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ABSTRACT

OPTIMAL MARKET MAKING MODELS IN HIGH-FREQUENCY TRADING

Aydoğan, Burcu

Ph.D., Department of Financial Mathematics

Supervisor : Prof. Dr. Ömür Uğur

Co-Supervisor : Assoc. Prof. Dr. Ümit Aksoy

March 2021, 152 pages

In this thesis, we aim to develop optimal trading strategies in a limit order book for
high-frequency trading by stochastic control theory. First, we address for evolving
optimal prices where the underlying asset follows the Heston stochastic volatility
model including jump components to explore the effect of the arrival of the orders.
The goal of the market maker is to maximize her expected return while controlling
the inventories where the remaining is charged with a liquidation cost. Two types of
utility functions are considered: quadratic and exponential with a risk averse degree.
Then, we study on a model considering an underlying asset with jumps in stochastic
volatility. We derive the optimal quotes for both models under the assumptions. For
numerical simulations, we apply finite differences and linear interpolation as well as
extrapolation methods to obtain a solution of the related Hamilton-Jacobi-Bellman
(HJB) equation. We demonstrate the risk metrics of the models including profit and
loss distribution (PnL), standard deviation of PnL and Sharpe ratio which play impor-
tant roles for the trader to make decisions on the strategies in high-frequency trading.
Moreover, we provide the comparisons of the strategies with the existing ones. As a
real data application, we conduct our simulations for the developed strategies in this
thesis on a high-frequency data of Borsa Istanbul (BIST). For this purpose, we first
estimate the parameters of each model and then perform the numerical experiments
on the optimal quotes. Furthermore, we provide the applications on global stocks in
order to see that the models are applicable, reasonable, and profitable also for the de-
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veloped markets. Lastly, we take into account of the optimal market making models
with stochastic latency impact. We contribute to this study by providing the numer-
ical experiments with an artificial data. Finally, the thesis ends up with a conclusion
and future research directions.

Keywords: Market making, Limit order book, High-frequency trading, Stochastic
control, Hamilton-Jacobi-Bellman equation, Emerging market
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ÖZ

YÜKSEK FREKANSLI İŞLEMLERDE OPTİMAL PİYASA YAPICILIĞI
MODELLERİ

Aydoğan, Burcu

Doktora, Finansal Matematik Bölümü

Tez Yöneticisi : Prof. Dr. Ömür Uğur

Ortak Tez Yöneticisi : Doç. Dr. Ümit Aksoy

Mart 2021, 152 sayfa

Bu tezde, stokastik kontrol teorisi ile, yüksek frekanslı işlemler için bir limit emir
defterinde optimal alım-satım stratejilerinin geliştirilmesi amaçlanmıştır. İlk olarak,
dayanak varlığın gelen emirlerin etkisini keşfetmek için atlama bileşenlerini de içe-
ren Heston stokastik volatilite modelini takip ettiği durumda, optimal fiyatların geliş-
tirilmesi ele alınmıştır. Piyasa yapıcının amacı; kalan envanterlerin likidite maliyeti
ile ücretlendirildiği durumda envanterleri kontrol ederken, beklenen getirisini maksi-
mize etmektir. İki tür fayda fonksiyonu düşünülmüştür; bunlar sırayla, kuadratik ve
riskten kaçınma derecesine sahip üstel fonksiyonlardır. Daha sonra, atlamaların sto-
kastik volatilitede olduğu bir dayanak varlığın modeli çalışılmıştır. İki model için de
varsayımlar altında optimal teklifler geliştirilmiştir. Nümerik simülasyonlarda, ilgili
Hamilton-Jacobi-Bellman (HJB) denkleminin çözümünü bulmak için sonlu farklar
yöntemi ve lineer interpolasyon ile ekstrapolasyon metodları uygulanmıştır. Model-
lerin kâr ve zarar dağılımı, kâr ve zararın standart sapması, Sharpe oranı gibi yüksek
frekanslı işlemlerde stratejiler üzerine karar vermede yatırımcı için önemli olan risk
metrikleri gösterilmiştir. Ayrıca, stratejilerin var olanlar ile karşılaştırılması da yapıl-
mıştır. Gerçek veri uygulaması olarak, bu tezde geliştirdiğimiz stratejilerin simülas-
yonları Borsa İstanbul yüksek frekanslı verisi üzerinde yapılmıştır. Bu amaçla, önce
her modelin parametreleri tahmin edilmiş ve daha sonra optimal teklifler üzerine nü-
merik simülasyonlar gerçekleştirilmiştir. Ayrıca, modellerin gelişmiş piyasalarda da
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uygulanabilir, makul ve kâr getirdiğini görmek için global hisse senetleri üzerine uy-
gulamalar gerçekleştirilmiştir. Daha sonra, stokastik gecikme etkili optimal piyasa
yapıcılığı modelleri incelenmiştir. Bu çalışmaya yapay bir veri ile yapılmış simülas-
yonlar ile katkı sağlanmıştır. Son olarak, bu tez bir değerlendirme ve gelecek çalışma
yönleri ile sonlandırılmıştır.

Anahtar Kelimeler: Piyasa yapıcılığı, Limit emir defteri, Yüksek frekanslı işlemler,
Stokastik kontrol, Hamilton-Jacobi-Bellman denklemi, Gelişmekte olan piyasa
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CHAPTER 1

INTRODUCTION

Recently, there have been crucial developments in quantitative financial strategies to

execute the orders driven in stock markets by computer programs with a very high

speed (in microseconds). In particular, high-frequency trading (HFT) is one of the

major topics that attracts the attention excessively due to its benefits on market mi-

crostructure, being an interdisciplinary field including the topics stochastic optimiza-

tion, finance, economics, and statistics. The market microstructure, which can be

stated as the research area on the strong trading mechanisms managed for the financial

securities, is equipped with the contributions by [33] and [46]. A significant number

of algorithmic trading strategies in the markets has also been commenced with the

appearance of HFT which is characterized as a less narrow set of trading strategies in

the algorithmic trading class and a growing need for the quantitative approaches on

the analysis and optimization techniques to develop the trading strategies.

In electronic markets, the aim is to match the traders who desire to sell the assets

with the traders who desire to buy those assets. Therefore, the participants submit

the orders on both buying and selling sides in the market. The orders may be in two

types: market orders and limit orders. Market orders are implemented immediately,

however, limit orders do not have this priority. The participants can be market makers

who supply the liquidity to the market in a limit order book (LOB) by quoting bid

and ask prices.

HFT in a LOB and the related trading strategies in developed markets have been

highly popular in recent times. It is also used in emerging markets for few years

with the purpose of rising trade volumes and liquidity. Thus, the concept of the LOB
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is extremely used in financial markets worldwide to permit the traders for buying

or selling assets easily through the orders. The interaction between the orders leads

a complex dynamics which can be solved by constructing it as a stochastic control

problem to obtain the best bid and ask prices. Not surprisingly, the practioners and

theorists are so interested in evolving and applying newly discovered optimal market

making approaches to trade in miliseconds with the purpose of achieving maximum

expected utility.

There are mainly a plenty number of articles on the HFT strategies in a LOB starting

with the early study of Ho and Stoll [35]. By the inspiration of this work, many exten-

sions on this topic have been conducted, see, for example, Avellaneda and Stoikov [3],

Guilbaud and Pham [32], Guéant, Lehalle and Fernandez-Tapia [31], Cartea and

Jaimungal [12] and Ching et al. [15]. Avellaneda and Stoikov [3] develops optimal

prices for a single stock around the market price considering the inventory impact.

This paper is the seminal work of our studies which we follow in this thesis.

This thesis mainly aims to derive the optimal prices for HFT to execute the limit buy

and sell orders by constructing optimal market making models using different stock

price processes. We first consider a model where the price is followed by Heston

stochastic volatility model [34] plus the jump components to measure the effect of

the arrival orders in the price dynamics. The case of the constant volatility has been

studied by Cartea and Jaimungal [12] without drift. They studied on a strategy where

the asset price follows a Brownian motion plus jump components which are random

variables and the inventory is restricted in an interval. We extend their study consid-

ering the volatility as stochastic adding jump components and drift coefficient in the

price dynamics. An optimal market making model with Heston model is considered

in [15] with different assumptions and they solved the associated Hamilton-Jacobi-

Bellman (HJB) equation of the stochastic control problem by the quadratic approxi-

mations of the inventory. They also took into account of the problem of a price impact

model including jumps in the midprice process with a constant and single jump size.

In this thesis, we consider the volatility as stochastic which is followed by Heston

model consisting jumps either in price or volatility by combining and extending these

two works and then generate the optimal bid and ask prices. For the numerical so-

lution of the related HJB equation, we propose a solution by the final condition and
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then, we apply finite differences and interpolation/extrapolation methods. For other

price impacted optimal market making models, one can also refer to Almgren [2] and,

Zabaljauregui and Campi [53]. After obtaining a solution for the stochastic optimal

control problem, the findings are performed on Borsa Istanbul Stock Exchange Mar-

ket (BIST) high-frequency data by calibrating the models. The existence and level

of the HFT in BIST have been studied by Ersan and Ekinci [21] in the first instance.

As the HFT has been widely studied for developed markets, it is expected that more

researches will be also performed for emerging markets. Since the usage of elec-

tronic submissions have rapidly increased, the statistical properties and modeling of

a high-frequency data are provided in some applications, see for instance Cont [16].

Besides, since there is a lack of stochastic latency models on optimal market mak-

ing in the literature, we try to express the strategy and behaviour of the trader when

there is a time difference between submission and execution of the orders which is

explained by latency.

The motivation of this thesis is to generate optimal high-frequency trading strategies

by deciding for the best bid and ask prices with price impact models where the true

price of an asset is processed by a stochastic volatility model with jumps for the ar-

riving orders. Because of the fact that a high-frequency data exhibits the properties of

excess kurtosis and skewness values with fluctuating volatility, explaining the price

process of a financial instrument with these features attempts to define the price dy-

namics better in real markets. Hence, we intend to obtain HFT strategies for optimal

market making with stock price dynamics having these characteristics. In addition,

we aim to generate the optimal prices for trading when the jumps occur in the volatil-

ity, since this situation causes the variance to increase more rapidly. When gathering

all these, we try to obtain more realistic trading strategies with more realistic stock

price dynamics. Specifically, the goal is to maximize the investor’s expected utility

at the end of the trading with constrained inventories by the proposed strategies. The

wealth and inventory processes of the market maker during the trading are changing

with respect to the arrived and filled orders as discussed in [12]. By this development,

a practioner in a market can trade with optimal prices when the underlying asset of the

instrument is followed by the provided price dynamics in this thesis. The formulas

can be applied for HFT even in an emerging market. Also, the optimal prices can be
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derived and applied in markets when the degree of the risk aversion of the investor is

settled. Moreover, the trader can define her behaviour on the optimal trading in case

of the stochastic latency is paid attention.

The major contribution of the thesis is to extend the model in [12] where the price is

followed by Heston stochastic volatility model and solve the nonlinear HJB equation

with numerical methods. We take this model into consideration in several cases. First,

we consider the problem as whether the suggested solution includes the stochastic

volatility effect explicitly or not. However, we aim to maximize the profit of the

trader with quadratic and exponential utility functions. As a next contribution, the

effect of the arrived orders is examined either in the price or volatility process as

the jump components. In numerical experiments, we compare our strategies with the

ones which already exist in the literature in terms of the statistics of profit and loss,

and inventory processes. We develop the theory of a strategy where the midprice of

the asset follows a mean-reverting process with stochastic volatility, but we leave its

numerical solution as a further study. After all, we apply our findings for each case on

a high-frequency data of an emerging market as a novel application. The thesis also

looks at price impacted optimal market making models which are introduced by us

when there is a latency between submission and execution of the orders. Numerical

results with artificial data are provided for these strategies, as well.

The thesis starts with some definitions and illustrations on a limit order book in Chap-

ter 2. Then, we provide a brief introduction on stochastic control theory and the

derivation of the HJB equation of a related control problem. Next, a preview of some

referenced optimal market making models in the literature is presented. Chapter 3

is dedicated to the theory and applications of the proposed optimal market making

models where the true price of an asset is followed by a stochastic volatility model.

We handle the applications with artificial data and a large range of experiments is pro-

vided to figure out the contributions of the strategies. Lastly, we theoretically propose

a strategy with a mean-reverting process with stochastic volatility for the midprice

process in this chapter. In Chapter 4, we include the real data application of the mod-

els to see that they work well and provide reasonable results on the high-frequency

data of an emerging market. In this part, we additionally employ the outcomes of the

models on some stocks of global markets. In Chapter 5, we define the latency for an
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order as a mean-reverting stochastic process and assume that it is considered in the

midprice process of the asset. Then, we develop optimal market making models with

the same assumptions given in Chapter 3 with the applications. Finally, Chapter 6

concludes the thesis with an outlook to further studies.
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CHAPTER 2

PRELIMINARIES

In this chapter, we provide some necessary definitions and results in the literature that

we use for the studies in this thesis. For more details, we refer to [13, 30, 48, 52] and

references therein.

2.1 Limit Order Books

In this section, we describe some key concepts in a limit order book (LOB) and high-

frequency trading (HFT).

In the concept of HFT, one of the most important fields is the limit order book which

is extremely used in financial markets worldwide to permit the traders for buying or

selling assets easily through the orders. The limit order book can be described as a

list of all orders in a market at any time t for a given asset.

There are two types of orders in a LOB:

• Limit order: an order to buy or sell a certain amount of shares for an identified

price that is not resulted in an immediate execution.

• Market order: an order to buy or sell a certain amount of shares for the best

available price that is usually executed immediately.

A market is said to be liquid whereby the numerous participants are instantly able to

trade an asset at any time with a low transaction cost. The limit and market orders are

continuously sent by liquidity providers and takers who make the market where they
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can be the same trader during a trading session. Following the crucial developments

in trading strategies to execute the orders driven in markets by computer programs

with a very high speed (in microseconds), the high-frequency traders take positions

on both buying and selling sides of the market that leads a market impact because of

the price fluctuations arised by the executions [16].

Correspondingly, we have the following definitions for a limit order book.

Definition 1. The best bid price p−t available at time t is defined as the highest bid

price within the buy limit orders in the limit order book.

Definition 2. The best ask price p+
t available at time t is defined as the lowest ask

price within the sell limit orders in the limit order book.

Definition 3. The difference between the best ask and bid prices at time t, that is,

p+
t − p−t which is called as the bid-ask spread.

Definition 4. The midprice in a limit order book at time t is

St =
1

2

(
p+
t + p−t

)
.

Once a limit order is submitted, it may either executed immediately or get in a queue

of still existing orders that may cause to be cancelled. Hence, another types of oper-

ations for both buying and selling can be defined as the cancellations of limit orders

which reduce the queue size by the amount of the cancelled orders. The cancellation

of limit orders can be easily realized as it ensures the liquidity to the market.

When a limit order arrives, there is a probability that it may not be filled and in this

case, the order should be cancelled or converted to a market order. The limit orders

are executed first with the priority of the price and then with the time. For instance,

if two limit buy (sell) orders are sent to the queue, the one with the highest (lowest)

price gets the priority for the exchange. Hence, the orders in a limit order book are

lined up from top to the down with the precedence of high buy prices and low sell

prices [37]. The state of a trading day is characterized by a sequence of limit orders

(bt, St, vt), where bt demonstrates the type of the limit order, while St denotes the

limit order price and vt states the required quantity of the shares.

8



2.1.1 Representation of Limit Order Books

In this part, some illustrations for a historical intraday equity data in Turkish stock

market, Borsa Istanbul (BIST), are displayed.

Table 2.1 demonstrates a snapshot of THYAO limit order book in Turkish stock mar-

ket, BIST, with the desired prices and quantities. It can be seen that the best bid price

is 14.53 and the best ask price is 14.54. If a market maker who is the liquidity provider

wants to sell a number of shares, then she needs to send a market order which will

be matched with a limit buy order with the price and time priority principle. For in-

stance, if the amount of the market order is less than 8500, then the order is matched

with enough amount on the limit buy order book to fill the desired quantity and the

remainings will carry on as the new top of the limit buy order book. Nonetheless, if

the market order is sent for 10000 shares, then the first 8500 shares are executed with

the price of 14.53 Turkish Lira (TL) and the rest 1500 shares are executed by the price

14.52 TL.

Table 2.1: Sample order books for THYAO
Limit Buy Orders Limit Sell Orders
Amount Price Amount Price
4500 14.53 884 14.54
4000 14.53 720 14.54
8351 14.52 1000 14.54
500 14.52 2000 14.54
1000 14.52 100 14.55
4000 14.52 1844 14.56
5700 14.51 500 14.56
4800 14.5 4000 14.57
10000 14.5 6912 14.58
4600 14.49 4000 14.58

The histograms in Figure 2.1 represent a limit order book scheme of two stocks traded

in BIST on the day of Jan 2, 2020. Figure 2.1a is an illustration of the available

orders with prices and total quantities for an illiquid and rarely traded stock, while

Figure 2.1b displays a representative scheme for a liquid and frequently traded stock.
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(a) (b)

Figure 2.1: A screenshot of a LOB for an illiquid stock ARCLK (in the left figure)
and a liquid stock FENER (in the right figure) which are traded in BIST.

Figure 2.2: Midprice of the stock AFYON in BIST.

Moreover, Figure 2.2 shows the daily midprice of stock AFYON in BIST on Jan 8,

2020 for each trade observed in miliseconds between 10.15 am and 14.30 pm. The

next figures have been also plotted for the same time slot.

The weighted price which is called as microprice and calculated by the formula

p−t × v+
t + p+

t × v−t
v−t + v+

t

,

where p−t and p+
t are the best bid and ask prices, v−t and v+

t are the relevant quantities

at the best prices which is shown in Figure 2.3 for the stock AFYON on the day of

Jan 8, 2020. The difference between the microprice and midprice for the same trading

day for this stock can be observed in Figure 2.4. We can easily notice that it usually

lies in the range of [−0.05, 0.05] while it is a bit more at the beginnings of the trading

day.

The difference between the best ask and bid prices where the distance between these

prices and the midprice gives the the optimal spreads can be seen in Figure 2.5 for the
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Figure 2.3: Microprice of the stock AFYON in BIST.

Figure 2.4: Difference between the microprice and midprice of the stock AFYON in
BIST.

stock AFYON.

Another concept in a limit order book is the order imbalance that directs the price

towards the bid or ask side and can be evaluated for a trading day by the formula

ρt = v−t − v+
t v
−
t + v+

t ∈ (−1, 1).

For a Turkish stock market case, Figure 2.6 and Figure 2.7 show that how the volume

imbalance effects the order type and quantities where Figure 2.6 is plotted for a time

Figure 2.5: Spread for the stock AFYON in BIST.
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Figure 2.6: Order imbalance for the stock AFYON in BIST.

Figure 2.7: Order imbalance histogram representation for the stock AFYON in BIST.

slot of 10.25 am and 10.40 am in miliseconds.

As a next illustration, we show the plot of the market volume curves for each trade

between 10.10 am 10.40 am in miliseconds which are influenced by the particular

events in the market for the stock AFYON in Figure 2.8 and observe a more intense

number of buy orders which is related to the order imbalance.

2.2 Theoretical Remarks

In this section, we provide some basic and important definitions on stochastic pro-

cesses. For more details, see [7], [38], and [40].

We first introduce the filtration as in the following definition.

Definition 5 (Filtration). Let (Ω,F ,P) be a probability space where Ω is the sample

space, F is the σ-algebra of events, and P is the probability measure. A filtration

(Ft)t≥0 on this probability space is an increasing family of σ-algebras included in F .
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(a)

(b)

Figure 2.8: Market volume curve for (a) the sell and (b) the buy orders for the stock
AFYON in BIST.
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This definition allows us to define a stochastic process that is always adjusted to a

filtration.

Definition 6 (Stochastic process). A stochastic process (Xt)t≥ is adapted to a filtra-

tion Ft if Xt is Ft-measurable for every t ≥ 0.

One of the stochastic processes is the Brownian motion as we define in the next defi-

nition.

Definition 7 (Brownian motion). A stochastic process (Wt)t≥0 is called as a Brown-

ian motion if it satisfies the following properties:

1. W0 = 0,

2. (Wt)t≥0 is a continuous function of t,

3. Wt −Ws has the normal distribution with mean 0 and variance t− s for t > s,

4. The process has independent increments, i.e.,

Wtn −Wtn−1 ,Wtn−1 −Wtn−2 , . . . ,Wt2 −Wt1

are independent random variables for 0 ≤ t1 ≤ t2 ≤ · · · ≤ tn.

In order to study on Brownian motion and stochastic differential equations, the mar-

tingale theory is needed to be worked.

Definition 8 (Martingale). A stochastic process Xt is a martingale with respect to the

filtration (Ft)t≥0 if the following holds:

1. E|Xt| <∞,

2. Xt is Ft-measurable ∀t ≥ 0,

3. E[Xt|Fs] = Xs a.s. for any s ≤ t.

Brownian motion is addressed as an example of diffusion processes which are solu-

tions to the stochastic differential equations. In the concept of jump-diffusion pro-

cesses where a stochastic component and jump process are included, Brownian mo-

tion refers to the diffusion part. For the jump parts, Poisson processes are generated

as the basic jump processes.
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Definition 9 (Poisson process). A random variable (Nt)t≥0 is called as the Poisson

process with intensity λ if

P(Nt = k) =
(λt)k

k!
e−λt

for k = 0, 1, 2, . . . .

While working with the diffusion processes, a very useful application for the compu-

tation of the stochastic integrals which is Itô’s formula [40] is a necessity to know.

Here, we provide Itô’s formula for the jump-diffusion models.

Theorem 1 ([49], Theorem 11.5.1, Itô’s formula for jump-diffusion processes). Let

Xt be a jump-diffusion process and f ∈ C2(R). Then,

f(Xt) = f(X0) +

∫ t

0

f
′
(Xs)dX

c
s +

1

2

∫ t

0

f
′′
(Xs)d[Xc, Xc]s

+
∑

0<s≤t

[f(Xs)− f(Xs−)]

where dXc
s represents the continuous part and d[Xc, Xc]s denotes the quadratic vari-

ation of the process.

Theorem 2 ([39], Theorem 7.4.1, Dynkin’s formula). Let Xt ∈ Rn be a jump-

diffusion process and let f : Rn → R. Let τ be a stopping time with Ex[τ ] < ∞.

Then,

Ex[f(Xτ )] = f(x) + Ex
[∫ τ

0

Af(Xs)ds

]
,

where x is the initial state variable andA is the infinitesimal generator of the process.

2.3 Stochastic Optimal Control

In this section, we briefly review the dynamic programming principle (DPP) which is

initiated in 1958 by Bellman [9] and some connected terms in stochastic calculus that

allow to study a stochastic control problem with a related nonlinear partial differential

equation (PDE) which is known as the Hamilton-Jacobi-Bellman (HJB) equation.

Stochastic control theory is a mathematical field which tackles the controlled vari-

ables performing the behaviour of a dynamical system to achieve a required objective
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and usually occurs in financial modeling problems. The optimal investment problem

discovered by Merton [44] is a well-known and classical example of continuous-

time stochastic control problems. The common goal is to maximize an expected

profit function or minimize a cost function of a trader. For the purpose of solving the

stochastic control problems, a corresponding nonlinear PDE which is known as the

Hamilton-Jacobi-Bellman (HJB) equation should be obtained and can be solved as

backwards starting from the terminal time.

Let (Ω,F ,P) be a probability space where Ω is a sample space, F is a filtration and

P is a probability measure satisfying the usual conditions with a controlled process

Xu = (Xt)0≤t≤T in Rn which is assumed to be an Itô diffusion process satisfying

dXu
t = µ(t,Xu

t , ut)dt+ σ(t,Xu
t , ut)dWt, Xu

0 = x, (2.1)

where (Wt)0≤t≤T is a d-dimensional Brownian motion and u = (ut)0≤t≤T is the

vector valued admissible control process which is defined inA ⊂ Rn. The measurable

functions µ, σ on [0, T ]×Rn×A where µ is the drift coefficient and σ is the volatility

of the diffusion process satisfy the Lipschitz condition in A in order to assure the

existence of a solution to (2.1) [48], that is, there exists K ≥ 0, ∀x, y ∈ Rn, ∀a ∈ A,

|µ(x, a)− µ(y, a)|+ |σ(x, a)− σ(y, a)| ≤ K|x− y|.

We consider given two Borelian real-valued functions F and G on [0, T ] × Rn × A
and Rn where F is the running penalty while G is the terminal wealth.

Now, we define the gain function as

Ju(x) = E
[∫ T

0

F (s,Xu
s , us)ds+G(Xu

T )

]
where E stands for the conditional expectation on Xu

t .

Since the objective is to maximize the gain function, therefore the corresponding

value function is typically introduced as

V (t, x) = sup
u∈A

Ju(x),

where A is the set of all admissible control processes.
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By the Dynamic Programming Principle (DPP) [9], a stochastic optimization problem

can be represented as

V (t, x) = sup
u∈A

E
[∫ T

t

F (s,Xu
s , us)ds+G(Xu

T )

]
(2.2)

given the dynamics (2.1) where the value function is attained at the best control û

among all the controls.

See for instance [10], [13] and [48] to discover that how DPP applies to stochastic

control problems.

2.3.1 Hamilton-Jacobi-Bellman Equation

In the value function (2.2), we divide the functional into two parts for any sufficiently

small value h and consider

V (t, x) = sup
u∈A

E
[∫ t+h

t

F (s,Xu
s , us)ds+

∫ T

t+h

F (s,Xu
s , us)ds+G(Xu

T )

]
= sup

u∈A
E
[∫ t+h

t

F (s,Xu
s , us)ds+ V (t+ h, x)

]
. (2.3)

Using Itô’s formula for V (t+ h, x), we have

V (t+ h, x) = V (t, x) +

∫ t+h

t

(
∂V (s, x)

∂s
+ µ(s, x, u)

∂V (s, x)

∂x

+
1

2
tr

{
∂2V (s, x)

∂x2
σ2(s, x, u)

})
ds

+

∫ t+h

t

∂V (s, x)

∂x
σ(s, x, u)dW. (2.4)

Here,

tr

{
∂2V (s, x)

∂x2
σ2(s, x, u)

}
denotes the trace of the matrix

∂2V (s, x)

∂x2
σ2(s, x, u).
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Placing (2.4) into (2.3), we have

V (t, x) = sup
u∈A

E

[∫ t+h

t

F (s,Xu
s , us)ds+ V (t, x)

+

∫ t+h

t

(
∂V (s, x)

∂s
+ µ(s, x, u)

∂V (s, x)

∂x

+
1

2
tr

{
∂2V (s, x)

∂x2
σ2(s, x, u)

})
ds

+

∫ t+h

t

∂V (s, x)

∂x
σ(s, x, u)dW

]

= sup
u∈A

E

[∫ t+h

t

F (s,Xu
s , us)ds+ V (t, x)

+

∫ t+h

t

(
∂V (s, x)

∂s
+ µ(s, x, u)

∂V (s, x)

∂x

+
1

2
tr

{
∂2V (s, x)

∂x2
σ2(s, x, u)

})
ds

]
.

