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ABSTRACT

ESSAYS ON UNIT ROOT TESTS IN TIME SERIES

GOGEBAKAN, Kemal Caglar
Ph.D., Department of Economics
Supervisor: Assoc. Prof. Dr. Mehmet Taner Yigit
December 2018

This dissertation consists of three essays which develop new unit root testing
methods in time series. First one is about the effect of the persistent volatility
breaks, i.e. non-stationary volatility, on the unit root inference in regulated time
series. In this essay, we show that conventional bounded unit root tests become
potentially unreliable in the presence of the non-stationary volatility. Then, as
a remedy, we propose a new class of unit root tests that are robust to both
the range constraints and the permanent volatility shifts present in the time
series. While developing our new tests, we also extend the asymptotic theory
for integrated time series. The second essay is about testing for seasonal unit
roots. In this essay, we first construct a family of nonparametric seasonal unit
root tests by utilizing fractional integration operator. Different from the well-
known parametric seasonal unit root tests, the proposed tests are free from tuning
parameters. Another contribution of this essay is on the fractional integration
literature. We introduce a new fractionally transformed seasonal series. The third
essay deals with the effect of the heteroscedastic innovations on the nonparametric

seasonal unit root tests. We demonstrate that these tests spuriously reject the

il



true seasonal unit root null hypothesis under the heteroscedasticity. To remove
the aforementioned size distortions, we develop nonparametric wild bootstrap
seasonal unit root tests. These tests are successful in correcting size problems
under a broad class of heteroscedasticity observed in the seasonal time series.
Moreover, we show that the proposed tests are asymptotically pivotal.

Keywords: Bootstrap Method, Nonparametric Test, Nonstationary Volatility,

Regulated Time Series, Seasonal Unit Root.
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OZET

ZAMAN SERILERINDE BIRIM KOK TESTLERI
UZERINE MAKALELER

GOGEBAKAN, Kemal Caglar
Doktora, Iktisat Boliimii
Tez Yoneticisi: Dog. Dr. Mehmet Taner Yigit
Aralik 2018

Bu tez zaman serilerinde birim kok testi gelistiren ii¢ makaleden olugmaktadir.
Ilki duragan olmayan varyansin diizenlenmis zaman serilerinde uygulanan birim
kok testlerindeki etkisi tizerinedir. Bu makalede gosterilmistir ki, diizenlenmig
standart birim kok testleri duragan olmayan varyans altinda potansiyel olarak
giivenilmezdir. Cozlim olarak zaman serilerinde gozlemlenen aralik kisitlamasi ve
duragan olmayan varyansa karsi dayanikli olan birim kok testi sinifi 6nerilmistir.
Bu test simifi onerilirken, ayn zamanda biitiinlegmis zaman serileri i¢in yeni bir
asimptotik kuram geligtirilmistir. Ikinci makale mevsimsel birim kok testleri
iizerinedir. Bu makalede ilk olarak, kesirsel biitiinlesme operatorii kullanimiyla
parametrik olmayan bir mevsimsel birim kok testi familyasi olugturulmustur. Bili-
nen parametrik mevsimsel birim kok testlerinden farkli olarak onerilen testler ayar
parametrelerinden bagimsizdir. Bu makalenin diger katkisi da kesirsel biitiinlesme
literatiirii tizerinedir. Yeni bir kesirsel olarak dontigtiiriilmiis mevsimsel seri tipi
tamtilmigtir. Ucilineii makale ise degisen varyans probleminin parametrik olmayan
mevsimsel birim kok testleri zerinde etkisini incelemektedir. Bu testlerin degisen

varyans problemi altinda gercek bog mevsimsel birim kok hipotezini siklikla red-



dettikleri gozlemlenmigtir. Belirtilen buytklik sapmalarini ortadan kaldirmak
i¢in parametrik olmayan bir bootstrap metodu kullanan mevsimsel birim kok test-
leri geligtirilmistir. Bu testler mevsimsel zaman serilerinde gozlemlenen degisen
varyanslar sinifi altinda biiyiikliik problemlerini diizeltme agisindan basarilidir.
Ayn1 zamanda gosterilmistir ki bu testler asimptotik olarak pivotaldir.

Anahtar Kelimeler: Bootstrap Metodu, Duragan Olmayan Varyans, Parametrik

Olmayan Test, Diizenlenmis Zaman Serisi, Mevsimsel Birim Kok.
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CHAPTER 1

INTRODUCTION

Over the last three decades, identifying long-run movements in financial and eco-
nomic data has become a problem of great interest in time series econometrics
literature. The main contributions in this area have been based on developing
models and techniques to analyze the non-stationarity of the series. Since the
seminal study of Nelson and Plosser (1982), many theoretical and applied stud-
ies have been pursued in the area of unit root! non-stationarity. The empirical
evidence in this work show that many macroeconomic and financial variables are

modeled as I(1) processes.

Researchers should be very cautious about I(1) variables since the realized shocks
have permanent impacts on the evolution of the time series. This situation has
undesirable influences on the statistical analysis. Presence of unit roots invades
the necessary conditions to make use of the Law of Large Numbers and Central
Limit Theorem. Consequently, widely utilized test statistics turn out to be in-

valid. Also, long-run forecasting methods deliver quietly poor results. In this

1Unit root time series are integrated of order 1, i.e., I(1)



regard, detection of unit roots still has tremendous importance for time series

analysts.

Dickey and Fuller (1979) is the pioneering study in the unit root testing litera-
ture. After this study, many alternative testing mechanisms have been developed.
The main motivations behind these new methods are to design tests which apply
to a broad class of models and to improve the finite sample performance of the
previous tests. Despite the flowing contributions in the area, there is still much
to do as to improve the inference in testing for unit roots. This is the motivation

for the three articles which constitutes this dissertation.

In the first article, we construct a unit root testing mechanism that provides
robust results under the presence of range restrictions and significant volatility
breaks in time series.Granger (2010) states that range restrictions (bounds) are
observed frequently in time series data. These restrictions force the integrated se-
ries to look like stationary. Therefore, standard unit root tests become ineffective
to detect the difference between stationarity and non-stationarity. In this con-
text, Cavaliere (2005) and Cavaliere and Xu (2014) analyze the non-stationarity
behaviour in bounded time series and develop new unit root tests. On the other
hand, Bollen et al. (2000), Romer (1986) and Rodrigues and Rubia (2005) docu-
ment that regulated time series can exhibit persistent volatility breaks. Neglecting
this property of volatility in limited time series can result in spurious rejections
of unit roots. To overcome this problem, we develop a new class of unit root

tests. To conduct these tests, we also extend the asymptotic analysis required



for integrated time series under permanent volatility shifts. The proposed tests

are applicable to a wide class of models of range constraints and volatility changes.

Second article is related to the non-stationarity in seasonal time series. Integrated
seasonal variables evolve by persistent aggregation of the seasonal shocks. If the
seasonal integration is disregarded, the seasonal autoregressive modeling becomes
statistically invalid. Therefore, detection of integration in seasonal time series has
gained immense importance in the unit root literature. After the seminal study
of Hylleberg et al. (1990), seasonal unit root testing literature has marked an
explosive growth in theoretical contributions. However, the common feature of
the proposed tests is the utilization of parametric lag augmentation to account
for serial correlation. Taylor (2005) is the only exception who develops nonpara-
metric seasonal variance ratio tests. However, the tests in this study suffer from
low finite sample power. Therefore, in this article, we propose a new family of
nonparametric seasonal unit root tests by utilizing the fractional integration op-
erator. The tests in this family are free from parametric lag augmentation and
improve the existing nonparametric seasonal unit root tests in terms of asymp-
totic local power. This chapter is a joint work with Assist. Prof. Burak Eroglu
and Mirza Trokic and published in Economics Letters on June 2018 with fol-
lowing reference: Eroglu, B. A., Gogebakan, K. C ., Trokic, M., 2018. Powerful
nonparametric seasonal unit root tests. Economics Letters 167, 75-80. An earlier
version of this paper was also circulated in 2017 under the title of “Fractional
Seasonal Variance Ratio Tests” in CEFIS Working Paper Series of Istanbul Bilgi

University.



In the last article, we improve the performance of nonparametric seasonal unit
root tests developed in the second article under the combination of the two types
of heteroscedasticity. The first one is periodic heteroscedasticity, where inno-
vations in some seasons are more variable than others. The second one is non-
stationary volatility which is related to the persistent volatility breaks in seasonal
time series. We show that under these patterns of heteroscedasticity, standard
nonparametric seasonal unit root tests suffer from severe size distortions. As a
remedy, we propose nonparametric wild bootstrap seasonal unit root tests which
replicate the patterns of heteroscedasticity and eliminate the aforementioned size
distortions in the standard nonparametric tests. These tests are asymptotically
valid and provide good approximations to the limiting distributions of each test

statistics under periodic non-stationary volatility.

The dissertation is organized as follows: Chapter 2 introduces a new class of tests
which is robust to both range constraints and non-stationary volatility. Chapter 3
is about the family of nonparametric seasonal unit root tests. Chapter 4 is about
extending nonparametric seasonal unit root tests under periodic non-stationary

volatility. All proofs are placed in the appendix.



CHAPTER 2

TESTING FOR UNIT ROOTS IN BOUNDED
TIME SERIES UNDER NONSTATIONARY
VOLATILITY

2.1 Introduction

In time series econometrics, modeling non-stationarity for bounded (limited) pro-
cesses is an exciting avenue of research. A bounded process is defined in Granger
(2010) as 'process that has bounds either below (at zero, say) or above (full
capacity) or both’. Based on this definition, series such as expenditure shares,
unemployment rates, nominal interest rates can inherently be categorized as lim-
ited processes. Also, series like minimum wages and target zone exchange rates
are bounded by policy control. Granger (2010) asserts that existence of bounds
compels integrated series to behave like stationary ones, as they approach the
bounds. Neglecting this feature makes the inference of the standard unit root
tests theoretically invalid. As a remedy, Cavaliere (2005) extends the asymptotic
theory of the standard unit root tests to the domain of limited time series by

introducing bounded unit root distribution to the literature.Cavaliere and Xu



(2014) improve the finite sample properties of the unit root tests defined in Cav-
aliere and Xu (2014) by accounting for potential autocorrelation. However, none
of these studies take into account the possible permanent volatility shifts in the

mnovations.

Non-stationary volatility observed in bounded time series such as the U.S. short-
term nominal interest rate, EMS target exchange rate and U.S. unemployment
rate (see Romer (1986), Bollen et al. (2000) and Rodrigues and Rubia (2005)).
The effect of significant volatility breaks on the standard unit root tests is exam-
ined by Cavaliere and Taylor (2007, 2008, 2009). These studies develop new unit
root tests that are robust to a broad class of volatility breaks. Smooth volatil-
ity breaks and multiple volatility shifts are included in the aforementioned class.

However, the tests they propose are not reliable under limited time series.

In this chapter, we aim to propose a new approach to unit root testing that is
robust to both non-stationary volatility and the range constraints. To do so, we
first improve the asymptotic theory for integrated time series under permanent
volatility shifts. We introduce the variance shifted bounded Brownian motion and
present the convergence of observed series to this process. Second, we develop
generalizations of standard unit root tests to the limited time series with a vari-
ety of volatility changes. Therefore, we provide a general class of unit root tests.
The tests in this class are asymptotically valid. Third, we use direct simulation
methods -by consistently estimating bound parameters and variance profile- to

obtain the critical values of our proposed tests.



This chapter is organized as follows. Section 2.2 introduces bounded integrated
processes with non-stationary volatility and details initial assumptions. Bounded
unit root distribution under permanent variance changes is introduced and con-
vergence results are presented in Section 2.3. Section 2.4 presents the asymptotic
results for ADF and M type unit root tests in the presence of range constraints
and non-stationary volatility. Section 2.5 shows the unit root testing mecha-
nism. The finite sample properties of new unit root tests are presented in Section
2.6. Section 2.7 concludes. Simulation result tables are placed at the end of the

chapter.

2.2 The Model and Assumptions

In this section, we introduce the class of bounded non-stationary processes where
the innovations display a general class of permanent volatility changes. Processes
of this class can be referred to ’time transformed bounded unit root’ processes

which will be explained in detail in Section 2.3.

For the unit root case, a bounded time series { X;}~ , with fixed bounds b, b(b < b),

a constant deterministic part and non-stationary volatility can be represented as:

Xt - 0/(575 + }/t (21)

Yi=pYia+e,p=1 (2.2)



initialized at Yy = O,(1). The term ¢; is decomposed as follows:

€t = U + §t —& (2.3)

u = Y(L)vy (2.4)

where §t and ¢, are non-negative processes such that §t > 0 if and only if

Y1 +u <b—08 and & > 0 if and only if Y;_; +u; > b — 0'6,.

Since we consider non-stationary volatility in the innovations, we consider v; as
a process in the following form

V¢ = O¢2¢ (25)
where z; ~ i1d(0,1).

Remark 1. Notice that the innovation term {v;} in (2.5) is characterized by {o;}
and {z;}. Since conditional on {o;}, {2} has independent and identical distribu-

tion (i.i.d.), the innovation v; has mean zero and time varying variance o?.

Throughout this chapter, we will utilize the following assumptions which will be

taken to hold on (2.1) — (2.5):
Assumption. A

1. The lag operator ¢)(L) = >°2¢; L7 satisfies ¢(2) # 0 for all |z| < 1 and

o
> J%[w;| < oo for some s > 1.
=0

2. {z, Fi} is a MDS (martingale difference sequence) with respect to some
filtration J;, such that (a)E(z2) = 1 < oo, ()T '3 22 5 1, and
(¢)E|z|" < k < oo for some r > 4.

8



3. sup E|¢|" <ocoand sup E|&|" < oo or max [¢ | and max || are of
t=1,., 0 " t=1,.,T t=1,..T >t t=1,..T

Op(Tl/Q)

4. %\}91//5; = c+o(1) and E)\;@l’/é; =¢+o0(1) where ¢ < ¢ and \* = ¢(1)*w? denotes

the long run variance.

Assumption A1 implies that {u;} is stable and has an invertible representation in
terms of the v;’s. A2 sets the sequence of the error terms {z;} to be martingale
differences. These assumptions are quite standard in the time series econometrics
literature. A3 — A4 give the conditions that bounds should satisfy to perform a
proper analysis. Assumption A3 presents a restrictive condition that prohibits
{X:} excessive leaps at the bounds. Under Assumption .44 , the upper and lower
bound locations are taken as nuisance parameters. Moreover, Assumption A4
states that, under the presence of bounds, the ~ T2 order of the random walk

part of the series is preserved.

Remark 2. Under Assumption Al, ¥(z)™' = a(z) = 1 - 377, a;27 is well

defined. By allowing &7 := a(L)¢, and &, := a(L)E, we can conclude that

e =U(Lyw+& —&=V(Lw;, vf=v,+& & (2.6)

Therefore, Az, can be written in the LP representation form as Az, = W(L)v;

Remark 3. With the help of Assumption A4 the location of the bounds b and
b are linked to the sample size 7. Granger (2010) states that “I(1) process has
the strong relationship between now and the distant past, i.e. corr( X, Xu) = 1
for any k”. A4 allows us this property to be preserved in the presence of the

range constraints. Moreover, this assumption allows us to obtain the limiting



distributions of unit root test statistics in the presence of range constraints, and
to develop convenient unit root tests without imposing parametric assumptions

on the behavior of X; in the neighborhood of the bounds.

Remark 4. Following Cavaliere and Xu (2014), we can decompose X; as

Xy =06+ C(1) Z v; + Z@t — &) + o — Uy (2.7)

=1

In Eq. (2.7), it is seen that non-stationary part of the BI(1) process can be broken
down into a random walk, 2221 v;, and the cumulated regulators,Zle(ét —£,).
Assumption A4 implies that the order of these two terms are same. As a result,

regulators are allowed to affect both short run and long run dynamics of X;.

The following assumption is given to capture the heteroscedasticity in the inno-

vations:

Assumption. B The volatility term o, satisfies o := w(s) for all s € [0, 1],

where w(.) € ® is non-stochastic and strictly positive. For ¢t < 0,0, < 0 < 00

Assumption B is the critical assumption which permits the innovation variance
dynamics to be considered in a general framework. Under this assumption, the
variance of the error term needs only to be bounded and to exhibit a countable
amount of jumps. Therefore, a broad family of a volatility process can be allowed.
The conventional homoscedasticity assumption made in the unit root testing lit-

erature that is o, = o for all t, also satisfies Assumption B.

We need a fundamental object to capture non-stationary volatility in the asymp-
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totic analysis. This object is characterized by the following function in C:

06 = ([ wopan [(wtrra 28)

The object defined in (2.8) stands for the variance profile of the time series, since it
is constructed by the time series pattern of the observed volatility. Further, Cav-
aliere and Taylor (2007) show that fol w(r)?dr = w?* is the limit of 77! Zthl o?,

where @? represents the asymptotic average variance of the error term.

Remark 5. The assumption that the volatility function w(.) is deterministic is
given to simplify the theoretical setup. However, this assumption can be relaxed
by allowing for the cases where the error terms {z;} and w(.) are stochastically
independent. In fact, in such cases, if the sample paths of the volatility process
w(.) satisfy Assumption B, the results obtained in this chapter can be considered

as conditional on the realization of w(.).

2.3 The Variance Transformed Bounded Unit

Root Distribution

This section presents how the presence of both range constraints and permanent
volatility shifts modifies the asymptotic framework. Therefore, unit root distri-

bution will be generalized to time transformed bounded unit root case.

First, we focus on the effect of the volatility pattern on the asymptotic theory.

Throughout this chapter, one of the key roles on the limiting distributions is
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played by B, (s) = B(n(s)), which is defined in Cavaliere and Taylor (2007). B(.)
is a standard Brownian motion and 7(.) is an increasing homeomorphism with
n(0) = 0 and n(1) = 1. Consequently, {B,(.)} is referred to as the 'variance-

transformed’ Brownian motion.

Second, to account for the bounded nature of the time series, consider also the
following result from Harrison (1985), which is very crucial in explaining the main

arguments of this paper:

Lemma 1. Fix the limits [¢, ¢] with ¢ > 0 and let C be the space of all continuous
functions. Define Cq as the set of all functions = € C such that g € [¢,¢]. Then
for each x € Cy, there is a unique pair of continuous functions (I, ¢) which satisfy
l; = sup (x5 — qs)~ and ¢ = sup (¢ — x5 — l5)~ and this same pair satisfies the

0<s<t 0<s<t

following properties:
1. l; and ¢; are continous and increasing and satisfy lp = ¢y = 0
2. hy= (21 + 1l —q) € [c,¢] forallt >0
3. l; and ¢; increase only when h; = ¢ and h; = ¢ respectively.

Cavaliere and Taylor (2007) show that the variance transformed Brownian motion
B,(.) € C. This property coupled with the findings of Lemma 1 tell us that we
can find a pair of functions L(.) and Q(.) such that B, (.)+ L(.) —Q(.) is regulated

process. Now, we introduce the following key definition:

Definition 1. Let B, (t) be variance shifted Brownian motion defined on C (see,
Cavaliere and Taylor (2007)). Fix the bounds c and ¢. If B, (0) € [c, ¢, then there
exists continuous functions L(t) and Q(t) satisfying the conditions of Lemma 1
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such that BC(t) = (B, (t) + L(t) — Q(t)) € [c,¢]. The functions /(t) and ¢(t) are
called regulators and the function B£(.) is called 'regulated variance transformed

Brownian motion’ with bounds at [c,¢].

Consider next the continuous-time approximation of a process {Y;} on the cadlag

space D[0, 1] to transform the original series through the broken line process.

Yr(s) = (N*T) "2 (Vg — Y0, € [0,1]

The main result of this section is now summarized in the following theorem:

Theorem 1. Let {Y;} be the process defined between (2.2)-(2.5) and fix the

bounds [b,b]. If D[0,1] is endowed with uniform topology and Y, € [c,¢] then

Yr(s) = BE%(s).

2.3.1 Extension for the Deterministic Components

In the previous analysis, we only consider the pure random walk process Y,
but in our initial characterization we observe the series X; with deterministic
components. To remove this deterministic component, we regress J; on x; and
obtain the residuals X; = Y, — (é — 0)0; where 0 is OLS estimate of #. In
Lemma 2 below, we now provide the representations for the OLS de-trended time

transformed Brownian motions:

Lemma 2. Under assumption A and X, is generated by (2.1) -(2.5), we define
partial sum process for detrended process as i7(s) = (\>T)~V2(X 7, — Xo), s €

[0,1]. Then we have X7 (s) = Bfg(s) for j =1,2. j =1 when §; = 1 (only mean)
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and j = 2 when §; = [1,t]’, where
~ - T 1 -1
By (s) = By“(s) — (/0 B?C(T’)Dj(?")'d?) (/0 Dj(?”)Dj(T)'dT> D;(s)
and D;(s) =11if j =1 and D;(s) =[1,s] if j = 2.

Remark 6. The OLS detrended Brownian motions represented in Lemma 2 will
be used in characterizing the limiting distributions of the unit root test statistics

which will be defined in the next section.

2.4 Large Sample Results for Unit Root Tests

In this section, we present the implementations of the limited time transformed
unit root distribution for the well known unit root tests. Accordingly, we dis-
cuss the effect of the time-varying variances of the shocks on the asymptotic
distributions of augmented Dickey-Fuller and M unit root tests when the series

is regulated.

For given sample {X;}L ,, the ADF statistics are based on the OLS regression:

k
Xt = 06th1 + Z OéiAXt,i + Et.k (29)

=1

and are defined as




where a(1) = 1 — Zle &;, with &; denoting OLS estimator of «; in (2.9) and
s(@) the OLS standard error of &. Here X't is OLS residual of §; on X; such that

Xt - Xt - él(st - }/t - (é - 0)/(5,5.

The M statistics are defined as

T1X2 — T X2 — 5% 4(k)

MZ, = T
27~ Zt:lXt—l

T
MSB= (") XP./skn(k)"?
t=1

MZ,=MZ, x MTB

where s% (k) is an autoregressive estimator of the spectral density frequency zero

of {e;}. Specifically,

san(k) = 6%/a(1)?

where @(1) is as defined above and 62 is the OLS variance estimator from the
regression 2.9. By following Lewis and Reinsel (1985), for the aforementioned

tests, the lag truncation parameter is assumed to satisfy the Assumption below:
Assumption. C As T — oo, 1/k + k*/T — 0.

In Theorem below, we introduce the representations for the limiting null distri-
butions of the aforementioned test statistics in the presence of range constraints

and non-stationary volatility.

Theorem 2. Let {X;}L, be generated as in (2.1)-(2.5) with p = 1. Under
Assumptions A and B,
(i) shr(k) = &*C(1)?

15



(i) ADF,, MZ, % 0.5(B5(1)? — BE5(0)2 — 1)( [, BES(s)2ds) ™!
(iii) MSB % ([, BE(s)2ds)"/?
(iv)ADF,, MZ, * 0.5(B5(1)? — BES(0)? — 1)(f, BES(s)%ds)~V/?

1,J

where By(s) is defined as in Lemma 2.

Remark 7. The limiting distributions used in ADF and M unit root tests in Theo-
rem 2 differ from standard integrated of order one -I(1)- asymptotics. The sample
paths of limiting process are bounded between ¢ and ¢ and time transformed by
directing process 7(.). The well known case of I(1) process has no bounds by

setting ¢ and ¢ equal to infinity and 7(s) = s.

2.5 Testing for Unit Root Tests under The Pres-

ence of Bounds and Non-stationary Volatil-

ity
As we have discussed in Section 2.4, the conventional unit root inference is in-
fluenced by the presence of bounds and permanent volatility shifts. Therefore
the limiting null distributions of the frequently used test statistics become non-
standard. The application of the proposed unit root tests for bounded variance
transformed processes requires the employment of three steps. First, Section
2.5.1 presents the consistent estimation of the variance profile 7(s). Second, Sec-
tion 2.5.2 introduces the consistent estimators of the nuisance parameters ¢ and
¢. Last, in Section 2.5.3, we develop the simulation-based tests which can be
performed to acquire asymptotically valid unit root tests in the presence of the

bounds and non-stationary volatility.

16



2.5.1 Consistent estimation of the variance profile

In this section, we present the variance profile estimator, which is defined in Cav-
aliere and Taylor (2007). Let X, be de-trended or demeaned version of observed

series X;, then we have

sT) )
>0 (AX)? + (sT — [sT)(AX | ar)11)

i(s) = =

(2.10)

~

(AX,)?

t=1

In the following Lemma, we now demonstrate that 7(.) is a uniformly consistent
estimator for the variance profile 7(.) in the presence of bounds by generalizing

Theorem 2 of Cavaliere and Taylor (2007) to the present framework.

Lemma 3. Under the assumptions A and B, we have 7(s) £ 5(s) uniformly for

all s € [0,1].

2.5.2 Consistent estimation of the range parameters

In Section 2.2, we assume that the bounds b, b are known. Therefore, there is a
feasible way to estimate the nuisance parameters ¢, ¢ consistently. To this aim,
in our setup, consider two estimators which are easy to implement:

b —xg 2 b— Zo
- - C= ———
sar(k)TV?’ sar(k)T1/?

c=

(2.11)

where s 5(k) is the spectral AR estimator of the long run variance as defined in

Section 2.4. The result on the consistency of ¢ and € is given in the next lemma:

P —
— C.

ol

Lemma 4. Let the assumptions of Theorem 2 hold. Then, ¢ LN ¢ and
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Lemma 4 states that, the two nuisance parameters ¢ and ¢ appearing in the
asymptotic distributions of Theorem 1 and 2, can be consistently estimated with
the usage of ¢ and ¢ respectively. These estimators with the variance profile

estimator are key ingredients for conducting simulation based tests.

2.5.3 Simulation based tests

Now, given the estimate 7j(s) and ¢ and ¢, we are able to approximate the quantiles
from the asymptotic null distributions of the conventional M and ADF statistics

given in Theorem 2, by utilizing direct simulation methods.

Let {e;} be iid(0,1) random variable. From Cavaliere and Taylor (2007) Theorem

3 we know that

La(LsT]/T)T]
Byr(s) :=T71? Z er — B, (s)for alls € [0, 1] (2.12)

t=1

Therefore, define f; = AB; r(t/T) = Byr(t/T)—Bpr((t—1)/T) fort =1,2,...,T.

Consider the recursive setup as follows:

if X, 1 + f; < eTV?

10

ol

if Xt—l + ft > éTl/Q (2.13)

Xt_l + f; otherwise
\

Now, we define the following theorem as sample T" approaches to infinity:

Theorem 3. Under the assumptions A and B, we have Xy (s) = Bge(s) for all
s € [0,1] where X7(s) = T~V2X 4.
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Remark 8. Theorem 3 shows that as T approaches to infinity, the simulated
process X; is distributed as the variance transformed bounded Brownian motion
Bff(.) of Theorem 1. We therefore approximate the quantiles from the non-
pivotal limiting null distributions in Theorem 2 by utilizing numerical simulations
based on estimating ¢ and ¢ and using the cadlag processes X, and f,. Using
the conventional ADF and M statistics in Section 2.4, we can now obtain the
simulation based versions of the ADF and M tests.Testing for unit roots can be

performed by simulated critical values for a given significance level.

In practice, our proposed tests, which are robust to presence of both non-stationary
volatility and bounds can be applied as follows. First, by creating a sequence of
i1d(0, 1) random numbers, B;(s) is generated. Then, with the recursive procedure
defined in (2.13), Bff() is constructed. Next, corresponding demeaned process
Bﬁ() is obtained by standard OLS projection. For illustration, let us take the
test of ADF,. The quantity 0.5(B2%(j)2 — BE(0)2 — 1)(T- BE5((¢ — 1)/T)?) /2
corresponding to discretized version of the limiting distribution is computed. This
operation is needed to be employed for B independent replications. Next step is to
construct order statistic of the B outcomes as ADFt(l) < ADFt@) <. < ADFt(B).
For a significance level (, an estimate of the desired quantile is calculated as
ADFt(LCBD. The rejection decision of the unit root null at significance level ( is

given where ADF, is lower than ADF'*?). Note that, M Z,, MZ, and ADF,

tests can be performed with the same procedure.

Remark 9. It is noteworthy to state that, by construction, power functions of our
tests closely approximate the size-adjusted powers of the corresponding standard
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unit root tests, heteroscedasticity robust unit root tests of Cavaliere and Taylor

(2007, 2008) and bounded unit root tests of Cavaliere and Xu (2014).

2.6 Finite sample simulations

This section presents Monte Carlo simulation results for ADF, and M Z, unit root
tests under a variety of volatility patterns and bound parameters. We compare
the performance of our proposed unit root tests ADF™ and M Z"  which are
robust to the presence of both bounds and heteroscedasticity with (¢) standard
tests ADF? and M Z?, (ii) heteroscedasticity robust tests ADF and MZ™ of
Cavaliere and Taylor (2007, 2008), and (7i4) bounded unit root tests ADF? and

MZ} of Cavaliere and Xu (2014).!

We generate data as in Equations (2.1)-(2.5) with the sample sizes T = {250, 500}
by setting Yy = 6 = 0. We consider the case of symmetric bounds (¢ = —¢ =: ¢ >
0). Additionally, to investigate the performance of the tests under heteroscedas-

ticity, we consider the following error term variance specifications ? :
1. Constant Volatility (CV): wy(s) =1, for s € [0, 1].

2. Single Break in Volatility (SBV): wa(s) = 1+ (5 — 1)*I(s > 0.2T) for

s €[0,1].

3. Trending Volatility (TV): ws(s) =1+ (5 — 1)*s for s € [0, 1].

!The performance of ADF,, MZ, and MSB tests are omitted since they exhibit similar
performance to M Z, and ADF, tests and qualitatively their contribution is negligable to the
reported results. They are available upon request.

2In the error term variance specifications, we follow Cavaliere and Taylor (2007).
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4. Exponential Integrated Stochastic Volatility (EISV): w4(s) = exp(9B(s))

for s € [0,1] and B(s) is standard Brownian motion process.

