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In this thesis, numerical solutions of higher order fractional integro-differential equations are
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1.GIRIS

Tiirev yaklasik 300 yildir kullanilmaktadir. Yaygin olarak tam say1 dereceli tlirev
uygulamalari bilinmektedir. Son zamanlarda tam say1 olmayan kesirli veya kompleks degerli
tirevlerde de arastirmayapilmaktadir. Tam sayili tiirevler i¢in uygulanan yontemler kesirli
tirevler igin dogru sonuglar dogurmamasi da bu siireci tetiklemistir. Temelde tam sayili tiirev
ve kesirli tiirev arasindaki farklar1 soyle ifade edebiliriz. Tam sayili tiirevde sabitin tlirevi
sifirken kesirli tiirevde sifirdan farkli sifira yakin bir deger almaktadir. Bir diger farkta kesirli
tiirevde baz1 6zel fonksiyonlardan yararlanmaktadir. Bir diger fark ise kesirli tlirevin birden

fazla taniminin olmasidir.

Birden fazla kesirli tiirev tanimi en iyi sonuglar i¢in farkli yollarin arastirilmasina yol
acmustir. Bazi kesirli tiirev tanimlari su sekildedir: Laplace, Euler, Liouville, Riemann, Fouier,
Abel, Griinwald, Letnikov, Weyl.. En sik kullanilanlar ise Riemann-Liouville, Griinwald-

Letnikov ve Caputo kesirli tiirevlerdir.

Kesirli mertebeli diferansiyel denklemleri ve sistemleri analitik olarak ¢6zmek zordur. Bu
zorluklar1 giderebilmek i¢in niimerik ve yar1t niimerik yontemler gelistirilmistir. Bu
yontemlerden bazilar1 Varyasyonel Iterasyon, Homotopi Perturbasyon, Adomian Ayristirma
Metodu ve Diferansiyel Doniisiim metodudur. Ayrica Laplace transform, Fractional Green’s

function ve Mellin transform yontemi de bu yontemlerden bazilaridir (Podlubny, 1999).

Homotopi Analiz Metodu, 1992 yilinda Liao tarafindan (Lia0,2008) gelistirilmistir.
Homotopi Analiz Metodu(HAM), topoloji ve diferansiyel geometride temel bir kavram olan
homotopi temeline dayanir. HAM yardimiyla, ele alinan denklemlerin tam ¢6ziimii i¢in tahmini
bir baslangi¢ yaklasimin siirekli bir doniistim olusturur. Siirekli doniisiim olusturmak i¢in
yardimct bir lineer operatér ve yardimci parametre olusturulur ve c¢ozlim serisinin
yakinsakligin1 saglamak i¢in kullanilir. Metodun uygulamasinda baglangic tahmini degerleri
secimi ve yardimci lineer operatdrlerin olusturulmas: probleme baglidir. Bu durum lineer
olmayan bir problemi daha basit, teorik olarak sonsuz sayidaki lineer birbiriyle ardisik alt

problemlere doniistiirebilir (Liao ve Tan, 2007).



“Oklid algoritmasi ve siirekli kesirlere bagh olarak ortaya ¢ikan ve gelistirilen Padé
yaklasiminin ge¢misi ¢ok eskidir. Henri Eugéne Padé tarafindan kullanilan sekliyle giiniimiize
ulasana kadar bir ¢ok iinlii matematikgi farklt problemlere ¢oziim bulabilmek amaciyla Padé
vaklasimi kullandi. Euler, C. G. J Jacobi, Michell Rolle, Georg Ferdinand Frobinius, Jean
Darboux ve Daniel Bernoulli gibi matematik¢iler tarafindan matematigin farkli alanlarinda

farkly problemlere ¢oziim bulabilmek i¢in kullanildi” (Turut, 2007).

Giliniimilizde yaygin bir sekilde Padé yaklagimlar1 diferansiyel denklemlerin niimerik
cozlimlerinde, kuvvet serilerinin analitik devam problemlerde, ortogonal polinomlar iizerinde
calismalarda, kuvvet serilerine ait singiileritenin, sifir noktalarinin bulunmasinda kullanilir.
Pad¢ yaklasimlarinin diger niimerik yaklagimlara gore daha iyi sonuglar vermesi, bu yaklasima
olan ilgiyi arttirdi ve sadece matematikte degil, fizikte, kimyada, astronomide ve daha farkli

bilimsel alanda kullanilmasina yol agt1 (Turut, 2007).

Bu ¢alisma homotopi analiz metodundan elde edilen seri ¢6zlimlerinin padé yaklasimlari
hesaplanmistir HAM’a ait seri ¢oziimlerde bulunan h yardimci parametresinin farkli degerleri
icin farkl seri ¢ozlimler elde edilmistir. Elde edilen her seri ¢oziime iki farkli padé yaklasimi
uygulanmistir. Yapilan hesaplamalarda homotopi analiz metoduna ait seri ¢éziimlerin padé
yaklagimlar kesin ¢oziimlerle karsilastirilmistir. Ve en etkili h degerleri uygulamalar boliimii

Degerlendirildiginde rahatlikla fark edilebilir.



2. TEMEL KAVRAMLAR
2.1 GAMMA FONKSIYONU

I'(x) ile gosterecegimiz gamma fonksiyonu
T(x) = [t"edt (2.1)
0
genellestirilmis integrali ile tanimlanmistir.

1
Simdi F(Ej =z oldugunu gosterelim.

1) 75
r(i)zgx e *dx (2.2)

yazilabilir. Bu denklemde, X = y* ve dx = 2ydy degisken déniisiimii yapilirsa,

F[%) = 2zey2 dy (2.3)
olur. Benzer olarak,

F(%) = ZI e dz (2.4)
yazilabilir.

2 2
e ) dzdy

—38

(3] -

o]

o o

Te"z rdrdé =z
0

(2.5)
oldugu goriilmektedir.

Cizelge 2.1’ de Gamma fonksiyonunun baz1 rakamsal degerleri verilmistir

(Podlubny,1999).



Cizelge 2.1. Gamma Fonksiyonun Bazi Rakamsal Degerleri

]"(0) Tanimsiz
(3 "
I 1
(3 2"
re) 1
(3 o
re) 2
I'(0) o

2.2 HATA FONKSIYONU

erf (x) ile gosterilen hata fonksiyonu

erf (x) =

seklinde tanimlanir.

Hata fonksiyonuna iliskin b-agsagidaki esitlik ve degerler mevcuttur.

1) erf (x) =1—erfc(x)
2) erf (—x)=—erf (x)
3) erf(0)=0

4) erf(x0)=1

S

(2.6)



2.3 ANGER FONKSIiYONU

AngelJ (v,u) fonksiyonu homojen olmayan bessel denkleminin ¢oziimiidiir.

(x—=v)sin(vx)

X"+xy'+(x—-0)y= (2.7)
Burada x ve y ye verilen degerlere gore AngelJ (v,u) fonksiyonu hesaplanabilir.
2.4 BETA FONKSIiYONU
k>0, n> 0 olmak iizere, beta fonksiyonu
1
B(k,n) = j X (1 x)"dx (2.8)
0
seklinde tanimlanir.
Beta fonksiyonu ile Gamma fonksiyonu arasindaki iliski
I'(k).r(n)
k,n)=—2—~"/ 2.9
p.n) I'(k+n) 23)
seklindedir (Podlubny,1999).
2.5 MITTAG - LEFFLER FONKSIYONU
o X
EX)=> ——, >0 2.10
) kz_;‘l"(ak+1) ¢ (2.10)
p=) = a>0,B>0 (2.11)
k0 1“(06k +5)’

seklindedir (Erdelyi,1953).



3.KESIRLi TUREV VE KESIiRLI INTEGRAL
3.1.KESIiRLI TUREV
f (x) stirekli fonksiyon olmak tizere n diferensiyel adimini1 gdstermek iizere kesirli

tirev tanimi

(3.1)

d°f( 1 d" f f (t)dt
dx*  T(n—q)dx" 3 (x—t)""

seklindedir. Burada q (q > 0 ve g € R operatorii n-1 < q <n’ye karsilik gelen tam

sayidir (Ray ve Bera,2004).

3.2 RIEMANN - LIOUVILLE KESIRLI TUREV
Her sonlu (a,x)araliginda f fonksiyonu siirekli ve integrallenebilir olsun. n e N* |
n-1<q<nveq> 0 olmak lizere x > a reel bir f fonksiyonunun q. mertebeden Riemann
— Liouville kesirli tiirevi tanimu:

dif(x) 1 d" % f(b)at
dx*  T(n-qg)dx"J (x—t)="’

(3.2)

seklinde tanimlanir. Bu yontemde integralin n. Kez tiirevi alinacagindan uygulamada

zorluk ¢ikabilir (Podlubny,1999).

3.3 CAPUTO KESIRLi TUREV

M. Caputo, Riemann - Louvilli tanimmmn Laplace doniisiim ifadesinin
uygulamalarinda ortaya ¢ikan baslangi¢ degerlerinin hesaplanmasi veya deneysel yolla
Olclilmesi problemini ortadan kaldirmak amaciyla 1967°de tanimlanmistir. Kesirli tiirev
tekniginde, baslangic kosullarmi fiziksel durumlara en uygun sekilde veren Caputo

olmustur. Caputu Kesirli Tlirevinim tanimi:

. 1 j fM(r)dr

3 = = n-l<a<n (3.3)
'@a-n)s (t—7)*"

0

ile verilir (Podlubny,1999).



