i) <2 S (1) il

B
=+ (1) ]HfuLﬁ
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(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)
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Substituting (4.24) and (4.19) into (4.18) we obtain

o) < [PLE2UC 0] (g,

a1\
8420 =181 sy (1)
<Pz (&) s 4:29)

Considering the case 8 = 0, we observe that 1+ |log(z)| = 1—log(z) for z € (0, 1]
and, | f(2)] = (1+ [log(x)) [(1 + [log(2)[) " f(2)] < (1 —log(2))[| fll1,5- Therefore

‘[’[ﬂovsl(f)‘ < /0 1 —log(z)dz| f|l1,8 = (2¢ — elog(e))]| 1,8

< (2e +elog(e)) [ fl1,6- (4.26)

Now if ek < 1 we can obtain the desired result since

10705)] < (26 + 2 10g(£))' (22 + e log(2)* £ 1115

o[ 1+logk s
< Cy(e +¢llogel)! ( kg > | fll10- (4.27)

If ek > 1 we follow the technique as in the case § < 0 to have

HE log k
) < [T togwella < (FE ) 1l @2s)

and

[1/k.e] 1 - : ) da
] < g el rami+ [ 1wl (1.20)



Since

LIFEI+ 1FA/R)] < 1 (1 + | log(@)] + 1+ |1og(L/K)) £,

k

(1 —log(e) + 1 + [log(k)[) [1/]l1.s-

and

5 B 1 .
[ el = st
k
1/k

(log(e) + [log(1/k))II.f [|15-

Inequalities (4.28) and (4.29) entail

) < (R gy

18907 < (4+3wlog<1/k>\> 1flls < 4 (M) 1 lls.

k k

Since |log(e)| > |log(1/k)| = log(k) for € € [0, 1], we get
10900 < 0 (FEER) e+ ctonte) o

and the proof is complete.

29

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)
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Lemma 4.7. For any § € (0,1) and for any f € CE[O, 1] there exists Cg > 0 such that
fore € (0,1] and s € [0,1]

£ —S 1 ’
18900 < 6o (3) Wk (4.35)
Moreover, if s € [1,1 + f],

£+ £+ G~ (1) 17115

[[05( >‘

?vlw W‘I*—‘

1 S
Iloa + Cact*?= (1) Wik (4.30)

Proof. We truly have

109(5)| < el fllos (4.37)

On the other hand, since |f(x)| < || f]los for = € [0,1], an integration by parts

yields
0.] 1
10900 < L0 O] + 1(e) ) exp(ik)ds

) (4.38)

< AWlos+ 1| / P (e) exlika)dz
Since | f'(z)| < 2P| f|l15 for z < 0, we also have

/ : g 1 s
) exp(ike)de) < | [ 2" dx| [[fll1s = 5° 1f1]1.5- (4.39)
0

Therefore

1£90)] < (24 3) 7o (4.40)
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It follows that

’1—5

10| = |2

< ((2+3) b)) Clrta

LY
<™ (3) Wha (a.41)

As for the second inequality in the lemma, observe that 5 —1 € (—1,0), and since

€ C2[0,1] we have f' € C}_,[0,1], Lemma 4.6 entails
B B-1

/1 t / /1 t
< O™ (1) I7hps < Cose®™ (3) Iflls (022

/O () explika)da

for all t € [0, B]. Setting s = 1 + ¢, the result follows. ]

Concerning the sharpness of the estimates in Lemma 4.6 and Lemma 4.7 as

k — oo, we define the family of functions

A, Be(=1,00uU(0,1
fo(z) = ‘ EhOuy (4.43)
logz, B =0.

Lemma 4.8. For all § € (—1,1), there exists a constant Ag > 0 such that, for all k

sufficiently large,

jomin{1+6,1} ‘IJEO’I] (fﬁ)’ > A when B € (-1,0)U(0,1)
k
log k

‘I,EO’” (fo)’ > Ay when f=0. (4.44)
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Proof. First we note that (c.f. Eq. (3.761.1) and Eq. (3.761.6) in [24]),

1 JE—
/ o sin(ar)dz = [ Fy(ps o 13d0) — Fy g+ 1 —ia))
0 2

for [a >0, Rep>—-1, pn+#0|,
1
1
/ 2" cos(ax)dr = M WF (s e+ 1 ia) + 1 Fy (s o+ 15 —ia)]
0
for [a >0, Reu > 0] (4.45)

where 1 Fy(a,b, z) denotes the confluent hypergeometric function as defined in (C.2).

For 8 # 0,

1 1 1
I,LO’I] (fs) :/0 2P exp(ikz)dr = i/o ” sin(kx)dx+/0 o cos(kx)dx

= m LWFi(B+ 1,84 2,ik) —1F1(B+ 1,8+ 2, —ik)]
+mhﬂ(ﬁ+ LB +2ik)+1F1(B+ 1,58 +2,—ik)] (4.46)
so that
I,L“’” (fs) = 5 Jlr 1 VFL(B+1,8+2,ik). (4.47)

The confluent hypergeometric function ; F(a, b, z) has the following asymptotic
property mentioned in the Eq. (13.5.1) [21], at large values of |z|, with —7/2 < argz <
37 /2, for fixed a and b:

z ,a—b

\Fi(asb,2) = T'(b) ( Zf(;f_@ + ) (140 (=) (4.48)

Hence, for our integral, we have the asymptotic behavior

IIEO,l] (fﬁ) — (F(l + ﬁ)eiﬂ(lﬁﬁ)(ik)*l*ﬁ + eik@'k)*l) (1 +0 (kil)) . (449)
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So, for k sufficiently large and 8 € (—1,0),

(FrA+ )k =k > I+ 8k "7, (4.50)

1
4

N | —

10 (£)] >
and for 5 € (0,1),
(k' =T+ Bk ") >

1Y (£5)] > K (4.51)

N | —
»-lkl>—‘

Thus, we obtained the first inequality in the lemma.

For the second inequality, let 5 = 0. By Eq. (4.381.1) and Eq. (4.381.2) in [24] ,

100 (f) = /0 log(z) exp(ikz)dz = i /0 log() sin(kz)dz + /0 log () cos(kz)dx
(4.52)

where si and ci are the sine and cosine integrals

t ’ t—1
/ &dt ci(z) = v +logz +/ %dt (4.53)
0

and v =~ 0.5772 is the Euler-Macheroti constant. So we have

I;EO’” (fo) = 1 (g + iy +ilog k;> + %(m(k‘) + itextsi(k)). (4.54)

k
Since (see equations (5.2 .8) (5.2 .9)] in [21])

si(z) = —f(z) cos(z) — g(2) sin(2),
ci(z) = f(z)sin(z) — g(z) cos(z). (4.55)

with (c.f. equations (5.2 .34) and (5.2 .35) in [21]),

20 4! 6!
f(z)%—(l —|————...> where |arg(z)], < 7

z 224 46
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o(z) ~ % (1 s r ) where |arg(2)] < 7 (4.56)
as |z| — oo we have
si(k) = O(1/k), ci(k)=0O(1/k) ask — oo. (4.57)
Hence, we obtain

1
Z iy +ilog k) +0 <ﬁ) . (4.58)

IJLO’I] (fo) = —% (2

Therefore for all k sufficiently large,

(4.59)

and the proof is complete. O

4.3. The Total Error for the Composite FCC Method
In this section, we estimate the total error, defined in (4.10), of the Filon-
Clenshaw-Curtis rule. Using Lemma 4.6 and Lemma 4.7, we can estimate |é1]. In

the following lemma, we estimate the summation part of the error in (4.10). Finally

we derive an estimation for |é;].

Lemma 4.9. Let f € Cg*l[o, 1],8 € (=1,1), let v > 0, and choose

g>(N+1-r)/(B+1—=71), forr<1l+p. (4.60)
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Then there exists a constant C' which depends on N, (3, and q such that
M 1 T 1 N+1—r
>l <€ (3) (5) Wlxeaa (1.61)

Proof. We let C' denote a generic constant and it may depend on N, 8, and ¢. Using
the bound developed in Corollary 3.9 , and denoting 0; = (x; — z;_1) /2, we have

r M

Z‘6J|<C( > 255\7-1-2—1” max |f(N+1)(x)|

x€[rj_1,24]

r M
( ) Z%NH ' 5 e 1} 1l v+1,6- (4.62)

Jj=

The mean-value theorem shows that

5. <02 j-1\" for j=2,...,M (4.63)
J = M M r J =4 .

so we have

gt o (LY (121 (464)
R M M ‘

where a = ¢(f+1—1) — (N +2 —r). Therefore

é‘eﬂ“ <o(i) (&) {fﬁ i (j%)} s (469

j=2

The sum here corresponds to a Riemann sum for the integral fol x%dx, which is finite

since o > —1. O
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Lemma 4.10. Under the same hypothesis as the Lemma 4.9, there exists a constant

C which depends on [ and q such that for N > 1

1\ /1Y 1l when 3 € (=1,0) U (0,1)
) ()

e < C (E
(1 +log k)" (log M)~ || fll2o  when B = 0.

(4.66)

Proof. In this proof we take xq = 0 since the first point is 0. Considering 5 € (0, 1),

we have

‘<Q[10,$1]f>/‘ ’f(l'l)xl ‘ le/ f d.I < _/ |f/(.7))|de’
1 .
< | [7 o e 1fls = 5o Ml (4.67)

Moreover, for any ¢ € [0, 2] and any f € C}[0,1], we have

70 - i) =| | (r-@5) @z

< / 1 @)lda + / (@07) |

. (4.68)
/ 0.21] 2\’
< [Cir@las o (@)
2
< 5% LA 1l,s
so that
al=| [ (10 -t s@) explikorts| < ol s (69
By integration by parts, we also have
- 1 [ o ! .
e=— i <f(x) - (Q[lo’ ]f> (x)) exp(ikx)dx. (4.70)
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Since [’ € C’é\ll and § —1 € (—1,0), we can observe that Lemma 4.6 implies

x) exp(tkz)dz

1 1
<0 () 10 (2) Wi
/
Furthermore, (Q[lo’ml] f) is constant, so we have

/Oxl (Q[lo’xl]f>/exp(ik:x)dx

(@5“”1-‘)'\

B
_6k

/ exp(ikx)dx
0

(4.72)

Combining (4.71) and (4.72) with (4.70), we arrive at

ler] < C’é

1\ 148 B—1 1\ 148 B
7) +% ] 7o <3 (3) [0+ @b Iflas. (473

Hence if 21k > 1 we can interpolate (4.69) and (4.73), to obtain for any r € [0,1 + ]

_ , 1 r 1+5 . T 1 N+1—-r
lel] < CF z I fllvs1,8 < Cj k; i [ £1l2,6- (4.74)

If x1k < 1, define fy(x) = f(x)exp(ikz) and use(4.68) to have

| (50 = @ i) o

2
o 1 fill g

1\" _

() =l

1 r 1 N+1—r

(i) (5) W (4.75)

So the result follows for 3 € (0,1).

