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ABSTRACT

DESIGN OF FIRST ORDER CONTROLLERS FOR A
FLEXIBLE ROBOT ARM WITH TIME DELAY

Gokce Kuralay
M.S. in Electrical and Electronics Engineering
Advisor: Hitay Ozbay
May 2016

In an earlier work, Giindes et al. (2007), stabilizing PID controllers for a class
of unstable plants with time delays (I/O delays) are obtained. By utilizing this
approach and methods given in Ozbay and Giindes (2007, 2014) we aim to inves-
tigate appropriate PI, PD and PID controllers by finding the maximum allowable
boundaries for each controller parameter. A model of a flexible robot arm which
includes a time delay and an integrator is considered as an application example.
It is aimed to find the optimal coefficients for the derivative and integral gains
such that the designs achieve a set of performance and robustness objectives. Sta-
bility and robustness properties of the closed-loop system are also investigated.
Specifically, for PD controller design, optimal derivative action gain is determined
under various performance objectives. For PI controller design, optimal P (pro-
portional) and D (derivative) gains are determined to achieve the least fragile
integral action gain. Moreover, system performance is compared with other PID
designs considering different types of control objectives.

Keywords: PID Controller, PD Controller, Flexible Modes, Time Delay Systems,
Vector Margin, Small Gain Theorem, H,, Norm.
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OZET

ZAMAN GECIKMELI ESNEK ROBOT KOLU ICIN
BIRINCI DERECEDEN KONTROLOR TASARIMI

Gokge Kuralay
Elektrik ve Elektronik Miihendisligi, Yiiksek Lisans
Tez Danigsmani: Hitay Ozbay
Mayis 2016

Girdi/giktr iligkisinde zaman gecikmesi bulunan bir grup kararsiz tesis i¢in kapali
dongii kararhiligr saglayan PID kontrolorleri Giindes ve digerleri (2007) tarafindan
elde edilmistir. Ozbay ve Giindes (2007, 2014)’deki yaklagim ve metotlar1 kulla-
narak her parametre i¢in kabul edilebilir maksimum araliga sahip PI, PD ve PID
kontrolorlerin tasarimi hedeflenmistir. Zaman gecikmesi ve bir integratore sahip
esnek bir robot kolu modeli uygulama ornegi olarak ele alnmgtr. Tiirevsel ve
integral etkiler i¢cin tasarimlarin performans ve giirbiizliikk hedeflerini saglayacak
optimal katsayilarin bulumasi hedeflenmigtir. Kapali dongii sisteminin kararhilik
ve giirbiizlitk 6zellikleri de incelenmistir. Ozellikle, PD kontrolér i¢in uygun kon-
trolor etki araligini maksimuma ¢ikaran optimal tiirevsel etki hesaplanmigtir. PI
kontrolor tasariminda ise tolere edilebilecek en biiyiik integral katsayisinin alt

sinirin1 maksimum yapacak oransal etki degeri bulunmugtur.

Anahtar sézcikler: PID Kontrolor, PD Kontrolor, Esnek Modlar, Zaman Gecik-
meli Sistemler, Vektor Marji, Kiicik Kazang Teoremi, H,, Optimal Kontrol.
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Chapter 1

Introduction

This thesis deals with the design of first order controllers for infinite dimensional
high order plant with flexible modes whose transfer function contains single un-
stable pole. In this context, PI and PD controllers are investigated. The method
consists of the usage of small gain theorem for the characteristic equation of the
feedback system. For this purpose, algebraic manipulations used in [4] play a
crucial role. The range of allowable controller gain parameter is estimated by us-
ing H,, norm of an infinite dimensional transfer function. This method is based
on [4], [11] and [12]. The aim of the present thesis is to illustrate this method by
applying it to a model of flexible robot arm with time delay.

It should also be noted that when there are only small number of free pa-
rameters in the controller, it is rather easy to utilize stability checks by brute
force-numerical search methods. However, if the plant is unstable and infinite di-
mensional, this is not preferred. Considering time delay systems, there are several

methods for finding low order controllers, see [3], [9] and [13].

The rest of the thesis is organized as follows. Chapter 2 introduces problem
definition and sufficient conditions to satisfy feedback system stability. More-
over, controller design technique is defined. In Chapter 3 description of the

flexible robot arm with time delay and controller designs for the mentioned plant



are investigated. Chapter 4 discusses the performance of the selected controller
parameters when applied for the plant introduced in Chapter 3. In Chapter 5

conclusion for the overall thesis is given and possible future works are discussed.

In [6] fragility analysis of PI-controllers for single-input-single-output (SISO)
systems subject to input or output delays are discussed by using a geometric

approach.

PID controllers for time delay systems are investigated in [13], [9], [7] and
[5]. Since time-delays are important components in dynamical systems during
propagation, or transport phenomena, in [7] stabilization of dynamical systems
subjected to time delay are investigated. By utilizing eigenvalue-based approach
analytical methods and computational algorithms are introduced. In [9], stabi-
lizing a SISO linear time-invariant (LTT) plant with known time delay using a
low-order controller is investigated. By regarding sufficient conditions for stabil-
ity, sets of P, PI and PID controllers are designed and the resultant controller
design are compared to Youla parameterization of all stabilizing controllers for
plants without time delay. Moreover, in [5] entire set of stabilizing PID controller
parameters are computed for an arbitrary LTI system. K, and K, parametriza-
tion is handled such that for each fixed K, parameter an algorithm is proposed

to find stabilizing K; and K, parameters by utilizing convex polygons.

In addition, for flexible robots with actuator/sensor delay a Smith- Predictor
based controller is designed in [1]. In [1], a new Smith predictor based controller is
proposed for systems with integral action and flexible modes under input-output
time-delay bu using controller parametrization to achieve specific robustness and

stability objectives.

In this thesis we use the sufficient conditions derived in [4] for a model adopted
from [2], [1]. By getting aid from system identification approach utilized in [2]
and using a plant analogous to the one used in [1], satisfying sufficient conditions

to obtain stability are aimed.