3.4 GRUNWALD - LETNIiKOV KESIRLI TUREV
[a,t] kapali araliginda stirekli  f () (t), (k= 1,2, ... m+1) tiirevleri var ve m,

m < p <m+1 olacak sekilde bir tam say1 olsun. Bu takdirde f fonksiyonunun p.mertebeden

Grinwald - Letnikov kesirli tiirevi p > 0 olmak lizere
m (k) A\ Pk t

DOrfp=y @A) T L gy g (3.4)
o ['(-p+k+1) F(=p+m+1)°

seklinde tanimlanir (Podlubny,1999).

3.5 RIEMANN-LIOUVILLE KESIiRLI INTEGRALI

Her sonlu (a,x) araliginda f fonksiyonu siirekli ve integrallenebilir olsun. x > a olmak

tizere f fonksiyonunun q kath  Riemann-Liouville kesirli  integrali;
-q X

d fi(x): 1 J- f(t)l, (3.5)
dx™ r(q)s (x—t)~*

seklinde tanimlanir( Burada q € R ve q > 0’dir) (Podlubny,1999).

3.6 KESIRLIi DIFERENSIYEL DENKLEMLER

Bir bagimli degiskenin bagimsiz degiskene gore kesirli tiirevlerini igeren denklemlere

kesirli adi diferensiyel denklemler denir. Ornegin;

ngy(x)+ Dgy(x)—y(x) = COS X (3.6)
D%y(x) + D%y(t) =X (3.7)
D%y(x)+4y2(x) =2 (3.8)

kesirli adi diferensiyel denklemlerdir (Degerli, 2018).

Bagimli degiskenin birden fazla bagimsiz degiskene gore kesirli tlirevlerini igeren

denklemlere kesirli kismi diferensiyel denklemler denir. Ornegin;

3 2 3 2
K2 0 Lgi):,t) K2 o“u(x,t) (3.9)

D2u(x,t) = D2u(x,t) = 7



kesirli kismi diferensiyel denklemdir (Adomian ,1994).

Kesirli diferansiyel denklemlerin ¢éziimleri i¢im birgok yontem vardir. Rezidual Kuvvet
Serisi Metodu, Laplace Doniistimii Metodu, Adomian Ayristirma Metodu yontemlerden

bazilandir.

3.7 INTEGRO-DIFERANSIYEL DENKLEMLER

Aranan fonksiyonun tiirevlerini ve integralini ayn1 anda igeren denklemine integro-

diferensiyel denklemler denir (\Volterra, 1930). Bir lineer integro-diferensiyel denklem,
2,(X)" () +2,(X)9" " (X) +...+a,(X)¢" () + D f Ko (X, D™ (©)dt = f (x) (3.10)
m=0 o

Formunda bir denklemdir. a,(x),...,a,(x), f (x), K(x,t)(m=0,1...,5) bilinen

fonksiyonlardir; ¢(x) ise bilinmeyen fonksiyondur.

(3.10) formunda bir integro diferensiyel denklemi ¢ézerken bilinmeyen fonksiyon

lizerin, integral denklemlerden farkli olarak,
9(0) = 25, ¢'(0) = ¢},....0" P (0) = 2, (3.11)
Gibi baslangi¢ kosullar yiiklenebilir.

3.8 KESIRLI INTEGRO DiFERENSIYEL DENKLEMLER

Bir bagimli degiskenin bagimsiz degiskene gore kesirli tiirevlerini ve integralini aym
anda iceren denklemlere kesirli integro-diferensiyel denklem denir. Bilinen kesirli

Fredholm integro-diferensiyel denklemi tanimlayalim.

m ( ) b

2 P OD“Y(x)+ 26,0y (x) = () + A F(x,)y(t)dt , (3.12)
5 B.Y“(B) =4,  j=01..v-1, V-l<a@<V, (3.13)
k=0

Burada v, €Z*, m,(eN; A,B, B, u;€R, max((maxy,),l)=v (0<i<m) ve

F(x,t), p;(X),;(x),9(x) bilinen fonksiyonlardir. Ayrica D“y(X),y(x) Caputo Kesirli

tirevlerini ifade eder (Bayram, 2019).



4 HOMOTOPIi ANALiZ METODU

Lineer olmayan problemlerin analitik ¢oziimlerini elde etmek genellikle zordur. Yar1
analitik yontemlerde, ¢oziim serilerinin yakinsaklik bolgesi ¢ogu zaman fiziksel
parametrelere baglidir. Bu yar1 analitik yaklagimlar, non-lineerlik kuvvetli oldugunda,
¢ogu zaman basarisiz sonuglar verir. Bu basarisiz sonuglart ortadan kaldirmak igin
homotopi analiz metodu ¢6ziim serilerinin yakinsaklik bélgesini kontrol etme imkani

saglar (Alkan, 2019).

Homotopi analiz metodu, topolojinin temel kavramlarindan biri olan homotopiyi
kullanir. Bu metotta ele alinan denklemi ¢6zmek i¢in O6nce baslangi¢c yaklagimini tam
¢Oziime gotiiren siirekli bir doniisiim olusturulur. Bu tip bir siirekli doniisiimii olusturmak
icin bir yardimei lineer operatdr secilir. Bulunan ¢o6ziim serisinin yakisakligini
garantilemek icin ise bir yardimci parametre kullanilir. Bu metot baslangi¢ yaklasimi ve
yardimer lineer operatorlerin se¢iminde serbestlik saglar. Homotopi analiz metodu
yardimiyla lineer olmayan zor bir problem bdylece daha basit sonsuz sayida lineer alt

probleme doniistiiriiliir (Alkan, 2019).

HAM sinir kosullariyla kesirli integro-diferensiyel denkleme uyguluyoruz. Asagidaki

denklemi g6z onilinde bulunduralim,
T[u(x)]=0, (4.2)

burada T bir operatordiir, x bagimsiz degisken belirtir, u(x) bilinmeyen bir fonksiyondur.
Basit olmasi i¢in benzer sekilde ele alinabilecek tiim sinir kosullar1 géz ardi ediyoruz.

HAM araciliyla, sifir mertebeli deformasyon denklemi olusturulur.
(1= p)LL#(x; p)] = phT[a(X; P)] (4.2)

burada L bir yardimei lineer operatordiir. (L[u(x)]=0 ancak ve ancak u(x)=lise, burada 1

gercek bir sabittir.), h 0 bir yardime1 parametredir ve p €[0,1] gdmme parametresidir.

Acik olarak, p=0 ve p=1 oldugunda,
p(x0) =1, ¢(x;1) = u(x) (4.3)

#(X; p) ¢oziimii 1’den u(x)’e degisir. Liao, Taylor serisini ¢(x; p) gdomme parametreleri

ile genisletti.



§05P) =2 U, (0P @.4)

1 0¢(x; p)
m!  op"

(m=>1) (4.5)

Uy (X) = | oo

yardimer lineer operator, h parametresi uygun sekilde segilirse seri p=1’de yakinsar,

birinin sahip oldugu;
u(x) =Y u,(x). (4.6)
m=0

Un ={u,(x),u,(X),....u,(X)} vektorlerini tammlayalim. Sifir dereceli defermasyon

denklemini (4.2) p’ye gére m kez tiirevini alip ve sonra m!’ye bolerek ve son olarak p=0

degerini yerine yazarak asagidaki m.mertebeden defermasyon denklemini elde ederiz.
L[u_ (x)] = hi(Un-) (4.7)

1 aT[¢(x p)]

(m r 1) 1 ap m-1 ‘ p=0 (48)

K (l_jm—l) =

m>2 igin U_(X) ’den gelen smir degerleri ile (4.7) denklemini tarafindan yonetildigi

vurgulanmaktadir. Orijinal problem maple ve mathematica gibi sembolik hesaplama
yazilimlari ile kolayca ¢6ziilebilir (Zhang, X.- Tang, B.- He, Y., 2011)
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5.PADE YAKLASIMI
f(x)=> cx (5.1)
i=0

kuvvet serisini alalim.

Padé¢ yaklasimi

L/M]- a, +ax+..+ax" 52)

b, +bx+...+by, x"

seklinde bir rasyonel fonksiyondur (polinomlarin orani). Payimn derecesi L, paydanin
derecesi M’dir. (5.2) de L+1 tane payimn katsayist ve M+1 tane de paydanin katsayisi

vardir. Burada (5.2) nin paydasinin tanimsiz olmamasi igin b, =1 alinmalidir. Bu segimle
(5.2)’nin paymnin L+1 tane bagimsiz katsayist ve paydasinin M tane bagimsiz katsayisi

olur. Tiim yaklasimda L+M+1 tane bilinmeyen katsay1 vardir. [L/ M ] , (5.1)’ deki kuvvet

serisinin ilk L+M+1 terimine karsilik gelir (Celik, 2002).