1] =

VAN N
isJ B VR RN tbl

IN

For g € (—1,0], we approximated |e;| as zero, thus the result directly follows

from Lemma 4.6 with ¢ = 2y and s = r. ]
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Theorem 4.11. Under the same hypothesis as Lemma 4.9, there exists a constant C

which depends on N, 3, and q such that

r N+1—r
Eyng(f) <C (%) (%)

[RAIFEENE when § € (=1,0) U (0,1)
(1+log k)" (log M) || fllxns10 when B =0
(4.76)

Proof. We have the following inequality,
M
| Ex g (O < 61+ el (4.77)
=2

Since is || fllvg < || fllnvt1s for I > 0, Lemma 4.10 yields for 5 € (—1,0) U (0,1)

_ 1"/ 1\ N 1"/ 1\
al<c(y) () Whase(y) (5)  Wlvas @

Combining this with Lemma 4.9 directly gives the result. The case = 0 is treated
similarly. O]

One may extend the analysis we developed above to functions that have more
complicated singularities than we considered. See [25] for more information and ex-
amples reader can check. To exemplify one such case, consider functions that behave
similarly to 2°log(x) with 8 € (—1,0). The relevant function space in this case is

defined as follows.
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Definition 4.12. Let m > 1, § € (—1,0) we define 6@”[0,1] to be the space of all

functions v € C(0,1] such that ||v||m s < oo where

[#%(|log 2| + 1)] " v(x)

SUPgze(0,1)

Y

[0]lms = max | o
sup,eo | [ (ool +)] 0D @), j=1,...m

As shown in [25], a similar error analysis yields, for s € [0,1], ¢ > (N + 1 —
r)/(B+1=r)and r € [0,1+5),

Erxnang(f) < Co(f) <%)” (log M) +A= (%) N+1—7’. w50,
where Cy(f) is a constant.
4.4. Nonlinear Oscillators
Next we consider the case nonlinear oscillators, that is, g(z) # x.
4.4.1. A Nonlinear Change of Variables
In this section, we consider the integral
b
1.9) = [ @) explikg()d. (181)
with a nonlinear oscillator g. We assume g € C* and introduce the change of variables

T =g(x). (4.82)
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If g has no stationary point, meaning ¢'(x) # 0 for all z, we have g~' € C*[a, b], (¢~ =

1/(¢g' o g71). Now, with the change of variable, our new integrand becomes

Nl (fog™)
r_ fogl‘gllz—- 4.83
e 1) = g g )
So, in the end, we have
[ia,b](f’ g) _ I]Lg(a)’g(b)}(F)- (484)

Hence, our integral is similar to what we worked on in previous sections. If f € C*[a, b,
we can directly use FCC rules as we did before. If our integrand f has singularities,
we can also use the methods (involving graded mesh) to compute the integral. One
must see that, there is an extra computational cost added here due to the inverse g1,
which needs special treatment in some cases. Another important aspect of this change

of variable is that if g(a) > ¢(b) while a < b, we should transfer our integral with the

affine change of variables to [g(b), g(a)].

4.4.2. Nonlinear Oscillator With Oscillatory Points

In this section, we work on the case where ¢ has finitely many stationary points
{&}Y, which will drastically expand our use of the method. Use of the composite rule

in this case needs special attention since stationary points lead to singularities in F'.

We introduce subintervals of [a, b] such that every subinterval has at most 1 sta-
tionary point or 1 singularity point (of f); however, stationary and singularity points
can coincide in some cases, but it does not pollute the computation. With this ap-
proach, we obtain a monotone oscillator on each one of these subintervals which allows

us to utilize the approach in Section Section 4.4.1.

This reduces the problem to the treatment of an interval with a singularity or

stationary point. In the rest of this section, we assume that the oscillator ¢ has one
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stationary point & € [a, b] such that

g =g"(&)=-=g"E=0¢g"E #0and g(x) #0forz € [a,b]\{}
(4.85)

for some n > 1. Thus, £ is a stationary point of order n.

Now, we separate our integral into two integrals as

g(&) g(b)

F(7)exp(ikT)dr + /(g) F(7)exp(ikT)dr. (4.86)

19(f, g) = /

g(a)

For the following results, we need the Faa di Bruno formula which concerns the

derivatives of the composition. In detail, for sufficiently smooth functions ¢, ¢

(¢po 1/,)(17) — Z p_‘ (¢(|m|) o ¢) (H (¢(j))mj> (4.87)

m)
j=1

where p € Ny, m is multiindice with Y 7_, kmy, = p and |m| = >_,_, my and m! =

p !
szlmk..

Lemma 4.13. Assume g € C*®[a,b] and that it has a single stationary point & of order

n. Then for all p € N, there exists a constant C, > 0 such that

‘(9‘1)@) (T)‘ < Gyl = g(O*". (4.88)

Proof. We assume without loss of generality, g™+ (¢) > 0 and ¢ < b. Hence, we study
the case where 7 € (&, 0] only. By Taylor’s theorem, we have

(z = &)" (n)

g(x) =g) +(x—&g() +---+ R (&) + Re(x) = g(&) + Re(w)  (4.89)
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where

fQ(x)::—-jéxcn—-w"ghﬂ4>@)dt (4.90)

yzi:i (4.91)
so that
t=ylxr—¢& +& and dt = (z—&)dy, (4.92)
we obtain
Rele) = o [ = sta =& =g yla =) + (o — )y
i [ e =00 - ! " e - + e -y
— =9 [ =g gt )+ i (4.93)
Therefore
Refo) = (0=€)""'Tela) - where Ta) = o [ (1=)"g™ (€ ula—O)dy. (494

It follows that, for all = € (&, 0], R¢(z) > 0 and T¢(z) > 0. Also, since g € C*[a, b], we
have Ty € C*°[¢, b] and

;)'g(”ﬂ)(&) > 0 since g™V (€) > 0. (4.95)

T6) = o [ (=0 Oy = g
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Now, set a« = 1/(n + 1) and define

he(x) = (9(x) = 9(§))" = (Re(r))” = (Te(x))" (x = £). (4.96)

Then he € C(&,b], since g € C=(£,b] and hi(z) = a(g(x) — g(£))*"g'(x) > 0 for
z € (0]

Furthermore, since hi(§) = (T¢(£))" > 0 and h; is positive valued on [¢, ], it
follows that he : [€,b] — R is invertible and (he) ™" € C™ [he(€), he(b)].

Using the notation ¢ = hgl and (1) = (7 — g(£))* and we apply Faa di Bruno

formula to obtain

(¢ov)® =h' ((r = g(€)")™
= 3 B () o (r = g(g))°) (H (= g<£>>a><j>)’”") (o)

Jj=1

Since hgl is smooth, ((h_l)(|m|) o(r— g(f))a) is bounded, and we observe that

3
p .
TT (7 = g(€)")?)™) = CJr — g(g) (e tmtom2matesttomiimy - (4.08)
j=1
where C'is a constant. Since a|m|— p > « — p, the desired result follows. ]

Theorem 4.14. Assume that f and g are in C*[a, b] and that g has a single stationary
point & of order n. Then for each p € Ny := NU {0}, there exists C, > 0 such that

[FO(r)] < Cylr = g(©)1*77Y 7 € [g(a), 9(€)) U (9(€), 9(b)]. (4.99)
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Proof. Remark that our integrand F' is the following,
F=(fog ") (s (4.100)
By the Leibnitz rule, F® is a linear combination of terms of the form
(fog ) (g™, 1=0,....p (4.101)
We already developed in Lemma 4.13 that
(™) ()] < Culr = gle) o, (4.102)

Since f is smooth, by Faa di Bruno formula we can estimate the first term as

l

H ((9—1)(j)>mj

J=1

C (4.103)

where C' is constant. Again, for the product part, we can use the Lemma 4.14’s proof

and estimate it with |7 — g(¢&)[*%.

After establishing the bound, we return to the products, for [ # 0 each of these

can have the terms of the form

Clr = 9" Cilr — g(O* " = Gyl — g(§)* 7. (4.104)

where C), is constant. For the case [ = 0 the bound is Cp|7 — ¢(£)|* P! and since

a > 0, we obtain the desired result. O

As in Remark 4.12, the tools we have developed to prove Theorem 4.15 can be
easily extended to the case of functions with an algebraic or logarithmic singularity at

points where ¢ is also stationary. Let us assume that ¢ is an increasing function on
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[a, b] with a stationary point of order n+1 at point a. When g € (0, 1) the result comes
directly since f € Cla,b]. For the case 5(—1,0], we present the following theorem.

Theorem 4.15. Let g be an increasing function on [a,b] with a stationary point of

order n+1 at point a and let 3 € (—1,0]. Suppose that f € C>(a,b]NCjla,b] satisfies

@) <cd PToele—al i5=0 forallz € (a,0]  (4.105)

(x —a)? if B€(—1,0).

and forn > 1,

sup |(z — a)p_ﬁf(p)(x)’ <C, for0<p<n. (4.106)
z€(a,b]

Then, for T € (g(a), g(b)], we have

|F(p) (1) }

— at+B—p—1 ; —
Gl L0,

= 9@l (1 log(lr ~ g(a)D)) 5 =0,
for all T € (g(a), g(b)].
Proof. By (4.106), for 5 € (—1,0] and p < n, we have
}f(p)(a:)‘ < Cpl(z— a)ﬁ_p‘ for all x € (a,b]. (4.108)

Fix p < n. Using the same idea as in the previous theorem, we see that F®) is a linear

combination of

(f o gfl)(l) (gfl)(pflﬂ) [=0,...,p. (4.109)
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The term on the right can be bounded by Lemma 4.14 as |7 — g(a)|* "1, When

[ > 0, for the first term, use the Faa di Bruno formula to write

l
(Fog™)0 =3 L0 (o g) (H (<g—l><”)"”> - (4.110)

m)
j=1

Again, by Theorem 4.15, we can use the estimate for the term in the product by

17 — g(a)|*"". Thus we have
£ 0 g7 ()| < Cy 7 — gla)” ™. (4.111)
Since Y jm; =, and |m| =Y m; <, assuming |7 — g(a)| < 1, we have
7= g(a)”™ < I = g(@))” (4.112)

Hence, we have a bound for the first term in (4.110), hence our overall estimate for the

first term in (4.109) is
(Fog ™) <7 —gla)*". (4.113)
Then, we have
(fog ) O(g )P I] < | — g(a)PH (4.114)
Now, we check [ = 0. Consider § = 0, using (4.105)

[(fog ™)™ H®I| < (L+ [log(IT — g(@))) 7 — g(a)| " (4.115)
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For g € (—1,0) we have

[(fog™) (g7
<t —g(@|’|r - g(a)]* "

= |7 — g(a)|**7" (4.116)

and we’re done. O

4.4.3. Implementation for Integrals With Stationary Point

In this section, we give details for the implementation. For £ € [a, b] be stationary

point, and write

9(&) g(b)

F(r)exp(ikT)dT + /(g) F(7)exp(ikT)dr. (4.117)

1#9(f, g) = /

g(a)

As we mentioned, F' has singularity points at the stationary points of g. With a
linear change of variables, we can transform these integrals to integrals on the interval
[0,1] where 0 is the singularity point of F' (hence the stationary point of g). After
that, we can implement the composite FCC method we developed for integrals with a
singularity. For example, considering the second integral, introduce a new change of

variable
T=g() +cr where ¢ = g(b) — g(§) (4.118)
where ¢ = ¢g(b) — g(§) and T € [0,1]. This entails

0t g) = 12 (F) (4.119)
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with

F() = cexp(ikg(€))F(9(€) + c7) (4.120)

so that, by Theorem 4.15, we have |F/(2)® (Z)r+-| < C, where C,, is constant. We
can see that F' € C5[0,1] with f =a — 1 = —n/(n+1) € (—1,0).

In the composite FCC method, we used graded mesh. For large ¢ and M values
our first subintervals become too small which may lead to rounding errors computing
g(&)+c while g(€) > cz. This causes polluted and troublesome evaluation of F/(g(£)+
cZ). In the implementation of the algorithm, we frequently encounter the problem of
accurate evaluation of x := g7 (g(£) + €) when ¢ is small (and for our case, € = cZ).

Observe that g(x) — ¢g(¢) = ¢ and from Lemma 4.14

Re(z) = g(x) —g(&) and Re(z) = (v — &)"Te(x). (4.121)
with T¢(&). Therefore
e=(z—&" T (z), (4.122)
So that, for a = 1/(n + 1),
e = (v = §)(Te(x))™. (4.123)
Therefore x is the solution to the nonlinear parameter-dependent problem

G(z,¢) = (Te(2))* (z — €) — & = 0. (4.124)

Since G(£,0) = 0 # G,(£,0), by the implicit function theorem near e = 0, there

exists unique x that is smooth function of €* and there exists a constant '} so that
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|x — &| < Cre® for small enough e. Furthermore, x is also a solution to the fixed point

problem

r=E+ (@)a — H(x). (4.125)

Since T¢(€) > 0 and T is smooth in a neighborhood of &, it is clear that H is Lipschitz
in a ball centred on ¢ and its Lipschitz constant is Cye® for some constant C5. So for
small enough €,z is the unique fixed point of H and fixed point iteration converges.

Thus, for small € we can approximate = with & := H (&) and our error is
17— 2| = |H(&) — H(z)| < Coe®|¢ — x| = O (). (4.126)

For the case where ¢g(§) > g(a) the approximations above takes the form

v =€— (zj))a = H(x). (4.127)
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5. METHOD FOR LOGARITHMIC SINGULARITIES

In this chapter, we are concerned with the approximation of integrals of the form

IXf) = /1 f(z)log ((z — a)?) exp(ikz)dz (5.1)
where o € [—1,1] and k € R.