Chapter 2

Problem Definition

Finite dimensional linear time invariant (LTT) systems are sufficiently accurate
models for a wide range of dynamical phenomena, however in some cases in-
put/output delay elements cannot be ignored and should be included to make
the system model more realistic. This addition makes us deal with an infinite-
dimensional system. It is clear that, even for delay-free systems, not all unstable
plants are stabilizable by a PID controller. Besides, right half plane pole and the
time delay in the output or in the input channels of the plant impose additional
restrictions on the feedback controllers. As it is mentioned above, plant discussed

here has transfer functions in the form:

P(s) = - ip G(s) (2.1)

where p > 0 is the unstable pole and G(s) € H, is the stable part of the plant.
Note that G(s) can be irrational i.e. infinite dimensional (as in our case). As
seen from the factorization in (2.1) the plant is strictly proper. For the flexible
robot arm application considered in this paper p parameter is equal to zero i.e.
the plant contains an integral action, as in many mechanical systems modeled by
the Newton’s law. According to [4] controllers to be designed have the following
common structures:

Kgys K;

— 2.2
TS—|—1+S (2:2)

C(s) =K, +



where

K, K, K, eR, 7>0

Note that PD, PI controllers are special cases of (2.2) :

. - K
de(S) = Kp (1 + Kd S), Kd = Fd
p

f(/i ~ Kl

Cpi(S) = Kp (1 -+ ?), Kz = ?p

, (2.3)

(2.4)

Definition 1. The feedback system formed by the controller C' and plant P as
shown in Figure 2.1 is stable if S := (1 + PC)™', CS and PS are stable, i.e.,

they are transfer functions in Hs. In this case, then the

controller C' 1is said

to stabilize the plant P. The set of all controllers stabilizing a given plant P is

denoted by C(P).

Controller _J Plant

O w O w

Figure 2.1: Representation of the feedback system



2.1 A Sufficient Condition for Feedback System
Stability

Recall the definition of feedback system stability from Definition 1. It is assumed
that the plant P(s) does not have a zero at s = 0. Then the feedback system
stability is equivalent to the stability of the sensitivity function:

1

S = T eI

According to [12] a controller C(s) with a special structure (2.2) stabilize a plant
in the form (2.1) if and only if there exists a constant a > 0 such that U, is
unimodular (i.e. U,, U, € Hy,):

_s5—p K,
Vo= sta sta G(5)Cols)

where Cy(s) = (1+ K, s) as in (2.3). Thus, we can define

K, = (p+a)G(0)™ (2.5)
Go(s) = G(s)G(0)~* (2.6)
then
s
Us(s) =1
(5) = 1+ (p+ @) (s
1
Yo(s) = — (Go(s)Co(s) — 1)

Hence according to this parametrization and utilizing the fact that, T a
1, and the small gain theorem, U, is unimodular if >

(p+a) <[l (2.7)

For the system considered in the next section we have p = 0. The condition (2.7)
was derived from [4], [11]. If we would like to find a smaller boundary condition

for U, to be unimodular (2.7) can be changed as,

(p+a) < |lvall . (2.8)



where
1

Yuls) = —— (Gols)Cols) = 1).

If we compare the inequalities written in (2.7) and (2.8), we have:

[Palle < ¥0lloc Va > 0.

Hence, an allowable interval for the proportional gain K, can be written as
pG(0) ™t < K, < (p+ag)G(0)™*

where ag > 0 is the largest a satisfying (2.8). So, overall we focus on a minmaz
problem, minimizing ||,/ subject to (2.8) where the norm is maximum of the

frequency response magnitude.

2.2 Scope of the Controller Design

In the rest of the thesis we will use the above inequalities to obtain a set of ad-
missible stabilizing controller parameters. In particular, to minimize [|¢),]|,, we
will investigate designs of Cy(s), i.e. K,. Considering the system, by following
the specifications and definitions given in [11], a set of PI controllers are aimed
to design at first step.

Furthermore, design analysis consists of inequalities that investigate the bound-
aries for parameters that determine conservativeness of the approach. In this
work, auxiliary coefficients are used to span and search how wide our interval
can be. Since stability is an important feature for all plants, some performance
concerns like vector margin (VM), percent overshoot (%PO), settling time Ty etc.
are also investigated. Comparison between values are also done and outcomes are

discussed consecutively.



Chapter 3

Description of the Plant and

Controller Designs

3.1 Flexible Robot Arm with Time Delay

In this study we focus on a plant which is a flexible robot arm represented
in Figure 3.1 where control input is the torque applied by the motor and the
angular velocity is taken to be the output. Hence from the laws of physics, the
plant includes an integrator. So, P(s) has a pole at s = 0. Due to the flexibility
of the robot arm, high frequency dynamics also enter the plant transfer function.
Moreover, due to sampling and signal transmission depending on the distance

between the controller and the plant we encounter time delays.

Once proper approximations are done for the real-life system given above,

transfer function from torque to angular velocity can be given as:
K
P(s) = —Ry(s) e™"* (3.1)
s

where K > 0 is inversely proportional to the inertia and h > 0 being the time
delay, and Ry(s) is a 12* order minimum phase transfer function representing

the flexible modes of the robot arm. The transfer function Ry(s), gain K and

7



Flexible Robot Arm

Output: Angular Velocity

)

Input: Torque

Figure 3.1: Representation of the aforementioned flexible robot arm

delay h are estimated from frequency response identification techniques e.g. [2].
The structure of Ry(s) of the robot arm is:

2
w12 +2€z13_’_1 (WSZ2 _i_@_i_l) ws_22+2czgs+1
Ry(s) = 2< = 2C s .
(5 +222 412 542204 ( 2+2<,,33+1)

Note that Ry(0) = 1. Parameters of the plant are listed in table below:

Plant Parameters

Parameter Value | Parameter Value
K 70 h 0.0055
W, 12 Wy, 12
Way 20 Wy 20
Wy 26 Wpg 50
Cay 0.13 (o 0.3
(e 0.4 Co, 0.2
Cas 0.4 Cps 0.3

For controller design we find a coprime factorization of the delay-free plant:

gRo(s) = X(s)Y(s)™* (3.2)

8



Bode Plot for P(s)
100 i 1 1 1 1

G(jw)| in dB

107 1072 107" 10° 10’ 10° 10°

-200}

-400

G(jw)

~ _600}

—800 i i i

Figure 3.2: Bode Plot Analysis for Flexible Robot Arm Plant

X(s) = fi}ﬁ(j) V()= — (3.3)
then,
P(s) = e X (s)Y(s). (3.4)

3.2 PD Controller Design

Considering the feedback system shown in Figure 2.1, for the plant (2.1), a PD
controller is in the form C,q = K,Cy(s) where K, = (p + a)G(0)™! and Cp(s) =
(1+ K4s). The largest a > 0 satisfying (2.8) can be found by minimizing (as also
given in [12]):
Go(s) —1 s
Qo) = |2

eR d >0 3.5
o P over @ and a>0, (3.5)

[e.9]

where Go(s) = G(s)G(0)™! and Q = K,,.
9



It is seen in this algorithm that the main computation involves solving a minmax
problem. In order to maximize the gain margin of the system one should try to
find the largest a satisfying (3.5). If one would like to find the optimal controllers
for this plant one should start from deriving the interval for proportional gain.
Let us start by choosing Cy(s) = 1 to understand the procedure. By using the
equation in (3.5) and knowing that the plant has an unstable pole at p = 0, the
ag value is found as ag = 8.369; this is determined from Figure 3.3 which shows

¥l with respect to a. Thus an allowable interval for K, can be written as:

Relationship between a and 1/||¢)a|| value for Ky =0

10 7

1/%al]
=3
<X
® ®
38
N A . X
\
A Y
A Y
A Y
‘

. —_— I,

P : - - -

10 10’ 10°
a value

Figure 3.3: Graph of ||¢,]| and a

1
0<KP<GOK

0 < K, < 0.1196.