All experiments are performed under 10.000 replications. All unit root tests
are employed at a nominal asymptotic 0.05 level. Following Cavaliere and Tay-
lor (2009) and Cavaliere and Xu (2014), we draw the innovations z; from i.i.d.
N(0,1). We obtain the distribution of ¢, = AX; by reflecting the distribution of
uy = C(L)v, at b— X;—1 and b—X,_1.% Critical values of our tests are obtained by
direct simulation method described in Section 2.5.3 by fixing the step size to T'.
The variance profile and bound parameters are estimated as described in Sections

2.5.1 and 2.5.2. All of the test results are based on OLS demeaned data.

We report the performance of the aforementioned unit root tests for serially un-
correlated and correlated innovations. For the case where the innovations are
serially uncorrelated, we set W(L) = 1 and correspondingly £ = 0 in (2.9). Then,
we allow for weak dependence in u;. Under this scenario, we choose the optimal
lags in equation (2.9) by using MAIC lag length selection criterion of Ng and
Perron (2001) with & < [12(7/100)%% ]. Finally, under weak dependence, by fol-
lowing Ferretti and Romo (1996), Chang and Park (2002) and Cavaliere and Xu
(2014), to improve the finite sample performance of the tests, we use re-colored
simulation-based tests. The procedure in these tests re-builds stationary serial
correlation into MC innovations without changing the limiting distributions pre-

sented in Theorem 2. 4

3We set ét = 2(@- (Xt,1 +€t))I(Xt71 +er < b) and é-t = 2(b— (thl +Et))I(Xt71 +er < b)
We also set various types of truncation mechanisms and obtain very similiar results. They are
also available upon request.

4We refer the reader to Chang and Park (2002) for the detailed information about re-colored
simulation based tests.
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There are four serial correlation scenarios considered for the innovation sequence
{u;}. In the first scenario, innovations do not contain any serial correlation. In
the second one, u; follows MA(1) model, i.e. u; = vy 4+ 0.5v;_1. In the third one,
uy is a stationary AR(1) process, i.e. u; = 0.5u;_1 +v;. Finally, last one follows an
ARMA(1,1) process, i.e. us = —0.5u;_1 +v;+0.5v;_1°. We set p € {1,0.93,0.86},
where p = 1 is for the size and other values are for the power evaluation of the

tests.

2.6.1 Size Performance

In this section, we report the finite sample size performance of the aforementioned
tests. Table 2.1 demonstrates the size performance under uncorrelated shocks.

In Tables 2.2, 2.3 and 2.4, we report the size performance for weakly dependent

shocks with the models of M A(1), AR(1) and ARM A(1,1), respectively.

2.6.1.1 Uncorrelated errors

First, consider the constant volatility case, where the errors are homoscedastic.
Under the case of no bounds, all of the tests have the same performance and are
close to the nominal significance level. This is an expected result since it is a
benchmark case for all of the tests. However, in the presence of bounds, standard
tests ADF?-M Z?% and heteroscedasticity robust tests ADF-M Z"* become sig-
nificantly over-sized, since they are not robust to the presence of bounds. For

instance, under T=250, for ¢ = 0.4, empirical rejection frequency (ERF) of ADF?

5Results for other serial correlation scenarios do not differ qualitatively from those reported
here
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is 0.32 and ERF of ADF™ is 0.27. We do not see over-sizing in ADF? and M Z?,
since by nature, they are robust to homoscedastic data with bounds. Our tests

ADF! and M Z"™ exhibit great performance under this case.

Next, consider the single break in volatility case. Now under the case of no
bounds, ADF3-MZ$ and ADF*-MZ? are significantly oversized. We observe
that under T' = 250, with no bounds, ERFs of MZ% and M Z? are 0.16. These
are expected results since these tests are not robust to non-stationary volatility.
Under no bounds, as expected ADE™-M Z™ and our tests ADF- M Z"™ have
correct size. However, as bounds become tight, ADF MZ" become size dis-
torted, since as it is mentioned before these tests are not robust to the presence
of bounds. For instance, under T=500 where ¢ = 0.6, ERFs of ADF? ADF
and ADF? are 0.33, 0.15 and 0.14 respectively. However, ERF of our proposed
tests ADF'™ and M ZP™ are so close to nominal significance level, 0.05 under

this case, for all bound specifications.

Now, consider the trending volatility case. In this case, we observe the similar
performance to the single break volatility case. Under this case, ADF?-MZ? and
ADF?-M Z? are still oversized, but the size distortion is not as severe as the single
break volatility case. This result is consistent with the findings of Cavaliere and
Taylor (2007). Again, under 7' = 250, with no bounds, ERFs of M Z? and M Z?
are 0.07. We observe as bounds become tighter, ADF" M Z!" have nearly the
same size distortion as in the case of the single break in volatility. It is important

to note that, under this heteroscedasticity scenario with all bound parameters,
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our tests ADF"™ and M Z"™ are largely satisfactory and avoid the over-sizing

problems associated with other tests.

Under uncorrelated shocks, finally consider the case of exponential integrated
stochastic volatility. ADF*-MZ$ and ADF’-M Z° have the most severe size dis-
tortion under this scenario. For instance, under 7' = 500 with ¢ = 0.4, ERFs
of ADF? and MZ? are 0.64 and 0.26. Also, we observe that under the same
case, ERF of ADF™ is 0.23. However, our tests ADF/™ and M Z!™ are always

successful in controlling size under exponential integrated stochastic volatility.

Overall, we observe that size distortions observed in ADF:-MZ$, ADF’-MZ®
and ADF™-MZ" tests do not start to disappear as sample size 1" increases,
because the nuisance parameter problems arising from non-stationary volatility

and bounds do not disappear in the long run.

2.6.1.2 Autocorrelated errors

The size performance of aforementioned tests are now investigated for u; follow-
ing a linear process. As it can be seen from Tables 2.2, 2.3 and 2.4, our tests
ADF'™ and MZ'™ are successful in controlling size under weakly dependent

shocks regardless of the bound parameter, volatility type and sample size.

Under weakly dependent errors, standard M Z? and ADF} have the similar over-
sizing problem with the case of uncorrelated errors. For example, consider the
results in Table 2.3, where the innovations follow AR(1) process. We observe that
in single break volatility case with ¢ = 0.6 and T" = 250, ERF of M Z; is 0.23.
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Under autocorrelated errors, the tests M2} and ADF are still oversized under
tight bounds. For an evidence, let us take a closer look at Table 2.2, where the
innovations follow M A(1) process. For instance, under 7' = 250, data with single
break volatility and bound parameter ¢ = 0.4, ERF of ADF is 0.11. Finally,
the tests MZ° and ADF? still exhibit significant over-sizing in the presence of
non-stationary volatility under weakly dependent shocks. Now, for instance con-
sider Table 2.4, where shocks follow ARMA(1,1) process. It can be seen that
in exponential integrated stochastic volatility case with no bounds and T" = 500,
ERF of ADF? is 0.28. Overall, we observe in Tables 2.2-2.4 that, in addition
to being robust to non-stationary volatility and bounds, our tests ADF"™ and
MZ' are also successful in controlling size in the presence of the serial cor-
relation problem. Therefore, ERFs our tests are still so close to the nominal

significance level except mild under-sizing problem in some cases.®

2.6.2 Power Performance

In this section, we investigate the empirical power against particular alternatives
p € {0.93,0.86}. In the previous section, we observe that other unit root tests
do not exhibit satisfactory size performance. Therefore, their empirical power
results are not reliable. So, we need size-adjusted power of these tests to make
a meaningful comparison. Moreover, as it is stated in Remark 9, by construc-
tion, our tests possess power functions that closely approximate the size adjusted

power functions of the aforementioned tests in the literature. Therefore, following

6We observe in all tables the size distortions created by EISV are different. We explain these
high variations by the stochastic feature of the volatility process and the simulation uncertainty.
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Cavaliere and Taylor (2007), we only report power performance for our ADF™
and M Z"™ tests which are so similar to size-adjusted power performance of other

tests.

We start by looking through Table 2.5, where innovations are uncorrelated. First,
under constant volatility, we can conclude that for both ADF™ and M Z"™ as
bounds get tighter, finite sample power decrease, but we still have satisfactory
performance. This result is important since Cavaliere and Xu (2014) do not an-
alyze the power performance of their unit root tests. Second, under single break
volatility, power is less, compared to constant volatility case. Here, again, as
bounds become tight, power performance declines. Next, under trending volatil-
ity, we observe higher power compared to single break volatility case, but lower
than constant volatility case. In this case, we see a pattern of decrease in power as
bounds become tighter. Finally, under exponential integrated stochastic volatil-
ity, we see similar performance to trending volatility case. Overall, we observe

that ADEF is more powerful compared to M Z™.

Next consider Tables 2.6-2.8, where weak dependence models are M A(1), AR(1)
and ARM A(1,1) respectively. Overall the pattern is similar to the uncorrelated
case under various heteroscedasticity scenarios and range specifications. How-
ever, empirical powers compared to uncorrelated case are lower. Especially power
performance of tests under single break volatility case is much lower than the un-
correlated case. Under serially correlated errors, we now observe that the power

of ADFP™ test is outperformed by M Z™ test.
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2.7 Conclusion

In this chapter, we have shown that the presence of both non-stationary volatil-
ity and range constraints have severe implications on the validity of the unit root
tests in the literature. These tests suffer from significant size distortions. As a
remedy, we have proposed a unit root testing mechanism that provides reliable
inference under a very general class of volatility dynamics and bound specifi-
cations. For construction of testing procedure, we introduce ’variance shifted
bounded Brownian motion’ process and provide the convergence of the observed

series to this process.

This testing mechanism is based on direct simulation methods which obtain
asymptotic null distributions of the unit root statistics. Since the asymptotic
distributions depend on nuisance parameters arising from heteroscedasticity and
bounds, we consistently estimate the variance profile and bound parameters. Fi-
nite sample simulations show that the testing approach outlined in this chapter

is successful in eliminating size distortions observed in other unit root tests.
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Table 2.1: Finite sample size performance of ADF, and M Z, tests for i.i.d. shocks

ADF? ADF?’ ADF® ADF!™™ Mz: MZp® MZ% MZEW

Volatility c T=250

Type

oo 0.05 0.05 0.05 0.05 0.04 0.04 0.05 0.05

0.8 0.11 0.10 0.05 0.05 0.10 0.09 0.05 0.05

cv 0.6 0.17 0.16 0.05 0.05 0.16 0.15 0.04 0.04

0.4 0.32 0.27 0.04 0.04 0.30 0.25 0.03 0.04

oo 0.16 0.05 0.16 0.05 0.15 0.04 0.15 0.05

0.8 0.29 0.12 0.19 0.04 0.28 0.10 0.18 0.04

SBV 0.6 0.32 0.14 0.14 0.04 0.30 0.12 0.12 0.04

0.4 0.48 0.22 0.10 0.04 0.46 0.20 0.09 0.04

oo 0.08 0.05 0.08 0.05 0.07 0.04 0.07 0.05

0.8 0.19 0.12 0.10 0.05 0.17 0.11 0.08 0.04

TV 0.6 0.23 0.16 0.07 0.04 0.22 0.15 0.08 0.04

0.4 0.35 0.23 0.07 0.04 0.32 0.21 0.07 0.04

oo 0.17 0.04 0.17 0.04 0.16 0.03 0.16 0.04

0.8 0.28 0.06 0.21 0.04 0.27 0.05 0.19 0.04

EISV 0.6 0.41 0.10 0.22 0.04 0.40 0.08 0.20 0.04

0.4 0.60 0.21 0.26 0.04 0.58 0.18 0.24 0.03

T=500

oo 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05

0.8 0.11 0.11 0.05 0.05 0.10 0.11 0.05 0.05

cv 0.6 0.19 0.18 0.04 0.04 0.18 0.18 0.04 0.04

0.4 0.32 0.30 0.04 0.05 0.31 0.29 0.04 0.04

00 0.16 0.05 0.16 0.05 0.15 0.05 0.15 0.05

0.8 0.30 0.12 0.18 0.05 0.29 0.11 0.17 0.04

SBV 0.6 0.33 0.15 0.14 0.04 0.32 0.14 0.13 0.04

0.4 0.53 0.23 0.10 0.04 0.52 0.22 0.09 0.04

oo 0.08 0.05 0.07 0.05 0.07 0.04 0.07 0.04

0.8 0.18 0.12 0.09 0.05 0.17 0.11 0.08 0.04

vV 0.6 0.23 0.17 0.08 0.04 0.22 0.16 0.07 0.04

0.4 0.36 0.27 0.08 0.04 0.35 0.26 0.07 0.04

oo 0.21 0.04 0.20 0.04 0.17 0.03 0.17 0.04

0.8 0.28 0.08 0.22 0.04 0.31 0.05 0.23 0.04

EISV 0.6 0.46 0.11 0.26 0.04 0.43 0.08 0.23 0.04

0.4 0.64 0.23 0.29 0.04 0.62 0.18 0.26 0.04

Notes: (i) Nominal 5% asymptotic level (ii) Tests based on OLS de-meaned data (iii) Tests with superscripts
s, nv, b, bnv are for standard, nonstationary volatility robust, bounds robust, and both bounds and
nonstationary volatility robust versions, respectively. (iv) CV, SBV, TV and EISV denote ’Constant
volatility’, "Single Break Volatility’, Trending Volatility’ and ’Exponential Integrated Stochastic Volatility’
respectively.
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Table 2.2: Finite sample size performance of ADF, and M Z, tests for MA(1) shocks

ADF: ADF?® ADF? ADF!™ MZz: MZP» MZX MZ:EW

Volatility c T=250

Type

0o 0.05 0.04 0.04 0.04 0.04 0.04 0.04 0.05

0.8 0.09 0.08 0.04 0.04 0.08 0.09 0.05 0.05

cv 0.6 0.14 0.13 0.05 0.05 0.13 0.13 0.05 0.05

0.4 0.21 0.20 0.05 0.05 0.19 0.21 0.05 0.05

oo 0.17 0.04 0.13 0.04 0.12 0.04 0.10 0.05

0.8 0.23 0.06 0.13 0.04 0.18 0.08 0.11 0.04

SBV 0.6 0.23 0.09 0.10 0.04 0.18 0.11 0.08 0.05

0.4 0.25 0.11 0.06 0.04 0.19 0.13 0.06 0.04

oo 0.08 0.04 0.07 0.04 0.07 0.04 0.07 0.05

0.8 0.15 0.08 0.08 0.04 0.13 0.09 0.09 0.05

TV 0.6 0.18 0.11 0.09 0.05 0.15 0.11 0.10 0.05

0.4 0.23 0.14 0.10 0.05 0.20 0.15 0.10 0.05

oo 0.09 0.07 0.08 0.04 0.06 0.04 0.07 0.05

0.8 0.12 0.07 0.12 0.03 0.09 0.07 0.11 0.04

EISV 0.6 0.14 0.09 0.13 0.03 0.11 0.08 0.13 0.04

0.4 0.15 0.11 0.24 0.03 0.11 0.12 0.22 0.04

T=500

oo 0.05 0.05 0.05 0.04 0.05 0.05 0.05 0.05

0.8 0.10 0.09 0.05 0.05 0.09 0.09 0.05 0.05

cv 0.6 0.15 0.15 0.06 0.05 0.14 0.15 0.05 0.05

0.4 0.21 0.22 0.05 0.05 0.20 0.23 0.06 0.05

oo 0.17 0.04 0.14 0.04 0.15 0.04 0.13 0.04

0.8 0.26 0.07 0.13 0.04 0.23 0.07 0.12 0.04

SBV 0.6 0.25 0.09 0.12 0.04 0.22 0.08 0.10 0.04

0.4 0.31 0.12 0.08 0.04 0.26 0.09 0.07 0.05

oo 0.07 0.04 0.07 0.04 0.06 0.04 0.07 0.04

0.8 0.15 0.10 0.09 0.05 0.14 0.10 0.09 0.05

TV 0.6 0.19 0.13 0.08 0.05 0.18 0.12 0.07 0.05

0.4 0.26 0.19 0.06 0.05 0.24 0.18 0.07 0.05

oo 0.09 0.04 0.08 0.04 0.08 0.04 0.08 0.04

0.8 0.13 0.06 0.09 0.04 0.11 0.07 0.11 0.05

EISV 0.6 0.16 0.08 0.13 0.04 0.15 0.09 0.12 0.05

0.4 0.39 0.14 0.26 0.04 0.32 0.15 0.24 0.03

Notes: (i) Nominal 5% asymptotic level (ii) Tests based on OLS de-meaned data (iii) Tests with superscripts
s, nv, b, bnv are for standard, nonstationary volatility robust, bounds robust, and both bounds and
nonstationary volatility robust versions, respectively. (iv) CV, SBV, TV and EISV denote ’Constant
volatility’, ’Single Break Volatility’, ’Trending Volatility’ and 'Exponential Integrated Stochastic Volatility’
respectively.
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Table 2.3: Finite sample size performance of ADF, and M Z, tests for AR(1) shocks

ADF: ADF?® ADF? ADF!® MZ3 MZP» MZX MZ:Ew

Volatility c T=250

Type

oo 0.04 0.04 0.04 0.04 0.04 0.04 0.04 0.04

0.8 0.08 0.08 0.04 0.05 0.07 0.08 0.04 0.05

cv 0.6 0.12 0.12 0.05 0.05 0.11 0.12 0.05 0.05

0.4 0.19 0.17 0.05 0.05 0.18 0.18 0.05 0.05

oo 0.16 0.04 0.13 0.04 0.12 0.05 0.10 0.05

0.8 0.23 0.08 0.15 0.04 0.19 0.08 0.13 0.05

SBV 0.6 0.23 0.10 0.11 0.04 0.19 0.08 0.09 0.04

0.4 0.24 0.12 0.08 0.03 0.19 0.09 0.06 0.04

oo 0.07 0.04 0.07 0.05 0.06 0.04 0.06 0.05

0.8 0.13 0.09 0.09 0.05 0.11 0.10 0.09 0.05

vV 0.6 0.15 0.11 0.07 0.05 0.14 0.12 0.07 0.05

0.4 0.19 0.14 0.08 0.05 0.18 0.15 0.07 0.05

oo 0.39 0.04 0.26 0.03 0.24 0.04 0.16 0.04

0.8 0.49 0.08 0.30 0.04 0.33 0.09 0.20 0.04

EISV 0.6  0.50 0.10 0.29 0.03 0.35 0.12 0.20 0.04

0.4 0.48 0.12 0.24 0.03 0.34 0.14 0.16 0.03

T=500

oo 0.05 0.05 0.05 0.05 0.04 0.05 0.05 0.05

0.8 0.09 0.09 0.05 0.05 0.09 0.09 0.05 0.05

cv 0.6 0.14 0.14 0.05 0.05 0.13 0.14 0.05 0.05

0.4 0.20 0.21 0.05 0.05 0.19 0.21 0.05 0.05

oo 0.16 0.04 0.13 0.03 0.14 0.04 0.12 0.04

0.8 0.26 0.07 0.15 0.04 0.23 0.08 0.14 0.04

SBV 0.6 0.26 0.08 0.12 0.04 0.24 0.09 0.11 0.05

0.4 0.29 0.09 0.08 0.04 0.25 0.10 0.07 0.04

oo 0.08 0.05 0.07 0.05 0.07 0.05 0.07 0.05

0.8 0.14 0.09 0.09 0.05 0.14 0.09 0.09 0.05

™V 0.6 0.18 0.12 0.08 0.05 0.18 0.13 0.08 0.05

0.4 0.22 0.16 0.06 0.05 0.22 0.17 0.06 0.05

oo 0.38 0.04 0.28 0.04 0.24 0.04 0.18 0.05

0.8 0.47 0.08 0.32 0.05 0.32 0.09 0.24 0.05

EISV 0.6 0.51 0.10 0.26 0.05 0.37 0.12 0.25 0.05

0.4 0.47 0.12 0.23 0.05 0.33 0.14 0.18 0.05

Notes: (i) Nominal 5% asymptotic level (ii) Tests based on OLS de-meaned data (iii) Tests with superscripts
s, nv, b, bnv are for standard, nonstationary volatility robust, bounds robust, and both bounds and
nonstationary volatility robust versions, respectively. (iv) CV, SBV, TV and EISV denote ’Constant
volatility’, ’Single Break Volatility’, "Trending Volatility’ and "Exponential Integrated Stochastic Volatility’
respectively.
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Table 2.4: Finite sample size performance of ADF, and MZ, tests for ARMA(1,1)
shocks

ADF: ADF™ ADF? ADFP™ MZS MZR® MZ: Mz

Volatility c T=250

Type

oo 0.04 0.05 0.05 0.05 0.03 0.05 0.05 0.05

0.8 0.09 0.09 0.05 0.05 0.08 0.10 0.05 0.05

cv 0.6 0.14 0.16 0.06 0.05 0.12 0.16 0.06 0.05

0.4 0.24 0.26 0.06 0.05 0.22 0.27 0.06 0.05

oo 0.16 0.03 0.13 0.03 0.12 0.04 0.11 0.04

0.8 0.23 0.06 0.13 0.03 0.18 0.07 0.11 0.04

SBV 0.6 0.24 0.08 0.11 0.04 0.18 0.07 0.09 0.04

0.4 0.26 0.10 0.07 0.04 0.20 0.09 0.07 0.05

oo 0.07 0.05 0.07 0.05 0.06 0.05 0.07 0.05

0.8 0.14 0.10 0.09 0.05 0.12 0.11 0.09 0.05

TV 0.6 0.18 0.14 0.08 0.05 0.16 0.14 0.08 0.05

0.4 0.26 0.18 0.06 0.05 0.23 0.18 0.06 0.06

oo 0.29 0.03 0.21 0.04 0.22 0.03 0.16 0.04

0.8 0.39 0.08 0.25 0.04 0.30 0.08 0.20 0.04

EISV 0.6  0.42 0.09 0.22 0.04 0.32 0.11 0.17 0.03

0.4 0.47 0.10 0.22 0.04 0.34 0.12 0.17 0.03

T=500

oo 0.04 0.05 0.05 0.05 0.04 0.05 0.05 0.05

0.8 0.10 0.11 0.06 0.05 0.09 0.11 0.06 0.05

cv 0.6 0.17 0.17 0.06 0.05 0.16 0.17 0.06 0.05

0.4 0.26 0.26 0.05 0.05 0.25 0.27 0.05 0.05

oo 0.16 0.03 0.14 0.03 0.14 0.04 0.12 0.04

0.8 0.24 0.06 0.14 0.04 0.22 0.07 0.13 0.04

SBV 0.6 0.26 0.07 0.10 0.04 0.23 0.08 0.10 0.04

0.4 0.32 0.09 0.07 0.04 0.26 0.11 0.06 0.05

oo 0.07 0.05 0.08 0.05 0.06 0.05 0.07 0.05

0.8 0.15 0.10 0.09 0.05 0.14 0.11 0.10 0.05

vV 0.6 0.19 0.15 0.08 0.05 0.18 0.15 0.08 0.05

0.4 0.29 0.20 0.06 0.05 0.27 0.20 0.06 0.05

oo 0.17 0.03 0.13 0.03 0.18 0.03 0.14 0.03

0.8 0.25 0.06 0.13 0.03 0.25 0.07 0.15 0.03

EISV 0.6 0.35 0.08 0.15 0.03 0.34 0.09 0.17 0.04

0.4 0.61 0.14 0.22 0.04 0.56 0.14 0.23 0.03

Notes: (i) Nominal 5% asymptotic level (ii) Tests based on OLS de-meaned data (iii) Tests with superscripts
s, nv, b, bnv are for standard, nonstationary volatility robust, bounds robust, and both bounds and
nonstationary volatility robust versions, respectively. (iv) CV, SBV, TV and EISV denote ’Constant
volatility’, ’Single Break Volatility’, ’Trending Volatility’ and ’'Exponential Integrated Stochastic Volatility’
respectively.
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Table 2.5: Finite sample power performance of ADF, and M Z, tests for i.i.d. shocks

ADF?™ Mz

T=250 T=500 T=250 T=500
Volatility Type c\p 093 0.86 0.93 0.86 0.93 0.86 0.93 0.86
oo 0.87 1.00 1.00 1.00 086 1.00 1.00 1.00
0.8 0.71 1.00 1.00 1.00 068 1.00 1.00 1.00
cv 0.6 049 099 099 1.00 043 099 099 1.00
0.4 0.19 091 090 1.00 014 0.86 088 1.00
oo 0.55 097 097 100 052 096 096 1.00
0.8 0.31 087 0.86 1.00 026 0.83 084 1.00
SBV 0.6 020 075 0.77 1.00 015 0.67 0.74 1.00
0.4 0.16 073 075 1.00 0.09 0.60 070 1.00
oo 0.77 100 1.00 1.00 074 1.00 1.00 1.00
0.8 049 099 099 1.00 044 0.99 098 1.00
vV 0.6 031 095 095 1.00 026 093 094 1.00
0.4 0.16 084 0.83 100 011 076 079 1.00
oo 033 078 031 061 029 074 027 0.56
0.8 030 075 0.34 065 026 070 029 0.60
EISV 0.6 0.27 066 038 070 021 057 032 0.64
0.4 0.17 056 062 0.81 010 040 052 0.72

Notes: (i) Tests based on OLS de-meaned data (ii) CV, SBV, TV and EISV denote ’Constant
volatility’, ’Single Break Volatility’, 'Trending Volatility’ and "Exponential Integrated Stochas-
tic Volatility’ respectively. (iii) p denotes near integration parameter (iv)Tests with superscript
bnv are for both bounds and nonstationary volatility robust versions, respectively.

Table 2.6: Finite sample power performance of ADF, and M Z, tests for MA(1) shocks

ADF?™ MzZE

T=250 T=500 T=250 T=500
Volatility Type c\p 093 0.86 093 0.8 0.93 0.86 0.93 0.86
oo 0.65 094 099 1.00 065 0.90 098 1.00
0.8 050 091 097 100 052 0.87 096 0.99
cv 0.6 039 085 093 1.00 041 0.81 091 0.98
0.4 026 072 0.84 099 026 069 0.82 0.96
oo 024 058 071 095 028 057 070 0.89
0.8 0.18 050 059 092 021 049 0.58 0.85
SBV 0.6 0.18 050 056 091 022 048 055 0.84
0.4 020 052 060 0.90 022 048 057 0.81
oo 050 088 096 1.00 051 0.83 094 0.99
0.8 033 079 089 099 037 076 087 0.97
vV 0.6 027 074 084 099 029 071 0.82 0.96
0.4 022 064 078 098 024 061 076 0.93
oo 0.33 052 0.82 097 044 059 0.80 094
0.8 0.24 044 078 096 029 046 076 0.92
EISV 0.6 022 038 072 094 028 040 0.71 0.88
0.4 0.15 030 068 091 017 029 065 0.85

Notes: (i) Tests based on OLS de-meaned data (ii) CV, SBV, TV and EISV denote ’Constant
volatility’, ’Single Break Volatility’, "Trending Volatility’ and ’Exponential Integrated Stochas-
tic Volatility’ respectively. (iii) p denotes near integration parameter (iv)Tests with superscript
bnv are for both bounds and nonstationary volatility robust versions, respectively.
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Table 2.7: Finite sample power performance of ADF, and M Z, tests for AR(1) shocks

ADF?™ Mz

T=250 T=500 T=250 T=500
Volatility Type c\p 093 0.86 093 0.86 0.93 0.86 0.93 0.86
oo 0.72 094 099 1.00 072 091 098 0.99
0.8 059 092 097 1.00 062 0.89 0.96 0.99
cv 0.6 045 087 095 1.00 048 0.84 094 0.98
0.4 033 078 0.87 099 035 077 0.86 0.96
oo 0.22 057 071 094 030 058 069 0.88
0.8 0.17 049 058 090 022 050 058 0.83
SBV 0.6 0.15 046 054 0.88 0.20 0.48 0.54 0.82
0.4 0.17 046 054 0.87 020 046 055 0.79
oo 0.56 0.88 0.96 1.00 057 0.84 094 0.99
0.8 041 081 091 099 045 079 089 0.97
vV 0.6 032 077 084 099 035 074 0.83 0.96
0.4 0.26 068 077 098 029 0.66 076 0.94
oo 0.37 054 084 097 046 0.60 082 0.95
0.8 0.26 047 079 096 030 048 077 0.92
EISV 0.6 023 039 074 092 029 042 0.73 0.88
0.4 0.17 032 0.68 090 019 031 0.67 0.86

Notes: (i) Tests based on OLS de-meaned data (ii) CV, SBV, TV and EISV denote ’Constant
volatility’, ’Single Break Volatility’, 'Trending Volatility’ and "Exponential Integrated Stochas-
tic Volatility’ respectively. (iii) p denotes near integration parameter (iv)Tests with superscript
bnv are for both bounds and nonstationary volatility robust versions, respectively.

Table 2.8: Finite sample power performance of ADF, and M Z, tests for
ARMA(1,1) shocks

ADF}.™ MZz5v

T=250 T=500 T=250 T=500
Volatility Type c\p 093 0.86 093 0.86 0.93 0.86 0.93 0.86
oo 0.76 096 099 1.00 077 0.92 099 1.00
0.8 0.63 093 098 1.00 064 0.89 096 0.99
cv 0.6 0.46 090 095 1.00 048 0.86 093 0.98
0.4 038 082 0.89 099 039 078 087 0.96
oo 025 064 073 096 032 061 070 0.89
0.8 0.18 057 061 093 022 055 061 0.85
SBV 0.6 0.17 055 0.61 093 023 053 059 084
0.4 0.26 062 066 092 030 057 063 0.82
oo 0.63 091 097 100 064 0.86 096 0.99
0.8 040 084 0.92 099 043 079 0.89 0097
vV 0.6 0.33 081 0.87 099 037 076 084 0.96
0.4 030 075 0.82 098 033 071 079 093
oo 0.33 076 029 059 027 072 026 0.53
0.8 0.30 073 031 062 024 068 027 0.58
EISV 0.6 026 064 035 068 020 056 0.30 0.63
0.4 0.15 053 060 0.78 009 0.36 050 0.71

Notes: (i) Tests based on OLS de-meaned data (ii) CV, SBV, TV and EISV denote ’Constant
volatility’, ’Single Break Volatility’, 'Trending Volatility’ and "Exponential Integrated Stochas-
tic Volatility’ respectively. (iii) p denotes near integration parameter (iv)Tests with superscript
bnov are for both bounds and nonstationary volatility robust versions, respectively.
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CHAPTER 3

POWERFUL NONPARAMETRIC SEASONAL
UNIT ROOTS

3.1 Introduction

This chapter is a joint work with Assist. Prof. Burak Eroglu and Mirza Tro-
kic and published in Economics Letters on June 2018 with following reference:
Eroglu, B. A., Goégebakan, K. C ., Trokic, M., 2018. Powerful nonparametric
seasonal unit root tests. Economics Letters 167, 75-80. An earlier version of this
paper was also circulated in 2017 under the title of “Fractional Seasonal Variance

Ratio Tests” in CEFIS Working Paper Series of Istanbul Bilgi University.

