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ABSTRACT

H,, FILTER BASED TARGET TRACKING UNDER
TIME DELAYED MEASUREMENTS

Ezgi Ates
M.S. in Electrical and Electronics Engineering
Advisor: Prof. Dr. Hitay Ozbay
September, 2015

In this thesis target tracking problem for time delayed linear systems is studied.
The standard mixed sensitivity problem is considered with time delayed continuous
time processes. Using the duality between control and filtering methods, the H.,
control problem is converted to H filtering problem and a new H., optimal filtering
approach is proposed.

To investigate state estimation for target tracking, a typical vehicle model moving
in 1-D is used but the proposed method can be expanded for movements in 3-D.
Delay in both process and measurement is considered. The estimation of the states
and their performances are analyzed under different scenarios including change in
delay, input pattern, noise parameters etc. The results obtained by proposed H
optimal filtering are compared with the results obtained by H, filter and simulation

results are shown.

Keywords: Time Delay Systems, State Estimation, H., Filtering, Target Tracking.
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OZET

ZAMAN GECIKMELI OLGUMLER ALTINDA H,,
SUZGEG TABANLI HEDEF IZLEME

Ezgi Ates
Elektrik ve Elektronik Miihendisligi Boliimii , Yiiksek Lisans

Tez Damsmani: Prof. Dr. Hitay Ozbay
Eyliil, 2015

Bu tez kapsaminda zaman gecikmesi olan dogrusal sistemler i¢in hedef izleme prob-
lemi iizerinde caligilmigtir. Bu ¢calismada standart karigik hassasiyet problemi ile H,
siizgec tasarimi arasindaki benzerlikten yararlanilarak hedef izleme problemi bir filtre

uyarlama problemine doniigtiiriillmiigtiir.

Hedef izleme problemi incelenirken tek boyutta hareket eden tipik bir ara¢ modeli
ornek alinmigtir ancak caligmalar 3 boyuttaki hareket icin de uygulanabilmektedir.
Ayrica hem siire¢ hem de 6lgiim giiriiltiisii hesaba katilmigtir. Durum kestirimi ve
performanslar1 zaman gecikmesi, girig isareti, giiriiltiideki farklilik vb. gibi degisik
senaryolar altinda incelenmistir. Onerilen H,, optimal filtreleme yontemiyle elde edi-
len sonucglar, H, optimal filtreleme yontemiyle elde edilen sonuglarla kargilagtirilmig

ve simiilasyon sonuclar1 sunulmustur.

Anahtar sézciikler: Zaman gecikmeli sistemler, Konum kestirimi, H,, siizge¢, Hedef

izleme.
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Chapter 1

Introduction

In this thesis, target tracking problem under delayed and noisy measurements is
considered. Using duality between control and estimation, a new filter structure
is proposed for H,, estimation under delayed measurements for continuous time
processes. Existing literature on estimation, filtering and H,, problem in control
theory is examined. An overview of this literature survey is given in this chapter.
The thesis work is concentrated on target tracking problem and results obtained from
the classical Hy-optimal filtering and proposed H..-optimal filtering approaches are

compared.

1.1 Aim and Scope

The aim of this work is the design of a controller such that some performance criteria
and constraints are guaranteed. In order to understand system characteristics and
propose a controller solution, it would be beneficial to clear concepts of time delay

systems, H,, control, estimation, optimal filtering and H., filtering.
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1.1.1 Time delay systems

Time delays are often encountered in various physical systems. Time delay can oc-
cur in reporting the output when using output sensors (a sensor delay), it can be a
communication delay at the controller or it can occur when transmitting the control
output (an actuator delay). Whether it is present in state variables or in the input,
existence of time delay in the overall system may result in poor performance, dif-
ficulty in controlling and complexity in system behaviour as oscillations, instability
and bad performance [1]. Stability of a closed-loop system can be strongly effected
by small delays [2], although even large time delays can stabilize the other systems
[3]. Therefore controllability, observability, robustness, optimization, stability and
robust stabilization of time delay systems has been an important issue. The control
and stability issues with delay systems are more complex than of the finite dimen-
sional systems. When the delays are non-negligible, a delay system model should be
used and controllers should be designed on this infinite dimensional system model.
The main difficulty of handling time delay in a continuous system is that time delays
cannot be expressed as rational polynomials, yet there are approximation methods
that model time delay as rational polynomial forms or state space representations
[4]. Controlling infinite dimensional systems is more difficult than finite dimensional
systems. Especially the random characteristics of a time delay makes the system be-
haviour time-variant, therefore conventional methods used for time-invariant systems

cannot be used directly for delayed systems [4].

1.1.2 H, Control

In control theory applications, H,, methods are used to provide good performance
with guaranteed stability. The control problem is redefined as a mathematical op-

timization problem and then the controller that solves this optimization problem is



searched for. Robustness means that stability of the system is preserved against
disturbances and uncertainties in the system. First, an overview of the H., control
problem is given. To clearly state the problem and background, a simple control

structure block is given in Figure 1.1.

d
controller plant _l disturbance
r + ¥
M C —» P —DO — output
reference B -
measurement
+ M noise

Figure 1.1: Simple Control Problem Structure

One should note that real plant transfer function also includes model uncertainty.
The aim of the H,, control is to design a controller C such that desired performance
criteria is satisfied as well as stability notwithstanding the changes in plant dynamics
and modelling errors with a predefined level [5]. The desired performance criteria

and constraints can be described as below:

Closed loop system should be stable - stability

The output should track the reference input signal well - tracking

The sensor noise and disturbance should not affect the output — noise attenu-

ation , disturbance rejection

The stability and performance of the system should not be deteriorated by the

prescribed changes in process dynamics and modelling errors - robustness



The changes in the process dynamics are inevitable in real systems due to aging,
usage of actuators and sensors, unmodeled dynamics, time variance, limited identifi-
cation etc. These control constraints as stability, robust stability, actuator saturation
and control goals such as rejection, tracking, noise rejection conflict when designing

the controller, what is meant by this notion will be made clear in Chapter 2.

Robust stability can be defined as the ability of a closed loop system to preserve
its stability in case of the presence of modelling error. The robust control provides
the stability of the control system as long as uncertain parameters and disturbances

in the system and modelling errors are defined within some limit [6].

In this thesis, the work is concentrated on the robust stability of time delayed
control systems. Various ways to handle model uncertainty and design a robustly

stabilizing controller in literature will be introduced.