The approach of the FCC quadrature for the integral (5.1) is similar as we men-

tioned in Chapter 2. In the case of logarithmic singularities, we use the approximation

I,‘iN(f) = / Py f(x)log ((x — a)2) exp(tkx)dx ~ I (f) (5.2)

1

where Py is the N** degree polynomial that interpolates f at the Chebyshev points.

The main concern in the estimation of the integral (5.1) is, once again, to find

the weights,

(k) = / To(z)log ((z — @)?) exp(ikz)dz. (5.3)

1

Observe that, for the nonoscillatory case, the weights are

& =600 = [ Tu(o)log (o~ ) do (5.4)

1

The blessing of the three-term recurrence relation for the computation of the
weights in Section 3.1 is again applicable here, weights £ (nonoscillatory case) also obey
the three-term recurrence relation, which opens ways to fast and accurate computation.
For the oscillatory case we will derive a two-step algorithm, the first algorithm (n < k

case) will use the three-term recurrence, and the second algorithm (n > k case) will
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deal with a matrix equation.
5.1. Error Estimation

We write the difference as

1

Iy —L(f) = / En(z)log ((z — )?) exp(ikz)dx (5.5)

-1

where
Ey=0Onf—f. (5.6)

The convergence estimates for the trigonometric interpolant in Sobolev spaces can be

straightforwardly adapted to prove that, as established in Theorem 8.3.1 in [26],

I(En).]

e < Caro N fell g (5.7)
where r > s > 0 with r > ry > 1/2 and Cs,, independent of f, N and r.
Set w(z) = (1 — x2)1/2 and define for g € {—1,1}

1 8/2 1/2
oo = 1502 oy = | [ 0P =) ae] e

Observe that, by Holder’s inequality

= ‘/_11 flz) (1 —x2)1/4g(a:) (1 —9(:2)_1/4dx

< [ fl-rwllgliw

/ e

(5.9)
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and also we have the bound

1/2

1
1/2
ol = [ o) (1= )
-1

1 1/2
1/2
<ol | [ (12" ds
-1
= Vlgllrw-1)- (5.10)
From the relations
1010 = U ellgaom and 1T = (G N0 (5.11)

estimates (5.7), and the Sobolev embedding theorem [24, Lemma 5.3.3], we can easily

obtain the estimate
1BV -1y + N7 BNl + N2 BNl o1y S CoN T (| fell e (5.12)
valid for any r > 1 with C. depending only on £ > 0.

In the next lemma, we consider the asymptotics of £§ (k).

Lemma 5.1. For all « € (—1,1) there exists C, > 0 so that for all k > 2
€6 (k)| < Co (1+ |log (1 —a?)|) k7. (5.13)
Moreover, for a = +1,
&7 (k)| < C1k~ M og k (5.14)

with Cy > 0 independent of k > 2.
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Proof. For the proof, we borrow straightforward calculations from Subsection 5.2.3,

equations (5.78) and (5.78) and consider k — oo. These entails

kh_}rrolo €5 (k)| :kh_>1rrolo ‘% [log (1 — a?) sink + sin(ak) (Ci((a + 1)k)) — Ci((1 — a)k)
—cos(ak) (Si((a + 1)k) + Si((1 — a)k))]
—sin(ak) (Si((1 — a)k) + Si((1 + a)k))] | (5.15)

{log (1 i— Z) cos k + cos(ak) (Ci((1 — a)k) — Ci((1 + a)k))

Similarly, for a # +1, and for a = 0,

kILm 1€ (k)| = khﬁm %[—(’y — Ci(2k) + log(k/2)) sin k — Si(2k) cos k]

i%[@ — Ci(2k) + log(2k)) cos k — Si(2k) sin k]| . (5.16)

Lemma 5.2. Define the e%(z) as:

ev(z) = — (5.17)
Then for all r > so > 5/2, there exists Cy, independent of f, N and r so that
||EJ,V||LOO(—1,1) +lleXllr 10y S Coo N7 ([ fell g - (5.18)
Moreover,
l0 B ey + 0 €6 1y < Ca N el (5.19)

forr > s; > 7/2, with Cy, independent also of f, N and r.



Proof. By Eq.(A.11),

S Pn—l

is a polynomial in P,,_;.

By the mean value theorem, we therefore have
HngLOO(fl,l) < HT;HLOO(fl,l) <n’.
Using (A.11) once more, we also have
n—2
2Z]+1 1TJ/+1 ()15, g( z).
7=0
Combining these, we obtain
o/ . —1
Hw(pn) HLOO(fl,l) < 22 |(J +1 TJ/H ‘ Hw —1- J”Loo —1,1)
=0
n—2
=23 |G+ DG+ D (0 —1-1)
j=0

—2) i+ D —1-7) = %(n—nn(nﬂ)

On the other hand, for all f smooth enough,

f =10 +2ch T,
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(5.20)

(5.21)

(5.22)

(5.23)

(5.24)



where

~

i = o [ Fwesinnw =1 [ s

and, using Sobolev norm defined in (B.3),

£l ‘+2Z

I fellfe = R Inf?

Using Fourier representation, we have

En(x) = (Ex),(0)+ 23 (Ex). ()T,

So that

Also
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(5.25)

(5.26)

(5.27)

(5.28)

(En).(0) +2 3 (Ex).(n)Tu(x) — (Ex).(0)+ 23 (Ex),(n)Tu(e)

It follows that

(5.29)
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Considering now the first inequality, we estimate

HeN”LOO( 1yt [2% HLOO( 1) = 2 Z (En 2 Z (En).(n)T,
n=1 Loo(—1,1) n=1 Loo(—1,1)
<23 B )| (I8l ca) + 1Tl 1))
n=1
<23 || 20
n=1
<2 |(Bx).(m)] (2072 (n71/2)
n=1
S 112 1 o , 1/2
<2|) n [22 (Ex).(m) n]
Ln=1 i n=1
s 41/2
=2 07 (BNl = Ce I(En)ll oo
n=1 i
(5.31)

where the last identity follows from Eq. (B.2). Also, by inequality (5.7), we have
ICEN) N2 < CooN*277 [ fell e where v > 5/2. (5.32)

Therefore, the first inequality in the lemma is established. Differentiating F,, and e,

we have
wEY (z) = 22 (Ex).(n)wT"(z) (5.33)
and

(En)c(n)w(py)'(x). (5.34)

I
HME%

—

n
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We now use these observations to estimate

N o211 N Loo(—1,1)
[w(eX)ll + [[wEy (2)||

=2|>  (En).(n)w(p;) +2(1D (Bw).(n)uT;)
n=1 Lo°(—1,1) n=1 L°(—1,1)
<23~ | B (lpll ey + 10T e 1))
n=1
<2 Z ’(EN\)CO”L)‘ (2Dn*)  where D is constant
n=1

—

(Bw).(m)] (20724 (n72/2%)

IA
[\
)
LS
s L[]8

4 1/2 o ’ 1/2
<o |3 | a3 [En] ]
Ln=1 i n=1
" oo q1/2
=20 |30 2| (B e = C B s (5:35)
Ln=1 J
Therefore the second inequality is established. O

Lemma 5.3. There exists C' > 0 such that for any o € [—1,1] and for allg € H*(—1,1)

with g(a) =0
9(@)| < Cla —al*|d,,,, «e[-11] (5.36)
" g(@) :
IO | e < o). (5.37)
1| —«
Proof. Set
O = max arcsin(z) — arcsin o . (5.38)
ag[-1,1] |z — a|l/?

Loo(—1,1)
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Since g(a) = 0, by the fundamental theorem of calculus and Holder’s inequality, we

obtain

WM“ZAZ“”SS[z¢i?J {/|g Lﬂ%dyﬂ

1/2
< |arcsin z — arcsin a|1/2 [/ 14’ (s)] w(s)ds}
arcsin z — arcsin « 14
EER ol [ [ WP uu|

< Clz— o |9 |ly.., (5.39)

Therefore the first inequality follows. We now use the first inequality to estimate

1 1
g(x) / 1 /
dr<C | <c 5.40
/_1 r— " | — o 'Tnglw— H9H1w7 ( )
and the second inequality follows. 0

The next theorem concerns the convergence properties of I x(f).

Theorem 5.4. For all o € [—1,1] there exists Co, > 0 so that for 6 € {0,1}
[ (F) = ()] < Call+E) N || fell o (5.41)

for all v > 1 and k > 0. Furthermore, for all € > 0 there exits C. > 0 such that if

a==1ora=0 and N s even it holds
1) = TN ()| < Cc(U4+ k)72 (14 o log k) N2 | ol e (5.42)

forall f € H" withr > 7/2+e¢.
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Proof. For § =0,

) log ((z — @)?) exp(ikz)dx

() = Ln ()] =

= Hlog [E - O{ ||1,w ”ENH—Lw

< ON [ fell (5.43)

where we have used (5.12). Now, assuming that k£ > 1, we have, for the case § = 1,

|I,?(f) — Iy n( ’ = / z)log ((z — @)?) exp(ikz)dx

[ Bt (& - a)?) explika)ds — B(a)gi )+ EN(oz)fé“(k)‘

[ (B (0) — Bt 08 (2 — ) explikas + EN<a>53<k>‘

< % [ |(En(z) — Ex(a))log ((z — )?) exp(ika

/_1 Ey(z)log ((z — a)?) exp(ikz)dx

}—1

+

+2 _11 EN(xx) : me) exp(tkx)dx
+IEx(@) 50|
= % [Rg\})(k) + RO (k) + RO (k) + RE@(/{)} . (5.44)

Choosing ¢ = Ey — Ex(a) and ha(z) = |z — o*log ((z — a)?) in Lemma 5.3,

we have the estimate

RY (k) = |(En(x) — Ex(a))log ((z — a)?) exp(ikz)|"_"

_ ‘ (EN’f)_‘aﬁﬁ <0‘>> log (& — )2) |z — a|"/4 exp(ik)

r=1

rz=—1

< |C Byl log ((x = @)?) 2 — | M exp(ika)[;— |

< Byl ([Pa(=1)] + [ha(1)]) (5.45)
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since, h, € C°[—1,1], for a € [—1,1]. To bound Rg\?;). Using the second inequality in

Lemma 5.3

1 EN([E) — EN(a)

r—

RO < 2/

-1

exp(ikx)| dv < C||Eyll,,, - (5.46)

Now, to bound Rﬁ)

RP(k) < / |Ely(2)log ((z — @)?) exp(ikz)| dw
/ |Ey(z)(1—a 2 og ((z — @)?) (1 — 2?)~1/4 exp(ikz)| da

< |log (z = &®)||_, , |1 ENll,, - (5.47)

Considering R%)(k), we observe that since Qn f and f match at the Chebyshev
nodes, which includes +1, and therefore Ex(£1) = 0. So, R%)(k:) vanishes for o = +1.
For oo # +1, by Lemma 5.1, we have

1+ [log (1 —a?
1) < i, (SRR o
< !, |Enlo)
< C& HENHLOO(—I,l) : (5‘48)

Combining these estimates, by inequality (5.12), we have

1
=BV )+ B () + B (k) + RY (k)]
1
< ECHE H1w+Cl ”ENHL<><> (—1,1)
< Ca N||E E + N*tV2=2|E
= T IENI 10 + 1EN] L + IEN L 1)
= ( ) N el (5.49)
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Hence we established the inequality (5.41) for 6 = 1.