It follows that

sup
u∈A

E

[∫ t+h

t

(
F (s,Xu

s , us) +
∂V (s, x)

∂s
+ µ(s, x, u)

∂V (s, x)

∂x

+
1

2
tr

{
∂2V (s, x)

∂x2
σ2(s, x, u)

})
ds

]
= 0.

Then, we get

sup
u∈A

E

[∫ t+h

t

(
F (s,Xu

s , us) + (∂s + Lus )V (s, x)

)
ds

]
= 0

where

Lut V (t, x) = µ(t, x, u)∂xV (t, x) +
1

2
tr
{
σ2(t, x, u)∂xxV (t, x)

}
is the infinitesimal operator associated to (2.1).

Now, dividing each side by h and taking h→ 0, we reach to the following Hamilton-

Jacobi-Bellman (HJB) equation:

∂tV (t, x) + sup
u∈A
{Lut V (t, x) + F (t, x, u)} = 0

V (T, x) = G(x).
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Theorem 3 ([48], Theorem 3.5.2, Verification theorem). Let v ∈ C1,2([0, T ]×Rn) be

a function satisfying the growth condition, that is, there exists a constant C such that

|v(t, x)| ≤ C(1 + |x|2), ∀(t, x) ∈ [0, T ]× Rn.

Assume that

∂tv(t, x) + sup
u∈A
{Lut v(t, x) + F (t, x, u)} ≤ 0, ∀(t, x) ∈ [0, T ]× Rn,

G(x)− v(T, x) ≤ 0, x ∈ Rn.

Then,

v ≥ V on [0, T ]× Rn

for all Markovian controls u ∈ A. Further, there exists a measurable function u∗(t, x)

∀(t, x ∈ [0, T ]× Rn) such that

∂tv(t, x) + sup
u∈A
{Lut v(t, x) + F (t, x, u)}

= ∂tv(t, x) + Lu
∗(t,x)
t v(t, x) + F (t, x, u∗(t, x)) = 0

with final condition

v(T, x) = G(x),

and the stochastic differential equation

dXs = µ(s,Xs, u
∗(s,Xs))ds+ σ(s,Xs, u

∗(s,Xs))dWs, Xs = x,

admits a unique solution represented by X∗s and {u∗(s,X∗s )t≤s≤T} ∈ A. Hence,

v(t, x) = V (t, x) ∀(t, x) ∈ [0, T ]× Rn,

and u∗ is an optimal Markovian control.

2.3.2 Stochastic Control for Counting Processes

Now, we consider the case where the state variable is integrated with a compound

Poisson process (Nu
t )0≤t≤T . Since the trader’s target is to maximize the gain function

in this situation, the stochastic optimization problem is proposed by the value function

V (t, n) = sup
u∈A

E
[∫ T

t

F (s,Nu
s , us)ds+G(Nu

T )

]
,
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whereA is the set of all admissible strategies, u = (ut)0≤t≤T is the vector valued con-

trol process, and (Nu
t )0≤t≤T is a controlled compound Poisson process with intensity

λut = λ(t, Nu
t− , ut) and N0− = n, and N̂u

t = Nt −
∫ t

0
λusds is a martingale.

We have

V (t, n) = sup
u∈A

E
[∫ t+h

t

F (s,Nu
s , us)ds+

∫ T

t+h

F (s,Nu
s , us)ds+G(Nu

T )

]
= sup

u∈A
E
[∫ t+h

t

F (s,Nu
s , us)ds+ V (t+ h, n)

]
(2.5)

for any sufficiently small number h.

By the Itô’s formula for V (t+ h, n), we have

V (t+ h, n) = V (t, n) +

∫ t+h

t

(∂t + Lus )V (s,Nu
s )ds

+

∫ t+h

t

[V (s,Nu
s− + 1)− V (s,Nu

s−)]dN̂u
s , (2.6)

where

Lut V (t, n) = λ(t, n, u)[V (t, n+ 1)− V (t, n)].

Now, putting (2.6) into (2.5) implies

V (t, n) = sup
u∈A

E

[
V (t, n) +

∫ t+h

t

(
F (s,Nu

s , us) + (∂t + Lus )V (s,Nu
s )

)
ds

+

∫ t+h

t

[V (s,Nu
s− + 1)− V (s,Nu

s−)]dN̂u
s

]
.

Since the expectation of martingales is zero, we obtain

sup
u∈A

E

[∫ t+h

t

(
F (s,Nu

s , us) + (∂t + Lus )V (s,Nu
s )

)
ds

]
= 0.

Afterward, we divide each side by h and take the limit h → 0 to obtain the related

HJB equation:

∂tV (t, n) + sup
u∈A

{
λ(t, n, u)[V (t, n+ 1)− V (t, n)] + F (t, n, u)

}
= 0,

V (T, n) = G(n).
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Remark 1. Assume that we have the stochastic differential equation with the dynamics

dXu
t = µ(t,Xu

t , N
u
t , ut)dt+ σ(t,Xu

t− , N
u
t− , ut)dN

u
t (2.7)

and so the value function

V (t, x, n) = sup
u∈A

E
[∫ T

t

F (s,Xu
s , N

u
s , us)ds+G(Xu

T , N
u
T )

]
with Nt− = n and Xt− = x.

Adapting the same structure in Section 2.3.2, the HJB equation in this case can be

derived as

∂tV (t, x, n) + sup
u∈A

{
Lut V (t, x, n) + F (t, x, n, u)

}
= 0,

V (T, x, n) = G(x, n),

where the infinitesimal operator Lut of (2.7) is

Lut V (t, x, n) = µ(t, x, n, u)∂xV (t, x, n)

+ λ(t, x, n, u)[V (t, x+ σ(t, x, n, u), n+ 1)− V (t, x, n)].

Remark 2. Now, suppose that we deal with the control problem with a stock price

dynamics having the stochastic differential equation which includes both diffusion

and jump parts as follows:

dXu
t = µut dt+ σut dWt + εut dN

u
t ,

where εut represents the jump size of the counting process (Nu
t )0≤t≤T with intensity

λut . The value function of the trader is

V (t, x) = sup
u∈A

E
[∫ T

t

F (s,Xu
s , us)ds+G(Xu

T )

]
.

In this case, the corresponding HJB equation can be obtained as

∂tV (t, x) + sup
u∈A

{
Lut V (t, x) + F (t, x, u)

}
= 0,

V (T, x) = G(x),

where the infinitesimal generator Lut is

Lut V (t, x) = µ(t, x, u)∂xV (t, x) +
1

2
tr
{
σ2(s, x, u)∂xxV (t, x)

}
+ λ(t, x, u)[V (t, x+ ε)− V (t, x)].
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2.4 Optimal Market Making Problem

In electronic markets, any trader can become a market maker who provides the liquid-

ity to the markets in a LOB; and market makers are permitted to submit the orders on

both buy and sell sides of the market by the trading mechanisms. A limit order book

is a platform where the high-frequency traders submit their orders and execute their

strategies. Thus, the market makers can make profits executing the orders on both

buy and sell sides with a very fast speed that provides small margins for each transac-

tion and repeating this action numerous times in a trading day. In order to supply the

liquidity to the markets, the market maker quotes a lower bid price, a higher ask price

and expects to gain a profit by the difference of the best offered prices. Deciding for

the best bid and ask prices that a market maker sets up is a hard and complex problem

in many aspects due to the fact that the problem should be tackled as a combined

problem of the modeling the asset price dynamics and the optimal spreads. The other

issue while solving this problem is to reduce the risk related to the price changes

particularly in a large inventory case.

Fortunately, the stochastic control theory helps to handle such kind of optimization

problem by seeking an optimal strategy in order to maximize the trader’s objective

function and to face a dynamic problem for the high-frequency trading. The the-

ory encourages the study of optimizing activities in financial markets as it allows to

accomplish the complex optimization problems involving constraints that are con-

sistent with the price dynamics while managing the inventory risk. Execution risk

that may be occured because of the non executing or partially executing limit or-

ders is the other source of risk on market making strategies. The third type of the

risks in limit order books is the adverse selection risk that arises with more informed

traders. In order to detect the optimal quotes in the market, it is, therefore, necessary

to solve the corresponding nonlinear Hamilton-Jacobi-Bellman (HJB) equation for

the optimal stochastic control problem. This is generally achieved by applying vari-

ous root-finding algorithms that can handle the complexity and high-dimensionality

of the equation, see, e.g., [4, 6].

In the framework of the optimal trading strategy for high-frequency trading in a LOB,

there are many papers following early studies of Ho and Stoll [35] and Grossman and
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Miller [29]. Avellaneda and Stoikov [3] revise the study of Ho and Stoll [35] building

a practical model that considers a single dealer trading a single stock facing with

a stochastic demand modeled by a continuous time Poisson process. The literature

on the optimal market making problem has been burgeoning since 2008 with the

work of Avellaneda and Stoikov [3], inspiring Guilbaud and Pham [32] to derive a

model involving limit and market orders with optimal stochastic spreads. Bayraktar

and Ludkovski [8] consider the optimal liquidation problem where they model the

order arrivals with intensities depending on the liquidation price. More advanced

models have been developed with adverse selection effects and stronger market order

dynamics, see for example the paper of Cartea, Jaimungal and Ricci [14]. Guéant,

Lehalle and Fernandez-Tapia [31] extend and formalize the results of Avellaneda and

Stoikov [3]. Another extended market making model with inventory constraints is

provided by Fodra and Labadie [24] who consider a general case of midprice by

linear and exponential utility criteria and find closed-form solutions for the optimal

spreads. Cartea and Jaimungal [12] propose a solution to deal with the problem of

including the market impact on the midprice and have worked on risk metrics for the

high-frequency trading strategies they have developed. Moreover, Ching et al. [15]

improve the existing models with Heston stochastic volatility model, to characterize

the volatility of the stock price with price impact and to implement an approximation

method to solve the nonlinear HJB equation. They have considered a constant price

impact using the same counting processes for both arrival and filled limit orders. More

recently, Baldacci et al. [5] study the optimal control problem for an option market

maker with Heston model in an underlying asset using the vega approximation for the

portfolio.

2.4.1 A Brief Review of the Related Literature

In this part, we present a brief background of the early optimal market making models

of the market microstructure that exist in the literature.
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2.4.1.1 Ho and Stoll Model

The model is an extension of the Garman’s model [26] which is considered as one of

the first market making models in which the continuous transactions are not allowed

and is introduced by Ho and Stoll [35].

They assume that the buy and sell orders follow Poisson processes Na
t and N b

t with

intensities λa and λb, respectively. Then, they quote the bid and ask prices as

pb = p− b,

pa = p+ a,

where p is the true price of the asset, b and a are the costs for the selling and buying

the asset, respectively.

The inventory process It of the dealer follows a jump diffusion process:

dIt = rIItdt+ p(dN b
t − dNa

t ) + ItdW
I
t ,

where rI is the mean return of the inventory account.

The change in the cash account value can be found by the process

dFt = rFtdt− pbdN b
t + padNa

t ,

where r is the risk-free rate.

The wealth process Yt of the market maker is defined by

dYt = rY Ytdt+ YtdW
Y
t

with mean return rY per unit time.

The aim of the market maker is to maximize her expected utility of her final wealth

at the final time T , that is,

WT = FT + IT + YT .

Thence, the optimal control problem for the market maker is simply constituted by

sup
pb,pa

[U(FT + IT + YT )]

and the dynamic programming approach can be represented for the solution which

helps to find the optimal costs of selling and buying the asset.
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2.4.1.2 Avellaneda and Stoikov Model

Now, we demonstrate the seminal work on market making problem introduced by

Avellaneda and Stoikov [3].

The framework is operated on a single stock which follows a standard Brownian

motion price dynamics

dSu = σdWu,

where St = s is the initial value, Wt is a standard one-dimensional Brownian motion

and σ is the volatility.

The market maker can continuously quote the bid price pb and the ask price pa to buy

and sell the assets. It is assumed that there is no cost for updating the bid and ask

prices, respectively, pb and pa. The differences

δb = s− pb,

δa = pa − s

are so-called the spreads. The bid-ask spread is denoted by

δb + δa.

The amount of cash jumps whensoever a buy or sell order is executed and hence is

modeled by

dXt = padNa
t − pbdN b

t ,

where N b
t is the number of stocks bought and Na

t is the amount of stocks sold by the

dealer. They are assumed to follow Poisson processes with the intensities λb(δb) =

Ae−kδ
b and λa(δa) = Ae−kδ

a where A characterizes the liquidity of the asset and k is

the exponential decay factor. The inventory of the market maker at time t, that is, the

number of stocks held is

qt = N b
t −Na

t .

The aim is to maximize the expected utility function of the dealer at the maturity time

T for the optimal feedback controls δa and δb. Thus, we have the value function

v(x, s, q, t) = E[− exp(−γ(x+ qST ))],
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where x is the initial wealth, γ is the risk aversion parameter, and q is the current

inventory of the dealer.

Here, we have

v(x, s, q, t) =E[− exp(−γ(x+ qST ))]

=E[− exp(−γx) · exp(−γqST )]

=− exp(−γx) · E[exp(−γqST )].

Let Y = exp(−γqST ). Then,

lnY = −γqST ∼ N(−sγq, γ2q2σ2(T − t))

since E[Su] = St = s and Var(Su) = σ2(u− t), and so that

S(u) ∼ N(s, σ2(u− t))

indicates

ST ∼ N(s, σ2(T − t)).

Hence, we obtain that Y has a log-normal distribution with parameters −sγq and

γ2q2σ2(T − t). Therefore,

E(Y ) = exp(−sγq +
1

2
γ2q2σ2(T − t)).

This result implies that the value function can be written in other form as

v(x, s, q, t) = − exp(−γx) exp(−γqs) exp

(
γ2q2σ2(T − t)

2

)
. (2.8)

Now, they define the reservation bid price rb as the highest price that the buyer is

willing to pay for a stock and the reservation ask price ra as the lowest price that the

seller is willing to accept for a stock which are implicitly introduced by the relations

v(x− rb(s, q, t), s, q + 1, t) = v(x, s, q, t), (2.9)

v(x+ ra(s, q, t), s, q − 1, t) = v(x, s, q, t). (2.10)

When (2.9) and (2.10) are used in the value function equation (2.8), the following

closed-form formulas for the reservation prices are obtained:

ra(s, q, t) = s+ (1− 2q)
γσ2(T − t)

2
,

rb(s, q, t) = s− (1 + 2q)
γσ2(T − t)

2
.

26



Then, the reservation or indifference price that is the average of the reservation bid

and ask prices is given by

r(s, q, t) =
ra(s, q, t) + rb(s, q, t)

2
= s− qγσ2(T − t).

The intention of the market maker is to maximize the expected utility function for the

optimal controls δa and δb, i.e.,

u(s, x, q, t) = sup
δa,δb∈A

E[− exp(−γ(XT + qTST ))],

where A is the set of admissible strategies, XT and qT are the final wealth and inven-

tory of the dealer, respectively.

The function u solves the following Hamilton-Jacobi-Bellman (HJB) equation:

ut +
1

2
σ2uss + sup

δb
λb(δb)[u(s, x− s+ δb, q + 1, t)− u(s, x, q, t)]

+ sup
δa
λa(δa)[u(s, x+ s+ δa, q − 1, t)− u(s, x, q, t)] = 0, (2.11)

u(s, x, q, T ) = − exp(−γ(x+ qs)).

To solve the HJB equation, the authors consider the guess

u(s, x, q, t) = − exp(−γx) exp(−γθ(s, q, t)), (2.12)

where θ(s, q, t) is approximated by a Taylor expansion about the inventory value q.

Plugging (2.12) into (2.11), the equation turns out to

θt +
1

2
σ2θss −

1

2
σ2γθ2

s + sup
δb

[
λb(δb)

γ
[1− eγ(s−δb−rb)]

]
+ sup

δa

[
λa(δa)

γ
[1− e−γ(s+δa−ra)]

]
= 0,

θ(s, q, T ) = qs. (2.13)

Using the first order optimality condition, the optimal spreads can then be obtained

as

δb =s− rb(s, q, t) +
1

γ
ln

(
1− γ λ

b(δb)
∂λb

∂δb
(δb)

)
,

δa =ra(s, q, t)− s+
1

γ
ln

(
1− γ λ

a(δa)
∂λa

∂δa
(δa)

)
. (2.14)
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Afterwards, by the definitions of the reservation prices, they can also be written de-

pending on θ:

rb(s, q, t) = θ(s, q + 1, t)− θ(s, q, t),

ra(s, q, t) = θ(s, q, t)− θ(s, q − 1, t). (2.15)

The asymptotic expansion of θ in the inventory variable q is given by

θ(s, q, t) = θ(0)(s, t) + θ(1)(s, t)q + θ(2)(s, t)q2 + θ(3)(s, t)q3 + · · · .

Substituting θ into the reservation prices given by (2.15) yields

rb(s, q, t) = θ(1)(s, t) + (1 + 2q)θ(2)(s, t) + · · · ,

ra(s, q, t) = θ(1)(s, t) + (−1 + 2q)θ(2)(s, t) + · · · . (2.16)

Hence, the reservation price can be obtained as

r(s, q, t) =
ra + rb

2
= θ(1)(s, t) + 2qθ(2)(s, t).

By (2.14) and (2.16), the bid-ask spread given in [3] can be found as

δa + δb = −2θ(2)(s, t) +
2

γ
ln
(

1 +
γ

k

)
.

Substituting (2.14) into (2.13) and using the definitions of the intensity functions, the

following equation is derived:

θt +
1

2
σ2θss −

1

2
σ2γθ2

s +
A

k + γ
(e−kδ

a

+ e−kδ
b

) = 0,

θ(s, q, T ) = qs.

The authors consider that the higher terms in the asymptotic expansion of θ are small

enough to be negligible and take only the coefficients of q and q2 which results in the

equations

θ
(1)
t +

1

2
σ2θ(1)

ss = 0,

θ(1)(s, T ) = s,

and

θ
(2)
t +

1

2
σ2θ(2)

ss −
1

2
σ2γ(θ(1)

s )2 = 0,

θ(2)(s, T ) = 0,
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where the solutions are θ(1)(s, t) = s and θ(2)(s, t) = −1
2
σ2γ(T − t). By the solution

of θ, the following results can be obtained:

r(S, t) = S − qγσ2(T − t),

δa + δb = γσ2(T − t) +
2

γ
ln
(

1 +
γ

k

)
.

Finally, the optimal bid and ask spreads are found as

δb = (1 + 2q)
γσ2(T − t)

2
+

1

γ
ln
(

1 +
γ

k

)
,

δa = (1− 2q)
γσ2(T − t)

2
+

1

γ
ln
(

1 +
γ

k

)
in this framework.

In the numerical applications, the authors obtain the optimal prices pb and pa by the

formulas

pb = s− δb,

pa = s+ δa,

and test the strategy by looking at the profit and loss function, and the terminal inven-

tory qT for different values of the risk aversion degree γ. More details can be found

in the related paper [3].

2.4.1.3 Guéant, Lehalle and Fernandez-Tapia Formula

Guéant, Lehalle and Fernandez-Tapia [31] extend the work of Avellaneda and Stoikov [3]

by transforming the optimal stochastic control problem into a system of ordinary dif-

ferential equations and solving the problem with the constraints of the inventory pro-

cess.

They consider the same price, inventory, and wealth dynamics and the optimization
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problem as studied in Avellaneda and Stoikov [3]:

dSt = σdWt,

qt = N b
t −Na

t ,

dXt = padNa
t − pbdN b

t ,

u(s, x, q, t) = sup
δa,δb∈A

E[− exp(−γ(XT + qTST ))]

with the intensities λb(δb) = Ae−kδ
b and λa(δa) = Ae−kδ

a .

They assume that the inventories are bounded such that q ∈ {−Q, . . . , Q} and then

write the associated HJB equation:

0 =



∂tu(s, x, q, t) + 1
2
σ2∂2

ssu(s, x, q, t)

+ sup
δb
λb(δb)

[
u(s, x− s+ δb, q + 1, t)− u(s, x, q, t)

]
+ sup

δa
λa(δa) [u(s, x+ s+ δa, q − 1, t)− u(s, x, q, t)] , −Q < q < Q,

∂tu(s, x,Q, t) + 1
2
σ2∂2

ssu(s, x,Q, t)

+ sup
δa
λa(δa) [u(s, x+ s+ δa, Q− 1, t)− u(s, x,Q, t)] , q = Q,

∂tu(s, x,−Q, t) + 1
2
σ2∂2

ssu(s, x,−Q, t)

+ sup
δb
λb(δb)

[
u(s, x− s+ δb,−Q+ 1, t)− u(s, x,−Q, t)

]
, q = −Q

with the final condition u(s, x, q, T ) = − exp(−γ(x+ qs)).

Next, they consider a family of functions (vq)|q|≤Q which is a solution of the following

linear system of ODEs:

v̇q(t) = αq2vq(t)− η(vq−1(t) + vq+1(t)), ∀q ∈ {−Q+ 1, . . . , Q− 1},

v̇Q(t) = αQ2vQ(t)− ηvQ−1(t),

v̇−Q(t) = αQ2v−Q(t)− ηv−Q+1(t)
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with ∀q ∈ {−Q, . . . , Q}, vq(T ) = 1, where

α =
k

2
γσ2,

η = A
(

1 +
γ

k

)−(1+ k
γ

)

.

Then, u(s, x, q, t) = − exp {−γ(x+ qs)} vq(t)−
γ
k is the value function of the control

problem.

By using the change of variables, the authors are able to solve the optimal control

problem and they find the optimal prices as

δb =
1

k
ln

(
vq(t)

vq+1(t)

)
+

1

γ
ln
(

1 +
γ

k

)
, q 6= Q,

δa =
1

k
ln

(
vq(t)

vq−1(t)

)
+

1

γ
ln
(

1 +
γ

k

)
, q 6= −Q,

and the bid-ask spread as

δb + δa = −1

k
ln

(
vq+1(t)vq−1(t)

(vq(t))2

)
+

2

γ
ln
(

1 +
γ

k

)
.

2.4.1.4 Cartea and Jaimungal Model

The model is developed by Cartea and Jaimungal [12] where they examine the effect

of the arrival of the market orders by adding jump components in the midprice model.

The authors assume that the midprice of the stock follows

dSt = σdWt + ε+dM+
t − ε+dM+

t ,

where M−
t =

∫ t
0

∫
R2
+
µ−(dy, ds) and M+

t =
∫ t

0

∫
R2
+
µ+(dy, ds) are the counting pro-

cesses corresponding to the arrival of sell and buy market orders with intensities λ−

and λ+ and ε± are the random variables representing jump sizes with E[ε±] = ε±

having the distribution functions F±. Here, µ±(dy, dt) are Poisson random measures

on R2
+ × [0, T ] with mean measures ν±(dy, dt) = λ±F±(dy1)G±(dy2) where the

distribution F± satisfies
∫∞

0
F (dy1) = 1,

∫∞
0
y2

1F (dy1) < +∞, and G±(dy2) =

1
κ±
e−κ

±y2dy2 with κ± > 0.

The total inventory of the trader at time t is given by

qt = N−t −N+
t ,
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and the trader’s wealth Xt satisfies

dXt = (St + δ+
t )dN+

t − (St − δ−t )dN−t ,

where

N±t =

∫ t

0

∫
R+×[δ±s ,+∞)

µ±(dy, ds).

It is assumed that the limit order at price level St ± δ±t is filled with the probability

e−κδ
±
t .

In the model, the expected terminal wealth is aimed to maximize while penalizing

and constraining inventories that results in the control problem

H(t, x, q, S) = sup
(δ±s )∈A

E[XT + qT (ST − αqT )− φσ2

∫ T

t

q2
sds],

where the term −αq2
T penalizes the deviations of the inventory at maturity time and

φ penalizes the deviations during the whole trading session.

The related HJB equation of the optimal control problem is written as

0 = ∂tH +
1

2
σ2∂SSH − φσ2q2

+ λ+ sup
δ+

[
e−κ

+δ+E(H(t, x+ (S + δ+), q − 1, S + ε+)−H(t, x, q, S))

+ (1− e−κ+δ+)E(H(t, x, q, S + ε+)−H(t, x, q, S))
]

+ λ− sup
δ−

[
e−κ

−δ−E(H(t, x− (S − δ−), q + 1, S − ε−)−H(t, x, q, S))

+ (1− e−κ−δ−)E(H(t, x, q, S − ε−)−H(t, x, q, S))
]

with the final condition

H(t, x, q, S) = x+ q(S − αq).

In order to solve the HJB equation,

H(t, x, q, S) = x+ q(S − αq) + hq(t),

is proposed as a solution that leads to the following equation:
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φσ2q2 =



∂thq + λ+sup
δ+

[
− ε+q + e−κδ

+
(δ+ − ε+ − α(1− 2q) + hq−1 − hq)

]
+λ− sup

δ−

[
− ε−q + e−κδ

−
(δ− − ε− − α(1 + 2q) + hq+1 − hq)

]
,

q 6= q, q,

∂thq + λ+ sup
δ+

[
− ε+q + e−κδ

+
(δ+ − ε+ − α(1− 2q) + hq−1 − hq)

]
−ε−λ−q, q = q,

∂thq + λ− sup
δ−

[
− ε−q + e−κδ

−
(δ− − ε− − α(1 + 2q) + hq+1 − hq)

]
+ε+λ+q, q = q,

with the terminal condition hq(T ) = 0 and the inventory constraints q ∈ [q, q].

Eventually, the optimal controls are derived by applying the first-order optimality

conditions to each sup term as follows:

δ+∗(t, q) =
1

κ
+ ε+ + α(1− 2q)− hq−1(t) + hq(t), q 6= q,

and

δ−∗(t, q) =
1

κ
+ ε− + α(1 + 2q)− hq+1(t) + hq(t), q 6= q.

For the applications, one can refer to the related paper [12].
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CHAPTER 3

OPTIMAL MARKET MAKING MODELS DRIVEN BY

STOCHASTIC VOLATILITY IN THE UNDERLYING ASSET

In this chapter, we extend the existing optimal market making models in a limit order

book by assuming the volatility as stochastic in the assets as novel models. We first

assume that the stock price is set up as a jump-diffusion model including two inde-

pendent jump processes to measure the effects of arriving market orders and with a

stochastic volatility. As another extension, we suppose that the jump effects of each

order occur in the volatility of the asset. It is well known that jumps and stochastic

volatility are salient properties of financial instruments and such models of stock price

driven by a stochastic volatility including jumps can describe the real market better

since the volatility is fluctuating in reality.

Optimal controls of the models proposed here are found by writing the corresponding

HJB equation for each of the stochastic optimization problem in order to exploit the

numerical results.

3.1 Market Making Optimization Problems in a Limit Order Book

We first define a probability space (Ω,F ,P) with a sample space Ω, filtration F , and

a probability measure P for all random variables and stochastic processes.

To start, we aim to set up a high-frequency trading model in order to gain from the

expected profit by building trading strategies on limit buy and sell orders. The model

that we explore in this part is based on a stock price which is generated by two inde-
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pendent Poisson processes with different intensities representing the different jump

amounts to employ the adverse selection effects. Besides, the model includes the

stochastic volatility dynamics.