(5.1)’deki 1,x,%%,...,x"" yinci dereceden kuvvet serisine karsilik gelen Padé yaklagimini

. L
Zcixi _ a0+alx+---+a|_xM +O(X|_+M+1) (53)
— b, +bX+...+ by, X

seklinde yazilabilir. (5.3) denkleminde i¢ler diglar ¢arpimi yapilirsa

(b, +bx+...+b, x")(c, +Ccx+...) =a, +aX+...+a x" +O(xL*M*l) (5.4)

elde edilir. (5.4) denklemindeki x“*,x"?,x,...,.x""™ katsayilarinin esitliginden

By €1 TPy sClyz +o 400, =0

.bM Clmsz By 1Clyss +o+BC, =0 (5.5)
byC +by €. +..+bC .y =0

sistemi elde edilir. b, =1 oldugu i¢in, (5.5) denklemi M tane lineer denklemlerden olusur.

Yani

11



CL—M +1 CL—M +2 CL—M +3 CL bM CL+l

CL—M +2 CL—M +3 CL—M +4 CL+1 bM -1 CL+2

CL—M +3 CL—M +4 CL—M +5 CL+2 bM 2 |=7 CL+3 (56)
L CL CL—M +1 CL+2 CL+M—1_ L bL i _CL+M i

Olur. Buradan b, katsayilar1 bulunur. Diger yandan (5.3) denkleminden payin katsayilari

olan a,,a,,...,a, katsayilar1 1,X,X?,...,X" terimlerin katsayilarmnin esitliginden

a, =G
a=C+ blco
a, =C,+bc, +b,c, (5.7)

min(L,M)
a =C + Z biCL—i
i=1
Olarak bulunur. Boylece (5.6) ve (5.7) denklemleri Pad¢é yaklasiminin pay ve paydasi
olarak tanimlanir. Dolayisiyla bu denklemlere Padé denklemleri denir (Celik, 2002).

PADE YAKLASIMININ HESAPLANMASI

Padé yaklagiminin hesaplanmasinda literatiirde farkli algoritmalar kullanilmistir. En
yaygin ve kullanigh olan determinant formiilleri kullanilir. Bu yontem su sekilde ifade
edilmistir:

f(x)= icixi (5.8)

i=0

serisiyle temsil edilen fonksiyonun (m,n) dereceli Padé yaklagimi

_ B
x)= 0 (9 (5.9)

m,n
olarak tanimlanirsa,

ax

f(x)zicixi — po(x) _

5.10
i~0 0 (X) (.10)

b x'

{ngulNngs

I
o

12



ifadesinin i¢ler dislar ¢arpimiyla olusan denklem sistemi ve katsayilar determinant

yontemiyle bulunabilir.

f(X) =icix‘ icin; (5.11)
FO=Ycx, k20 (5.12)
F.(x)=0, k<0 (5.13)

yazilabilir (Turut, 2010).

Cizelge 5.1. Padé Tablosu

M
0 1 2

0 [0/0] [1/0] [2/0]
1 [072] Y4 [21]
2 [0/2] [4/2] [2/2]

Ornek 5.1: f(x) =+/x+1 fonksiyonu verilsin. Bu fonksiyonun bes terimli seri ag1limi,

P5(X)=1+EX—EX2+iX3—iX4+LX5 (5.5)
2 8 16 128 128

seklindedir. (5.5) kuvvet serisinin [3,2] dereceli Padé yaklasimi determinant

denklemleri yardimiyla,

312x3+1%x2+2x+1
)= (5.6)

S x?4x+1
16

Iy, (X

13



olarak hesaplanir. f(x)=+/x+1 fonksiyonu, PB,(X) kuvvet serisi [3,2] dereceli Padé

yaklasimina ait grafik Sekil 5.1°de gosterilmistir.

a5

T T T
o 05 1 15

x

flz) - - - kuvvet serisi — - [3.2] Pde Yaklasmm I

Sekil 5.1 f (X) =~/x+1 fonksiyonu, kuvvet serisi ve I;,(X) padé yaklasimi

14



6.Uygulamalar

Bu boliimde yiiksek mertebeden kesirli integro-diferensiyel denklemler HAM
yardimiyla elde edilen seri ¢oziimlerin farkli h degerleri igin Pade yaklagimlari
hesaplanmistir. Bulunan Padé niimerik ¢ozlimler kesin ¢oziimle karsilastirilmistir. Bu
karsilastirma ozellikle farklt h degerleri i¢in yapilip bu farkli h degerlerinin Padé

yaklasimini etkileyip etkilemedigi de gozlemlenmeye calisiimistir.

6.1 Homotopi-Padé Yaklasimi

Uygulama 6.1
Deu(x) = x(L+ xe*) +3e* +u(x) —_[u(t)dt ) O<x<1 ,3<a<4
0
u(0) =1 u”"(0)=2
u@) =1+e u’() =3e (6.1)

Yukaridaki dordiincti mertebeden Kesirli integro-diferensiyel denklemini g6z Oniinde

bulundurursak;
a =4igin, (6.1) denkleminin kesin ¢dziimii u(x) =1+ xe*.
Smir  degerlerine  gore, ilk yaklasik deger asagidaki sekilde  segcilir:

2 3

u(x) =u(0)+u’(0)x+u"(0) X? +u”(0) % . Zor kesirli integralden kaginmak igin, (6.1)

2 3
deki iistel terim icin kesilmis Taylor acilimim alabiliriz. Ornegin e* ~1+ x + Y + e
G(U(x)) = X(L+ xe*) +3e* +u(x) — j u(t)dt
0
5.2 3, 1, h
:3+5x+5x + X +Ex +u(x)—ju(t)dt (6.2)
0

HAM kullanilarak m.mertebeden deformasyon denklemleri(deformation equation)

olusturulur,

Uy (x) =1, (6.3)

15



Bs_( 4h 4h 50  , 6h .,  4h 4an
6

U, (X) = AX+ X* +—X + X+ X2+ x>+ X
INa+l) T(e+2) T(a+3) ['(a+4) I'(a+5)

(6.4)

(4h+3)h (@4h+5+Ah (Bh+7-Ah , (6h+4+B)h , (4h+4-B)h x“jx“

u, (x) =—[ (e +1) T(a+2) I'(x +3) INa+4) I'(a+5)

4h? h? 2 h? 3 2h? 4 4h? 5 |y2a
+ + X+ X' — Xt — X7 X
I'2a+1) T'(a+3) I'2a+4) I'(2a +5) I'(2xx +6)

(6.5)

Simdi, Denklem (6.1) i¢in yaklasik ¢6ziimiinii olusturabiliriz;

U(X) = 4, (X) = Uy +U, +U, =1+ AX+X2+EX3—(4h+7)h Xa_(4h+9+A)h et
6 INa+1) INa+2)

_(5h+12-A)h (2 _ (6h+10-B)h 3 _ (4h+8-B)h N 4h?x*
['(ax+3) [Na+4) I'(a+5) I'2a+1)

h2x2a+2 h2X2a+3 2h2x2a+4 4h2x2a+5

+ + - - . (6.6)
I'2a+3) T'2a+4) T'(2a+5) TI'(2a+6)

burada A ve B, @,(X)’e (6.1) denklemin smir degerleri empoze edilerek

belirlenebilir(Zhang, X.- Tang, B.- He, Y., 2011).
Bulunan degerler Cizelge 6.1 ve Cizelge 6.2 ‘de gosterilmistir.

Cizelge 6.1. o = 4 igin farkli h degerleri igin A ve B degerleri

h=-0.5 h=-0.8 h=-0.9
A 0.8994954067 0.9579478198 0.9661834553
B 4.052346979 3.482564538 3.410217450
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Cizelge 6.2. « = 4 i¢in farkli h degerleri i¢in A ve B degerleri

h=-1.0

h=-12

h=-15

A 0.9687126551

0.9564509563

0.8939914783

B 3.397314496

3.551439225

4.238557162

Simdi 6 farkli h degeri icin iki farkli Padé yaklasimlar1 hesaplanacaktir.

(6,6) denkleminde o =4 ve h=-0.5 alinip tabloda belirtilen A ve B degerleri yerine

yazilirsa seri ¢oziimii asagidaki gibi bulunur;

H,%° =1+0.8994954067x + x* + 0.6753911632x> + 0.1041666667 x*
+0.03291456420x%° +0.005972572634x° +x0.0002924258950x’
+0.00004895403052x° + 6.889329806x 10 °x™° + 6.263027096 x10° x**
—1.043837849x107°x*2 —1.605904384 x10*° x**

(6.7)

Simdi (6.7) denklemi i¢in [5,3] ve [5,5] dereceli Padé yaklasimlar1 hesaplanir ve bulunan

nlimerik ¢oziimler kesin ¢oziimle grafikte karsilastirilir (Sekil 6.1 ve Sekil 6.2).

I, 5~ (X) = (1.000000000 + 0.7459787165x + 0.9073935554%" + 0.5544082625x’
+0.038422955440x* +0.3926452197x") / (1.000000000 - 0.1535166906X
+0.04548111358x> —0.008376262488x>)

(6.8)

35 /

T T T T 1
o 02 04 06 08 1
v

0.3

- "5:3_ “(x) |

| Hlx)=1+ xé —

Sekil 6.1. ; (X) =1+ Xe” kesin ¢oziim, I, 3°(X) Padé yaklasimi
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s~ (X) = (1.000000000+ 0.6593685728x + 0.8047988196x" + 0.4519192860%’

+0.03767471576x" +0.02087842828x") / (1.000000000 — 0.2401268339x 6.9)
+0.02079180382x* —0.002047175403x> + 0.001387780238x* .