1.1.3 Modelling of Uncertainty

In frequency domain, model uncertainty can be quantized by analysing the frequency
response of the transfer functions and perturbations in them. This perturbations can
be mainly expressed as additive, multiplicative, feedback multiplicative or co-prime
factor uncertainty [7]. If we use ” A ” as the notation for perturbation of the nominal

model, then A is a transfer function with an upper bound on its H,, norm.

It is assumed that perturbation of the nominal model is below a level ||A]| < %

where v > 0.

Clearly the controller would satisfy stability if A=0 , which points v — oco. The
robustness criteria here is that how large the perturbation A can become unless

stability is destroyed. The H., norm of the largest perturbation A before the system



is unstable is called the stability margin of the system [8].

Robust stabilization problem can be described as finding a controller C such that
closed loop system is stable for all plant P with [|A[| < % for smallest v > 0 so
that stability margin of the closed loop system is maximized. This controller C is
called a robustly stabilizing or optimally robustly stabilizing controller and it can be
formulated for the uncertainty models [9]. Solution of this problem can be obtained

by mixed sensitivity minimization, discussed later in Chapter 2.

1.1.4 Estimation Theory

Estimation theory deals with the estimation of unknown states or parameters given
the measured data which may be empiric and uncertain [10]. The state of a system
is a variable that carries the complete information about an internal condition of
the system at a given time. These states can be position, velocity, altitude etc.
State estimation can be used in many areas of engineering and science. The possible

applications of state estimation theory includes [11].

e Tracking problems e.g. determination of position or velocity states of a moving

target.
e Statistical inference e.g.
e Parameter identification, state estimation, stochastic control
e System identification e.g. determination of model parameters

e Communication theory e.g. determination of the transmitted signal from the

noisy observation of the received signal

e Signal/image processing e.g. determination of parameters of an image or signal

5



There are 3 estimation problems that may be subjects of interests.

e Filtering- is the estimation of the current state given all the relevant data

(measurements) so far.

e Smoothing- is the estimation of the some past state given all the relevant

data(measurements) so far.

e Prediction- is the estimation of some future state given all the relevant

data(measurements) so far.

In many control systems, the controlling action is derived by feedback, which in-
volves process measurements derived from the system. Frequently, these measure-
ments will contain random inaccuracies or be contaminated by unwanted signals,
therefore filtering is necessary in order to make the controlling action close to the
desired performance. Filtering is the estimation of the current state of a dynamic
system through a process of eliminating the undesired signals such as noise in the
measurements in order to get the best estimate. There are some filtering methods

in literature described below.

1.1.5 Optimal Filtering

Minimization of the possible error in estimating the current state of a dynamic sys-
tem is one of the typical optimization problems. Optimal estimation is an algorithm
which processes the measurements to estimate the desired parameters under a certain
criterion [12]. Optimal estimation methods assume that the observation data and
the process noise that affects the measurements follow a known model and there is an
error criteria to be minimized. Optimal state estimation can be used for both linear
and non-linear systems, although is more straightforward for linear systems. Opti-

mal filters are used in telecommunication systems, radar tracking systems, speech

6



processing. Model based optimal filtering methods such as Kalman Filters, Hidden
Markov Model filters, particle filters, find wide applications.

1.1.6 H, Filtering

Linear estimation methods were mainly concentrated on Hs minimization of the
estimation error. However, H, filtering requires a known signal characteristic for ex-
ogenous inputs and model for the process dynamics. Where the exogenous input or
the noise characteristics are unknown, H, filtering may not be appropriate. Therefore
in cases where model uncertainty is present, being less sensitive to parameter varia-
tions than H, filtering methods is one of the main reasons why mini-max estimation
and robust filtering is used. H,, norm minimization can be used for estimating the
states of a system under noisy measurements. The aim is to obtain an estimator
which processes the available measurements to estimate the system states such that

resulting estimation error has H., norm below a prescribed positive value.

In order to better formulate the problem, consider a system with state space

description given in equation 1.1:
t=Ar+Bwy;, z(0)=z9 , y(t)=Cx+ Dw,, z(t) =Lz (1.1)

where y is the measured output, z is the signal to be estimated, wy is disturbance

and w,, is noise.

H., optimal filtering problem is to find a H., optimal estimation Z (¢) such that
transfer function from exogenous inputs -such as disturbance and measurement noise-
to the error defined with e = z— 2 , has the smallest H., norm. This transfer function
is typically denoted with T, , so the aim is to minimize ||T,.|| ., and find a resulting
filter, which is a linear time invariant operator from y(t) to z(¢) . Note that y(t)

contains all the measurements available to the estimator at time t. A general solution

7



to this estimation problem is not available for infinite dimensional systems in general
and a solution is defined only for specific cases. Therefore as a general solution, a
suboptimal solution for estimation problem is searched for. In other words, given
a scalar v> 0, the problem is now to find an estimator that achieves this aim by

approximating the solution as closely as desired to by iterating values of 7 [13].

H filtering is less sensitive to slight changes in system dynamics and uncertainty

in the exogenous signal statistics.

1.2 Literature Survey

1.2.1 Analysis of Time Delay Systems

Time delay phenomena was first recognized in biological process and then found in
many engineering systems such as mechanical transmissions and networked controlled
systems etc. Due to its recurrence in engineering applications, many researches were

then carried on time delay phenomena.

Robust control of time delayed systems has been an active research area which is
divided into many branches as stability analysis, stabilization design, H,, control,
H,, filtering, Kalman filtering and stochastic control, all of which are based on
stability.

Stability is a very basic issue in control theory. In [14] the problem of the robust
stability of a linear system with a time-varying delay and uncertainties is considered.
In order to construct a parameter-dependent Lyapunov functional for the system,
a new method of dealing with a time-delay system without uncertainties in the

derivative terms of the state but in the derivative of the Lyapunov functional is



derived.

Research on the stability of time delayed systems first began with using frequency
domain methods, then later included time domain methods as well. Frequency do-
main methods determine the stability of a system by analysing the locations of the

roots of the systems characteristic equation as in [15].

The other way is by analysing the complex Lyapunov matrix function equation
[16]. It is shown that stability conditions for time delayed systems are equivalent to
robust stability analysis on an uncertain system free of delay by the use of scaled
small gain lemma with constant delays, although these methods only work for systems
with constant delay. The main time domain methods are the Lyapunov -Krasovskii
functional and Razumikin function methods which are the most common methods

for stability analysis of time delay systems [17, 18, 19, 20, 21].

Due to complexity in establishing Lyapunov-Krasovskii functionals and Lyapunov
functions, the stability criteria were obtained in form of existence conditions and ob-
taining a general solution was not possible. After the derivation of Riccati equations,
linear matrix inequalities(LMI) [22, 23, 24, 25], widespread usage of Matlab toolboxes
provided solutions to construct Lyapunov-Krasovskii functionals and Lyapunov func-

tions.