Now, for the second inequality (5.42) in the lemma, we again point out that points
{=1,0,1} are among the Chebyshev nodes. Therefore Ex(a) = 0 for a € {—1,0,1},
and it follows that

RV (k) = RY (k) = 0. (5.50)
Hence we only need to estimate R%)(k) and RE\?)(k). Considering Rﬁ)(k), we have

RO(k) = ‘ [ (B = B 108 (2 = o) explikos + Efv(oz)&?‘(k)‘

1

< | |(Bx (@) = Biv()) log (@ — a)?) explika)z=L,

| —
[y

+ / EY(z)log ((z — )?) exp(ikz)da
/ (z) = By(a )exp(ikx)dx

r—«

T (1E(@) \kf&(k)b]

- % B (k) + S (k) + S ()] (5.51)

With the same argument we used for RE\Q,) and RE\?}) as in inequalities (5.47) and (5.46),

and using inequality (5.9) we obtain
SV (k) + SV (k) < CER < OV IWER | oo 1) (5.52)
so that Lemma 5.2 entails

CVT [WEN || oo (—1.1) < CeNTPH77 | foll gy (5.53)
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Estimation of S](é)(k) is similar to that of R%)(k), and Lemma 5.1 gives

log(k y
590 < k0,2 g )

= C}|log(k)| | Ey ()|

< Cillog(R) | ENll g (1,1 - (5.54)
As for S](\})(k;), clearly it vanishes for &« = 0. For a = 1, we have
S(k) < 4102 | Byl + I [(Bi(@) — B(1)log(a — 17, (5.55)
and Lemma 5.3 implies

| (BN (z — By(1)) log(z — 1)7|

< Bl ey [(1—2) " log (@ = 1P| =0 (5.56)

as x — 1. Therefore, by the first inequality in Lemma 5.2,

1 —r
Sy (k) < 41082 | Byl 1) < ONT7 [ el (5.57)
The case a = —1 is treated similarly to a = 1 case, and has the same bound.

Combining these estimates for &« = 41, or for & = 0, and using that N is even,

we find
RY (k) < CLk™'NT/277 (1 4 a2logk) | Fellz, (5.58)
for e > 0,7 > 7/2 + ¢ with C. independent of N,k and f. Similarly, one can show

B () < - [le (D] + e (D] + C [[(e8) w],_ | < Ck™ N2 | 1]

H"

(5.59)
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for all r > 7/2+ ¢, and C. depending only on € > 0.

Using the inequalities we established for Rf;)(k) and Rﬁ) (k) in the last inequality
in (5.44) delivers (5.42). O

5.2. Computation of The Weights

As mentioned previously, in order to apply the FCC rule with high accuracy, it
is crucial to compute weights accurately, . Also, depending on N, we would have to
calculate weights many times, hence we need to obtain a fast algorithm. In this section

we introduce a bundle of algorithms consisting of three parts.

We introduce the of auxiliary function 7 as

ne(k) = /_ log ((z — a)?) Un(z) exp(ikz)dz, (5.60)

1

for n = —1, and observe that Eq. (A.4) implies
n* (k) =0 (5.61)
Now, by recursive properties of the Chebyshev polynomials, we have

& (k) =mng(k), &(k) =5 (i (k) —nf_(k)), neN. (5.62)

N | —

Observe that, by equations (A.12), (A.13), (A.14) and (A.15), there exists C' > 0
such that, for any a € [—1,1] and n € N,
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we have the following

& (k)] < /_1 log ((z — a)?)|dz < C (5.63)

I (k { U, ()| mdxr/z Ul (log (& — 0?))? —
C.

IN

(5.64)
Therefore our weights and auxiliary functions are bounded, independent of n, o and k.
5.2.1. The Nonoscillatory Case

First, we study the nonoscillatory case, k& = 0, which produces the coefficients
that help us to calculate the coefficients in the oscillatory case. We denote £5(0) and

n%(0) as £ and n% for convenience.

Assume that o # +1. By the recurrence relation for Chebyshev polynomials, for

n > 1 we have

no‘:/ Un(z)log ((z — @)?) da

2$Un 1(z)log ((z — @)?) dz — / Up—a(z)log ((z — @)?) da

-1 -1

= 2 (x — a)Un—1(x)log ((z — @)?) dz — / Up—s(z)log ((z — a)?) da

-1

+ 2/ 2aU,-1(z) log ((z — «)?) da

%/ (z — )T (z)log ((z — @)?) dz + 20ms_; — 15 _s. (5.65)
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Applying integration by parts to the first integral, we observe that

/_ (z — )T, (z)log ((z — @)?) dz

= (z — a)T,(x) log ((:17 — oz)2) ‘zzl_l

1

—/fﬂ@ﬂ@“x—@%@%@/iﬂ@ﬂx

=(1-a)log((1- 04)2) +(=1)"(1+ «a)log ((1+ a)2)

1 ﬁ if n is even,

3 [773 - 77?572} + (5.66)

0 otherwise

where we used the relation in (A.6). So, inserting this into the first integral above, we
have the recursive relation
2amn n—1

- o - ° ,+7%, neN 5.67
77n n_|_1nn—1 n+1nn—2+7n7 n ( )

where 7% is defined as,

4 (1 —a)log(l —a)+ (1+a)log(l+ o)+ >, foreven, n

Tn = g (5.68)
ne (1 —a)log(l —a)—(1+a)log(l+ a), for odd. n
Taking limits as o« — %1, we also have
S ] log 2 + ﬁ, for even n (5.69)
n+l Flog 2, for odd.n

Moreover, straightforward calculations show

e — —(a—=1Dlog ((a—1)?) + (a+1)log ((a+1)%) — 4, if a # +1 (5.70)

4log?2 — 4, if o =41.
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With these recursive relations and identities, we introduce Algorithm I.

5.2.2. Algorithm I: Computation of ¢ for n=0,1,..., N

In this section we present the first algorithm.

Algorithm I: Computation of ¢ for n=0,1,... . N

Set: Let n®, =0
Result: Nonoscillating weights, £ defined in Eq. (5.3)
Initial: Compute % defined in Eq. (5.60), beginning with n§ defined in Eq.
(5.70)
forn=1to N do
‘ Ny = 2mpe | — Rt o+ n  /* 73 defined as Eq. (5.68) */
end
Set: Let n§ = &
forn=1to N do
‘ & =1[n¥—n%,] /* using Eq. (5.62) */

end

Algorithm 3: Algorithm for nonoscillatory logarithmic weights

5.2.3. The Oscillatory Case

here, we return to the case k > 0. By the recursive definition of weights, we have

(1 (k) — 115 (k)) = & (k)

- /_ (T (z) — Tn(a)) log ((x — @)?) exp(ikz)dx (5.71)

1

N | —

+ T (@) /_ log ((z — a)?) exp(ikx)dz.

1
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Assume now that o # +1. Integrating by parts we derive

/_1 (Tn(z) =T,())log ((x — 04)2) exp(ikx)dx

= (@) T () hog (2 — ) exp(ak) [

ik
— /_1 T} (z)log ((z — )?) exp(ikz)dx — 2 /_1 Tn(x; : Z:nm) exp(ikz)dx
= l (1= T,(a))log ((1 — a)?) exp(ik)

/1 Up—1(z) log ((z — @)?) exp(ikz)dz

|
3

-2 /_1 Up—1(x) exp(ikx)dx — 42 Tr-1-j(a) /_1 U;(z) exp(ik:z;)dx] .

(5.72)
Inserting Eq. (5.72) into Eq. (5.71) and using Eq. (A.2), we obtain
W R) + S () = a(k) =25 (R) (573)
with
() = 2 [(1 = To(e) log (1~ a)?) exp(ih)
+ ((—1)"Jrl + Tn(a)) log ((1 + a)z) exp(—ik)] (5.74)
o 2 T @)+ s + 2T )
where

pi(k) = /_1 U;(z) exp(ikx)dx, j=0,..., n—1. (5.75)
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We have computed (pj(k));.vzo with O(N) operations previously in Section 3.4
with the Algorithms 1 and 2.

For a = 1 we have,

N log(4) exp(Fik), if nis odd
. 0, otherwise

2 e 1 (5.76)
-2 z:(:lzl)"_JJrl / U;(z) exp(ikx)dr — / Upn—1(x) exp(ikx)dz
j=0 -1 -

1

+ 2T, (£t (k).

Now we have defined the recursive relation to calculate the weights in the oscil-
latory case. For setting up the algorithm we need to calculate n§ (k). To this end, we

recall the sine and cosine integrals

tLeose —1

Si(t) = /0 ez, Ci(t) = v + log(t) + / R e (5.77)

x 0 x

where v ~ 0.57721 is the Euler-Mascheroni constant. It follows that

no (k) = &5 (k) :% [log (1 — ) sink + sin(ak)(Ci((a + 1)k)) — Ci((1 — )k))

— cos(ak)(Si((a+ 1)k) + Si((1 — a)k))]

+ % {log G * Z) cos k + cos(ak)(Ci((1 — a)k) — Ci((1 + a)k))
— sin(ak)(Si((1 — a)k) + Si((1 + a)k)]
(5.78)
for aw £ +1, and
nat (k) = &4 (k) :%[—(7 — Ci(2k) + log(k/2)) sin k — Si(2k) cos k]
(5.79)

+ %[(7 — Ci(2k) + log(2k)) cos k — Si(2k) sin k.
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5.2.4. Algorithm II: Computation of {3 (k) for n=0,..., N with N < |k] —1

In this section we present the second algorithm for first phase of oscillatory case.

Algorithm II: Computation of (k) for n =0,..., N with
N < |k| -1

Set: Let n%, (k) = 0 and evaluate n{ (k) using Eq. (5.78) and Eq. (5.79)
Result: Weights £ defined in Eq. (5.60)
Initial: Compute 72 defined in Eq. (5.74) and Eq. (5.76)
forn=1to N do
| (k) =y (k) — i (k) + nay(k)
end
Set: Let nf = &
forn=1to N do
|Gk = 3 (k) — mis ()]

end

Algorithm 4: Algorithm for oscillatory logarithmic weights

We restricted Algorithm IT to case N < | k] — 1 because the forward recurrence
relation is not stable for N > |k| — 1. For the latter case, we introduce Algorithm III.

Before starting Algorithm III we will study the tridiagonal system.
5.2.5. Tridiagonal System ¢2(k) for n = |k|,..., N

Assume that N > |k| — 1. From Algorithm IT we obtain 7§ (k),...,nf;,_;. In the
computation of the weights 77 (k),...,n% we use the recurrence relation in Algorithm

II but, for stable a computation, we introduce the tridiagonal system [27]

AN (F)n = by (k) (5.80)
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with the unique solution

T

= ) ) e R (b) (5.81)
where
[ 2k +1 7 - X ;
(Ldj ) ! Mij—1 T 7[kj+1(k)
—1 2(|.’f]+2) 1 o I
Ax(h) = T . bR(k) = W“Jf( ) (5.82)
: -1 & | R (R

This is the same approach that we used in (3.80). In b%(k), the  values can be
computed straightforwardly. Also, N1 18 computed in Algorithm II, hence the crucial
part is approximating 7% (k). To calculate n% (k), we use the Jacobi-Anger expansion

(see Section 2.2 in [22]),
exp(ikx) = Jo(k) +2 " Ju(k)T(z) (5.83)

where J,, is the Bessel function of the first kind and order n. Hence, using equations

(A.7), we derive

ny (k) = /_ Un(z) exp(ikx)log ((x — a)2) dx

= Jo(k) /_ Un(z)log ((z — @)?) dz

1

-1

+23 i (k) / Un (2)Tn(2) log ((z — @)?) dw

= Jo(k)ny

N
+ Z Zme(k) (U%er + n%fm) + Z ZmeU{?) (n?\[f+m - nTan*N*Q) : (584)
m=1

m=N-+1
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The coefficients 79 can be computed as we did in the nonoscillatory case, namely
as in Algorithm I. To determine how many terms are needed for a satisfactory approx-
imation of 7% (k) we must check the decay rate of Bessel function Jy, (k). Indeed (see

Eq. (9.1.10) in [21]),

Tulk) ~ (g)M ~ ﬁ (%)M (5.85)

as M — oo, which shows that Jy/(k) decreases very fast as M — oo. Taking M =
M(k) Z ek/2 is therefore sufficient to approximate the coefficient 7% (k) with high

precision. So we use the approximation

N M(k)
(k) ~ Jo(k)ne(k) + ) " (k) (0% — 18 0) + > " Tu(k) (M — 05 _a) -
n=1 n=N-+1

(5.86)
Indeed, our implementations show tat any choice M (k) = 25+ [ek/2] yields a sufficient

approximation.

5.2.6. Algorithm III: Computation of (k) for n = |k|,..., N

In this section we present the third algorithm for second phase of oscillatory case.