+0.0002666511675x°)

)
N

L T T T 1
0 02 04 06 08 1

Sekil 6.2. Y, (X) =1+ Xe” kesin ¢oziim, I, o°(X) Padé yaklasim

(6,6) denkleminde « =4 ve h=-0.8 alinip tabloda belirtilen A ve B degerleri yerine

yazilirsa seri ¢oziimi agsagidaki gibi bulunur;

H %% =1+0.9579478198x + x> + 0.5804274230x° + 0.1266666667x*

4 =
+0.04505298547x° + 007824502421x° +x0.0002726088034x’ (6.10)
+0.00008963165599x° +1.763668430x 10" x™ +1.603334937x10°x™*

—2.672224894x107°x"? —4.111115222x107"°x*

Simdi (6.10) denklemi i¢in [5,3] ve [5,5] dereceli Padé yaklasimlari hesaplanir ve bulunan

nliimerik ¢oziimler kesin ¢6ziimle grafikte karsilastirilir (Sekil 6.3 ve Sekil 6.4).

" (X) = (0.9999999999 + 0.7602683789x + 0.8702587700x” + 0.4287172863x’
+0.06087360515x" +0.04347310451x°) / (0.9999999999 — 0.1976794410x (6.11
+0.5962535968x” —0.01114867896x°)
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/
35 /
/7
7/
3 7/
s
7
25 7
rd
7
)] o/
2 v
rd
e
157 _/'/
o
L
—
1+ . . . . :
0 02 04 06 08 1
X
| 11(.\')=1+.\'2'T —_ -7 DJ;S(\)l

Sekil 6.3. Y, (X) =1+ Xe” kesin ¢oziim, I, ;°(X) Padé yaklasimi

5" (X) = (1.000000000 +0.7477845413x + 8223353531x" + 0.3867134600x’
+0.02510847027x* +0.02806951628x°) / (1.000000000 —0.2101632786x
+0.02366080757x* —0.006216503358x> + 0.002720612056x*
+0.0004858698267x°)

(6.12)
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/
35+ /
/
7/
3+ .f'
./'
/
25 /7
S
7
74 __/'
) e
Ve
__/
15 o
L
L
.'/.
L~
L
1= T T
0 02 04 06 08 1

Sekil 6.4. Y, (X) =1+ Xe” kesin ¢oziim, I, o°(X) Padé yaklasimi

(6,6) denkleminde o =4 ve h=-0.9 alinip tabloda belirtilen A ve B degerleri yerine

yazilirsa seri ¢oziimii asagidaki gibi bulunur;

H,%® =1+0.9661834553x + x* +0.5683695750x"> +0.1275000000x"*

4 =
+0.04774637591x° +0.008167270681x° +0.0002124611697 x’ (6.13)
+0.0001024505034 x® +2.232142857 107" x™° +2.029220779 x10° x*!

—3.382034632x107°x** —5.203130203x107*x**

Simdi (6.13) denklemi i¢in [5,3] ve [5,5] dereceli Padé yaklasimlari hesaplanir ve bulunan

niimerik ¢oziimler kesin ¢oziimle grafikte karsilastirilir (Sekil 6.5 ve Sekil 6.6).

I3~ (X) = (1.000000000 +0.7730630391x + 0.8723541946x” + 0.4208307709x°
+0.06569558589x" +0.04525641531x°) / (1.000000000 - 0.1931204165x (6.14)
+0.05894394571x* —0.01136905289x°)
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/
354 ./‘
7/
/
3 /
.)"r
7
2.5 7/
e
7
5 vl
2 "/.
rd
e

15- 4

5 e

o
.'/-
-
-
1 T T
0 02 04 06 08 1
nlx) =1+ xé — ?'j_lD;gl(\)

Sekil 6.5. Y, (X) =1+ xe”kesin ¢dziim, I’S‘g ?(x) Padé yaklasim

s ° (X) = (0.9999999998 + 0.7604794078x + 0.8267765040x"
+0.03801582167x° +0.032217848144x* +0.03121263955x°)
/(0.9999999998 — 2057040472x + 0.02552435145%”
—0.007168517008x° +0.002996154436x* —0.0005400529192x")

(6.15)

/
35 _/‘
7/
/
3 7
./'
7/
254 /s
v
7
5] 7
2 './.
rd
. e
15 g
- -
-
-
-
-
1 T T T T 1
0 02 04 06 08 1
X
| ylx)=1+ xd — :')::Djlg[\) |

Sekil 6.5. Y, (X) =1+ Xe” kesin ¢dziim, I, o°(X) Padé yaklagim
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(6,6) denkleminde o =4 ve h=-1.0 alinip tabloda belirtilen A ve B degerleri yerine

yazilirsa seri ¢oziimii asagidaki gibi bulunur;

H,"% =1+0.9687126551x + x* + 0.5662190827x> + 0.1250000000x*
+0.04973927212x° +0.008376787980x° + 0.0001195804571x" (6.16)
+0.0001141539064x° + 2.755731922x 10" x** + 2.505210839x10° x**

—4.175351398x10°x** —6.423617535x 10 °x**

Simdi (6.16) denklemi i¢in [5,3] ve [5,5] dereceli Padé yaklasimlart hesaplanir ve

bulunan niimerik ¢éziimler kesin ¢oziimle grafikte karsilastirilir (Sekil 6.7 ve Sekil 6.8).

5 (X) = (0.9999999999 + 0.7876099666 x + 0.8813803676 X

+0.4287271834x° +0.06820220316x" +0.04784381488x") (6.17)
/(0.9999999999 - 0.1811026883x +0.05681683377 x> —0.01142839671x>)

/
35+ /
/
/
3 /
/
7/
2.5 Ve
Ve
e
] /7
2 ,-/-
Ed
e
13 ‘/'_/
./-
L
-
L=
= T T T T 1
0 02 04 06 ] 1
.
""" ylx)=1+ xé — :J:IJ;D

Sekil 6.7. Yy, (X) =1+ Xe” kesin ¢ziim, 1, ;°(X) Padé yaklagim
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I, +°(x) = (1.0000000000 + 0.7687413972x +0.8327137249x” +0.3842802821x°

55

+0.03397349120x" +0.03457489337x") / (1.00000000000 — 0.1999712579x (6.18)
+0.02642841317x* —0.007569081009x° +0.003104884796x* '

—0.0005709035554x")
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Sekil 6.8. Y, (X) =1+ Xe” kesin ¢oziim, I, ;°(X) Padé yaklasimi

(6,6) denkleminde o =4 ve h=-1.2 alinip tabloda belirtilen A ve B degerleri yerine

yazilirsa seri ¢oziimi agagidaki gibi bulunur;

H,"* =1+0.9564509563x + x* +0.5919065375x> + 0.1100000000x"

4 =
+0.051566450956%° +0.008405915075x° +0.0001789141012x’ (6.19)
+0.0001323976422x° +3.968253968x 10" x° + 3.607503608x 10 ° x**
—6.012506012x10°° x** —9.250009250x 10 x**

Simdi (6.19) denklemi igin [5, 3] ve [5, 5] dereceli Padé yaklasimlari hesaplanir ve

bulunan niimerik ¢éziimler kesin ¢oziimle grafikte karsilastirilir (Sekil 6.9 ve Sekil 6.10).
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I, 57 (X) = (1.0000000000 + 0.8152724805x + 0.9155744698x
+0.4878221112x° +0.06622578115x" + 0.05468124477x°)
/(1.0000000000 - 0.1411784759x + 0.05060475799x*
—0.01130691953x°)

(6.20)

Sekil 6.9. ; (X) =1+ Xe” kesin ¢éziim, I, ;(X) Padé yaklasimi

5~ (X) = (1.0000000000 + 0.7729108171x + 0.8503037553x” + 0.4260323489x°
+0.02340727361x" +0.04185671433x") / (1.00000000000 — 0.1835401388x
+0.02585089683x° —0.007059165049%° + 0.002946729997 x*
—0.0005789324935x")

(6.21)
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Sekil 6.10. Y, (X) =1+ Xe”kesin ¢oziim, I, ;(X) Padé yaklasim

(6,6) denkleminde =4 ve h=-1.5 alinip tabloda belirtilen A ve B degerleri yerine

yazilirsa seri ¢oziimii agagidaki gibi bulunur;

H,"® =1+0.8939914783x + x* +0.7064261937x°® + 0.06250000000x*

4 =
+0.04867489348x° +0.007512517753x° +0.0009638562982x’ (6.22)
+0.0001399346294x° +6.200396825x10 " x'° +5.636724387 x10°° x**

—9.394540645x10° x** —1.445313945x10"°x*

Simdi (6.22) denklemi i¢in [5,3] ve [5,5] dereceli Padé yaklasimlari hesaplanir ve

bulunan niimerik ¢oziimler kesin ¢oziimle grafikte karsilagtirilir (Sekil 6.11 ve Sekil

6.12).