1.2.2 H, Control Solutions

H problem was first introduced by Zames [26] who found small gain theorem and
suggested that problem of sensitivity minimization can be described as an optimiza-
tion problem and can be separated from stabilization problem by using a parametriza-
tion of all stabilizing controllers. The theory is developed for input-output systems in

a general setting of Banach algebras, and then specialized to a class of multi-variable,



time-invariant systems characterized by n X n matrices of H,, frequency response
functions, either with or without zeros in the right half-plane. The approach is based
on the use of a weighted semi norm on the algebra of operators to measure sensitivity,

and on the concept of an approximate inverse.

In [27] an outline of stability theory for input-output problems using functional
methods is given. In order to derive open loop conditions for the boundedness and
continuity of feedback systems without placing restrictions on linearity or time invari-
ance, basic researches about time delayed systems including topics such as existence
and uniqueness of solutions to dynamic equations, stability analysis for trivial solu-
tions etc. is established and laid the foundation of analysis and design of time-delayed

systems.

In [28] it is shown that H., problem requires the solution of two algebraic Riccati
equations (AREs). Simple state-space formulas are derived for all controllers solving
the following standard H,, problem that for a given number v > 0, all controllers
such that the H,, norm of the closed-loop transfer function is (strictly) less than ~ is
to be found. It is shown that a controller exists if and only if the unique stabilizing
solution to two algebraic Riccati equations are positive definite and the spectral
radius of their product is less than 72. Besides, as a guide, standard H, solution is

also developed.

In [29] another solution to H., problem is shown as well as how ARE are reached.
In this article, the history of the relationship between modern optimal control and
robust control is briefly reviewed. Robust control came into use after the observed
inadequacies of the optimal control. After the acceptance of the controversial parts

of the robust control, optimal and robust control theory have been used together.

Later in [30], H. problem was reduced to Linear Matrix Inequalities(LMI). It is

shown that continuous and discrete-time H, control problems can be solved through
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elementary manipulations on linear matrix inequalities(LMI). Two new feature of this
approach is that, a solution can be obtained for both regular and singular problems
and an LMI-based parametrization can be made for all H,, suboptimal controllers
including reduced order. Rather than usual indefinite Riccati equations, the condi-
tions for the solution includes Riccati inequalities. Alternatively, these solvability

conditions can be expressed as a system of three LMI’s.

In [31], in accordance with two decoupled Riccati equations, four coupled Riccati
equations are required. With this new method, instead of a pair of matrix Riccati
equations as in full-order LQG case, the optimal steady-state fixed-order dynamic
compensator is characterized by four matrix equations which includes two modified
Riccati equations and two modified Lyapunov equations coupled by a projection
whose rank is precisely equal to the order of the compensator and which determines

the optimal compensator gains.

1.2.3 Filtering Solutions

As an alternative to existing techniques and algorithms, in [32] the merit of the
H, approach to the linear equalization of communication channels is investigated.
Then in [33] the multiple input multiple output (MIMO) decision feedback equal-
ization(DFE) problem in digital communications is approached from an estimation
point of view. Using the standard and simplifying assumption that all previous de-
cisions are correct, an explicit parametrization of all optimal DFEs is obtained. In
particular, it is shown that, under the above assumption, minimum mean square
error(MMSE) DFEs are optimal.

In [34] two most commonly used methodologies, the stochastic Hy approach and
the deterministic (worst-case) H., approach are discussed. Despite the fundamental

differences in the philosophies of these two approaches, it is shown that if indefinite

11



metric spaces are considered, they can be treated in the same way and are essen-
tially the same. The benefits and consequences of this unification are pursued in
detail, with discussions of how to generalize well-known results from H, theory to
Hsetting, as well as new results and insight, the development of new algorithms,

and applications to adaptive signal.

1.2.4 Mixed Sensitivity Minimization Solutions

Mixed sensitivity design of a linear multi-variable control system implies shaping the
sensitivity functions to achieve the design targets of closed-loop system performance
and robustness. Both H,, and H, optimization may be used for this purpose. The
best-known method for Hyversion of the mixed sensitivity problem is the LQG prob-
lem which is explained in [35] where low and high frequency shaping and partial pole
assignment methods are used. In the mixed sensitivity problem, given a plant P, the

aim is to find a controller C such that a desired H performance is achieved.

The H,, and H, mixed sensitivity problems that we discuss are all special cases
of the standard H., and Hs problems. The actual algorithm that is used to solve the
problems is more or less identical. The famous two Riccati equation algorithm for the
standard H,, problem [36] is widely implemented but suffers from some limitations as
certain stabilizability and detectability conditions need to be satisfied. The algorithm
cannot handle mixed sensitivity problems with non-proper weighting functions and
only suboptimal as opposed to optimal solutions are obtained. Algorithms based
on polynomial matrix fraction representations or descriptor representations of the
generalized plant [37] can deal with more general problems but no fully reliable

implementations are available for now.

Mixed sensitivity H,, stability robustness means the minimization of the mixed

sensitivity criterion and results in optimal robustness. Mixed sensitivity problem is

12



not only used for robustness optimization but also for design for performance [38].

1.2.5 Organization of the Thesis

The thesis is organized as follows. In Chapter 2, problem definition is given. In
Chapter 3, the proposed method to solve the problem at hand is presented. In
Chapter 4, H,, optimal controller solution is investigated under different input, noise
and delay scenarios and compared with the performance of H, optimal controller

solution. Concluding remarks are given in Chapter 5.
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Chapter 2

Problem Definition

Consider a classical continuous time delay system with measurement and process
noise. Let’s start the problem definition by characterizing the H,, norm of the
concerned transfer function using state space system equations. Let A, B, C and D
be real matrices which define the system state space equations as in equations 2.1,

2.2, 2.3. All eigenvalues of A are supposed to be on the left half plane (LHP).

t(t) = Az (t) + Bwpy(t) (2.1)
y(t) = Cx (t — h) — dwy(t) (2.2)
z(t) = Lx(t) (2.3)

As for the process noise, w,(t) , it is generated by passing an input wy (¢) through

a weighting filter W3 (s) so that
Wy = W1w1 . (24)

14



It will be assumed that w(t) is a finite energy signal.