After the seminal work of Hylleberg et al. (1990) [HEGY], seasonal unit root
testing has attracted attention in theoretical and empirical studies. The HEGY
tests are the seasonal generalization of the augmented Dickey-Fuller [ADF] unit
root test and allow researchers to test for unit root behavior at each of the zero,
Nyquist and seasonal frequencies. Recently, HEGYs framework has been ex-

tended and improved by many subsequent authors such as Rodrigues and Taylor
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(2007), Smith et al. (2009) and del Barrio Castro et al. (2012) [BOT]. Despite
these improvements, these tests still use parametric lag augmentation to account
for the serial correlation. Therefore, their size and power performance highly
depend on the selection of the lag length parameter in the augmented regression.
Motivated by these issues, Taylor (2005) is the only serious attempt to construct
non-parametric seasonal variance ratio unit root tests by extending unit root test
of Breitung (2002) to the seasonal framework. In this regard, we aim to propose
a new family of non-parametric seasonal unit root tests, which are free from para-
metric lag augmentation and improve the existing non-parametric seasonal unit

root tests in terms of asymptotic local power.

This new testing design is an extension of Nielsen (2009) non-parametric vari-
ance ratio test to the seasonal unit root context. Consequently, the proposed
seasonal non-parametric unit root tests use the fractional integration and the
family of these tests is indexed by the fractional integration parameter d. In the
econometrics literature, there is a growing attention to the fractional integration
techniques. (see Robinson (2003)). We show that these techniques are useful to

construct powerful unit root tests at the zero, Nyquist and seasonal frequencies.

To improve the power performance of the parametric seasonal unit root tests, Gre-
goir (2006) and Rodrigues and Taylor (2007) propose nearly efficient tests. These
tests are designed to utilize GLS de-trending techniques in the seasonal context.
More recently, Jansson and Nielsen (2011) develop nearly efficient likelihood ra-

tio tests for the seasonal unit root hypothesis. Accordingly, we also present GLS
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de-trended versions of our non-parametric seasonal unit root tests. Besides these,
we also propose non-parametric joint unit root tests for the seasonal frequencies.
With this contribution, we extend the scope of the non-parametric seasonal unit

root testing framework.

The rest of the paper is organized as follows. In Section 3.2, the seasonal unit
root model, the seasonal unit root hypothesis and the augmented HEGY-type
tests are presented. Our nonparametric FSVR testing framework is developed in
Section 3.3, and the asymptotic results are given in Section 3.4, respectively. The
finite sample simulation study is presented in Section 3.5. Section 3.6 concludes
the paper. The tables containing the critical values and simulation results are

placed at the end of the chapter.

3.2 The Seasonal Unit Root Framework

3.2.1 The Seasonal Unit Root Model

We consider the univariate model defining the seasonal time series {5} with

the following data generating process (DGP) !

a(L)xSt+S:USt+S, S = ]_—S,...,O, t = 1,2,...,N (31)

Usiys = O(L)esiys (3.2)

where S is the number of seasons, a(L) = 1 — Zle a;L; is an S order AR

polynomial which determines the seasonal unit root. Further, we assume station-

!The notation closely follows del Barrio Castro et al. (2012)
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ary innovations with the serial correlation structure governed by AR polynomial
A(L) =1—> 2, ¢;L;. The total number of observations is given by T'= SN.
N denotes the total number of observation in each season. For simplicity, we
suppose same number of observations in these seasons. We assume that the ini-
tial conditions x1_g, ..., zy are 0,(T"/?). Following del Barrio Castro et al. (2012),
we propose the following assumptions on the innovation sequence {€eg;1s} which

further characterize the dynamics of seasonal model:

Assumption. A Let (¢4, Fsirs) be a martingale difference sequence with fil-
tration Fgyis, where Fopis C Forasr1 for all s, t such that

Al E[E%t—&—s’fStJrs] =o?

A2 + SN Botforalls=0,1,...,1 - S

A3 Elegiys|” < K < oo for some r > 4.

Assumption. B The lag polynomial ¢(L) # 0 for all [L| <1, and } 77, "ol <

oo for some h > 1.

These assumptions are very standard in the seasonal unit root literature. 4.1 and
A.2 indicate that the error terms are homoscedastic. Note that these conditions
are strong enough to exclude periodic or seasonal variance difference for the error
terms. A.3 allows the rth moment of g, 5 to exist and to be bounded uniformly
in . The detailed discussion about the given assumption can be found in del

Barrio Castro et al. (2012).

Assumption B implies stationarity of the innovation term €g;ys. In other words,
the only source of non-stationary dynamics is the seasonal AR polynomial a(L).
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3.2.2 The Seasonal Unit Root Hypothesis

Under the null hypothesis, we assume a seasonal unit root at each season S as

follows:

Hy:a(L)=(1-L% =: Ag (3.3)

This hypothesis can be partitioned as Hy = ﬂ}i/oﬁ Hy ;, where

H07Z‘I(XZ‘:]_, ZZO,S/2

Ho’j:ozjzlandﬂjzo jzl,,S*

where S* = [(S — 1)/2]. The seasonal lag polynomial can be decomposed

as a(L) = H}i/oﬂ w;(L) with wy = (1 — apL) (unit root in zero frequency),

wi(L) = [1 = 2(ajcosw; — Bsinw;) L + (o 4+ B7)L7] (w; = 27j/S are seasonal

frequencies) for j = 1,...,5* and w|g/9)(L) := (1 + aLS/QJL).

The alternative hypothesis is H; = U]Li/()2J H, ; which ensures stationarity at one
or more of the zero frequency or seasonal frequencies. We can explicitly write the

each alternatives as:

Hl’iZ’Oéi’<1, ZZO,S/2

H17j1@?+ﬁ]2<1 jzl,,S*

We can test each hypothesis separately to reveal the individual unit root charac-
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teristics at different frequencies. In addition, this setup also allows us to conduct

joint testing for the above hypothesis.

3.2.3 The Augmented HEGY tests

We first discuss the parametric HEGY tests. Hylleberg et al. (1990) expand the
AR(p+ S) polynomial ¢*(z) = a(z)é(z) around the zero and seasonal frequency

unit roots and obtain the auxiliary HEGY regression

S

k ok
AsTsiys = TOL0,St+s—1 T TS/2L5/2,St+s—1 T g (Wiiﬂi,swrsq + m; xi,swsq)
i=1

p
*
+ E PrASTst4s—j + Estrs

i=1

(3.4)

where the independent variables are defined as

S—1
To,St+s = § TStts—j
7=0

S—1
LS/2,8t+s += ZCOS[(j + D7z siss—;
=0
5-1
T Stts 1= Z cos[(j + Dwizgips—;  foralli=1,.. 5"
=0
5-1
L] Stps 1= Z sin[(j + Vwi|zsiys—;  foralli=1,..,5
=0

After estimating the model in equation (3.4), HEGY device the tests for the

null hypotheses of unit roots at zero, Nyquist and harmonic seasonal frequencies
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which are stated respectively as:

Ho,kiﬂk:(), k:O,S/Q (35)

HO,i Zﬂi:W:ZO,iZI,...,S* (36)

The tests for the presence of a unit root defined in Hylleberg et al. (1990) consist of
the regression t statistic ¢ (left sided) for the exclusion of xj g11s—1 for k =0, 5/2
and Fj for the joint exclusion of x; si+s-1 and 27 g for all ¢ = 1,..., 5" from
(3.4). Moreover, Ghysels et al. (1994) improve the HEGY-type tests by proposing
the joint frequency (upper-tail) F-tests by using the same regression model in
(3.4). The F test I |s/2 is used for testing the exclusion of {@istae 1ty
{27 gras1tiny and g2 504s-1, and Fy__|s2) is designed for testing the exclusion
of osers—1, {Tistrs—1}tit » {Tgipe1tiot and 2g/2,5¢1s-1. The null hypothesis

for these two F tests can be represented respectively, as following:

LS/2L

Hoq,. 152y = ﬂ Hy;: m = =mg =752 =0
=1
LS/2]

HO,{O,...,LS/QJ} = ﬂ HO,i DT =T = =Tgx =T §/2] = 0
i=0

Remark 10. Empirical implementation of HEGY-type tests forces the practition-
ers to choose lag order p. This procedure has a time complexity. Moreover, the
finite sample performance depends on the choice of p, though the lag order is
not reflected in the limiting distribution of the statistics. Although optimal lag
length selection methods are discussed in the literature, such procedures may still

work poorly in small samples. For a detailed discussion of lag length selection
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techniques, we refer the reader to del Barrio Castro et al. (2016). In our test, we

will avoid these issues and propose fully nonparametric family of tests.

3.3 Fractional Seasonal Variance Ratio Tests

In this section, we propose a new method for testing seasonal unit roots which is
a family of nonparametric and tuning parameter-free tests indexed by the frac-
tional parameter d. This method is a seasonal generalization of the powerful test

of Nielsen (2009).

We first define the S dimensional process X; which separates the observed series
Tsirs from (3.1) into sub-seasonal observations. That is, each vector in this

process corresponds to the observation in each season:
Pyp— / p—
Xy = [Ist—(5—1)7ISt—(5—2)7"'7‘73515] = ]-7"'7N

In our analysis, we will utilize the fractional integration operator of type II. This
operator takes the weighted sum of the past values of a time series process, say
ys, where weights are determined by the fractional binomial coefficients. The

following equation summarizes this operator:

_ t—k
o= ALy = (1- L)% =) %yt—k = ;m(d)yt—k (3.7)

where 1 > d > 0. We will apply this operator to each element of the X, separately
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to obtain:

Xi = [AT - (5-1), AT 51— (5-2), -y A1) (3.8)

After obtaining X;, we reconstruct the associated fractional transformation of the
seasonal process from this process. In other words, we create a new variable, say

Zsias from Xy as each vector of X; corresponds to one season of the final process

-i‘StJrs-

Remark 11. Applying the fractional integration operator as discussed above is
new to the literature. For instance, Nielsen (2009) applies this operator to ob-
served series directly. We do not follow Nielsen (2009) in this study purely because

of technical reasons arising from the seasonality.

Now consider the HEGY transformation of the fractionally integrated process

TSt+s-

S—1
To,St4s ‘= Z T§tts—j
5=0
(3.9)
5-1
Ts/2,5t+s = Z cos|(J + 1)m]Tsers—;
=0
5-1
TiStts 1= ZCOS[U + Dw;)Zsi4s—;  foralli=1,..,5"
=0
5-1
T; St4s = Zsm[(j + Dwi)Tgt4s—;  foralli=1,.., 5"
=0
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With these objects we can define the test statistics for testing unit root hypothesis
in different frequencies. First, consider the testing unit root on zero and Nyquist

frequencies:

QdZt 128 1-S k:St—l—s

(d) =
Zt 125 1— szst-i-s

fork =0,5/2 (3.10)

Remark 12. This test corresponds to the test of HEGY with the null hypothesis

Hy . for k=0,5/2.

For the harmonic frequencies, we propose two variance ratio test statistics:

0
Tj(d) N2d2t 125 1-S ~;St+8 fOTj _ 1,..,5* (311)
Zt 123 1-S ]St+8
*2
77(d) = QdZt 1 D1 Ui forj=1,.,5" (3.12)

J ~
Zt 125 1-S ;QStJrs

where 7;(d) is the test statistic for the unit root hypothesis at the harmonic

frequency w; for all j = 1,...,8% 77(d) is the test statistic for the unit root

hypothesis at the harmonic frequency 27 — w; for all j =1, ...,.5*.
Remark 13. These tests correspond to the tests of HEGY with the null hypothesis

HO,j for ] = 1, ,S*

Notice that the unit roots in the harmonic frequencies are complex conjugates.
Then, one can use the following statistic to jointly test the presence of the pairs

of complex unit roots:

7i(d) = (75(d) + 77 (d))/2 for j =1,..,5" (3.13)

Finally, we derive the F type statistics for the joint test for the unit roots in the
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different frequencies:

S* S*
1. s2(d) = ﬁ (TQ(@ + Z 7i(d) + Z T;‘(d)> (3.14)

To,...5/2(d) = % <70<d) + 7o(d) + Z%’(‘D + Z 7';(@) (3.15)

Remark 14. Remark that the test in equation (3.14) corresponds to the joint
unit root tests at all frequencies except the zero frequency. Further, the test in

equation (3.15) corresponds to the joint unit root tests at all frequencies.

Remark 15. By the proposed nonparametric fractional seasonal variance ratio
(FSVR) tests, we bring some technical innovations to the nonparametric seasonal
unit root testing methods. Besides proposing a new family of nonparametric
seasonal unit root tests, we also improve the nonparametric tests of Taylor (2005)
by extending quarterly data (S = 4) to the general seasonal index S. Therefore,
these tests can be used for semiannually (S = 2), quarterly (S = 4), monthly (S =
12) and weekly (S = 7) observed data. We also introduce joint nonparametric
seasonal unit root tests defined in (3.14)-(3.15) to be comparable with parametric
seasonal unit root tests of HEGY. These types of seasonal unit root tests are not

included in the study of Taylor (2005).

3.4 Asymptotic Results for the Fractional Sea-

sonal Variance Ratio Test

In this section, we present the asymptotic results for the FSVR tests. To de-

rive the asymptotic results, we adopt a similar structure as del Barrio Castro
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et al. (2012). Under the overall null hypothesis, we can write {zg; s} as in S

dimensional vector form:

Xi =X+ U,
X = [CUSt—(S—l),CUSt—(S—2)7 ---al’St]/ t=1.,N

Ut = [uSt,(s,l),uSt,(s,g), ...,ugt]’ t= 1, ,N

where the innovation process can be written as:

Ut = Z (I)jEtfj
j=0

Et — [ESt,(sfl),ESt,(sfz), ceay GSt]/ t= 1, ,N

Here ®; and ®;s are defined as in del Barrio Castro et al. (2012):

1 0 0 0
o1 0 .. 0
Po=1| ¢, ¢ 1 0

Os—1 OPs—2 ¢s-3 ... 1
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bjs Pis—1 Gjs—2 o DjS—(S-1)
bjs+1 bjs Gjs—2 - DjS—(S-2)
D=1 higia ®js Gjs—1 - QjS—(S—3) =12,
Ojs+S5—1 Pjs+S—2 Pjs4S—3 - ®js

The following lemma can be found as Lemma 1 in del Barrio Castro et al. (2012):

Lemma 5. Let X, is generated as in equations (3.16)-(3.18). Then under As-

sumptions A.1 — 4,
N7'2X |y = @)W (t) re[0,1]

where W (r) is S dimensional standard Brownian motion process, ®(1) := 3 72 ®;,

the right element of above convergence can be expressed as

.
(1/S)o [¢(1)Co+ ¢(—1)Cspo +2 Y (b:Ci + a;Cy) | W(r)

i=1

where a;, = Im(¢lexp(iw;)]), bi = Re(¢plexp(iw;)]) for ¢ = 1,...,5*, C; for all
j=0,..,5/2 and C} for k = 1,...5* are circulant matrices. Further information

about these matrices can be found in Appendix B.

The following lemma demonstrates the limiting distribution of the fractionally

transformed process:

Lemma 6. Let X, is generated as in equations (3.16)-(3.18) and X, is obtained
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from equation (4.13). Under Assumptions 4.1 — 4, then
N=12X,n = o®(1)Wa(t), r€[0,1]

where

waﬂwwzfaﬁqjglr—www«w (3.19)

is S dimensional Fractional Brownian motion.

Using the object derived in Lemma 5 and Lemma 6, we reach the following

asymptotic results for the FSVR test statistics:

Theorem 4. Let the assumptions of Lemma 5 hold. Consider the FSVR test
statistics given by equations (4.4)-(4.9). As N — oo,

Tl(d):> fO )2d7'
f Wd+1z(r 2dr
i

)
f r)2dr + fo Wi (r)2dr
)?

— () i=0,5/2

] - *
= n(d) fOT’J = 1’ ,S
f Wagr,;(r dr—irfo d+1g( r)2dr ’

77 (d) = n;(d) forj=1,..,5"

7;(d) =

7;(d) = n;(d) forj=1,...,5

1
T17_.,S/2<d) = S— ( + 227]] >
1
70,..5/2(d) = 5 (770( +n2(d) + QZ% )

where Wy(r), Wsya(r), Wi(r) and Wj(r) for j = 1,...,S* are the independent
standard Brownian motions, Wao(r), Was/2(r), Wi ;(r) and Wy ;(r) are the in-

dependent fractional Brownian motions for j = 1, ..., 5%, respectively.
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Remark 16. The convergence results stated in Theorem 4 do not take the deter-
ministic component into account. To adjust for the deterministic elements, we

extend these results by the following generalization of the DGP in (3.1)-(3.2):
ySt+S = MS?H—S + 'TSIH-S’ S = 1 — S, ceey 07t = 1, ceey N (320)

where xg;, s is defined in (3.1)-(3.2) and pgiys = V' Zsirs where Zg, . are purely
deterministic. Following Smith et al. (2009), we define the characterization of
tsirs with a typology of three cases, namely: no deterministic component (j = 0),
seasonal intercepts (j = 1), seasonal intercepts and seasonal trends (7 = 2). When
the deterministic component is involved, to obtain tests which are exact invariant
to the elements of v, our test statistics (3.10)-(3.15) should be redefined using
de-trended series as ZTgi1s = Tsirs — V' Zsiys. The detrending in this paper is
done by using OLS de-trending as in, Smith et al. (2009) and Nielsen (2009). For
example, we have the demeaned or detrended analogues of the Brownian motion

in the asymptotic distribution of unit root test at the zero frequency as follows:

Boair () = Woaei(r) — ( /0 1 Wo(t)Dj(t)dt) < /0 1 Dj(t)Dj(t)dt> -1

< /0 F(ld) (r— 0D, (0)de ¥ j=1,2

where D;(t) = 1 and Dy(t) = [1,t]'. For other frequencies, this object can be
obtained similarly. For the demeaning and the detrending procedures for the

HEGY type tests, see Smith et al. (2009).

Next, instead of simple OLS de-trending, following Rodrigues and Taylor (2007),
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we obtain demeaned or de-trended series by using GLS de-trending algorithm.

Let the observed series Y; and deterministic term Z; to be defined as follows:

Y, = [ySt—(S—1)7 YSt—(5—-2)y -++» ySt]/

Zy = [251—(S—1), Z8t—(S—2)s ---» 25t)’

We apply quasi-differencing to Y; and Z; where

c

Py (1- )]
c

Vaeutn- (1 )]

We can obtain the coefficient 4grs by regressing Yz on Zz:. Then the GLS de-

Z| ol

| o

ZEZ |:Zl,Zg — (1 -

trended series are given by converting the vector process X, =Y - YarsZ; to
the seasonal process g, s where X, = [T51—(5-1), TSt—(5—2)s ---» Tst) . We replace
these GLS de-trended series with zg; s in the testing procedure. Finally asymp-
totic distributions are replaced with the GLS demeaned or de-trended versions

of Brownian motions and Fractional Brownian motions. The objects are same as

described in Nielsen (2009).

Remark 17. The asymptotic results in Theorem 4 are based on the seasonal unit
root null hypothesis of Hy given at equation (3.3). Under the local alternatives,
Rodrigues and Taylor (2007) present the decomposition of a(L) presented in
Section 2.2 as o = (1 +v;/T) for i = 0,5/2, and o; = (1 +v;/T),5; = 0
for j = 1,...,5%, where vy, vy, ....,vg/y are finite constants. Therefore, following
Rodrigues and Taylor (2007) and Nielsen (2009), under the local alternatives, the
Brownian motions in Theorem 4 can be replaced by the corresponding Ornstein-
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Uhlenbeck processes which are given as follows:

Jye(r) = / exp(—vy(r — AW ()

Jieai(r) = / " eap(—vy(r — \))AW, i (0)

where v;, j =0,...,.5/2 are the frequency specific non-centrality parameters.

Remark 18. Let CV,, s(n;(d)) be the y-th quantile of the asymptotic distribution
of the test statistic 7;(d) for j = 0,...,.5/2. We reject the one sided ¢ type test
if 75(d) < CV, s(n;(d)) for all j = 0,...,5/2 . For the joint tests, we reject the
null hypothesis if 79 _g/2(d) > CV(1_).s(n0,...5/2(d)) where CV(1_) s(no,...,s/2(d))
is the (1 —~)-th quantile of the empirical bootstrap distribution of the test statis-

tic Toj,..75/2(d>.

The asymptotic critical values for the FSVR tests for two different parameter val-
ues for d and two different number of seasons S are given in Table 3.1. We report
the critical values for d € {0.1,1}. Moreover, we consider the cases S € {4, 12}
which are empirically the most relevant ones. S = 4 corresponds to quarterly
data and S = 12 is used for monthly data. In this table, the critical values are
also classified according to the deterministic structures given in Remark 16 and

the nominal significance levels.

Remark 19. For d = 1, the nonparametric seasonal unit root tests of Taylor
(2005) and inverse of our tests are equivalent. Moreover, it is important to note

that our paper firstly introduces GLS de-trending procedure to the nonparametric
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seasonal unit root testing framework.

3.5 Finite Sample Simulations

In this section, we investigate the finite sample size and size-adjusted power of
the conventional HEGY tests from section 3.2.3, the FSVR tests from section 3.3.
The experiments are done using 10,000 Monte Carlo replications. The reported
finite sample simulations in this section are based on the following quarterly

(S = 4) DGP:

(1 — aoL)(1 + asL)(1 + &2 L*)@gps = Usrps (3.21)

Ugtt+s = ¢(L)€4t+87 E4t+s ™ NI.[D(O, 1) (322)

with €415 = 0 for ¢ < 0. For investigation of the finite sample size performance,
we pick ag = a3 = @ = 1 and for the finite sample power performance, we pick

a; € {0.93,0.86}

By expanding ¢(L) = 6(L)y(L)~" with two finite lag operators §(L) and (L),

we consider 5 different types of serial correlation scenarios for uy, s as follows:

(1 — ¢1L — ¢2L2 — ¢4L4)U4t+s = (1 —|— HlL + 02[12 —f- 04L4)64t+5 (323)

where €415 is a martingale difference sequence. For the Monte Carlo simula-
tions, in addition to no serial correlation case, we consider the parametrisa-

tion in equation (3.23) as follows: (i))ARMA(1,1) : 6, = —0.5, 0 = 6, = 0,
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Yy = 05,10y = by = 0, (i))ARMA(2,2) : 6, = 0.5, 0, = 04 = 0,, Y = —0.5,
wl = (254 = 0, (111)MA(4) : 94 = 05, 91 = 92 = 0, ¢1 = 1/12 = 'QD4 - 0,

(IV)ARMA<4, 4) . 494 == —0.5, 01 == 492 == O, ¢4 =05 77/11 == 77/12 =0.

Results are reported for the o, t5/2, F1, Fo,|s/2) and Fy | s/2 statistics of the HEGY
tests, and 7o(d), Ts/2(d), T1(d), 7o, 5/2)(d) and 7, s/2(d) of the FSVR tests. Ta-
ble 3.2 contains OLS demeaned results. Corresponding results for GLS demeaned

data are reported in Table 3.3. We set ¢ = 13.5.

Following Nielsen (2009), we investigate the impact of the fractional integration
parameter d in the performance of FSVR tests. The best results in terms of power
and size are obtained with d = 0.1. For comparison with tests of Taylor (2005),

we also report the case with d = 1.2

The results in Table 3.2 indicate that the FSVR and HEGY tests are correctly
sized in the OLS demeaning case. These results apparently suggest that in all
frequencies the FSVR tests, useful and significant power gains are obtained com-
pared to the tuning parameter free test of Taylor (2005). It is clear that the FSVR

tests even rival the parametric HEGY tests regarding the power performance.

We observe in Table 3.3 that, when GLS demeaning is used, the size performance
of FSVR tests is satisfactory. We demonstrate that GLS demeaning increases the
power performance of our nonparametric tests. GLS demeaning do not increase

the power of the nonparametric tests of Taylor (2005). It is important to note

2The results with other values of d are available upon request.
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that these tests are clearly dominated by our FSVR tests. On the other hand,
under the GLS demeaning case, HEGY tests have the advantage in the individual
coefficient testing for i.i.d. and ARMA type errors. For the MA serial correlation
case, consistent with findings of Nielsen (2009), individual coefficient FSVR-GLS
tests are superior to the individual coefficient HEGY-GLS tests. 3 However, in
the joint tests, the FSVR and HEGY methods enjoy similar power properties. In

some cases of the joint tests, even FSVR-GLS is superior to the HEGY-GLS test.

3.6 Conclusion

This paper brings some technical innovations to the seasonal unit root testing
literature. First, we have developed a new class of non-parametric seasonal unit
root tests by making a seasonal generalization to Nielsen (2009). The proposed
seasonal test statistics are constructed as a ratio of the sample variance of the
seasonally transformed series and that of a fractional partial sum of the same
transformed series. The test statistics at all frequencies are free of tuning pa-
rameters, such as lag length and bandwidth etc. Further, we extend the seasonal
variance ratio framework by proposing joint frequency tests. This type of analysis

is missing in Taylor (2005).

Second important contribution is on fractional integration literature. We intro-
duce a new fractionally transformed seasonal series, Tg;1s. Although these series
are univariate, we utilize the theory for type II multivariate fractional Brownian

motions to find the asymptotic distribution for these objects. Further, one can

3This puzzled result comes from the lag length selection procedure required for the HEGY
tests.
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assume the fractionally transformed seasonal series as data generation process
and conduct test on the fractional integration parameter. We leave this issue for

a future study.