3.1.1 Setup of the Model

Assume that the midprice St of the stock in the market follows the dynamics:

dSt = µdt+
√
νtdB

1
t + ε+dM+

t − ε−dM−
t ,

dνt = k(θ − νt)dt+ σ
√
νtdB

2
t , (3.1)

dB1
t dB

2
t = ρdt,

which employs the Heston stochastic volatility model [34], where B1
t and B2

t are

Wiener processes and ρ ∈ [−1, 1] is the instantaneous correlation coefficient between

them. Here, µ is the constant drift term, θ is the long-term variance parameter, k is the

rate at which the stochastic volatility νt reverts to θ, σ is the volatility of the volatility,

and νt ≥ 0 follows a mean-reverting square root process. We should note that if the

Feller’s condition, 2kθ ≥ σ2 [22], is satisfied, then the volatility process νt becomes

always positive. In the model,M±
t are independent Poisson processes with intensities

λ± which count the number of arrived market orders and ε± are the jump sizes in the

midprice caused by the orders which are i.i.d. random variables with finite second

moments having E[ε±] = ε±.

We construct the model for the case of market making problem. Hence, we assume

that there is a market maker who continuously proposes optimal bid and ask quotes

at prices St − δ−t and St + δ+
t , where δ±t are the related optimal depths at which the

market maker posts the limit orders.

The inventory of the market maker with an initial inventory q0 = 0 is restricted to be

between upper and lower bounds during the trading session at any time t; particularly,

q ∈ [q, q] and therefore it has the following dynamics:

qt = q0 +N−t −N+
t , qt ∈ Z, t ∈ [0, T ],

with maturity time T , where N−t and N+
t are the two independent counting processes

for the market orders that are filled by the buy and sell orders, respectively. The
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inventory changes with probability e−κ±δ
±
t for filled limit orders and κ± represents the

liquidity of the stock. Hence,N±t is updated as 1 if the arriving order is a market order

and is filled with the probability e−κ±δ
±
t ; otherwise N±t becomes 0. We should note

that the processes M±
t jump when the processes N±t jump since N±t are processes for

filled orders. On the other hand, in case of M±
t jump, the processes N±t jump only if

the market order is sufficiently large to fill the limit order and the processes N±t are

not Poisson.

Since the market maker trades continuously, the wealth process Xt, the cash of the

trader during any time t, has the stochastic dynamics as follows:

dXt = p+
t dN

+
t − p−t dN−t

= (St + δ+
t )dN+

t − (St − δ−t )dN−t .

Additionally, based on the current wealth, inventory and price of the stock at any time

t, the profit and loss value of the trader can be calculated by xt + qtSt.

Supposing that the market orders arrive and are filled by the limit orders, the rate of

execution, Λt : R→ R+, can be written as

Λ±t (δ±t ) = λ±e−κ
±δ±t . (3.2)

Now, we can define the market maker’s problem as a stochastic optimization model.

The strategy of the market maker is to maximize the expected cash value at the ma-

turity time T . By using the stochastic control approach as done in (2.3), the value

function for this maximization problem can be formalized as follows:

W (t, x, S, ν; q) = sup
(δ±s )t≤s≤T∈At

E
[
U(XT , ST ; qT )− ψσ2

∫ T

t

q2
sνsds

]
, (3.3)

where U(XT , ST ; qT ) is the utility function, and

At =
{

(δ±∗s )t≤s≤T ≥ 0 : δ±∗s is F-predictable
}

(3.4)

is the set of admissible strategies on [t, T ] corresponding to all self-financing strate-

gies. Here, E[·] denotes the conditional expectation given Xt− = x, qt− = q, St− = S

and νt− = ν such that the inventories are bounded from above by q > 0 and from

below by q < 0. In the admissible strategies, we force to have lim
q→q

δ+∗
t = +∞ and
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lim
q→q

δ−∗t = +∞ for the boundaries of the inventory set. The term ψ in (3.3) repre-

sents the constant term to penalize the variations on [0, T ] in the value function; and

the component ψσ2E
[∫ T

t
q2
sνsds

]
is the penalty function on the inventories. While

the market maker wants to maximize her profit from the transactions over a finite

time horizon, she also wants to keep her inventories under control and gets rid of the

remaining inventories at the final time T .

3.2 HJB Equation of the Model for the Value Function Defined with Quadratic

Utility

Under the assumptions provided in Section 3.1 and assuming that (St,M
±
t , N

±
t ) is

Markovian, the optimization problem (3.3) can be solved using the stochastic control

approach [10, 48, 52]. The solution will be based on two different choices of utility

functions, quadratic and exponential, in the sequel. We choose to study on these

utility functions to discover the optimal qualitative behaviour of the optimal strategy

in cases that the trader is risk neutral and risk averse, respectively.

We first assume that the utility function is of the form

U(XT , ST ; qT ) = XT + qTST + η(qT ),

and that the market maker is a risk-neutral investor. This utility function can also be

regarded as a linear utility function with only inventory penalty. Indeed, the function

η(qT ) may be considered as a function that penalizes the left over inventories at ma-

turity time with a constant execution cost parameter α > 0 being η(qT ) = −αq2
T .

Thereby, one has the corresponding value function

W (t, x, S, ν; q) = sup
(δ±s )t≤s≤T∈At

E
[
XT + qTST + η(qT )− ψσ2

∫ T

t

q2
sνsds

]
, (3.5)

which should be satisfied by a HJB equation.
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Proposition 1. The value function (3.5) satisfies the HJB equation,

∂tW +µ∂SW +k(θ−νt)∂νW +
1

2
νt∂SSW +

1

2
σ2νt∂ννW +σρνt∂SνW −ψνtq2σ2

+ sup
δ+t

{
Λ+
t (δ+

t )E
[
W (t, x+ (St + δ+

t ), St + ε+, νt; q − 1)−W (t, x, St, νt; q)
]

+ (λ+ − Λ+
t (δ+

t ))E
[
W (t, x, St + ε+, νt; q)−W (t, x, St, νt; q)

] }
+ sup

δ−t

{
Λ−t (δ−t )E

[
W (t, x− (St − δ−t ), St − ε−, νt; q + 1)−W (t, x, St, νt; q)

]
+ (λ− − Λ−t (δ−t ))E

[
W (t, x, St − ε−, νt; q)−W (t, x, St, νt; q)

] }
= 0, (3.6)

with the final condition,

W (T, x, S, ν; q) = x+ q(S − αq), (3.7)

where Λt is given in (3.2) and the expectation is taken over the random variables ε±.

Proof. It is clear that the value function (3.5) for R+ × Rn → R is in the form of

sup
ut∈At

E
[∫ T

t

F (s,Xu
s , us)ds+G(Xu

s )

]
and that it is optimal when ut = u(t, St) is the admissible control process of the prob-

lem, where At is the set of the admissible strategies, F and G are the instantaneous

and terminal reward functions, respectively.

We want to derive a partial differential equation (PDE) for the value function (3.5).

Further, we fix (t, x) ∈ (0, T ) × Rn and choose any stopping time t + h < T where

h > 0 which is a small enough number. Then, we consider the expected utility

function

Et,x
[ ∫ t+h

t

F (s,Xu
s , us)ds

]
.

It is trivial to have the inequality

W (t, x, S, ν; q) ≥ Et,x
[ ∫ t+h

t

F (s,Xu
s , us)ds+W (t+ h,Xu

t+h, S, ν; q)
]
. (3.8)
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By Itô’s formula, we also obtain

W (t+ h,Xu
t+h, S, ν; q) = W (t, x, S, ν; q)

+

∫ t+h

t

{∂tW (s,Xu
s , S, ν; q) + LtW (s,Xu

s , S, ν; q)} ds

+

∫ t+h

t

∂xW (s,Xu
s , S, ν; q)dB1

s .

Plugging this into (3.8), we get

Et,x
[ ∫ t+h

t

[F (s,Xu
s , us)ds+ ∂tW (s,Xu

s , S, ν; q) + LutW (s,Xu
s , S, ν; q)] ds

]
≤ 0,

(3.9)

where Lut is the infinitesimal generator for W (t,Xu
t , S, ν; q), see Section 2.3.2.

Dividing (3.9) by h and taking the limit as h→ 0, we obtain

F (t, x, u) + ∂tW (t, x, S, ν; q) + LutW (t, x, S, ν; q) ≤ 0. (3.10)

Since (3.10) holds for all admissible control processes, finally we obtain the HJB

equation which is explicitly given by (3.6):

∂tW + sup
u∈At
{LutW (t, x, S, ν; q) + F (t, νt, u)} = 0,

W (T, x, S, ν; q) = G(x).

This completes the proof. For more details, one can refer to [10, 48, 52].

3.2.1 Derivation of the Optimal Quotes

For the case of a quadratic utility function, we derive the optimal spreads for limit or-

ders and observe their behaviours. For this purpose, we should propose an appropriate

solution to (3.6) with the final condition (3.7) and show that this solution verifies the

value function (3.5).

3.2.1.1 Case 1: The suggested solution includes the effect of the stochastic

volatility explicitly

In this case, we assume that the effect of the stochastic volatility can be explicitly seen

in the ansatz which is suggested by the final condition. In the following proposition,
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we provide the optimal spreads for this case.

Proposition 2. Let

W (t, x, S, ν; q) = x+ q(S − αq) + u(t, ν; q) (3.11)

be a solution to the HJB equation (3.6) where u(t, ν; q) is called as the reservation

price. Then, the optimal feedback controls of (3.6) are given by

δ+∗
1 (t, ν; q) = 1

κ+
+ ε+ + α(1− 2q)− u(t, ν; q − 1) + u(t, ν; q), q 6= q,

δ−∗1 (t, ν; q) = 1
κ−

+ ε− + α(1 + 2q)− u(t, ν; q + 1) + u(t, ν; q), q 6= q. (3.12)

Proof. We start with inserting the specified proposed solution (3.11) into (3.6) and

substituting the intensity functions of the filled orders, which are Λ±t (δ±t ) = λ±e−κ
±δ±t .

Then, (3.6) is reduced to

ψνq2σ2 − µq = ∂tu+ k(θ − ν)∂νu+
1

2
σ2ν∂ννu

+ sup
δ+t

λ+
{
qε+

+ e−κ
+δ+(δ+ − ε+ − α(1− 2q) + u(t, ν; q − 1)− u(t, ν; q))

}
+ sup

δ−t

λ−
{
− qε−

+ e−κ
−δ−(δ− − ε− − α(1 + 2q) + u(t, ν; q + 1)− u(t, ν; q))

}
(3.13)

for q ∈ (q, q) with final condition u(T, ν; q) = 0.

Finally, applying the first order optimality conditions to the supremum terms in (3.13),

the optimal choices of depths, given by (3.12), can be obtained in order to complete

the proof.

Note that when the function u(t, ν; q) is independent of ν, the formulas given by

(3.12) correspond to the optimal control results in Cartea and Jaimungal [12].

We use the optimal spreads (3.12), derived in this section, to solve the nonlinear HJB

equation (3.6). Therefore, inserting them into (3.13) yields the following PDE for the
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verification:

ψνq2σ2 − µq = ∂tu+ k(θ − ν)∂νu+
1

2
σ2ν∂ννu

+ λ+

[
qε+ +

1

κ+
e−1−κ+(ε++α(1−2q)−u(t,ν;q−1)+u(t,ν;q))

]
+ λ−

[
−qε− +

1

κ−
e−1−κ−(ε−+α(1+2q)−u(t,ν;q+1)+u(t,ν;q))

]
(3.14)

for q ∈ (q, q) with the final condition u(T, ν; q) = 0.

We should also note that the behaviour of the equation is changed at the boundary

points of the inventory limits. Being q = q means that the selling is forbidden for the

market maker, since there will be no leftover inventories if the selling action happens.

As a result, we have the HJB equation

ψνq2σ2 − µq = ∂tu+ k(θ − ν)∂νu+
1

2
σ2ν∂ννu

+ λ−
[
−qε− +

1

κ−
e−1−κ−(ε−+α(1+2q)−u(t,ν;q+1)+u(t,ν;q))

]
+ λ+qε+. (3.15)

Therefore, in this case, we can only find the optimal buy spread δ−∗t .

Similarly, in the case of q = q, buying is forbidden for the market maker. Thus, we

have

ψνq2σ2 − µq = ∂tu+ k(θ − ν)∂νu+
1

2
σ2ν∂ννu

+ λ+

[
qε+ +

1

κ+
e−1−κ+(ε++α(1−2q)−u(t,ν;q−1)+u(t,ν;q))

]
− λ−qε−. (3.16)

We should recall that we impose the inventory qt to be in a finite range [q, q] for the

whole trading session.

The computational difficulty to solve the equations (3.14), (3.15) and (3.16) together

arises due to the fact that the equations contain a discrete variable q with continuous

variables t and ν. Further, u values at level q−1, as well as q+ 1, feed the u values at

level q. Hence, to overcome this difficulty, we solve the verification equation by ap-

plying finite difference discretization scheme backwards in time. For the details, see
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Section A.1 in Appendix A. After calculating u(t, ν; q), we can generate the optimal

distances given by the formulas (3.12).

However, u(t, ν; q) can be also solved by a transformation as given in Remark 3 in

the following.

Remark 3. By the transformation u(t, ν; q) = 1
κ

lnω(t, ν; q) with

ω(t, ν; q) = [ω(t, ν; q), ω(t, ν; q − 1), . . . , ω(t, ν; q)]′ where κ+ = κ− = κ, storing

all q’s into a vector and after some calculations; (3.14), (3.15), and (3.16) can be

transformed into the following nonlinear system of PDEs

ωt + Aων +Bωνν + Cω̃ +Dω = 0, (3.17)

where ωt, ων , ωνν and ω̃ are (q − q + 1)× 1 vectors given by

ωt = [ωt(t, ν; q)], ων = [ων(t, ν; q)],

ωνν = [ωνν(t, ν; q)], ω̃ =

[
(ων(t, ν; q))2

ω(t, ν; q)

]
with q = q, q − 1, . . . q + 1, q and,

A =


k(θ − ν) 0 · · · 0

0 k(θ − ν) · · · 0
...

... . . . ...

0 0 · · · k(θ − ν)

 ,

B =


1
2
σ2ν 0 · · · 0

0 1
2
σ2ν · · · 0

...
... . . . ...

0 0 · · · 1
2
σ2ν

 ,

C =


−1

2
σ2ν 0 · · · 0

0 −1
2
σ2ν · · · 0

...
... . . . ...

0 0 · · · −1
2
σ2ν

 ,
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D =



a b 0 · · · 0 0

c a b · · · 0 0

0 c a · · · 0 0
...

...
... . . . ...

...

0 0 0 · · · a b

0 0 0 · · · c a


,

with the entries

a = µqκ− ψνq2σ2κ+ λ+qε+κ− λ−qε−κ,

b = λ+e−κ(
1
κ

+ε++α(1−2q)),

c = λ−e−κ(
1
κ

+ε−+α(1+2q)).

Remark 4. An important restriction arises on the negative spreads since the intensities
are defined for all real numbers and the trader should keep the admissible strategies
where the optimal spreads should be positive and finite. To avoid the negative spreads,
we add a constraint for δ±∗t and get the maximum value of them with a very small
positive number δ∗:

δ+∗
1 (t, ν; q) = max

{(
1
κ+ + ε+ + α(1− 2q)− u(t, ν; q − 1) + u(t, ν; q)

)
, δ∗
}
, q 6= q,

δ−∗
1 (t, ν; q) = max

{(
1
κ− + ε− + α(1 + 2q)− u(t, ν; q + 1) + u(t, ν; q)

)
, δ∗
}
, q 6= q.

3.2.1.2 Case 2: The suggested solution does not include the effect of the stochas-

tic volatility explicitly

In this setup, it is supposed that the suggested solution to (3.6) does not involve the

stochastic volatility effect directly.

Proposition 3. Let

W (t, x, S, ν; q) = x+ q(S − αq) + u(t; q) (3.18)

be a solution to the HJB equation (3.6) which is suggested by the final condition (3.7).
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Then, the optimal feedback controls of (3.6) are given by

δ+∗
1 (t; q) = 1

κ+
+ ε+ + α(1− 2q)− u(t; q − 1) + u(t; q), q 6= q,

δ−∗1 (t; q) = 1
κ−

+ ε− + α(1 + 2q)− u(t; q + 1) + u(t; q), q 6= q. (3.19)

Proof. Replacing the proposed solution (3.18) into (3.6) and substituting the intensity

functions of the filled orders, (3.6) is reduced to

ψνq2σ2 − µq = ∂tu

+ sup
δ+t

λ+
{
qε+

+ e−κ
+δ+(δ+ − ε+ − α(1− 2q) + u(t; q − 1)− u(t; q))

}
+ sup

δ−t

λ−
{
− qε−

+ e−κ
−δ−(δ− − ε− − α(1 + 2q) + u(t; q + 1)− u(t; q))

}
with final condition u(T ; q) = 0.

Then, by the first order optimality conditions, the optimal spreads (3.19) can be ac-

quired.

3.2.2 Verification Argument

Now, we show that a solution u(t, ν; q) of (3.13) exists and is unique that should be

guaranteed by the verification theorem so that this classical solution is the value func-

tion of the HJB equation and the spreads, defined by (3.12), are indeed the optimal

ones.

Theorem 4. Let u(t, ν; q) be a solution to (3.13). Then, W (t, x, S, ν; q) = x+ q(S−
αq) + u(t, ν; q) is the value function for the control problem (3.5) and, moreover, the

optimal controls are given by (3.12).

Proof. Let t ∈ [0, T ], (δ±t )t≤s≤T be admissible controls and W (t, x, S, ν; q) be the
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solution to the HJB equation (3.6). Consider the following processes for s ∈ [t, T ]:

dSt,Ss = µds+
√
νsdB

1
s + ε+dM+

s − ε−dM−
s , St,St = S,

dνt,νs = k(θ − νs)ds+ σ
√
νsdB

2
s , νt,νt = ν,

as well as

dX t,x,δ±s
s = (Ss + δ+

s )dN+
s − (Ss − δ−s )dN−s , X t,x,δ±s

t = x,

dqt,q,δ
±
s

s = dN−s − dN+
s , qt,q,δ

±
s

t = q,

such that dB1
sdB

2
s = ρds, whereM± are independent Poisson processes with intensi-

ties λ± and N± are independent counting processes with filled probabilities e−κ±δ
±
s .

The optimal bid and ask prices are

S−s = Ss − δ−s (q 6= q) and S+
s = Ss + δ+

s (q 6= q),

where the optimal spreads are

δ±∗s =
1

κ±
+ ε± + α(1± 2q)− u(s, ν; q ± 1) + u(s, ν; q).

Define

tn = T ∧ inf{s > t : |Ss − S| ≥ n

or |N+
s −N+

t | ≥ n or |N−s −N−t | ≥ n

or |M−
s −M−

t | ≥ n or |M+
s −M+

t | ≥ n}

for a given n ∈ N. Let W be a sufficiently smooth solution to the HJB equation (3.6).

46



Then, using Itô’s formula for W , we have

W (tn, X
t,x,δ±s
t−n

, St,Stn , ν
t,ν
tn ; qt,q,δ

±
s

t−n
) = W (t, x, S, ν; q) +

∫ tn

t

[
∂su(s, νt,νs ; qt,q,δ

±
s

s )

+ k(θ − νs)∂νu(s, νt,νs ; qt,q,δ
±
s

s )

+
1

2
σ2ν∂ννu(s, νt,νs ; qt,q,δ

±
s

s ) + µqs

]
ds

+

∫ tn

t

qs
√
νsdB

1
s

+

∫ tn

t

σ
√
νs∂νu(s, νt,νs ; qt,q,δ

±
s

s )dB2
s

+ ε+

∫ tn

t

qs−dM
+
s − ε−

∫ tn

t

qs−dM
−
s

+

∫ tn

t

[
δ+
s + 2αqs− − α− ε+dM+

s

+ u(s, νs; q
q,δ+s
s− − 1)− u(s, νs; q

q,δ+s
s− )

]
dN+

s

+

∫ tn

t

[
δ−s − 2αqs− − α− ε−dM−

s

+ u(s, νs; q
q,δ−s
s− + 1)− u(s, νs; q

q,δ−s
s− )

]
dN−s .

(3.20)

Note that W is continuous and positive on a compact set on tn, thus it has a lower

bound. We know that δ±t are bounded from below and δ+
s → +∞ (δ−s → +∞) as

qs → q (qs → q). Hence, all the terms in stochastic integrals in (3.20) are bounded.

By Dynkin’s formula [19], we get

E
[
W (tn, X

t,x,δ±s
t−n

, St,Stn , ν
t,ν
tn ; qt,q,δ

±
s

t−n
)
]

= W (t, x, S, ν; q) + E

[∫ tn

t

(
∂su(s, νt,νs ; qt,q,δ

±
s

s ) + k(θ − νs)∂νu(s, νt,νs ; qt,q,δ
±
s

s )

+
1

2
σ2ν∂ννu(s, νt,νs ; qt,q,δ

±
s

s ) + qs−(µ+ ε+ − ε−)

+ λ+
(
δ+
s + 2αqs− − α− ε+ + u(s, νs; q

q,δ+s
s− − 1)− u(s, νs; q

q,δ+s
s− )

)
+ λ−

(
δ−s − 2αqs− − α− ε− + u(s, νs; q

q,δ−s
s− + 1)− u(s, νs; q

q,δ−s
s− )

))
ds

]
.

47



Now, by the dominated convergence theorem [38], it can be seen that

lim
n→∞

E
[
W (tn, X

t,x,δ±s
t−n

, St,Stn , ν
t,ν
tn ; qt,q,δ

±
s

t−n
)
]

= E
[
W (T,X t,x,δ±s

T , St,ST , νt,νT ; qt,q,δ
±
s

T )
]

= W (t, x, S, ν; q)

+ E

[∫ T

t

(
∂su(s, νt,νs ; qt,q,δ

±
s

s )

+ k(θ − νs)∂νu(s, νt,νs ; qt,q,δ
±
s

s )

+
1

2
σ2ν∂ννu(s, νt,νs ; qt,q,δ

±
s

s )

+ qs−(µ+ ε+ − ε−)

+ λ+
(
δ+
s + 2αqs− − α− ε+

+ u(s, νs; q
q,δ+s
s− − 1)− u(s, νs; q

q,δ+s
s− )

)
+ λ−

(
δ−s − 2αqs− − α− ε−

+ u(s, νs; q
q,δ−s
s− + 1)− u(s, νs; q

q,δ−s
s− )

))
ds

]

which holds for all the admissible controls (δ±t )t≤s≤T .

Using the fact that W solves that the HJB equation (3.6) and similar arguments in

Theorem 2.4 in [12], we have

E
[
W (T,X t,x,δ±s

T , St,ST , νt,νT ; qt,q,δ
±
s

T )
]
≤ W (t, x, S, ν; q) + ψσ2E

[∫ T

t

(qq,δ
±
s

s )2νq,δ
±
s

s ds

]
.

Therefore, we have

sup
δ±s ∈As

E
[
X t,x,δ±s
T + qt,q,δ

±
s

T (ST − αqt,q,δ
±
s

T )− ψσ2

∫ T

t

(qq,δ
±
s

s )2νq,δ
±
s

s ds

]
≤ W (t, x, S, ν; q) = E

[
X t,x,δ
T + qt,q,δT (ST − αqt,q,δT )− ψσ2

∫ T

t

(qq,δs )2νq,δs ds

]
.

Hence, this proves that W (t, x, S, ν; q) is the value function of the optimization prob-

lem (3.5) and the δ±∗t given by (3.12) are the admissible optimal controls.
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3.3 HJB Equation of the Model for the Value Function Defined with Exponen-

tial Utility

The case of the exponential utility function has been investigated earlier by Avel-

laneda and Stoikov [3], Lehalle et al. [31], and Fodra and Labadie [24] for several

types of midprice dynamics. In this section, we illustrate the results for the midprice

model given by (3.1). Assume that the utility function is defined as exponential hav-

ing a degree of risk aversion γ for the investor where γ > 0 with the following related

value function:

W (t, x, S, ν; q) = sup
(δ±s )t≤s≤T∈At

E
[
−e−γ(XT+qTST+η(qT ))

]
, (3.21)

where η(qT ) = −αq2
T is the penalization function with α > 0 as defined in Section

3.2. Now, we display out the corresponding HJB equation for the value function

(3.21).

Proposition 4. The value function (3.21) satisfies the following HJB equation,

∂tW + µ∂SW + k(θ − νt)∂νW +
1

2
νt∂SSW +

1

2
σ2νt∂ννW + σρνt∂SνW

+ sup
δ+t

{
Λ+
t (δ+

t )E
[
W (t, x+ (St + δ+

t ), St + ε+, νt; q − 1)−W (t, x, St, νt; q)
]

+ (λ+ − Λ+
t (δ+

t ))E
[
W (t, x, St + ε+, νt; q)−W (t, x, St, νt; q)

] }
+ sup

δ−t

{
Λ−t (δ−t )E

[
W (t, x− (St − δ−t ), St − ε−, νt; q + 1)−W (t, x, St, νt; q)

]
+ (λ− − Λ−t (δ−t ))E

[
W (t, x, St − ε−, νt; q)−W (t, x, St, νt; q)

] }
= 0, (3.22)

with the final condition,

W (T, x, S, ν; q) = −e−γ(x+q(S−αq)). (3.23)

Proof. The proof can be carried out using similar arguments as in Proposition 1.

For the case of the exponential utility function, now we find the optimal controls

obtained by solving the HJB equation (3.22).

Proposition 5. Let

W (t, x, S, ν; q) = −e−γ(x+q(S−αq)+u(t,ν;q)) (3.24)
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be a solution to the HJB equation (3.22) which is suggested by the final condition

(3.23). Then, the optimal feedback controls of (3.22) are given by

δ+∗
2 (t, ν; q) = 1

γ
ln
(
1 + γ

κ+

)
+ ε+ + α(1− 2q)− u(t, ν; q − 1) + u(t, ν; q), q 6= q,

δ−∗2 (t, ν; q) = 1
γ

ln
(
1 + γ

κ−

)
+ ε− + α(1 + 2q)− u(t, ν; q + 1) + u(t, ν; q), q 6= q.

(3.25)

Proof. First, inserting the suggested solution (3.24) into (3.22) with the functions of

filled orders, (3.22) is reduced to

e−γ(x+q(S−αq)+u(t,ν;q))

[
γ∂tu+ µγq − 1

2
γ2q2ν +

(
k(θ − ν)γ − σργ2qν

)
∂νu

+
1

2
σ2γν∂ννu−

1

2
σ2γ2ν(∂νu)2

]
+ sup

δ+t

λ+
{
e−γ(x+q(S−αq)+qε++u(t,ν;q))(e−κ

+δ+ − 1) + e−γ(x+q(S−αq)+u(t,ν;q))

− e−κ+δ+e−γ(x+q(S−αq)+qε++δ+−ε++α(2q−1)+u(t,ν;q−1))
}

+ sup
δ−t

λ−
{
e−γ(x+q(S−αq)−qε−+u(t,ν;q))(e−κ

−δ− − 1) + e−γ(x+q(S−αq)+u(t,ν;q))

− e−κ−δ−e−γ(x+q(S−αq)−qε−+δ−−ε−−α(2q+1)+u(t,ν;q+1))
}

= 0 (3.26)

for q ∈ [q, q] with final condition u(T, ν; q) = 0. Similar to the proof of Proposition 2,

the optimal spreads (3.25) can be found by the first order optimality conditions.