Here the aim is to design a filter (Q(s) such that estimated system control output

Z is given by

The estimation error e(t) is given by the difference of observation and estimation.

e(t) = =(t) — 5(1) (2.6)

The exogenous inputs of the system are L, bounded signals and collected in w as

w = [ o ] (2.7)

By designing the filter Q(s) in such a way that, estimation error with respect to input

denoted in equation 2.7.

signals mapped in L, norm is minimized as defined in equation 2.8

: el :
SZZHOO fvuépLz HwH2 :gngmHTweHoo (28)

[\

Note that H is the induced norm of mapping L, signals to Ly signals [4, 8, 10,
12, 39].

2.1 Block Diagram Representation

The system described with state space equations 2.1, 2.2, 2.3 can be represented in

s-domain as a block diagram illustrated in Figure 2.1 .

15
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Figure 2.1: Block diagram of the estimation problem

Estimation error in s-domain can be rewritten as
E(s)= L(s)(sI —A(s) 'B(s)wy(s) — Q(s) [~dwo (s) + C(s)(s] — A(5)) ' B (s) e "w, (s)]
(2.9)

. Taking input vector w out of the matrix and rewriting equation 2.9 as a multipli-

cation two vectors yields equation 2.10 .

E(s) = [L(SI — A)le —C(sl — A)lee_hSQ () dQ(s)} [ wy (s) ]
(2.10)
Here, transfer function from error to input 7, can be represented as in equation

2.11.

Tl = | )~ e e | (2.11)

Where N,, , D, and N, are obtained from the factorization of the terms L(sI — A)7'B
and C(sI — A)le . The aim of this filtering problem is to minimize this transfer

function ||T%,| ., over QeHy

16



2.2 Dual Problem of H,, Optimal Controller

Now, let’s consider the closed loop control system whose block diagram is depicted

in Figure 2.2

] z3
w1 P

Figure 2.2: Control problem block diagram

The system output signals are collected in z as :

2= [ = ] (2.12)

Here plant P is assumed to be stable, controller C is constructed by filter Q, which

is also stable

__Q
0_1—13@

(2.13)

The aim is to minimize the transfer function HjHQ , which means the minimization of
2

|T.r|| o, in He norm.

17



Transfer function from z to r can be represented in vector form as equation 2.14 .

Wy (1—-P
T, = ! ( Q) (2.14)
pQ
and can be rewritten as equation 2.15
Wy — WP
T,=|"" ¢ (2.15)
PQ

Here, we assume that Ny (s) is a stable polynomial. Normally, this condition is
satisfied by almost all meaningful choices of L[8] . Let’s rewrite the transfer function

in equation 2.11 as equation 2.16 .

ne (Cgeew) wa] e

Tew: |:

Here if we let

Wi (s) = = L(sI—A)'B (2.17)

b Nuls) _ (C’(s[—A)lB >€_hs (218)

which is stable.

If the noise scaling factor p is equated to d, i.e. p = d, then the transfer function

in equation 2.11 becomes transpose of the transfer function in equation 2.15
Tow= T.," (2.19)

Then the aim is to minimize 77, to find optimal filter Q(s) € Hy.

18



2.3 Two-Block Mixed Sensitivity Problem

We discuss the design of multi-variable feedback systems as in the block diagram
of Figure 2.3. The plant is represented by P, and the controller by C. The signal
wy represents the disturbances and wsy the measurement noise. Throughout, P is

assumed to be square, rational and invertible.

w1

Figure 2.3: Two block problem: find C stabilizing P such that ||T,.]

is minimized.

Performance and robustness are characterized by various well-known closed-loop
functions, in particular the sensitivity function S, the complementary sensitivity
function T, and the input sensitivity function U, successively defined by equation
2.20, 2.21, 2.22 .

S=(+P0)™" (2.20)
T = PC(I + PC)™" (2.21)
U=0C(I+PO)™! (2.22)
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S is the transfer matrix from the disturbance input w; to the control system
output y, T is its complement T = [ — S and —U is the transfer matrix from the

disturbance w; to the plant input r.

If the weights are chosen correctly for a mixed sensitivity problem, the standard
2-block H,, control problem is obtained [40]. Note that generally plant P is stable

or at least has a low dimensional instability.

If the effect of the disturbance w; on the output y is desired to be minimized, the
controller C has to be chosen such that the sensitivity S is small in the frequency

band where w; has most of its power.

If the tracking error e in the system is defined as e = r — y then,
e=r—y=I+PC)" (r—uw)+ PCU+ PC) "w, (2.23)

From equation 2.23, it is seen that S has to be kept small in both the disturbance
and the tracking band. On the other hand complementary sensitivity function 7T’

must be kept small to avoid sensor noise effect.

This relation has an important influence on the ultimate performance of the con-
trol system. If S is chosen very close to zero for reasons of disturbance rejection
and good tracking, T becomes very close to 1 which results in full sensor noise in
the output and vice versa. Therefore optimality will be some compromise between

control constraints.

Note that

e The transfer function may be multi-variable and thus we encounter matrices.
e The crucial quantities S and T involve matrix inversions (I + PC)~!

e The controller C may only be chosen from the set of stabilising controllers.
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When we are dealing with a stable transfer function P, whose inner-outer factoriza-
tion is P = P,P;, last two problems can be avoided. Mixed sensitivity minimization

problem in general is given by equation 2.24 [41].

min W1 (1 - PQ)
Ot (2.24)
WQPOQ 0o
Note that equation 2.24 is same as the equation 2.16 if
Wy=d P, ! (2.25)

In particular, there are some essential design limitations related to the locations of
the open-loop plant poles and zeros. If the plant has right-half plane open-loop zeros,
then the magnitude of the smallest right-half plane zero is an upper bound for the
closed-loop bandwidth. This is because good performance basically involves inversion
of the plant. Since a right-half plane zero implies instability of the inverse plant, this
inversion may only be accomplished for low frequencies that are smaller than the
magnitude of the smallest right-half plane open-loop zero. This provides an upper
bound to the width of the band over which S may be made small. If the plant has
right-half plane poles then the gain may only be allowed to drop off for frequencies
greater than the magnitude of the largest right-half plane pole. Otherwise the plant
cannot be stabilized. This constitutes a lower bound for the frequency band outside

which T drops off to small values.
In particular when L = C, P =e " | Py=1, then W), = C(s[ — A)"'B .

In this study, in order to present the proposed method for target tracking, one
dimensional movement will be considered. Besides, target tracking problem con-
stitutes an example for the state estimation of any linear system. Therefore, the

method proposed here can be adapted to more general state estimation problems

21



as described in [42]. State equations of a moving vehicle in 1-D, can be written as

equation 2.26 for position z,(t), and velocity x,(t) .

p — Ly , iv:_FJ}_EZL‘v (226)

Here M represents the mass of the vehicle, F, shows the force applied to the
vehicle and € is the friction constant. Note that, for 3-D movement, state equations
for the position z,(¢) and velocity z,(t) can be written in the same way as equation
2.27 and equation 2.28.