Now for the PD controller design we consider Cy(s) = (1 4+ Kgs), where K is to

be determined. Since K, is also variable parameter, the proposed algorithm from
[12] is:

10



Step 1 For each fixed value of ) the equation (3.5) will be utilized and the inequal-

ity
(r+a) < —
pra N
7(Q,a)
will be investigated such that there exists a d,,.,(Q). Notice that Va <
amaw(Q)‘

Step 2 Plot Q VS 4. (Q) find the max of aa,(Q)

Qopt = argmax {amaaz(Q)}

Step 3 Find the range of K, and l?dyopt = Qopt

According to [11], since the unstable pole for our system is p = 0, we can choose

the the least fragile proportional gain as

Kypor = (%) G(0)™,

To illustrate the computations involved in the design method described above,

we provide Figure 3.4 which shows @ vS. @ (Q):

X:0.002726
Y: 8.407

-

45 i i i i i
-0.03 -0.02 -0.01 0 0.01 0.02 0.03

Q

Figure 3.4: PD design for K; =0
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As we see from this figure, for lN(d = 0, Amaz(Q) value matches the previous
case where a proportional controller is considered. The largest value of a4, (Q)
is attained at Qo = 0.00272 = [?dppt and mgx Umaz (@) = 8.407.

3.3 PI Controller Design

Consider the design of a PI controller in the form
K;

Cm(S) = 01(8) + ? (36)
where C(s) = K, is such that C is in the domain of all controllers that stabilize
plant P(s). In other words, the controller C; already stabilizes P and the proper
integral action is sought to be added for the controller. Similarly one can apply
the method given in [4] for C) = C,y as well. If that is the case, addition of the
integral action will give a PID controller C);4 instead of a PI controller. Since C
is in the domain of controllers that stabilize P, the following statement holds:
P(s)

Hi(s) = 1 + C1(s)P(s)

€ Hy.

Let C(s) = Cpi(s). Then the characteristic equation is written in the form:

1+ P(s)Cyi(s) = 0

1+ Ci(s)P(s) + %P(s) =0

(1+Ci(s)P(s))(1 + %Hl(s)) ~0

In this expression H;(s) is represented as:

P(s)
14 Ci(s)P(s)

(3.7)

Below we summarize the design method from [4], [11]. Using the fact that con-
troller (7 is in the space of controllers that stabilize plant P, it can be concluded
that new controller C,; stabilizes plant P if and only if V;' € H,, where transfer

function for Vi(s) is denoted as:

Vi(s) = (1 + %Hl(s)) (3.8)

12



Let us define,

K=
Then Vi (s) can be re-written as:
vl = (14 Sl ) (39)
= (1 + ng(s)Hl(O)_l+i — f) (3.10)
_ (1+i + ng(s)HI(O)l—D (3.11)
B (1 . g) o (Hl(s)Hls(o)—l - 1> 5.12)

Thus,

b b\ ' Hy(s)Hy(0)" =1
Vi(s) = (1+—) <1+(1+—) b( 1(s) 1 (0) )) (3.13)
S S S
Assume now that b > 0, then we have
-1
s s+b

with [|=3/[c = 1. From the small gain theorem: V~' € Hy, in other words

Cpi € C(P), if b satisfies

(3.14)

1
0<b< ——— where ®y(s)= (
s

[P0l

In fact, a careful examination of (3.13) shows that, rather than (3.14), the fol-

Hy(s)H,(0)" — 1) |

lowing less conservative sufficient condition on b can be used for C,; to be in
C(P):

0<b<<

(3.15)

where 4 (s) = (Hl(S)Hl(O)‘1 - 1)

Do) |00 s+b
Note that ®, depends on K, which is assumed to be in C(P). Thus the optimal K,
and K; parameters which gives us the optimal PI controller Cp; ot (s) = K opt +

1,0pt

KT can be designed as follows. For each fixed K, € C(P) the largest allowable

13



b > 0 can be obtained with the same procedure as described for PD Controller.

According to [11] and [12] the least fragile K; parameter is obtained as:

= —b”“””(Kfﬁ’)Hl(or1 (3.16)

Note that H;(0)~! is also dependent on K, value. Since,

P(s)

Hi(s) = 1= C1(s)P(s)

and C4(s) = K, with P(s) = K%, Hi(s) is:

Ke ™ Ry(s) 1

H p—
18) =57 K,Ke " Ry(s)’

Thus, H,(0)™! = K,. In equation (3.16), note that both b and H;(0)™' param-
eters include K, as a variable. Once an interval for allowable K, is found, the

corresponding allowable integral action gain K; is computed as shown in Figure
3.5.

1.4

| X:0.1166
12 Y:1.098
| ]
1t \
0.8
w
0.6
0.4}
0.2
o ‘ ‘ ‘ ‘ ‘
0 0.02 0.04 0.06 0.08 0.1 0.12
Kp

Figure 3.5: Relation between K, and K; parameters

According to Figure 3.5, maximum K; value for 0 < K, < 0.1196 is obtained

14



as 1.098. Thus, the least fragile PI controller proposed in [11] is found as:

1.098
Ko = ~5— = 05490

Kyopt = 0.1166

Kio
OPI,opt - Kp,opt+ <T7pt)

0.5490
5

Cprop = 0.1166+

Remark 1. Note that this controller is designed for the least-fragile integral ac-
tion gain. However, from other design perspectives this controller may be unde-

sirable. Below we discuss other possible design criteria.