Last but not least, in the Monte Carlo simulations, we investigate the effect of
the fractional integration parameter d in our testing procedure. The best results
for both size and size adjusted power exercises are obtained when d = 0.1. This
result is consistent with the findings of Nielsen (2009) for standard unit root
tests. The simulation results reveal that our proposed non-parametric tests show
competitive power performance with the parametric HEGY tests by exhibiting

desirable size properties in all scenarios considered.
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Table 3.1: Asymptotic Critical Values for the Fractional Seasonal Variance Ratio Tests for S =4 and S = 12

S=4
70 7j Tos/2 T15/2
(1—9) 90% 95% 99% 90% 95% 99% 90% 95% 99% 90% 95% 99%
d  Deterministic
0 1.54 1.62 1.77 1.40 1.46 1.58 1.38 1.41 1.49 1.38 1.43 1.52
0.1 1 1.76 1.82 1.93 1.66 1.70 1.79 1.64 1.67 1.72 1.65 1.68 1.75
2 1.92 1.98 2.08 1.85 1.88 1.96 1.82 1.85 1.90 1.83 1.86 1.92
0 33.82 49.79  102.80 15.55 22.60 41.63 21.20 27.03 44.00 20.09 26.56 44.39
1 1 69.25 98.44  181.72 39.29 51.68 82.18 45.81 56.05 82.01 44.62 55.95 85.55
2 226.91 290.06 448.47 155.55 186.78 262.34 160.84 182.75 236.90 161.06 186.61 249.927
S =12
0 1.54 1.62 1.77 1.40 1.46 1.58 1.314 1.33 1.37 1.31 1.33 1.37
0.1 1 1.76 1.82 1.94 1.66 1.71 1.79 1.59 1.61 1.64 1.59 1.61 1.64
2 1.92 1.98 2.08 1.85 1.88 1.96 1.78 1.79 1.82 1.78 1.79 1.82
0 33.52 49.35 100.27 15.53 22.61 42.24 14.42 16.81 22.63 13.87 16.22 21.88
1 1 69.90 98.25 179.06 39.51 51.66 83.10 33.08 37.14 46.63 32.08 36.24 45.58
2 227.07 290.41 457.30 155.37 186.26 264.55 129.09 139.04 160.26 127.47 137.99 159.390

Note: We drop the (d) notation. We use 100000 Monte Carlo simulations to obtain the critical values with N=1000. ~ denotes
the significance level. Deterministic=0 is for the case of no deterministic adjustment, Deterministic=1 denotes the case of only
seasonal intercept adjustment and Deterministic=2 denotes the case of both seasonal intercept and trend adjustment. The critical
values for other values of d is available upon request.
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Table 3.2: Finite sample size and size-adjusted power for the fractional seasonal variance ratio (FSVR) and
HEGY tests: OLS demeaning

70(d) to T2(d) ta T1(d) Fy T12(d) Fy, To12(d) Fyq2

Model o \ d 0.1 1 . 0.1 1 . 0.1 1 . 0.1 1 . 0.1 1
1 0.05 0.05 0.05 0.04 0.05 0.05 0.05 0.05 0.05 0.04 005 0.05 0.04 0.05 0.05
iid 0.93 0.24 022 0.18 024 0.21 0.19 049 0.36 0.29 0.76 048 0.52 0.6 0.43 042

0.86 054 039 052 055 039 054 089 066 0.8 099 083 097 098 0.77 0.93

1 0.05 0.05 0.06 0.05 0.06 0.05 0.05 005 0.05 0.04 0.04 0.05 004 0.06 0.05
ARMA (1,1) 093 024 021 018 024 0.22 018 045 038 030 0.75 051 051 063 044 041
0.86 055 040 053 055 041 053 088 068 0.83 100 086 097 097 0.77 0.93

1 0.04 0.05 0.056 0.04 0.056 0.05 0.05 004 0.05 0.04 0.05 0.06 0.04 0.06 0.05
ARMA (2,2) 093 025 020 0.18 024 0.22 0.17v 047 038 029 075 049 0.50 0.63 042 0.39
0.86 057 038 053 055 041 051 089 069 081 1.00 085 097 098 0.77 0.92

1 0.03 0.04 0.05 0.03 0.04 003 0.05 005 0.05 0.03 0.04 0.05 0.03 0.04 0.05
MA(4) 093 022 021 012 022 021 012 045 035 020 0.72 048 032 060 041 0.27
0.86 051 0.38 033 050 038 034 085 064 056 099 082 0.8 096 0.74 0.7

1 0.04 0.05 0.056 0.04 0.06 0.05 0.05 005 0.05 0.04 0.05 0.06 0.04 0.06 0.06
ARMA (4,4) 093 024 023 019 024 020 018 047 036 030 075 049 050 0.62 042 0.40
0.86 055 041 053 056 038 053 089 066 0.82 1.00 084 097 098 0.76 0.93

(i) Nominal 5% asymptotic level (ii) Tests 79(d), 72(d), 71 (d) correspond to FSVR tests at zero, Nyquist and joint harmonic
frequencies, respectively. 712(d) corresponds to frequency FSVR tests at all frequencies except zero frequency Further,
To12(d) corresponds FSVR the joint unit root tests at all frequencies. (iii) Tests to, ta, F1 correspond to HEGY tests at zero,
Nyquist and joint harmonic frequencies, respectively. Fio corresponds to frequency HEGY tests at all frequencies except zero
frequency Further, Fyio corresponds HEGY the joint unit root tests at all frequencies. (iv) The results for HEGY tests do
not depend on fractional integration parameter d. For HEGY tests, we use the optimal lag length selection described in del
Barrio Castro et al. (2016).
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Table 3.3: Finite sample size and size-adjusted power for the fractional seasonal variance ratio (FSVR) and
HEGY tests: GLS demeaning

To(d) to T2(d) ta T1(d) Fy T12(d) Fy, To12(d) Fyi2

Model o \ d 0.1 1 . 0.1 1 . 0.1 1 . 0.1 1 . 0.1 1
1 0.05 0.05 0.05 0.05 0.05 0.06 0.06 0.05 0.05 0.05 0.05 0.06 0.06 0.05 0.05
iid 0.93 0.31 0.19 038 0.32 0.18 041 0.63 0.27 058 091 0.35 087 081 0.30 0.77

0.86 066 031 081 0.66 032 082 096 047 096 1.00 0.63 1.00 0.99 0.55 0.99

1 0.06 0.05 0.06 0.06 0.05 005 0.05 0.06 005 0.05 005 0.06 005 0.05 0.05
ARMA (1,1) 093 033 0.18 041 032 019 041 066 026 0.60 092 033 089 0.83 031 0.77
0.86 067 030 082 066 033 081 096 047 096 1.00 0.64 1.00 1.00 0.57 0.99

1 0.05 0.05 0.05 0.05 0.05 0.05 005 0.05 0.05 0.05 005 006 0.05 0.05 0.06
ARMA (2,2) 093 033 019 038 032 020 039 066 028 059 091 035 088 0.83 031 0.77
0.86 066 0.32 080 0.67 033 082 096 048 096 1.00 0.63 1.00 1.00 0.55 0.99

1 0.04 0.05 0.04 004 0.05 004 0.05 0.05 005 0.04 005 0.05 004 0.05 0.04
MA (4) 093 033 019 031 032 019 032 061 027 047 091 033 077 080 030 0.64
0.86 0.67 0.33 0.67 0.66 035 0.67 095 051 086 1.00 0.67 099 1.00 0.59 0.97

1 0.06 0.05 0.06 0.05 0.06 0.05 0.05 0.05 0.06 0.06 0.05 0.05 005 0.05 0.06
ARMA (4,4) 093 034 0.18 041 033 0.17 040 0.63 027 057 091 0.32 088 0.82 029 0.77
0.86 069 031 081 0.66 031 082 095 049 095 1.00 0.62 1.00 0.99 055 0.99

(i) Nominal 5% asymptotic level (ii) Tests 79(d), T2(d), 71 (d) correspond to FSVR tests at zero, Nyquist and joint harmonic
frequencies, respectively. 712(d) corresponds to frequency FSVR tests at all frequencies except zero frequency Further,
To12(d) corresponds FSVR the joint unit root tests at all frequencies. (iii) Tests tg, t2, Fy correspond to HEGY tests at zero,
Nyquist and joint harmonic frequencies, respectively. Fio corresponds to frequency HEGY tests at all frequencies except
zero frequency Further, Fyi2 corresponds HEGY the joint unit root tests at all frequencies. (iv) The results of HEGY tests
do not depend on fractional integration parameter d. For HEGY tests, we use the optimal lag length selection described in
del Barrio Castro et al. (2016).



CHAPTER 4

NONPARAMETRIC SEASONAL UNIT ROOT
TESTS UNDER PERIODIC
NONSTATIONARY VOLATILITY

4.1 Introduction

There is growing literature related to the patterns of heteroscedasticity in sea-
sonal economic and financial variables. These patterns can be grouped into two
categories. The first one is periodic heteroscedasticity (PH), where shocks in some
seasons are more variable than others. It is documented that there is significant
evidence of PH in variables such as manufacturing series, marginal cost curves,
unemployment rates (see Beaulieu and Miron (1993); Franses et al. (1996); Proi-
etti (1998)). The second one is nonstationary volatility, where there are perma-
nent changes in volatility within years. Some variables which exhibit nonstation-
ary volatility are energy consumption, core CPI, real GDP growth and exchange
rates (see McConnell and Perez-Quiros (2000); Kahn et al. (2002); Van Dijk et al.
(2002)). The empirical evidence of heteroscedasticity coupled with seasonal non-

stationarity led the researchers to investigate the seasonal unit root tests under
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heteroscedasticity. For instance, Burridge and Taylor (2001, 2004) and Cavaliere
et al. (2017) suggest heteroscedasticity robust versions of the parametric seasonal
unit tests of Hylleberg et al. (1990)[HEGY]. However, nonparametric seasonal

unit root tests are still based on the assumption of homoscedasticity.

In this paper, we aim to improve the performance of nonparametric seasonal unit
root tests under both PH and nonstationary volatility. To accomplish this im-
provement, we first consider the asymptotic properties of the fractional seasonal
variance ratio (FSVR) test statistics of Eroglu et al. (2018) under the aforemen-
tioned types of heteroscedasticity. We demonstrate that the asymptotic distri-
butions of FSVR test statistics depend on nuisance parameters arising from the
heteroscedasticity present in the innovations. Especially, limiting distributions
of joint frequency FSVR tests depend on seasonal heterogeneity parameters and
can not be directly simulated. Therefore, we suggest a wild bootstrap based pro-
cedure which provides good approximations to the limiting distributions of each

FSVR test statistics.

This new testing design has several advantages. First, it is fully nonparametric
and does not necessitate the parametric estimation as in Burridge and Taylor
(2001) and in Cavaliere et al. (2017). Second, the nonparametric wild bootstrap
reduces severe size distortions in the presence of heteroscedasticity and maintains
the tuning parameter-free nature of the proposed tests. Third, the wild bootstrap
implemented in this paper replicates the pattern of heteroscedasticity in the sea-

sonal innovations without estimating variance profile. Finally, bootstrap saves
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us from simulating the asymptotic distributions of the test statistics of interest.
This feature is important since in some cases, it is not possible to simulate the

asymptotic distributions of the test statistics.

The remainder of the paper is organized as follows. In Section 4.2, we introduce
seasonal data generating process (DGP) with periodic nonstationary volatility
and detail the assumptions under which we will work. In Section 4.3 we an-
alyze the nonparametric seasonal unit root tests under periodic non-stationary
volatility structure. The wild bootstrap algorithm of the FSVR unit root tests
are defined, and the limiting null distributions of the associated wild bootstrap
FSVR tests are given in Section 4.4. The finite sample properties of the wild
bootstrap HEGY and FSVR unit root tests are explored through Monte Carlo
simulation in Section 4.5. Section 4.6 concludes. The simulation result tables are

placed at the end of the chapter.

4.2 The heteroskedastic seasonal model and as-

sumptions

In this section, we firstly present the univariate heteroskedastic seasonal time

series {Tgn+s} with the following data generating process (DGP):

a(L)xgpis = Usnts, s=1-—95,..00n=1..N (4.1)

USn+s = @(L)€Sn+s (42)
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ESn+s = 0Sn+s€Sn+s (43)

where S represents the number of seasons, a(L) = 1 — Zle a; L7 is an AR(S)
polynomial which determines the seasonal unit root. Furthermore, lag polyno-
mial W(L) =1+ 37, ;L7 generates serial correlation in the innovations. The
lag operator L is defined as L%t Fyg, ., = YS(n—j)+s—k- Lhe sample size is given
by T'= SN. such that N is the total number of cycles completed. Furthermore,

following Eroglu et al. (2018), we assume that initial conditions zy,...,xg are

0,(TY?).

In this framework, the vector of seasons innovation process {€y} is the source
of seasonal non-stationarity behaviour of the model. We define it as &, =
(€Sn—($-1), ---»€sn). Throughout the paper, the following set of assumptions will

be taken to hold:

Assumption. A.1 Let €, = Q,F,, such that £, = diag{es,—(s-1) ..., esn} and
O, = diag{osn—(s-1), ---,0sn} is an S x S nonstochastic matrix.

A.2 The volatility term 2, satisfies:

Qn, = Q(n/N) = diag{oq_g)(n/N),...,00(n/N)}

foralln =1,..., N, where Q(.) € Dgsxs|0, 1], where Dgsxs[0, 1] denotes the space
of m x n real matrices of cadlag function on [0, 1].

A.3 Time varying unconditional variance matrix Y (u) = Q(u)Q(u)" is assumed
to be positive definite for all u € [0, 1].

A.4 The power series W(z) satisfies W(2) # 0 for all |2| < 1, and 3772 j"[1y] < oo.

61



Remark 20. Assumptions A.1 — A.3 are the conditions for the innovations to
display periodic nonstationary unconditional volatility. They imply that the time
varying pattern in the volatility can be observed in either some or the entire
seasons. Moreover, the time varying variance of the seasonal vector of shocks £, is
bounded, deterministic and exhibits a countable amount of jumps, by permitting
single or multiple variance shifts. Also, alteration of the PH behavior of the shocks
is allowed through the sample. It is important to note that the pattern of PH
where Q,, = diag{o(_s),...,00} is the special case of the volatility setup defined

in Assumption A. For the standard homoscedastic case, we define Q,, = olg.

Remark 21. Assumption A.4 implies stationarity of the innovation term wug, .
In other words, the only source of nonstationary dynamics is the seasonal AR

polynomial a(L).

4.3 Asymptotic analysis of FSVR tests under

periodic non-stationary volatility

In this section, we investigate the asymptotic properties of the nonparametric
FSVR tests of Eroglu et al. (2018) under the assumption of heteroscedasticity.
Remember that the FSVR tests are defined in different frequencies. First, con-

sider the test statistics of unit root on the zero and Nyquist frequencies:

N 0
— N2 D n=1 Ds=1-5 xi,sn+s

7i(d) N 0 ~
Zn:l ZSZI—S xz,Sn—&—s

for k=0,[5/2] (4.4)
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For the harmonic frequencies, two variance ratio test statistics are given as:

de Zt 125 1-S ],Sn-‘rs fOT] _ 1 S* (45)
Zn IZS 1-S ]Sn—l—s

NQdZn 123 1-S ]Sn+s
zn 125 1-S ~;k25n+5

7;(d) =

7;(d) =

forj=1,..,5" (4.6)

where 7;(d) and 7;(d) are the test statistics for the unit root hypothesis at the
harmonic frequencies w; and 2 — w; for all j = 1,...,5*. The following test

statistic is defined to jointly test the presence of the pairs of complex unit roots:
7i(d) = (75(d) + 75 (d))/2 for j = 1,.., 57 (4.7)

Finally, the F type statistics for the joint test for the unit roots in the different

frequencies are given as:

5 5
1 x
T ls2i(d) = g3 <7L5/2J (d)+ > 7(d) + > 7 (d)> (4.8)
j=1 j=1
1 S* S*
70,..152)(d) = & (To(d) + 7Ly (d) + ) m(d) + > Tf(d)> (4.9)
j=1 j=1
Remark 22. The test statistic in equation (4.8) corresponds to the joint unit root

tests at all frequencies except the zero frequency. Further, the test statistic in

equation (4.9) corresponds to the joint unit root tests at all frequencies.

Seasonal unit root tests of Eroglu et al. (2018) are constructed with the as-
sumption of homoscedasticity. Therefore these tests do not take the periodic
heteroscedasticity structure of Burridge and Taylor (2001) and nonstationary

volatility structure of Cavaliere and Taylor (2008) into the account. This sec-
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tion aims to discuss the effect of the aforementioned volatility structures on the

asymptotic null distributions of FSVR tests.

First, to obtain asymptotic null distributions of the FSVR tests outlined above
when the volatility process satisfies Assumption A.1 — A.3, first, we rewrite the

{Zsnis} in the vector of seasons form as follows:
X, =Xy 1 +U, n=1,..,N (4.10)

where X,, = [Tgn—(5-1), ...,xgn]/ and U; = [usn—(s—1), ...,uSn]/, n=1,..,N. Let

us define the vector error process U, in the vector M A(oco) representation as

Up=Y Ve, (4.11)

=0

where W; are S x S matrices in the form

1 0 0 0
(00 1 0 0
Vo= 1| o 4y 1 .. 0

Vs_1 Vs Y3 ... 1
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and for j =1,2, ...

(D Yis—1 WYis—a2 . WYis—(s-1)

Vst (] Yis—a ... Vis—(s—2)

Uji= | hisia Vs Yis—1 . Vjs—(s-3)
Yis1s-1 Vjs+s5—2 Vjs+s—3 - Pjs

where 1;, j = 1,2, ..., are the MA coefficients from the inverse of ¥(z).

Now, first consider the following lemma which provides the first fundamental

convergence result in our setup:

Lemma 7. Let X,, be generated by (4.10)-(4.11) and Assumptions A is satisfied.

Then in the space of Dgmxx|0, 1],

NTYEX| vy = U(1)M(), (4.12)

where W(1) = 322, W; and M(.) = [;Q(u)dW (u) is an S-dimensional continu-
ous martingale, with W (.) = (W;_s(.), ..., Wy(.))’, an S-variate standard Brown-
ian motion process. M(.) is a continuous martingale vector with the integrated

covariation equal to X(.) = [; Q(u)Q(u)".

For the asymptotic analysis of the fractional scaled vector of seasons data, fol-

lowing Eroglu et al. (2018), we define the vector form X, as follows:

Xn = [A;d.ﬁgn_(s_l), A:rdaign_(s_g), ey Ajrdet]/ (413)
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The following lemma presents the key convergence result of the fractional scaled
vector of seasons data under the case where the error terms have non-stationary

volatility:

Lemma 8. Let X,, be generated by (4.10)-(4.11) and Assumptions A.1 and 4.2

are satisfied. Then in the space of Dgmxx|0, 1],

N=V2X = (1) Mgy (), (4.14)

where W(1) = > W; and My (r) = ﬁ Jo (r—t)*dM (t) is an S dimensional
fractional continuous martingale, where M(.) is an S dimensional continuous

martingale defined in (4.12).

Remark 23. Mgy1(.) can be represented as a vector variance-transformed type 11
fractional Brownian motion on [0, 1] with independent entries. Therefore, M 4(.)

can be represented as:

My () = [01-5Wa,_s1-8d41()s s G0Wao 0.a41 ()]

where W, sa+1(.) = Wiar1(ns(.)), with the process n,(.) = ;2 [; os(r)dr,
T = (fol os(r)2dr)/? s =1—8,...,0. {W,4:1()}°_, g are the independent type
IT fractional Brownian mortions. It is important to note that the limiting pro-
cesses {Ws ar1(ns() 2, _¢ are a set of S independent scalar variance-transformed
type II fractional Brownian motions under a transformation of the time domain
with the process 7,(.). For discussion of the properties of variance-transformed

type II fractional Brownian motion, see Eroglu and Yigit (2016).
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Using the fundamental convergence results of Lemma 7 and Lemma 8 , we now
present the asymptotic null distributions of the FSVR test statistics under peri-

odic non-stationary volatility:

Theorem 5. Let the assumptions of Lemma 7 and Lemma 8 hold. The statistics
To(d), Ts/2(d), 75(d), 7} (d), Ti(d), j = 1,...,.8% 71, |s/2)(d) and 7o, |s/2/(d) then

have the following asymptotic null distributions:

Jy Bya(r)*dr (d) i=0,15/2
s = uld) §=0,1572

{CE )Cj}fo 7’2d7“+{5;- 10]}f0 ’73 2d7"
(205} Jy B0+ {0} B 07

7 (d) = &;(d)

7i(d) =

7;(d) =

=: &p,5(d)

7~_j(d) = gn,j (d>

O)

1
Tls2)(d) = 5= <€n5/2 +225m ):; nLels/2)(d)

0,..,15/2) (d) = (&o( )+ &n,5/2(d +2Z§m );; §n.0,....15/2) (d)

where

Byil.) = (dB()e) 2 M (), = 0,5/2,
By(.) = (B(1)e)) M), Byy() = (65(1)¢) ¢ M ()

and

Bag1ni(-) = (5(1)e) 2 Maya (.),i = 0, 5/2,
Basini () = (2(1)e) 2 Maga (1), By () = (&2(1)¢)"?E Maga ()
are normalised mutually independent variance transformed conventional Brow-
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nian motion processes and variance transformed type II fractional Brownian
motion processes obtained by the selection vectors ¢y = [1,1,1,...,1], cg/p =
1,—-1,1,—-1,..,1], ¢; = [cos(w;[1 —S]), cos(wj[2—5]), ..., cos(0)], ¢; = [sin(w;[1—

S)), sin(w;[2 — 5]), ..., sin(0)], 7 = 1,..., 5™

Remark 24. For given variance profiles, the representations for the limiting null
distributions of the 7y(d) and 7g/2(d) given in Theorem 5 have the same functional
form as limiting null distributions of nonseasonal variance ratio statistic of Eroglu
and Yigit (2016). The limiting null distributions of the 74(d), 75/2(d), 7;(d),
J=1,..,58% 7. |s/2)(d) and 7y |s/2)(d) are all free from any weak dependence

nuisance parameters.

Remark 25. In contrast to the limiting null distributions of 79(d) and 7g/2(d), it
is seen that the limiting null distributions of the harmonic frequency statistics
7j(d), 77 (d) and 7;(d) and joint statistics 71...s/2)(d) and 7. 5/2)(d) depend on the
ratio of {c[¥(1)c;} to {&;X(1)¢;}. Since this ratio is unknown and very difficult

to estimate, simulation-based tests are not easy to implement. See Burridge and

Taylor (2001) for detailed discussion.

Remark 26. Thus far we have considered the case where {zg, s} admits no de-

terministic component. We have a trend in our specification of the model:

Ysnts = Stts + Tsnis, S =1—85,...,00n=1,..., N

where fisnis = V' Zsnis and Zg, s is purely deterministic and linear combina-

tion of the spectral indicator variables corresponding to the zero and seasonal
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frequencies. To conduct FSVR testing under nonstationary volatility which will
be exact invariant to the elements of v, we can focus on the simplest such proce-
dure through ordinary least squares (OLS) detrending or local generalized least
squares (GLS) de-trending as in Eroglu et al. (2018). If the deterministic com-

ponent allowed, the resulting de-trended series is defined as:

ian—&—s = TSn+s — ’?/ZSn—l-s (415)

and FSVR tests can be constructed with the help of zg, s rather than xg,s.
Therefore, variance transformed standard Brownian and type II fractional Brown-
ian motions on frequencies which are defined before, are re-defined as appropriate
to the deterministic scenario of interest (see Eroglu et al. (2018) for de-trending
procedures). To illustrate, let us give an example for zero frequency demeaned

analogue. B, 4+1 will be replaced by the process B g 441 — fol B;, 0,441 (u)du.

In the next section, we propose wild bootstrap implementations of nonparamet-
ric seasonal unit root tests of Eroglu et al. (2018) which are robust to periodic

heteroscedasticity and permanent shifts in the variance of innovations.

4.4 Wild bootstrap FSVR tests

As we demonstrate in Theorem 5, seasonal non-stationary volatility adds a time
deformation to the volatility, by way of the seasonal generalization of the variance
profile defined in Cavaliere and Taylor (2007), to the limiting null distributions
of the FSVR unit root test statistics. Additionally, it is seen that the limiting

null distributions of the harmonic frequency statistics 7;(d), 77 (d) and 7;(d) and
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joint statistics 71..s/2)(d) and 7o..|s/2)(d) depend on the ratio of {c;X%(1)c;} to
{&%(1)¢;}. Constructing a pivotal statistics and performing a simulation-based
test is not an easy task, because this ratio is unknown and very challenging to
estimate. In the time series literature, bootstrapping is very useful when the

simulation-based tests are not suitable.

In this section, we first propose the seasonal nonparametric wild bootstrap imple-
mentations of the FSVR tests. Basawa et al. (1991) recommend to perform boot-
strapping under the null hypothesis. This recommendation should be followed
since if it is neglected finite sample performance of the unit root tests are deteri-
orated. Therefore, also by following Cavaliere and Taylor (2008), we use seasonal
first difference residual wild bootstrap. Next, we show that with this bootstrap,
we obtain correct p-values in the presence of both periodic heteroscedasticity and

nonstationary volatility.

4.4.1 The seasonal wild bootstrap algorithm

The proposed seasonal wild bootstrap algorithm is formalized in what follows:

1. Obtain the FSVR test statistics, 1o(d), 7g/2(d), 7;(d), j = 1,...,5*(d),
71..1s/2) (d) and 79 |g/2)(d) along with & g,s, where either OLS or GLS de-
trending is utilized to cope with the deterministic component jig;. . Then,
define the first difference residual vector as AXn = ﬁn, where

A

— [4 " ol —
Un - [Usnfsfl,usnfs—% "'7“5’71} y = 17 7N

* o __ * * * 1/ 153 :
2. Generate U} = [u¥,, g 1, U5, g o,---, Us,] by utilizing the device of ran-
domization, u¥,,, = UsnisWsnts, Where {wg, s}h_; is an ii.d sequence
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with E(wgnts) =0, E(wg,,,) =1 and E(wgpts) < 00

3. Construct the wild bootstrap time series by employing the following recur-
sive procedure:

* *
AX*=Usn=1,..N,
* * * * /
where X = 2%, ¢ 1, T5,_g 9, T5,) -

4. By using the sample of bootstrap, obtain the bootstrap FSVR test statistics,
70, TSa(d), 77(d), j = 1,..,5%, 71...[5/2](d) and 75..|.5/2](d) along with
T§,,4(d), where either OLS or GLS detrending is utilized to cope with the

deterministic component g s.

5. Define p-values of the bootstrap as P/; = Gir(ti(d)), i = 0,5/2, Pl =
Tr(mi(d), j=1,...,5%, Pl*...LS/Zj,T 2 G;..LS/QJ,T(Tln-LS/?LT(d))’ and PJ...LS/2L,T =

GS...LS/2L,T<TO~.LS/2L,T(d))a where G} 7(.), k = 0,...,[5/2], GT...LS/ZJ,T(') and

1152 7(.) are the conditional (on the sample) cumulative distribution

functions of 73, 75y, 77, j = 1,..., 5%, 7{...|.5/2] and 73..|.5/2], respectively.

Remark 27. As mentioned in Cavaliere and Taylor (2009), the wild bootstrap re-
sampling strategy has the critical feature that, conditionally on the actual data,
the bootstrap error terms, U from step 2 are serially uncorrelated. This feature
is satisfied regardless of any serial correlation observed in the first difference resid-
uals U,,. Therefore, the bootstrap error terms, U} replicate the heteroskedasticity
behavior in the actual shocks. It is essential to note that, since the increments
of bootstrap samples are (conditionally) serially uncorrelated, and actual FSVR
tests with the corresponding asymptotic null distributions do not depend on se-
rial correlation parameters, parametric or semi-parametric correction for serial
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correlation is not needed for the bootstrap test statistics.

Theorem 6. Let X, be generated by (4.10)-(4.11) and Assumptions 4.1 and
A.2 are satisfied. Then 7/(d) = &,:(d), i = 0,5/2, 77(d) = &,;(d), j = 1,..,.5%,
7'1*7_”’LS/2J (d) = &pa,.15/2)(d) and TimyLS/QJ (d) = &p1,...,15/2)(d), where = denotes
weak convergence in probability. Moreover, Pj < U|0, 1], where P; denotes the
FSVR p-values defined in the seasonal nonparametric bootstrap algorithm, and

U[0, 1] denotes a uniform distribution on [0, 1].

Remark 28. Theorem 6 displays the practicality of the nonparametric seasonal
wild bootstrap under the null hypothesis of the seasonal unit root tests. As the
sample size goes to infinity, the bootstrapped FSVR statistics have the same
asymptotic null distribution as the actual FSVR test statistics under periodic
non-stationary volatility in the innovations. As a result, the bootstrap FSVR
p-values have (asymptotically) uniform distribution under the null hypothesis,
thus rendering the tests (asymptotically) correct-sized. Notice that the results
also hold under conditional homoscedasticity since that special case is contained

within Assumption A.

4.5 Finite Sample Simulations

In this section, we report the finite sample size and power performance of the
FSVR tests, the corresponding wild bootstrap FSVR tests, and the wild boot-
strap HEGY tests. We permit the innovations to exhibit various patterns of

heteroscedasticity which are allowed under Assumption A. All of the reported
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results are based on OLS and GLS demeaned data permitting seasonal intercepts.
All experiments are based on 10,000 Monte Carlo simulations. Following Eroglu
et al. (2018), we select d = 0.1. FSVR tests are performed with B = 199 boot-
strap replications. Bootstrapped variables are formed using independent standard
normal variables wg,,s. For the standard FSVR tests, critical values of Eroglu

et al. (2018) are used.

In Monte Carlo simulations, data is generated according to quarterly (S = 4)

DGP as follows:

(1 —aoL)(1 + asL)(1 + a1 L) Tapys = Usnsis (4.16)
USn+s = ¢(L)54n+s (417)
€an+s = Odn+sCan+s;, €ESnts ™ N]]D(Ov 1) (418)

where eg,1s = 0, for t < 0 . All simulations are conducted with N=100 and
0.05 significance level, with the volatility process o4,.s. We define the notation
Y = (0i-3,04-2,0,-1,0:0), i = 0,1. For investigation of the finite sample
size performance, we pick ayp = a3 = ap = 1 and for the finite sample power

performance, we pick a; € {0.93,0.86}

We consider 2 different types of serial correlation scenarios for wug, s consistent

with Eroglu et al. (2018). By expanding ¢(L) = 6(L)1(L)~" with two finite lag

operators (L) and (L), we consider the following types of serial correlation
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scenarios for uy., s as follows:

(1 =1L — oL — L ugnys = (1 4+ 01 L + 0oL + 0, L") €4y (4.19)

where €4, s is a martingale difference sequence. For the Monte Carlo simulations,
in addition to no serial correlation case, we consider the parametrisation in equa-
tion (4.19) as follows': (1)MA(4) : 6, = 0.5, 61 = 0 = 0, tb; = by = Yy = 0,

(II)ARMA<4, 4) . 94 = —05, 61 = 92 = O, w4 = 05 wl = wg = O

We consider six different models of heteroscedasticity as follows:
Model 1 Constant Unconditional Volatility: ¢%,,, = 0§, o9 = 1.

Model 2 Periodic Heteroscedasticity: 0, = ‘73,57 with: Case 1, ¥y = (3,1,3,1);

or Case 2, ¥y = (30,1,1,1).

Model 3 Single Volatility Shift: 0%,., = 0§ + (01 — 03)I(4n + s > |kT], with

d:=0¢/01, 09 = 1.

Model 4 Single Periodic Volatility Shift: og,,, = o5, + (o7, — 05,)I(4n +
s > |kT], with Case 1, {¥0 = (3,1,3,1),%; = ¥,/d}; Case 2, {3y =

(30,1,1,1),%; = Xy/0}; Case 3, {Xg = (1,1,1,1),%; = (1,1/6,1,1/6)};
Model 5 Trending Volatility: og,+s = 0o + (01 — 0o)n, d := 0g/01, 09 = 1.

Model 6 Exponential Integrated Stochastic Volatility o%,,, = ogexp(vB(r)),

re0,1].

!The other types of serial correlations in Eroglu et al. (2018) are not considered to save
space.
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In Models 3,4 and 5, the ratio 6 = 0(/0; is chosen from the values {1/3,3}, and
the break fraction is chosen from s € {0.2,0.8}. Therefore, early and late breaks,

which can be positive (§ < 1) or negative (§ > 1) are permitted. In the case of

Model 6, following Cavaliere and Taylor (2007)we take v = 9.

Notice that Model 4 uses a combination of the single volatility break (Model 3) of
Cavaliere and Taylor (2008), and the PH pattern (Model 2) defined in Burridge
and Taylor (2001). Therefore the pattern of PH shifts at the break fraction x.
Under Cases 1 and 2 of Model 4 the magnitude of the PH alters at the break time.
In Case 3 of Model 4, the shocks are homoscedastic before the break but become
periodically heteroscedastic afterward. Model 1, the constant volatility case, is
the benchmark to make a comparison between the finite sample performance
of the actual FSVR tests and their wild bootstrap analogues when there is no

heteroscedasticity.