. ) 1

yp = Yv, Yp = M Fy — €Yy (227)
. 1, 2.28)
zp = Zu, Zy = M z €2y .

Assume that F,, F, and F, can be independently applied. Then equation 2.26,

equation 2.27 and equation 2.28 are identical.

In equation 2.26, the term %Fx that provide the manoeuvre of the target can be
thought as a process noise- that is to say an unknown disturbance effect for target
tracking-, w,(t). Then the state equations of the position and velocity of the target
can be rewritten with the definition of x; = z, and zs = 2, as in equation 2.29,

where w,(t) is process noise-unknown term 17 F,.

The output is given by equation 2.30 where y(t) represents the taken measurements,

wo(t) represents measurement noise and hg represents the delay at the output.
y(t) = z1(t — ho) + wo(?) (2.30)

If it is wanted to predict the position h; seconds ahead of time, the variable to be

tracked z(t) can be defined as in equation 2.31.

2(t) = x1(t + hy) (2.31)
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Now the problem is converted to the design of a causal filter Q(s) as in 2.4 such

llelly
HwH2

that sup is minimized.

y(t) e Ols) —  2(1)

Figure 2.4: Optimal Filter

In order to estimate the prospective position of the system, the measurement y(t)
can be imposed to a causal filter Q(s). In this situation, the estimation error which

e(t) = 2(t) — 5(t) (2.32)

Since the process noise that provides the movement of the target and measurement
noise will not be at the same levels, a scaling factor p can be defined. Then the
signals that are exogenous inputs to the system can be compiled in matrix form as
in equation 2.33. Here, Fi(s) can be regarded as a filter and p > 0 as a constant

scaling factor.

[ wp ] _ F1 O w— F1w1 (233)
wWo 0 p PWo
wp(t) w (t)
w(t) = - 2.34
" [ w(t) ] [ (1) ] 239

In this situation when error is defined as in equation 2.35, H,, optimal filter design

makes the cost function Suio lellz 1 inimum.
w llwlly
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e(t)=—2(t)+ z(¢t) (2.35)

The error under equations 2.29 - 2.35 can be shown as in equation 2.36 in frequency

domain.

E(s) =" X 1(s) — Q(s)(e " X (s) 4+ wo(s)) (2.36)

If sum of the measurement delay hy and estimation time h; is defined as h :=

ho + h1, equation 2.36 can be rewritten as equation 2.37.

e B(s) = (I — Q(s)e™™)X1(s) — Q(s)wo(s) (2.37)

The position of the system in frequency domain regarding equation 2.29 is found as

in equation 2.38.

Xi(s) = ——Wy(s) (2.38)

In this manner, target tracking problem is transformed to H,, model adaptation

problem with equation 2.39

2o ot = [ 22 0 - eae) - ]| (2:39)

Typically, process noise, w,(t) , can be modelled as a signal which consists of short

duration pulses that makes the target short duration manoeuvred as in Figure 2.5.
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wp(t)

UJJTI_III

Figure 2.5: Finite energy signal, w,(t)

'n—r

Here we assume that w,(t) is generated by w;(¢) which is a finite energy signal:

Wy(s) = Fi(s)Wi(s) (2.40)

If it is taken as Fi(s) = 1 and Wy(s) = s(sie) >~ -, then the inequality equation 2.39

becomes as equation 2.41

sup Jl€]]
o ot = ||| Hals) - pQ(s) || (2.41)
[wll 5 00
where Hp(s) is given by equation 2.42.

Hy (s) = = (1— e™Q(s)) (2.42)

Here, transfer function from the input w,(t) to output e(t—hy), Hg(s), can be named

as error system.
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Chapter 3

H~, Optimal Filter Design

3.1 Calculation of Filter Parameters

Finding Q(s) that makes the norm at the right hand side of equation 2.42 minimum

is equivalent to H,, mixed sensitivity minimization problem defined in 2.41.

Y0 = QeHoo
__inf
T QeHw
_inf
Y0 = QeHuo

inf

|

Wi(s) (1 —eQ(s)) ]
—pQ(s)

e—hs
oo
! oo (3.1)
! ] e Q(s)
p oo
(3.2)

Given two weighting functions Wi (s) and Ws(s), P(s) is an irrational transfer func-

tion, mixed sensitivity minimization problem is given by equation 3.3.
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Wi(1+ PC)™ (33)
W,PC(1+ PC)™! '

inf
Yo = cecp) H

o0

where C(P) is the set of all controllers C'(s) for which the feedback system formed
by C' and P is stable. Stability of the closed loop system means that closed loop
system transfer functions S, C'S and PC is also stable in H,,. The optimal controller

solving equation 3.3 is denoted by Ci.

Typically Wi(s) represent the class of reference signals to be tracked and is a
low order low-pass filter. Ws(s) represent a boundary on the multiplicative plant

uncertainty and is an improper low order high-pass filter [8, 39].

In this case Wi(s), Wa(s), P(s) is given respectively as in equations 3.4 - 3.6.

Wils) = s(s+e€) = $2 (34)
Wa(s) = —p (3.5)
P(s) =e" (3.6)

In what follows we provide a general solution of problem (3.3) from [41] - [43].

The plant is assumed to have finitely many poles in C'+ and no poles on the

imaginary-axis. In this case, P(s) can be factored as in equation 3.7.

Mn(S)NO(S)

P(s) = =1 B (3.7)

where M, is an inner (all-pass) function, N,(s) is an outer (minimum phase) function

and My(s) is a rational inner function.
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If RHP zeros of My(s) as unstable poles of the plant, are denoted as aq, ..., a; € C+,

it is assumed that aq, ..., a; are distinct for simplicity of the mathematical calculations.

Since W is rational, it can be factorized as Wi (s) = nWi(s)/dW;(s), with two co-
prime polynomials nWW; and dW; where it is assumed that deg(nW;) < deg(dW;) =:
ny > 1. Defining a function E,(s) as
Wi (=s)Wi(s)

E.(s):= -

1 (3.8)

and replacing W (s) in equation 3.8 gives equation 3.9

E,=——-1 (3.9)
for our system n; = 2.

Let f31, ..., Ban, be the zeros of E,(s), enumerated in such a way that —3,, + k =
Br € C+, for k=1,...,n;.