Definition 2. The vector margin (VM) or stability margin is the minimum dis-
tance from the Nyquist plot P(jw)C(jw) to the point (—1,0) in the complex plane.
The vector margin combines gain and phase margins into a single measure. In

order to find the VM, sensitivity function of the closed loop system can be used:

VM =S|I

Since intervals for allowable K, and K; parameters are found, VM can be
investigated by placing allowable controllers to the system given in Figure 2.1.

VM value changes with respect to K, and K; given as in Figure 3.6.

It is seen from Figure 3.6 that as K, and K; values decrease VM value increases.
From the shape of the surface, we can interpret that as we reach upper boundaries,
VM is vanishing. Thus, if we would like to investigate maximum K; values for each
K, values and maximum K, parameters corresponding to allowable K; values we
end up with dashed line and dotted-dashed line, respectively given in Figure 3.6.
Boundary for both lines is VM = 0.3, i.e. points on both lines satisfy VM > 0.3.
Note that in Figure 3.6, maximum VM values with respect to column(kK,) and

row (K;) intersect.

If one is interested in the contour field in X — Y plane it is represented as in
Figure 3.7.

15
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Figure 3.6: Vector Margin for K, and K; parameters

Figure 3.7: Vector Margin and Contour Lines for K, and K; parameters
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Chapter 4

Performance Analysis

4.1 Comparison of Selected Controller Parame-

ters

Contribution of K, and K, parameters to performance criteria for the afore-
mentioned plant is investigated by selecting some controller parameters in the
allowable region shown in Figure 3.6. Time domain performance comparisons
of these selected controller parameters are observed by considering the percent
overshoot (PO), settling time (75) and rise time (7}) in unit step responses. Let

us assume two cost functions as:
T
J:PO*—*(I—VM)
10
and

~ T
J=POx5x/(1-VM).

Note that data written in bold in Table 4.1 samples taken from the curves
shown in Figure 3.6. In Table 4.1 and 4.2 data written in the upper part are
taken in the area between two curves given in Figure 3.6 while the rest are taken

below those curves. According to Table 4.1 and Table 4.2 plausible controllers
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K,«K | K;xK | VM | PO (%) |Ts (sec.) | T, (sec.)
3.49 19.78 | 0.6203 27.6 2.103 0.2444
4.178 23.99 || 0.5643 56.3 1.898 0.2252
3.892 21.88 | 0.5909 53.6 1.969 0.2324
4.379 27.99 || 0.5213 61.3 1.387 0.2178
4.597 30.72 || 0.4919 64.5 1.929 0.2128
4.765 27.99 || 0.5175 59.7 1.894 0.2145
5.033 32.83 | 0.4695 65.3 2.256 0.2074

2.366 3.577 | 0.7663 26.1 3.321 0.472
2.668 6.944 | 0.7381 31.2 2.738 0.368
3.188 3.367 | 0.6856 18.3 2.755 0.3901
2.953 8.206 | 0.7108 31.8 2.491 0.3459
2.869 3.156 | 0.7167 19.7 2.781 0.4414
3.188 7.996 || 0.6878 29.1 2.441 0.3403
3.44 5.261 0.662 20.5 2.077 0.3545
3.876 6.313 | 0.6203 | 19.93 1.914 0.334
3.624 10.94 | 0.6407 35.4 2.117 0.2973
3.859 11.36 || 0.6247 35.7 2.043 0.2707

4.06 11.15 | 0.6052 34.3 1.32 0.2602
4.228 18.1 0.5902 477 1.633 0.2343
4.446 13.68 0.569 38.1 1.63 0.2395
4.698 17.04 | 0.5447 42.2 1.61 0.2292

Table 4.1: Performance for K, and K; parameters

for J and J parameters for the data in and below the area shown in 3.6 can be

written as:

If we look at the cost function defined, importance of VM (vector margin) is
on our scope. By taking square root of J cost function we aim to investigate
the effect of VM to our plant. Once an ideal system specifications are defined,
lower PO (percent overshoot), shorter T and higher V M are expected to be seen.
The purpose of defining such J and J are fundamentally based on those three
defining specifications. Hence, if one aims to obtain a system much closer to an
ideal one, it is plausible to look for a cost function with the lowest outcomes. If
we look at the results given in Table 4.1 and Table 4.2, we can divide them into

two. As mentioned before, one given on the upper section of which the samples
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K,*K | K;xK | VM |PO (%) |Ts (sec.) | T, (sec.) J J
3.49 19.78 0.6203 57.6 2.103 0.2444 4.5994 | 7.4642
4.178 23.99 | 0.5643 56.3 1.898 0.2252 4.6558 | 7.0534
3.892 | 21.88 || 0.5909 56.8 1.969 0.2324 | 4.5753 | 7.1533
4379 | 2799 | 0.5213 | 61.3 1.387 0.2178 | 4.0701 | 5.8826
4.597 30.72 || 0.4919 64.5 1.929 0.2128 6.3218 | 8.8688
4.765 27.99 | 0.5175 59.7 1.894 0.2145 5.4557 | 7.8542
5.033 32.83 | 0.4695 65.3 2.256 0.2074 7.8152 | 10.7299
2.366 3.577 || 0.7663 26.1 3.321 0.472 2.0257 | 4.1902
2.668 6.944 | 0.7381 31.2 2.738 0.368 2.2373 | 4.3718
3.188 3.367 | 0.6856 18.3 2.755 0.3901 1.5851 | 2.8269
2953 | 8206 | 0.7108 31.8 2.491 0.3459 | 2.2909 | 4.3599
2.869 3.156 0.7167 19.7 2.781 0.4414 1.5521 | 2.9160
3.188 7.996 | 0.6878 29.1 2.441 0.3403 22177 | 3.9690
3.44 5.261 0.662 20.5 2.077 0.3545 | 1.4392 | 2.4754
3.876 | 6.313 | 0.6203 | 19.93 1.914 0.334 1.4484 | 2.3506
3.624 10.94 || 0.6407 35.4 2.117 0.2973 2.6927 | 4.4921
3.859 11.36 || 0.6247 35.7 2.043 0.2707 | 2.7373 | 4.4681
4.06 11.15 0.6052 34.3 1.32 0.2602 1.7875 | 2.8448
4.228 18.1 0.5902 47.7 1.633 0.2343 3.1921 | 4.9864
4.446 13.68 0.569 38.1 1.63 0.2395 2.6766 | 4.0771
4.698 17.04 || 0.5447 42.2 1.61 0.2292 3.0934 | 4.5844

Table 4.2: Performance for K, and K; parameters with cost function
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are taken from the area in between the curves defined as in Figure 3.6, whereas
the rest are taken from below that area. If we look at the cost function defined,
importance of VM (vector margin) is on our scope. By taking square root of J
cost function we aim to investigate the effect of V' M to our plant. Once an ideal
system specifications are defined, lower PO (percent overshoot), shorter T and

higher V M are expected to be seen.