;5 (X) = (1.0000000000 + 0.8376502749x + 0.9915629979x"

+0.6771091487x° +0.05527745075x" +0.06431282306x") (6.23)
/(1.0000000000 - 0.05634129361x + 0.04193155346x*

~0.01046229291x°)
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Sekil 6.11. Y, (X) =1+ Xe”kesin ¢oziim, I, ;°(X) Padé yaklasim

I;5° (X) = (1.0000000000+ 0.7378190542x + 0.8865841952x” + 0.5687198547
+0.02359567626x" +0.05409872393x°) / (1.00000000000 — 0.1561724243x
+0.02620101161x> —0.004957395914x* + 0.002459473108x*

—0.000568260189x°)

(6.24)
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Sekil 6.12. Y, (X) =1+ Xxe”kesin ¢oziim, I, ;°(X) Padé yaklasim

Asagida Ornek 1 icin Cizelge 6.5 ve Cizelge 6.6’da kesin ¢dziimle [5,3] Padé
yaklagimlar1 karsilastirilmistir. Cizelge 6.7 ve Cizelge 6.8’de kesin ¢6ziim ile [5, 5]

Padé yaklagimlar1 karsilagtirilmigtir. Daha etkili olan h degerleri incelenebilmektedir.
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Cizelge 6.5. y, (X) =1+ xe* kesin ¢dziim ve HAM’a ait seri ¢dziimlerin [5, 3] Padé niimerik degerleriyle

karsilagtiritlmasi
a=4| Kesin Cozim h=-0.5icin | h=-0.8 icin | h=-0.9 icin | Mutlak Hata Mutlak Hata Mutlak Hata
pade ¢oziimi | pade goziimii | pade ¢ozimii | E,(X) E; (x) E; (x)

x LGB 60 s (%) fa° (X) 00500 | -5t | [n0-5° )
0.1 | 1.110517092 1.100635685 1.106388335 1.107199952 0.009881407 0.004128757 0.003317140
0.2 | 1.244280552 1.225479796 1.236450572 1.238003453 0.018800756 0.007829980 0.006277099
0.3 | 1.404957642 1.379012338 1.394197137 1.396355799 0.025945304 0.010760505 0.008601843
0.4 | 1.596729879 1.566051898 1.584063072 1.586635854 0.030677981 0.012666807 0.010094025
0.5 | 1.824360636 1.791806486 1.810976836 1.813728633 0.032554150 0.013383800 0.010632003
0.6 | 2.093271280 2.061929323 2.080435513 2.083104479 0.031341957 0.012835767 0.010166801
0.7 | 2.409626895 2.382579867 2.398586949 2.400905391 0.027047028 0.011039946 0.008721504
0.8 | 2.780432742 2.760490573 2.772319512 2.774039251 0.019942169 0.008113230 0.006393491
0.9 | 3.213642800 3.203039940 3.209360484 3.210282952 0.010602860 0.004282316 0.003359848
1.0 | 3.718281828 3.718332541 3.718384355 3.718395882 0.00005071 0.00010252 0.00011405

Cizelge 6.6. y, (X) =1+ xe* kesin ¢dziim ve HAM’a ait seri ¢dziimlerin [5, 3] Padé niimerik degerleriyle
karsilagtirilmasi

a=4| Kesin Cozim h=-1.0icin | h=-1.2 icin | h=-1.5 i¢in | Mutlak Hata Mutlak Hata Mutlak Hata

pade ¢éziimi | pade ¢oziimii | pade ¢ozimii | E,(X) E; (x) E; (x)

x ) | R0 rha?(X) s (%) 00-300] | [O0-r 00 | 01300
0.1 | 1.110517092 1.107450490 1.106248527 1.100112318 0.003066602 0.004268565 0.010404774
0.2 | 1.244280552 1.238488738 1.236218480 1.224565750 0.005791814 0.008062072 0.019714802
0.3 | 1.404957642 1.397041221 1.393939164 1.377900757 0.007916421 0.011018478 0.027056885
0.4 | 1.596729879 1.587467025 1.583840678 1.564935615 0.009262854 0.012889201 0.031794264
0.5 | 1.824360636 1.814633060 1.810830894 1.790836991 0.009727576 0.013529742 0.033523645
0.6 | 2.093271280 2.083995919 2.080378722 2.061194991 0.009275361 0.012892558 0.032076289
0.7 | 2.409626895 2.401690930 2.398604043 2.382102595 0.007935965 0.011022852 0.027524300
0.8 | 2.780432742 2.774629130 2.772374976 2.760239706 0.005803612 0.008057766 0.020193036
0.9 | 3.213642800 3.210603223 3.209413405 3.202962161 0.003039577 0.004229395 0.010680639
1.0 | 3.718281828 3.718403942 3.718410076 3.718396440 0.000122114 0.000128248 0.000114612
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Cizelge 6.7. y, (X) =1+ xe* kesin ¢dziim ve HAM’a ait seri ¢dziimlerin [5, 5] Padé niimerik degerleriyle

karsilagtirilmasi
a=4| Kesin Cozim h=-0.5icin | h=-0.8 icin | h=-0.9 icin | Mutlak Hata Mutlak Hata Mutlak Hata
pade ¢oziimi | pade goziimii | pade ¢ozimii | E,(X) E; (x) E; (x)

x LGB A ¢ e (%) s (X) -6 | -5 | 0052
0.1 | 1.110517092 1.100635684 1.106388335 1.107199951 0.009881408 0.004128757 0.003317141
0.2 | 1.244280552 1.225479796 1.236450572 1.238003452 0.018800756 0.007829980 0.006277100
0.3 | 1.404957642 1.379012338 1.394197135 1.396355796 0.025945304 0.010760507 0.008601846
0.4 | 1.596729879 1.566051883 1.584063046 1.586635826 0.030677996 0.012666833 0.010094053
0.5 | 1.824360636 1.791806393 1.810976650 1.813728425 0.032554243 0.013383986 0.010632211
0.6 | 2.093271280 2.061928844 2.080434549 2.083103399 0.031342436 0.012836731 0.010167881
0.7 | 2.409626895 2.382577926 2.398583053 2.400901047 0.027048969 0.011043842 0.008725848
0.8 | 2.780432742 2.760484068 2.772306463 2.774024738 0.019948674 0.008126279 0.006408004
0.9 | 3.213642800 3.203021048 3.209322621 3.210240927 0.010621752 0.004320179 0.003401873
1.0 | 3.718281828 3.718283522 3.718286239 3.718287226 0.000001694 0.000004411 0.000005398

Cizelge 6.8. y, (X) =1+ xe* kesin ¢6ziim ve HAM’a ait seri ¢oziimlerin [5, 5] Padé niimerik degerleriyle
karsilastiriimasi
a=4| Kesin Cozim h=-1.0icin | h=-1.2icin | h=-1.5 icin | Mutlak Hata Mutlak Hata Mutlak Hata
pade ¢oziimi | pade ¢oziimii | pade ¢ozimii | E,(X) E; (x) E; (x)

X ) | E%(x) s (X) s (%) 00— | 00-rs 0] | [n0-1 ()
0.1 | 1.110517092 1.107450490 1.106248527 1.100112318 0.003066602 0.004268565 0.010404774
0.2 | 1.244280552 1.238488738 1.236218480 1.224565751 0.005791814 0.008062072 0.019714801
0.3 | 1.404957642 1.397041218 1.393939162 1.377900756 0.007916424 0.011018480 0.027056886
0.4 | 1.596729879 1.587466996 1.583840646 1.564935584 0.009262883 0.012889233 0.031794295
0.5 | 1.824360636 1.814632835 1.810830653 1.790836758 0.009727801 0.013529983 0.033523878
0.6 | 2.093271280 2.083994755 2.080377470 2.061193808 0.009276525 0.012893810 0.032077472
0.7 | 2.409626895 2.401686257 2.398599052 2.382097956 0.007940638 0.011027843 0.027528939
0.8 | 2.780432742 2.774613560 2.772358464 2.760224604 0.005819182 0.008074278 0.020208138
0.9 | 3.213642800 3.210558262 3.209366070 3.202919598 0.003084538 0.004276730 0.010723202
1.0 | 3.718281828 3.718288020 3.718288932 3.718289380 0.000006192 0.000007104 0.000007552
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Uygulama 6.2

D“u(x) =1+ (5+x)e" +u(x) - [u(t)dt 0<x<l, 5<xs6,
0
u(0)=o0, u"(0) =2, u®(0)=4,
u@)=e, u"(l) = 3e, u®(1) =5e (6.25)

~——

Yukaridaki altinca mertebeden Kkesirli integro-diferensiyel denklemini gbéz Oniinde

bulundurursak;

a = 6icin, (6.25) denkleminin kesin ¢oziimii U(x) = xe”.

Sinir  degerlerine  gore, ilk yaklasitk deger asagidaki  sekilde  segilir:
X’ X @ X u® o)~ kesirl

u(x) =u(0)+u’(0)x+u"(0) —+u"(0) —+u"”(0) — +u*’(0) — . Zor esirli

(0 =u(0)+U'O)X-+U(0) - +u"(0) 24U (0) 2+ ©) 2
integralden kacinmak i¢in, (6.25) deki iistel terim i¢in kesilmis Taylor agilimini alabiliriz.

2 3
Ornegin " ~1+X+—+—.
2 6

Fu(x)) =1+ (5+x)e* +u(x) —Iu(t)dt

7 8 1 f
=6+6X+—X2+—xX3+=x*+u(x)-[u(t)dt. 6.26
2 g g U0 Ju (6.26)

HAM kullanilarak m.mertebeden deformasyon denklemleri(deformation equation)

olusturulur,
uO (X) = O ’

5 6hx”  6hx*"  7hx**?  8hx*?  4hx
120 INa+l) T(a+2) T'(a+3) T'(a+4) T'(x+5)

u,(X) = Ax+x2+%x3+%x“+

(6h+6)h . (6h+6+AN i (Th+9-Ah ., B1+6+B)h ..