Note that each (3 is dependent on v > 0, which is a candidate for ~,,. We
assume that for v = 7,,, the zeros of E, are distinct. Note that this condition is
satisfied generically (if not, a small perturbation in the problem data changes 7o

which moves the locations of (i, ..., Bu1 ).

Now define a rational function which depends on v > 0 and the weights W; and
WQ;

F(s) = 206 ) (3.10)

where G, € Hy is an outer function determined from the spectral factorization given

in equation 3.11.

Gy (=5)G,(s) = (1 L Wal=s)Wa(s) _ WQ(—S)W2($)>_

W (=)W (s) 72 (3.11)
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Placing W; and W in equation 3.11, yields equation 3.12.
A
Gy x G, = <1 + s'p? — ?> (3.12)

Right hand side of equation 3.12 can be factorized as in equation 3.13.

1 B 1 1 213
sipp1-2) 2 P2 2 P2 (3.13)
P 2 ps® tays +4/1 =5 ps® —ays+ /1 -5

If definition for a2 in equation 3.14 is made,

P2
2041 — 5= a?, (3.14)

then a, is found as

(3.15)
Hence, G,(s) can be rewritten as equation 3.16
1
G,(s) = = (3.16)
ps? +ays+4/1 -5

~

Replacing Wi(s) and G,(s) in equation 3.10, the rational function F,(s) can be
rewritten as in equation 3.17.

2

s
p32+\/2p\/1—;’—2+\/1—§—2

Note that E,(s) can be also written as equation 3.18 and its zeros are enumerated

Fy(s) =1 (3.17)

as in [42] as equation 3.19.

1 —sly?

L(s) = (3.18)

34,72
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1 7 -1 —j .
Bi=—, "= —,— i=123/4 3.19
VI VT VT VY (3.19)

With the above definitions, the optimal controller can be expressed as equation 3.20

F.,(s)L(s) N
C, = E.(s)M, 7 N, ! 3.20
pt(s) ’Y(S) d(8)71 + Mn(S)F,Y(S>L<S) 0(S> ( )
where v = 7,,+ and L(s) is a transfer function of the form
[1s...8" Hahy
[(s) ="~~~ ‘"2 = l 21
() [1s...s" iy neme (3:21)

where the coeflicient vectors

U1 = [0 1m-n]’ and  y = [thag.thapon)]” (3.22)

are to be determined from the interpolation conditions given in [43]. Preserving L(s)

for now, C,,(s) can be written as equation 3.23.

2

y——F—L(s)
Conls) = — & _Lmsint ey (3.23)
” 1-PQ siy? 14 Py 52 L(s)

[ 2
ps2ta~ys+ 175—2

1 FL 0
1 l - — O, 3.24
(5472 ) 1+e™EL 1—ehsQ Pt (3.24)

Since the filter is given by

Note that

F,L

By rmT E.F.,L
Q=C(1+PC) "= e — s (3.25)
L4 e 1+§zfzf{:¢ 1+e™FL 34172

placing £, and F, in equation 3.25 yield Q(s) as

p82+a—ys+‘/ —-L£5
siy? fehs — 1=

psz—i-a.ys—‘r

(1—57) L(s)

vs? (ps2 +ays+4/1— %) + e hsL(s)

(1 — sy
Q(s) =

(3.26)

ﬁ
Nl\.’)
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Note that
Q) =—==1. (3.27)

Remember that from equation 3.25, as we already assumed Q(s) is a stable filter,
now we should check the pole locations of the optimal controller. Considering the

denominator of equation 3.25 as

<1 — 7234> L(s)e~hs

vs? (p82 +ay,s+4/1— 5—2) + e hsL(s)

rewriting equation 3.28 yields equation 3.29.

1—e™Q(s)=1-

(3.28)

vs? <p52 +a,s+4/1— ;"—2) + 725" L(s)ehs ) (p52 +a,s+4/1— %Z) + 8% L(s)e h*

2 o ryS 2
ys2 <p52 +ays+4/1— ,’;—2> + e hsL(s) y52 (p52 +ays+4/1— %) + e hsL(s)
(3.20)

From equation 3.29, we see that denominator has two zeros at s = 0 as desired, so
that we obtain % (1 — e™"*Q (s)) is stable.

Interpolation conditions of this system is given by equation 3.30

vs®

ps? + ays + 1— 2

14ehs L(s) =0 (3.30)

2

s=0;

where 3, = % and ﬁQZXLﬁ , a is given by a, = @/2pw/1—f;—z.

As interpolation conditions are 2"¢ order, we obtain

1 —ps

L(s)=+ (3.31)

1+ ps
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Solving two set of interpolation conditions by replacing L(s) yields equation 3.32.

)

2

1—|—(p%:|: @% mz

] (3.32)
trpige F I
—;+Jﬁ+\/1—72
Combining set of equations in equation 3.32 gives equation 3.33.
=h —h
14 e T et —e R (3.33)
2yii -5 byt 15 VY

5
Taking ¢ out of equation 3.33 gives equation 3.34.

1+ —e% 1+ )

oy 1oy 24y 1-25
- A AR S il AL B (3.34)

Nl J —e V7
+t——-1 + < -1
ey [1_p2 L A
vV 72 v A 72

At this point let’s define two auxiliary functions r, and g, for the ease of calculations.

e it |2
eV e
ry = — (3.35)
£_|_ 2p 1_ﬁ+\/1_ﬁ £_|_ 2_P\/1_P_2 \/l_ﬁ
o v 72 72 ¥ v 72 72
—j—= _]L I3
e "V e VP vy
qy = = (3.36)
P _ _ P 2p _ P P _ _ P _ 2p _ P
Y 1 Y I\~ 1 Y Y 1 2 IS 1 y?

Then equation 3.34 can be rewritten as
1£r, VY [ 1xgq,
_ _ VY (1Ea ) 3.37
v ﬁ(:}:m—l) J (i%_l (337)
Calculating the equations for (4) and (-) sign gives equation 3.38 and equation 3.39

respectively.

1 1 -1 -1 1-—
L. :j( +”):( *‘”) oh <” )zj( ”) (3.38)
Ty —1 gy — 1 1+q, 1+, 147y
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2 g L=rm \_(1=% ) 174 = j 1-r (3.39)
a —ry—1 —q,—1 1+q, 1+r,

Reorganizing them gives equation 3.40 and equation 3.41 respectively.