The third algorithm utilizes the same steps of previous the algorithms.
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N

)

Algorithm III: Computation of {2 (k) for n = |k, ...

Initial: Construct by (k) using nf,_,(k) obtained from Algorithm II, (k)
for n = |k] +1,...,N defined in Eq. (5.74) and Eq. (5.76), and
approximation of 1% (k) using (5.86)

Initial: Construct matrix A% (k) using definition (5.82)

Result: Weights £ defined as Eq. (5.60)

Solve: Solve the tridiagonal system as in Eq. (5.80)

Set: Set ny (k) =m0, (=1,...,N—[k]

for n = |k| to N do

| &u(k) = 3 [ (k) — ma()]

end

Algorithm 5: Algorithm for oscillatory logarithmic weights

5.3. Numerical Stability

In this section we analyze the stability of Algorithms I, II, and III. The parameter

€; represents any round-off error.

In the first theorem, we consider the stability of Algorithm I (the nonoscillatory

case).

Theorem 5.5. Letey = (g9, €1, . ..,6n) € RV with ||e|o < € and define the sequence

"ty =n% =0, 0" =n+eo
2amn
n-+1

n—1
n+1

a,e

Mp—1 —

nes =y + sy +en, forneN (5.87)



Then for all N > 0

(N +2)(N + 3)e

®|>—t

N
i - o DG D Ul <
7=0

Proof. As can be readily verified
EN =Ty — NN = 251(\;)

where

2an () n—1 () . .
= ——07 =j+1,j+2,...
n n_|_1 n—1 7’L—|—1 n—29 n j+ 7]+ )

Therefore the identity (A.13) implies

N

S

J=0

Jg+1
n+1

n—j(@)e;

N

el DCRR) |UNj<a>|] :

Lj=0

IN

1 N

Vo[22 D=+

_ %(N +2)(N +3)e

IN

which gives the desired result.
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(5.88)

(5.89)

(5.90)

(5.91)

(5.92)
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Next we turn to Algorithm II which corresponds to the oscillatory case where

N < |k| - 1.

Proposition 5.6. Let N <k —1 and set e = (g, ...,enx) € CV with ||¢]|o < & and

consider the sequence

N2y (k) =n (k) =0
o (k) = 5 (k) + o0

2n
nn (k) = v (k)

— Enﬁ'{’fl(k) +n0f(k) +en, n=1,2,...,N. (5.93)

Then, for all0 <n < k—1

4 (n+1)kY?
(k) =i (k)| < |14+ = 5.94
) b8 < (14 (599
In particular, for alln < k — 2.
23/4
(0 = 0] < 14 Z o 19 (5.99)
whereas for k —2 <n <k—1, ie., forn=|k| —1,
0 (k) — g H(/f)’ <[4+ 2745 (5.96)

Proof. Inequality (5.94) follows similar to the proof of Theorem 5.5. Inequality (5.95)
then follows from (5.94), and (5.96) from (5.95). O
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Concerning the stability of Algorithm III, we first note the following.

Proposition 5.7. Let N > k and consider the solutions of the original and perturbed

systems

Ay (k) = b (k), (AR (k) + AAK(K)) n° = by (k) + AbR (k). (5.97)

Then, if (k +2) ||AAS (k)| < 2, it holds

k+2

I~ il < 5=y pazm g AP e + 14T B mllc] . (598

Proof. In this proof we begin with a result that is established in [23] in Theorem 8.4,
which gives the inequality

(A% (k)

=

" —nll, < —— 1AbX (R)ll o + |AAR (F) [l [17]]oo] -
L= [ AAR () [ (AR (R) 7|,
(5.99)
Let I denote the identity matrix. By the definition (5.82), we see that
Ay (k) = (I + Kn(k)) Dy (k) (5.100)
where
k] +1
2 k| +2
DN(k) = - L J
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[ ik T
0 2([k]+2)
2([k]+0D) 2([k)+3)
___ik 0 ik
Ky(k) = 2(lk]+2) 2(Lk]+4) . (5.101)
I 2(1\1}112) 0 i
From (5.100), we have
(A% (k)™ = (Dn(k) ™ (I + Kn(k) ™, (5.102)
and we estimate
k 1
Dy(E)7Y| = —t— < 2, 5.103
k k 1 k kE+1
Kn(k = < = = . 5.104
e R A A T R T
Therefore
- (Dn (k)| k+2
AN < | % < . (5.105)
I e mis <

Using this estimate, we obtain

(A% (k)

. AB (k)| + | AAN (5) [l 1]l
In" —nll < T aA50) | (A% (0) L [ ABS (k)| + 1AAS (K)o [17]loc]
((k +2)/2) o .
S T aAs W 0k + 2)72) 1PN Bl + [ AAT K)o 17l
k+2

9 _ (k +2) ||AA?V(]€)HOO [HAb?V(k)Hoo + “AA?V(IC)HOO 7] (5.106)

and the proof is complete. O]
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In the last theorem, we combine the stability results in the oscillatory case.

Theorem 5.8. With the notation of Proposition 5.7 and Proposition 5.6 we have the

followings.
(a) For any v € (0,1) there exists C,,, depending only on v, so that for N < vk,
max |n>f(k) —no (k)| < C,Ne (5.107)

n=0,...,N

with C, independent of k and N.
(b) There exists C' > 0 independent of k and o so that

max  [n2(k) —n2(k)| < Ck**e (5.108)
(¢) For N >k, if the following conditions are, in addition, satisfied
JAAG ) o [ ABG )L <=+ ) — i, (0)] (5109
and ¢ < (k+ 1)1, then

max () = g (0] < (k+2) (14 ifya (0) = 135 )| + e ) @

< Ok e (5.110)

where C' is independent of k and N.

Proof. Inequalities (5.107) and (5.108) follow from equations (5.95) and (5.96) in
Proposition 5.6. For the last inequality, we use Theorem 5.7 observing that |7«

is uniformly bounded independently of N and « as established in inequality (5.64). [
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6. NUMERICAL EXPERIMENTS

In this section we present some numerical experiments to depicting the theoretical

results presented in this thesis.
6.1. Some Generic Examples
6.1.1. Experiment 1

Here we consider the decay rates the error in the FCC rule for fixed N = 24, as

k — oo, for the function

(1+ s)?

fs(s) =

In particular we note its dependence on the Sobolev norm on the right-hand side of the
inequality in Theorem 3.1. For definiteness we choose 5 € {1/4,7/8,3/2,3}. While,
for 5 = 1/4, there is an algebraic singularity at —1, for this experiment, we do not use

the composite algorithm. The composite algorithm would yield a more accurate result.

We display the error rate

By (fy) = ] [ Fa(s) expliks)ds = B (75 (6.2)

along with the convergence rate

ex(8) = logy (B2 (f3) /Ex (f5)) (6.3)

in Tables 6.1 and 6.2 for k = k; = 100 x 2%, = 0,...,9. Observe that for noninteger
B >0, (fs), € H**1/27¢ for all ¢ > 0, and Theorem 3.1 ensures a decay of O (k1)

the error for Fj, (fs), as k — oo , provided 8 > 1/4; and convergence of order O (k™2)
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provided 5 > 3/2. For § = 3, f. is actually smooth. In Table 6.2 we clearly observe
O (k72) decay in the error for 8 = 3, and for § = 3/2 the convergence is close to
O (k72) in agreement with Theorem 3.1. For 8 = 1/4 the observed rate of decay is
approximately O (kf‘r’/ 4) which is a little better than the error analysis provides. For
B = 7/8 the rate is between O (k=) and O (k2).

Table 6.1. Error and convergence rates of Experiment 1.

ki Er,(fija) | en(1/4) | Ex(fr/s) ex, (7/8)
100 6.64 x 1074 3.81 x 1076

200 412 x 1074 0.69 1.93 x 1076 0.98
400 | 2.03 x 1074 1.02 8.03 x 1077 1.26
800 9.30 x 107° 1.13 3.04 x 1077 1.40
1600 | 4.12 x 107° 1.17 1.08 x 1077 1.49
3200 | 1.79 x 107° 1.20 3.62 x 1078 1.58
6400 | 7.68 x 107° 1.22 1.17 x 1078 1.63
12800 | 3.27 x 107° 1.23 3.66 x 107 1.67
25600 | 5.06 x 10~7 2.70 1.23 x 107° 1.57
51200 | 3.87 x 1077 0.38 3.25 x 10710 1.93
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Table 6.1. Error and convergence rates of Experiment 1. (cont.)

k; Ey,(f32) | er(3/2) Ey, (fs) e (3)
100 | 3.42 x 1077 1.36 x 10711

200 | 1.46 x 1077 | 1.22 | 2.58 x 10712 2.40
400 | 5.34 x 1078 1.45 | 579 x 10713 2.15
800 | 1.76 x 107% | 1.60 | 1.40 x 10713 2.05
1600 | 5.76 x 1079 | 1.61 | 3.46 x 104 2.01
3200 | 1.64x107° | 1.82 |8.63x 107" 2.00
6400 | 3.95 x 1071 | 2,05 |2.16x 107" 2.00
12800 | 9.24 x 107 | 210 | 5.39 x 10716 2.00
25600 | 2.65 x 10~'* |  1.80 | 1.34 x 10716 2.00
51200 | 7.17 x 1072 | 1.89 | 3.39 x 1077 1.99

6.1.2. Experiment 2

Now we turn our interest to behavior of the Filon-Clenshaw-Curtis rule when f

has an algebraic singularity in (—1,1) where

_|s+0.25%2

6.4

f(s)
The FCC quadrature may perform rather badly if we apply the FCC directly on [—1, 1].
Error shows disorderly behaviour because of the singularity at s = —0.25. For that
matter, we apply FCC quadrature on [—1,—0.25] and [—0.25, 1] separately and set
Nypew = (N/2) 4+ 1. It can be seen that for large & the method is already highly accu-
rate even for small N. The results are shown in Tables 6.2, 6.3, 6.4 and 6.5 with e.c.r.
denoting the estimated convergence rate stated in Experiment 1. The exact value of

the integral computed with Mathematica.



Table 6.2. Errors when FCC rule directly applied on [1,1].

N k =100 e.c.r. k =400 e.c.r.
24 1239 %x107° 4.33 x 1077

48 | 1.39 x 107° | 0.78 | 5.50 x 1077 | —0.34
96 | 1.13x107° | 0.29 | 5.83 x 1077 | —0.08
192 | 1.29 x 1076 | 3.14 | 550 x 10=7 | 0.08
384 | 1.58 x 1077 | 3.03 | 2.35 x 1077 | 1.23
768 | 5.73 x 107° | 4.79 | 2.63 x 1078 | 3.16

Table 6.2. Errors when FCC rule directly applied on [1, 1] (cont.)

N k = 1600 e.c.T. k = 6400 e.c.r.
24 | 1.11 x 10°8 5.35 x 10710

48 | 1.71 x 1078 | —0.62 | 3.89 x 1070 | 0.46
96 | 1.79 x 107% | —0.07 | 5.21 x 1071° | —0.42
192 | 1.74 x 107% | 0.04 | 5.35 x 1071 | —0.04
384 | 1.66 x 1078 | 0.07 | 5.68 x 1071 | —0.09
768 | 1.70 x 1078 | —0.03 | 5.54 x 107° | 0.03
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Next, we divide the integral into two parts. [—1,—0.25] and [—0.25, 1].

Table 6.3. Errors for separately evaluated intervals [—1, —0.25] and [—0.25, 1] where
Npew = (N/2) + 1.

N k=100 e.c.r. k =400 e.c.r.

24 | 235 x 107° 1.75 x 1077
48 | 1.65x 1077 | 3.84 | 7.32 x 107 | 1.26
96 | 1.93x 1078 | 3.10 | 8.84 x 107 | 3.05
192 | 4.88 x 1071 | 8.62 | 5.19 x 1071° | 4.09
384 | 4.18 x 1071 | 0.22 | 7.96 x 1071t | 2.70
768 | 4.16 x 10711 | 0.01 | 4.55 x 107! | 0.81

Table 6.3. Errors for separately evaluated intervals [—1, —0.25] and [—0.25, 1] where
Npew = (N/2) + 1 (cont.)

N k = 1600 e.c.r. k = 6400 e.c.r.