U0 == T(@+2) (e +3) T(cr+4)
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_(4h+8-B)h L (C-4%)h N Ch N 6h*x*
I['(a+5) ['(cx+6) [Na+7) I'a+1)

h2X2a+2 h2x2a+3 4h2x2a+4 4h2x2a+5
+ + - -
I'2a+3) T(a+4) T'(2a+5) T'(2a+6)’

(6.27)
Simdi, Denklem (6.25) i¢in yaklasik ¢oziimiinii olusturabiliriz;

u(x) zl//Z(X)ZU0+U1+U2 =

C 5 (6h+12)h @ (6h+12+ A)h et
120 INa+1) INa+2)

Axx?+ 2ty
6 6

_(h+16-A)h ., Bh+14+B)h .5 (4h+12-B)h o0 (C=4h o5 (g4
T(a+23) T(a+4) (e +5) (e +6)

Ch . 6h2x2a . h2X2a+2 N h2x2a+3 4 4h2X2a+4 ~ 4h2x2a+5
[a+7) I'2a+1) TI'(2a+3) T'a+4) T'(2a+5) TI'(2a+6)

+

burada A ,B ve C, y,(X) ’e (6.25) denklemin sinir degerleri empoze edilerek belirlenebilir
(Zhang, X.- Tang, B.- He, Y., 2011).
A,B ve C i¢in bulunan degerler Cizelge 6.3 ve Cizelge 6.4‘de gosterilmistir.

Cizelge 6.3. o = 6 igin farkli h degerleri igin A, B ve C degerleri

h=-0.3 h=-0.5 h=-0.8
A 1.023029584 1.012226344 1.002424016
B 2.776362159 2.881459331 2.976701933
C 7.29985594 6.208932726 5.227331871
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Cizelge 6.4. o = 6 igin farkli h degerleri igin A, B ve C degerleri

h=-1.0 h=-1.2 h=-1.5
A 1.000155505 1.001298187 1.009405557
B 2.998615794 2.987281413 2.907970738
C 5.009229771 5.139987246 5.989899363

Simdi 6 farkli h degeri icin iki farkli Padé yaklagimlar1 hesaplanacaktir.

(6,28) denkleminde « =6 ve h=-0.3 alinip tabloda belirtilen A, B ve C degerleri yerine

yazilirsa seri ¢oziimii asagidaki gibi bulunur;

H. %% =1.0230299584x + X +0.4627270265x° +0.1666666667 x*
+0.06083213283x° +0.004250000000x° +0.0006680374750x"
+0.000009581079181x® + 0.00001188522004x° + 6.633298479 10~ x*° (6.29)
+2.480050460x10°x** —3.444574679x10° x"* +1.032367104 x10~** x**
+6.882447359x 10 x™ —1.720611840x 10 x'® —1.012124611x10 " x"

Simdi (6.29) denklemi i¢in [16,17] ve [20,23] dereceli Padé yaklasimlar1 hesaplanir ve

bulunan niimerik ¢ézlimler kesin ¢ézlimle grafikte karsilastirilir(Sekil 6.13 ve Sekil 6.14).

ey (X) = (1.023029584x +0.9613601705x” +0.4263988031x* + 0.1505417500x*
+0.05513576072x° +0.002163574442x° +0.0005848937135x" +0.00007350861169x°
+9.092443342x107°x° +3.170221172x107" x'° +1.244747836x10° x*!
—3.945971871x107°x" +1.481650674 x 10 x™* — 4.491115040x 102 x*

+2.507384192 %10 x"® - 2.691295257 x107*x'®) / (1.0000000000

—0.03777000233x +0.001409322686x> — 0.00005575467131x°

+2.200555406x107° x* +8.234112996x107°x* —3.101778974x10° x° (6.30)
~1.061055949x107°x” + 3.893462858x10? x* —1.833748132x10 2 x°

+6.984464175x107° x'* —3.012828812x10"° x™* +9.425300622 x10"* x*

+1.684060891x10 " x™ +9.521290130x10 > x** —5.083727415x10 * x"

+2.892531531x10 ® x* ~1.878793845x10 7 x'")
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Sekil 6.13. Y, (X) = Xe” kesin ¢dziim, I, (X) Padé yaklagimi

o5 (X) =1.023029584x +1.0000000000x? +0.4627270265x° + 0.166666666 7"
+0.06083213283x° +0.004250000001x° +0.0006680374751x’

+0.00009581079182x" +0.00001188522004x° + 6.633298480x 10" x*° (6.31)
+2.480050460 x10°° X' —3.444574679x107° x** +1.032367104x10* x**

+6.882447359x 10 x* —1.720611840x 107 x*° —1.012124611x 10 ° X"’
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Sekil 6.14. Y, (X) = Xe"kesin ¢dziim, %‘?'233 (x) Padé yaklagimi

(6.28) denkleminde « =6 ve h=-0.5 alinip tabloda belirtilen A, B ve C degerleri yerine

yazilirsa seri ¢oziimii agagidaki gibi bulunur;

H,%° =1.012226344x + x* +0.4802432218x° +0.1666666667 x"
+0.05174110605x° +0.006250000000x° +0.0009932764226x’

+0.0001424575107x® + 0.00001774892434 x° +9.808394880 x 10" x*° (6.32)
+2.766921105x10° X" —3.349605440 x10° x** + 2.867686400x10 " x*
+1.911790933x10 ¥ x™ —4.779477332x10 7 x*® — 2.811457254 x10* x*

Simdi (6.32) denklemi igin [16,17] ve [20,23] dereceli Padé yaklagimlar1 hesaplanir ve

bulunan niimerik ¢ézlimler kesin ¢ézlimle grafikte karsilastirilir(Sekil 6.15 ve Sekil 6.16).
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Mes (X) = (1.012226344x +0.9555545515x” +0.4382556194x° +0.1473924439x"*
+0.04525392753x° +0.004257487157 x° +0.0008046157956X” +0.0001068895816x°
+0.00001301854354x° +4.039379939x10 " x° +9.250974477 x10° x"
~3.803712917 x10° x** +1.649818552 x 10 x** — 4.294309361x10** x**
+3.841760607 x10 " x™® —6.451015020 x10™ x*) / (1.0000000000
—0.04390860678x +0.0018978011x? —0.00008418392157x°

+3.655689860x10° x* —1.581592918 x10™" x* +6.941396013x107° x° (6.33)
—2.978752937x107°x +1.297291781x10 ™ x® - 6.188960315x10 * x°
+2.508761331x10 7 x"° —1.164494312x10 " X" + 4.416295119x107"" x™
~1.626908271x10 8 x™ +9.008106869 x10 % x* — 4.985969373x10 % x*
+2.395689827 x10 % x'¢ —1.241373598 10 % x*)
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Sekil 6.15. Y, (X) = Xe*kesin ¢éziim, 1,5 (X) Padé yaklasim
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Foa (X) =1.012226344x +1.0000000000%* + 0.4802432219%° + 0.1666666667 x*

20 23

+0.05174110604x° + 0.006250000000x° + 0.0009932764227 x’
+0.0001424575107x° + 0.00001774892434x° +9.808394882 x 10" x*° (6.34)
+2.766921105x10°° x** —3.349605439 %10 ° x'? + 2.867686400x 10 x**
+1.911790933x10 7" x"™® —4.779477333x10 ™ x'® — 2.811457254x 10 x*
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Sekil 6.16. Y, (X) = e kesin ¢oziim, Iy, (X) Padé yaklagimi

(6.28) denkleminde « =6 ve h =-0.8 alinip tabloda belirtilen A, B ve C degerleri yerine

yazilirsa seri ¢0ziimii agagidaki gibi bulunur;

H,°® =1.002424016x + x> +0.496119888x° +0.1666666667x*

+0.04356109892x° +0.008000000001x° +0.001301972066 X

+0.0001864598409x° + 0.00002331724411x° +1.283795870x10°° x* (6.35)
+2.459780085x10° x" — 7.137042890x10 " x** + 7.341277184x 10 x**
+4.894184788x107* x** —1.223546197 x10* x*® — 7.197330570x10** x*’

Simdi (6.35) denklemi i¢in [16,17] ve [20,23] dereceli Padé yaklagimlari hesaplanir ve

bulunan niimerik ¢ézlimler kesin ¢ozlimle grafikte karsilastirilir(Sekil 6.17 ve Sekil 6.18).
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Meae (X) = (1.002424016x +0.9444705488x” +0.4435675072x° +0.1418626242x"*
+0.03558516149x° +0.005988407865x° +0.0009594338979x” +0.0001312382965x
+0.00001569559404x° +3.622189944 10" x° — 2.285895672 x10~* x**
~1.084523526 x10° x*? + 3.304210126 x10 " x** — 4.451470736 x10** x**
+3.304210126 x10 ™ x* —1.372313460 x10*x*) / (1.0000000000
—0.05539517235x +0.002838809453x* —0.0001599781451x°