4.5.1 Size Performance

We first report the empirical size performance of the conventional FSVR 7, 7,
T1, Ti2, and Ty tests and their wild bootstrap analogues 75, 75, 71, 715, and 77,
under the heteroskedastic shocks. The results reported in Tables 4.1,4.2 and 4.3
depict the size performances of the conventional FSVR tests and their wild boot-
strap analogues under OLS demeaning, with data generated according to i.i.d.,
ARMA (4,4) and MA(4) shocks, respectively. Additionally, the results reported in

Tables 4.4, 4.5 and 4.6represent the corresponding results under GLS demeaning.
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Consider first Tables 4.1-4.3 and 4.4-4.6 for the constant volatility case of Model
1 under different serial correlation scenarios. Here, under both GLS and OLS
demeaning,as expected there are no considerable distinctions between the empir-
ical rejection frequencies (ERFs) of the standard and wild bootstrap FSVR tests,
particularly. Wild bootstrap is successful in replicating homoscedastic behavior

of the data.

Consider next Tables 4.1-4.3 and 4.4-4.6 for Model 2 where there is standard PH
in the innovations. The results pattern observed for the standard FSVR tests
are consistent with those observed in Burridge and Taylor (2001). Similar with
the results of Burridge and Taylor (2001), the ERFs of the FSVR 7, 115,and 75
tests rise as the PH ratio of (6§ 3+ 03 _,)/(06,_5 + 05,) rises, while the ERFs of
the 7y and 7 tests are not influenced regardless of the value of the aformentioned
ratio. For example in Table 1, the size of 71 under Case 1, where PH degree is
not strong, is 0.10. However, under Case 2, where PH degree is strong, it is 0.23.
Under GLS demeaning, the results are similar. In contrast, the bootstrap FSVR

tests are successful in controlling the size under both detrending procedures.

Consider next Tables 4.1-4.3 and 4.4-4.6 for Model 3, a single variance break.
Here, significant over-sizing in the conventional FSVR tests is apparently observed
in the results. The most pronounced patterns of size distortions is observed for
the early negative (6 = 3 and k = 0.2) and late positive (6 = 1/3 and x = 0.2)
breaks under OLS demeaning. Under GLS demeaning, the oversizing problem

for early negative break annihilates. However, in this demeaning case, under late
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positive break, the ERFs are observed to exceed 30% for some of the tests (see
Table 4.4. In contrast, under both de-trending procedures, the wild bootstrap

FSVR tests show excellent control of size .

Consider next Tables 4.1-4.3 and 4.4-4.6 for Model 4, periodic volatility shift. We
hereby obtain the results that yield significant consistency with the standard PH
and single variance break cases which are introduced by Models 2 and 3, respec-
tively. So, we still observe that early negative and late positive periodic volatility
breaks create the highest size distortion under the OLS demeaning. In the mean-
while, late positive breaks create the highest size distortion on GLS demeaned
tests. Under Case 3, the volatility break only influences the second and fourth
quarters and this pattern of volatility shift lowers the distortion of the size per-
formance compared to Cases 1 and 2 where the volatility shift in the innovations
influences the entire seasons. Under this model, again the nonparametric wild
bootstrap FSVR tests do a very successful job in finishing off the size distortions

observed in standard FSVR tests.

Consider finally Tables 4.1-4.3 and 4.4-4.6 for Models 5 and 6, trending volatility
and exponential integrated stochastic volatility, respectively. It can be seen that
for trending volatility under OLS demeaning, standard FSVR tests do not display
remarkable size distortions. However, under GLS demeaning, size distortions are
observed especially for joint FSVR test when there is a positive (§ = 1/3) trend-
ing volatility. The wild bootstrap FSVR tests are can handle the size control

under this case. Under exponential integrated stochastic volatility, under both
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OLS and GLS demeaned cases, for especially serially correlated error cases, there
exist huge size distortions. For example in Table 4.3, OLS demeaned case for
MA(4) serially correlated errors, the joint test 7912 has size of 34%. Again, wild
bootstrap FSVR tests solve the size distortion problems under exponential inte-

grated stochastic volatility.

We next report the empirical size performance of the nonparametric wild boot-
strap FSVR tests 75, 75, 77, 749, and 775, and the wild bootstrap HEGY tests ¢,
t5, 17, t15, and 77, under the heteroskedastic innovations. The results reported
in Tables 4.7, 4.8 and 4.9 represent the size performances of the wild bootstrap
FSVR and HEGY tests under OLS demeaning, with data generated according
to ii.d., ARMA(4,4) and MA(4) shocks, respectively. Additionally, the results
reported in Tables 4.10, 4.11 and 4.12 represent the corresponding results under
GLS demeaning. We observe that under both OLS and GLS demeaned cases,

wild bootstrap FSVR and HEGY tests display nearly similiar size performance.

4.5.2 Power Performance

We now switch to the power performance evaluation of the standard and wild
bootstrap FSVR tests. Since standard and wild bootstrap FSVR tests have
different size performance under periodic nonstationary volatility, we report size-
adjusted powers for the standard FSVR tests for implementing a considerable

comparison.

We first investigate the power properties of the standard FSVR 7y, 79, 11, 712,
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and 7y2 tests and their nonparametric wild bootstrap analogues 77, 75, 7/, 15,
and 75 under the heteroskedastic shocks. The results reported in Tables 4.13,
4.14 and 4.15 represent the power performances of the standard FSVR tests and
their wild analogues counterparts under OLS demeaning, with data generated ac-
cording to i.i.d., ARMA(4,4) and MA(4) shocks, respectively. Additionally, the
results reported in Tables 4.16, 4.17 and 4.18 represent the corresponding results

under GLS demeaning.

The fundamental inferences that are obtained from the simulation results in Ta-
bles 4.13-4.15 and 4.16-4.18 can be easily summarized as follows. First, the finite
sample power performance of the conventional FSVR tests and wild bootstrap
counterparts are similar under both OLS and GLS demeaning. In the constant
volatility case (Model 1) the reported results show that there is no meaningful loss
in power performance with the usage of nonparametric wild bootstrap. At the
same time, the wild bootstrap is very successful in solving the over-sizing prob-
lem caused by the conventional FSVR tests under heteroscedasticity. Second,
the power performance of both the conventional and wild bootstrap FSVR tests
depend on the heteroskedasticity present in the innovations. In some cases, when
OLS de-trending is utilized, power performance of both tests are deteriorated,
especially in the single volatility break case with 6 = 3 and x = 0.2. However,

under GLS demeaning, this problem disappears.

Next we report the power performance of the nonparametric wild bootstrap FSVR

tests 7, 75, Ty, Ty, and 75 and wild bootstrap HEGY tests ¢, ¢35, t], t]5, and ¢,
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under the heteroskedastic innovations. The results reported in Tables 4.19, 4.20
and 4.21 represent the power performance of the wild bootstrap FSVR and HEGY
tests under OLS demeaning, with data generated according to i.i.d., ARMA(4,4)
and MA(4) shocks, respectively. Additionally, the results reported in Tables 4.22,

4.23 and 4.24 represent the corresponding results under GLS demeaning.

The power results are consistent with the results of Eroglu et al. (2018). For the
OLS demeaned data, under all serial correlation and heteroscedasticity scenarios,
wild bootstrap FSVR tests are significantly more powerful compared to wild
bootstrap HEGY tests. Under the GLS demeaning case, wild bootstrap HEGY
tests have the advantage in the individual coefficient testing relative to the wild
bootstrap FSVR tests under homoscedastic and PH errors. However, under non-
stationary volatility, they have similar power performance. Additionally, under
GLS demeaning, in general, FSVR tests outperforms HEGY tests in the joint

tests.

4.6 Conclusion

In this chapter, we have explored the effect of a broad class of heteroscedastic
models on the FSVR tests of Eroglu et al. (2018). This class especially covers
the well-known cases of periodic heteroscedasticity and non-stationary volatility.
In this regard, first, we have analyzed the impact of the periodic non-stationary
volatility on the asymptotic behavior of FSVR tests. We have shown that the
obtained asymptotic null distributions of the FSVR test statistics are highly af-

fected by the nuisance parameters arising from seasonal non-stationary volatility.
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We have also documented the results of the standard FSVR tests under different
patterns of heteroscedasticity. The results indicate that heteroscedastic shocks
render these tests significantly oversized. We have also demonstrated that the
derived asymptotic distributions of the FSVR test statistics are nonstandard and
not suitable for performing simulation-based tests. As a remedy, we have pro-
posed the nonparametric wild bootstrap analogues of the FSVR tests which are so
useful in replicating the patterns of heteroscedasticity in the actual shocks. The
bootstrap test statistics have also shown asymptotically pivotal inference. The
proposed wild bootstrap FSVR tests are successful in solving the size distortion
problem observed in the standard FSVR tests without losing finite sample power.
Lastly, we have compared the finite sample properties of wild bootstrap FSVR
and parametric HEGY tests. Simulation results reveal that wild bootstrap FSVR

tests have desirable size and power properties.
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Table 4.1: Size performance of the standard and wild bootstrap FSVR tests for
i.i.d. shocks: OLS demeaning

b [ K T0 T T1 To12 Ti2 T TS T To12  Tia

Model 1: Homoscedasticity

0.06 0.05 0.05 0.06 0.06 0.05 0.05 0.05 0.05 0.07

Model 2: Periodic Heteroscedasticity

Case 1 0.05 0.05 0.10 0.10 0.09 0.04 0.05 0.05 0.05 0.06
Case 2 0.05 0.05 0.16 0.23 0.21 0.05 0.05 0.05 0.05 0.05

Model 3: Single Volatility Shift

3 0.2 011 0.12 0.16 0.24 021 0.05 0.05 0.05 0.05 0.07
0.8 0.05 0.05 0.04 0.04 0.04 0.05 0.05 0.05 0.05 0.06

0.33 0.2 0.05 005 0.04 004 004 005 005 0.06 0.05 0.07
08 0.12 0.11 0.18 0.26 0.22 0.05 0.05 0.05 0.04 0.06

Model 4: Single Periodic Volatility Shift

Case 1 3 0.2 011 0.11 0.22 0.31 0.26 0.05 0.05 0.05 0.05 0.06
0.8 005 0.05 0.07 0.07 006 0.05 0.05 0.05 0.05 0.06

0.33 0.2 0.04 005 0.07 0.06 006 0.04 0.05 0.05 0.05 0.06

0.8 0.11 0.12 0.24 0.33 0.28 0.05 0.06 0.05 0.05 0.06

Case 2 3 02 011 0.0 027 036 033 004 0.05 0.05 0.05 0.05
08 004 005 014 019 0.17 0.05 0.05 0.05 0.05 0.05

033 0.2 0.05 005 014 020 0.18 0.05 0.05 0.05 0.05 0.05

0.8 0.12 0.12 0.30 0.39 0.37 0.05 0.05 0.05 0.05 0.05

Case 3 3 0.2 0.06 0.06 0.11 0.12 0.11 0.05 0.06 0.05 0.05 0.06
0.8 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.06 0.07

0.33 0.2 0.04 0.05 0.08 0.07 0.07 0.05 0.05 0.05 0.05 0.06

0.8 0.09 0.08 0.11 0.15 0.13 0.05 0.05 0.05 0.05 0.07

Model 5: Trending Volatility

3 0.05 0.04 0.05 0.05 0.05 0.05 0.04 0.05 0.05 0.06
0.33 0.06 0.07 0.06 0.07 0.06 0.05 0.04 0.05 0.05 0.06

Model 6: Exponential Stochastic Integrated Volatility

0.12 0.12 0.09 0.11 0.11 0.05 0.05 0.05 0.05 0.06
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Table 4.2: Size performance of the standard and wild bootstrap FSVR tests for
ARMA (4,4) shocks: OLS demeaning

b [ K T0 T T1 To12 Ti2 T TS T To12  Tia

Model 1: Homoscedasticity

0.05 0.05 0.06 0.05 0.05 0.05 0.05 0.05 0.05 0.06

Model 2: Periodic Heteroscedasticity

Case 1 0.05 0.05 0.10 0.11  0.09 0.05 0.05 0.05 0.05 0.06
Case 2 0.05 0.05 0.16 0.23 0.19 0.05 0.05 0.05 0.05 0.05

Model 3: Single Volatility Shift

3 0.2 013 0.12 0.15 0.24 020 0.05 0.05 0.05 0.05 0.07
0.8 0.05 0.05 0.05 0.04 0.04 0.05 0.05 0.06 0.05 0.06

0.33 0.2 0.05 005 004 0.04 004 0.05 0.05 0.05 0.05 0.06
0.8 011 0.12 0.16 0.27 021 0.04 0.05 0.05 0.05 0.06

Model 4: Single Periodic Volatility Shift

Case 1 3 0.2 012 0.12 0.22 0.31 0.26 0.05 0.05 0.05 0.05 0.06
0.8 005 0.05 0.07 0.07 007 0.05 0.05 0.05 0.05 0.06

0.33 0.2 0.05 005 0.07 0.07r 006 0.05 0.05 0.05 0.05 0.06

0.8 013 0.12 0.24 0.33 029 0.05 0.05 0.05 0.04 0.06

Case 2 3 0.2 0.11 0.11 0.30 0.38 0.34 0.05 0.05 0.05 0.05 0.05
08 005 0.05 014 019 0.17 005 0.05 0.06 0.05 0.05

033 0.2 0.04 005 014 020 0.18 0.05 0.05 0.05 0.05 0.05

0.8 0.11 0.11 0.28 0.38 0.35 0.05 0.05 0.05 0.05 0.05

Case 3 3 0.2 0.06 0.06 0.10 0.12 0.11 0.05 0.05 0.05 0.05 0.06
0.8 0.05 0.05 0.05 0.04 0.05 0.05 0.05 0.05 0.05 0.06

0.33 0.2 0.05 0.05 0.08 0.07 0.07 0.05 0.05 0.05 0.04 0.06

0.8 0.10 0.09 0.12 0.16 0.14 0.06 0.05 0.05 0.04 0.06

Model 5: Trending Volatility

3 0.06 0.05 0.06 0.05 0.05 0.05 0.05 0.05 0.06 0.07
0.33 0.06 0.06 0.07 0.07 0.07 0.05 0.05 0.05 0.06 0.07

Model 6: Exponential Stochastic Integrated Volatility

0.17 0.16 0.11 0.17 0.15 0.05 0.05 0.05 0.05 0.06
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Table 4.3: Size performance of the standard and wild bootstrap FSVR tests for
MA (4) shocks: OLS demeaning

b [ K T0 T T1 To12 Ti2 T TS T To12  Tia

Model 1: Homoscedasticity

0.04 0.03 0.04 0.03 0.03 0.04 0.03 003 0.03 0.04

Model 2: Periodic Heteroscedasticity

Case 1 0.04 0.04 0.07 0.06 0.06 0.04 0.04 003 0.03 0.04
Case 2 0.04 0.04 0.13 0.19 0.17 0.04 0.04 0.04 0.04 0.04

Model 3: Single Volatility Shift

3 0.2 0.09 0.09 0.12 0.18 0.16 0.03 0.03 0.03 0.03 0.04
0.8 0.04 0.03 0.03 0.02 0.03 0.04 0.03 0.04 0.03 0.04

0.33 0.2 0.03 0.03 0.03 0.02 0.02 0.04 0.04 0.04 0.03 0.05
0.8 0.08 0.08 0.12 0.17 0.15 0.03 0.03 0.03 0.02 0.03

Model 4: Single Periodic Volatility Shift

Case 1 3 0.2 0.08 0.08 017 022 0.19 004 0.03 0.03 0.02 0.03
0.8 0.04 0.03 0.05 0.04 0.04 0.04 0.04 003 0.03 0.04

0.33 0.2 0.03 0.03 0.05 0.04 0.04 0.03 0.03 0.03 0.03 0.04

0.8 0.08 0.08 0.19 0.25 0.21 0.03 0.03 0.03 0.02 0.03

Case 2 3 0.2 0.08 0.07 0.23 0.32 0.28 0.03 0.03 0.03 0.03 0.03
0.8 0.03 0.04 0.12 0.16 0.15 0.04 0.04 004 0.04 0.04

0.33 0.2 0.03 0.03 0.12 0.16 0.14 0.04 0.03 0.04 0.03 0.03

0.8 0.08 0.09 0.26 0.35 031 0.03 0.03 0.03 0.03 0.03

Case 3 3 0.2 0.04 0.04 0.08 0.08 0.07 0.03 0.03 0.03 0.03 0.04
0.8 0.03 0.04 0.03 0.03 0.03 0.03 0.04 0.04 0.03 0.05

0.33 0.2 0.03 0.03 0.05 0.04 0.04 0.03 0.04 0.03 0.03 0.04

0.8 0.06 0.06 0.08 0.11 0.09 0.03 0.03 0.03 0.02 0.04

Model 5: Trending Volatility

3 0.04 0.04 0.03 0.03 0.04 0.03 0.03 0.04 0.03 0.05
0.33 0.04 0.04 0.04 004 004 004 0.03 003 0.03 0.04

Model 6: Exponential Stochastic Integrated Volatility

0.18 0.18 0.17 0.34 0.27 0.03 0.03 0.03 0.03 0.04
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Table 4.4: Size performance of the standard and wild bootstrap FSVR tests for
i.i.d. shocks: GLS demeaning

b [ K T0 T T1 To12 Ti2 T TS T To12  Tia

Model 1: Homoscedasticity

0.05 0.05 0.06 0.05 0.05 0.05 0.05 0.05 0.04 0.06

Model 2: Periodic Heteroscedasticity

Case 1 0.06 0.05 0.11 0.10 0.09 0.05 0.05 0.05 0.05 0.06
Case 2 0.05 0.05 0.16 0.21 0.19 0.05 0.05 0.05 0.05 0.05

Model 3: Single Volatility Shift

3 0.2 005 0.06 004 003 0.03 005 0.06 0.05 0.05 0.07
0.8 0.04 0.04 0.03 0.03 0.03 0.05 0.06 0.05 0.05 0.06

0.33 0.2 0.08 0.07 0.07 011 0.09 0.05 0.05 0.05 0.04 0.06
08 014 0.14 0.23 0.39 031 0.05 0.05 0.05 0.05 0.06

Model 4: Single Periodic Volatility Shift

Case 1 3 0.2 0.05 0.06 007 006 0.06 005 0.05 0.05 0.05 0.06
0.8 004 0.04 0.07 005 005 0.05 0.05 0.05 0.05 0.06

0.33 0.2 0.07r 007 014 0.16 0.14 0.05 0.05 0.05 0.05 0.06

0.8 014 0.14 0.29 0.43 036 0.05 0.05 0.05 0.04 0.06

Case 2 3 0.2 0.06 0.05 0.13 0.18 0.16 0.06 0.05 0.06 0.06 0.06
0.8 0.03 0.04 0.12 0.16 0.15 0.05 0.05 0.05 0.05 0.05

0.33 0.2 0.07 0.07 0.20 0.26 0.24 0.05 0.05 0.05 0.05 0.05

08 0.14 0.13 0.35 0.45 041 0.04 0.05 0.04 0.05 0.05

Case 3 3 0.2 0.05 0.05 0.06 0.05 0.05 0.05 0.05 0.05 0.05 0.06
0.8 0.05 0.05 004 004 0.04 005 0.05 0.05 0.05 0.06

0.33 0.2 0.07 0.07 0.12 0.15 0.12 0.05 0.05 0.05 0.05 0.06

0.8 0.10 0.10 0.16 0.22 0.18 0.05 0.05 0.05 0.05 0.06

Model 5: Trending Volatility

3 0.04 0.05 0.04 0.04 0.04 0.05 0.05 0.05 0.05 0.06
0.33 0.09 0.08 0.11 0.16 0.13 0.05 0.05 0.05 0.05 0.06

Model 6: Exponential Integrated Stochastic Volatility

0.09 0.09 0.09 0.10 0.11 0.05 0.05 0.05 0.05 0.06
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Table 4.5: Size performance of the standard and wild bootstrap FSVR tests for
ARMA (4,4) shocks: GLS demeaning

b [ K T0 T T1 To12 Ti2 T TS T To12  Tio

Model 1: Homoscedasticity

0.05 0.06 0.05 0.06 0.05 0.05 0.05 0.05 0.05 0.06

Model 2: Periodic Heteroscedasticity

Case 1 0.06 0.05 0.10 0.10 0.08 0.05 0.05 0.05 0.05 0.06
Case 2 0.05 0.05 0.16 0.21 0.19 0.05 0.05 0.05 0.05 0.05

Model 3: Single Volatility Shift

3 0.2 005 0.05 004 003 0.03 005 0.05 0.05 0.05 0.07
0.8 0.04 0.04 0.04 0.03 0.03 0.05 0.05 0.05 0.05 0.06

0.33 0.2 0.07r 0.07 0.08 0.10 0.09 0.05 0.05 0.05 0.04 0.06
08 014 0.13 0.25 0.38 0.32 0.06 0.05 0.05 0.05 0.06

Model 4: Single Periodic Volatility Shift

Case 1 3 0.2 0.05 0.05 0.08 0.06 0.06 0.04 0.05 0.05 0.05 0.06
0.8 0.04 0.04 0.06 0.06 0.05 0.05 0.05 0.05 0.05 0.06

033 0.2 0.08 008 014 016 0.14 0.05 0.05 0.06 0.05 0.06

0.8 013 0.13 0.30 0.42 036 0.05 0.05 0.04 0.05 0.06

Case 2 3 0.2 006 005 014 019 0.17 005 0.06 0.06 0.06 0.06
0.8 0.04 0.04 0.12 0.16 0.15 0.05 0.05 0.05 0.05 0.05

0.33 0.2 0.07 0.07 0.19 0.26 0.24 0.05 0.056 0.05 0.05 0.05

0.8 0.13 0.13 0.36 0.45 041 0.05 0.05 0.05 0.05 0.05

Case 3 3 0.2 004 005 0.07 006 006 0.05 0.05 0.05 0.06  0.07
0.8 0.04 0.05 004 004 0.04 005 0.05 0.05 0.05 0.06

0.33 0.2 0.07 0.07 0.13 0.15 0.13 0.05 0.05 0.05 0.05 0.07

08 0.10 0.11 0.14 020 0.17 0.05 0.05 0.05 0.04 0.06

Model 5: Trending Volatility

3 0.04 0.04 0.04 0.04 0.04 0.05 0.05 0.05 0.05 0.07
0.33 0.09 0.09 0.12 0.16 0.14 0.05 0.05 0.05 0.05 0.07

Model 6: Exponential Stochastic Integrated Volatility

0.13 0.11 0.09 0.11 0.13 0.05 0.05 0.05 0.06 0.06
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Table 4.6: Size performance of the standard and wild bootstrap FSVR tests for
MA (4) shocks: GLS demeaning

b [ K T0 T T1 To12 Ti2 T TS T To12  Tia

Model 1: Homoscedasticity

0.04 0.04 004 003 004 004 0.04 0.04 0.03 0.05

Model 2: Periodic Heteroscedasticity

Case 1 0.04 0.04 0.08 006 006 0.03 0.04 004 0.03 0.04
Case 2 0.04 0.04 014 019 017 0.04 0.04 004 0.04 0.04

Model 3: Single Volatility Shift

3 0.2 0.04 0.04 003 0.02 0.02 004 0.04 0.04 0.03 0.04
0.8 0.03 0.03 0.02 0.02 0.02 003 0.03 0.04 0.03 0.04

0.33 0.2 0.05 0.05 0.06 0.07 006 0.03 003 0.04 0.03 0.04
08 011 0.10 020 030 024 003 0.03 0.03 0.03 0.04

Model 4: Single Periodic Volatility Shift

Case 1 3 0.2 0.04 004 006 0.04 0.04 004 004 0.04 0.04 0.05
0.8 003 0.03 0.05 004 003 0.04 0.04 004 0.04 0.04

033 02 005 006 010 0.12 0.11 0.03 0.04 0.04 0.03 0.04

0.8 010 0.11 027 036 031 0.03 0.04 003 0.03 0.04

Case 2 3 0.2 003 0.04 011 0.15 0.14 0.04 0.04 0.04 0.04 0.04
08 002 0.02 010 0.14 0.12 004 0.04 0.04 0.04 0.04

0.33 0.2 0.05 005 0.17 023 020 0.04 0.04 0.04 0.04 0.04

08 011 0.12 031 039 036 003 0.03 0.03 0.03 0.03

Case 3 3 0.2 0.03 0.03 004 0.04 0.04 003 0.03 0.03 0.03 0.04
0.8 0.04 0.03 003 0.02 0.02 004 004 0.04 0.03 0.05

0.33 0.2 0.05 0.05 0.10 0.11 0.09 0.04 004 0.03 0.03 0.04

0.8 0.08 0.08 0.12 0.17 0.14 0.04 0.03 0.03 0.03 0.04

Model 5: Trending Volatility

3 0.03 0.03 0.03 0.02 002 0.03 0.04 003 0.03 0.04
0.33 0.06 0.06 0.09 0.11 0.10 0.03 0.03 0.04 0.03 0.05

Model 6: Exponential Stochastic Integrated Volatility

0.13 0.12 0.16 029 022 0.03 0.04 0.04 0.03 0.05
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Table 4.7: Size performance of the wild bootstrap FSVR and HEGY tests for
i.i.d. shocks: OLS demeaning

* * * * * * * * * *
X 6 K To T2 1 Toi2 Ti2 to t3 21 to12 112

Model 1: Homoscedasticity

0.05 0.05 0.05 0.05 0.07r 0.05 0.04 005 0.05 0.07

Model 2: Periodic Heteroscedasticity

Case 1 0.04 0.05 0.05 0.05 0.06 0.05 0.04 0.05 0.05 0.06
Case 2 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05

Model 3: Single Volatility Shift

3 0.2 005 0.05 005 005 0.0r 005 0.05 005 0.04 0.06
0.8 005 0.05 0.05 005 006 005 0.05 0.05 0.04 0.07

033 0.2 005 005 0.06 005 007 0.05 0.05 0.05 0.05 0.07
0.8 005 0.05 005 004 0.06 005 0.05 005 0.05 0.08

Model 4: Single Periodic Volatility Shift

Case 1 3 0.2 005 0.05 005 005 0.06 005 0.05 004 0.04 0.05
0.8 0.05 0.05 005 0.05 0.06 005 0.05 005 0.05 0.06

033 0.2 0.04 005 005 005 006 0.05 005 0.05 0.05 0.06

0.8 0.05 0.06 005 0.05 0.06 005 0.05 0.06 0.05 0.06

Case 2 3 0.2 0.04 005 005 005 0.05 005 0.05 005 0.05 0.05
0.8 0.05 0.05 005 005 0.05 005 0.05 005 0.05 0.05

0.33 0.2 0.05 005 0.05 005 005 0.05 005 0.05 0.05 0.05

08 005 0.05 005 005 0.05 005 0.05 005 0.05 0.05

Case 3 3 0.2 005 0.06 005 0.05 0.06 005 0.05 005 0.05 0.06
0.8 0.05 0.05 005 006 0.07r 005 0.05 0.04 0.04 0.06

0.33 0.2 0.05 0.05 005 005 0.06 0.06 006 005 0.05 0.07

0.8 0.05 0.05 005 0.05 0.07r 005 0.05 0.05 0.05 0.07

Model 5: Trending Volatility

3 0.05 0.04 0.05 0.05 0.06 0.05 0.04 005 0.04 0.06
0.33 0.05 0.04 005 0.05 0.06 005 0.05 005 0.05 0.07

Model 6: Exponential Stochastic Integrated Volatility

0.05 0.05 0.05 0.05 0.06 0.05 0.05 0.05 0.04 0.05
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Table 4.8: Size performance of the wild bootstrap FSVR and HEGY tests for
ARMA (4,4) shocks: OLS demeaning

* * * * * * * * * *
X 6 K To T2 1 Toi2 Ti2 to t3 21 to12 112

Model 1: Homoscedasticity
0.05 0.05 0.05 0.05 0.06 005 005 0.05 0.04 0.07

Model 2: Periodic Heteroscedasticity

Case 1 0.05 0.05 0.05 0.05 0.06 0.05 0.06 0.05 0.05 0.06
Case 2 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05

Model 3: Single Volatility Shift

3 0.2 005 0.05 005 005 0.0r 005 0.05 005 0.04 0.06
0.8 0.05 0.05 006 0.05 0.06 005 0.05 005 0.05 0.07

033 0.2 0.05 005 005 005 006 0.05 005 005 0.05 0.07
0.8 004 005 0.05 005 006 005 0.05 0.05 0.05 0.08

Model 4: Single Periodic Volatility Shift

Case 1 3 0.2 005 0.05 005 005 0.06 005 0.05 005 0.05 0.06
0.8 0.05 0.05 005 005 0.06 005 0.05 005 0.04 0.05

033 0.2 0.05 005 005 005 006 005 004 005 0.05 0.06

0.8 005 0.05 0.05 0.04 006 0.05 0.05 0.05 0.05 0.06

Case 2 3 0.2 005 0.05 005 005 0.05 005 0.05 005 0.05 0.05
08 005 0.05 006 005 0.05 005 0.05 005 0.04 0.05

033 0.2 0.05 005 0.05 005 005 0.06 006 0.05 0.05 0.05

08 0.05 0.05 005 005 0.05 005 0.05 005 0.05 0.05

Case 3 3 0.2 005 0.05 005 0.05 0.06 005 0.04 005 0.04 0.06
0.8 0.05 0.05 005 005 0.06 005 0.05 005 0.04 0.07

0.33 0.2 0.05 0.05 005 004 0.06 0.05 005 005 0.05 0.06

0.8 0.06 0.05 005 004 0.06 005 0.05 0.04 0.04 0.06

Model 5: Trending Volatility

3 0.05 0.05 0.05 0.06 0.07r 0.05 0.05 0.05 0.05 0.06
0.33 0.05 0.05 0.05 0.06 0.07 0.05 0.05 0.05 0.05 0.07

Model 6: Exponential Stochastic Integrated Volatility

0.05 0.05 0.05 0.05 0.06 0.06 0.05 0.04 0.04 0.05
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Table 4.9: Size performance of the wild bootstrap FSVR and HEGY tests for
MA (4) shocks: OLS demeaning