(1= gy — 1
I ( ) - (_) (3.40)
L+, 1+ g,
1— 1—
2 :j( ”) :( q”) (3.41)
L+, 1+ g,
Combining the two equations above gives the equation 3.42.
1— 1—
j < ”) + (_%) =0 (3.42)
1+, 1+q,

Where r, and ¢, are given by equation 3.43 and equation 3.44 respectively with
variables x, and h, defined as x, = p/vy and h, = h/\/p .

—hp\/T
r, = ‘ (3.43)

Ty + /1 — 22+ (/22,4 /1 — 2,2

e_jhp\/a

4y = (3.44)
Ty — /1 — 2,2 — /22,y /1 — 2,2
. 1—7"7 1_q"/)
=0 3.45
]<1+T7>$<1+% (3.45)
1-— 1—
( ”):ij( q”) (3.46)
1+r, I+q,

If the absolute difference in the two sides of equality in equation 3.46 is defined as

1_7“7:&—3'1_%
147, 1+4q,

fe= ' (3.47)
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the minimum cost 7,y is found from the minimum value of x € (0,1) which makes

f+ equal to zero with either (+) or (-) sign.

In other words, in the interval x € (0, 1), the solutions of f, = 0 and f_ = 0 are
investigated, the minimum solution = gives us the optimum-~,,; = p/z value. The
sign that gives this minimum z value is taken as the same sign in the representation

of L(s) which defines the optimal filter.

Yopt 18 the largest v which solves equation 3.46 with the (+) or (—) sign. The

corresponding sign determines L(s) and hence C,, is obtained via equation 3.23.

Matlab implementation of the solution to equation 3.46 showed that smallest z,

which means the largest 7 is achieved with the (+) sign.

When A =1 and p = 0.25 numerical values are taken as an example, the smallest
x value that makes fi function minimum is shown in Figure 3.1. Note that the
smallest = that makes fi zero is obtained for (4) sign and at x = 0.2882. Therefore
Yopr = 0.28821/0.25 = 0.1441 is obtained.

In the figures below, solution for fi is shown for different values of h and p. It is
seen that in all the cases the x value that makes fi smallest always obtained with

(+) sign.
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Figure 3.1: fi vs. x values for h =1 and p = 0.25
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Figure 3.2: f. vs. x values for h = 10 and p = 0.25

Note that in Figure 3.2, instead of the smallest value of x leading to a zero in f,
or f_ , the indicated value is taken, which will result in instability of the closed loop

system with related H., controller. This will be later shown in Chapter 4.
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Figure 3.3: fi vs. x values for h =1 and p =10
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Figure 3.4: f. vs. x values for h = 10 and p = 10

Taking the (+) sign in equation 3.31 gives L(s) as equation 3.48 .

1—ps 1_\%3@

L(s)= = 3.48
(5) l+es 1+ \/iﬁs\/ﬁ (3.48)
It turns out that in our case ¢ < 0, and hence
1+ Zs/p
L7Y(s) = +\/_ (3.49)
1— 753\/5

is stable. Therefore resulting optimal filter is also stable as proven below in equations
3.50 - 3.53.
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The optimal filter is given by

Qs) = !

(1—7%s%)

which can be rewritten as following equations.

—ys? <p32 + ays+4/1— f;—i) . 1_2%732 <,032 + ays+4/1— f;—i) + e hs

(3.50)

Qs) = 07 )
(3.51)
PR (avs +4/1— 5—2) -2 s <p32 +ays+4/1— g—i) + e~hs -
Wt ey T GREEE)
(3.52)
Q(s) = gu — Rq(s))”" (3.53)

where Rg(s) is defined as

2 2
14252 (a,ys +4/1— %) e (%52 (p:s2 +a,s+4/1— "’—2)) —Zehe
Rq (s) = :

1 —"}/284

From the Nyquist graph of Rg(s), it can be shown that Q is stable.

3.2 H; Optimal Filter Design

The Hs norm computation in the mixed sensitivity minimization problem described

in previous section can be performed as in equation 3.55.

AL L S AL L

e —pQ(s)
(3.55)
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If a function G is defined as equation 3.56
Wi Wy + p*=G*G (3.56)

replacing W7 in equation 3.56 yields equation 3.57 below.

1+ p?st

4 (3.57)

1
-+ 0= GG = GG =
s

From there, following a set of equation manipulations as in equations 3.58 and 3.59.

L+ p’st=(ps +bs+1) (ps —bs+1) = p’s*+ (2p—b*)s*+1  (3.58)

b=+/2p (3.59)
Function G is obtained as below.

1+ +/2ps + ps?

G = = (3.60)
Equation 3.55 can be rewritten as below:
G—l
o= || = | T e o) (3.61)
0 pG~1 )

And after using some matrix manipulations as in equation 3.62,

10
2] e

we obtain the mixed sensitivity cost function as in equation 3.63 below for H, case.

—pG~t WG

WGt —pG~*
prl W*Gf*

WWG™ — Ge Q) B GW'WG*G™! — e Q) (3.63)
—pG~IW ) —pG—tW ) '
Note that
1
—pG'W = —p € H, (3.64)

ps?++/2ps+1
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and

1
Gt = 3.65
WG —V2ps+1 ( )

In order to find a solution for optimal filter ), we need to solve equation 3.66

in 1 —hs
QiHooﬁHz ? < P52*—\}27P5+1 — (p82 + \/2p$ + 1) e h Q(s) ) (366)
2
Which is same as Equation 3.67
e ps? + \/ ps+1) ehs
QeHoo NH H ( FE Q(s) 2 (3.67)
Optimal filter Q(s) can be formulated as:
Q) - o) (3.68)
s) = :
ps2+/2ps+1°"
Then the cost function becomes as equation 3.69.
1 1 L
—e Q1 (s 3.69

Note that first term in equation 3.69 is the projection on to H, space.

If cost function is decomposed into its partial fractions , it follows equations 3.70,
3.71, 3.72, 3.73, 3.74, 3.75

A B C C 1
@+?+ 4+ T . (3.70)
(s+e) (s+€ s—r s+ (s+e) (ps>—2ps+1)

B~1 (3.71)

C(s+e¢)? C(s+e) 1
A B = 3.72
(s+e)+ B+ s—r * s—1 ps? —/2ps+1 ( )
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= (@2ps—=V20)|
LT el SV 6B

a (o
~ds \ ps? — \/2ps + 1

C(sI — A)7'B—eCeM(sI — A)'B = F(s) (3.74)

C(sI—A)'B—e™C(sI —A)'B—e"C (eM —1)(sI — A)'B=F(s)

(3.75)
As an example, lets consider the system given in equations below:
=11 v | (3.76)
0 1
A= (3.77)
0 0
0
B = 3.78
0 ] (3.78)
Then
14++/2
Clsl — A)'B= —V=P* (3.79)

52
is obtained and e can be written as Taylor series expansion in equation 3.80.