4.2 Unit Step Responses for the Sample Points

Given

It is seen from Table 4.1 and Table 4.2, values for the cost functions written for
the upper part are consistently higher than those written below. It is acceptable
to assume that datapoints taken below curves are more ideal and give more
desirable outputs. In order to prove our assumption, it is feasible apply given K,
proportional action gain and Kj; integral action gain to aforementioned plant and
check if performance analysis also satisfy with cost function. Thus, for the upper
part, two data points with the lowest J and J are taken and implemented, their
unit step function and Bode plot analysis are investigated accordingly. In the

upper part, for both J and J results, the two lowest values are obtained when:
K,+* K =3892 and K;*K =21.88

Ky« K =437 and K;*K =27.99

Since K = 70, we end up with the PI controllers given as below:

0.3126
K,+K =3892 and K,;*K =21.88 Cp;=0.0556 + (4.1)
s
0.3999
Ky,+*K =437 and K,;*K =27.99 Cp;=0.0626 + (4.2)
s

Hence, unit step responses for the given controllers are obtained as given in Figure
4.1 and Figure 4.2:
For the lower part given in Table 4.1, two datapoints that give the lowest J and

J are derived as:
K,* K =344 and K;x* K =5.261
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Unit Step Response for Cp; = 0.0556 + @
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Figure 4.1: Unit Step Response for C'p; = 0.0556 + _0~38126

K,* K =3876 and K,*K =6.313

Since K = 70, we end up with the PI controllers given as below:

0.0752
Ky,xK =344 and K;*K =5.261 Cp;=0.0491 +

(4.3)

0.0902
s

K, K =387 and K;*K =6.313 Cp; =0.0554 + (4.4)

It should also be noted that even there is not much VM value difference between
these point pairs, performance elements differ drastically. In Figure 4.3 and Fig-
ure 4.4, maximum points are not as sharp as the ones given in Figure 4.1 and
Figure 4.2. The oscillations seen at the overshoot are occurring due to the flexi-
ble modes that are existent in our flexible robot arm plant. Although system is

forced to have a singular maximum point, due to flexible modes it is not achieved.
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Unit Step Response for Cp; = 0.0556 + %126
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Figure 4.2: Unit Step Response for C'p; = 0.0626 + _0~3S999

4.3 Performance analysis with Smith-Predictor

Based Controller Design

In [1] a Smith-Predictor based controller design is obtained for a plant with flex-

ible modes. The overall controller C's for the aforementioned method described

in [1] is defined as:

Co(s

01(8) = = 0( ) =
1+ Co(s)Pi(s)(1 — eTas)

When the parametrization algorithm is observed, some primary definitions should

(4.5)

be made to make process clearer. According to [1] for our case ﬁ(s) = Pi(s) is

accepted as the delay free part which we define as:

ﬁ(s) _ K % Ro(S)

S

Considering the feedback representation given in [1], closed-loop transfer function

is represented as:
Cy(s)Py(s)etes
T =
ols) 1+ Cy(s)Pi(s)eTas

which is simplified and can be used as,

B Co(s)Pyi(s)
1+ Co(s)Py(s)eTas
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Unit Step Response for Cp; = 0.0556 + w
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Figure 4.3: Unit Step Response for C'p; = 0.0556 + _0~08752

Consequently, in order to design the overall controller for the closed loop feed-
back system, it is obligatory to achieve Cy(s) primarily. This substitution given
in (4.6) aims to remove time delay from the characteristic equation of the closed
loop system and thus the controller can be designed without time delay. By the
help of Smith Predictor structure, controller design methods for processes without

delay can be directly implemented as also mentioned in [1].

To apply Smith Predictor based approach, controller parametrization algo-
rithm should be applied to Cy(s) in (4.6).

In [1], all stabilizing controllers for P;(s) are parametrized as:

(4.7)

As it is also represented in the aforementioned paper, () is a free parameter

and can be parametrized as:

(bs + ¢)

Qls) = (s+e)

to reject constant and ramp disturbances. Once further reading is made for [1],
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Unit Step Response for Cp; = 0.0626 + %002
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Figure 4.4: Unit Step Response for C'p; = 0.0626 + _0~05902

choice for a and e is basically defining the behavior of the system.

4.4 Designing a controller for Smith Predictor

Controller Comparison

In order to make right comparison with Smith Controller multiple poles are re-
quired for designing controllers for flexible robot arm system. Since a second
stage controller is obligatory, by following the algorithm described in Proposition
5 given in [4], it is possible to obtain a controller design for a class of plants
with multiple poles and time delay. In [4], the algorithm proposed is described

elaborately as following:

Let G have no transmission zeros at s = (. Define:
d=(a1s+1)(azs+1) & n=(s—pi)(s—p2) (4.8)

where p1, po are unstable poles of the plant and a1,as € R and aq,as > 0 and let

G have a form of:

G=YlX = [g] B [gepl} . (4.9)
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In this expression G represents the part with no transmission zeros where G

includes delay elements. Proposition 5 in [4] states:

Let G be defined as in (4.9), with X = %G and choose any 74 > 0. Define,

B, — [ " _Gs)x(0) - 1} . (4.10)

s T4+ 1

For PD Design: Let p;,p, € Ry, if 0 < p; < Q where,

-1
) := min H<I>1 : (4.11)
then choose any a; € R satisfying
p1 < a4+ pp <
Let,
W = (s — p2) GX(0) 7,
Define . )
~ ap(1+22W) "W —1
) = {1 et W) ] . (4.12)
s
If 0 < py < Q2 where,
-1
QQ = mlan)QH s
then choose any s € R satisfying
p2 < g+ p2 < (. (4.13)

Let
K, = (a1 — pyp2) X (0) 71, Ky = (a1 +p1)(1 4 7ap2) X (0)7F (4.14)

then a PD-controller that stabilizes G is given by

= Sf?d
=K . 4.1
CPD(S) Pt 748+ 1 ( 5>

For PID Design: Let Cpp be given as in (4.15) and define a parameter Hpp
which yields as:
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Hpp = ————. (4.16)

Define,

thus for any v € R satisfying (4.17), a PID — controller that stabilizes G
is given by (4.18).
0 <~ < min ||, (4.17)

(5) + Yoy X (0)71 ‘

OPID(S) = CPD (418)

After describing milestones for the algorithm that is followed, it is our aim
to apply the procedure aforementioned for our plant. Let us memorize our
flexible robot arm plant and introduce the algorithm to be followed step by
step.