* * * * * * * * * *
X 6 K To T2 1 Toi2 Ti2 to t3 21 to12 112

Model 1: Homoscedasticity

0.04 0.03 0.03 0.03 0.04 005 0.05 005 0.04 0.06

Model 2: Periodic Heteroscedasticity

Case 1 0.04 0.04 003 0.03 0.04 0.05 0.05 005 0.04 0.05
Case 2 0.04 0.04 004 004 0.04 005 0.05 005 0.05 0.05

Model 3: Single Volatility Shift

3 0.2 003 0.03 003 003 0.04 005 0.05 0.05 0.04 o0.07
0.8 004 003 0.04 003 004 005 0.04 0.05 0.04 0.06

0.33 0.2 0.04 004 004 0.03 005 0.05 0.05 0.05 0.04 0.06
0.8 0.03 0.03 003 002 0.03 005 0.06 005 0.05 0.08

Model 4: Single Periodic Volatility Shift

Case 1 3 0.2 004 0.03 003 002 003 005 0.05 006 0.05 0.06
0.8 0.04 0.04 003 003 0.04 005 0.05 0.04 0.05 0.06

033 0.2 0.03 003 003 0.03 004 0.04 005 0.04 0.04 0.05

0.8 0.03 0.03 0.03 002 003 006 0.06 0.05 0.05 0.07

Case 2 3 0.2 0.03 0.03 003 003 0.03 005 0.05 005 0.05 0.05
0.8 0.04 0.04 004 004 0.04 005 0.05 005 0.05 0.05

033 0.2 0.04 003 0.04 0.03 003 0.06 0.06 0.06 0.05 0.06

0.8 0.03 0.03 003 003 0.03 006 0.06 006 0.06 0.06

Case 3 3 0.2 003 0.03 003 003 0.04 005 0.05 0.05 0.04 0.06
0.8 0.03 0.04 004 003 0.05 004 0.05 0.05 0.04 0.06

0.33 0.2 0.03 0.04 003 003 0.04 0.04 005 0.04 0.04 0.05

0.8 0.03 0.03 003 002 0.04 005 0.06 0.05 0.04 0.06

Model 5: Trending Volatility

3 0.03 0.03 0.04 0.03 0.05 0.05 0.05 0.05 0.04 0.07
0.33 0.04 0.03 0.03 0.03 0.04 005 0.05 0.05 0.04 0.06

Model 6: Exponential Stochastic Integrated Volatility

0.03 0.03 0.03 0.03 0.04 0.05 0.05 0.04 0.04 0.06
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Table 4.10: Size performance of the wild bootstrap FSVR and HEGY tests for
i.i.d. shocks: GLS demeaning

* * * * * * * * * *
X 6 K To T2 1 Toi2 Ti2 to t3 21 to12 112

Model 1: Homoscedasticity

0.05 0.05 0.05 0.04 0.06 0.05 0.05 0.05 0.05 0.08

Model 2: Periodic Heteroscedasticity

Case 1 0.05 0.05 0.05 0.05 0.06 0.05 0.05 0.06 0.05 0.06
Case 2 0.05 0.05 0.05 0.05 0.05 0.05 0.04 004 0.04 0.04

Model 3: Single Volatility Shift

3 0.2 005 0.06 005 005 0.0r 005 0.05 0.05 0.05 0.08
0.8 005 0.05 0.05 005 006 005 0.05 0.05 0.05 0.07

0.33 0.2 0.05 005 0.05 0.04 006 0.06 005 0.05 0.05 0.08
0.8 005 0.05 005 005 0.06 005 0.05 005 0.05 0.08

Model 4: Single Periodic Volatility Shift

Case 1 3 0.2 005 0.05 005 005 0.06 005 0.04 005 0.05 0.07
0.8 0.05 0.05 005 0.05 0.06 005 0.05 005 0.05 0.06

033 0.2 0.05 005 005 005 006 0.05 0.05 005 0.06 0.07

0.8 005 0.05 0.05 004 006 0.06 0.05 0.05 0.05 0.07

Case 2 3 0.2 0.06 0.05 006 006 0.06 005 0.05 005 0.05 0.05
0.8 0.05 0.05 005 005 0.05 005 0.05 005 0.05 0.05

0.33 0.2 0.05 005 0.05 005 005 0.05 005 0.05 0.05 0.05

08 004 0.05 004 005 0.05 005 0.05 005 0.05 0.05

Case 3 3 0.2 005 0.05 005 0.05 0.06 005 0.05 005 0.05 0.07
0.8 0.05 0.05 005 005 0.06 005 0.05 005 0.05 0.07

033 0.2 0.05 005 0.05 005 006 0.05 005 0.05 0.05 0.06

0.8 0.05 0.05 005 0.05 0.06 005 0.05 0.05 0.05 0.07

Model 5: Trending Volatility

3 0.05 0.05 0.05 0.05 0.06 0.05 0.05 0.05 0.06 0.08
0.33 0.05 0.05 0.05 0.05 0.06 0.05 0.05 005 0.06 0.08

Model 6: Exponential Integrated Stochastic Volatility

0.05 0.05 0.05 0.05 0.06 0.05 0.05 0.06 0.05 0.06
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Table 4.11: Size performance of the wild bootstrap FSVR and HEGY tests for
ARMA (4,4) shocks: GLS demeaning

* * * * * * * * * *
X 6 K To T2 1 Toi2 Ti2 to t3 21 to12 112

Model 1: Homoscedasticity

0.05 0.05 0.05 005 0.06 0.05 0.05 0.05 0.05 0.08

Model 2: Periodic Heteroscedasticity

Case 1 0.05 0.05 0.05 005 0.06 0.05 0.06 0.05 0.05 0.06
Case 2 0.05 0.05 0.05 005 0.05 0.05 0.05 005 0.05 0.05

Model 3: Single Volatility Shift

3 0.2 005 0.05 005 005 0.0r 005 0.05 005 0.05 0.07
0.8 0.05 0.05 005 005 0.06 005 0.05 0.06 0.06 0.08

033 0.2 005 005 005 004 006 0.05 005 0.05 0.05 0.07
0.8 0.06 0.05 005 005 0.06 005 0.05 0.05 0.05 0.08

Model 4: Single Periodic Volatility Shift

Case 1 3 0.2 004 005 005 005 0.06 005 0.05 005 0.05 0.06
0.8 0.05 0.05 005 005 0.06 005 0.05 0.05 0.05 0.06

033 0.2 0.05 005 006 005 006 0.05 005 0.05 0.05 0.06

0.8 005 0.05 0.04 005 006 005 0.05 0.06 005 0.06

Case 2 3 0.2 005 0.06 006 006 0.06 005 0.06 005 0.06 0.05
0.8 0.05 0.05 005 005 0.05 005 0.05 005 0.05 0.05

0.33 0.2 0.05 005 0.05 005 005 0.05 0.05 0.05 0.05 0.05

08 005 0.05 005 005 005 005 0.05 006 0.05 0.05

Case 3 3 0.2 005 0.05 0.05 0.06 007 0.05 0.05 0.05 0.05 0.06
0.8 0.05 0.05 005 005 0.06 005 0.05 005 0.05 0.08

0.33 0.2 0.05 0.05 005 0.05 0.07 0.06 0.05 005 0.05 0.06

0.8 0.05 0.05 005 0.04 0.06 005 0.05 0.05 0.05 0.07

Model 5: Trending Volatility

3 0.05 0.05 0.05 0.05 0.0r 0.05 0.05 005 0.05 0.08
0.33 0.05 0.05 0.05 005 0.07r 0.05 0.05 0.05 0.06 0.08

Model 6: Exponential Stochastic Integrated Volatility

0.05 0.05 0.05 006 0.06 0.06 0.05 0.05 0.06 0.07
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Table 4.12: Size performance of the wild bootstrap FSVR and HEGY tests for
MA (4) shocks: GLS demeaning

* * * * * * * * * *
X 6 K To T2 1 Toi2 Ti2 to t3 21 to12 112

Model 1: Homoscedasticity

0.04 0.04 004 003 0.05 0.04 0.04 0.05 0.04 o0.07

Model 2: Periodic Heteroscedasticity

Case 1 0.03 0.04 0.04 003 0.04 0.05 0.05 0.05 0.04 0.05
Case 2 0.04 0.04 004 004 0.04 0.06 0.05 005 0.05 0.05

Model 3: Single Volatility Shift

3 0.2 0.04 0.04 004 003 0.04 005 0.06 0.05 0.05 0.08
0.8 0.03 0.03 0.04 003 004 004 0.04 005 0.04 0.07

0.33 0.2 0.03 003 0.04 003 004 0.04 0.04 0.05 0.04 0.06
0.8 0.03 0.03 003 003 0.04 005 0.05 0.06 0.05 0.08

Model 4: Single Periodic Volatility Shift

Case 1 3 0.2 004 0.04 004 004 005 005 0.06 005 0.06 0.07
0.8 004 004 004 004 004 005 0.04 0.05 004 0.05

033 0.2 0.03 004 004 003 004 0.04 0.05 0.05 0.05 0.06

0.8 003 0.04 0.03 003 004 006 0.06 0.06 0.06 0.07

Case 2 3 0.2 004 0.04 004 004 0.04 006 0.06 0.06 0.06 0.06
0.8 0.04 0.04 004 004 0.04 005 0.06 0.06 0.06 0.06

0.33 0.2 0.04 004 0.04 004 004 0.06 0.06 0.06 0.06 0.06

0.8 0.03 0.03 003 003 0.03 006 0.06 006 0.06 0.06

Case 3 3 0.2 0.03 0.03 003 0.03 0.04 004 0.04 0.05 0.04 0.05
0.8 0.04 0.04 004 003 0.05 004 0.04 0.04 0.04 0.06

0.33 0.2 0.04 0.04 003 0.03 0.04 0.05 005 004 0.04 0.06

0.8 0.04 0.03 003 003 0.04 005 0.05 0.05 0.05 0.07

Model 5: Trending Volatility

3 0.03 0.04 0.03 003 0.04 0.04 0.04 005 0.04 0.06
0.33 0.03 0.03 0.04 003 0.05 0.04 0.04 005 0.04 o0.07

Model 6: Exponential Stochastic Integrated Volatility

0.03 0.04 0.04 003 0.05 0.04 0.05 0.05 0.04 o0.07
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Table 4.13: Size adjusted power performance of the standard and wild bootstrap
FSVR tests for i.i.d. shocks: OLS demeaning

= d kK a 710 T2 T To12 Ti2 s Ty Ty To12  Ti2

Model 1: Homoscedasticity

0.93 0.23 025 0.46 0.74 062 024 024 045 074 0.69
0.86 0.54 0.57 0.89 1.00 097 0.56 0.55 0.88 1.00 0.98

Model 2: Periodic Heteroscedasticity

Case 1 093 024 024 0.39 0.61 056 0.22 0.23 040 0.62 0.60
0.86 0.56 0.55 0.76 096 093 053 054 077 096 0.95
Case2 093 026 025 0.26 0.27 026 026 026 026 026 0.26

0.86 0.58 0.57 0.59 0.60 0.59 0.58 0.58 0.58 0.59 0.59

Model 3: Single Volatility Shift

3 02 09 014 013 020 031 026 013 013 020 030 0.31
0.86 036 034 057 084 072 036 035 057 083 0.78

08 093 024 025 047 077 064 024 025 047 0.75 0.69
0.86 0.56 0.58 0.91 1.00 098 0.56 0.58 0.90 1.00 0.99

033 02 093 029 029 054 08 075 030 027 057 086 0.1
0.86 0.62 0.63 0.93 1.00 099 0.63 0.62 0.94 1.00 1.00

08 093 023 023 037 063 051 023 023 036 061 0.56
0.86 049 047 074 096 089 049 048 0.73 095 0091

Model 4: Single Periodic Volatility Shift

Case 1 3 02 093 013 0.15 0.18 0.27 024 014 0.14 018 0.26 0.27
0.86 0.35 0.38 0.49 0.73 0.67 036 036 049 0.73 0.70

0.8 093 023 025 041 0.64 056 023 024 039 063 0.60

0.86 0.55 058 080 097 094 056 056 0.78 0.96 0.95

033 0.2 093 030 029 047 074 067 028 028 046 0.73 0.71

0.86 064 064 084 098 097 061 062 083 098 097

0.8 093 023 021 0.32 0.51 045 023 023 032 051 0.50

0.86 048 047 064 088 082 049 050 063 0.8 0.85

Case 2 3 02 093 016 0.15 0.15 0.16 0.15 0.14 0.14 0.14 0.14 0.14
0.86 0.38 0.38 0.38 039 037 035 036 036 036 0.36

0.8 093 0.26 026 0.26 0.26 0.26 026 027 027 027 0.27

0.86 0.59 0.58 0.59 0.59 059 0.59 059 060 0.60 0.60

033 0.2 093 028 029 0.29 0.29 029 029 028 029 029 0.29

0.86 0.61 0.62 0.63 0.63 0.63 062 062 063 0.63 0.63

0.8 093 023 023 024 023 023 023 023 024 024 024

0.86 0.47 047 0.49 0.48 048 048 0.47 050 049 0.49

Case 3 3 02 093 021 021 0.32 0.55 048 022 023 032 055 0.53
0.86 051 051 074 096 092 052 053 074 096 0.94

0.8 093 023 024 047 075 063 024 024 048 0.77 0.71

0.86 0.54 0.57 0.89 1.00 098 0.55 0.57 0.89 1.00  0.99

033 0.2 093 028 0.28 0.45 0.74 0.64 027 027 046 0.72 0.69

0.86 0.61 0.61 0.83 099 097 061 061 083 098 0.98

0.8 093 023 0.23 042 0.67 055 0.23 0.23 040 0.66 0.62

0.86 0.51 0.51 0.81 097 093 051 051 080 097 0.95

Model 5: Trending Volatility

3 0.93 0.22 024 041 0.70 0.57 0.21 0.21 040 0.68 0.62
0.86 053 056 087 099 097 051 053 0.87 099 0.98
0.33 0.93 025 025 0.49 0.77 0.67 026 023 050 076 0.71

0.86 0.56 0.57 0.89 1.00 097 0.57 0.54 0.89 1.00 0.98

Model 6: Exponential Stochastic Integrated Volatility

0.93 0.11 0.11 0.22 0.38 031 0.12 0.12 020 036 0.35
0.86 0.29 028 064 093 085 030 030 062 093 0.88
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Table 4.14: Size adjusted power performance of the standard and wild bootstrap
FSVR tests for ARMA (4,4) shocks: OLS demeaning

= d kK a 710 T2 T To12 Ti2 s Ty Ty To12  Ti2

Model 1: Homoscedasticity

0.93 0.25 0.25 0.46 0.77 063 025 024 046 075 0.70
0.86 0.57 0.57 0.89 1.00 098 0.57 0.55 0.89 1.00 0.99

Model 2: Periodic Heteroscedasticity

Case 1 0.93 025 0.23 0.39 0.61 055 0.26 0.25 038 0.62 0.59
0.86 0.57 054 077 096 093 0.58 057 077 096 0.95
Case2 093 026 025 0.26 026 026 025 025 026 026 0.26

0.86 0.59 0.56 0.58 0.58 0.58 0.58 0.57 0.58 0.58 0.58

Model 3: Single Volatility Shift

3 02 093 013 013 021 0.30 0.25 0.12 0.13 0.22 030 0.30
0.86 0.34 035 0.58 0.83 0.74 033 035 059 084 0.78

0.8 093 024 0.23 0.46 0.76 065 024 024 049 076 0.71
0.86 0.56 0.55 0.89 1.00 098 0.57 0.56 091 1.00 0.99

033 0.2 093 029 028 0.56 0.86 0.76 0.28 0.29 055 0.86 0.80
0.86 0.63 0.62 0.93 1.00 099 0.62 0.63 0.93 1.00 1.00

0.8 093 024 022 0.38 0.63 051 021 0.22 039 062 0.57
0.86 0.51 047 0.75 0.96 090 047 048 0.76 0.96 0.92

Model 4: Single Periodic Volatility Shift

Case 1 3 02 093 013 014 0.18 0.27 024 013 0.14 0.17 027 0.28
0.86 0.35 0.36 0.51 0.73 066 035 037 050 073 0.71

0.8 093 024 024 0.38 0.63 056 0.25 0.24 041 0.64 0.62

0.86 0.55 0.57 0.78 0.97 094 057 056 0.80 097 0.96

033 0.2 093 0.28 0.27 0.46 0.72 0.65 0.26 0.28 046 0.71 0.68

0.86 0.61 062 084 098 097 0.60 062 083 098 097

0.8 093 0.22 023 0.35 0.53 048 021 0.21 033 0.50 0.50

0.86 0.47 049 0.65 0.88 0.83 045 0.47 064 087 0.84

Case 2 3 02 093 015 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15
0.86 0.38 0.38 0.39 039 039 039 040 040 040 0.40

0.8 093 025 025 0.25 0.26 0.26 026 026 028 027 0.27

0.86 0.58 0.58 0.59 0.59 059 059 059 062 061 0.61

033 0.2 093 029 028 030 029 029 028 028 0.28 0.28 0.28

0.86 063 063 064 063 063 0.63 062 062 063 0.63

0.8 093 024 024 025 024 025 023 023 024 024 0.24

0.86 049 049 050 050 0.50 0.49 049 050 0.49 0.49

Case 3 3 02 093 023 020 0.32 0.54 046 022 021 032 054 0.52
0.86 053 050 074 096 091 053 052 074 096 0.93

0.8 093 023 025 048 0.78 0.66 024 024 049 077 0.71

0.86 0.55 0.58 0.90 1.00 098 0.56 0.57 0.90 1.00  0.99

033 0.2 093 029 029 0.46 0.73 0.65 028 0.29 045 071 0.68

0.86 0.64 0.63 0.83 098 096 063 0.64 083 098 0.97

0.8 093 023 024 041 0.68 0.56 0.25 0.23 041 0.65 0.61

0.86 0.50 0.53 0.78 097 093 053 051 078 097 0.94

Model 5: Trending Volatility

3 093 0.21 022 041 0.69 058 0.22 0.22 042 071 0.66
0.86 0.52 0.53 0.86 0.99 097 053 0.53 0.87 1.00 0.99
0.33 093 025 026 047 075 064 024 026 048 0.77 0.72

0.86 0.56 0.57 0.88 099 097 055 0.57 0.88 1.00 0.98

Model 6: Exponential Stochastic Integrated Volatility

0.93 0.05 0.05 0.15 0.31 0.24 0.06 0.05 0.14 030 0.29
0.86 0.14 0.15 0.53 0.88 0.76 0.15 0.15 052 0.87 0.82
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Table 4.15: Size adjusted power performance of the standard and wild bootstrap
FSVR tests for MA (4) shocks: OLS demeaning

= d kK a 710 T2 T To12 Ti2 s Ty Ty To12  Ti2

Model 1: Homoscedasticity

0.93 0.22 0.23 0.43 0.72 0.60 023 023 045 071 0.61
0.86 0.50 0.51 0.86 0.99 096 050 051 086 099 0.96

Model 2: Periodic Heteroscedasticity

Case 1 093 022 022 037 059 052 018 022 039 059 0.53
0.86 0.51 0.50 0.73 094 091 053 051 074 094 0.93
Case2 093 024 023 024 025 025 025 021 025 024 0.27

0.86 053 052 054 054 054 053 054 053 054 0.57

Model 3: Single Volatility Shift

3 02 093 010 0.11 0.19 026 023 0.11 0.11 o0.21 0.26 0.23
0.86 030 030 054 078 067 0.29 030 0.56 079 0.67

0.8 093 023 024 046 0.75 0.62 0.22 0.22 048 074 0.62
0.86 052 0.54 087 099 097 0.51 054 0.89 099 0.99

033 0.2 093 025 027 0.53 0.84 0.72 023 024 055 082 0.74
0.86 0.57 0.57 0.92 1.00 099 0.58 0.58 0.94 1.00 0.99

0.8 093 020 0.21 0.36 0.61 049 021 021 038 0.62 0.48
0.86 044 044 070 094 086 047 046 0.72 094 0.88

Model 4: Single Periodic Volatility Shift

Case 1 3 02 09 011 o012 0.17 023 022 011 012 0.17 023 0.21
0.86 0.29 032 0.46 0.66 0.65 031 032 047 0.66 0.61

0.8 093 0.22 023 041 0.63 0.62 0.22 0.23 041 0.63  0.56

0.86 0.51 0.52 0.76 0.95 094 051 052 077 095 0.92

033 0.2 093 028 0.28 0.46 0.72 0.71 027 0.28 046 0.72 0.65

0.86 0.60 0.59 0.81 0.98 097 0.58 0.59 0.81 0.98 0.95

0.8 093 021 021 0.31 0.47 046 020 0.21 0.31 0.47  0.42

0.86 044 044 060 084 083 043 044 060 0.84 0.78

Case 2 3 02 093 013 013 0.14 014 0.13 0.12 0.13 0.14 014 0.14
0.86 0.33 0.33 0.35 0.35 034 032 033 036 035 0.35

0.8 093 022 024 024 024 023 024 023 024 024 0.24

0.86 052 053 054 054 053 053 053 054 054 0.54

033 0.2 093 027 028 0.28 0.28 027 0.28 027 028 028 0.28

0.86 059 060 0.60 061 060 0.60 059 0.60 0.61 0.61

08 093 021 021 020 021 020 021 0.19 020 021 0.21

0.86 044 044 044 044 043 044 043 044 044 0.44

Case 3 3 02 093 020 020 030 053 052 020 020 030 053 045
0.86 0.47 047 0.69 094 093 047 046 0.69 094 0.88

0.8 093 023 023 043 0.72 0.71 023 023 043 072 0.59

0.86 0.52 0.52 0.86 0.99 098 052 052 086 0.99 0.96

033 0.2 093 028 027 0.43 0.71 0.70 0.27 0.25 043 071 0.64

0.86 0.60 058 0.80 097 096 0.58 058 0.80 097 0.95

0.8 093 0.22 021 0.39 0.63 0.62 021 021 039 063 0.52

0.86 0.48 045 0.75 095 094 045 045 076 095 0.93

Model 5: Trending Volatility

3 093 0.19 0.20 0.38 0.64 052 0.20 0.23 0.31 0.60 0.50
0.86 0.46 0.48 0.82 0.98 094 045 0.50 0.81 0.97 0.93
0.33 0.93 025 0.25 0.46 0.74 0.62 025 0.27 036 074 0.59

0.86 0.53 0.53 0.84 099 096 056 0.53 0.83 0.97 0.95

Model 6: Exponential Stochastic Integrated Volatility

0.93 0.12 0.12 0.16 024 020 0.17 0.14 0.19 024 0.22
0.86 0.22 0.22 0.36 0.59 048 025 0.26 038 0.63 0.52
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Table 4.16: Size adjusted power performance of the standard and wild bootstrap
FSVR tests for i.i.d. shocks: GLS demeaning

= d kK a 710 T2 T To12 Ti2 s Ty Ty To12  Ti2

Model 1: Homoscedasticity

093 033 033 0.63 092 082 032 031 065 091 0.8
0.86 0.67 0.67 0.95 1.00 1.00 0.66 0.65 0.96 1.00 1.00

Model 2: Periodic Heteroscedasticity

Case 1 093 032 032 0.49 0.77 069 0.34 0.33 0.51 0.78 0.75
0.86 0.65 066 0.84 098 097 0.67 067 085 098 0.98
Case2 093 034 034 0.35 034 034 033 034 035 035 0.35

0.86 0.67 0.68 0.68 0.68 0.68 0.67 068 0.68 0.69 0.69

Model 3: Single Volatility Shift

3 02 093 025 024 050 084 072 025 027 053 08 0.78
0.86 0.47 047 0.81 098 094 048 049 083 098 0.96

08 093 033 035 070 094 084 033 034 068 093 0.88
0.86 0.68 0.70 0.97 1.00 1.00 0.68 0.69 0.97 1.00 1.00

033 0.2 093 030 030 0.62 090 0.8 031 030 060 0.8 0.83
0.86 0.66 0.66 0.97 1.00 1.00 0.67 0.66 0.96 1.00 1.00

0.8 093 027 028 0.52 0.81 0.69 0.28 0.29 0.51 0.81 0.74
0.86 0.55 056 087 099 097 056 0.58 0.87 0.99 0.98

Model 4: Single Periodic Volatility Shift

Case 1 3 02 093 026 026 041 0.70 0.62 0.26 0.27 042 071 0.68
0.86 0.48 047 0.68 0.92 088 047 049 069 093 0091

08 093 034 035 054 081 075 035 033 055 081 0.78

0.86 0.67 0.69 0.88 0.99 098 068 067 0.89 099 0.98

033 0.2 093 031 032 050 077 069 031 030 049 077 0.74

0.86 0.67 0.68 0.86 099 098 066 066 086 099 0.99

0.8 093 028 0.28 0.43 0.67 0.60 0.27 0.29 041 0.65 0.63

0.86 0.55 0.55 0.75 095 092 054 056 073 094 0.93

Case 2 3 02 093 026 026 027 027 027 028 028 0.29 029 0.29
0.86 0.48 047 0.48 0.48 048 049 0.49 0.51 0.51 0.51

0.8 093 036 035 0.36 037 036 036 035 036 036 0.36

0.86 0.69 0.68 0.69 0.70 0.69 0.69 0.68 0.69 0.69 0.69

033 0.2 093 032 031 0.32 0.32 033 032 031 032 032 0.32

0.86 0.68 0.67 0.68 0.69 0.69 068 0.67 068 0.68 0.68

08 093 030 030 030 030 031 027 028 028 029 0.29

0.86 0.58 0.58 0.59 0.59 059 0.55 0.56 056 0.57 0.57

Case 3 3 02 093 032 032 0.56 0.85 0.75 033 032 055 086 0.82
0.86 065 063 090 099 098 0.65 063 090 099 0.99

08 093 032 034 067 092 083 034 032 065 091 0387

0.86 0.66 0.68 0.96 1.00 1.00 0.67 0.67 0.96 1.00 1.00

033 0.2 093 031 030 0.53 0.79 0.72 031 030 053 080 0.77

0.86 0.67 0.67 0.89 099 098 067 0.67 089 099 0.99

08 093 030 028 054 083 072 028 030 056 084 0.79

0.86 0.60 0.59 0.89 1.00 0.98 0.58 0.61 0.91 1.00 0.99

Model 5: Trending Volatility

3 093 032 031 0.63 090 0.79 031 0.30 0.61 0.89 0.83
0.86 0.63 0.62 0.92 1.00 0.98 0.62 0.61 0.92 1.00 0.99
0.33 093 029 031 0.59 0.88 0.77 029 030 058 0.86 0.81

0.86 0.62 0.65 0.95 1.00 099 0.63 0.64 0.94 1.00 1.00

Model 6: Exponential Stochastic Integrated Volatility

093 030 030 030 030 031 0.27 028 028 029 0.29
0.86 0.58 0.58 0.59 0.59 059 055 056 0.56 057 0.57
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Table 4.17: Size adjusted power performance of the standard and wild bootstrap
FSVR tests for ARMA (4,4) shocks: GLS demeaning

= d kK a 710 T2 T To12 Ti2 s Ty Ty To12  Ti2

Model 1: Homoscedasticity

0.93 032 032 0.68 092 084 033 033 065 091 0.86
0.86 0.65 0.65 0.96 1.00 1.00 0.66 0.66 0.96 1.00 1.00

Model 2: Periodic Heteroscedasticity

Case 1 093 031 031 050 078 072 032 031 052 078 0.76
0.86 0.65 0.65 0.85 0.99 098 067 0.66 086 0.99 0.98
Case2 093 033 033 0.35 0.35 035 034 033 034 034 0.34

0.86 0.67 0.67 0.69 0.69 0.69 0.68 0.67 068 0.68 0.68

Model 3: Single Volatility Shift

3 02 093 025 026 049 0.83 070 026 0.26 050 0.83 0.78
0.86 0.47 048 0.81 099 094 047 048 082 0.99 0.97

0.8 093 032 0.35 0.68 093 084 035 035 068 093 0.88
0.96 0.67 0.69 0.97 1.00 1.00 0.69 0.69 0.97 1.00 1.00

033 0.2 093 030 032 0.62 090 0.79 0.30 0.30 0.61 0.89 0.83
0.86 0.67 0.67 0.97 1.00 1.00 0.66 0.65 0.96 1.00 1.00

0.8 093 026 027 0.52 0.82 0.71 0.29 0.26 0.51 0.81 0.75
0.86 0.53 0.56 0.88 1.00 098 0.56 056 087 099 0.98

Model 4: Single Periodic Volatility Shift

Case 1 3 02 093 026 025 041 0.68 0.61 0.24 0.25 041 0.68 0.66
0.86 0.48 047 0.68 092 088 045 047 068 092 0.90

0.8 093 034 034 0.55 0.81 0.74 035 0.35 057 081 0.78

0.86 0.68 0.68 0.88 0.99 098 069 069 089 099 0.98

033 0.2 093 030 0.30 0.49 0.76 0.70 031 0.30 0.51 0.76 0.73

0.86 0.66 0.67 0.85 099 098 067 0.67 087 099 0.99

0.8 093 0.27 0.28 042 0.67 0.60 0.28 0.28 040 0.66 0.64

0.86 0.56 0.56 0.75 096 092 057 057 072 095 0.94

Case 2 3 02 093 025 025 0.26 0.26 026 027 0.28 028 0.28 0.28
0.86 0.48 0.48 0.49 0.48 049 050 0.51 052 051 0.51

0.8 093 036 036 0.38 0.37 037 036 037 038 038 0.38

0.86 0.69 0.70 0.72 0.72 0.71 00 071 0.72 072 0.72

033 0.2 093 033 032 0.33 0.33 033 031 031 033 033 0.33

0.86 0.68 0.68 0.69 0.69 0.69 066 0.66 068 0.68 0.68

0.8 093 029 028 0.29 029 029 028 029 029 029 0.29

0.86 0.56 0.56 0.56 0.57 0.56 0.55 0.56 0.56 0.56 0.56

Case 3 3 02 093 032 030 0.55 0.85 0.75 034 031 053 086 0.82
0.86 0.63 0.63 0.89 1.00 098 0.64 0.64 0.88 1.00  0.99