+8.168045750x10° x* —4.515410191x10" x* + 2.375272045x10° x° (6.36)
—1.302574428x10°x" +6.557527837 x10 ™ x° —3.869060108 x10 X’
+1.809329160x107° x™* —1.172832817 x10 ™ x** +5.835929647 x10*° x**
~3.170331361x107" x** +1.746510767 x10 **x™ ~1.010406130x10 " x™
+4.712373953x10 2 x'® — 2.600269207 x10 2 x*")
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Sekil 6.17. Y, (X) = Xe” kesin ¢oziim, 1,5 (X) Padé yaklasimi
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hoe (X) =1.002424016x% +1.0000000000x + 0.4961169890x° + 0.1666666668x*

20 23

+0.04356109893x° + 0.008000000004x° +0.001301972066X”
+0.0001864598410x° + 0.00002331724412x° +1.283795871x10°° x*° (6.37)
+2.459780086 x10° ™ —7.137042892x10° x*? + 7.341277187 x10 7 x**
+4.894184789x10 " x™ —1.223546197 x10 " x"® —7.197330573x10 " x*
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Sekil 6.18. Y, (X) = e kesin ¢oziim, I\, (X) Padé yaklagimi

(6.28) denkleminde o =6 ve h=-1.0 alinip tabloda belirtilen A, B ve C degerleri yerine

yazilirsa seri ¢oziimi agsagidaki gibi bulunur;

H."® =1.000155505x + x* + 0.4997692991x° + 0.1666666667 x*

+0.04174358142x° +0.008333333334x° + 0.00138819743x’

+0.0001984088416x° +0.00002479777280x° +1.378247411x10° x™° (6.38)
+2.528333361x10°x™ + 2.06840693%x 107 x*2 +1.147074560 x 10 x**
+7.647163732x107 %" —~1.911790933x107° x** —1.124582902x 10 x"'

Simdi (6.38) denklemi i¢in [16,17] ve [20,23] dereceli Padé yaklasimlari hesaplanir ve

bulunan niimerik ¢oziimler kesin ¢6zlimle grafikte karsilastirilir(Sekil 6.19 ve Sekil 6.20).
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sy (X) = (1.000155505 +0.9688225727 X +0.4709296791x° +0.1534378673x"
+0.03773006651x° +0.007428865844x° +0.001229359533x” +0.000173403831x°
+0.00002203233374x° +1.102782256 x10° x™* + 4.593841712x107* x™*
+5.342246721x10°x** +8.075326341x10 " x** + 2.707067181x10 * x**
+8.088483340 10 x** —1.489192706 x10™*x*) / (1.0000000000
~0.03117257953x +0.002332596751x° +0.00001769931054 X
~1.544295913%10°° x“ +7.201079841x107" x* —5.784882153x10® x° (6.39)
+5.956442561x107°x" —4.064711691x10 " x® +3.498380771x10 " x*
—2.055324144x107x" +1.642980365x10*x" —9.531511570x10 " x**
+5.986584006 x10°x* —3.304918907 x10 ™" x™* +1.890267346x10** x™
~8.985843604 x10 2 x* +5.176858553x10 2 x")
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Sekil 6.19. Y, (X) = e kesin ¢éziim, I,;}9(X) Padé yaklasimi
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[ (X) =1.000155505x +1.0000000000% +0.4997692991x° + 0.1666666667 x*
+0.04174358142x° + 0.008333333335x° + 0.0013889743x’ + 0.0001984088416X°
+0.00002479777280x° +1.378247211x10°x* + 2.528333361x10 ¢ x** (6.40
+2.068406930x10°° x*? +1.147074560 x 10 x** + 7.647163732x10 = x*°
—1.911790933x10* x™ —1.124582902 x 10 x*’
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Sekil 6.20. Y, (X) = Xe” kesin ¢oziim, I,; 5, (X) Padé yaklagimi

(6.28) denkleminde « =6 ve h=-1.2 alinip tabloda belirtilen A, B ve C degerleri yerine

yazilirsa seri ¢0ziimii agagidaki gibi bulunur;

H,'? =1.001298187x + x* + 0.4978802355x" + 0.1666666667 X"
+0.04283322705x° +0.008000000001x° +0.001381261473x’
+0.0001963899349x° +0.00002442884064x° +1.393094770x107° x*° (6.41)
+3.427090086 x107°x** +5.160766280x10°° x** +1.651787366 x 10 ** x**
+1.101191577x107*x** — 2.752978943x10** x** —1.619399378 x 10 x*’

Simdi (6.41) denklemi igin [16,17] ve [20,23] dereceli Padé yaklasimlar1 hesaplanir ve

bulunan niimerik ¢ézlimler kesin ¢ozlimle grafikte karsilastirilir(Sekil 6.21 ve Sekil 6.22).
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Mosa(X) = (1.001298187x +0.9354916745x” +0.4379424624x° + 0.1388292775x"*
+0.03409889730x° + 0.005880462605x° +0.001023996055x +0.0001349915564X°
+0.00001655471169x° +4.577106177 x107" x™ + 2.246632155x10° x™*
+5.453490864 x10° x** — 2.508565475x 10 ° X" + 4.120565206 x 10 x**
—9.670957445x10 x** —1.875877237x107*x**) / (1.0000000000
—0.06442469014x +0.004481099633x” + 0.0002423942706X°
+0.00001444318108x"* —6.290038406 %10~ x° +2.918181167 x10°x° (6.42)
—5.137067497x10°x” —1.377914232x10™ x® + 6.054500162x 102 x°
—4.599728445x107°x"° + 4592672072 x 10 x" — 2.903315642x 107" x**
+2.028849480x10"°x"® ~1.121028036x 10" x™ +6.497875497 x10 7 x™
~3.153091235x102 x* +1.992507165x10 % x*")
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Sekil 6.21. Y, (X) = Xe”kesin ¢éziim, I,;}5(X) Padé yaklasimi
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2 (X) =1.001298187x +1.0000000000 +0.4978802356 %
+0.1666666667x" +0.04283322705x° +0.008000000002x°
+0.001381261473x” +0.0001963899349x° + 0.00002442884064 x°
+1.393094770x10°° x'° +3.427090086 x 10° x* +5.160766281x10° X
+1.651787366x10 %™ +1.101191577 x10 2 x'®

~2.752978943x10 %™ —1.619399378x 10 x"7

(6.43)
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Sekil 6.22. Y, (X) = Xe*kesin ¢dziim, I,;'7 (X) Padé yaklasimi

(6.28) denkleminde « =6 ve h=-1.5 alinip tabloda belirtilen A, B ve C degerleri yerine

yazilirsa seri ¢oziimi agagidaki gibi bulunur;

42



H,"® =1.009405557x + x* +0.4846617897x°* + 0.1666666667x*
+0 04991582802x° + 0.006250000000x° +0.001193275463x’
+0.0001670608052x® + 0.00002028757745x° +1.278120561x10°° x* (6.44)
+7.477676178x107°x" +9.426170930x10°x** + 2.5800917760x 10 ** x™*
+1.720611840x107* " — 46301529599 x 10 x** — 2530311529 x 10" "’

Simdi (6.44) denklemi igin [16,17] ve [20,23] dereceli Padé yaklasimlar1 hesaplanir ve
bulunan niimerik ¢éziimler kesin ¢ozlimle grafikte karsilastirilir(Sekil 6.23 ve Sekil 6.24).

hass (X) = (1.009405557 +0.9348771905x” +0.4244225226 X° +0.1394013853x
+0.04099817955x° +0.003635994140%° +0.0009687195474x” +0.0001069209139x°
+0.00001368622076x” +4.583715013x107 x° +5.275754942 x10® x**
+6.969858806 x107° x*? —3.902290722 x107°x** +5.7615118110 x10 * x*
—1.447993626 x10x* —3.232937142 x10 ™) / (1.0000000000

—0.06451600076x +0.004236883316x” +0.0002315465485%°

+0.00001298728590x" —5.438857656x10 x° + 2.188051145x10°° x° (6.45)
—4.082389981x10 " x” —5.147172444 10 x® +8.377336278 x10 2 x°
—6.590556893x107* x'* +5.697732494 107 ™ —3.627600661x10 % x*2
+2.536709041x10 % x** —1.399550995 %10 "' x* +8.016997141x10 7 x*
—3.802484009x102°x* + 2.184206682 x10 % )
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Sekil 6.23. Y, (X) = Xe*kesin ¢dziim, I;;(X) Padé yaklasimi

0 (X) =1.009405557x +1.0000000000x* + 0.4846617897x°
+0.1666666667x* +0.04991582801x° + 0.006249999998x°
+0.001193275463x’ +0.0001670608052x° + 0.00002028757745x%°
+1.278120561x10° x* +7.477676180x 10 x'* +9.426170931x10°° x*2
+2.580917760x10 ™ x** +1.720611840x10 " x*

—4.301529598x10 **x*® — 2.530311529x10 " x*

(6.46)
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ekil 6.24. X) = Xe* kesin ¢oziim, I, (X) Padé yaklasimi
Y> 20,23

Asagida Ornek 2 igin Cizelge 6.9 ve Cizelge 6.10°da kesin ¢dziimle [16,17] Padé
yaklagimlar1 karsilastirilmistir. Cizelge 6.11 ve Cizelge 6.12°de kesin ¢oziim ile [20, 23]