24 | 2.69 x 1078 2.22 x 107?
48 | 6.27x 1072 | 2.10 | 8.96 x 10710 | 1.31
96 | 2.28 x 1077 | 1.46 | 2.10 x 1071 | 2.09
192 | 3.28 x 1071 | 2.80 | 7.05 x 10~ | 1.57
384 | 245 x 1071 | 3.74 | 1.09 x 107" | 2.70
768 | 2.98 x 1072 | 3.04 | 1.18 x 1072 | 3.20

6.1.3. Experiment 3

In this experiment, we will consider the integral

/0 ' % exp(ikg(x))dz (6.5)



113

37r/47:z:)

where g(x) = 2 5

sin( — cos(3m/4) + cos(x). The integral (6.5) has stationary

point order 1 at 237 /12 and singularity at 0. Also, ¢’ has discontinuity at point 37 /4.
We set initial conditions as k = 100, f = —1/2 and ¢ = 12 for the subintervals of
graded mesh and we consider N,,.sn € {2,3,4,5,6}. For the intervals without singu-

larity or stationary point we fix N = 24.

Table 6.4. Error estimates for N,,.s, = 4, intervals with stationary and singularity

points.

M 24 48 72

Error | 5.82 x 1076 | 4.38 x 1077 | 9.57 x 1078

Table 6.4. Error estimates for N,,.s;, = 4, intervals with stationary and singularity

points (cont.)

M 96 120 144
Error | 5.82 x 1076 | 4.38 x 1077 | 9.57 x 108

Indeed, for fixed N,,.s, accuracy increases as M grows larger. However for M = 72
and M = 120 this increasing accuracy trend does not follow. We observe that this

increase in accuracy might fluctuate as M increases.

Now, another question arises, does increasing NV,,.s, increase the accuracy. For

that, we fix M = 72, and the other parts of the setup remain similar.
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Table 6.5. Error estimates for M = 72, for the intervals with stationary and

singularity points.

Nmesh 2 3

1.11 x 107°

4
9.57 x 1078

Error | 1.20 x 107°

Table 6.5. Error estimates for M = 72, for the intervals with stationary and

singularity points (cont.)

Nmesh

Error | 2.87 x 1077 | 6.82 x 1075 | 6.35 x 1078

We observe that N,,.s, may have an optimal value, for this case N,..n = 4. For
smaller M, how does increasing N,,.., changes the error? For that matter, we fix

M = 24 and the other parts of the setup stay similar.

Table 6.6. Error estimates for M = 24, for the intervals with stationary and

singularity points.

2
2.79 x 1074

3
7.67 x 107°

4 5

2.47 x 1076

Nmesh

Error 5.83 x 1076

Table 6.6. Error estimates for M = 24, for the intervals with stationary and

singularity points (cont.)

Nmesh

10

Error

9.62 x 1077

771 x 1077

7.01 x 1077

3.07 x 107

1.31 x 1074

Hence, we can observe that for M = 24 and N,,.s, = 8 is the optimal solution.
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Thus, for lower M values we can take greater N,,.s, value for higher accuracy.
6.1.4. Experiment 4

In this experiment we consider the approximation of a high frequency scattering
problem that investigated in Example in [4]. Let {2 be the obstacle and I" its boundary
and consider incident plane exp(z’k‘x.a), where d is incident direction, scattered by a
smooth convex sound-soft obstacle with boundary I'. The following integral must be

computed for the computation of scattered field,
/ “H (kfx — yl)oy)ds(y) = explikx-d) x e T (6.6)
r

We consider the function v(y) = V (y) exp(ikya) where V' is nonoscillatory ( or less os-
cillatory than v). Drawing upon the observation that Hél) (kr) exp(—ikr) is nonoscilla-
tory and while r > 0 it is smooth. Now, introduce the parametrization x : [0, 27| — I,

we rewrite the integral for s € [0, 27],
2m
/ M;,(s,t) exp (k¥ (1)) V(t)dt = 1 (6.7)
0

where, Wy (t) = |x(s) — x(t)| — (x(s) — x(t)) - d. M;.(s,t) is nonoscillatory, smooth
and has a logarithmic singularity at ¢t = s. If we choose s such that z(s) lies in the
region where incident waves hit the plane, there is only one stationary point. For our
experiment, let I" be unit circle, x(s) = (cos(s), sin(s)) and d = (1,0). In this setup,
we have W[y (t) = 2 |sin (25%)| — cos(s) + cos(t). Taking V/(¢) =1 for all ¢t and s = 37 /4
and N = min{129, M +1}. We obtained the following results and compared the results
in 4],
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Table 6.7. Results for Ny,esn = 6, and ¢ = (Npesn, + 1) for intervals with log
singularities and ¢ = (Nyesn + 1)/(1 — 1/2) for integrals having a stationary point.

k=10 k=100 k = 1000
M Error Ratio Error Ratio Error Ratio
12 | 1.7 x 1077 1.1 x 10~ 3.9 x 1078

24 123x107 | 6.21 |[21x107'°| 1231 |4.6x107'°| 6.39
48 |76 x1077 | —1.74 | 44x 10710 | —1.07 | 4.4 x107'°| 0.08
96 | 1.1x 1076 | —7.13 | 28 x 1076 | —12.66 | 4.7 x 1078 | —6.76
192 [ 1.6 x 1073 | —10.54 | 7.5 x 1075 | —4.73 | 6.0 x 107% | —0.35

Table 6.7. Results for Nyesn = 6, and ¢ = (Npesn, + 1) for intervals with log
singularities and ¢ = (Npesn + 1)/(1 — 1/2) for integrals having a stationary point
(cont.)

k = 10000 k = 10000
M Error Ratio Error Ratio

12 | 3.3x10°8 7.1 x 107?
24 | 1.8x 1071 | 754 |24x107" | 4.88
48 [2.7x 1071 | 271 |21 x10712 | 6.84
96 | 4.5x 107 | —=7.37 | 5.7 x 107 | 5.20
192 | 1.1 x 1077 | —4.66 | 3.3 x 10712 | —5.83

With the same constraints and values, in [4] it is obtained,



Table 6.8. Results in [4] with same constraints as in Table 6.7.

k=10 k =100 k = 1000
M Error Ratio Error Ratio Error Ratio
12 | 4.5 x 1077 2.4 x 1077 1.2 x 1077
24 | 5.0x 1072 | 6.5 1.0 x 107° 7.9 1.9x107° | 6.0
48 | 46x1071 | 68 |51x10712| 76 |14x1071| 7.1
9 | 23x1072 | 76 |1.1x107 | 55 |1.3x107 | 6.8
192 |83 x 107 | 48 |64x1071 | 41 |51x107 | 46

Table 6.8. Results in [4] with same constraints as in Table 6.7 (cont.)

k = 10000 k = 10000
M Error Ratio Error Ratio
12 | 1.6 x 1078 7.9 x 1078
24 | 1.3 x107° 3.6 1.0 x 107° 6.2
48 |81 x 10712 | 74 |9.0x1072| 6.9
96 | 1.0x 107" | 6.3 |44x107"% | 44
192 | 1.1x107% | 6.6 |1.1x107% | 8.6
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In the paper [4] same experiment is carried out with different constraints,

Table 6.9. Results for Ny,esn = 4, and ¢ = (Nypesn, + 1)/(1 — 1/4) for intervals with log
singularities and ¢ = (Nyesn + 1)/(1 — 1/2 — 1/4) for integrals having a stationary

point.

k=10 k=100 k = 1000
M Error Ratio Error Ratio Error Ratio

12 | 85x10°¢ 1.8 x 1076 6.4 x 1077
24 11.2x1077| 6,2 [20x1077| 3.2 |4,0x107%| 4.0
48 | 73x107°| =93 |19x1077| 00 | 19x107" | —2.3
96 |3.6x107°| 1.1 [22x10%| 32 [82x1077 | —21
192 | 1.6 x 1073 | =55 [29x 1076 | —7.1 | 1.7x107% | —1.1

Table 6.9. Results for N,,een =4, and g = (Npesn, + 1)/(1 — 1/4) for intervals with log
singularities and ¢ = (Nyesn + 1)/(1 — 1/2 — 1/4) for integrals having a stationary
point (cont.).

kE = 10000 kE = 10000

M Error Ratio Error Ratio
12 | 46x 1077 9.4 x 1078
24 | 1.9x 1078 4.6 2.4 %107 5.3
48 | 1.4x 1078 0.5 | 1.2x 1071 4.3
96 | 2.3x1078 | —0.7 | 6.0x 10719 | —2,34
192 | 28 x 1071 | 97 |53 x 1071 3.5




Table 6.10. Results in [4] with same constraints as in Table 6.9.

k=10 k =100 k = 1000
M Error Ratio Error Ratio Error Ratio
12 | 4.7x 1075 1.9 x 107° 2.4 x 107
24 | 6.0x 1077 | 6.3 1.7x 1077 | 6.8 1.2x 1077 | 4.3
48 | 1.2x107% | 57 | 1.4x107® | 3.6 | 3.8x107° | 5.0
9 | 3.1x1071°] 52 [39x1071°| 51 |53x107" | 6.2
192 | 1.4x 10711 | 45 [33x1071 ] 3.6 |28 x 107 | 0.9

Table 6.10. Results in [4] with same constraints as in Table 6.9 (cont.).

k = 10000 k = 10000
M Error Ratio Error Ratio
12 | 82x 1077 1.8 x 1077
24 | 1.4x10°% | 59 | 1.0x107% | 4.1
48 [24x107° | 59 [20x107°| 57
9 | 7.0x1072 | 51 |1.9x107?| 6.7
192 | 3.7x1072 | 09 [3.0x107% | 27

In our implementation, we did not achieve the results that are obtained in [4] as

can be seen in the tables above. As the observation of previous experiment suggested

we choose smaller ¢ for larger M.
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Table 6.11. Result for N,,.s, = 6 and ¢ = 7 for intervals with log singularities and
stationary points.
k=10 k =100 k = 1000
M Error Ratio Error Ratio Error Ratio
12 | 3.1x10°° 1.9 x 1076 3.2 x 1077
24 | 27x1077 | 352 | 84x 1078 | 451 | 2.7 x107® | 3.56
48 | 2.4 x1078 | 3.48 | 74x 107 | 350 | 2.3x107? | 3.51
96 | 26 x 107 | 3.20 | 6.1 x 1071 | 359 | 2.1 x 1070 | 3.50
192 194 x1071° | 147 | 1.3x 10711 | 553 | 1.9 x 10711 | 3.45
Table 6.11. Result for N,,.s», = 6 and ¢ = 7 for intervals with log singularities and

stationary points (cont.).

k = 10000 kE = 10000

M Error Ratio Error Ratio

12 | 8.5 x 1078 2.1x 108
24 | 82x 1072 | 3.37 | 24x 1079 | 3.14
48 | 7.4 x 10710 | 347 | 2.3 x 10710 | 3.37
96 | 6.5 x 1071 | 3.50 | 2.1 x 1071 | 3.49
192 | 5.5 x 10712 | 357 | 1.8 x 10712 | 3.55
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Table 6.12. Result for N,,.s, = 4 and ¢ = 7 for intervals with log singularities and

stationary points.

k=10 k=100 k = 1000
M Error Ratio Error Ratio Error Ratio
12 | 2.0 x 1076 2.00 x 1076 22x 1077

24 | 1.7x 1077 | 3.60 | 4.3x 1078 | 552 | 1.3 x 1078 | 4.02
48 | 1.5x 1078 | 347 | 46x 1077 | 3.23 | 1.6 x 1072 | 3.45
9 | 1.8 x 1072 | 3.04 | 3.6 x 1071 | 3.67 | 1.3 x1071° | 3.68
192 1 9.4 x 1071 | 0.97 | 88 x 1072 | 537 | 1.2 x 107 | 3.39

Table 6.12. Result for N,,.s;, = 4 and ¢ = 7 for intervals with log singularities and

stationary points (cont.).

k = 10000 k = 10000
M Error Ratio Error Ratio
12 | 2.7 x 1077 1.8 x 1077

24 | 52x 107 | 570 | 1.2x107% | 7.27
48 4.8 x 10719 | 359 | 9.70 x 10710 | 3,37
96 | 4.0x 1071 | 359 | 1.3x 107" | 2.94
192 | 3.3x 10712 | 359 | 1.1 x 10712 | 3.56

6.1.5. Experiment 5

In this experiment we will consider a family of functions

g f 66 <_1a0)u<0a]—>7
P x or (6.8)
log(z) for 5 =0.



and approximate integrals with linear oscillator

/0 fa(x) exp(ikx)dz.
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(6.9)

which has singularity at 0. We fix k£ = 1000 and increase M for different N,,.s;, and

check the convergence rate as M — co. We choose ¢ = (Nyesn +1)/(8+ 1) +0.1.