0.8 093 033 0.33 0.66 093 083 033 034 067 092 0.88

0.86 0.67 0.67 0.96 1.00 1.00 0.67 0.68 0.97 1.00 1.00

033 0.2 093 032 029 0.52 0.78 0.70 032 031 052 080 0.76

0.86 0.67 0.67 0.89 099 098 067 069 089 099 0.99

0.8 093 0.29 0.29 0.56 0.85 0.75 030 0.28 055 0.82 0.78

0.86 0.60 0.60 0.90 1.00 099 0.61 0.59 0.89 1.00 0.99

Model 5: Trending Volatility

3 0.93 031 0.29 0.62 0.89 0.79 031 029 062 089 0.84
0.86 0.61 0.61 0.92 1.00 0.98 0.62 0.60 0.92 1.00 0.99
0.33 093 029 031 0.56 0.87 0.76 030 0.30 0.58 0.87 0.82

0.86 0.62 0.64 094 1.00 0.99 0.63 0.63 0.94 1.00 1.00

Model 6: Exponential Stochastic Integrated Volatility

0.93 0.27 028 0.28 029 029 030 030 030 030 0.31
0.86 0.55 0.56 0.56 0.57 0.57 0.58 0.58 0.59 0.59 0.59
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Table 4.18: Size adjusted power performance of the standard and wild bootstrap
FSVR tests for MA (4) shocks: GLS demeaning

> ) K « T0 T2 T1 T012 T12 s Ty Ty To12  Ti2

Model 1: Homoscedasticity

0.93 031 031 0.62 092 082 035 031 064 091 0.81
0.86 0.66 0.64 0.96 1.00 1.00 0.65 0.65 096 098 1.00

Model 2: Periodic Heteroscedasticity

Case 1 093 032 032 0.52 0.79 0.72 034 032 054 080 0.72
0.86 0.67 0.66 0.86 099 098 066 0.64 085 0.99 0.97
Case2 093 032 033 034 034 034 035 037 035 035 0.35

0.86 0.67 0.68 0.69 0.69 069 063 069 070 0.70 0.71

Model 3: Single Volatility Shift

3 02 093 028 028 060 091 080 0.28 0.28 0.61 091 0.84
0.86 0.56 0.53 0.91 1.00 0.99 0.57 0.57 092 099 0.99

0.8 093 035 0.37 0.69 093 088 035 037 0.71 0.93 0.90
0.86 0.70 0.72 0.98 1.00 1.00 0.70 0.72 098 097 1.00

033 0.2 093 030 031 057 087 077 036 037 057 088 0.79
0.86 0.62 0.66 0.95 1.00 1.00 0.70 0.71 0.96 1.00 1.00

0.8 093 028 027 050 082 068 031 031 052 082 0.68
0.86 0.55 0.54 0.86 0.99 096 061 059 088 0.99 0.98

Model 4: Single Periodic Volatility Shift

Case 1 3 0.2 093 027 028 047 076 068 028 029 048 0.78 0.69
0.86 053 054 077 097 094 054 055 0.78 097 0.95

0.8 093 034 036 0.53 0.81 0.75 036 035 054 083 0.76

0.86 0.69 0.71 0.88 0.99 098 072 071 0.89 1.00  0.99

033 0.2 093 030 0.30 0.46 0.73 0.66 030 0.32 047 075 0.67

0.86 0.65 064 084 099 097 0.64 067 0.85 1.00 0.98

0.8 093 027 027 040 0.66 058 0.27 0.29 041 0.68  0.59

0.86 0.54 0.54 0.72 095 090 054 056 073 097 091

Case 2 3 0.2 093 030 030 0.31 0.31 031 030 032 032 033 0.32
0.86 0.56 0.57 0.57 0.58 0.57 0.57 058 0.58 0.60 0.58

0.8 093 038 0.38 0.38 0.38 038 0.38 040 039 040 0.39

0.86 0.73 072 0.73 073 073 072 075 074 075 0.74

033 0.2 093 030 030 030 031 031 030 032 031 0.33 0.32

0.86 0.65 0.65 0.65 0.66 0.66 0.65 0.67 0.66 0.68 0.67

08 093 029 028 030 030 029 028 030 0.31 0.32  0.30

0.86 0.54 0.54 0.56 0.56 0.55 0.54 0.56 0.57 0.58 0.56

Case 3 3 0.2 093 033 034 0.58 0.87 0.79 034 036 059 087 0.80
0.86 0.66 0.65 0.92 1.00 0.99 0.65 0.67 0.93 1.00 1.00

0.8 093 033 0.34 0.66 093 082 027 029 059 089 0.83

0.86 0.67 0.68 0.96 1.00 1.00 0.59 0.61 0.95 1.00 1.01

033 0.2 093 030 030 0.51 0.78 0.70 0.23 0.25 043 070 0.71

0.86 0.64 064 087 099 098 0.56 058 0.83 1.00 0.99

0.8 093 027 029 054 084 074 020 022 046 077 0.75

0.86 0.57 0.59 0.89 1.00 098 047 049 0.85 1.01  0.99

Model 5: Trending Volatility

3 093 034 032 0.66 092 0.82 032 033 067 091 0.84
0.86 0.68 0.65 0.96 1.00 1.00 0.66 0.70 0.95 1.00 1.00
0.33 0.93 030 0.30 0.56 0.85 0.74 031 033 059 086 0.76

0.86 0.63 0.63 0.93 1.00 099 0.63 0.64 0.93 1.00 0.99

Model 6: Exponential Stochastic Integrated Volatility

093 030 030 030 030 031 031 032 045 0.63 0.62
0.86 0.58 0.58 0.59 0.59 059 064 065 078 093 091
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Table 4.19: Size adjusted power performance of the wild bootstrap FSVR and
HEGY tests for i.i.d. shocks: OLS demeaning

* * * * * * * * * *
>) 6 a Ty T2 1 Toi2z Ti2 to t3 21 to12 112

Model 1: Homoscedasticity

0.93 024 024 045 0.74 069 0.19 0.17 029 050 0.49
0.86 0.56 0.55 0.88 1.00 098 054 051 0.80 097 0.95

Model 2: Periodic Heteroscedasticity

Case 1 0.93 0.22 0.23 0.40 0.62 0.60 0.18 0.17 0.25 0.38 0.39
0.86 053 054 077 096 095 0.52 050 0.66 088 0.86
Case2 093 026 026 0.26 026 026 0.16 0.16 0.16 0.16 0.16

0.86 0.58 0.58 0.58 0.59 059 044 044 045 044 044

Model 3: Single Volatility Shift

3 02 093 013 013 0.20 0.30 0.31 0.01 0.01 0.01 0.00 o0.01
0.86 036 035 057 08 078 0.05 005 0.06 010 0.12

0.8 093 024 025 047 075 069 0.14 0.14 025 0.41 040
0.86 0.56 0.58 0.90 1.00 099 046 045 0.75 094 0.92

033 0.2 093 030 027 057 08 081 033 033 050 078 0.74
0.86 0.63 0.62 0.94 1.00 1.00 0.71 0.72 091 0.99 0.99

0.8 093 023 023 0.36 0.61 056 0.20 0.21 0.26 0.41 042
0.86 049 048 0.73 0.95 091 047 046 0.60 082 0.80

Model 4: Single Periodic Volatility Shift

Case 1 3 02 093 014 0.14 0.18 0.26 0.27 0.01 0.01 0.01 0.01 0.01
0.86 0.36 0.36 0.49 0.73 0.70 0.05 0.05 0.05 0.07 0.08

0.8 093 023 024 0.39 0.63 0.60 0.14 0.14 020 030 0.31

0.86 0.56 0.56 0.78 0.96 095 043 044 0.60 082 0.81

033 0.2 093 028 0.28 0.46 0.73 071 033 034 045 0.66 0.64

0.86 0.61 0.62 0.83 098 097 071 0.72 083 096 0.95

0.8 093 023 023 0.32 0.51 050 0.20 0.20 0.27 0.36 0.36

0.86 049 0.50 0.63 0.88 0.8 044 0.44 057 0.73 0.72

Case 2 3 02 093 014 0.14 014 014 0.14 0.01 0.010 0.01 0.01 o0.01
0.86 0.35 0.36 0.36 0.36 036 0.04 0.04 0.04 0.04 0.04

0.8 093 020 027 027 027 027 011 0.11 0.11 011 0.11

0.86 0.59 0.59 0.60 0.60 0.60 034 034 035 035 0.35

033 0.2 093 029 028 0.29 0.29 029 029 029 029 029 0.29

0.86 0.62 0.62 0.63 0.63 0.63 063 0.63 064 0.63 0.63

08 093 023 023 024 024 024 019 019 019 0.19 0.19

0.86 0.48 047 0.50 0.49 049 039 040 040 0.40 0.40

Case 3 3 02 093 022 023 0.32 0.55 053 0.11 0.09 0.13 0.22 0.23
0.86 052 053 074 096 094 039 034 053 078 0.77

0.8 093 024 024 048 0.77 071 0.17 0.16 0.25 0.45 045

0.86 0.55 0.57 0.89 1.00 099 051 051 076 095 0.94

0.33 0.2 093 027 027 0.46 0.72 069 033 032 044 0.65 0.63

0.86 0.61 0.61 0.83 098 098 072 070 083 096 0.95

0.8 093 0.23 023 040 0.66 062 022 020 031 045 045

0.86 0.51 0.51 0.80 097 095 050 0.48 067 0.85 0.83

Model 5: Trending Volatility

3 0.93 0.21 021 0.40 0.68 0.62 0.12 0.11 0.19 031 0.32
0.86 051 053 087 099 098 041 039 0.70 092 0.90
0.33 0.93 0.26 0.23 0.50 0.76 0.71 029 0.27 043 0.66 0.64

0.86 0.57 0.54 0.89 1.00 098 0.65 064 0.85 097 0.96

Model 6: Exponential Stochastic Integrated Volatility

0.93 0.12 0.12 0.20 0.36 035 0.04 0.04 0.08 0.09 0.11
0.86 0.30 0.30 0.62 093 088 0.11 0.12 0.32 046 045
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Table 4.20: Size adjusted power performance of the wild bootstrap FSVR and
HEGY tests for ARMA (4,4) shocks: OLS demeaning

* * * * * * * * * *
>) 6 a Ty T2 1 Toi2z Ti2 to t3 21 to12 112

Model 1: Homoscedasticity

0.93 0.25 024 0.46 0.75 0.70 0.18 0.18 031 049 049
0.86 0.57 0.55 0.89 1.00 099 054 052 0.81 096 0.95

Model 2: Periodic Heteroscedasticity

Case 1 093 026 025 0.38 0.62 059 0.18 0.18 0.25 0.38 0.38
0.86 0.58 0.57 0.77 096 095 0.52 052 0.67 088 0.87
Case2 093 025 025 0.26 026 026 014 0.14 0.14 0.15 0.15

0.86 0.58 0.57 0.58 0.58 0.58 042 043 042 043 043

Model 3: Single Volatility Shift

3 02 093 012 013 0.22 0.30 0.30 0.01 0.01 o0.01 0.01 o0.01
0.86 0.33 035 0.59 0.84 0.78 0.05 0.05 0.06 0.10 0.12

0.8 093 024 024 049 0.76 071 0.14 0.15 025 042 043
0.86 0.57 0.56 0.91 1.00 099 043 046 0.75 095 0.93

033 0.2 093 028 029 0.55 0.86 080 033 033 052 078 0.75
0.86 0.62 0.63 0.93 1.00 1.00 0.73 073 092 0.99 0.99

0.8 093 021 022 0.39 0.62 0.57 0.20 0.20 0.27 0.42 043
0.86 047 048 0.76 0.96 092 045 046 0.62 083 0.81

Model 4: Single Periodic Volatility Shift

Case 1 3 02 093 013 014 0.17 027 028 0.01 0.01 0.01 0.01 o0.01
0.86 0.35 037 0.50 0.73 071 0.04 0.05 0.05 0.08 0.09

0.8 093 025 024 041 0.64 062 0.13 0.14 020 0.29 0.30

0.86 0.57 0.56 0.80 0.97 096 040 043 0.61 081 0.80

033 0.2 093 026 028 0.46 0.71 0.68 031 0.31 047 0.66 0.65

0.86 0.60 0.62 0.83 098 097 068 069 085 096 0.96

0.8 093 0.21 021 0.33 0.50 050 0.19 0.20 026 0.36 0.38

0.86 045 047 0.64 087 084 043 045 054 073 0.72

Case 2 3 02 093 015 0.15 0.15 0.15 0.15 0.01 0.01 0.01 0.01 o0.01
0.86 0.39 0.40 0.40 0.40 040 0.04 0.04 0.04 0.04 0.04

0.8 093 0.26 026 0.28 0.27 027 0.11 0.11 0.11 0.11 0.11

0.86 0.59 0.59 0.62 0.61 061 034 034 035 035 0.35

033 0.2 093 028 0.28 0.28 0.28 028 031 031 031 031 031

0.86 0.63 0.62 0.62 0.63 0.63 065 0.65 066 0.66 0.66

0.8 093 023 023 024 024 024 0.18 0.18 0.18 0.17 0.18

0.86 0.49 049 0.50 0.49 049 040 039 039 039 0.39

Case 3 3 02 093 022 021 0.32 0.54 052 0.11 0.09 0.13 021 0.21
0.86 053 052 074 096 093 038 035 053 078 0.76

0.8 093 024 024 049 0.77 071 0.17 0.18 0.29 0.47 046

0.86 0.56 0.57 0.90 1.00 099 051 053 0.80 096 0.95

033 0.2 093 028 029 0.45 0.71 0.68 030 0.30 044 0.66 0.65

0.86 0.63 0.64 0.83 098 097 070 0.69 083 096 0.96

0.8 093 0.25 023 041 0.65 0.61 0.19 0.20 030 043 043

0.86 0.53 0.51 0.78 097 094 046 048 067 0.84 0.82

Model 5: Trending Volatility

3 0.93 0.22 0.22 0.42 0.71 066 0.12 0.11 021 035 0.35
0.86 0.53 0.53 0.87 1.00 099 040 039 072 093 0.90
0.33 093 024 026 0.48 0.77 0.72 028 0.26 043 0.66 0.63

0.86 0.55 0.57 0.88 1.00 098 0.65 063 0.86 098 0.96

Model 6: Exponential Stochastic Integrated Volatility

093 0.06 005 014 030 029 0.01 001 0.01 0.01 0.01
0.86 0.15 0.15 0.52 0.87 082 0.04 0.03 0.06 0.06 0.07
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Table 4.21: Size adjusted power performance of the wild bootstrap FSVR and
HEGY tests for MA (4) shocks: OLS demeaning

* * * * * * * * * *
>) s = a Ty T2 1 Toi2z Ti2 to t3 ty to12 112

Model 1: Homoscedasticity

0.93 0.23 0.23 045 0.71 061 0.11 0.12 0.18 0.28 0.30
0.86  0.50 0.51 0.86 0.99 096 030 034 056 082 0.79

Model 2: Periodic Heteroscedasticity

Case 1 0.93 0.18 0.22 0.39 0.59 053 0.11 0.11 0.17 0.24 0.25
0.86 0.53 0.51 074 094 093 031 031 048 0.70 0.68
Case2 0.93 0.25 0.21 0.25 0.24 027 011 0.11 0.11 0.11 0.11

0.86 0.53 0.54 0.53 0.54 057 027 026 026 027 0.27

Model 3: Single Volatility Shift

3 02 093 011 0.11 0.21 0.26 0.23 0.00 0.01 0.00 0.00 0.00
0.86 0.29 0.30 0.56 0.79 0.67 0.02 0.02 0.02 0.02 0.03

0.8 093 0.22 0.22 048 0.74 0.62 0.08 0.10 0.15 0.24 0.27
0.86 0.51 0.54 0.89 099 099 025 027 049 078 0.74

033 0.2 093 0.23 0.24 0.55 0.82 074 024 027 039 062 0.61
0.86 0.58 0.58 0.94 1.00 099 055 056 079 097 0.95

0.8 093 0.21 0.21 0.38 0.62 048 0.18 0.18 0.22 035 0.36
0.86 047 0.46 0.72 094 088 035 034 046 0.72 0.69

Model 4: Single Periodic Volatility Shift

Case 1 3 02 093 0.11 0.12 0.17 023 0.21 001 0.01 0.00 0.00 0.00
0.86 0.31 0.32 047 066 061 0.02 0.02 0.02 0.02 0.02

0.8 093 0.22 0.23 041 0.63 056 0.09 0.09 012 019 0.21

0.86 0.51 0.52 077 095 092 025 025 038 0.61 0.59

033 0.2 093 0.27 0.28 0.46 0.72 065 0.25 0.26 039 054 0.54

0.86 0.58 0.59 0.81 098 095 055 055 073 090 0.89

0.8 093 0.20 0.21 0.31 0.47 042 0.19 0.18 0.22 030 0.31

0.86 0.43 0.44 0.60 0.84 078 034 034 043 0.61 0.60

Case 2 3 02 093 0.12 0.13 014 0.14 0.14 0.01 0.01 0.010 0.01 o0.01
0.86 0.32 0.33 0.36 0.35 035 0.01 0.01 0.01 0.01 0.01

0.8 093 024 -001 024 024 024 0.08 0.08 0.09 0.08 0.08

0.86 0.53 -0.01 054 054 054 020 020 021 021 0.21

033 0.2 093 0.28 2.99 0.28 0.28 0.28 0.28 027 0.28 0.28 0.28

0.86 0.60 -0.01 0.60 0.61 061 0.55 0.55 0.56 0.56 0.56

0.8 093 021 -0.01 0.20 0.21 021 0.17 0.17 0.17 0.17 0.17

0.86 044 -0.01 044 044 044 031 030 031 031 0.31

Case 3 3 02 093 0.20 0.20 0.30 0.53 045 0.06 0.06 0.07 0.10 0.12
0.86  0.47 0.46  0.69 0.94 088 0.18 020 0.29 048 047

0.8 093 0.23 0.23 043 0.72 059 0.10 0.11 0.17 0.28 0.30

0.86 0.52 0.52 0.86 0.99 096 027 030 0.54 082 0.79

033 0.2 093 0.27 0.25 0.43 0.71 064 024 024 033 049 049

0.86 0.58 0.58 0.80 097 095 053 052 068 0.8 0.87

0.8 093 0.21 0.21  0.39 0.63 052 0.16 0.17 024 034 0.35

0.86 0.45 0.45 0.76 095 093 036 036 053 072 0.71

Model 5: Trending Volatility

3 0.93 0.14 0.14 0.31 0.52 0.50 0.07 0.07 0.12 0.17 0.20
0.86 0.38 0.38 077 097 093 0.22 022 046 0.73 0.70
0.33 0.93 0.19 0.17 0.36 0.63 059 022 021 032 051 0.51

0.86 0.45 0.42 0.76 097 095 047 045 069 091 0.88

Model 6: Exponential Stochastic Integrated Volatility

0.93 0.08 0.07 0.12 0.16 0.17 0.13 0.13 0.22 035 0.34
0.86 0.15 0.13 0.28 0.46 043 024 024 047 074 0.70
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Table 4.22: Size adjusted power performance of the wild bootstrap FSVR and
HEGY tests for i.i.d. shocks: GLS demeaning

* * * * * * * * * *
>) 6 a Ty T2 1 Toi2z Ti2 to t3 21 to12 112

Model 1: Homoscedasticity

093 032 031 0.65 091 086 041 041 059 0.89 0.85
0.86 0.66 0.65 0.96 1.00 1.00 0.83 082 096 1.00 1.00

Model 2: Periodic Heteroscedasticity

Case 1 093 034 033 0.51 0.78 0.75 040 0.40 055 0.76 0.75
0.86 0.67 0.67 0.85 0.98 098 080 0.81 091 099 0.98
Case2 093 033 034 0.35 0.35 035 036 035 036 036 0.36

0.86 0.67 0.68 0.68 0.69 069 074 073 074 073 0.73

Model 3: Single Volatility Shift

3 02 093 025 027 0.53 0.85 0.78 027 0.28 039 0.62 0.61
0.86 048 049 0.83 0.98 096 0.58 0.58 0.78 0.96 0.94

0.8 093 033 034 0.68 093 088 039 041 064 090 0.87
0.86 0.68 0.69 0.97 1.00 1.00 0.81 082 097 100 1.00

033 0.2 093 031 030 0.60 0.88 083 039 039 060 0.8 0.83
0.93 0.67 0.66 0.96 1.00 1.00 0.80 080 0.95 1.00 1.00

0.8 086 028 0.29 0.51 0.81 0.74 030 0.28 033 053 0.52
0.93 056 058 087 099 098 058 0.57 0.70 0.90 0.86

Model 4: Single Periodic Volatility Shift

Case 1 3 02 093 026 027 042 0.71 0.68 0.27 0.27 036 0.54 0.53
0.86 0.47 0.49 0.69 093 091 056 055 069 090 0.88

0.8 093 035 0.33 0.55 0.81 078 039 038 056 0.80 0.78

0.86 0.68 0.67 0.89 0.99 098 078 078 092 099 0.99

033 0.2 093 031 030 0.49 0.77 0.74 038 039 055 0.78 0.76

0.86 0.66 0.66 0.86 099 099 078 0.77 090 098 0.98

0.8 093 0.27 029 041 0.65 0.63 030 0.28 035 048 049

0.86 0.54 0.56 0.73 094 093 057 055 065 083 0.82

Case 2 3 02 093 028 028 0.29 029 029 026 026 027 026 0.26
0.86 049 049 0.51 0.51 0.51 052 0.52 0.52 0.52 0.52

0.8 093 036 035 0.36 0.36 036 035 036 036 036 0.36

0.86 0.69 0.68 0.69 0.69 069 072 074 073 073 0.73

033 0.2 093 032 031 0.32 0.32 032 034 033 035 035 0.35

0.86 0.68 0.67 0.68 0.68 068 071 070 0.73 0.72 0.72

0.8 093 027 028 0.28 029 029 027 027 025 026 0.26

0.86 0.55 0.56 0.56 0.57 057 052 0.52 050 0.50 0.50

Case 3 3 02 093 033 032 0.55 0.86 0.82 037 039 054 078 0.76
0.86 0.65 0.63 0.90 099 099 079 080 092 099 0.99

0.8 093 034 032 0.65 091 087 040 039 060 0.89 0.86

0.86 0.67 0.67 0.96 1.00 1.00 0.82 082 096 1.00 1.00

033 0.2 093 031 030 0.53 0.80 0.77 038 037 056 0.78 0.76

0.86 0.67 0.67 0.89 099 099 078 0.77 091 099 0.98

0.8 093 0.28 030 0.56 0.84 079 032 031 047 0.62 0.62

0.86 0.58 0.61 0.91 1.00 099 064 063 079 092 091

Model 5: Trending Volatility

3 0.93 031 030 0.61 0.89 083 040 0.40 059 0.89 0.86
0.86 0.62 0.61 0.92 1.00 0.99 081 082 0.9 1.00 1.00
0.33 0.93 029 030 0.58 0.86 081 037 038 049 0.79 0.76

0.86 0.63 0.64 094 1.00 1.00 0.75 0.75 0.89 099 0.98

Model 6: Exponential Stochastic Integrated Volatility

0.93 0.27 0.28 0.28 029 029 027 027 025 026 0.26
0.86 0.55 0.56 0.56 0.57 0.57 0.52 052 0.50 0.50 0.50
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Table 4.23: Size adjusted power performance of the wild bootstrap FSVR and
HEGY tests for ARMA (4,4) shocks: GLS demeaning

* * * * * * * * * *
>) 6 a Ty T2 1 Toi2z Ti2 to t3 21 to12 112

Model 1: Homoscedasticity

0.93 033 033 0.65 091 086 041 040 058 0.89 0.86
0.86 0.66 0.66 0.96 1.00 1.00 0.83 082 096 1.00 1.00

Model 2: Periodic Heteroscedasticity

Case 1 093 0.32 031 0.52 0.78 0.76 040 0.40 0.55 0.77 0.76
0.86 0.67 0.66 0.86 099 098 081 081 091 099 0.98
Case2 093 034 033 034 034 034 036 036 037 037 0.37

0.86 0.68 0.67 0.68 0.68 068 075 075 0.76 0.76 0.76

Model 3: Single Volatility Shift

3 02 093 0206 026 0.50 0.83 0.78 0.28 0.28 040 0.62 0.60
0.86 0.47 048 0.82 0.99 097 0.58 0.58 0.78 0.96 0.94

0.8 093 0.35 0.35 0.68 093 088 040 0.41 064 092 0.88
0.86 0.69 0.69 0.97 1.00 1.00 0.82 082 0.97 1.00 1.00

033 0.2 093 030 030 0.61 0.89 083 039 039 057 0.8 0.83
0.86 0.66 0.65 0.96 1.00 1.00 0.80 0.79 0.94 1.00 0.99

0.8 093 0.29 026 0.51 0.81 0.75 030 0.29 033 053 0.52
0.86 056 0.56 0.87 099 098 0.57 056 0.67 089 0.86

Model 4: Single Periodic Volatility Shift

Case 1 3 02 093 024 025 041 0.68 0.66 0.26 0.27 037 0.53 0.53
0.86 0.45 047 0.68 0.92 090 0.54 055 0.70 089 0.88

08 093 035 035 057 081 078 038 037 056 079 0.78

0.86 0.69 0.69 0.89 099 098 079 078 091 099 0.99

033 0.2 093 031 030 0.51 0.76 0.73 038 037 054 076 0.75

0.86 0.67 067 087 099 099 0.77 077 090 098 0.98

0.8 093 0.28 0.28 0.40 0.66 0.64 0.28 0.27 036 049 049

0.86 0.57 0.57 0.72 095 094 056 055 067 083 0.81

Case 2 3 02 093 027 028 0.28 0.28 0.28 0.27 0.26 027 0.27 0.27
0.86 0.50 0.51 0.52 0.51 0.51 054 0.55 0.55 0.55 0.55

0.8 093 036 037 0.38 0.38 038 035 035 036 036 0.36

0.86 0.70 0.71 0.72 0.72 0.72 073 0.72 074 0.73 0.73

033 0.2 093 031 031 0.33 0.33 033 036 036 036 0.36 0.36

0.86 0.66 0.66 0.68 0.68 0.68 073 0.72 0.72 0.73 0.73

0.8 093 028 0.29 0.29 029 029 028 0.28 027 027 0.27

0.86 0.55 0.56 0.56 0.56 056 0.52 0.52 0.51 0.51 0.51

Case 3 3 02 093 034 031 0.53 0.86 082 038 039 054 077 0.75
0.86 0.64 0.64 0.88 1.00 099 0.79 081 092 0.99 0.99

0.8 093 033 034 067 092 088 041 041 061 090 0.87

0.86 0.67 0.68 0.97 1.00 1.00 0.84 083 097 1.00 1.00

033 0.2 093 032 031 0.52 0.80 0.76 040 037 053 0.76 0.75

0.86 0.67 0.69 0.89 099 099 079 0.79 090 098 0.98

0.8 093 030 0.28 0.55 0.82 0.78 031 032 045 0.63 0.62

0.86 0.61 0.59 0.89 1.00 099 064 065 0.78 093 091

Model 5: Trending Volatility

3 0.93 031 029 0.62 0.89 0.84 039 038 057 0.88 0.84
0.86 0.62 0.60 0.92 1.00 099 080 079 096 1.00 1.00
0.33 0.93 030 0.30 0.58 0.87 082 035 037 048 0.77 0.74

0.86 0.63 0.63 0.94 1.00 1.00 0.73 0.74 0.89 099 0.98

Model 6: Exponential Stochastic Integrated Volatility

0.93 030 0.30 0.30 0.30 0.31 031 032 045 0.63 0.62
0.86 0.58 0.58 0.59 0.59 059 064 065 0.78 093 091
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Table 4.24: Size adjusted power performance of the wild bootstrap FSVR and
HEGY tests for MA (4) shocks: GLS demeaning

* * * >k * * * * * *
D) 6 K «@ To T2 1 Toiz Ti2 tg 12 21 to12  ti2

Model 1: Homoscedasticity

093 0.33 031 0.62 092 082 029 029 047 074 0.72
0.86 0.65 0.64 0.96 1.00 1.00 0.64 0.64 0.88 099 0.98

Model 2: Periodic Heteroscedasticity

Case 1 093 034 032 054 080 072 032 031 046 066 0.65
0.86 0.66 0.64 0.85 0.99 097 067 065 082 097 0.95
Case2 093 035 037 0.35 0.35 035 033 034 034 034 0.34

0.86 0.63 0.69 0.70 0.70 0.71 066 0.66 0.66 0.66 0.66

Model 3: Single Volatility Shift

3 0.2 093 028 0.28 0.61 091 084 024 025 0.35 057 0.57
0.86 0.57 0.57 0.92 099 099 051 051 070 094 091

0.8 093 035 037 0.71 0.93 090 0.29 030 050 081 0.78
0.86 0.70 0.72 0.98 097 100 065 0.64 089 1.00 0.99

033 02 093 036 037 057 088 079 027 028 045 072 0.70
0.86 0.70 0.71 0.96 1.00 1.00 0.59 062 0.84 099 0.98

0.8 093 031 031 0.52 0.82 068 024 024 029 046 046
0.86 0.61 0.59 0.88 0.99 098 045 045 0.57 081 0.78

Model 4: Single Periodic Volatility Shift

Case 1 3 0.2 093 028 0.29 048 0.78 069 026 027 0.34 051 0.51
0.86 0.54 0.55 0.78 097 095 052 052 065 087 0.85

08 093 036 035 054 083 076 032 030 047 0.69 0.67

0.86 0.72 071 0.89 1.00 099 0.66 064 0.83 097 0.96

033 0.2 093 030 032 047 075 067 028 029 045 065 0.64

0.86 0.64 0.67 0.85 1.00 098 0.60 063 081 096 0.95

0.8 093 027 029 041 0.68 059 0.26 0.28 032 046 046

0.86 0.54 0.56 0.73 0.97 091 047 048 0.56 0.77 0.75

Case 2 3 0.2 093 030 032 0.32 0.33 032 028 0.28 028 0.28 0.28
0.86 0.57 0.58 0.58 0.60 0.58 0.51 0.52 0.53 0.52 0.52

0.8 093 038 040 0.39 0.40 039 035 036 037 037 0.37

0.86 0.72 075 074 075 074 066 068 0.69 069 0.69

033 0.2 093 030 032 031 0.33 032 033 032 033 033 0.33

0.86 0.65 0.67 0.66 0.68 0.67 064 0.63 064 0.64 0.64

0.8 093 0.28 030 0.31 0.32 030 0.28 028 0.27 027 0.27

0.86 054 056 0.57 058 0.56 0.46 046 045 045 045

Case 3 3 02 093 034 036 0.59 0.87 0.8 029 029 045 0.65 0.64
0.86 0.65 0.67 0.93 1.00 1.00 0.62 062 0.83 096 0.95

0.8 093 027 029 0.59 0.89 083 029 030 046 0.75 0.72

0.86 0.59 0.61 0.95 1.00 1.01 0.63 065 0.87 099 0.98

033 0.2 093 023 025 043 0.70 0.71 033 031 043 0.67 0.66

0.86 0.56 0.58 0.83 1.00 099 0.66 064 079 0.96 0.95

0.8 093 0.20 0.22 0.46 0.77 0.75 027 029 038 0.55 0.54

0.86 047 049 0.85 1.01 099 052 053 068 0.87 0.85

Model 5: Trending Volatility

3 093 032 033 067 091 084 027 030 046 074 0.71
0.86 0.66 0.70 0.95 1.00 1.00 0.62 065 0.89 1.00 0.99
0.33 0.93 031 033 0.59 0.86 0.76 027 0.27 037 0.63 0.62

0.86 0.63 0.64 0.93 1.00 099 0.57 057 075 0.96 0.94

Model 6: Exponential Stochastic Integrated Volatility

093 031 032 045 0.63 062 033 031 043 0.67 0.66
0.86 0.64 0.65 0.78 093 091 066 064 079 096 0.95
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APPENDICES

A Proofs for Chapter 2

Proof of Lemma 1. Lemma 1 is Proposition 2.4.6 in Harrison (1985).