Step 1:
In Section 2 and Section 3 description of the plant and first order
controller designs were introduced, respectively. Given,
—hs R
p(s) = k< Hols)
s
for a flexible robot arm where Ry(s) is the transfer function for flexible

modes.

Step 2:
Design of PI controller in the form

Coi(s) = Culs) + 22,

s

by following [4] where Ci(s) = K, and Ci(s) is in the domain of
all controllers that stabilize plant P(s). In Table 4.1 and Table 4.2,
a group of points selected are applied to the plant and performance

responses are compared.Open-loop transfer function for plant P(s) and

Chi(s) is named as Gp;(s).

e " Ro(s)
s s
26
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Step 3:

i
S S

Grats) = (K, + 21 ) T afo) (119)

and delay-free part is determined as

Gra(s) = (1,41 ) Z Rl (1.20)

i
S S

Since it is aimed to design a second stage controller for the flexible
robot arm system, (4.19) is now taken as the new plant for Proposition
5 given in [4]. Subsequently, the parameters in (4.8)and (4.9) should

be determined in order to proceed. Since Gp; is obtained as,

~ K, s KZK
Gp](S) = ( }? +1> 3

i

e ™ Ro(s)

S

where py, ps = 0 in (4.8) since s = 0 for both poles. Moreover, a;,ay =
1 is also a plausible assumption since it satisfies both aq,a, € R and

ay,as > 0. Thus, n and d parameters in (4.8) are,
n = s d=(s+1)> (4.21)

Once parameters determined for (4.21) are substituted in (4.9),

n s? Kys KK
X(S) = EG = (S—|— 1)2 ( KZ + 1> 52 R0(8>

KK (52 4 1) Ro(s)
X(s) = <(5+1)2>

Considering (4.22) it is appropriate to state,

(4.22)

X(0) = K;K

since Ry(0) = 1. As we proceed, IA(p and K, given in (4.15) are deter-

mined as,

~

K, =a100X(0)™!, Kq=aX(0)"

As we construct the equations from (4.15) to (4.18) and substitute
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them in (4.18) we end up with:

Yoy X (0)7!

Cprp(s) = Cpp(s) + — (4.23)
~ K X(0)-!
_ R, SRy X7 (4.24)
748+ 1 s
sa1 X (0)™' yayae X (0)7!
= X(0)™! 4.25
= @ X(0)7+ 748 + 1 + s ’ (4.25)
= (X(0)™Y) (az &) , (4.26)
Td s+ 1 S
s/ag vy
= X(0 1 - 4.27
= oy < + |:Td8-|— 1] + ) ( )

Step 4:
After determining C'prp in detail, apply this method for 2 most distinc-
tive controller parameters points and find responses, i.e. first stage will
be initiated with these 2 Cp/(s) controllers and start finding required
parameters starting from Step 1.
e Selection 1: Cp;(s) = 0.0556 + 20752
e Selection 2: Cp;(s) = 0.0626 + 2202

4.4.1 Design for Cp;(s) = 0.0556 + 2002

In this design, we aim to apply the steps mentioned in previous sections. In other
words, it is aimed to follow each and every step for C'p;(s) = 0.0556 + %. For

these values, a; and «s values are determined as,

o = 0.2650 and «ay = 0.001

If we look at Figure 4.5, v values with respect to varying a; and as can be
seen. In Figure 4.5, v values are determined by using the inequality given in
(4.17). Briefly, values shown on z-axis are maximum boundaries for v given in

(4.17) which intersects with a3 and as values given in x- and y-axis, respectively.

X-Y plane graph for v is also shown to understand behavior better.  Step
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Figure 4.5: Max v wrt oy and ay for C'p; = 0.0556 + _0~08752

response of the system for the given parameters, can be achieved by following the
aforementioned steps. After obtaining oy, as and ~ values, PID controllers are
generated through the surface graph obtained from Figure 4.5. As stated in [12],
least fragile integral gain is obtained simply by taking half of the maximum value

of v since v is a property used for integral action gain. In other words,

/Ymax

Yopt = 9

Thus, VM (vector margin) can be found by implementing all possible generated
Cprp(s) with Gp; and obtaining open-loop sensitivity function. In Figure 4.7

vector margin values for open-loop systems with different Cp;p are obtained.

In order to observe results better, X-Y plane and X-Z plane graphs are also
added.
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4.4.2 Design for Cp;(s) = 0.0626 + 0-08902

Moreover in this sample, oy, as and yvalues are found by following the equations

and inequalities written as in aforementioned section,
o1 = 0.2824 and ag = 0.001

In Figure 4.10, upper boundary for v values are shown. X-Y plane for Fig-
ure 4.10, Following similar procedures as in previous section, we aim to find
V M (vectormargin) of the feedback system to understand its stability and In
Figure 4.12 it can be seen. As also applied in previous example, X-Y and X-Z

planes might give us better understanding.
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Chapter 5

Conclusion

The design of first order controllers are investigated for a flexible robot arm model
which includes a time delay. Infinite dimensional flexible modes are approximated
by 12" order rational transfer function using system identification techniques for a
frequency response data as in [2]. However, the approach does not exclude infinite
dimensional flexible modes, see [11, 12] for more details. The plant considered
here contains an integral action (i.e. it is an unstable system with a pole at s = 0).
Subset of all stabilizing PI controllers is characterized and for each element in
this set, robustness and performance measures are investigated. The robustness
measure is taken as the vector margin (VM); the performance is characterized by
the feedback system’s step response. Typically for low-order systems with time
delay as the VM increases PO decreases and the settling time T} increases as well.
However, as it can be seen from the last row of Table 4.1, for this particular system
with flexible modes and time delay, there is an optimal choice of the parameters
of K, and Kj; such that the PO is smallest while maintaining a relatively high
VM and having relatively small T and 7.