21,2

e =T+ Ah + o

+ ... +HOT. (3.80)

Calculating the unknown terms as in equations 3.81, 3.82, 3.83, 3.84, 3.85
0 1 0 1 0 0 1 h

= — e = (3.81)
0 0 0 0 0 0 01

42
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(e —1) = [0 h] (3.82)

0 0

(s] —A)"'B= i ] 8% (3.83)
c—n=lo n] (3.84)
C(eM—1)(sI-A)"'B= g (3.85)

and replacing them in place, yields F(s) as equation 3.86.

2 1 “hs ((V2ps+1) +h
F(s)= (\/_psf ) - ((\/732 ) +hs) (3.86)
s s
Equation 3.86 can be rewritten as equation 3.87.
2 1 20s +h)s+1
s s
Then cost function becomes
V2p 1 c C h
_ + + + — s 3.88
e s+e (5+5)2 s—r;  Ss—r ¢ Q) ) ( )
with
Note that
hs V2p 1
e Q1 (s) = 3 [FLR]py (3.90)

where [FIR], , is a stable function whose impulse response is non-zero only on [0, 2.
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Optimal filter becomes :

Q)= (p82 + 32275 + 1) (\/2_282+ - [FIR]> - (391)

Q(s) = ((ps;i%\/‘z_;i 1) ~ AT 52_/)8 I [FIR]> ehs (3.92)

H, solution to this problem is obtained by the following set of equations.

{1+ (h++2p)s\ s(h — ps)
Q) <p32 +/2ps + 1) L+ ps? 4+ /2ps+1 (3.93)

Note that Q(0) = 0 as expected and

1—€_th(S) 1—<1—h8+@+...>@(3)

= = 2 (3.94)
Expanding right hand side of equation 3.94 yields
L—eQ(s) _ (1-Q(s) +hsQ(s) = BEQ(s) + HO.T
2 = 3 (3.95)

S S

which can be rewritten as

52 52

h2
— 5 Q)+ HOT

L= Q(s) _ 1 (p+V2pst1-1—(htv2)s)  hQs)
— o+ o+ 1 T

(3.96)

From 3.96 , it follows that

%(1—6—%(8)) :p+h(h+\/%)—%2:p+h\/2_p+%2 (3.97)

S

s=0
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Thus H, optimal filter Q(s) can be implemented as in equation 3.98

11+ (h+2p)s

P 824—\/%8—1‘%

Q (s) = =C(sI—A)'B (3.98)

where

C = <ﬁ +’%\/§> (3.99)

e}
—

A= (3.100)

! ] (3.101)

The system equations using filter Q(s) can be represented as in as in equations
3.102 - 3.106 .

2(t) = z,(t + hy) (3.102)
y(t) = a, (t—ho) + pwp (3.103)
Fp(t) = (1) (3.104)

Ty = w,(t) (3.105)
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1 1

State estimation equations can be written as in equations 3.107 - 3.109.

Ty (1) = @y (t) (3.107)
S NN
b0 = 010 \fp 2 (6)+ 3() (3.108)
o e (M )
z(t)—p 1(t)+(p+\/;) 2 (1) (3.109)

1 (t) = (1) (3.110)
L= — e ) — .2 1
o (t) = Pl (t) P () + py(t) (3.111)
20 = a1 (1) + (h + \/2_p> 2 () (3.112)
Defining
L= a2
;y (t) = ) 1 () + \/; 2 (t) (3.113)

gt) = 21(t) + /2p 22 (t) (3.114)



Z(t) =9 (t) + his (t) (3.115)

Then, state equations for this case can be written as in equations 3.116 - 3.117

[8]: [8 ;] [zg o[ |wo-ie e
2(t) =, (t+ ) = y(t+h) — pwo(t+h) (3.117)
Then equations 3.118 - 3.121 are obtained for state estimation.
(=) =y (0) — puo (1) .19
2(t) = §(t)+ hiy (t) (3.119)
2 (t) =y (t+h) — pwo (t + h) (3.120)
(3.121)

2(t) =9 (1) + hia (t)
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Chapter 4

Simulation Results

For the parameter values h = 1 and p = 0.25 , H,, and H, optimal filters are
calculated as described in previous section. A process noise that provides a short
duration manoeuvre is applied to the system. On the other hand as a measurement
noise, low power white noise is applied. Figure 4.1 - Figure 4.4 shows the estimation
results for these inputs. Consequently it is observed that H., optimal filter results

in less tracking error compared to Hyoptimal filter.
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Figure 4.1: Tracking error for h =1 and p = 0.25
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Figure 4.3: Tracking error for h = 10 and p = 10

Note that, for this simulation case instead of the smallest x solution in Figure
3.4, another x value was taken as a solution. Since it was not the optimal solu-
tion, simulations show that this non-optimal solution makes the closed loop system

unstable.
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Figure 4.4: Tracking error for h =1 and p = 100

Bode plot of error system obtained from the H,, optimal and Hs optimal filter
designed for h = 1 and p = 0.25 values is given in Figure 4.5.
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Figure 4.5: Bode plot of error system for h =1 and p = 0.25

As it can be seen from this figure, for low frequencies the gain in the Hy optimal
filter is 1.75 times worse than the H,, optimal filter. However for frequencies higher
than 2.5 rad/s, the error corresponding to the disturbance effect is more when H,,
optimal filter is used. As a result, for disturbance w,(t) with low frequency ingredient,

one should choose to use H,, optimal filter. If disturbance effect is a high frequency

ingredient signal, one should choose to use H, optimal filter.
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Chapter 5

Conclusion

In this study, targets which have manoeuvre dynamics modelled in continuous time
are discussed. Target tracking under time delayed observations was previously dis-
cussed in [42] and in this study it is shown that simplifications can be made on the
H, optimal filter design proposed in [42]. The filter obtained here requires the solu-
tion of a scalar equation derived from the analysis of problem data. Stable realization
of the obtained filter is based on the feedback connection of a first order sub-system
and a FIR- filter in a certain way. On the other side, optimal filter in [42] consists
of second order sub-blocks whose parameters can only be calculated with numeric
methods. Therefore the FIR filter structure of it is more complex than the filter
structure obtained in this study. Results obtained from the transformation to target
tracking problem show that proposed H,., filter effectively suppresses the process
noise with low frequency signal content. On the other hand, Hs optimal filtering is

more effective for suppressing measurement noise with high frequency content.
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