Substituting the optimal spreads into (3.26) yields the verification equation,

1

2
γq2ν − µq = ∂tu+ (k(θ − ν)− σργqν) ∂νu+

1

2
σ2ν∂ννu−

1

2
σ2γν(∂νu)2

+ λ+

{
e−γqε

+

e−κ
+( 1

γ
ln(1+ γ

κ+
)+ε++α(1−2q)+u(t,ν;q)−u(t,ν;q−1)) 1

γ + κ+

+
1

γ

(
1− e−γqε+

)}
+ λ−

{
eγqε

−
e−κ

−( 1
γ

ln(1+ γ

κ− )+ε−+α(1+2q)+u(t,ν;q)−u(t,ν;q+1)) 1

γ + κ−

+
1

γ

(
1− eγqε−

)}
(3.27)

for q ∈ [q, q] with final condition u(T, ν; q) = 0. Then, the following theorem can be

stated.
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Theorem 5. Let u(t, ν; q) be a solution to (3.26). Then,

W (t, x, S, ν; q) = −e−γ(x+q(S−αq)+u(t,ν;q)) is the value function for the control prob-

lem (3.21) and, moreover, the optimal controls are given by (3.25).

Proof. The proof can be carried out using the similar techniques as done in Theo-

rem 4.

In the following proposition, we show that how the optimal behaviour of the investor

changes when she uses the exponential utility measure in case of the uncertainty in the

trades. In fact, this strategy is retrieved as the strategy introduced in Section (3.2.1.1)

when γ → 0+.

Proposition 6. If the running inventory penalty parameter ψ and the risk aversion

degree parameter γ fulfill the condition

ψ =
1

2σ2
γ,

then δ±∗2 (t, ν; q)→ δ±∗1 (t, ν; q) holds as γ → 0+.

Proof. We observe that

lim
γ→0+

1

γ
ln
(

1 +
γ

κ±

)
=

1

κ±

and

lim
γ→0+

1

γ

(
1− e∓γqε±

)
= ±qε±

hold, thus it can be easily seen that the verification equation obtained by δ±∗2 , that is,

1

2
γq2ν − µq = ∂tu+ (k(θ − ν)− σργqν) ∂νu+

1

2
σ2ν∂ννu−

1

2
σ2γν(∂νu)2

+ λ+
{
e−γqε

+

e−κ
+( 1

γ ln(1+ γ

κ+ )+ε++α(1−2q)+u(t,ν;q)−u(t,ν;q−1)) 1

γ + κ+

+
1

γ

(
1− e−γqε

+
)}

+ λ−
{
eγqε

−
e−κ

−( 1
γ ln(1+ γ

κ− )+ε−+α(1+2q)+u(t,ν;q)−u(t,ν;q+1)) 1

γ + κ−

+
1

γ

(
1− eγqε

−
)}
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is identical to the verification equation obtained by δ±∗1 , that is,

ψνq2σ2 − µq = ∂tu+ k(θ − ν)∂νu+
1

2
σ2ν∂ννu

+ λ+

[
qε+ +

1

κ+
e−1−κ+(ε++α(1−2q)−u(t,ν;q−1)+u(t,ν;q))

]
+ λ−

[
−qε− +

1

κ−
e−1−κ−(ε−+α(1+2q)−u(t,ν;q+1)+u(t,ν;q))

]
as γ → 0+ and ψ = 1

2σ2γ. Therefore, the solution u(t, ν; q) for both strategies are the

same. Thus, denoting 1
κ̂±

= 1
γ

ln
(
1 + γ

κ±

)
, we have

δ±∗2 (t, ν; q)− δ±∗1 (t, ν; q) =
1

κ̂±
− 1

κ±
.

Since lim
γ→0+

1
κ̂±

= 1
κ±

, we have δ±∗2 (t, ν; q) → δ±∗1 (t, ν; q) as γ → 0+. The value

function of the model with quadratic utility function can be also retrieved by the

transformation

sup
(δ±s )t≤s≤T∈At

E
[
XT + qTST + η(qT )− ψσ2

∫ T

t

q2
sνsds

]

= −1

γ
ln

(
sup

(δ±s )t≤s≤T∈At
E
[
−e−γ(XT+qTST+η(qT ))

])

for ψ = 0. The result follows from these relationships.

Figure 3.1 demonstrates the change in δ+
2 − δ+

1 as γ → 0+ for both strategies with

quadratic and exponential utility measures with the parameters given in Table 3.1. It is

observed that the difference between the optimal spreads for both strategies decreases

approaching to zero when γ approaches to zero.

3.4 Effect of the Jumps in Volatility in a LOB model

Now, as another extension of a stock price impact on optimal market making prob-

lem, we work on the problem that the stochastic volatility of the asset is influenced

by the arrival of market orders and perform this case on the optimal trading prices.

The models in literature assume that the stock price is followed by mostly Brownian

motion with constant volatility, and in the cases of stochastic volatility, they consider

only a diffusive volatility. Picking up the volatility as diffusive is highly permanent
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Figure 3.1: Difference between the optimal sell spreads for different γ values

but this dynamics can allow the increments to increase only by a sequence of normally

distributions. On the other hand, models with jumps in volatility are more persistent

as the jumps fill in the gap between the stock prices and diffusive volatility supplying

quick moves to increase the volatility and experiments show that diffusive volatility

without jumps causes misdefined effects on prices [20].

Therefore, in this part we consider that the volatility of the asset is stochastic and

impacted by the orders including the jump processes as follows:

dSt = µdt+
√
νtdB

1
t ,

dνt = k(θ − νt)dt+ σ
√
νtdB

2
t + ε+dM+

t − ε−dM−
t , (3.28)

dB1
t dB

2
t = ρdt,

with the same assumptions and quadratic utility function as in Case 1 in Section 3.2.1.1.

Therefore, the corresponding HJB equation can be obtained by applying the stochas-

tic control approach.
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Proposition 7. The value function (3.5) satisfies the HJB equation,

∂tW +µ∂SW +k(θ−νt)∂νW +
1

2
νt∂SSW +

1

2
σ2νt∂ννW +σρνt∂SνW −ψνtq2σ2

+ sup
δ+t

{
Λ+
t (δ+

t )E
[
W (t, x+ (St + δ+

t ), St, νt + ε+; q − 1)−W (t, x, St, νt; q)
]

+ (λ+ − Λ+
t (δ+

t ))E
[
W (t, x, St, νt + ε+; q)−W (t, x, St, νt; q)

] }
+ sup

δ−t

{
Λ−t (δ−t )E

[
W (t, x− (St − δ−t ), St, νt − ε−; q + 1)−W (t, x, St, νt; q)

]
+ (λ− − Λ−t (δ−t ))E

[
W (t, x, St, νt − ε−; q)−W (t, x, St, νt; q)

] }
= 0, (3.29)

with the final condition,

W (T, x, S, ν; q) = x+ q(S − αq),

where the jump effects in volatility can be properly noticed.

Proof. The proof can be handled similarly as the proof of Proposition 1.

Proposition 8. The optimal spreads related to the problem (3.29) are given by

δ+∗
3 (t, ν; q) = 1

κ+
+ α(1− 2q)− u(t, ν + ε+; q − 1) + u(t, ν + ε+; q), q 6= q,

δ−∗3 (t, ν; q) = 1
κ−

+ α(1 + 2q)− u(t, ν − ε−; q + 1) + u(t, ν − ε−; q), q 6= q.

(3.30)

Proof. We use the same ansatz in the HJB equation (3.29), that is (3.11). Then, it can

be deduced that

ψνq2σ2 − µq = ∂tu+ k(θ − ν)∂νu+
1

2
σ2ν∂ννu

+ sup
δ+t

λ+
{

[u(t, ν + ε+; q)− u(t, ν; q)]

+ e−κ
+δ+(δ+ − α(1− 2q) + u(t, ν + ε+; q − 1)− u(t, ν + ε+; q))

}
+ sup

δ−t

λ−
{

[u(t, ν − ε−; q)− u(t, ν; q)]

+ e−κ
−δ−(δ− − α(1 + 2q) + u(t, ν − ε−; q + 1)− u(t, ν − ε−; q))

}
(3.31)

for q ∈ [q, q] with final condition u(T, ν; q) = 0.
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Hence, the optimal spreads (3.30) which maximize the supremums in the equation

(3.31) can be properly defined to conclude the proof.

Furthermore, the verification equation that we will calculate the solution u(t, ν; q)

with can be interpreted as

ψνq2σ2 − µq = ∂tu+ k(θ − ν)∂νu+
1

2
σ2ν∂ννu

+ λ+
{

[u(t, ν + ε+; q)− u(t, ν; q)]

+
1

κ+
e−1−κ+(α(1−2q)−u(t,ν+ε+;q−1)+u(t,ν+ε+;q))

}
+ λ−

{
[u(t, ν − ε−; q)− u(t, ν; q)]

+
1

κ−
e−1−κ−(α(1+2q)−u(t,ν−ε−;q+1)+u(t,ν−ε−;q)

}
(3.32)

for q ∈ [q, q] with final condition u(T, ν; q) = 0.

3.5 Numerical Results

In this section, we provide the numerical results regarding on the solution of the mar-

ket making problems given in Sections 3.2, 3.3, and 3.4, and explore the behaviour of

the optimal controls δ+∗ and δ−∗ for various cases. The parameters that we use in the

following analyses are given in Table 3.1.

Table 3.1: The Parameters
T (sec) ∆t S0 ν0 q λ± ε± κ± α ψ µ k θ σ ρ

10 0.005 100 0.05 [−5, 5] 2 0.004 2 0.01 0.1 0.01 1 1 0.1 −0.8

The codes for solving the verification equations of the related HJBs of the models

have been written in Spyder Editor of Python Programming Language using the li-

braries numpy, matplotlib, and scipy [51].

3.5.1 Results with the Quadratic Utility Function

In this part of the numerical applications, we provide the results under two cases

where the suggested solution u includes and does not include the effect of the stochas-

tic volatility explicitly, respectively.
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Figure 3.2: Solution of u(t, ν; q) for q = 0 and optimal prices
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Figure 3.3: A simulated path and histogram of the profit and loss function

3.5.1.1 Results for Case 1

This part intends to show the numerical experiments and the behaviour of the market

maker under the results given in Section 3.2.1.1.

Figure 3.2 displays the solution of the value function u(t, ν; q) for a fixed inventory

level q in the left panel. It is shown that the values of u reduces when t approaches to

the final time with a fixed value of ν. The figure in the right panel illustrates how the

optimal prices which are calculated by the spread formulas in (3.12) change by the

strategy. We can see that the strategy is followed as that the trader buys an asset with

lower spread and closer price to the midprice while she sells the asset putting higher

sell spread and farther price.

Figure 3.3 depicts a simulation of the profit and loss function (PnL) of the market

maker at any time t during the trading session in the left panel. The profit and loss

performance of the trading are displayed by the histogram in the right panel which is

a right skewed distribution. From the Figure 3.3, it is observed that the adverse selec-

tion effect in stock prices improves the profitability of the market making strategy.
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In Figure 3.4, a simulated path of the inventory process of the trader can be seen for

q ∈ [−10, 10] while the other parameters are fixed as in Table 3.1. It is demonstrated

that the trading first occurs when t ∈ [0, 1] in seconds with buy limit orders and the

inventory increases until time t ∈ [2, 3] in seconds. Another noticeable fact from the

figure is that the market buy orders are filled by limit sell orders after the 5th second

and then the inventory becomes mean-reverting to zero.
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Figure 3.4: A simulated path for inventory process

In Figure 3.5, we can see the optimal spreads δ+ and δ− for the trader depending

on the each inventory levels monotonically with the liquidation parameter α = 0.01

which is a small inventory risk aversion value but enough for the inventory to go back

to the average at the end of the trading.

On the negative inventory levels, δ+ values are larger when t < T since the selling

is getting forbidden when approaching to the minimum admitted inventory value so

that the trader may sell her assets only if she gets a large premium for selling. As t

approaches to T , it is observed that the sell spreads decrease since the trader wants

to get rid off her assets rather than paying for the liquidation penalization when the

trading ends. On the positive inventory levels, the qualitative behaviour of the trader

is just the opposite of the idea for the negative inventory levels. In this case, the trader

needs to reduce the number of shares at her hand in order not to have any remaining

assets at maturity to sell them with lower price. As the time approaches to T , the

trader increases the selling spread since the probability of selling assets at maturity

time is higher than that for the time far away from T . Similar interpretation can be

adapted for the optimal buy spread δ− (see Fig. 3.5(b)).
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Figure 3.5: Optimal spreads δ+ and δ−

Figure 3.6 is an observation of the optimal prices when the jump amounts are larger,

i.e., ε± = 1 while the other model parameters are kept the same. The impact of the

large jump sizes can be obviously noticed by the big jumps in the prices. In this case,

it can be also observed that the execution is carried out with very close optimal buy

and sell prices to the midprice of the asset.
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Figure 3.6: Optimal prices for ε± = 1

Figure 3.7 depicts the trading intensities λ±e−κ±δ
±
t for each inventory level. It is a

fact that the value of a stock price is inversely correlated with the trading intensity.

In Figure 3.7, it can be seen that the trading intensity for selling is higher on positive

inventory levels while it is the opposite situation on negative inventory levels.

Figure 3.8 presents the δ+ and δ− values when the arrival of the market orders is

asymmetric. The intensities λ± of the jump processes in asset price give us the in-
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Figure 3.7: Trading intensities
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Figure 3.8: Optimal spreads δ+ and δ− for λ+ = 2 and λ− = 1

formation about the number of market order arrivals. For λ+ = 2 and λ− = 1 while

the other parameters are fixed to those in Table 3.1, we see that there are more buy

market orders arriving, thus the optimal filled sell spreads are larger for all inventory

levels comparing to the case when the arrival of the market orders is symmetric.

Figure 3.9 displays how δ+ and δ− are affected by the amount of the different jump

increments ε+ and ε− keeping the rest of the parameters as fixed. A larger ε+ incre-

ment means that more buy market orders arrive and filled by sell orders which causes

larger spreads.

In our simulations, we conduct the analyses with proposed risk metrics for HFT which

measure the performance of the trader, the final inventory level and their standard
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Figure 3.9: Optimal spreads δ+ and δ− for ε+ = 0.008 and ε− = 0.004

deviation which are presented in [12]. For this purpose, we investigate PnL of the

trader, its standard deviation, final q, and its standard deviation, as well.

It is observed in Table 3.2 that when we compare our strategy with symmetric strategy

that distributes the optimal prices symmetrically around the midprice as done in [3],

the profit of the strategy is less than that of the symmetric strategy; on the other hand,

it has a lower standard deviation comparing to the symmetric strategy. It can be also

seen that the inventory of the trader reverts to zero more quickly than the symmetric

strategy and the standard deviation of the inventory is produced less in the strategy.

Table 3.2: Comparison of the strategy with symmetric strategy

PnL Std dev of PnL Final q Std dev of q

Inventory 3.55 6.24 0.05 2.19
Symmetric 7.95 8.94 -1.51 3.66

We note that when we have ε+ = ε− = 0 in the model, then it reduces to the Heston

stochastic volatility model without jumps. The average spread is found as 1.0402 for

the model (3.1) while it is 1.0322 for the model without jumps. We thereby observe

that the optimal spread values are higher in the model with jumps (3.1) than those of

the model without jumps. In Table 3.3, it is obviously seen that the model with jumps

produces larger sell spreads rather than the model without jumps.
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Table 3.3: Comparison of two models with jumps and without jumps by the sell
spread value δ+(0, ν0; q)

q Model with jumps Model without jumps

−4 0.871229 0.867018

−3 0.728921 0.724657

−2 0.663699 0.659419

−1 0.618563 0.614285

0 0.579359 0.575092

1 0.540146 0.535898

2 0.496423 0.492200

3 0.441696 0.437508

4 0.360644 0.356499

5 0.194442 0.190347

Comparative statistics

In this section, we investigate the comparative statistics results of the strategy that we

introduce in Section 3.2.1.1.

Table 3.4 presents some significant statistical properties of the strategy in terms of

its terminal wealth. The Sharpe ratio which is the return per unit risk, i.e., mean

over the standard deviation is found to be 1.0156 for the profit and loss of the trader

expressing that we can have an attractive trading performance. We also reveal the

skewness and kurtosis values to discover the degree of the normality violation of the

distribution. The skewness parameter characterizes the lack of the symmetry that gets

the importance because of the fact that the statistical theory generally uses the normal

distribution assumption. Meanwhile, the kurtosis parameter refers to the sharpness

and height of the central peak of the distribution. By the skewness and kurtosis values

given in Table 3.4, we can say that the profit and loss function for this trading session

by the strategy have a normal distribution since the values lie in the acceptable range

for the normality.

Table 3.4: Statistics of profit-loss (PnL) function

Sharpe ratio Skewness Kurtosis

1.0156 −0.5506 0.1716

According to Table 3.5, we may conclude that the inventory approximates to the
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normal distribution which can be also observed by the histogram of the inventory in

Figure 3.10.

Table 3.5: Statistics of inventory

Sharpe ratio Skewness Kurtosis

0.3146 −0.4070 0.8640
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Figure 3.10: Histogram of inventory

By the statistics of the spread δ+ + δ−, as we observe in Table 3.6, it can be deduced

that the Sharpe ratio attracts the trader as it is very high since the standard deviation

is very low while it has a good expected return. Moreover, the spread can also be

considered to be normally distributed due to its skewness and kurtosis values.

Table 3.6: Statistics of spread

Mean Std dev Sharpe ratio Skewness Kurtosis

1.0402 0.0071 145.8895 −0.4318 -1.3139

Sensitivity to parameters

As we have discussed the behaviours of the optimal spreads and some statistical prop-

erties of wealth and inventory processes of the trading in previous part of this section,

now we carry out the dependency and sensitivity of the parameters on the optimal

spreads and explore the related results in this part.

Effects of µ
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By the interpretation of the drift constant and its effect on the optimal spreads and

prices, we expect the dependence on µ as

∂δ+
t

∂µ
> 0,

∂δ−t
∂µ

< 0

for all q. We implement our numerical simulations with changing drift constant µ in

the set of values {−0.01, 0.01, 0.02} as the other parameters in Table 3.1 remain the

same.

In Table 3.7, we observe that the optimal sell prices increase when the drift parameter

µ increases as the trader expects the price to move up, she sends the orders at higher

prices to get profit from the price increase which meets with our expectation.

Table 3.7: Effects of µ on δ+(0, ν0; q)

q µ = −0.01 µ = 0.01 µ = 0.02

−4 0.813558 0.871229 0.904113

−3 0.647356 0.728921 0.774198

−2 0.566304 0.663699 0.715821

−1 0.511577 0.618563 0.673648

0 0.467854 0.579359 0.634654

1 0.428641 0.540146 0.593511

2 0.389437 0.496423 0.545960

3 0.344301 0.441696 0.485475

4 0.279079 0.360644 0.396444

5 0.136771 0.194442 0.219440

Effects of ψ

Turning to the constant ψ for the penalization of the variations, it can be seen that

the optimal sell quotes increase when the risk of penalizing volatilities increases on

the negative inventory levels. Eventually, since the trader wants to cover her cost for

the variations during the trading, the increase of optimal prices make sense to cover

these costs by these amounts. Hence, the following behaviour on optimal spreads is

expected: 
∂δ+t
∂ψ

> 0,
∂δ−t
∂ψ

< 0, q < 0,
∂δ+t
∂ψ

< 0,
∂δ−t
∂ψ

> 0, q = 0,
∂δ+t
∂ψ

< 0,
∂δ−t
∂ψ

> 0, q > 0.
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As we execute our simulations with changing ψ parameter where ψ ∈ {0, 0.01, 0.1}
while saving the other parameters the same as given in the Table 3.1, our above ex-

pectation matches with the given results in Table 3.8.

Table 3.8: Effects of ψ on δ+(0, ν0; q)

q ψ = 0 ψ = 0.01 ψ = 0.1

−4 0.862326 0.863225 0.871229

−3 0.718769 0.719799 0.728921

−2 0.655405 0.656251 0.663699

−1 0.614095 0.614550 0.618563

0 0.579601 0.579573 0.579359

1 0.545067 0.544560 0.540146

2 0.505219 0.504319 0.496423

3 0.452891 0.451754 0.441696

4 0.372143 0.370983 0.360644

5 0.203594 0.202676 0.194442

The optimal average spread is therefore affected by the values of ψ where it can

be observed in Table 3.9. When the penalty parameter value increases, the average

spread increases, as well. This result leads a more traded stock because of the less

spread in case of there is no penalty.

Table 3.9: Effects of ψ on average spread

ψ = 0 ψ = 0.01 ψ = 0.1

1.0353 1.0358 1.0402

Effects of k

k represents the mean reversion adjustment rate on the volatility of the model. A

large value of k means that the volatility will revert to the average mean faster which

increases the optimal spreads for q > 0 and reduces them for q < 0.
∂δ+t
∂k

> 0,
∂δ−t
∂k

< 0, q < 0,
∂δ+t
∂k

> 0,
∂δ−t
∂k

> 0, q = 0,
∂δ+t
∂k

< 0,
∂δ−t
∂k

> 0, q > 0.

(3.33)

In our numerical observations, we take k ∈ {1, 2, 3} while we do not change the rest

of the parameters in Table 3.1 and we observe our expectations in the experiments

which can be tracked by Table 3.10, in coherence with (3.33).
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Table 3.10: Effects of k on δ+(0, ν0; q)

q k = 1 k = 2 k = 3

−4 0.871229 0.873093 0.873933

−3 0.728921 0.73084 0.731654

−2 0.663699 0.665215 0.665841

−1 0.618563 0.619470 0.619846

0 0.579359 0.579581 0.579687

1 0.540146 0.539676 0.539510

2 0.496423 0.495307 0.494880

3 0.441696 0.440047 0.439389

4 0.360644 0.358687 0.357865

5 0.194442 0.192607 0.191778

In the model, since k is just in the multiplication with long-term variance parameter

θ, the impact of θ on the optimal quotes will have just the opposite effect of when k

is employed.

Effects of σ

Concerning σ, the dependence of optimal spreads is very obvious because a high

variance causes an uncertainty and price risk. To reduce this risk and for the higher

cost of the variations, the trader increases the prices of the orders. The following

result is expected when dependency of σ is considered:
∂δ+t
∂σ

> 0,
∂δ−t
∂σ

< 0, q < 0,
∂δ+t
∂σ

< 0,
∂δ−t
∂σ

> 0, q > 0.

In our numerical simulations, we take σ ∈ {0.1, 0.3, 0.5} while keeping the rest of

the parameters the same as given in the Table 3.1 and we see that our expectation on

changing σ values is met which is shown in Table 3.11.

Effects of α

Now, we work on the dependency of the optimal spreads with respect to the liqui-

dation penalty parameter α. By our numerical results, we observe that the optimal

spreads behave in different sense when t approaches to the final trading time with an

increasing values of α. Since this parameter refers to the liquidation penalty for the

remaining inventories, the trader changes her behaviour at the end of the trade session
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Table 3.11: Effects of σ on δ+(0, ν0; q)

q σ = 0.1 σ = 0.2 σ = 0.3

−4 0.871229 0.896786 0.935502

−3 0.728921 0.757412 0.798962

−2 0.663699 0.686574 0.719139

−1 0.618563 0.630920 0.648724

0 0.579359 0.579104 0.579832

1 0.540146 0.527254 0.510663

2 0.496423 0.472619 0.440225

3 0.441696 0.410499 0.366031

4 0.360644 0.327646 0.278247

5 0.194442 0.167529 0.125368

when α increases. We carry out the simulations with α ∈ {0, 0.001, 0.01} while the

other parameters are kept the same as in the Table 3.1.

We investigate the effect of α on the optimal spreads by choosing three specific trade

time, that are t = 0, t = 5, and t = 10, respectively, since the behaviour of the

trader changes with the trade time in terms of the liquidation cost. In this analysis,

we explore the results for all inventory levels and ν0.

At time t = 0, our results show that the change of the optimal spreads does not follow

a monotonic way. On the other hand, at time t = 5 and t = 10, we observe the

following behaviour of the optimal spreads:


∂δ+t
∂α

> 0,
∂δ−t
∂α

< 0, q < 0,
∂δ+t
∂α

> 0,
∂δ−t
∂α

> 0, q = 0,
∂δ+t
∂α

< 0,
∂δ−t
∂α

> 0, q > 0.

This result makes sense since the trader should also cover the liquidation cost while

selling her assets when q < 0, for example. On the other hand, the optimal sell

spreads get to decrease when q > 0 since it is optimal to post low prices not to have

any remaining inventories and pay for the liquidation cost. Therefore, we notice that

as the time passes and approaches to the final time, the trader behaves monotonically

for an increasing α value on the positive and negative inventory levels, respectively.
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Figure 3.11: Optimal spreads δ+ and δ− for α = 0, ψ = 0.

Approaching terminal time strategy

It is worth mentioning that the trader changes her qualitative behaviour depending

on the liquidation and penalizing variations of the constants and her positions on

inventories as the time approaches to maturity.

For the parameters α = 0, ψ ∈ {0, 0.1} when ε± = ε, κ± = κ and keeping the rest of

the parameters the same, we observe the following behaviour for the optimal spreads:

 lim
t→T

∂δ+t
∂t

> 0, lim
t→T

∂δ−t
∂t

< 0, q > 0,

lim
t→T

∂δ+t
∂t

< 0, lim
t→T

∂δ−t
∂t

> 0, q ≤ 0.

Figure 3.11 represents the behaviour of the trader for α = 0, ψ = 0 when the strategy

approaches to the terminal time. In this case, since there are no penalizing parameters,

it is easy to understand that the spreads converge to a specific value when t→ T .

Remark 5. Note that when α = 0, all the optimal spreads converge to the value of
1
κ±

+ ε± as u(t, ν; q)− u(t, ν; q ± 1) tends to zero.

Now, we test the effect of the existing liquidation penalty parameter with the penalty

of the variations on the optimal spreads. For being α = 0.1, ψ ∈ {0, 0.1} when ε± =

ε, κ± = κ having the same values of the other parameters, the following observation
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Figure 3.12: Optimal spreads δ+ and δ− for α = 0.1, ψ = 0.1.

can be tested:  lim
t→T

∂δ+t
∂t

< 0, lim
t→T

∂δ−t
∂t

> 0, q > 0,

lim
t→T

∂δ+t
∂t

> 0, lim
t→T

∂δ−t
∂t

< 0, q < 0.

Figure 3.12 highlights how the trader behaves when there are liquidation and varia-

tions penalty factor such that α = 0.1 and ψ = 0.1 while the strategy approaches to

the terminal time. In this case, the trader should be more cautious since she may have

to pay for the liquidating and running variations if she still has the assets at maturity

time. Therefore, she increases the optimal sell spreads when q < 0 to cover these

costs; on the other hand, she reduces the spreads as she is not willing to pay the costs

when she has enough assets at hand. It is noticed that the model is efficient as the

trader can pay for the liquidation cost until to α = 0.1 parameter value without any

difficulty.