Moreover, flexible robot arm plant is merged with first order PI controller and
the new open-loop transfer function is considered as an expanded plant @P[(S).
By following the directions written in [11], second stage PID controller is designed

step by step. A future study would be to compare the performances of the
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controllers designed here with the Smith Predictor based approach of [1], briefly

outlined in Section 4.3.
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Appendix A

MATLAB codes to generate
controllers and evaluation of cost

functions

%% Maximum Boundary For Proportional Gain
clc
clear all

close all

JiPlant Properites

load plant_parameters.mat
s=tf(’s’);

h=0.0055;

K=70;

hSetting Sampling Properties
a=logspace(0,2,1000) ;
omega=logspace(-3,3,1000) ;

for k=1:1length(a)
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for kk=1:length(omega)

s=1i*omega (kk) ;

r_1(kk)=(((5*s/omzl) "2+ (2xZetaz1*5*s/omz1)+1) /((5*s/oml) "2+. ..
(2+Zetapl*b*s/oml)+1)"2);

r_2(kk)=(((5xs/omz2) "2+ (2*Zetaz2*5*s/omz2)+1) "2/ ((5*s/om2) "2+. ..
(2%Zetap2*5xs/om2)+1) ) ;

r_3(kk)=(((5*s/omz3) "2+ (2*Zetaz3x5xs/omz3)+1) / ((5*s/om3) "2+. . .
(2%Zetap3*5*s/om3)+1) "3) ;

%Flexible Mode Transfer Function

R_0(kk)=r_1(kk)*r_2(kk)*r_3(kk) ;

%Psi Function for a!=0 case

psi_func_a(kk)= ((exp(-h*s)*R_0(kk))-1)/(s+a(k));

end

Psi_func_for_a(k)=max(abs(psi_func_a));

end
loglog(a,1./Psi_func_for_a,’k’,a,a,’--k’,’LineWidth’,2.5)
% Plot Properties

grid on

hold on

figure(1)

xlabel(’$a$ value’,’Interpreter’,’Latex’);

ylabel(’$1/|[\psi_al|_\infty$’,’Interpreter’,’Latex’)

title(’Relation between $a$ vs $1/||\psi_al|_\infty$ value for $K_d=0%$’,...
’Interpreter’,’Latex’)

hold on

legend(’1/||\psi_al|_\infty’,’a’,’Location’, ’Best’)
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%% Finding Q vs a_{max}(Q) Relation for K_{d}=0

clc

clear all

%Plant Properties

load plant_parameters.mat
s=tf(’s’);

h=0.0055;

K=70;

%Interval Boundaries
Kd=linspace(-0.03,0.03,400) ;
a=linspace(1,15,500);
omega=logspace(-3,3,500) ;

for j=1:length(Kd)
for k=1:1length(a)
for kk=1:length(omega)

s=1lixomega (kk) ;

r_1(kk)=(((5*s/omzl) "2+ (2*Zetazl*5*s/omz1)+1)/((5xs/oml) "2+. ..
(2xZetaplxb*s/oml)+1)"2);

r_2(kk)=(((5*s/omz2) ~2+(2*Zetaz2*5*s/omz2) +1) "2/ ((5*s/om2) “2+. . .
(2xZetap2x5*s/om2)+1)) ;

r_3(kk)=(((5*s/0omz3) "2+ (2*Zetaz3*5*s/omz3)+1) / ((5xs/om3) "2+. ..
(2xZetap3*5*s/om3)+1) "3) ;

¥%Flexible mode transfer function
R_0(kk)=r_1(kk)*r_2(kk)*r_3(kk);

%Psi function for a!=0 case

psi_func_a(kk)= (((exp(-h*s)*R_0(kk))*(1+Kd(j)*s))-1)/(s+a(k));

end
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gamma_of (k)=max (abs(psi_func_a));
testl(k)=abs (gamma_of (k) *a(k)-1);
end
[min_testl,ind_testl]=min(testl);
a_max(j)=a(ind_testl);

end

%Plot Properties
plot(Kd,a_max,’k’,’LineWidth’,2.5)
xlabel(’$Q3$’,’ Interpreter’,’Latex’);
ylabel(’$a_{max}(Q)$’,’Interpreter’,’Latex’)

grid on
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%% PI Design for the optimal controller
clc
close all

clear all

load plant_parameters.mat
s=tf(’s’);

h=0.0055;

K=70;

% Finding K_{i} for O<K_{p}< a_{0}/K
eps=10"-5;
K_p=linspace(O+eps,0.1196-eps,500) ;
b=1inspace(0,50,500) ;
omega=logspace(-3,3,500);

for j=1:length(K_p)
for k=1:1length(b)
for kk=1:length(omega)

s=1ixomega (kk) ;

r_1(kk)=(((5*s/omzl) "2+(2*xZetazl*5xs/omz1)+1)/((5*s/oml) "2+. ..
(2xZetaplxb*s/oml)+1)~2);

r_2(kk)=(((5*s/omz2) "2+ (2*Zetaz2*5*s/omz2) +1) "2/ ((5*s/om2) "2+. . .
(2xZetap2*b*s/om2)+1)) ;

r_3(kk)=(((5*s/omz3) "2+ (2*xZetaz3*5*s/omz3)+1) / ((5*s/om3) "2+. . .
(2xZetap3*5*s/om3)+1) ~3) ;

%Flexible mode transfer function

R_0(kk)=r_1(kk)*r_2(kk)*r_3(kk) ;

P(kk)=(K*exp (-h*s)*R_0(kk))/s;
H_1(kk)=P(kk)/(1+K_p(j) *P(kk)) ;
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phi_func_b(kk)= (H_1(kk)*K_p(j)-1)/(s+b(k));

end
phi_of (k)=max(abs(phi_func_b));
testl_b(k)=abs(phi_of (k) *b(k)-1); % Points that satisfy in equality
hare selected
end
[min_testl,ind_testl]=min(testl_b);’% Detecting points and their indices
b_max(j)=b(ind_testl);

end

%Plot Properties

figure()
plot(K_p,b_max.*K_p,’k’,’LineWidth’,3.0)
xlabel (*$K_p$’,’Interpreter’,’Latex’);
ylabel(’$K_i$’,’ Interpreter’,’Latex’)

grid on

Yoo

% Performance Effect for K_p and K_i parameters are analyzed

% from the results we obtained from K_p vs K_i graph

%hopen(’C:\Users\Asus\Desktop\Thesis-Dec2015-2\Thes_Images\. ..
WK_p_vs_K_i_co.fig’)

% From this figure max point gives us b_max*K_p

increment=max (b_max.*K_p)/length(K_p);
VM_all=zeros(length(K_p));

K_i=b_max.*K_p;

hSurface Plot for the Kp vs. Ki relation

% vector margin
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load plant_parameters.mat

s=tf(’s’);
h=0.0055;
K=70;

omega=logspace(-3,3,500);

for j=1:length(K_p)

K_i_inc=
for k=1:
K_i_

for

end

O:increment:K_i(j)-increment;

length(K_i_inc)

array(j,k)=K_i_inc(k);

kk=1:1length (omega)

s=1ixomega (kk) ;

r_1(kk)=(((5*s/omzl) "2+(2*Zetazlx5xs/omz1)+1)/((5*s/oml) "2+. ..
(2*Zetapl*5xs/om1)+1)"2);

r_2(kk)=(((5*s/omz2) "2+ (2*Zetaz2*5*xs/omz2)+1) "2/ ((5*s/om2) "2+. ..