Padé yaklasimlari karsilagtirilmistir. Daha etkili olan h degerleri incelenebilmektedir.
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Cizelge 6.9. y, (x) = xe* kesin ¢dziim ve HAM’a ait seri ¢dziimlerin [16,17] Padé niimerik degerleriyle

karsilagtirilmasi
a=6| Kesin Coziim h=-0.3icin | h=-0.5icin | h=-0.8 icin | Mutlak Hata Mutlak Hata | Mutlak Hata
pade ¢ozimii pade ¢ozimi pade ¢bzimu E[-(X) Ei (X) Ej (X)

X Y, (x) 1%013 (X) 1&013 (X) 1&01273 (X) ‘Y2 1&013 )‘ ‘yZ 1%013 )‘ ‘yz 1?5013 )‘
0.1 | 0.1105170918 | 0.1127829649 | 0.1117200680 | 0.1107556291 | 0.0022658731 | 0.0012029762 | 0.0002385373
0.2 | 0.2442805516 | 0.2485941467 | 0.2465708517 | 0.2447348746 | 0.0043135951 | 0.0022903001 | 0.0004543230
0.3 | 0.4049576424 | 0.4109035779 | 0.4081149842 | 0.4055843463 | 0.0059459355 | 0.0031573418 | 0.0006267039
0.4 | 0.5967298792 | 0.6037345196 | 0.6004499249 | 0.5974688555 | 0.0070046404 | 0.0037200457 | 0.0007389763
0.5 | 0.8243606355 | 0.8317453648 | 0.8282831591 | 0.8251405295 | 0.0073847293 | 0.0039225236 | 0.0007798940
0.6 | 1.093271280 1.100315818 1.097013712 1.094016059 0.007044538 0.003742432 0.000744779
0.7 | 1.409626895 1.415637848 1.412820724 1.410263061 0.007044538 0.003193829 0.000636166
0.8 | 1.780432742 1.784811997 1.782759892 1.780896628 0.006010953 0.002327150 0.000463886
0.9 | 2.213642800 2.215949627 2.214868759 2.213887303 0.002306827 0.001225959 0.000244503
1.0 | 2.718281828 2.718281827 2.718281828 2.718281827 0.000000001 0 0.000000001

Cizelge 6.10. y, (x) = xe* kesin ¢oziim ve HAM’a ait seri ¢oziimlerin [16,17] Padé niimerik degerleriyle

karsilagtiritlmasi
a=6| Kesin Coziim h=-1.0icin | h=-1.2icin | h=-1.5icin | Mutlak Hata Mutlak Hata | Mutlak Hata
pade cozimi | pade ¢6ziimii | pade ¢cbziimi E; (x) E; (x) E; (x)

X Y,(X) 12311(7) (%) 1811§ (%) 18113 (%) ‘Yz 1@113 )‘ ‘yz 1&113 )‘ ‘yz 1&113 )‘
0.1 | 0.1105170918 | 0.1105324123 | 0.1106448021 | 0.1114423896 | 0.0000153205 | 0.0001277103 | 0.0009252978
0.2 | 0.2442805516 | 0.2443098314 | 0.2445235826 | 0.2460414612 | 0.0000292798 | 0.0002430310 | 0.0017609096
0.3 | 0.4049576424 | 0.4049982516 | 0.4052924545 | 0.4073836595 | 0.0000406092 | 0.0003348121 | 0.0024260171
0.4 | 0.5967298792 | 0.5967781036 | 0.5971240551 | 0.5995860523 | 0.0000482244 | 0.0003941759 | 0.0028561731
0.5 | 0.8243606355 | 0.8244119526 | 0.8247759351 | 0.8273697107 | 0.0000513171 | 0.0004152996 | 0.0030090752
0.6 | 1.093271280 1.093320724 1.093667222 1.096139759 0.000049444 0.000395942 0.002868479
0.7 | 1.409626895 1.409669503 1.409964591 1.412072968 0.000042608 0.000337696 0.002446073
0.8 | 1.780432742 1.780464064 1.780678693 1.782213910 0.000031322 0.000245951 0.001781168
0.9 | 2.213642800 2.213659437 2.213772336 2.214580737 0.000016637 0.000129536 0.000937937
1.0 | 2.718281828 2.718281917 2.718281830 2.718281830 0.000000089 0.000000002 0.000000002
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Cizelge 6.11. y, (x) = xe* kesin ¢oziim ve HAM’a ait seri ¢dziimlerin [20, 23] Padé ntiimerik degerleriyle

karsilagtirilmasi
a=6| Kesin Coziim h=-0.3icin | h=-0.5icin | h=-0.8 icin | Mutlak Hata Mutlak Hata | Mutlak Hata
pade ¢ozimii pade ¢ozimi pade ¢bzimu E[-(X) Ei (X) Ej (X)

X ¥,(X) 250233 (x) 2?)0253 (x) 2?)0283 (X) ‘yz 250233 )‘ ‘yz )= (X )‘ ‘yz )~z (X )‘
0.1 | 0.1105170918 | 0.1127829648 | 0.1117200681 | 0.1107556290 | 0.0022658730 | 0.0012029763 | 0.0002385372
0.2 | 0.2442805516 | 0.2485941468 | 0.2465708516 | 0.2447348746 | 0.0043135952 | 0.0022903000 | 0.0004543230
0.3 | 0.4049576424 | 0.4109035779 | 0.4081149842 | 0.4055843464 | 0.0059459355 | 0.0031573418 | 0.0006267040
0.4 | 0.5967298792 | 0.6037345195 | 0.6004499250 | 0.5974688557 | 0.5967298792 | 0.0037200458 | 0.0007389765
0.5 | 0.8243606355 | 0.8317453646 | 0.8282831594 | 0.8251405295 | 0.0073847291 | 0.0039225239 | 0.0007798940
0.6 | 1.093271280 1.100315817 1.097013713 1.094016060 0.007044537 0.003742433 0.000744780
0.7 | 1.409626895 1.415637849 1.412820725 1.410263060 0.006010954 0.003193830 0.000636165
0.8 | 1.780432742 1.784811997 1.782759892 1.780896627 0.004379255 0.002327150 0.000463885
0.9 | 2.213642800 2.215949624 2.214868761 2.213887304 0.002306824 0.001225961 0.000244504
1.0 | 2.718281828 2.718281828 2.718281828 2.718281828 0 0 0

Cizelge 6.12. y, (x) = xe* kesin ¢dziim ve HAM’a ait seri ¢dziimlerin [20, 23] Padé niimerik degerleriyle
karsilastirilmasi
a=6| Kesin Coziim h=-1.0icin | h=-1.2icin | h=-1.5icin | Mutlak Hata Mutlak Hata | Mutlak Hata
pade cozimi | pade ¢6ziimii | pade ¢coziimi E; (x) E; (x) E; (x)

X ¥,(X) 2512()3 (X) 2?)1223 (x) 2?)1253 (X) ‘yz )=l (X )‘ ‘yz )= om(X )‘ ‘yz )=z (X )‘
0.1 | 0.1105170918 | 0.1105324123 | 0.1106448020 | 0.1114423897 | 0.0000153205 | 0.0001277102 | 0.0009252979
0.2 | 0.2442805516 | 0.2443098316 | 0.2445235828 | 0.2460414612 | 0.0000292800 | 0.0002430312 | 0.0017609096
0.3 | 0.4049576424 | 0.4049982518 | 0.4052924547 | 0.4073836595 | 0.0000406094 | 0.0003348123 | 0.0024260171
0.4 | 0.5967298792 | 0.5967781036 | 0.5971240551 | 0.5995860521 | 0.0000482244 | 0.0003941759 | 0.0028561729
0.5 | 0.8243606355 | 0.8244119524 | 0.8247759353 | 0.8273697106 | 0.0000513169 | 0.0004152998 | 0.0030090751
0.6 | 1.093271280 1.093320725 1.093667222 1.096139758 0.000049445 0.000395942 0.002868478
0.7 | 1.409626895 1.409669505 1.409964591 1.412072968 0.000042610 0.000337696 0.002446073
0.8 | 1.780432742 1.780464065 1.780678695 1.782213911 0.000031323 0.000245953 0.001781169
0.9 | 2.213642800 2.213659437 2.213772334 2.214580735 0.000016637 0.000129534 0.000937935
1.0 | 2.718281828 2.718281917 2.718281829 2.718281828 0.000000089 0.000000001 0
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7.SONUCLAR

Bu calismada baz1 yiiksek mertebeden kesirli integro-diferensiyel denklemlerin
¢oziimleri verilmistir. Yiiksek kesirli integro-diferensiyel denklemlerin niimerik
¢ozlimiinde etkili metotlardan olan Homotopi Analiz Metoduna ait seri ¢6ziimlere Padé
Yaklasimi uygulanmistir. HAM’dan elde edilen seri ¢oziimlerde h yardimei1 parametreleri
bulunmaktadir. HAM’da bulunan A, B veya C degerleri, farkli h degerleri igin tekrar

hesaplanip elde edilen her yeni seri ¢6ziime Padé yaklasimi uygulanmastir.

Calismamizin uygulamalar kismindaki sonuglardan da goriilecegi gibi
diferensiyel denklemlerin kesin c¢oziimleri ve bu denklemlerin HAM’a ait seri
cozimlerinin farkli h degerleri i¢in Padé yaklasimlart sekil ve gizelgeler iizerinden
karsilastirilmistir. Padé niimerik yaklagimlari kesin ¢6ziimle uyumlu oldugu goriilmiistiir.

Ayni zamanda Padé yaklasiminda daha etkili olan h degerleri goriilmektedir.
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