3.5.1.2 Results for Case 2

Now, the representation for the solution of u and the optimal spreads in the case given

in Section 3.2.1.2 are provided in this part using the same parameters in Table 3.1.

In Figure 3.13, the solution of u(t; q) for each inventory level and the optimal prices

which are calculated by the formulas (3.19) are shown. Since the effect of the volatil-

ity does not seem in the solution of u in this case, the optimal prices distribute almost

symmetrically around the midprice which can be observed from the figure.
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Figure 3.13: Solution of u(t; q) and optimal prices
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Figure 3.14: Optimal spread δ+ for different liquidation values α ∈ {0, 0.05}

It is easily observable from Figure 3.14 that how the optimal sell spread is changing

for an increasing liquidation value. To cover the rising liquidation cost, the market

maker shows a behaviour such that expanding the sell spreads and so the sell prices

for the negative inventory levels.

On the other hand, changing optimal buy spreads for an increasing liquidation value

can be also noticed in Figure 3.15 by the same interpretation as for the optimal sell

spread.
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Figure 3.15: Optimal spread δ− for different liquidation values α ∈ {0, 0.05}
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3.5.2 Results with the Exponential Utility Function

In this part, the experiment is constructed to discuss the results for δ+(0, ν0; q) de-

pending of different risk aversion degree γ in the set of values {0.0001, 0.001, 0.01}
with the same parameters given in Table 3.1. The results for δ− can be also discussed

with the same idea as for δ+.

The parameter γ shows the risk-averse degree of the investor. When γ increases, the

risk-averse degree of the investor increases. Consequently, she will sell the assets

with a lower price on the positive inventory levels to reduce both the price risk and

liquidation risk. On the other hand, she does not face with the liquidation risk on the

negative inventory levels but wants to receive higher amount for selling the assets.

Table 3.12 displays the results for the performance of the strategy with a liquidation

parameter α = 0.01. Thereby, we observe the following behaviour of the investor:


∂δ+t
∂γ

> 0,
∂δ−t
∂γ

< 0, q < 0,
∂δ+t
∂γ

< 0,
∂δ−t
∂γ

> 0, q = 0,
∂δ+t
∂γ

< 0,
∂δ−t
∂γ

> 0, q > 0.

By the numerical experiments, we can conclude that the above behaviour of the opti-

mal spreads with different values of γ is observed in Table 3.12.

Table 3.12: Effects of γ on δ+(0, ν0; q)

q γ = 0.0001 γ = 0.001 γ = 0.01

−4 0.862765 0.866689 0.903819

−3 0.719273 0.723774 0.76518

−2 0.655817 0.659483 0.692464

−1 0.614311 0.616237 0.633557

0 0.579575 0.579352 0.577913

1 0.544801 0.542445 0.522182

2 0.504757 0.500643 0.464063

3 0.45231 0.447119 0.399384

4 0.371551 0.366237 0.315636

5 0.203122 0.198878 0.157245
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Figure 3.16: Comparison of Model 1 and Model 2

3.5.3 Results of the Model with Jumps in Volatility

Numerical experiments for this case are carried out by linear interpolation and ex-

trapolation techniques in order to calculate the value functions u(t, ν + ε+; q) and

u(t, ν − ε−; q) in the verification equation. To recall the models easier, we call the

model in Case 1 in Section 3.2.1.1 with stock price dynamics (3.1) as “Model 1” and

the model in Section 3.4 with the dynamics (3.28) as “Model 2”.

Figure 3.16 illustrates δ+(t, ν0; 0) and δ−(t, ν0; 0) values for both “Model 1” and

“Model 2”. It is observed that “Model 1” which has the jumps in the price have

slightly wider δ+ and δ− values. We note that the bid-ask spread for “Model 1” is

1.0402 while it is found as 1.0328 for “Model 2”.

Table 3.13 depicts the results of these two strategies. We can see that when the jumps

occur in the volatility process, it causes not only larger profits but also larger standard

deviation of the profit and loss function.

Table 3.13: Comparison of the strategies Model 1 and Model 2

PnL Std dev of PnL Final q Std dev of q

Model 1 3.92 4.98 0.07 2.24
Model 2 4.87 5.44 0.73 2.00

3.5.4 Comparison with Some of the Existing Models in the Literature

In this section, we compare the existing optimal market making models based on

the stock price impact with the models that we introduce in the previous sections.

Numerical experiments are carried out on two different types of utility functions, i.e.,
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quadratic and exponential utility functions.

We first give the results for the value function

W (t, x, S, ν; q) = sup
(δ±s )t≤s≤T∈At

E
(
XT + qT (ST − αqT )− ψσ2

∫ T

t

q2
sνsds

)
,

for the stock price dynamics which are provided in each model definition.

In this part, we operate the simulations under the quadratic utility function for the

comparison purposes for all introduced models in this thesis, although they have been

defined with different utility criteria and solved under the different settings in their

original papers.

Model a: The model with the stock price dynamics dSt = σdBt which is introduced

by [3].

The parameters are T = 10, q ∈ [−5, 5], α = 0.01, κ± = 2, ψ = 0.1, and

σ = 0.1.

Model b: The model with the stock price dynamics dSt = σdBt+ε
+dM+

t −ε+dM−
t

that is handled in [12].

The parameters are T = 10, q ∈ [−5, 5], λ± = 2, ε± = 0.004, α = 0.01,

κ± = 2, ψ = 0.1, and σ = 0.1.

Model c: This is governed by the price dynamics (3.1).

The parameters are T = 10, q ∈ [−5, 5], λ± = 2, ε± = 0.004, α = 0.01,

κ± = 2, ψ = 0.1, σ = 0.01, µ = 0.01, k = 1, θ = 1, and ρ = −0.8.

Model d: This is governed by the price dynamics (3.28).

The parameters are T = 10, q ∈ [−5, 5], λ± = 2, ε± = 0.004, α = 0.01,

κ± = 2, ψ = 0.1, σ = 0.01, µ = 0.01, k = 1, θ = 1, and ρ = −0.8.

Table 3.14 illustrates that the traders using the “Model c” have relatively higher return

but also relatively a higher standard deviation comparing to the other models. The

performances of Sharpe ratios of each models indicate that the stock price models

with stochastic volatility based on a quadratic utility function produce more attractive

portfolios than the other models. It is demonstrated that the “Model d” has a Gaussian
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normal distribution for both PnL and inventory processes while the other models are

positively skewed in terms of their PnL distributions.

Table 3.14: Statistical comparison for PnL and inventory under the quadratic utility
function

Model a Model b Model c Model d

PnL

Mean 0.4751 0.4859 5.5978 5.3605
Std dev 0.5683 0.5856 3.9561 4.4310
Sharpe ratio 0.8360 0.8297 1.4150 1.2098
Skewness 1.2095 1.4313 1.2139 0.2769
Kurtosis 1.8287 2.6081 2.3427 -0.5726

Inventory

Mean -0.052 -0.2710 -0.0975 0.0243

Std dev 0.8736 0.9897 2.2825 2.2029
Sharpe ratio 0.8360 -0.2738 -0.0427 0.0110
Skewness 0.1457 -0.3349 0.0831 -0.0309
Kurtosis 3.3331 1.8898 -0.4861 -0.4321

The next experiment is carried out for the value function

W (t, x, S, ν; q) = sup
(δ±s )t≤s≤T∈At

E
[
−e−γ(XT+qT (ST−αqT ))

]
,

using the exponential utility function and the results are provided for the following

models.

Model A: The model with the stock price dynamics dSt = σdBt that is introduced

by [3] and handled by quadratic approximation approach.

The parameters are T = 10, q ∈ [−5, 5], α = 0.01, κ± = 2, γ = 0.01, and

σ = 0.1.

Model B: The model with the stock price dynamics dSt = σdBt + ε+dMt − ε+dMt

that is introduced with quadratic utility function and solved by providing a

closed-form solution.

The parameters are T = 10, q ∈ [−5, 5], λ± = 2, ε± = 0.004, α = 0.01,

κ± = 2, γ = 0.01, and σ = 0.1.

Model C: The model is governed by the price dynamics (3.1).

The parameters are T = 10, q ∈ [−5, 5], λ± = 2, ε± = 0.004, α = 0.01,

κ± = 2, γ = 0.01, σ = 0.01, µ = 0.01, k = 1, θ = 1, and ρ = −0.8.
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Table 3.15 demonstrates that the “Model C” which is the stock price modeling with

stochastic volatility, has relatively larger expected return, but also a relatively larger

standard deviation. Meanwhile, the other stock price modelings in Table 3.15 produce

higher Sharpe ratios.

Table 3.15: Statistical comparison for PnL and inventory under the exponential utility
function

Model A Model B Model C

PnL

Mean 0.7272 0.7029 3.1546
Std dev 0.7066 0.6906 3.7787
Sharpe ratio 1.0291 1.0178 0.8348
Skewness 1.1525 1.0058 0.4577
Kurtosis 1.8716 1.2229 -0.4832

Inventory

Mean 0.0860 0.0430 0.2682

Std dev 1.0471 1.1041 2.3061
Sharpe ratio 0.0821 0.0389 0.1163
Skewness 0.1571 -0.0225 -0.1258
Kurtosis 1.1888 1.2229 -0.4832

3.6 A Further Study: A Model where the Midprice Follows a Mean-reverting

Process with Stochastic Volatility

In this part, we present a further study where an asset has stochastic volatility and its

underlying stock price employs a mean-reverting process for high-frequency trading

in a limit order book. A mean-reverting stock price process with constant volatility

has been studied in [1] before. We develop the optimal market making model by

adding the jumps in price dynamics and considering the volatility as a stochastic

process. Here, we only provide the theoretical development of the model and leave

the numerical applications as a further study.

Until now, we consider that the underlying price is implemented by the Heston stochas-

tic volatility model. In reality, the underlying assets of financial instruments mostly

reveal both stochastic volatility and mean reversion in price properties [50]. It is ap-

parent that the prices show the behaviour of reverting to their equilibrium mean in

financial markets which makes the modeling with mean reversion a significant re-
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search area.

Thus, we assume that the midprice St of the stock in the market follows the dynamics:

dSt = β(µ− St)dt+
√
νtdB

1
t + ε+dM+

t − ε−dM−
t ,

dνt = k(θ − νt)dt+ σ
√
νtdB

2
t , (3.34)

dB1
t dB

2
t = ρdt,

which follows a mean-reverting process with an Ornstein-Uhlenbeck (OU) process

and stochastic volatility, where β is the mean-reverting rate, µ is the long-term drift,

B1
t and B2

t are Wiener processes, and ρ ∈ [−1, 1] is the instant correlation coefficient

between them. The other parameters in the model have the same meaning as being in

the model (3.1).

For a market maker to trade a stock having the dynamics (3.34) in a LOB, we consider

again the same value function as presented in Section 3.1 to construct a stochastic

control problem as follows:

W (t, x, S, ν; q) = sup
(δ±s )t≤s≤T∈At

E
[
XT + qT (ST − αqT )− ψσ2

∫ T

t

q2
sνsds

]
. (3.35)

Proposition 9. The value function (3.35) satisfies the HJB equation,

∂tW+β(µ−St)∂SW+k(θ−νt)∂νW+
1

2
νt∂SSW+

1

2
σ2νt∂ννW+σρνt∂SνW−ψνtq2σ2

+ sup
δ+t

{
Λ+
t (δ+

t )E
[
W (t, x+ (St + δ+

t ), St + ε+, νt; q − 1)−W (t, x, St, νt; q)
]

+ (λ+ − Λ+
t (δ+

t ))E
[
W (t, x, St + ε+, νt; q)−W (t, x, St, νt; q)

] }
+ sup

δ−t

{
Λ−t (δ−t )E

[
W (t, x− (St − δ−t ), St − ε−, νt; q + 1)−W (t, x, St, νt; q)

]
+ (λ− − Λ−t (δ−t ))E

[
W (t, x, St − ε−, νt; q)−W (t, x, St, νt; q)

] }
= 0, (3.36)

with the final condition,

W (T, x, S, ν; q) = x+ q(S − αq). (3.37)

Proof. The proof can be carried out using similar arguments as in Proposition 1.

Proposition 10. Let

W (t, x, S, ν; q) = x+ q(S − αq) + u(t, ν, S; q) (3.38)
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be a solution to the HJB equation (3.36) which is suggested by the final condition
(3.37). Then, the optimal feedback controls of (3.36) are given by

δ+∗(t, ν, S; q) = 1
κ+ + ε+ + α(1− 2q)− u(t, ν, S + ε+; q − 1) + u(t, ν, S + ε+; q), q 6= q,

δ−∗(t, ν, S; q) = 1
κ− + ε− + α(1 + 2q)− u(t, ν, S − ε−; q + 1) + u(t, ν, S − ε−; q), q 6= q.

(3.39)

Proof. We plug the proposed solution (3.38) and also substitute the intensity func-

tions for the filled orders into (3.36). Then, the HJB equation is reduced to

ψνq2σ2 = ∂tu+ β(µ− S)(q + ∂Su) + k(θ − ν)∂νu

+
1

2
ν∂SSu+

1

2
σ2ν∂ννu+ σρν∂Sνu

+ sup
δ+t

λ+
{
qε+ + u(t, ν, S + ε+; q)− u(t, ν, S; q) + e−κ

+δ+
(
δ+ − ε+

− α(1− 2q) + u(t, ν, S + ε+; q − 1)− u(t, ν, S + ε+; q)
)}

(3.40)

+ sup
δ−t

λ−
{
− qε− + u(t, ν, S − ε−; q)− u(t, ν, S; q) + e−κ

−δ−
(
δ− − ε−

− α(1 + 2q) + u(t, ν, S − ε−; q + 1)− u(t, ν, S − ε−; q)
)}

for q ∈ [q, q] with final condition u(T, ν, S; q) = 0.

Then, the optimal spreads (3.39) can be calculated by applying the first order opti-

mality condition in (3.40) which completes the proof.

Now, inserting the optimal spreads (3.39) in (3.40) yields the verification equation as

following:

ψνq2σ2 = ∂tu+ β(µ− S)(q + ∂Su) + k(θ − ν)∂νu

+
1

2
ν∂SSu+

1

2
σ2ν∂ννu+ σρν∂Sνu

+ λ+
[
qε+ + u(t, ν, S + ε+; q)− u(t, ν, S; q) (3.41)

+
1

κ+
e−1−κ+(ε++α(1−2q)−u(t,ν,S+ε+;q−1)+u(t,ν,S+ε+;q))

]
+ λ−

[
− qε− + u(t, ν, S − ε−; q)− u(t, ν, S; q)

+
1

κ−
e−1−κ−(ε−+α(1+2q)−u(t,ν,S−ε−;q+1)+u(t,ν,S−ε−;q))

]
for q ∈ [q, q] with the final condition u(T, ν, S; q) = 0.
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In order to solve the verification equation (3.41) for u(t, ν, S; q), the finite difference

discretizations for ∂tu, ∂Su, ∂νu, ∂SSu, ∂ννu and ∂Sνu can be applied. The discretiza-

tions are provided in Section A.2 in Appendix A. The numerical simulations are not

provided here for this modeling case as the computational obstacles arise because

of the high dimension of u(t, ν, S; q) and the mixed derivatives arising in the HJB

equation (3.41). We leave it as a future study.

Remark 6. One can also consider to solve the stochastic control problems for limit

order book models defined in this chapter with the following value function:

W (t, x, S, ν; q) = x+ qS + u0(t, S) + u1(t, S)q + u2(t, ν)q2 (3.42)

with final conditions u0(T, S) = u1(T, S) = 0, u2(T, ν) = −α. Using this proposed

solution, we can obtain a PDE system and then an ODE system by reducing the PDE

equations. Here, we only provide the PDE system for the model with stock price

(3.34).

Inserting (3.42) into HJB equation (3.36), it turns out to

ψνq2σ2 = (∂tu0 + ∂tu1q + ∂tu2q
2) + β(µ− S)(q + ∂Su0 + ∂Su1q)

+ k(θ − ν)(∂νu2q
2) +

1

2
ν(∂SSu0 + ∂SSu1q) +

1

2
σ2ν(∂ννu2q

2)

+ sup
δ+t

λ+
{
qε+ + u0(t, S + ε+)− u0(t, S) + u1(t, S + ε+)− u1(t, S)

+ e−κ
+δ+
(
δ+ − ε+ − u1(t, S + ε+)− 2u2(t, ν)q + u2(t, ν)

)}
+ sup

δ−t

λ−
{
− qε− + u0(t, S − ε−)− u0(t, S) + u1(t, S − ε−)− u1(t, S)

+ e−κ
−δ−

(
δ− − ε− + u1(t, S − ε−) + 2u2(t, ν)q + u2(t, ν)

)}
(3.43)

with terminal conditions u0(T, S) = u1(T, S) = 0, u2(T, ν) = −α.

Then, the optimal spreads are found as

δ+∗(t, ν, S; q) = 1
κ+

+ ε+ + u1(t, S + ε+) + 2qu2(t, ν)− u2(t, ν), q 6= q,

δ−∗(t, ν, S; q) = 1
κ−

+ ε− − u1(t, S − ε−)− 2qu2(t, ν)− u2(t, ν), q 6= q.

(3.44)
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Putting the optimal depths (3.44) into (3.43), the verification equation is obtained as

ψνq2σ2 = (∂tu0 + ∂tu1q + ∂tu2q
2) + β(µ− S)(q + ∂Su0 + ∂Su1q)

+ k(θ − ν)(∂νu2q
2) +

1

2
ν(∂SSu0 + ∂SSu1q) +

1

2
σ2ν(∂ννu2q

2)

+ λ+
[
qε+ + u0(t, S + ε+)− u0(t, S) + u1(t, S + ε+)− u1(t, S)

+
1

κ+
e−1−κ+(ε++u1(t,S+ε+)+2qu2(t,ν)−u2(t,ν))

]
+ λ−

[
− qε− + u0(t, S − ε−)− u0(t, S) + u1(t, S − ε−)− u1(t, S)

+
1

κ−
e−1−κ−(ε−+u1(t,S−ε−)+2qu2(t,ν)−u2(t,ν))

]
(3.45)

with final conditions u0(T, S) = u1(T, S) = 0, u2(T, ν) = −α.

Now, assuming that ε± = 0 and writing the Taylor series expansion of the exponential

functions in (3.45), we get the following PDE system in u0, u1 and u2:

∂tu0 + β(µ− S)∂Su0 +
1

2
ν∂SSu0 − (λ+ + λ−)u1 + (λ+ + λ−)u2 = 0,

∂tu1 + β(µ− S)(1 + ∂Su1) +
1

2
ν∂SSu1 − 2(λ+ − λ−)u2 = 0,

∂tu2 + k(θ − ν)∂νu2 +
1

2
σ2ν∂ννu2 − ψνσ2 = 0,

with final conditions u0(T, S) = u1(T, S) = 0, u2(T, ν) = −α. This PDE system

can be solved and hence the optimal spreads can be obtained explicitly by rewriting

the PDEs in linear equations. This provides with an ODE system to solve. We also

leave this problem as a further study related to this topic.

3.7 Summary

In this chapter, we provide optimal market making models for a market maker for

high-frequency trading that involve a mean-reverting stochastic volatility model with

the influence of arrival market orders in the underlying asset. First, we design a model

with variable utilities where the effects of the jumps corresponding to the orders are

introduced in returns of the asset and generate the optimal bid and ask prices for

trading. Then, we develop another, but novel approach considering an underlying

asset model with jumps in stochastic volatility. Such an extension allows one to fit

the implied volatility smile better in practice.
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In order to analyze the experimental results, we work on the models that we derive in

this thesis using the different metrics. It is salient to mention that the market maker

modifies her qualitative behaviour in various situations, i.e., changing inventory lev-

els, utility functions. By our numerical results, we deduce that the jump effects and

comparative statistics metrics provide us with the information for the traders to gain

expected profits. For instance, the model given by (3.1) has a considerable Sharpe

ratio and inventory management with a lower standard deviation comparing to the

symmetric strategy. Besides, we further quantify the effects of a variety of param-

eters in the models on the bid and ask spreads and observe that the trader follows

different strategies on positive and negative inventory levels, separately. The strategy

derived by the model (3.1), for example, illustrates that when the time is approaching

to the terminal time, the optimal spreads converge to a fixed, constant value. Fur-

thermore, in case of the jumps in volatility, it is observed that a higher profit can be

obtained but with a larger standard deviation.

Consequently, we support our findings by comparing the models proposed within this

research with the stock price impact models existing in the literature. Last but not

least, we have substantially improved the performance of a market maker in terms of

profit and loss distribution of the trade with the proposed models.
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CHAPTER 4

APPLICATIONS TO REAL DATA

This section covers a real high-frequency data application for an emerging market,

Borsa Istanbul (BIST). For this purpose, we model the asset prices in a limit order

book data in an equity market as we define in Chapter 3 and estimate the parame-

ters for each of the model by the quasi-maximum likelihood estimation method. For

the estimation of the models issues, we use the yuima package in R programming

language [36] which provides precise estimations to predict the market.

We conduct our analyses on two periods, i.e., pre Covid-19 and post Covid-19 pan-

demic, on the same stocks to see that our optimal market making models still work

well and the investors can gain profits even in an exceptional period. Since the pan-

demic impacts the economies and businesses in all around the world because of the

lockdown measures, it has also crushed the stock markets. Due to its negative effects

on the stock markets, we investigate whether it affects stock trading and behaviour of

the traders who trade with our strategies.

In order to call the models easily in this chapter, let us first summarize them as fol-

lows:

Model 1:

Stock price dynamics:

dSt = µdt+
√
νtdB

1
t + ε+dM+

t − ε−dM−
t ,

dνt = k(θ − νt)dt+ σ
√
νtdB

2
t ,

dB1
t dB

2
t = ρdt.
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Value function: The value function is set up by using quadratic utility function as

follows:

W (t, x, S, ν; q) = sup
(δ±s )t≤s≤T∈At

E
[
XT + qTST + η(qT )− ψσ2

∫ T

t

q2
sνsds

]
,

where η(qT ) = −αq2
T .

Optimal ask and bid spreads:

δ+∗
1 (t, ν; q) = 1

κ+
+ ε+ + α(1− 2q)− u(t, ν; q − 1) + u(t, ν; q), q 6= q,

δ−∗1 (t, ν; q) = 1
κ−

+ ε− + α(1 + 2q)− u(t, ν; q + 1) + u(t, ν; q), q 6= q.

Model 2:

Stock price dynamics: Stock price dynamics is the same as given in the Model 1.

Value function: We assume that the utility function is exponential having a degree of

the risk aversion for the investor with the following value function:

W (t, x, S, ν; q) = sup
(δ±s )t≤s≤T∈At

E
[
−e−γ(XT+qTST+η(qT ))

]
.

Optimal ask and bid spreads:

δ+∗
2 (t, ν; q) = 1

γ
ln
(
1 + γ

κ+

)
+ ε+ + α(1− 2q)− u(t, ν; q − 1) + u(t, ν; q), q 6= q,

δ−∗2 (t, ν; q) = 1
γ

ln
(
1 + γ

κ−

)
+ ε− + α(1 + 2q)− u(t, ν; q + 1) + u(t, ν; q), q 6= q.

Model 3:

Stock price dynamics:

dSt = µdt+
√
νtdB

1
t ,

dνt = k(θ − νt)dt+ σ
√
νtdB

2
t + ε+dM+

t − ε−dM−
t ,

dB1
t dB

2
t = ρdt.

Value function: The value function is the same as given in the Model 1.

Optimal ask and bid spreads:

δ+∗
3 (t, ν; q) = 1

κ+
+ α(1− 2q)− u(t, ν + ε+; q − 1) + u(t, ν + ε+; q), q 6= q,

δ−∗3 (t, ν; q) = 1
κ−

+ α(1 + 2q)− u(t, ν − ε−; q + 1) + u(t, ν − ε−; q), q 6= q.
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4.1 Introduction

In this part, we focus on the analysis of the historical price of the stocks with ticker

symbols FENER, AGHOL, ARCLK, and EREGL which are traded in Turkish stock

market Borsa Istanbul (BIST). We investigate the results on two seperate periods such

as before and after the Covid-19 pandemic choosing the specific days of January 10,

2020 and July 8, 2020 in the time between 10.00 am and 18.00 pm leading to a time

series of dataset of approximately 68, 000 for each day in total. The data is obtained

from Borsa Istanbul Data Store where it is high-frequency and derived in the equity

market. The raw data contains the list of the orders which are arrived and filled,

and thus shows all the transactions in the limit order book. For each of the orders;

we choose the timestamps in milliseconds, order type, trading price, and number of

transactions which are obtainable among the other information in the book. The trade

session in Borsa Istanbul starts at 09.40 am and ends at 18.05 pm. Nevertheless, there

are written orders before the starting time which indicate the opening price of the day

and post opening orders which keep going to the time of 18.10 pm. To exclude these

events and procure only with the occuring trades, we therefore use the data between

10.00 am and 18.00 pm. The aim of the data representation here is to show that the

driven stock price models in Chapter 3 for the limit order books can be employed by

practioners in emerging stock markets and would be reasonable and profitable by also

providing the liquidity to the market.

Our motivation of defining the BIST data by the Heston stochastic volatility model

plus jump components arises from the fact that a high-frequency data mostly has

jumps, fluctuating volatility, excess skewness, and kurtosis values [18]. Therefore, in-

dicating these properties of the data with only geometric Brownian motion or stochas-

tic volatility is not sufficient.

For the estimation purposes, we use 2 seconds price data as the time frequency for

the determined trading day and calibrate the models provided in Chapter 3. In order

to estimate the parameters in the models, we initially need to estimate the volatility

νt by the realized volatility formula [23].

The list of the companies of the stocks can be found below in Table 4.1. Meanwhile,
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the stocks are placed in different industry sectors which does not cause an integration

between each of them.

Table 4.1: The list of the companies

Company ID Company name Sector

FENER Fenerbahce Futbol AS Sport
AGHOL Anadolu Grubu Holding AS Food
ARCLK Arcelik AS Technology
EREGL Eregli Demir ve Celik Fabrikalari TAS Iron and steel

4.2 Parameter Estimation

For the sake of the parameter estimation, we take the advantage of the “qmle” function

in yuima package which operates the quasi-maximum likelihood method choosing the

set of model parameters values that maximize the likelihood function. We addition-

ally use the “optim” function in optimr package which uses a variety of optimization

techniques for the calibration of the stochastic differential equations.

We first seek to estimate the unknown parameters Θ = {µ, k, θ, σ, ρ} of the Heston

model assuming that the jump components are zero and then estimate the intensities

λ+ and λ− of the jumps assuming that there are only jump parts in the same model as

this method has been applied before in the literature, see for example [45] and [28].

In order to estimate the jump intensities for buy and sell orders, we seperately use the

trading price information of buy and sell orders, respectively.

We consider a multivariate diffusion model

dXt = µ(Xt,Θ)dt+ σ(Xt,Θ)dWt,

X0 = x0,

whereWt is anm-dimensional Brownian motion,Xt is anm-vector of state variables,

µ(Xt,Θ) is an m-dimensional function, and σ(Xt,Θ) is and m×m matrix function.