(2%Zetap2+5*s/om2)+1)) ;
r_3(kk)=(((5%s/omz3) "2+ (2*Zetaz3*5*%s/omz3)+1) / ((5*s/om3) “2+. . .
(2*Zetap3+*5xs/om3)+1) "3) ;

%Flexible mode transfer function

R_0(kk)=r_1(kk)*r_2(kk)*r_3(kk) ;

P (kk)=(K*exp(-h*s)*R_0(kk))/s;

%optimal PI controller

A C_pi(kk)=0.012+0.05/s;
C_pi(kk)=K_p(j)+K_i_array(j,k)/s; % PI Controller
OLTF_pi (kk)=P (kk) *C_pi (kk) ;
S_pi(kk)=1/(1+0LTF_pi (kk)) ;

VM_all(k,j)=1/max(abs(S_pi));
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end

end
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clear all

load VM_all_gokce.mat

eps=10"-5;
K_p=linspace(O+eps,0.1196-eps,500) ;
K_i=linspace(0,1.5,500);
mesh(K_p,K_i,VM_all)

hold on

#Finding Maximum in Columns

hold on

[max_c_VM ind_max_VM]=max(VM_all);

for i=1:length(VM_all)
curv(i)=K_i(ind_max_VM(i));

end

z=ones (500) ;
plot3(K_p,curv,z,’LineWidth’,2)

% Finding the maximum in Rows

hold on

for i=1:length(VM_all)
[max_c_VM_r ind_max_VM_r]l=max(VM_all,[],2);
curv_r(i)=K_p(ind_max_VM_r(i));

end

plot3(curv_r,K_i,z,’LineWidth’,2)

xlabel (’$K_p$’,’Interpreter’,’Latex’)
ylabel(’$K_i$’,’ Interpreter’,’Latex’)

zlabel (’Vector Margin’,’Interpreter’,’Latex’)
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Tolh

JWe will be generating column and row max values lines that are limited
% with VM=0.3 (Limit is adjustable)

clear all

load VM_all_gokce.mat

eps=10"-5;

K_p=linspace(0+eps,0.1196-eps,500) ;

K_i=linspace(0,1.5,500);

%Upper VM limit
VM_1imit=0.3;

%Finding Maximum in Columns
% A z-axis array that will only show upto .3 VM
[max_c_VM ind_max_VM]=max(VM_all,[],1);
for i=2:length(VM_all)
while (max_c_VM(i)> VM_limit)==
curv(i)=K_i(ind_max_VM(:,1i));
z(i)=1;
i=i+1;
end
end
z(1)=1;
up_to=length(z); % # of columns that are greater than VM=0.4

mesh (K_p*K,K_i*K,VM_all); %3D plot
hold on

plot3(K_p(1: (up_to-1))*K,K_i(ind_max_VM(1l: (up_to-1)))*K,z(1:(up_to-1)),...

’-k’,’LineWidth’,2.5)
% Finding the maximum in Rows

hold on

[max_c_VM_r ind_max_VM_r]=max(VM_all,[],2);
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for i=1:length(VM_all)

if (max_c_VM_r(i) >= VM_limit)
curv_r(i)=K_p(ind_max_VM_r(i,:));
z_r(i)=1;
else
up_to_row=i;
break
end
end
plot3(curv_r(:,1: (up_to_row-1))*K,K_i(:,1:(up_to_row-1))*K, ...
z_r(:,1:(up_to_row-1)),’-.k’,’LineWidth’,2.5)

xlabel (’$K_p*K$’,’ Interpreter’,’Latex’)
ylabel (’$K_i*K$’,’ Interpreter’,’Latex’)
zlabel (’Vector Margin’,’Interpreter’,’Latex’)
hlegl = legend(’Vector Margin’,’Max in Column’,’Max in Row’);
o

% Finding VM_lines

% clc

% clear all

h

load VM_all_gokce.mat

eps=10"-5;
K_p=linspace(O+eps,0.1196-eps,500) ;
K_i=linspace(0,1.5,500);

mesh (K_p*K,K_i*K,VM_all) %3D plot

hold on

% Calculating contou lines

[C,h] = contour(K_p*K,K_i*K,VM_all,9);
clabel(C,h)
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% Loop through each contour line

for i = 1:length(h)
% Set the line width
set(h(i),’LineWidth’,2,’LineColor’, ’k’, ’ShowText’,’on’)

end

hleg2=legend(’Vector Margin’,’Contour Lines wrt. VM values’,’Location’...
,’Best’)

xlabel (’$K_p$’,’Interpreter’,’Latex’)

ylabel (°$K_i$’,’ Interpreter’,’Latex’)

zlabel (’Vector Margin’,’Interpreter’,’Latex’)
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%P1 Parameters from Workspace to Simulink
Kp_K= 4.178;

Ki_K= 23.99;

Tolh

figure()

plot(simout)

grid on

Tolh

P0_a=[57.6 56.3 56.8 61.3 64.5 59.7 65.3];
VM_a=[0.6203 0.5643 0.5909 0.5213 0.4919 0.5175 0.4695];
Ts_a=[2.103 1.898 1.969 1.387 1.929 1.894 2.256];

J=(P0_a) .*(Ts_a./10) .*(1-VM_a)

J_h=(P0_a) .*(Ts_a./10) .xsqrt(1-VM_a)

oo

PO_ar=[26.1 31.2 18.3 31.8 19.7 29.1 20.5 19.93 35.4 35.7 34.3 47.7 38.1...
42.2];

VM_ar=[0.7663 0.7381 0.6856 0.7108 0.7167 0.6878 0.662 0.6203 0.6407 ...
0.6247 0.6052 0.5902 0.569 0.5447];

Ts_ar=[3.321 2.738 2.755 2.491 2.781 2.441 2.077 1.914 2.117 2.043 ...
1.32 1.633 1.63 1.61];

J=(PO_ar) .*(Ts_ar./10) .*x(1-VM_ar)

J_h=(P0O_ar) .*(Ts_ar./10) .*sqrt(1-VM_ar)
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