Proof of Theorem 1. This proof follows the strategy outlined in Cavaliere (2005).
In this regard, first Let v; = g6, be innovation process where ¢, is iid white noise

process. Consider the following process:

IS

ify 1 +v<b

Y = E ifgt_l —l—’Ut>l_7

Ui—1 + vy otherwise
\

and assume that gy = yo = 0. This implies the process can be recursively defined

as follows:

¢ ¢ ¢
Ut :ﬂo—i‘zvri‘zlri‘zﬁb
i=1 i=1 i=1

=Y+ S+ Ly — Q4

The regulators [, and ¢; are defined as follows:

I, = ()\QTl/2 — (U1 + o)) (Go1 + ¢ < g)\Tl/Q)

g = (?jt—l + v — E/\T1/2)I(gt_1 + v > E/\T1/2)
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Note that the given sequence is indeed the Harrison (1985) construction of a
bounded stochastic process, but it is not continuous. Thus, if we can obtain a
continuous approximation of the given sequence on C[0, 1] space with a uniform
metric and show convergence, convergence in the original D[0, 1] space will follow

by Theorem 4.1 in Billingsley (2013).

Now apply the broken line process to g, and create its continuous approximant

on C[0, 1] as follows:

For the partial sum S;, we can set:

) W A Ts— |Ts|
Sp(s) = (WT)™2 Y oi+vjpg +1 Vi (20)

i=1
With regulators [; and ¢; defined in above, the continous approximants of our

regulators are

’

(272 T, if Ijsr)11 =0

()\2T)—1/2 LsTj I+

sT— I_STJ_ LsTJl«klivlsTjﬁ»l
2\ —1/2 [sT]+1
()‘ T) 171[5TJ+1—”LSTJ+1

YsT|+1

I (ST > |sT + LT 1 =ler) o1 ULSTHlJ)

lsT+1

lf ZLSTJ+1 > 0

.

(N*T)~1/2 th; qt if ¢s7j41 =0

()\QT) 1/2 ZLsTJ

sT—|sT|— UIsT]+1"9sT]+1
2\—1/2 9| sT|+1
(>‘ T) _UsT 4179 sT|+1

1
9[sT|+1

q|sT]+1

I<ST> LST+MJ)

if qs7j41 >0

110



Aforementioned construction is continuous version of Harrison (1985) construc-

tion of a bounded process. This construction satisfies the following properties:

1. Li(s) and Q% (s) are increasing continuous with L% (0) = 0 and Q%(0) =0
2. gn(s) € [¢c,¢, all s € [0, 1].
3. Lk (s) and Q% (s) increase only when ¢4.(s) = ¢ and g.(s) = ¢, respectively.

By Cavaliere and Taylor (2007) and continuous mapping theorem (CMT), Si(s) =
B, (s), where B, (s) is variance transformed Brownian motion. By applying CMT

to 7ir(s), the limiting result will be g7(s) = B,(s) + Lr(s) — Qr(s).

By Proposition 2.4.6 in Harrison (1985), this limiting result is the "unique’ such
function that guarantees that g5.(s) € [¢,¢]. In other words, the limiting distri-

bution of 75(s) is regulated variance transformed Brownian motion.

It is left to show is that the aformentioned construction converges in DI0, 1].

Consider

L S S —
() — () = (L () — S 2000) — Qi () — L) 4 XT20, (T — |ST1))

Both |Li(s) — f}fﬂzﬂ and |Q4(Ty) — %JM are smaller than XT—Y2v g1 (sT —

|sT]), it follows that

Gn(s) — Gr(s)| < 20T 20 401 (sT — |T.T)

Thus,

sup [§5(s) — §r(s)] < 20772 max_ur|
sf0,1] t=1,.,T

The proof of Theorem 1 in Wang et al. (2002) show that under the conditions

given, |maxi—;, rur,| is Op(1). Thus,
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This implies §ir(s) = B&°(s).

L 9. d {7} satisfy the relati — 7| < 13
emma 9. {y,} and {g;} satisfy the relation max [y — 3] < tg(l)?.},{Tgt+tI:I(1)?.}7{T§t

Proof of Lemma 9. To see this first consider the observed process:

= (Lu+Y &->¢
=1 i=1 =1

Remark that we can apply Beveridge Nelson decomposition to first factor (see

proof of Theorem 1 in Cavaliere and Taylor (2007)):

S (@ = (1) 3 g + it — g
=1 =1

Here ur — o will be asymptotically unimportant. Thus we can remove it from
the difference of y; and g;. Rest of the proof is same as in Lemma 7 of Cavaliere

(2005), since all conditions on regulators ¢, and &, are same as in Cavaliere (2005).

Since under assumption A3 we have nqaxT]fJ and max_ |&,| are of o,(TV?),
t=1,.T = t=1,...

Snax. lye — 5| < 0,(T*/?). In this case supscio|yr(s) — Gr(s)| 2 0. As a result
t=U,-,

we have y(s) = B&%(s). O

Proof of Lemma 2. We know that X, =Y,— (9—9)’(2 then the partial sum process

can be expressed as:
Xr(s) = (T)2Y () — (VT)V2(0 — 0) bz

First factor converges according to Theorem (1), and second factor is very similar
to object in Theorem 1 of Nielsen (2009) except the limit of Y;. While in Nielsen

(2009), the partial sum of process Y; converges to B(s), in our case it will converge
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to Bg¢. Using CMT and results of Nielsen (2009) we obtain the result. []

Proof of Theorem 2. Throughout, to simplify the proof, it is assumed wlog that

no deterministics are included in the model and in the estimation.

Under Assumption A, let us define ¢)(2)™" = a(2) = 1= > a;2/. By letting
g = a(L)ét and E;‘ = (L), , define v = ut+§;‘—§‘, where g, = 1/1(L)ut+§t—§t =

*

Y(Lyu; , wi =i uf and rf =& — &

We will present the proof for ADF, and ADF,, statistics. The proof for other

statistics follow similiarly.

Let Zip = (AX¢—1, ..., AX; ), B:= (aq, ..., ) and ADF regression is
Xy =aXi1+08'Z g+ uy

L o o
with wp, = uy + 30 AX =uf + 37, Qg

The proof for ADF; is as follows. Under null hypothesis p = 1, by using Lemma
A4 in Cavaliere and Xu (2014), we can conclude that (a) 7' S X, quy =
crt 23:1 w;_yu;op(1), (b) T2 Zthl X2, =CQ)y’r? Zthl(w:—ﬂQ + 0p(1)
and (c) ! 23:1 u?kz =T 23:1(@)2 + 0p(1).

By using Lemma A5 in Cavaliere and Xu (2014) and Lemma 3 in Cavaliere and
Taylor (2007), we can also conclude that as T — oo (a)||[(T~ (31, ZiwZi) M =
Op(1); M0y ZewXemn)|| = Op(TKY?) and (¢) [|[(T7 32,2y Zewurl| = Op(1).

Also, by Lemma 2 in Cavaliere and Taylor (2007) and by proof of Lemma 4, we
can conclude that 71 ZtT:l(uj )2 & @2, Then we can proceed as in Chang and

Park (2002) to prove that
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1
T Zwt L =W / B&“(s)%ds
0

which completes the proof for ADF,. Following similiar manner,

_Tle-1
a1y

T T
(T~ ZZwt 1 7127”:71”:) + 0p(1)
t=1

t=1

ADF,

Under Lemma A5 of Cavaliere and Xu (2014) and Theorem 1 of Cavaliere and

Taylor (2007), we can conclude that @&(1) £ 1/C(1). This completes the proof of

Part (i), consistency of s% 5, and ADF,,.

Proof of Lemma 3. 1(s) and 7n(s) are both continuous, bounded between [0, 1]

and monotone for all s € [0, 1], we only need to show point wise convergence as

in Cavaliere and Taylor (2007). Consider

|sT|
> o (5T — |sT))e
i(s) = =

T
2
€4
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LsTJ |sT]

since 7 Z (Az4)? = > €+ 0y(1). Then we can write,
=1

[sT|

Z Gt
sup |7(s) —
SE[O,I] Z €t

H |

(%9) o

2 2
But maxi<;<p 3 = (maxi<y<r 77)% is 0p(1) from Theorem 1. For the first

factor, notice that

1 |sT| 1 |sT| 1 |sT| 1 |sT| |sT]
T 6?:f (U?+7’t)2:f2(ui)2+fz Zuﬂ“t
=1 t=1 =1 =1
[T y
From Cavaliere and Taylor (2007) £ >~ (u)* = kn(s) where £ = w?(1). How-
i=1
[sT|
ever, =( Z r? 4+ uiry) = 0,(1) since:
|sT| [sT|

1
< T Z |7} + ufry]
t=1
1 T
< = [mazlu;| + maz|r| > 2lr| = 0,(1)
t=1

182 v

t=1

from assumption 2.4 we have maz|u;|, maz|r| are o,(T~"?) and S/_, 2|r/| =

0,(TY?).

[M]=

Since (u)® % kn(1) = &, the f(s) = “1 = g(s). O

1
T

t=1

Proof of Lemma 4. The proof of this lemma is based on the consistency proof of
s4r(k). Remember from Theorem 2 of the consistency of s4 (k) was proven by
using the consistency of & and &(1) Therefore, we have a conclusion that ¢ % ¢

and ¢ 2 ¢. O
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Proof of Theorem 3. For proof, we need to first show the difference process
AB;r(t/T) is identical to dB,(s) in the limit. In order to show this, we will
use a siliar structure as in Cavaliere and Taylor (2007). First, define usual partial
sum process Sr(s) = \%Zg? e;. Then Bj;p(s) = Sp(n([sT]/T)). Cavaliere
and Taylor (2007) already showed that St (7(|sT|/T)) = B(n(s)) = B,(s). Now

we can write:
AB;r(t/T) = Sr(n(t/T)) = Sr(i(t/T = 1/T))
Define h = 1/T then

A AB;p(t/T) = Sr(i(s)) — Sr(i(s — h))

lim  AB;r(t/T) = Sr(i(s)) — Sr(is = h)) = dSr(i(s))

T—00,h—

= dB(1(s)) = dBy(s)

Last line follows from joint convergence of (Sr(-),7(-)) to (B(-),n(t)) which is
shown in Cavaliere and Taylor (2007). Rest is application of CMT and conjunc-
ture which is described in Theorem 1. Simply replacing the increments of Si(s)

in equation 20 with AB; (), we obtain

BE™(s) = By(s) + L(s) — Q(s)

where L(s) and @(s) are continuous regulators. O
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B Proofs for Chapter 3

Throughout the proofs, we will utilize the circulant matrices. These matrices can

be defined as in del Barrio Castro et al. (2012):

CO = U6U0 = CiI‘C[l, 1, 1, cens 1]

05/2 = Ufg/st/g = CiI‘C[l, —1, 1, ceey —1, 1]

Ci = viv; = Circ|cos(0), cos(w;, cos(2w;)), ..., cos ((S — 1)w;)]

Cr = vf'vf = Circ[sin(0), sin(w;, sin(2w;)), ..., sin (S — 1)w;)]

with
vo = —1,1,...,1}
Vs = ——1,1,—1,...,1}
w cos(w;[1 = 8]) cos(w;[2—S5]) ... cos(0)
_sin(wj[l - 5] sin(w;[2—-295]) ... sin(0)
. —sin(w;[1 — S]) —sin(w;[2—S5]) ... —sin(0)
Z cos(w;[1 =8])  cos(w;[2—S]) ... cos(0)

where vs are the associated row vectors and matrices that create the circulant

matrices. These matrices above have the following properties:

CO‘I’(D - ¢(1)Co
Csp2¥(1) = (—=1)Cs2
O]\I/(]_) = bjOj + CL]‘C; fO?" a”j = ]_, ceey S*

CIU(1) = b;C; — a;C; for all j =1,..., 5"

117



On the other hand, the interaction of the circulant matrices with each other

engender interesting results:

CoCo = SCy

Cs/2Cs/2 = SCgo
C;C; = (5/2)Cj forallj=1,..,5"
C:Cr = (S/2)Cj for all j =1,...,5"

C;C = C1C; = (S/2)C; for all j = 1,..., 5"

with other cross products are all zero matrices.

Proof of Lemma 5. The proof of this lemma can be found in Lemma 1 of del

Barrio Castro et al. (2012). O

Proof of Lemma 6. The proof follows from the same argument in proof of Lemma
6.(d) of Nielsen (2010). Since the operator A7? satisfies AT?AT"Y; = AT AT, =

A;d_dlYt, we can write
X, =AVAVE, = ATAVE, =) ATE,
i=1

Now define V, = A;dEr which satisfies the conditions of Theorem 1 in Robinson
(2003), we obtain :
[rV]
NNV = 00 (1) W (r)
i=1

O

Proof of Theorem 4. Consider numerator of 7;(d) for j = 0,5/2, this object is
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given in del Barrio Castro et al. (2012) as

22 Z T gree =1 2ZSXC’Xt—l—Op(l) for j=0,5/2

t=1 s=1-S

S/ W(r (L)W (r)dr

0L 1 (Y Gyl (r)dr if = 0
CEDE (W (r) CypeW (r)dr if § = S/2

50
The first equality stems from the properties of circulant matrices Cy and Cgys.
The weak convergence is a result of Lemma 5 and CMT. But also note that the
term % appears since the partial sum convergence is over N not T = NS, thus
we have an extra term 3. The final convergences differ for j = 0, .5/2 because of
the circulant matrices again. Similarly, for j = 1,...,.S* del Barrio Castro et al.

(2012) show that:

N 0
T2 Y g =T Z XC’Xt—i—op(l) for j=1,..5"

t=1 s=1-8
/ W (r) U (1)'Cy 0 (1)W (r)dr

(af +b3)

_ T/Wm CW(r)dr if j=1,..5°  (22)
0

N 0
T3 2, =T Z XC*XtJrop(l) for j=1,..5"
=1

t=1 s=1-S5 t=1

N % [ weyvayc v

o?(a? + b?)

= 55 /W(r) C:W(r)drifj=1,..,8 (23)
0

Remark that in del Barrio Castro et al. (2016), it is shown that the objects in

(22) and (23) are the same. Now, we can focus on the denominators and apply
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the same procedure:

N 0
TS S = TH Y SKOK 1) for =057
t=1

= —= / Wd+1 C \I/( )Wd+1(7’)d7‘
MdeH(r)’C’OWdH(T)dr ij =0
de 1(r) CspoWagi(r)dr if j = 5/2
(24)

The week convergence stem from Lemma 2 and the rest can derived from the

above results. Finally, we can also demonstrate,

N 0
T Z Z o, =T 2dz S%10, %, +0(1) for j=1,...5"
t=1 s=1—
= o5 || Wan R OYC RO W0
(aF 4 %)
:—/Wd+1 ) CiWaa(r)dr if j =1,...,5%
(25)
N S ~ ~
T de Z T35 _T_Q_QdZ—X'C*Xt+Op(1) for j=1,..,5"
t=1 s=1-5
= o [ Wan (RO )
(a7 4 03)
= —/Wd+1 ) CiWara(r)dr if j=1,.., 5"
(26)

where the asymptotic objects in (25) and (26) are same from the similar ar-
guments made for numerator counterparts. After obtaining these fundamental
objects, for all tests 7o(d), 7g/2(d), 7;(d), T;‘(d), 7i(d), 1,..s/2(d) and 79 g/2(d)

.....
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the results follow by invoking CMT. Also note that the scales for the numerator
and denominator of these are the same. Thus, the division cancels the impact of
the serial correlation and other complicated dynamics appearing in the asymp-

totic objects.

Further, following Hylleberg et al. (1990), we can write W (s)'C;W (s) = W (s)"v]
v;W(s) for j = 0,5/2 and W(s)C;W(s) = W (s)vjv;W(s). However, W(s)"v]
is just linear combination of independent Brownian motions. For i = 1,...,.5%,
W (s)'v; is two dimensional Brownian motion. Instead, we can define two new
linear combination of independent Brownian motions as W(s)'c; and W(s)'c}
where ¢; and ¢} are the first rows of v; and v} respectively, for all j = 1,...,.5%.
Moreover, we can make the same arguments for the Fractional Brownian motions

appearing in the denominators which is clear from equation (3.19) for all cases.

]

C Proofs for Chapter 4

Preliminaries
In this appendix, by following Cavaliere et al. (2017), we will define the some

crucial definitions and make use of them.

First of all, let us define ¢ , cs/2, ¢k, Gk, k = 1,..., S*, which denote the (mutually)

orthogonal S x 1 selection vectors as:

co=[1,1,1,..,1
cspp=1[1,-1,1,-1, .., 1)
o = [cos(wg[l — S)), cos(wg[2 — S5)), ..., cos(0)]

¢x = [sin(wg[1 — 9)), sin(wg[2 — S]), ..., sin(0)]
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We also introduce the S x S circulant matrices as follows:

Co = cire[1,1,1,...,1]
Csjo = circ[l,—1,1,—1, .., 1
C; = circ|cos(0), cos(w;), ..., cos((S — 1)w;)]

C; = circ[sin(0), sin(w;), ..., sin((S — Dw;)],w; = 2mwi/S,i=1,..., 5"

As discussed in Smith et al. (2009) and Cavaliere et al. (2017), these matrices are
mutually orthogonal and have the following properties: CoCy = SCy, Cs/2Cs/2 =
SCsp, C;C; = (S/2)Cy, C;C; = (S/2)C;, j = 1,...,5*. Also, the relationship

between vectors and circulant matrices are: Cy = ¢y, Cgja = cg/2Cq /9> C; = ¢,

_
Cj = ¢;c;, where

y cos(w;[1 — S]), cos(w;j[2—5]), ... ,cos(0)
T\ sin(w1—8]), sin(w;2—9]), ... ,sin(0)
v —sin(w;j[1 —S]), —sin(w;[2—-25]), ... ,—sin(0)
’ cos(w;[1 =8]), cos(wj[2—15]), .. ,cos(0)

Proof of Lemma 7. The proof of this lemma can be found in Cavaliere et al.

(2017).
Now, we will present the proof of Lemma 4.2:

Proof of Lemma 8. We know from Boswijk et al. (2016) for £€; = Q,E;, the

following convergence result holds:

LN
Yiwy=N2Y e = M()

t=1

Now, first we need to prove the convergence result of the following fractional

partial sum:
LN]

N71/27d Z A_T_dgt
t=1
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We know from Nielsen (2010) Lemma 6.d that A7% satisfies AT?AT?Y; = AT2ALYY, =

A;di(bYt, we can write
T T
D ATEI =AY &
i=1 i=1
Therefore,

IrN | [rN] t
N7V T AEy = NTVY D (d) D€
t=1 =1 =

[7N]

= N_1/2_d Z WLrNJ—t(d + 1)615
t=1
LTNJ

— N2 dz TNL

lrN]
_ Z (r—t/N) N—l/ZEt
i Id+1)

5 [
t (

r—1yyn L(d+1)

= ﬁ /0 (= M) = My (r)

Consider now, X IrN] = ZL’“NJ AT dUt By Beveridge Nelson decomposition, we
have Uy = U(1)E¢ + E¢—1* — E¢F, where €4 = U*(L)E¢. Now we have
rN [rN|
N—1/2—d Z A;dUt — \Ij(]_)N_l/Z_d Z A;dgt + N—1/2—dA;d<80* . 8LTNJ*)

t=1

Under Assumptions A.1 and A.2, the second term on the above equation is

O,(N1724)) yniformly in r € [0, 1]. Therefore, we have the desired result that
N="V2X| vy = U(1) Mgia ()

]

Proof of Theorem 5. Now, we will obtain the limiting distribution of FSVR tests

under non-stationary volatility. Firstly, notice that using Boswijk et al. (2016),
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Lemma 1 and CMT, the following results hold:

N~ ZXt1X£1:>\IJ /M Y drv(1) = Q

N-1- 2dZXt 1X£ | = \Il / Md+1 )Md-i-l( )dT\IJ( ) Q2

t=2

Now, firstly consider the numerator of 7;(d), for i = 0,.5/2. By standard manip-

ulations, Cavaliere et al. (2017) show that

N 0
T3 ) 2l = / M ()M (r) dr¥(1)'c Qlcj, =0,5/2
=1-

t=2 s S

Similiar manipulations for the harmonic pairs can be done with the denominator

as it is shown in Proposition 1 of Cavaliere et al. (2017):

T_QZ Z (zj.5048)% = —(c;\IJ(l) M(r)M(r) dr¥(1)'c;
Zu(1 / MM (Y dro(1)é,)

=55 [c Qlcj—f—c 6,7 =1,..,5"

and

N 0
- . 1 A T .
T ? Z Z ('I‘j,st—‘rs)2 = %[C;'Qlcj + C;Qle],] - 1a ) S
—1—
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Now, we focus on the denominators. For zero and Nyquist frequency, we have:

N o0 N
—2-24 ~2 _ p—2-2d G
T E E Lj Stt+s = T E Xj,th,t
t=2 s=1-S5 t=2

N
=T " S(X],CiXi1) + 0,(1)

n=2

N
_ p-2-2d Z S(X£,1CjC;Xt*1) + 0p(1)

t=2

N

t=2

N
= SC;T_2_2d Z Xt_lXé_lcj' + Op(1>

t=2

1 / ! !/ /
= gcj\lf(l)/ M1 (r) Mg (r) dr¥(1)'c;
0

1 .
= §C;~Q2€j7j = O, S/2

For the harmonic frequency pairs, we have

t=2

N
o S < -
_ p-2-2d Z §(X£—1CjC;'Xt—1) +0,(1)
t=2

N
S ~ ~
— p—2-2d Z Etr{(C;Xt—lXLle)} + 0p(1>

t=2

/

N
S C;
= T_2_2d Z 52&7’{
=2 5;-

<

%% ( ej)} To,(1)
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Now let us apply the multiplication of the vectors:

X L et
=2 X1 X[ e X1 X] ¢

S N o

= §T‘2‘2d Z(c;Xt_lX;_lcj + & X1 X 165) +0p(1)

= % (c;(1 / M1 (r) Mgy (r) dr¥(1)'c;

—1—5;-\11(1)/0 Md+1(T)Mdﬂ(?”),dr\ll(l)/éj)

1 ~ ~ . £
= -5lciQac; +EQac5), 5 =1,..., S

25
and
N 0 N
T—2—2d E § ] St+5 T—2—2d § X;tX;t
t=2 s=1-5 t=2

=T (5/2)(X]_1C;CiXi-1) + 0p(1)

t=2

= TN (/) (K CKi) +oy(1)

t=2

1 ~ . .
= ﬁ[C;QCj +8Q¢],5=1,...,S

Now, with the help of the S(normalised) variance transformed Brownian and type
IT fractional variance transformed Brownian motion processes. firstly, let us con-

sider limiting distribution of 74(d) statistic under periodic nonstationary volatil-

ity:

() = chlcoc{);(l o _ cgﬂf(l)QT\Il(l)’coc’OgElico

)
chQacoch2(1)cy QU (1)Q5Y (1) cocyX(1)co
_ p()eQicoy(1
(1) @3cot(1

fo B: o(r)dr

= 1
fo B§+1,n,0(7”)d7"

C

(e lfy M(r)M(r)dr)eocyS(1)cq
)

)
)eo2(V)co ([ Mayy (r)Mayr (r)dr)cochS(1)co

O\ O\

C

The preceeding result comes from the result of del Barrio Castro et al. (2012)
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such that cyW(1) = v¥(1)cy. The proof for the limiting distribution of 7g/,(d)
at Nyquist frequency is similiar to the zero frequency except the correspond-
ing result of Castro et al. (2012) such that g, V(1) = ¢(—1)cg/2 and that

s (1)esya = cpE(1)co.

For the frequency pair limiting distribution, let us introduce the results of Castro
et al. (2012). We have ¢, ¥ (1) = ar¢, + bic), and & V(1) = bpé), — ac;, where
ar = Im((exp(iwy)) and by, = Re((exp(iwg)), k = 1,..., 5%, Re(.) and Im(.)
denoting the real and imaginary parts of their arguments, respectively. Therefore,
for k =1,..,5* we have
1
. Qicr = (apdy, + bkcﬁg)(/ M (r)M (r) dr)(axc), + brcy)
0
1
Q16 = (bic), — akcﬁg)(/ M (r)M(r)'dr)(bpc), — axch,)
0
1
Q20 = (ar), + bkCZ)(/ M1 (r) Mgy (r)'dr)(agé, + brcy)
0

1
anf4m¢—mﬁx/zmﬂwmuumwwma—%¢>
0

The final step for obtaining the limiting distribution for frequency pair is as

follows:

/ ~ ~ S !
Quen + EQic = ot + BG4S W) [ Buardr
0

+{E;Z(1)ék}/0‘ Bn’k(r)%dr)

s O '
Qe + 6 Quti = St + R4S W) [ Basralrdr
0

1
HESWE) [ Baspa(rdr)
0
The stated results for 7.(d), k = 1, ..., S* statistics then follow after some routine
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algebra. n

Proof of Theorem 6. Let us define Sy (r) = N~'2X7 ), where Uy is defined
as Uy = [ug, (s_1) UWsn_(s5_2)» -+ Usy)'-  We can express U, by definition as
U* = U,.w, = (¥(L)E,)w,, where U(L) is the lag polynomial that creates serial
correlation. By Cavaliere and Taylor (2009), we know that wild bootstrap kills

the serial correlation in the innovations. Therefore, we have U} = E,w, = E..

Under Assumption A, by using by Lemma 4 of Boswijk et al. (2016), we have

LrN]
Sk(r)=N"723"Ur = M(r) (27)
n=2
where Uy = [ug,, (5 1), US,_(s_9), -+ UsSy) s because conditional on {U N, S8 (r)

is a Gaussian process with independent increments and covariance kernel F x
(S%()S% () = S B B! where SN B B! — %(r) in probability uniformly

for all r € [0, 1].

Now consider S% (r) = N‘1/2_d)~(erJ, where U* = (@5 (5-1) Wom—(5—2y» s U]

Now, we can write U* as U* = ATU* = A74U,.w,) = AT E,w,) = ATYE?

Now, Under Assumption A, by using the main result in Lemma 1, and (27), we

can conclude that
Sk(r) = N"V24N"0r = My (r) (28)

n=2

Now, by using the main convergence results (27) and (28) related to the wild
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bootstrap, we can continue as follows:

N 1
NSO XX = /0 M) M(rYdr —: @
t=2

N 1
N_l_deX:—lXt*—l = / Mair (r)Maga (1) dr =: Q5
0

t=2

Therefore, we obtain

N 0
_ L, .
T2 E E T2 G = EC;QICJ‘,] =0,5/2
t=2 s=1-5

0
ok 1 * ~ R T *
D (@%ss) = ﬁ[C}ij +3Q16],5=1,...,8

0
—2— ~ %ok 1 * ~f Yk~ ] - *
T 22 Z ('Tj,St-‘rs)z = ﬁ[C;‘QZCj + C;‘QQCj]a] = 17 78

0
—2— ~ % 1 * ~ k) ~ - *
T Z (xj,St+s)2 = ﬁ[C;'chj + C;'chj]aj =1,..,5

After obtaining the convergence results above, the asymptotic null distributions
of the wild bootstrap FSVR statistics given in the first part of this theorem can

be obtained straightforwardly.

Now, we switch to the proof of the second part of the theorem. Firstly, consider
the nonparametric wild bootstrap 7;(d) statistic. From the result 7;(d) = &, 0(d)
obtained in the first part of the theorem, we can conclude that, uniformly in

probability, G 1(.) — Go(.) , where Gy(.) is the cdf of &, o(d). This result coupled
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with the proof of Corollary 1 in Hansen (2000) implies that Pj: converges weakly
to U[0,1] under the conditions of Theorem 2. The corresponding results for the

other FSVR statistics can be established similiarly. O
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