For the given observation X1, X2, . . . , Xn, the quasi-maximum likelihood estimator

of Θ satisfies [36]

Θ̂ = argmax
Θ

ln(Xn,Θ)
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with the approximation of the likelihood function for a multivariate diffusion model,

i.e.,

ln(Xn,Θ) = −1

2

n∑
i=1

{
ln
(
det(Σ(Xti−1

,Θ))
)

+
1

∆n
Σ−1(Xti−1

,Θ)
[
(∆Xi

−∆nµ(Xti−1
,Θ))(̇∆Xi −∆nµ(Xti−1

,Θ))T
]}

with ti = i∆n and ∆n→ 0 as n→∞, where ∆Xi = Xti −Xti−1
and Σ = σσT .

The estimator is implemented by the “qmle” function in yuima package which can

also be implemented to estimate the jump intensities.

4.3 Applications on a Pre Covid-19 Pandemic Period

In this part, we first expose the results on January 10, 2020 which is a time before the

global Covid-19 pandemic.

Tables 4.2, 4.3, 4.4, and 4.5 reveal the descriptive properties of the chosen and listed

stocks in Table 4.1 on January 10, 2020 exhibiting the excess skewness and kurtosis

values of both prices and volatilities for each stock.

Table 4.2: Descriptive statistics on the price and volatility for the stock FENER

Mean Std dev Skewness Kurtosis

Price 14.85757 0.06753039 0.4560056 3.482695

Volatility 0.4114614 0.1474814 1.121215 4.506218

Table 4.3: Descriptive statistics on the price and volatility for the stock AGHOL

Mean Std dev Skewness Kurtosis

Price 18.16659 0.07211792 -0.7015099 2.352282

Volatility 0.3045807 0.123605 0.3470168 2.428909

Table 4.4: Descriptive statistics on the price and volatility for the stock ARCLK

Mean Std dev Skewness Kurtosis

Price 21.68509 0.1057809 -1.05381 3.013819

Volatility 0.462925 0.1571043 0.2878955 2.693471
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Table 4.5: Descriptive statistics on the price and volatility for the stock EREGL

Mean Std dev Skewness Kurtosis

Price 9.287843 0.0272914 0.4073723 2.71716

Volatility 0.5779547 0.1844738 0.1864868 2.3377

Figure 4.1 shows the price while Figure 4.2 represents the volatility of the stocks

FENER, AGHOL, ARCLK, and EREGL on the day of January 10, 2020 and the time

between 10.00 am and 18.00 pm. The figures of the stock prices also demonstrate the

non-integration between each stock.
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Figure 4.1: Illustration of the stock prices

4.3.1 Parameter Estimation and Applications for Model 1

Table 4.6 presents the estimated values of the parameters of “Model 1” for each stock

and their standard errors which are quite small values. Moreover, it is seen that the

stock FENER has considerably larger jump intensities comparing to the other stocks.
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Figure 4.2: Illustration of the volatilities

Besides, there is a positive but low correlation between the price and volatility of the

stock AGHOL.
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Table 4.6: Estimation results for the stocks for Model 1 and Model 2

Estimate Std error

FENER

ρ̂ -0.367579371 0.141935501
σ̂ 0.165582174 0.009993511
µ̂ -0.002577744 0.080611373
k̂ 0.358303422 0.096038288
θ̂ 0.389447560 0.037853592
λ̂+ 0.4147828 0.009834001
λ̂− 0.411985 0.009800777

AGHOL

ρ̂ 0.178438055 0.064817902

σ̂ 0.233059741 0.003078144
µ̂ -0.005674979 0.066279721
k̂ 0.511847115 0.128105181
θ̂ 0.306111173 0.033599105
λ̂+ 0.04632192 0.001792756
λ̂− 0.04632872 0.001792756

ARCLK

ρ̂ -0.2892213482 0.047795044

σ̂ 0.2701155459 0.004321504
µ̂ -0.0009525923 0.084354563
k̂ 0.7785487472 0.139258674
θ̂ 0.4582132795 0.030874946
λ̂+ 0.09016745 0.002502413
λ̂− 0.09009799 0.002501449

EREGL

ρ̂ -0.193997520 0.092728178

σ̂ 0.166512780 0.003255053
µ̂ -0.002462423 0.095412680
k̂ 0.292166191 0.085181457
θ̂ 0.565964490 0.056797135
λ̂+ 0.08447185 0.002422057
λ̂− 0.08447177 0.002422055

In order to agree that the estimated parameters of only the Heston stochastic volatil-

ity model fit “Model 1” for the real data of each stock with zero jump components

assumption, we operate the hypotheses testing problem for the two hypotheses

H0 : Θ̂ = Θ0,

HA : Θ̂ 6= Θ0

using the yuima package where Θ0 is the set of the estimated parameters.
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The following first result for the stock FENER shows that the hypotheses test accepts

the null hypotheses with a p-value of 0.9133889 and the quasi-maximum likelihood

estimator produces quite well results.

Test statistics = 1.497, df = 5, p− value = 0.9133889,

where df is the degree of freedom.

The upcoming hypotheses testing results also indicate that the null hypotheses are not

rejected with their p-values for the other stocks AGHOL, ARCLK, and EREGL.

Test statistics = 1.886, df = 5, p− value = 0.8646639,

Test statistics = 1.670, df = 5, p− value = 0.8926096,

Test statistics = 1.883, df = 5, p− value = 0.8650839.

In the next parts, the numerical results and experiments are carried out for the es-

timated values given in the Table 4.6 and the fixed parameters as in the Table 4.7.

Table 4.7: The Parameters

T (sec) ∆t q ε± κ α ψ

10 0.005 [−5, 5] 0.004 2 0.01 0.1

Now, we provide the results on “Model 1” which uses quadratic utility function for the

stocks FENER, AGHOL, ARCLK, and EREGL for the estimated parameters given

in Table 4.6.

Results for the stock FENER

Figure 4.3 shows the solution of the value function u(t, ν; q) of the associated HJB

equation for a fixed inventory level q in the left panel. A path of the profit and loss

function (PnL) for this stock obtained by “Model 1” is demonstrated in the right panel

where the improved profitability can be obviously seen.
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Figure 4.3: Solution of u(t, ν; q) for q = 0 and one path of the simulated PnL for the
stock FENER
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Figure 4.4: Simulated volatility and the optimal prices for the stock FENER

Figure 4.4 is an illustration for the simulated volatility and optimal prices for trading.

In the right figure, it is displayed out that the market maker buys the stock with an

optimal bid price which is close to the market price, but sells it with a quite far optimal

ask price that leads to a large profit which is shown in Figure 4.3.

Figure 4.5 presents the optimal spreads δ+ and δ− of the trader for each inventory

level. We can see the classical behaviour that the trader puts smaller price to get rid

of the assets when the inventory is on the positive levels, but the higher values when

the inventory is already negative at any trading time t since she may only want to sell

the assets for a large ask price.

Results for the stock AGHOL

Now, we provide the results of the numerical experiments for the stock AGHOL

which is traded in BIST market.

Figure 4.6 is a demonstration for the solution of the value function u(t, ν; q) of the as-
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Figure 4.5: Optimal spreads δ+ and δ− for the stock FENER
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Figure 4.6: Solution of u(t, ν; q) for q = 0 and one path of the simulated PnL for the
stock AGHOL

sociated HJB equation for a fixed inventory level q and for a path of the PnL achieved

with the estimated parameters of the stock. From the left picture, we observe that the

values of the function u are negative and it is an increasing function of time t for any

fixed value of ν for this stock.

In Figure 4.7, we can see the estimated volatility and the optimal buy and sell prices.

Figure 4.8 shows that how the optimal spreads δ+ and δ− are changing for all inven-

tory levels. The same qualitative behaviour of the trader for the stock FENER can

be also observed for this stock in terms of the interpretation of the optimal spreads.

In the calibrated values, we point to the stock AGHOL with the lowest estimated in-

tensities resulting in the lowest spreads comparing to the spread graphs of the other

stocks.
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Figure 4.7: Simulated volatility and the optimal prices for the stock AGHOL
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Figure 4.8: Optimal spreads δ+ and δ− for the stock AGHOL
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Figure 4.9: Solution of u(t, ν; q) for q = 0 and one path of the simulated PnL for the
stock ARCLK
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Figure 4.10: Simulated volatility and the optimal prices for the stock ARCLK

Results for the stock ARCLK

As a next numerical experiment, we provide the results for the stock ARCLK.

In Figure 4.9, the solution of the value function u(t, ν; q) of the related HJB equation

and a path of the PnL calculated by the estimated parameters for the stock are pro-

vided. The values of the function u are also obtained as negative for this stock, as

well.

Figure 4.10 is a demonstration for the estimated volatility and the optimal prices.

Figure 4.11 is a plot to see how the optimal spreads δ+ and δ− change for all inventory

levels. In these figures, it can be observed that the spread values are greater than the

spreads of the other stocks which can be caused because of the higher estimated

standard deviation σ and the mean reversion adjustment rate value k.
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Figure 4.11: Optimal spreads δ+ and δ− for the stock ARCLK
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Figure 4.12: Solution of u(t, ν; q) for q = 0 and one path of the simulated PnL for
the stock EREGL

Results for the stock EREGL

Figure 4.12 interprets the performance of the solution of the value function u(t, ν; q)

and one path of the PnL for the stock EREGL. The negative u values are also achieved

for this stock, hence we can make a conclusion that the very small jump intensities in

the price lead negative u values.

Next, Figure 4.13 displays the estimated volatility and the optimal prices for the stock

EREGL.

Figure 4.14 demonstrates the behaviour of the optimal spreads δ+ and δ− which are

obtained by the formulas (3.12) for each inventory level. For example, a decreasing

behaviour of the optimal sell spreads when t→ T is seen in the figure of the optimal

prices given by Figure 4.13.
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Figure 4.13: Simulated volatility and the optimal prices for the stock EREGL

0 2 4 6 8 10
t

0.2

0.4

0.6

0.8

1.0

δ
+

q = -4

q = -3
q = -2
q = -1
q = 0
q = 1
q = 2
q = 3
q = 4

q = 5

(a) δ+

0 2 4 6 8 10
t

0.2

0.4

0.6

0.8

1.0

δ
−

q = -5

q = -4
q = -3
q = -2
q = -1
q = 0
q = 1
q = 2
q = 3

q = 4

(b) δ−

Figure 4.14: Optimal spreads δ+ and δ− for the stock EREGL

95



As a next illustration, we provide values of the optimal spreads of the model, that

is “Model 1”, by also giving the results of the model when there are no jumps in

the stock price in the same model. Therefore, Tables 4.8 and 4.9 exhibit the optimal

spreads of each stock where q ∈ [−3, 3]. The results indicate that larger spreads occur

when there are jump effects in the stock price dynamics.

Table 4.8: δ+(0, ν0; q) for the model with jump and without jumps

q Model with jumps Model without jumps

FENER

-2 0.77788 0.774227
-1 0.60005 0.596332
0 0.515289 0.511367
1 0.451834 0.44768
2 0.371151 0.366811
3 0.202215 0.19784

AGHOL

-2 0.622228 0.618619
-1 0.520973 0.517026
0 0.471142 0.467149
1 0.42482 0.420826
2 0.375757 0.371727
3 0.280466 0.276138

ARCLK

-2 0.764837 0.761233
-1 0.616139 0.612212
0 0.532997 0.528999
1 0.456727 0.452726
2 0.373905 0.369837
3 0.226769 0.222387

EREGL

-2 0.673899 0.670432
-1 0.550525 0.54665
0 0.500784 0.496801
1 0.459128 0.455122
2 0.410269 0.406165
3 0.291059 0.286571
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Table 4.9: δ−(0, ν0; q) for the model with jump and without jumps

q Model with jumps Model without jumps

FENER

-3 0.23012 0.225773
-2 0.40795 0.403668
-1 0.492711 0.488633
0 0.556166 0.55232
1 0.636849 0.633189
2 0.805785 0.802159

AGHOL

-3 0.385772 0.381381
-2 0.487027 0.482974
-1 0.536858 0.532851
0 0.58318 0.579174
1 0.632243 0.628273
2 0.727534 0.723862

ARCLK

-3 0.243163 0.238767
-2 0.391861 0.387788
-1 0.475003 0.471001
0 0.551273 0.547274
1 0.634095 0.630163
2 0.781231 0.777613

EREGL

-3 0.334101 0.329568
-2 0.457475 0.45335
-1 0.507216 0.503199
0 0.548872 0.544878
1 0.597731 0.593835
2 0.716941 0.713429

Table 4.10 provides the optimal average spreads for each of the stock. From the

results, we can conclude that the stock with lower average spread, that is FENER,

produces a higher PnL and standard deviation of both PnL and inventory.

Table 4.11 reveals some statistics of “Model 1” for each stock comparing the re-

sults with the symmetric strategy. It is undoubtedly observable that the optimal

strategy results in very slightly lower PnL but lower standard deviation at the same

time. Through these stocks, the higher value of the estimated intensities for the stock

FENER draw the attention. Such a sign indicates a salient relatively high PnL and

standard deviation for this stock as shown in Table 4.11. By this evidence, we can

also associate the higher and positive values of the function u(t, ν; q) for the stock
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Table 4.10: Average spreads

FENER AGHOL ARCLK EREGL

Average spread 1.0434 1.0560 1.0689 1.0486

FENER comparing to the results of u(t, ν; q) for other stocks.

Altogether, when the model with quadratic utility function is applied on the stocks

which are traded in an emerging market, i.e., Turkish stock market Borsa Istanbul, it

satisfies a profitable strategy in terms of the terminal PnL and the standard deviation,

and a mean-reverting inventory process which reverts to zero.

Table 4.11: Comparison of the strategy with symmetric strategy for each stock

PnL Std dev of PnL Final q Std dev of q

FENER
Inventory 2.02 2.11 -0.17 1.65
Symmetric 1.94 2.43 -0.46 1.64

AGHOL
Inventory 0.25 0.75 0.0 0.54

Symmetric 0.28 0.87 -0.07 0.60

ARCLK
Inventory 0.56 0.87 0.02 0.81

Symmetric 0.61 0.92 0.07 0.75

EREGL
Inventory 0.53 1.05 0.07 0.77

Symmetric 0.54 1.26 -0.2 0.74

Effects of the intensities λ±

In the parameter estimation results, it is observable that the jump intensities λ± for

the stock FENER are higher compared to that of the other stocks. With this obser-

vation, we notice that the optimal spreads for the stocks with lower intensities are

changing more rapidly in their graphs. This shows that the larger jump intensities

are the meaning of more trades resulting in narrow spreads. This fact is illustrated in

the Table 4.12 which is performed only with the estimated parameters for the stock

FENER for different symmetric intensities.
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Table 4.12: Effects of λ±

λ± = 0.2 λ± = 0.4 λ± = 0.6

Average spread 1.0442 1.0435 1.0432

4.3.2 Parameter Estimation and Applications for Model 2

In this part, we provide the numerical results for the case of the exponential utility

function, that is “Model 2”, with the estimated parameters given by the Table 4.6 and

the fixed parameters given by the Table 4.7.

Table 4.13 involves the consequences for different risk aversion degrees γ only on

the optimal sell spreads δ+(0, ν0; q) for each stock. We hereby notice that the optimal

sell spreads increase when the risk aversion degree of the investor increases on the

negative levels of inventories. However, the spreads decrease on the positive inventory

levels with an increasing risk aversion degree of the investor which is a consistent

result in terms of the price and liquidation risks.

Table 4.14 presents the change of the average spreads corresponding to the different

risk aversion degree of the investor. It is shown that when the degree of the risk aver-

sion increases, the average spread increases for all stocks. This result is meaningful

since the liquidity of the stock decreases when the investor is more risk averse which

causes larger spreads.

Table 4.14: Average spreads for different risk aversion degrees

γ = 0.0001 γ = 0.001 γ = 0.01

FENER 1.0277 1.0302 1.0537

AGHOL 1.0281 1.0302 1.0513

ARCLK 1.0280 1.0303 1.0536

EREGL 1.0281 1.0313 1.0626
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Table 4.13: Effects of γ on δ+(0, ν0; q)

q γ = 0.0001 γ = 0.001 γ = 0.01

FENER

-2 0.764506 0.766626 0.787587
-1 0.58855 0.590363 0.608131
0 0.510569 0.511248 0.517811
1 0.455759 0.454982 0.447329
2 0.382185 0.380216 0.360789
3 0.215463 0.213129 0.189919

AGHOL

-2 0.564006 0.568749 0.616326
-1 0.482408 0.485534 0.51669
0 0.457833 0.45884 0.468846
1 0.437416 0.436243 0.424588
2 0.413757 0.410452 0.377605
3 0.338819 0.333833 0.284114

ARCLK

-2 0.651285 0.658229 0.72736
-1 0.537719 0.54255 0.590199
0 0.50575 0.507366 0.523225
1 0.483506 0.481694 0.463811
2 0.451986 0.446946 0.397018
3 0.340301 0.333122 0.261251

EREGL

-2 0.633135 0.639744 0.705621
-1 0.521886 0.526527 0.572302
0 0.490695 0.492261 0.507615
1 0.468775 0.467054 0.450083
2 0.438602 0.43378 0.386059
3 0.331853 0.325001 0.25647

Table 4.15: Comparison of the strategy with symmetric strategy for each stock with
the risk aversion degree γ = 0.01

PnL Std dev of PnL Final q Std dev of q

FENER
Inventory 1.33 1.59 0.51 1.51
Symmetric 1.46 1.59 -0.07 1.22

AGHOL
Inventory 0.13 0.30 0.07 0.34

Symmetric 0.15 0.38 0.05 0.58

ARCLK
Inventory 0.42 0.77 0.09 0.76

Symmetric 0.43 1.12 0.02 0.75

EREGL
Inventory 0.43 0.57 0.05 0.66

Symmetric 0.40 0.51 0.12 0.63
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As a next illustration, Table 4.15 shows that the statistical results for both PnL and

standard deviation evaluated by the estimated parameters for each stock. We again

observe that the stock FENER has relatively higher PnL and standard deviation com-

pared to the other ones because of the higher jump intensities. The table also indicates

that the strategy generates appropriate PnL and standard deviation compared to the

symmetric strategy for all analyzed stocks.

4.3.3 Parameter Estimation and Applications for Model 3

In this part, while we provide the results for “Model 3”, we also compare the conse-

quences with “Model 1”. The experiments are carried out with the calibrated parame-

ters for the model given by Table 4.16 and the fixed parameters given by the Table 4.7.

The aim is to see the behavior of the trader for the optimal spreads generated by both

models on the stocks in an emerging market.

In Table 4.17, it can be observed that the average spreads which are obtained by

“Model 1” are slightly larger than that of “Model 3”. Hence, the stocks will be more

traded ones with “Model 3” as they have smaller spreads.

Table 4.17: Average spreads for the given stocks

Average spread

FENER
Model 1 1.0434
Model 3 1.0404

AGHOL
Model 1 1.0560

Model 3 1.0480

ARCLK
Model 1 1.0689

Model 3 1.0609

EREGL
Model 1 1.0486

Model 3 1.0405

Table 4.18 exhibits that both models produce quite well results. Nevertheless, “Model 3”

usually provides smaller but less riskier profit and loss at the end of the trade for the

analyzed stocks according to the results.
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Table 4.16: Estimation results for the stocks for Model 3

Estimate Std error

FENER

ρ̂ -0.367579371 0.141935501
σ̂ 0.165582174 0.009993511
µ̂ -0.002577744 0.080611373
k̂ 0.358303422 0.096038288
θ̂ 0.389447560 0.037853592
λ̂+ 0.6448054 0.01231161
λ̂− 0.6429248 0.01229364

AGHOL

ρ̂ 0.178438055 0.064817902

σ̂ 0.233059741 0.003078144
µ̂ -0.005674979 0.066279721
k̂ 0.511847115 0.128105181
θ̂ 0.306111173 0.033599105
λ̂+ 0.1063646 0.002734256
λ̂− 0.1063652 0.002734272

ARCLK

ρ̂ -0.2892213482 0.047795044

σ̂ 0.2701155459 0.004321504
µ̂ -0.0009525923 0.084354563
k̂ 0.7785487472 0.139258674
θ̂ 0.4582132795 0.030874946
λ̂+ 0.1695126 0.003449993
λ̂− 0.1694423 0.003449278

EREGL

ρ̂ -0.193997520 0.092728178

σ̂ 0.166512780 0.003255053
µ̂ -0.002462423 0.095412680
k̂ 0.292166191 0.085181457
θ̂ 0.565964490 0.056797135
λ̂+ 0.1561535 0.003319274
λ̂− 0.1561551 0.003319309
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Table 4.18: Comparison of Model 1 and Model 3 for the given stocks

PnL Std dev of PnL Final q Std dev of q

FENER
Model 1 2.02 2.11 -0.17 1.65
Model 3 2.21 1.91 0.58 1.18

AGHOL
Model 1 0.25 0.75 0.0 0.54

Model 3 0.17 0.63 0.02 0.71

ARCLK
Model 1 0.56 0.87 0.02 0.81

Model 3 0.43 0.66 0.09 0.65

EREGL
Model 1 0.53 1.05 0.07 0.77

Model 3 0.38 0.85 0.07 0.71

4.3.4 Comparison with Existing Models

This section covers the comparison of the models that we work on Chapter 3 with the

existing models defined in Section 3.5.4 for the fixed parameters given by Table 4.7

and, the estimated parameters given by Table 4.6 and Table 4.16.

First, let us provide the estimated σ variables in Table 4.19 for each stock to use in

“Model a” and “Model b”.

Table 4.19: Estimation results for the stocks for Model a and Model b

Estimate Std error

FENER σ̂ 0.05393771 0.0003139071

AGHOL σ̂ 0.04959306 0.0002873309

ARCLK σ̂ 0.08808467 0.0005178277

EREGL σ̂ 0.04675763 0.0002704871

Table 4.20 and Table 4.21 are the representations for the comparison of the models in

Section 3.5.4 by the means of the estimated parameters.

First of all, we observe that the higher jump intensities of the stock FENER leads to

higher PnL and Sharpe ratios comparing to the results of other stocks. In addition,

“Model c” and “Model d” produce relatively larger standard deviations, but also the

larger means of PnL with well Sharpe ratios. The skewness and kurtosis values reveal
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that both PnL and inventory processes approximate to the normal distribution. Co-

herently, “Model c” and “Model d” perform with well results on the high-frequency

data of Turkish stock market and also cover the stochastic volatility reality with jump

effects in the stock price dynamics.

Table 4.20: Statistical comparison for PnL and inventory under the quadratic utility
function

Model a Model b Model c Model d

FENER

PnL

Mean 1.4403 1.4004 2.2447 2.4837
Std dev 0.9371 0.9384 1.4633 2.1846
Sharpe ratio 1.5368 1.4923 1.5340 1.1369
Skewness 0.5972 0.8134 -0.2454 1.5317
Kurtosis 0.1262 1.1052 -0.0597 2.8881

Inventory

Mean -0.056 0.216 0.0731 -0.6829

Std dev 1.4010 1.4083 1.1973 1.8797
Sharpe ratio -0.0399 0.1533 0.0611 -0.3632
Skewness 0.0101 0.0711 0.3705 0.4622
Kurtosis 0.4269 0.2318 0.1502 0.9331

AGHOL

PnL

Mean 0.2254 0.2175 0.4231 0.7829
Std dev 0.3831 0.3908 0.7362 0.9628
Sharpe ratio 0.5884 0.5566 0.5747 0.8131
Skewness 1.7080 2.0525 1.5800 0.8939
Kurtosis 2.2707 4.3748 1.2790 -0.5954

Inventory

Mean 0.033 0.035 0.024 0.2195

Std dev 0.5530 0.5251 0.6043 0.8698
Sharpe ratio 0.0596 0.0666 0.0403 0.2523
Skewness 0.0158 0.1657 -0.6735 0.6720
Kurtosis 5.6410 3.8849 2.0349 -0.1029

Table 4.22 and Table 4.23 report the results for the comparison of the models in

Section 3.5.4 under the exponential utility function with a risk aversion degree γ =

0.01. We can observe that “Model C” creates higher profit with also higher standard

deviation for the stock FENER with the property of larger jump intensities. Besides,

the model approaches to the normal distribution for the same stock. For the other

analyzed stocks, we can easily notice that adding jumps to a stock price model reduces

the Sharpe ratio. Meanwhile, “Model C” expresses the reality well as it has the jumps

in prices and stochastic volatility dynamics also producing good results in terms of

profits and standard deviation.
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Table 4.21: Statistical comparison for PnL and inventory under the quadratic utility
function

Model a Model b Model c Model d

ARCLK

PnL

Mean 0.2193 0.3923 0.4929 0.8524
Std dev 0.3854 0.5223 0.9444 1.2947
Sharpe ratio 0.5691 0.7510 0.5219 0.6584
Skewness 1.9711 1.6813 1.8840 0.1069
Kurtosis 4.1604 3.7659 3.6548 0.3853

Inventory

Mean 0.078 0.169 -0.0731 0.4878

Std dev 0.5309 0.7592 0.7119 0.9658
Sharpe ratio 0.1469 0.2225 -0.1027 0.5050
Skewness 0.5582 0.4202 -0.2989 -0.6152
Kurtosis 2.5815 2.2638 2.2254 0.3476

EREGL

PnL

Mean 0.4223 0.3507 0.4400 0.6375
Std dev 0.5385 0.4840 0.8289 1.0776
Sharpe ratio 0.7841 0.7245 0.5307 0.5916
Skewness 1.4988 1.6306 1.7397 0.1094
Kurtosis 2.3887 3.2560 3.5336 0.5898

Inventory

Mean 0.112 0.097 0.0731 0.3170

Std dev 0.7664 0.6925 0.6768 1.0462
Sharpe ratio 0.1461 0.1400 0.1081 0.3030
Skewness 0.1670 0.1581 0.3824 0.3621
Kurtosis 1.8852 2.9887 0.3678 -0.0696

4.3.5 Comparison of Model 1 and Model 2

Now, we compare the model under the quadratic utility function, that is “Model 1”,

with the model defined under the exponential utility function, that is “Model 2”, with

a risk aversion degree of γ = 0.01 and for ψ = 0 in Tables 4.24 and 4.25. In the

light of the below results, it is clear that the stocks are more liquid when a quadratic

utility function is used in the value function. This evidence is relevant to higher profits

and standard deviation of profits for this type of the utility function comparing to the

exponential utility function. Moreover, when the risk averse degree is increased, it

should be expected to have less slightly profits for each stock.
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Table 4.22: Statistical comparison for PnL and inventory under the exponential utility
function

Model A Model B Model C

FENER

PnL

Mean 0.8535 0.9914 1.9275
Std dev 0.7131 0.8026 1.8953
Sharpe ratio 1.1969 1.2352 1.0169
Skewness 0.7715 0.8952 0.1631
Kurtosis 0.2837 0.7166 0.6030

Inventory

Mean 0.057 0.193 -0.4634

Std dev 1.0889 1.1856 1.6978
Sharpe ratio 0.0523 0.1627 -0.2729
Skewness -0.029 -0.0276 0.3258
Kurtosis 1.0103 0.9466 -0.1178

AGHOL

PnL

Mean 0.7840 0.5170 0.2499
Std dev 0.7265 0.5817 0.5410
Sharpe ratio 1.0791 0.8887 0.4619
Skewness 1.0804 1.2232 1.7037
Kurtosis 1.1932 1.5215 3.1995

Inventory

Mean 0.007 0.121 0.17073

Std dev 0.5530 0.5251 0.5365
Sharpe ratio 0.0068 0.1509 0.3181
Skewness -0.0195 0.1282 1.0655
Kurtosis 1.4093 1.5183 2.3814

Table 4.24: Average spreads for the models with quadratic and exponential utility
functions

Quadratic Exponential

FENER 1.0274 1.0537

AGHOL 1.0278 1.0513

ARCLK 1.0277 1.0536

EREGL 1.0278 1.0626
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Table 4.23: Statistical comparison for PnL and inventory under the exponential utility
function

Model A Model B Model C

ARCLK

PnL

Mean 0.8293 0.4249 0.6896
Std dev 0.7508 0.5553 1.2856
Sharpe ratio 1.1045 0.7651 0.5364
Skewness 1.2387 1.4914 2.5974
Kurtosis 2.4698 2.4501 6.1763

Inventory

Mean 0.12 0.105 0.3170

Std dev 1.1788 0.7210 0.7789
Sharpe ratio 0.1018 0.1456 0.4070
Skewness -0.0060 0.4802 0.6206
Kurtosis 1.5699 2.1072 0.0686

EREGL

PnL

Mean 0.6607 0.3675 0.5517
Std dev 0.6199 0.5188 1.2303
Sharpe ratio 1.0658 0.7084 0.4485
Skewness 0.9464 1.8526 -0.6051
Kurtosis 0.9633 5.2871 3.8539

Inventory

Mean 0.074 0.019 0.1707

Std dev 0.9718 0.7104 0.7933
Sharpe ratio 0.0761 0.0267 0.2152
Skewness -0.0371 -0.0439 0.2725
Kurtosis 2.0632 3.0830 1.1032

Table 4.25: Comparison of the models with quadratic and exponential utility func-
tions

PnL Std dev of PnL Final q Std dev of q

FENER
Quadratic 1.80 2.18 -0.17 1.74
Exponential 1.62 2.10 0.60 1.55

AGHOL
Quadratic 0.30 0.63 0.04 0.54

Exponential 0.22 0.60 0.21 0.41

ARCLK
Quadratic 0.55 1.39 0.21 0.97

Exponential 0.27 0.78 0.07 0.67

EREGL
Quadratic 0.39 1.15 0.02 0.81

Exponential 0.30 0.67 0.41 0.66
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4.4 Applications on a Post Covid-19 Pandemic Period

This part includes the results for the analyses of the models defined in Chapter 3 in

a period of Covid-19 pandemic which leads to deep economic consequences globally

because of the lockdowns.