Table 6.13. Numerical results for § = 1/2 and various M and N,,.s, = N obtained

from our implementation.

g=1/2 N =4 N =6 N =38
Expected ratio 5 7 9
M Error Ratio Error Ratio Error Ratio
8 1.5x107° 2.2 x 1077 2.5 x 1079
16 41x1077 | 521 | 1.8x 107 | 6.97 | 9.3 x 10712 | 8.09
32 12x107% | 512 | 1.0x 107" | 742 | 1.8 x 1071 | 8.99
64 3.3x 10710 | 515 [83x 107 | 998 |55x 1071 | 5.05

Table 6.14. Numerical results for 5 = 0 and various M and N,,.s, = N obtained from

our implementation.

B=0 N =14 N=6 N =38
Expected ratio 5 7 9
M Error Ratio Error Ratio Error Ratio
8 2.2 x 1077 1.4 x 1078 6.9 x 107
16 1.3x107% | 4.08 | 4.0x 107 | 512 | 4.0x 10711 | 7.44
32 9.6 x 107 | 7.07 | 3.7x 107 | 6.74 | 6.2x 107 | 9.33
64 6.4x 10712 | 391 |44x107| 6.38 |84 x1071¢ | 6.20
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Table 6.15. Numerical results for § = —1/4 and various M and N,,.s, = N obtained

from our implementation.

g=-1/4 N =4 N =6 N =28
Expected ratio 5 7 9
M Error Ratio Error Ratio Error Ratio
8 3.4x 1077 6.5 x 1078 2.8 x 1078
16 1.7x107% | 437 | 1.3x107° | 558 | 1.6 x 1071 | 7.87
32 6.8 x 1071 | 4.61 |1.2x 107" | 6.77 | 6.2x 107 | 11.35
64 8.6x 1072 | 6.31 [55x107 | 781 | 1.8 x 1071 | -1.52

In [4] following result are achieved.

Table 6.16. Numerical results for various M and Ny,.sp, = N obtained in [4].

g=1/2 N =4 N =6 N =38
Expected ratio 5 7 9
M Error Ratio Error Ratio Error Ratio
8 4.3 x 107 5.2 x 1078 1.7 x 107°
16 9.5x 1078 | 549 | 5.7x 1071 | 6.50 | 6.6 x 10712 | 8.06
32 29x107% | 5.03 | 2.0x 10712 | 813 | 1.0 x 107 | 9.30
64 8.1x 107" | 517 |23 x 107 | 6.50 | 1.3 x 1076 | 6.37
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Table 6.17. Numerical results for § = 1/2 and various M and N,,.s, = N obtained

in [4].
8=0 N =14 N =6 N =8

Expected ratio D 7 9

M Error Ratio Error Ratio Error Ratio

8 2.7 x 1074 7.9 x107° 1.0 x 1076

16 1.0x107° | 470 | 7.3 x 1078 | 6.77 | 22x 107 | 8.82

32 40x 1077 | 467 | 74x107 | 6.62 |3.0x 1072 | 9.53

64 1.4x 1078 | 487 [38x 1072 | 759 | 1.9 x 10715 | 10.59

Table 6.18. Numerical results for 5 = —1/4 and various M and N,,.s, = N obtained

in [4].
g=-1/4 N =14 N =6 N =28

Expected ratio 5 7 9
M Error Ratio Error Ratio Error Ratio
8 4.5 % 1075 1.6 x 107° 6.0 x 1076
16 26x107% | 410 | 8.0x107® | 7.62 | 20 x107% | 8.22
32 1.9x107%| 7.15 [ 93 x1071° | 6.43 | 1.1 x 107" | 10.91
64 1.9x107% | 333 [3.9x107*2 | 7.88 |29 x 107" | 851

6.1.6. Experiment 6
Here we approximate the integral
24+ax+1

/0 L osUD) o — o)) explikr)ds (6.10)

which has logarithmic singularity. We have calculated the integral for various N,k

and a € {0,1} values. Exact values are computed with the Filon-Clenshaw-Curtis
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method for N = 1000 value. MATLAB and Mathematica do not provide a suitable
computation for the integral. We observe that even for small N values, the Filon-

Clenshaw-Curtis method provides a satisfactory approximation.

Table 6.19. Absolute errors for integral with a = 0 obtained from our implementation.

N\k 0 10 102
11 | 1.71x 1073 | 5.00 x 1072 | 1.85 x 1074
12 | 456 x107° | 328 x 107* | 1.44 x 107©
23 | 1.65x107% | 2.04 x 1078 | 3.98 x 10~*
24 296 x 1071 | 8.24 x 1077 | 9.93 x 1071
47 12.22x 1071 | 1.45 x 107'% | 3.06 x 1071
48 12.00x 1075 | 249 x 107'° | 3.11 x 107

Table 6.19. Absolute errors for integral with o = 0 obtained from our implementation

(cont.).
N\k 103 10* 10°
11 | 1.83x107° | 1.83 x107% | 1.83 x 1077
12 | 1.37x 1078 | 1.37 x 10710 | 1.37 x 1012
23 | 3.80 x 10719 | 3.80 x 107! | 3.80 x 107'2
24 | 9.09 x 1072 | 9.09 x 1074 | 9.09 x 10716
47 | 1.56 x 107 | 8.62 x 10717 | 8.71 x 107'®
48 | 1.56 x 10714 | 8.72 x 10717 | 8.81 x 10718
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Table 6.20. Relative errors for integral with a = 0 obtained from our implementation.

N\k 0 10 102
11 | 938x107% | 6.92x 1073 | 294 x 1073
12 | 250 x 107° | 4.50 x 107* | 2.28 x 107°
23 | 9.04x107° | 2.80x 1078 | 6.31 x 10~
24 | 1.63x 107 | 1.13x 1078 | 1.58 x 10~
47 1 1.22x 10716 | 1.99 x 107 | 4.85 x 10~ 14
48 [ 1.10 x 107 | 3.42 x 107'% | 4.93 x 10~

Table 6.20. Relative errors for integral with a = 0 obtained from our implementation

(cont.).
N\k 10° 10* 10°
11 291 x 1073 | 291 x 107% | 291 x 1073
12 | 218 x107% | 217x 1077 | 2.18 x 1078
23 | 6.04x107% | 6.04 x 107® | 6.04 x 1078
24 1.45 x 1072 | 1.45 x 10719 | 1.45 x 107!
47 1248 x 10712 | 1.37x 1071 | 1.39 x 10713
48 | 2.49 x 10712 | 1.39 x 10713 | 1.40 x 10713




Table 6.21. Absolute errors for integral with a = 0 obtained in [4].

N\k 0 10 102
11 | 1.71 x 1073 | 4.00 x 1073 | 1.75 x 1074
12 | 456 x107° | 3.28 x 107* | 1.44 x 106
23 | 1.65x 1078 | 2.56 x 10~® | 4.80 x 107*
24 1296 x 10719 | 8.24 x 1079 | 9.93 x 10710
47 1 6.66 x 10716 | 1.11 x 10716 | 8.97 x 10717
48 | 6.66 x 10716 | 2.73 x 10716 | 8.85 x 1017

Table 6.21. Absolute errors for integral with a = 0 obtained in [4] (cont.).

N\k 10° 10* 10°
11 | 1.82x107° | 1.83x107% | 1.83 x 1077
12 | 1.37x 1078 | 1.37 x 10710 | 1.37 x 10712
23 | 3.89 x 1071 | 3.80 x 107! | 3.80 x 107'?
24 | 9.09 x 1072 | 9.09 x 1074 | 9.08 x 1076
47 11.29x 1077 | 1.08 x 10719 | 1.36 x 10~
48 | 1.26 x 10717 | 1.08 x 107 | 2.71 x 10~
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Table 6.22. Relative errors for integral with a = 0 obtained in [4].

N\k 0 10 102
11 | 938x107* | 549 x 1073 | 2.78 x 1073
12 | 250 x 107 | 4.50 x 107* | 2.28 x 107°
23 | 9.04 x 107 | 3.51 x 107% | 7.61 x 10~®
24 | 1.63x10710 | 1.13x 1078 | 1.58 x 10~
47 13.66x 107 | 1.52 x 10716 | 1.42 x 1071
48 | 3.66 x 10716 | 3.75 x 10716 | 1.40 x 1071°

Table 6.22. Relative errors for integral with a = 0 obtained in [4] (cont.).

N\k 10° 10* 10°
11 | 2.89x107% | 291 x 1073 | 2.91 x 1073
12 | 218 %1079 | 217x 1077 | 2.18 x 108
23 | 6.20 x 107® | 6.05 x 107% | 6.04 x 10~*®
24 | 1.45%x107° | 1.45 x 10710 | 1.45 x 107"
47 12.05x 1071 | 1.73 x 10716 | 2.17 x 10716
48 1 2.01 x 1071° | 1.73 x 10716 | 4.32 x 10716
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Table 6.23. Absolute errors for integral with a = 1 obtained from our implementation.

N\k 0 10 102
11 | 1.81x 1075 | 887 x107* | 3.04 x 1075
12 | 243 x107% | 7.72x 107> | 8.94 x 1076
23 | 421 x 107" | 3.23 x 107" | 1.50 x 10~
24 | 525x 10711 | 491 x 107 | 1.89 x 107°
47 16.25 x 10717 | 2.08 x 10716 | 1.12 x 1071°
48 [3.82x 107" | 278 x 10717 | 1.13 x 1071

Table 6.23. Absolute errors for integral with o = 1 obtained from our implementation

(cont.).
N\k 107 10* 10°
11 5.04 x 1077 | 6.33 x 1072 | 7.90 x 10~
12 1.74 x 1077 | 1.77 x 107 | 2.15 x 107!
23 | 551 x 10712 [ 1.23x 10713 | 1.42x 1071
24 | 1.84x 1071 [ 2.81 x 10713 | 3.49 x 1071
47 | 1.01 x 107% | 6.27 x 10716 | 7.65 x 10717
48 | 9.31 x 10716 | 6.20 x 10716 | 7.69 x 10717
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Table 6.24. Relative errors for integral with o = 1 obtained from our implementation.

N\k 0 10 102
11 | 8.09x107* | 3.07x 1073 | 1.00 x 1073
12 | 1.09 x 107 | 2.67 x 107* | 2.94 x 1074
23 | 1.89x 107 | 1.12x 10710 | 4.92 x 10~
24 | 235%x 107 | 1.70 x 1071° | 6.22 x 10~
47 1 2.80 x 1071° | 7.20 x 10716 | 3.68 x 10~ 14
48 | 1.71 x 107 | 9.60 x 10~'7 | 3.73 x 1074

Table 6.24. Relative errors for integral with a = 1 obtained from our implementation

(cont.).
N\k 103 10* 10°
11 | 1.71x107* | 1.26 x 107> | 1.27 x 1076
12 | 592x107° | 3.563x107% | 3.45x 1077
23 | 1.87 x 1079 | 2,50 x 1071° | 2.28 x 10~
24 | 6.26 x 1077 | 5.61 x 107'° | 5.61 x 10~
47 1345 %1071 | 1.25 x 10712 | 1.23 x 1072
48 | 3.16x 10712 | 1.24 x 10712 | 1.24 x 10712




Table 6.25. Absolute errors for integral with a = 1 obtained in [4].

11
12
23
24
47
48

1.81 x 1075
2.43 x 1076
4.21 x 10711
5.25 x 1071
1.04 x 10718
7.31 x 10717

8.89 x 1074
7.72 x 1077
2.60 x 1071
4.91 x 1071
7.85 x 10717
8.89 x 10717

3.04 x 107°
8.94 x 1076
1.50 x 1079
1.89 x 107
9.22 x 10717
9.17 x 10717

Table 6.25. Absolute errors for integral with a = 1 obtained in [4] (cont.).