Tables 4.26 – 4.29 present the descriptive properties of the listed stocks in Table 4.1
on July 8, 2020 where we can simply see the excess skewness and kurtosis values of
both prices and volatilities for each stock.

Table 4.26: Descriptive statistics on the price and volatility for the stock FENER

Mean Std dev Skewness Kurtosis

Price 12.95407 0.05364403 1.345411 8.158702

Volatility 0.5483445 0.2853055 2.552679 13.79426

Table 4.27: Descriptive statistics on the price and volatility for the stock AGHOL

Mean Std dev Skewness Kurtosis

Price 21.53372 0.1736499 -1.522491 8.725423

Volatility 0.6149144 0.3626831 1.73732 6.514356

Table 4.28: Descriptive statistics on the price and volatility for the stock ARCLK

Mean Std dev Skewness Kurtosis

Price 19.71222 0.04462048 -1.146808 12.98358

Volatility 0.3710144 0.1453511 1.48314 5.577385

Table 4.29: Descriptive statistics on the price and volatility for the stock EREGL

Mean Std dev Skewness Kurtosis

Price 8.655773 0.04351151 -1.081301 4.202644

Volatility 0.9031066 0.1963276 0.1077365 2.505967

4.4.1 Parameter Estimation and Applications for Model 1

Estimated parameters of “Model 1” with their standard errors are given by Table 4.30

for each stock.
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Table 4.30: Estimation results for the stocks for Model 1 and Model 2

Estimate Std error

FENER

ρ̂ -0.421229046 0.037574188
σ̂ 0.256615364 0.005114366
µ̂ -0.006947857 0.089204015
k̂ 0.596926810 0.098729747
θ̂ 0.488550133 0.038860900
λ̂+ 0.1289176 0.002992245
λ̂− 0.1289183 0.002992262

AGHOL

ρ̂ -0.05226043 0.069559012

σ̂ 0.23675135 0.001658542
µ̂ 0.01823702 0.090685443
k̂ 0.26549365 0.080919894
θ̂ 0.53854776 0.084129167
λ̂+ 0.09771853 0.00260486
λ̂− 0.09764908 0.002603934

ARCLK

ρ̂ -0.394852202 0.03481117

σ̂ 0.234183508 0.00400153
µ̂ 0.001687635 0.07577822
k̂ 0.646702107 0.13420949
θ̂ 0.364845396 0.02863185
λ̂+ 0.1376509 0.003091749
λ̂− 0.1376504 0.003091738

EREGL

ρ̂ -0.097725808 0.195622907

σ̂ 0.216993272 0.004369507
µ̂ 0.000406516 0.123018873
k̂ 0.564929853 0.134304291
θ̂ 0.905965023 0.048638867
λ̂+ 0.1736946 0.003473082
λ̂− 0.1736942 0.003473074

Results for the stock FENER

Figure 4.15 demonstrates a path of the profit and loss function and the optimal prices

for the stock FENER in a post Covid-19 time period. In the right figure, it is observed

that the price of the stock and the optimal spreads have been decreased comparing to
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Figure 4.15: A path of the simulated PnL and the optimal prices for the stock FENER
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Figure 4.16: Optimal spreads δ+ and δ− for the stock FENER

the figure which is obtained in time before Covid-19. This result can be related with

the sector of the stock as it is a much affected sector due to the pandemic. As a further

result, the intensities λ± of the jumps in the stock price dynamics are less than the

intensities achieved in the before Covid-19 time which may cause a less traded stock.

Table 4.31 shows that the resulting profit and the standard deviation of the profit

obtained by the strategy of “Model 1” are also less than comparing to the previous

term, but the strategy still produces higher profit standard deviation comparing to the

symmetric strategy, as well.

Figure 4.16 is a representation of the optimal spreads for the stock FENER on the

given time.
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Figure 4.17: A path of the simulated PnL and the optimal prices for the stock AGHOL
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Figure 4.18: Optimal spreads δ+ and δ− for the stock AGHOL

Results for the stock AGHOL

In the right panel of the Figure 4.17, we can see that the stock AGHOL is bought very

close to the midprice especially at the beginnings of the trading session. Comparing

with the previous experiments, it can be deduced that the stock is more traded in

the post Covid-19 period as the jump intensities are higher and provide larger profit

according to the symmetric strategy, as well.

Results for the stock ARCLK

The stock ARCLK is traded with optimal buy prices which are very close to the

midprice which can be seen in the Figure 4.19. On the other hand, it is observed that

the depth of the optimal buy spreads are larger in contrast to the depth of the optimal

sell spreads comparing to the pre Covid-19 period. Table 4.31 illustrates that the stock
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Figure 4.19: A path of the simulated PnL and the optimal prices for the stock ARCLK
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Figure 4.20: Optimal spreads δ+ and δ− for the stock ARCLK

creates larger profit comparing to both the time before Covid-19 and the symmetric

strategy but with also larger standard deviation.

Results for the stock EREGL

For the stock EREGL, we observe that it leads higher jump intensities in the post

Covid-19 term which may cause a more traded stock. Figure 4.21 shows an increasing

path of the profit and loss function with the optimal prices.

Table 4.31 demonstrates that the strategy of “Model 1” results in a less profit com-

pared to the symmetric strategy. Moreover, the risk of the strategy is less than the

risk of the symmetric strategy for this stock. Additionally, an investor can obtain

more profit with higher risk by trading the stock AGHOL at the chosen day in post

Covid-19 term rather than the pre Covid-19 term.
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Figure 4.21: A path of the simulated PnL and the optimal prices for the stock EREGL
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Figure 4.22: Optimal spreads δ+ and δ− for the stock EREGL
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Table 4.31: Comparison of the strategy “Model 1” with symmetric strategy for each
stock

PnL Std dev of PnL Final q Std dev of q

FENER
Inventory 1.16 1.38 -0.05 0.96
Symmetric 0.73 1.22 0.02 1.04

AGHOL
Inventory 0.57 1.42 0.09 0.69

Symmetric 0.34 1.38 -0.14 0.92

ARCLK
Inventory 0.83 1.39 0.02 0.97

Symmetric 0.33 1.09 0.17 0.96

EREGL
Inventory 1.05 1.35 -0.09 0.75

Symmetric 1.22 1.49 0.12 1.13

4.4.2 Parameter Estimation and Applications for Model 2

Now, we repeat the numerical experiments for the case of the exponential utility func-

tion expressed by “Model 2” with the estimated parameters and the fixed parameters

given in Table 4.30 and Table 4.7, respectively.

We first examine the effect of the different risk averse parameter, γ, on the average

spread given in Table 4.32. As in the pre Covid-19 pandemic time, it is observed that

the average spread increases when γ increases since an investor who is highly risk

averse is not willing to trade more which causes larger spreads.

Table 4.32: Average spreads for different risk aversion degrees

γ = 0.0001 γ = 0.001 γ = 0.01

FENER 1.0279 1.0305 1.0557

AGHOL 1.0280 1.0312 1.0623

ARCLK 1.0278 1.0299 1.0509

EREGL 1.0279 1.0318 1.0689

In comparison with the previous results under the exponential utility function, we

realize that the profit and standard deviation of the stock FENER have been declined

on July, 2020 which can be noticed from Table 4.33 while the other stocks have been

increased. Beside, a decrease in both profit and risk can be observed for the stocks
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FENER and AGHOL in contrast to the results under the quadratic utility function at

the same time.

Table 4.33: Comparison of the strategy of “Model 2” with symmetric strategy for
each stock with the risk aversion degree γ = 0.01

PnL Std dev of PnL Final q Std dev of q

FENER
Inventory 0.89 1.31 0.02 0.89
Symmetric 0.26 1.06 0.02 0.87

AGHOL
Inventory 0.44 1.37 0.53 0.88

Symmetric 0.14 0.93 -0.26 0.58

ARCLK
Inventory 1.08 1.55 0.48 1.11

Symmetric 0.92 1.19 -0.19 1.02

EREGL
Inventory 1.45 2.57 0.85 1.28

Symmetric 0.78 1.82 -0.19 0.94

4.4.3 Parameter Estimation and Applications for Model 3

This part examines the results for “Model 3” which includes jump components in

the volatility dynamics. The estimation of the parameters for the model are given by

Table 4.34 for each stock. From the table, we see that the stock EREGL has higher

jump intensities compared to the others.

The average spreads for each stock are provided in Table 4.35. As in the pre Covid-19

time, the optimal spreads obtained by “Model 1” are larger than that of the “Model 3”.

Table 4.35: Average spreads for the given stocks

Average spread

FENER
Model 1 1.0677
Model 3 1.0583

AGHOL
Model 1 1.0692

Model 3 1.0599

ARCLK
Model 1 1.0558

Model 3 1.0469

EREGL
Model 1 1.0689

Model 3 1.0587
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The related comparison of “Model 1” and “Model 3” in terms of profit and loss func-

tion for each stock with their risks are provided in Table 4.36. It can be observed that

the stock AGHOL which has the less intensity produces less PnL as a result of the

largest bid-ask spread among the others. Moreover, it can be said that “Model 3” is

riskier for an investor to trade on these stocks on this time period because of the higher

standard deviations and generally less PnL which can be seen from the Table 4.36.

Table 4.36: Comparison of Model 1 and Model 3 for the given stocks

PnL Std dev of PnL Final q Std dev of q

FENER
Model 1 1.16 1.38 -0.05 0.96
Model 3 0.69 1.06 0.53 1.06

AGHOL
Model 1 0.57 1.42 0.09 0.69

Model 3 0.51 2.22 0.58 1.58

ARCLK
Model 1 0.83 1.39 0.02 0.97

Model 3 0.61 1.34 -0.07 1.29

EREGL
Model 1 1.05 1.35 -0.09 0.75

Model 3 1.28 2.72 0.60 1.24

4.4.4 Comparison with Existing Models

In this part, we compare the models studied in Chapter 3 with the existing models

which are mentioned in Section 3.5.4 using the estimated parameters in Table 4.30

and Table 4.34 for the post Covid-19 time.

For “Model a” and “Model b” defined in Chapter 3, the estimations of σ for each

stock are given in Table 4.37.

Table 4.37: Estimation results for the stocks for Model a and Model b

Estimate Std error

FENER σ̂ 0.06433965 0.0003756643

AGHOL σ̂ 0.1255504 0.0007423953

ARCLK σ̂ 0.06514671 0.0003800451

EREGL σ̂ 0.06634283 0.0003873817
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Table 4.38 and Table 4.39 represent the comparison of the models with existing mod-

els under the quadratic utility function for the given time in this part. It is observable

that “Model c” and “Model d” are still profitable in the specified time after Covid-

19, but they are considerably riskier than the other models. Hence, these models are

suitable for a trader who can take more risk.

Table 4.38: Statistical comparison for PnL and inventory under the quadratic utility
function

Model a Model b Model c Model d

FENER

PnL

Mean 0.4286 0.4480 1.0798 0.9584
Std dev 0.6475 0.7267 1.3453 1.2959
Sharpe ratio 0.6619 0.6164 0.8026 0.7395
Skewness 0.8414 1.0112 0.7448 1.4637
Kurtosis 1.8987 3.2216 0.1178 1.4477

Inventory

Mean 0.2890 0.3500 0.1219 1.2927

Std dev 0.9578 0.9096 0.8022 0.9433
Sharpe ratio 0.3017 0.3847 0.1520 0.3102
Skewness 0.5195 0.5290 -0.5067 -0.2633
Kurtosis 1.3172 1.6399 0.8777 0.1892

AGHOL

PnL

Mean 0.2732 0.3896 0.5226 0.8662
Std dev 0.5700 0.6108 0.9440 1.6827
Sharpe ratio 0.4793 0.6378 0.5536 0.5147
Skewness 0.7455 0.9358 0.1225 1.4640
Kurtosis 4.4343 2.3058 -0.2360 2.1528

Inventory

Mean 0.2720 0.4640 0.3170 0.4634

Std dev 0.7694 0.8524 0.7469 0.9395
Sharpe ratio 0.3535 0.5443 0.4244 0.4932
Skewness 0.8359 0.8047 0.4640 1.6054
Kurtosis 2.4993 1.2788 0.0335 3.8619
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Table 4.39: Statistical comparison for PnL and inventory under the quadratic utility
function

Model a Model b Model c Model d

ARCLK

PnL

Mean 0.4695 0.4826 0.8034 0.8686
Std dev 0.3854 0.5223 0.9444 1.2947
Sharpe ratio 0.6834 0.6822 1.0113 1.1734
Skewness 0.7410 0.8200 -0.6316 0.1819
Kurtosis 2.8085 1.2683 1.2159 1.4879

Inventory

Mean 0.3150 0.3770 0.1951 0.1390

Std dev 0.9432 0.9544 0.8328 1.0370
Sharpe ratio 0.3339 0.3950 0.2342 0.1340
Skewness 0.3513 0.3948 -0.1246 0.0973
Kurtosis 0.9785 1.2407 0.1302 -0.1396

EREGL

PnL

Mean 0.5388 0.6364 1.2583 0.9249
Std dev 0.6766 0.7600 1.7123 1.8954
Sharpe ratio 0.7963 0.8373 0.7348 0.4879
Skewness 1.0164 0.8682 1.9322 0.5342
Kurtosis 1.6376 2.0285 4.7341 2.0480

Inventory

Mean 0.1550 0.4400 0.1219 0.5053

Std dev 0.9720 1.0480 1.1086 1.1888
Sharpe ratio 0.1594 0.4198 0.1100 0.4923
Skewness 0.1957 0.3204 0.2951 0.6677
Kurtosis 1.3547 1.1785 0.1397 0.6175

For an investor having a risk averse degree, the introduced models are also consid-

erable as it can be seen from Table 4.40 and Table 4.41. While the models are more

profitable for each stock, they have higher standard deviation which decreases the

Sharpe ratio in comparison with the existing models.
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Table 4.40: Statistical comparison for PnL and inventory under the exponential utility
function

Model A Model B Model C

FENER

PnL

Mean 0.5854 0.5570 0.5636
Std dev 0.7860 0.7281 0.9729
Sharpe ratio 0.7448 0.7650 0.5793
Skewness 1.7734 1.1557 1.9891
Kurtosis 6.3523 1.4730 3.3780

Inventory

Mean 0.0840 0.2010 -0.0731

Std dev 0.8549 0.8744 0.6768
Sharpe ratio 0.0982 0.2298 -0.1081
Skewness 0.1363 0.4245 -1.7985
Kurtosis 1.6162 1.1563 6.7301

AGHOL

PnL

Mean 0.4537 0.4566 1.2729
Std dev 0.6330 0.6522 2.1667
Sharpe ratio 0.7168 0.7000 0.5875
Skewness 1.4843 1.3983 1.9170
Kurtosis 2.3227 2.0942 4.3051

Inventory

Mean 0.007 0.121 0.17073

Std dev 0.5530 0.5251 0.5365
Sharpe ratio 0.0068 0.1509 0.3181
Skewness -0.0195 0.1282 1.0655
Kurtosis 1.4093 1.5183 2.3814
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Table 4.41: Statistical comparison for PnL and inventory under the exponential utility
function

Model A Model B Model C

ARCLK

PnL

Mean 0.5821 0.5735 0.7805
Std dev 0.7301 0.7074 1.0935
Sharpe ratio 0.7974 0.8107 0.7138
Skewness 1.4333 1.1611 1.3775
Kurtosis 2.9090 1.7875 1.0586

Inventory

Mean 0.0240 0.0900 0.3414

Std dev 0.9525 0.9251 0.8441
Sharpe ratio 0.0251 0.0972 0.4044
Skewness 0.2715 0.1846 0.2608
Kurtosis 2.1812 1.5234 -0.4927

EREGL

PnL

Mean 0.7451 0.7423 0.8616
Std dev 0.8199 0.8075 1.5887
Sharpe ratio 0.9088 0.9191 0.5423
Skewness 1.4559 1.1524 0.6068
Kurtosis 4.3007 1.6515 1.8717

Inventory

Mean 0.0930 0.1030 0.1602

Std dev 1.0140 1.0170 0.9344
Sharpe ratio 0.0917 0.1012 0.1714
Skewness 0.1412 -0.0130 -0.1656
Kurtosis 1.4073 1.2400 0.0218

4.5 Analysis on Global Stocks

In this part, we perform the numerical experiments on “Model 1” for the stocks JUVE

(Juventus Football Club SpA) traded in Borsa Italiana and MT (Arcelor Mittal) traded

in the New York Stock Exchange (NYSE) comparing with the stocks FENER and

EREGL in BIST since they take place in the same industries, respectively.

Figures 4.23 and 4.24 are the presentations of the prices and realized volatilities

of the stocks JUVE and MT on the day of June 30, 2020 through the whole trading

session.

The following tables 4.42 and 4.43 report the descriptive statistics properties of these

stocks.
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Figure 4.23: Illustration of the stock prices of JUVE and MT
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Figure 4.24: Illustration of the volatilities of JUVE and MT

Table 4.42: Descriptive statistics on the price and volatility for the stock JUVE

Mean Std dev Skewness Kurtosis

Price 0.9175401 0.004831986 -0.01553123 2.155233

Volatility 0.3853216 0.2226497 0.9337616 3.770949

Table 4.43: Descriptive statistics on the price and volatility for the stock MT

Mean Std dev Skewness Kurtosis

Price 10.54354 0.1125986 -0.6144726 3.045242

Volatility 0.4366808 0.1891995 1.596987 7.660528

Now, we apply the optimal spreads formulas which are derived by the “Model 1” on

the stocks JUVE and MT, and compare their results with the analyses on the stocks
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Figure 4.25: Optimal prices and a path of PnL for the stock JUVE

FENER and EREGL under the quadratic utility function.

Table 4.44 provides the estimated parameters of the model for the chosen assets.

Table 4.44: Estimation results for the stocks JUVE and MT for Model 1

Estimate Std error

JUVE

ρ̂ -0.4270035386 0.05386165
σ̂ 0.1803846288 0.00515994
µ̂ 0.0003199191 0.09541278
k̂ 0.2934722245 0.08488954
θ̂ 0.5641174121 0.6064603
λ̂+ 0.7331465 0.04538055
λ̂− 0.7554352 0.04530791

MT

ρ̂ -0.4554403637 0.060222999

σ̂ 0.1835452848 0.006424682
µ̂ 0.0004785057 0.095412422
k̂ 0.2917415027 0.084957901
θ̂ 0.5637339403 0.061928032
λ̂+ 0.28973 0.008377659
λ̂− 0.2842219 0.008312755

Using the estimated parameters, we first proceed with the graphs of the optimal prices,

PnL, and optimal spreads for the stocks. As shown in the optimal prices graphs, which

are, Figure 4.25 and Figure 4.27, the strategy allows to buy with a lower and closer

price to the market value and to sell with a quite larger price as similar in the case of

the stocks traded in BIST.

We first test the performance of the strategy on “Model 1” using the estimated pa-
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Figure 4.26: Optimal spreads δ+ and δ− for the stock JUVE
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Figure 4.27: Optimal prices and a path of PnL for the stock MT
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Figure 4.28: Optimal spreads δ+ and δ− for the stock MT
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rameters of the stocks in terms of their optimal average spreads as represented in

Table 4.45. It is noteworthy to mention that the results indicate higher spreads on

the stocks JUVE and MT and thus, it can be concluded that the model causes more

liquidation on the stocks in BIST.

Table 4.45: Average spreads for each stock

Average spread

FENER 1.0434

JUVE 1.0488

EREGL 1.0486

MT 1.0513

Table 4.46 provides the details concerning the profit and standard deviation results

on each stock comparing with the baseline symmetric strategy. For instance, while

the stock FENER performs with a relatively higher profit and lower standard devi-

ation, the stock JUVE which is in the same industry with FENER but traded in a

different market performs absolutely fine, as well. In addition, it can be seen that the

model produces well results both on PnL and inventory processes for the stock MT.

In the light of these results, “Model 1” achieves profitable trades by taking behind the

advantage of Heston model and market impact of the orders.

Table 4.46: Comparison of the strategy with symmetric strategy for each stock

PnL Std dev of PnL Final q Std dev of q

FENER
Inventory 2.02 2.11 -0.17 1.65
Symmetric 1.94 2.43 -0.46 1.64

JUVE
Inventory 3.69 2.11 -0.14 1.47

Symmetric 3.73 2.91 -0.19 2.03

EREGL
Inventory 0.53 1.05 0.07 0.77

Symmetric 0.54 1.26 -0.2 0.74

MT
Inventory 1.53 1.50 0.21 1.13

Symmetric 1.48 1.61 -0.17 1.18
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4.6 Summary

In this section, we develop the applications of the models derived in Chapter 3 for

optimal trading in a limit order book in different perspectives using a high-frequency

real data which is obtained in a limit order book on emerging Turkish stock market,

BIST. We first perform each derived model on the chosen stocks and then execute the

performances on comparison of the models with existing models and on the global

stocks. For this aim, we analyze our results in two different time slot as before and

after Covid-19 pandemic in order to see that the models still succeed well in an ex-

ceptional time by looking at the statistical values of the models. To the best of our

knowledge, the models derived in this thesis are the novel approaches based on the

stock price dynamics for optimal market making problem in a limit order book en-

closing both stochastic volatility and market impacts of the number of the orders.

The numerical experiments present that when an investor trades with the usage of our

models, she can obtain a well profit and meaningful standard deviation of both profits

and inventories which make the models useful for practioners on both emerging and

global markets.
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Table 4.34: Estimation results for the stocks for Model 3

Estimate Std error

FENER

ρ̂ -0.421229046 0.037574188
σ̂ 0.256615364 0.005114366
µ̂ -0.006947857 0.089204015
k̂ 0.596926810 0.098729747
θ̂ 0.488550133 0.038860900
λ̂+ 0.2248137 0.003972862
λ̂− 0.2248134 0.003972857

AGHOL

ρ̂ -0.05226043 0.069559012

σ̂ 0.23675135 0.001658542
µ̂ 0.01823702 0.090685443
k̂ 0.26549365 0.080919894
θ̂ 0.53854776 0.084129167
λ̂+ 0.183341 0.003589987
λ̂− 0.1832707 0.003589987

ARCLK

ρ̂ -0.394852202 0.03481117

σ̂ 0.234183508 0.00400153
µ̂ 0.001687635 0.07577822
k̂ 0.646702107 0.13420949
θ̂ 0.364845396 0.02863185
λ̂+ 0.2472877 0.00416029
λ̂− 0.2472891 0.004160313

EREGL

ρ̂ -0.097725808 0.195622907

σ̂ 0.216993272 0.004369507
µ̂ 0.000406516 0.123018873
k̂ 0.564929853 0.134304291
θ̂ 0.905965023 0.048638867
λ̂+ 0.3087764 0.004639143
λ̂− 0.3087754 0.004639127
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CHAPTER 5

OPTIMAL MARKET MAKING MODELS WITH

STOCHASTIC LATENCY

We dedicate this chapter for deriving the optimal bid and ask spreads in the presence

of latency between the submission and execution of an order. More specifically, the

latency can be described as a time delay between submitting an order, operating the

information by the trader, admitting the order from the trader, and executing the order.

The latency occurs commonly in real situations and it is stochastic which impacts the

decisions and behaviour of the market maker within the trading period.

The topic has been a warm research area in optimal market making models since the

latency affects the qualitative behaviour of the market maker. When there exists a

latency during the trading, it may cause a fluctuation on the midprice and optimal

quotes of the asset on this time interval. This results in higher risk and negative per-

formance of the trader [25]. In [28], the latency is modeled as an Ornstein-Uhlenbeck

(OU) process with zero mean and it exists in the underlying asset for the optimal liq-

uidation process. In the literature, there exists time delay financial models which are

applied on option pricing and portfolio optimization. For instance, Lee et al. intro-

duce an extended delayed stochastic volatility model to develop a theory for option

pricing in [42]. Carmona et al. [11] present a stochastic game model with delay and

they introduce the HJB equation of the problem by using stochastic control theory.

Larssen [41] studies the dynamic programming in stochastic control problems with

delay.

Here, we consider the time delay as a stochastic latency which appears in the price

as a novelty approach. We model the latency as a mean-reverting process and work
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with the difference between the price and latency. By this approach, we propose and

discuss optimal market making models when the latency impact is taken into account

in the line of the models studied in Chapter 3 and explore the behaviour of the market

maker in the strategies.

5.1 A Limit Order Book Modeling with the Impact of Stochastic Latency

We build an optimal market making model with stock price having the stochastic

latency where it is derived by Ornstein-Uhlenbeck (OU) process and also the jump

components. In the model, the latency is included in the price and we assume that it

is followed with a Wiener process since it causes fluctuations in the asset price.

We suppose that the midprice St of the stock is influenced by the latency where it is a

mean-reverting stochastic process:

dSt = σ(St + τt)dB
1
t + ε+dM+

t − ε−dM−
t ,

dτt = k(θ − τt)dt+ βdB2
t , (5.1)

dB1
t dB

2
t = ρdt.

Here, we assume that there is no correlation between two Wiener processes dB1
t and

dB2
t , i.e., ρ = 0. σ denotes the constant volatility and β is the volatility of the latency.

In this chapter, we use the same assumptions given in Chapter 3, Section 3.1.1 for the

wealth and inventory processes of the trader.

In order to see the effect of the stochastic latency on the behaviour of the optimal

strategy, we consider the following value function to form a stochastic control prob-

lem:

W (t, x, S, τ ; q) = sup
(δ±s )t≤s≤T∈At

E
[
XT + qT (ST − αqT )− ψσ2

∫ T

t

q2
sτsds

]
, (5.2)

where the last term ψσ2
∫ T
t
q2
sτsds penalizes the inventory for ψ > 0.

Proposition 11. The dynamic programming suggests that the value function (5.2) is

128



the unique solution of the HJB equation:

∂tW+k(θ−τt)∂τW+
1

2
σ2(St+τt)

2∂SSW+
1

2
β2∂ττW+σρβ(St+τt)∂SτW−ψτtq2σ2

+ sup
δ+t

{
Λ+
t (δ+

t )E
[
W (t, x+ (St + δ+

t ), St + ε+, τt; q − 1)−W (t, x, St, τt; q)
]

+ (λ+ − Λ+
t (δ+

t ))E
[
W (t, x, St + ε+, τt; q)−W (t, x, St, τt; q)

] }
+ sup

δ−t

{
Λ−t (δ−t )E

[
W (t, x− (St − δ−t ), St − ε−, τt; q + 1)−W (t, x, St, τt; q)

]
+ (λ− − Λ−t (δ−t ))E

[
W (t, x, St − ε−, τt; q)−W (t, x, St, τt; q)

] }
= 0, (5.3)

with the final condition,

W (T, x, S, τ ; q) = x+ q(S − αq). (5.4)

Proof. By the similar arguments in Proposition 1 in Chapter 3, the proof can be com-

pleted.

Proposition 12. Let

W (t, x, S, τ ; q) = x+ q(S − αq) + u(t, τ ; q) (5.5)

be a solution to the HJB equation (5.3) recommended by the final condition (5.4).

Then, the optimal controls of (5.3) are found as

δ+∗(t, τ ; q) = 1
κ+

+ ε+ + α(1− 2q)− u(t, τ ; q − 1) + u(t, τ ; q), q 6= q,

δ−∗(t, τ ; q) = 1
κ−

+ ε− + α(1 + 2q)− u(t, τ ; q + 1) + u(t, τ ; q), q 6= q. (5.6)

Proof. Upon inserting the suggested solution and the intensity functions for the filled

orders into (5.3), it turns out to

ψτq2σ2 = ∂tu+ k(θ − τ)∂τu+
1

2
β2∂ττu

+ sup
δ+t

λ+
{
qε+

+ e−κ
+δ+
(
δ+ − ε+ − α(1− 2q) + u(t, τ ; q − 1)− u(t, τ ; q)

)}
+ sup

δ−t

λ−
{
− qε−

+ e−κ
−δ−

(
δ− − ε− − α(1 + 2q) + u(t, τ ; q + 1)− u(t, τ ; q)

)}
(5.7)

129



for q ∈ [q, q] with terminal condition u(T, τ ; q) = 0.

After that, the optimal spreads (5.6) can be achieved applying the first order optimality

measures in (5.7) which completes the proof.

The optimal spreads given by (5.6) yields the following equation:

ψτq2σ2 = ∂tu+ k(θ − τ)∂τu+
1

2
β2∂ττu

+ λ+
[
qε+ +

1

κ+
e−1−κ+(ε++α(1−2q)−u(t,τ ;q−1)+u(t,τ ;q))

]
(5.8)

+ λ−
[
− qε− +

1

κ−
e−1−κ−(ε−+α(1+2q)−u(t,τ ;q+1)+u(t,τ ;q))

]
for q ∈ [q, q] with the final condition u(T, τ ; q) = 0.

For the purpose of discovering the performance of the model with the latency impact,

we need to solve (5.8) numerically. The numerical scheme of the equation is very

similar to the one given in Section A.1 in Appendix A.

Remark 7. We remark that the stock price dynamics with the impact of the latency can

be also modeled assuming that there is a correlation between the price and latency,

i.e., ρ 6= 0, as in the Heston model.

Remark 8. Notice that we consider the volatility in this section as a constant, but one

can take into this model account with a stochastic volatility. In this case, the model

should include one more stochastic process to produce the volatility σt resulting a

variance-covariance matrix for St, τt, and σt and mixed derivatives in the finite dif-

ference scheme in the verification equation. We leave this problem as a further study.

5.1.1 Numerical Results

Using the solutions for the optimal spreads having the latency effect in the model,

we demonstrate the performance of the strategy with the given parameter values in

Table 5.1.

Table 5.1: The Parameters
T (sec) ∆t S0 τ0 q λ± ε± κ± α ψ σ k θ β

10 0.005 100 0.05 [−5, 5] 2 0.004 2 0.01 0.001 0.02 0.005 0.1 0.01

130



0 250 500 750 1000 1250 1500 1750 2000

t

0.020

0.025

0.030

0.035

0.040

0.045

0.050

0.055

L
a
te
n
c
y

0 250 500 750 1000 1250 1500 1750 2000
t

96

98

100

102

104

106

Sp
re
ad

s
bid
ask

Figure 5.1: The paths of the latency and optimal prices
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Figure 5.2: A simulated path and histogram of the profit and loss function

By Figure 5.1, we can see the latency dynamics and the optimal prices which are

evaluated by the spread formulas in (5.6). Here, a mean-reverting behaviour can be

observed in the latency process. The strategy allows to buy with a price closer to and

sell far away from the midprice. The jump effects can be also noticed in the prices.

Figure 5.2 exhibits a path of the PnL process and histogram PnL for the strategy which

shows that when the investor starts with a zero wealth, she can get approximately 9

units profit at the end of the trading day. The histogram reveals that the strategy

approximates to the normal distribution.

One path of the simulated inventory process qt is shown in Figure 5.3 for q ∈ [−10, 10]

with other parameters given in Table 5.1. The trade starts at a time between [0, 1] sec-

onds and the inventory remains stable until a time [2, 3]. When t approaches to the

final time T , the investor is willing to sell her assets which causes a decrease and a

mean-reverting to zero behaviour in the inventory.

Figure 5.4 demonstrates the optimal spreads δ+ and δ− for the strategy with latency

on the each inventory levels with a very small inventory penalty parameter ψ = 0.001.

Comparing the strategy with that in Chapter 3 having the stock price modeling (3.1),
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Figure 5.3: A simulated path for inventory process
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Figure 5.4: Optimal spreads δ+ and δ−

less sell spreads and higher buy spreads occur in this strategy. This result may be a

consequence of the latency. The trader decreases the sell prices and increases the buy

prices because of the stochastic latency as it causes an uncertainty on the execution

of the assets.

Table 5.2 compares the results of the strategy with the results of the symmetric strat-

egy for the same model. It indicates that the strategy again creates a smaller value of

PnL with a smaller risk compared to the symmetric strategy. Further, it is also seen

that the latency impact causes a higher standard deviation since it may increase the

asset fluctuating.

Remark 9. In order to see the behaviour of the optimal market making strategy when

the latency occurs between the submission and execution time of the order, we make
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Table 5.2: Comparison of the strategy

PnL Std dev of PnL Final q Std dev of q

Inventory 5.66 10.11 0.02 2.21
Symmetric 10.58 13.53 -0.34 3.94

a comparison between this strategy and the one with stock price dynamics which does

not include the latency impact. When there is no latency impact on trading, the stock

price reduces to

dSt = σStdB
1
t + ε+dM+

t − ε−dM−
t . (5.9)

The HJB and verification equations can be similarly generated for the price model

(5.9).

In Table 5.3, we provide the results for the comparison of the strategy in the case of no

latency. First, it is observed that the model provides more PnL with extremely higher

standard deviation if a stochastic latency appears. By the strategy (5.6), the trader can

obtain a bit more attractive investment with the related Sharpe ratio if she is a risk

lover investor. By this comparison, it is shown that the latency causes additional risk

since the stock price fluctuates more with its existence.

Table 5.3: Comparison of the model with the model without latency

Latency Without Latency

PnL

Mean 2.6233 0.6938
Std dev 10.0143 5.4990
Sharpe ratio 0.2619 0.1261
Skewness -0.8941 0.3162
Kurtosis 2.2119 5.1860

Inventory

Mean -0.1707 0.1800

Std dev 1.7655 1.1373
Sharpe ratio -0.0967 0.1582
Skewness 0.0472 -0.0260
Kurtosis 1.3823 1.0068

Figure 5.5 shows that the difference between the spreads of two strategies such that

without latency and with latency, respectively, for fixed q = −4 and τ0. From the

figure, we see that the latency effect decreases when the time approaches to maturity.
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Moreover, the investor sells the assets with higher price (buys with lower price) when

there is no latency effect. This strategy results in a larger optimal spread in the case

of without the latency.
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Figure 5.5: Difference between the spreads

5.2 Effect of the Jumps in Latency in a LOB model

In this part, we model the price dynamics containing the mean-reverting process and

jump components in the latency process. With this assumption, the underlying price

process follows the dynamics as follows:

dSt = σ(St + τt)dB
1
t ,

dτt = k(θ − τt)dt+ βdB2
t + ε+dM+

t − ε−dM−
t , (5.10)

dB1
t dB

2
t = ρdt,

where we take the correlation coefficient ρ = 0.

Considering the same value function given by (5.2), the HJB equation of the control
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problem can be obtained as

∂tW+k(θ−τt)∂τW+
1

2
σ2(St+τt)

2∂SSW+
1

2
β2∂ττW+σρβ(St+τt)∂SτW−ψτtq2σ2

+ sup
δ+t

{
Λ+
t (δ+

t )E
[
W (t, x+ (St + δ+

t ), St, τt + ε+; q − 1)−W (t, x, St, τt; q)
]

+ (λ+ − Λ+
t (δ+

t ))E
[
W (t, x, St, τt + ε+; q)−W (t, x, St, τt; q)

] }
+ sup

δ−t

{
Λ−t (δ−t )E

[
W (t, x− (St − δ−t ), St, τt − ε−; q + 1)−W (t, x, St, τt; q)

]
+ (λ− − Λ−t (δ−t ))E

[
W (t, x, St, τt − ε−; q)−W (t, x, St, τt; q)

] }
= 0, (5.11)

with the final condition,

W (T, x, S, τ ; q) = x+ q(S − αq).

Then, using the ansatz (5.5) in the HJB equation (5.11), it reduces to the following

equation:

ψτq2σ2 = ∂tu+ k(θ − τ)∂τu+
1

2
β2∂ττu

+ sup
δ+t

λ+
{

[u(t, τ + ε+; q)− u(t, τ ; q)]

+ e−κ
+δ+(δ+ − α(1− 2q) + u(t, τ + ε+; q − 1)− u(t, τ + ε+; q))

}
+ sup

δ−t

λ−
{

[u(t, τ − ε−; q)− u(t, τ ; q)]

+ e−κ
−δ−(δ− − α(1 + 2q) + u(t, τ − ε−; q + 1)− u(t, τ − ε−; q))

}
(5.12)

with the final condition u(T, τ ; q) = 0.

By the first order optimality conditions in (5.12), the optimal spreads can be found as

δ+∗(t, τ ; q) = 1
κ+

+ α(1− 2q)− u(t, τ + ε+; q − 1) + u(t, τ + ε+; q), q 6= q,

δ−∗(t, τ ; q) = 1
κ−

+ α(1 + 2q)− u(t, τ − ε−; q + 1) + u(t, τ − ε−; q), q 6= q,
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with the verification equation

ψτq2σ2 = ∂tu+ k(θ − τ)∂τu+
1

2
β2∂ττu

+ λ+
{

[u(t, τ + ε+; q)− u(t, τ ; q)]

+
1

κ+
e−1−κ+(α(1−2q)−u(t,τ+ε+;q−1)+u(t,τ+ε+;q))

}
+ λ−

{
[u(t, τ − ε−; q)− u(t, τ ; q)]

+
1

κ−
e−1−κ−(α(1+2q)−u(t,τ−ε−;q+1)+u(t,τ−ε−;q)

}
(5.13)

for q ∈ [q, q] with final condition u(T, τ ; q) = 0.

Besides the finite difference method in backwards starting from the final time, the

verification equation (5.13) is solved by applying the linear interpolation and extrap-

olation methods to calculate the functions u(t, τ + ε+; q) and u(t, τ + ε+; q). Finally,

we obtain the solution of u(t, τ ; q).

5.2.1 Numerical Results

For the purpose of the numerical demonstration, we call the latency model with the

dynamics (5.1) as “Jumps in price model” and the model with the dynamics (5.10) as

“Jumps in latency model” in this part.

Figure 5.6 is an illustration to showcase δ+(t, τ0;−1) and δ−(t, τ0;−1) values for

“Jumps in price model” and “Jumps in latency model”. We note that the average

spread is 1.0350 for “Jumps in price model”, while it is evaluated as 1.0271 for

“Jumps in latency model”. It is noticed that both sell and buy spreads are greater

in the case when the jumps are in the price dynamics.

By the comparison of two strategies provided in Table 5.4, it can be realized that the

strategy including jumps in the price process yields a wider PnL with a wider standard

deviation which is the opposite result of the one given by Table 3.13 since there is no

correlation between the latency and price.
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Figure 5.6: Spreads of “Jumps in price model” and “Jumps in latency model”

Table 5.4: Comparison of the strategies by “Jumps in price model” and “Jumps in
latency model”

PnL Std dev of PnL Final q Std dev of q

Jumps in price model 7.29 6.97 -0.04 2.25
Jumps in latency model 3.05 1.80 -0.12 2.11

5.3 Summary

In this chapter, we approach to the optimal market making models in high-frequency

trading in the case of existence of stochastic latency in the midprice of the asset and

provide an insight on the qualitative behaviour of the trader. Here, we define the

time delay between the submission and execution of the orders as stochastic latency

since it always takes time for the orders to get into the high-frequency trading system.

Therefore, we consider the delayed model in the continuous part of the price process

as an additional source of randomness. Another possible contribution for optimal

market making models with delay will be to consider a stochastic price process with

delay in time and to establish the associate optimal stochastic control problem where

the case of a portfolio optimization model with delay has been studied in [47].

By the numerical experiments, we observe that the latency rises fluctuating of the

asset which leads to an additional risk source for the trader. Furthermore, we analyze

this case when the jump components are either in price or latency process. Obviously,

we find that the trader takes different actions in the manner of optimal quotes and the

jumps in the price cause larger standard deviation with also larger PnL. Lastly, the

real data application can be executed for the latency models as done in Chapter 4, but

we leave it as a further study.
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CHAPTER 6

CONCLUSION

The main subject of this thesis is optimal market making models for high-frequency

trading when the midprice process of an asset is followed by stochastic volatility.

Herewith, we present optimal trading strategies to execute the limit buy and sell or-

ders where the strategies stand on the price impact models. For this reason, we build

optimal stochastic control problems which aims to gain maximum profit for the mar-

ket maker while updating the orders and inventories continuously. In order to achieve

the optimal quotes, we penalize the gathered inventories both during and at the end

of the trading. Then, we provide numerical illustrations which show the optimal

behaviour of the trader and some statistical analysis of both PnL and inventory pro-

cess. Further, we discuss these analyses on the high-frequency data which is obtained

from BIST. Also, we propose optimal market making models in the presence of the

stochastic latency.

Chapter 2 first addresses some important characteristics of LOBs to understand the

concept. Then, we briefly give some definitions and results on stochastic processes

and stochastic optimal control. This chapter is concluded with an introduction on

optimal market making problem with some of the classical models that exist in the

literature.

In Chapter 3, we introduce optimal market making models with the goal of finding

the best prices in a limit order book for an asset by finding the optimal spreads where

the price is procedured by Heston stochastic volatility model. In the literature, there

exists the strategies which are described by the price models with constant volatil-

ity. In our models, we define the price processes with stochastic volatility and add
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jump components corresponding to the number of arrived orders. As the volatility

of a stock is a significant component in option pricing, it also takes a crucial role in

high-frequency trading. Since the volatility of an asset fluctuates and is not constant,

deriving optimal strategies with stochastic volatility in the price dynamics reflects the

reality better in markets. Moreover, the number of the arrived orders also causes a

price change. Hence, we indicate this fact as adding jump processes in price dynam-

ics. First, we can see that when the value function is not a function of the volatility,

the optimal prices distribute around the midprice of the asset almost symmetrically.

The inventory level and model parameters play an important role on the behaviour of

the market maker. For instance, when the inventory level is on positive side and there

is a liquidation cost, she wishes to get rid of her assets not to pay for the remaining

assets at expiry time and thus, she sells with lower price. Approaching to the end of

the trading, the trader behaves differently and a bit increases the sell spreads to cover

the liquidation cost, otherwise she may get less profit.

Our analyses reveal that the strategy obtained with quadratic utility function gener-

ates less profit and less standard deviation in comparison with the symmetric strategy.

The Sharpe ratio of the strategy with a value greater than 1 indicates a noticeable

performance. Besides, we observe that there is a considerable effect of the model pa-

rameters on the optimal spreads. By the strategy with the exponential utility function,

one can sell the assets with the larger spreads on positive inventory levels being a less

risk averse investor. Hence, we can say that the behaviour of the trader changes ac-

cording to the different utility functions. Additionally, we illustrate that the strategy is

resulted in a large PnL and standard deviation of PnL when the impact of the arrival

orders are considered in the stochastic volatility. Comparing the models to the ex-

isting works in the literature, it can be realized that our models provide significantly

higher PnL and higher risks at the same time. This shows us that a market maker

who loves to take risk can trade with our models which also express the fluctuating

volatility in real markets. We further propose a strategy theoretically at the end of

this chapter where the asset price follows a mean-reverting process with stochastic

volatility.

Chapter 4 pays attention to the high-frequency data applications of the models de-

rived in Chapter 3 for the pre and post Covid-19 pandemic times. After parameter
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estimation for each stock used in this work, we get the results to describe the trad-

ing strategies. In the pre pandemic term, the stock with ticker name FENER has the

higher jump intensities in comparison with others. Then, by our analysis, we conclude

that the higher intensities procure the lowest optimal average spread, the highest PnL

and risk of both PnL and inventory. By the comparison of the models with the ones in

the literature, it can be seen that our models derive higher PnL and risks, but explain

the characteristics of the data more reasonable and realistic. Further, we provide the

applications of the models on some stocks traded in global markets and we get the

result of that the strategies are profitable and meaningful even traded on global stocks.

Then, we conduct our analysis on the same stocks in BIST for the post pandemic time

and we obtain that the stock with ticker name EREGL has the higher jump intensities

in price dynamics and so that the highest PnL and standard deviations.

In Chapter 5, we focus on optimal market making models with stochastic latency in

the price dynamics. To the best of our knowledge, the models developed in this chap-

ter are the first models which can be applied to HFT. With the same assumptions for

the derived models in Chapter 3, we derive the first model with price dynamics in-

cluding the jump components and solve for the optimal controls. By this application,

we aim to measure the qualitative behaviour of the trader when there is a stochastic

latency between the submission and execution of the limit orders. We first come to

the conclusion that the latency impact leads an increase on the risk of the strategy

because of the additional randomness. The effect also increases the PnL, as well.

Then, when we compare the latency model with the one which has no latency, it can

be deduced that the profit and standard deviation of the PnL are higher in the latency

model. Further, we consider the strategy when the stochastic latency is affected by

the number of the arrived orders. In results, it is shown that this model is less risky

providing less PnL compared to the first model.

The models and results presented in this thesis will serve as extended models for HFT

on optimal market making problem. One can describe a high-frequency data proper-

ties using the price models of our strategies and apply the optimal controls even for an

emerging market to obtain profitable tradings. As a further study, numerical results

can be achieved for the model where the midprice is processed with a mean-reverting

system with stochastic volatility by solving the PDE system which is obtained by the
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quadratic approximation of the inventory. As another solution technique, the related

verification equation of the problem can be solved by applying the mixed derivatives

by finite differences. Another future research direction is to apply the strategies of the

latency models on a high-frequency data since the latency is a fact of the markets and

there is a waiting time for the execution of the orders which is random. Moreover,

using Double Heston stochastic volatility model on optimal market making problems

will be an important future study since it provides more flexibility on capturing the

stochastic volatility [27]. Such applications and results can be used in financial mar-

kets.
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APPENDIX A

NUMERICAL SOLUTION OF THE OPTIMAL STOCHASTIC

CONTROL PROBLEMS

A.1 Discretization of the Equation (3.14)

In this section, we proceed with the numerical discretizations of the time t and ν to

obtain a solution for the verification equation (3.14). In order to solve the equations

for u, we write the fully-explicit finite difference discretizations. Fully-implicit finite

difference scheme can be also applied to solve the verification equations as done

in [1]. To work with finite difference quotients, we discretize the domain of interest

by dividing the corresponding intervals into M and N subintervals with constant step

sizes

∆t =
T − 0

M
, ∆ν =

νmax − νmin
N

,

respectively, such that tn = n∆τ and νj = νmin + j∆ν, where n = 0, 1, . . . ,M and

j = 0, 1, . . . , N . Let us denote the approximation value of u(t, ν; q) as unj,q for all

grid points (tn, νj; q). Thus, we have unj,q ≈ u(n∆τ, j∆ν; q). The terms in equation

(3.14) are replaced by the following terms:

∂tu =
un+1
j,q − unj,q

∆τ
,

k(θ − ν)∂νu = k(θ − νj)

[
un+1
j+1,q − un+1

j,q

∆ν
1θ>νj +

un+1
j,q − un+1

j−1,q

∆ν
1θ<νj

]
,

∂ννu =
un+1
j+1,q − 2un+1

j,q + un+1
j−1,q

(∆ν)2
.

(A.1)

Here, we choose an upwind scheme for the term k(θ − ν)∂νu, as we should adapt

the finite difference stencil numerically to simulate in the direction of the flow of the
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information, depending on whether θ > νj or θ > νj . Inserting these terms into (3.14)

provides us the discretized version of the equation:

unj,q = un+1
j,q +∆τ

(
µq−ψνjq2σ2+k(θ−νj)

(
un+1
j+1,q − un+1

j,q

∆ν
1θ>νj+

un+1
j,q − un+1

j−1,q

∆νj
1θ<νj

)

+
1

2
σ2νj

un+1
j+1,q − 2un+1

j,q + un+1
j−1,q

(∆ν)2
+ λ+

[
qε+ +

1

κ+
e−1−κ+(ε++α(1−2q)−un+1

j,q−1+un+1
j,q )

]
+ λ−

[
−qε− +

1

κ−
e−1−κ−(ε−+α(1+2q)−un+1

j,q+1+un+1
j,q )

])
(A.2)

with the final condition u(T, ν; q) = 0. We use Neumann boundary conditions as

follows:

unN,q = 2unN−1,q − unN−2,q

un0,q = 2un1,q − un2,q.

The stability of the numerical scheme (A.2) can be highlighted by showing that it sat-

isfies the CFL condition which is introduced by Richard Courant, Kurt Friedrichs, and

Hans Lewy in their original paper [17]. The CFL condition is given in the following

definition.

Definition 10 ([43]). Any numerical scheme is convergent only if the dependency

domain of it includes the related PDE’s true dependency domain. This convergency

condition should be fulfilled at least when ∆t and ∆x go to zero.

Our scheme (A.2) can numerically be shown to satisfy the CFL condition by the given

parameters in Table 3.1 and taking sufficiently small ∆t.

In order to summarize, we illustrate the solution in Algorithm 1, then use (3.12) to

calculate δ±∗t .

A.2 Discretization of the Equation (3.41)

In this part, we only show the numerical discretizations of the time t, the variance

ν and stock price S to solve the verification equation (3.41). In order to solve the

equation, we apply a numerical method by writing the fully-explicit finite difference
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Algorithm 1 Discretized solution of the verification equations

Given T,M,N, νmax, νmin, q, q, λ
±, ε±, κ, α, ψ, µ, k, θ, σ, ρ.

Define ∆t = T
M

, ∆ν = νmax−νmin
N

and Nq = −q + q + 1.

for i = M,M − 1, . . . , 0 do

for j = 0, 1, . . . , N do

for k = 0, 1, . . . , Nq do

use (A.2) as well as boundary and terminal data and calculate uij,k.

end for

end for

end for

discretization and also linear interpolation and extrapolation methods. First, we dis-

cretize the domain of interest by dividing the corresponding intervals into M , N and

K subintervals with constant step sizes

∆t =
T − 0

M
, ∆ν =

νmax − νmin
N

, ∆S =
Smax − Smin

N

respectively, such that tn = n∆τ , νj = νmin+j∆ν and Si = Smin+ i∆S, where n =

0, 1, . . . ,M , j = 0, 1, . . . , N and i = 0, 1, . . . , K. Let us denote the approximation

value of u(t, ν, S; q) as unj,i;q for all grid points (tn, νj, Si; q). Thus, we have unj,i;q ≈
u(n∆τ, j∆ν, i∆S; q). Then, the terms in equation (3.41) should be replaced by the

following terms including the mixed derivatives:

∂tu =
un+1
j,i;q − unj,i;q

∆τ
,

β(µ− S)∂Su = β(µ− Si)

[
un+1
j,i+1;q − un+1

j,i;q

∆S
1µ>Si +

un+1
j,i;q − un+1

j,i−1;q

∆S
1µ<Si

]
,

k(θ − ν)∂νu = k(θ − νj)

[
un+1
j+1,i;q − un+1

j,i;q

∆ν
1θ>νj +

un+1
j,i;q − un+1

j−1,i;q

∆ν
1θ<νj

]
,

∂SSu =
un+1
j,i+1;q − 2un+1

j,i;q + un+1
j,i−1;q

(∆S)2
,

∂ννu =
un+1
j+1,i;q − 2un+1

j,i;q + un+1
j−1,i;q

(∆ν)2
,

∂Sνu =
un+1
j+1,i+1;q − un+1

j−1,i+1;q − un+1
j+1,i−1;q + un+1

j−1,i−1;q

4∆ν∆S
.

We use the same boundary conditions given in Section A.1.
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Then, placing these terms into the verification equation (3.41) and applying the linear

interpolation and extrapolation methods for the terms u(t, ν, S+ε+; q) and u(t, ν, S−
ε−; q) will provide the solution of the equation, that is u(t, ν, S; q).

The solution algorithm is almost the same as the one given in Section A.1 with the

difference of adding the step size for S.
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