11
12
23
24
47
48

5.04 x 1077
1.74 x 1077
5.51 x 10712
1.84 x 10~
2.47 x 10717
2.17 x 10717

6.33 x 1077
1.77 x 107°
1.25 x 10713
2.81 x 10713
2.09 x 1078
1.89 x 1071#

7.90 x 1071
2.15 x 1071
1.48 x 10715
3.55 x 1071
1.10 x 1019
1.12 x 1071
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Table 6.26. Relative errors for integral with a = 1 obtained in [4].

N\k 0 10 102
11 | 8.09x10* | 3.07x 1073 | 1.00 x 1073
12 | 1.09 x 107 | 2.67 x 107* | 2.94 x 1074
23 | 1.89 x 107 | 9.00 x 107" | 4.92 x 10~
24 | 230x 1077 | 1.70 x 1071° | 6.22 x 10~
47 | 467 x 1077 | 2.71 x 10716 | 3.03 x 1071
48 | 3.27 x 10715 | 3.07 x 10716 | 3.02 x 1071°

Table 6.26. Relative errors for integral with o = 1 obtained in [4] (cont.).

N\k 103 10* 10°

11 | 1.71x107* | 1.26 x 1075 | 1.27 x 1076
12 | 592x 1075 | 3.563x107% | 3.45x 1077
23 | 1.87x107° | 249 x 10710 | 2.39 x 1071
24 | 6.26 x 107 | 5.61 x 10710 | 5,72 x 10~
47 1838 x 10715 | 417 x 1071 | 1.77 x 1071
48 | 7.37 x 10715 | 3.78 x 10715 | 1.80 x 1071°
6.2. Experiment on Scattering Problem

6.2.1. Experiment 7

Here we consider oscillatory integrals arising in high frequency scattering prob-
lems. More precisely, the integrals we consider are related to scattering by torodial

surfaces of revolution, and they take on the form

L= {20 (fufa) =ikl (1f) | = {50 (A fe) =ikl (f) . (6.1)



where
w(v)
fl(v) - 2 — 57
a? v
V) = —————, v) = ,
f2( ) mv f3( ) PSE )
B a? _ 1
fa(v) Nty J5(v) s
with
2 _ 2
w(v) = 2arcsin H.

For this experiment we choose [a,b] as [1075, 1].
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(6.13)



Table 6.27. Error rates for 1Y f1, fa).

k=10 k =100

Error | Ratio Error Ratio
M =12 | 850 x 10719 8.50 x 10710
M=24 |678x1071 | 10.29 | 6.78 x 1071% | 10.29
M =48 |1.11x1078 | 260 |1.12x 10713 | 2.60
M=96 |1.12x107 | 0.00| 1.12x 1073 | 0.00
M =128 | 517x 107" | 1.12|5.16 x 1074 | 1.12

Table 6.27. Error rates for I?(f1, f4) (cont.).

= 1,000 k = 10,000 k = 100, 000
Error | Ratio Error Ratio Error Ratio
M=12 |892x 1071 8.42 x 10710 6.34 x 107°
M =24 |515x 107! 4.11 | 2.06 x 1071 5.35 | 8.37 x 10~ 6.24
M =48 |5.08 x 107! 0.02 | 2.05 x 10~ 0.01 | 9.61 x 10~ | -0.20
M =96 |508x10"! 0.00 | 2.05 x 10711 0.00 | 9.61 x 10711 0.00
M =128 | 5.08 x 107! 0.00 | 2.05 x 10~ 0.00 | 9.61 x 10~ 0.00
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Table 6.28. Error rates for IY(f1, f2).

k=10 k =100

Error | Ratio Error Ratio
M =12 |1.03x10"" 1.02 x 10712
M=24 |1.15x107*2 | 0.01 | 1.02 x 10712 0.01
M =48 |1.15x1072 | 0.00 | 1.02 x 10~'2 0.00
M=96 |1.15x107* | 0.00 | 1.02 x 1072 | —0.00
M =128 | 1.15x 107 | 0.00 | 1.02 x 10712 0.00

Table 6.28. Error rates for [,E“’b](fl, f5) (cont.).

k = 1,000 k = 10,000 kE = 100,000
Error | Ratio Error Ratio Error Ratio
M =12 | 423 x 10" 2.96 x 10711 4.50 x 10~
M =24 |423x107" | 0.00|2.96 x 1071 | 0.00 | 4.50 x 10~* | 0.00
M =48 |4.23x 107 | 0.00 | 2.96 x 1071t | 0.00 | 4.50 x 1071 | 0.00
M =96 |423x107" | 0.00|2.96 x 1071 | 0.00 | 4.50 x 107* | 0.00
M =128 | 423 x 107 | 0.00 | 2.96 x 10711 | 0.00 | 4.50 x 10~'* | 0.00
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Table 6.29. Error rates for 1Y f1, fs).

k=10 k =100

Error | Ratio Error Ratio
M=12 | 753 %1076 8.20 x 1076
M=24 [1.09%x107%| 278|1.09x107%| 291
M =148 |1.05x107%| 0.05|1.05x107% | 0.05
M=96 |1.05%x107%| 0.00| 1.05x107%| 0.00
M =128 | 714 x 1077 | 0.56 | 7.14 x 1077 | 0.56

Table 6.29. Error rates for [,La’b}(fl, f3). (cont.).

k = 1,000 k = 10,000 k = 100,000
Error | Ratio Error Ratio Error Ratio
M=12 | 878 x10°° 7.10 x 1076 5.01 x 1076
M=24 [1.09%x10°°| 3.03|110x107%| 270 | 1.09x107% | 2.20
M =48 |1.05x107%| 0.05|1.05%x107%| 0.06 | 1.05x 1075 | 0.06
M=96 |1.05x107%| 0.00|1.05x107¢| 0.00 | 1.05x 107% | 0.00
M=128 | 714x 1077 | 056 | 7.14x 1077 | 0.56 | 7.14 x 10~7 | 0.56
Table 6.30. Error rates for I,Ea’b](fl, f5)-
k=10 k =100
Error | Ratio Error Ratio
M=12 | 753 x10°° 8.21 x 1076
M=24 [1.09x107%| 278 ]1.09x10°¢| 2091
M=48 |[1.05x107%| 0.05|1.05x10°°| 0.05
M=96 |1.05x107%| 0.00|1.05%x107¢| 0.00
M =128 | 714 x 1077 | 056 | 7.14 x 1077 | 0.56
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Table 6.30. Error rates for I*?(f,, f5). (cont.).

k= 1,000 k = 10,000 k = 100, 000
Error | Ratio Error Ratio Error Ratio
M=12 |888x10°° 7.10 x 1076 5.01 x 1076
M =24 |1.09x 1076 3.03 | 1.10 x 10°¢ 2.70 | 1.09 x 1076 2.20
M =48 |1.05x 1076 0.05 | 1.05 x 1076 0.06 | 1.05 x 1076 0.06
M =96 |1.05x 1076 0.00 | 1.05 x 1076 0.00 | 1.05 x 1076 0.00
M=128 | 714 x 1077 | 0.56 | 7.14 x 1077 | 0.56 | 7.14 x 1077 | 0.56
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APPENDIX A: CHEBYSHEV POLYNOMIALS

In this section definitions and some properties of Chebyshev polynomials will be

presented. Chebyshev polynomials are defines recursively as

To(ZE) = 1,
Ti(z) = =,
To(z) = 22T, 1(x) — T,—o(x), formn > 2. (A.1)

The Chebyshev polynomial of the second kind satisfies,

1
Un(cosl) = n—HTr/erl(COS 0) (A.2)
, sin(n + 1)6
= ——= A.
T, . 1(cosf) < d (A.3)
For convenience, we take
U_.1=0. (A.4)

By (A.3) we have

d (sinnd
in 07T, =-—n— : A.
sin 0T (cos 0) N ( -~ ) (A.5)
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Besides that, they also have symmetry properties as given by

T, (x) for n even,

—T,(x) for n odd,

(A.6)
. Un(x) for n even,
Un(—2) = (=1)"Un(z) =
—U,(z) for n odd,
and T, satisfies
1 _n22—1 if n is even,
/ T, (x)dx = (A.7)
y 0, otherwise.
By trigonometric identities one can also show that
l(Um n+Um—n)’ ifmzn_l’
U, = " (A.8)
% (Unin — Upn—m—2), ifm<n-—2.
Furthermore, since Up(z) = 1 and T (x) = z, for n > 1, we have the relations
22T (2) = 20T (2)U,—1(x) = n [Un(x) + U,—o(2)], (A.9)
1
T (z) = T,(z)Us(x) = 5 [Un(z) — Up—a(2)] . (A.10)
This entails
n—2
T.(x) —T,(y
(@) ) = 22 Uj(@)T-1-j(y) + Un—1(z)
xT—y =
n—2
=23 Ui()Tu1-5(2) + Una(y). (A.11)
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Concerning the norms of 7;, and U,,, we have
HTnHLoo(—l,l) <T,(1)=1 (A.12)
and
1 !
||Un||Loo(—1,1) - n—+1 HTn+1HLoo(_171) =n+1. (A.13)
In particular, 7}, is uniformly bounded on z € [—1, 1], but U, is not.
For the function w(z) = /1 — 22 used in Chapter 3, we note that
0Tl = (4D 0Tl < 0+ 1F (A8

Finally, we also make use of

1 1 s
/ U, (2))? w(x)de = / U, (2))* V1 — 22dx = / sin® nfdf = g (A.15)
-1 -1 0
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APPENDIX B: SOBOLEV SPACES

We begin with defining the following function space.

Definition B.1. For any {2 C R"

Lp

loc

(Q):{f:Q—>]R|feLp(fZ)foralleCCQ}

where 2 CC 2 means that there ezists a compact set K satisfying QCcKcn.
Now, we define Sobolev spaces,

Definition B.2. For k>0 and 1 < p < oo, we define the Sobolev space

W () ={f € L"(2) | for o] <k, D°f € L*(2)}

goly g gen
Ogt... .0 O3 Oom

ar + -+ a,, and

where D f =

f, a = (aq,...,qy) is multiindex with |a| =

3 =

I lwroy = | D D[l | for1<p<oo. (B.1)

|| <k

We denote W*?2 as H* which is a Hilbert space. Now we define HF

locy

before that

we need to define the following space.
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Definition B.3.

W) = {f € Lj,. | all weak derivatives fo up to order k ewists}

Now using this function space, we define the function space.

Definition B.4.

HE (0) = {f e WL |f € HE(9) for all 2 CC 2 and for all |a| < k}

loc

We also define the Sobolev space of 27-periodic functions of order r as

Hy, = {p € Higc(R) [ () = p(2m + )} . (B.2)

The norms on these spaces can be characterized in terms of the Fourier coefficients

of the elements in the form

lellzr = 1B0)F + ) In18(m)[*, §(n) = — /7r p(0) exp(—inf)df.  (B.3)

n#0 2m -T

In case 7 = 0, we have the Ly(—m, ) as norm, whereas for € N an equivalent norm

is given by

ol = [ [ teorans [ oo ] (B

—T —T

Throughout the thesis, we use the periodic Sobolev norm and write H" rather

than H’

per:
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Lastly, we introduce the truncated Fourier series, which is often used in this thesis.

Definition B.5. The truncated Fourier series of a function ¢ € L*[—m, ] is defined

as

(Ss0) ( Z d(p) exp(ipd) where  d(p) = %/OW ¢(0) cos(pd)do. (B.5)

p=—J

For an even function ¢, the truncated Fourier series takes on the form

<

(859) (6) = 9(0) +2 ) $1) cos(1f). (B.6)

u=1
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APPENDIX C: HYPERGEOMETRIC FUNCTIONS

In this thesis, we use hypergeometric functions

d*w dw
zw—i—(b—z)a—aw—o, (C.1)

and the confluent hypergeometric functions

G (a)n
b 2) = = " 2
1F1(a7ba Z) M(aab7 Z) % (b)nn'z (C )
where
1 n =0,
(a), = (C.3)
a(a—{—l)---(a#—n—l)ngﬁ“(:)”) n >0,

are called the Pochhammer symbol.



