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ABSTRACT

DYNAMIC IMPLICATIONS OF THE WEALTH-LEISURE NEXUS

Skénderaj, Arlindo
M.A., Department of Economics

Supervisor: Assoc. Prof. Dr. Hiiseyin Cagr1 Saglam

June 2022

This thesis analyses a one-sector optimal growth model in which wealth affects
the utility obtained from leisure. We consider that an increase in wealth increases
the propensity to consume leisure goods and services and hence affects how the
instantaneous utility depends on leisure time. We prove the existence of the
optimal path and characterize the dynamics and the properties of equilibria. We
provide the conditions under which the model has unique or multiple steady
states. The intensity of wealth in the utility obtained from leisure and the output
elasticity of physical capital play an important role in the number of steady states
and in the monotonicity of the optimal path of physical capital. We find that the
optimal path of physical capital is monotonic and converges to the unique steady
state, provided that the output elasticity of capital is higher than the intensity of

wealth in the utility obtained from leisure.

Keywords: Bifurcation, Leisure, Optimal Growth, Steady State, Wealth

iii



OZET

ZENGINLIK-BOS ZAMAN BAGINTISININ DINAMIK SONUGLARI.

Skénderaj, Arlindo
Yiiksek Lisans, Iktisat Boliimii

Tez Danismani: Do¢. Dr. Hiiseyin GCagr1 Saglam

Haziran 2022

Bu tez, zenginligin bos zamandan elde edilen fayday: etkiledigi tek sektorlii
bir optimal biiylime modelini analiz etmektedir. Zenginlikteki artisin bos za-
mana 0zgl mal ve hizmetleri tiilketme egilimini artirdigini ve dolayisiyla anlik
fayda ile bos zaman arasindaki iliskiyi etkiledigini dikkate aliyoruz. Optimal
¢oziimiin varhigini kanitliyoruz ve dengelerin dinamiklerini ve 6zelliklerini karak-
terize ediyoruz. Modelin bir veya birden cok kararli dengeye sahip oldugu
kosullar1 ortaya koyuyoruz. Bos zamandan elde edilen faydadaki zenginligin
yogunlugu ve fiziksel sermayenin cikt1 esnekligi, kararli dengelerin sayisi ve
optimal ¢oziimde sermayenin tekdiizeligi (monotonlugu) iizerinde énemli bir
rol oynar. Sermayenin c¢ikt1 esnekliginin bos zamandan elde edilen faydadaki
zenginligin yogunlugundan daha yiiksek olmasi kosulu altinda, sermayenin
optimal c¢oziimde tekdiize oldugunu ve yegane kararli dengeye yakinsadigini

bulduk.

Anahtar Kelimeler: Catallanma, Bos Zaman, Optimal Biiyiime, Kararli Denge,
Zenginlik
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CHAPTER 1

INTRODUCTION

In many growth models with elastic labor supply, leisure is considered solely
as non-work time or even as free or wasted time (see Psarianos| (2007) and
Ortigueiral (2000)). Several studies have looked at leisure time allocation and
inequality, and its consequences on welfare. Aguiar and Hurst (2006) and
Boppart and Ngai| (2021) highlight the importance of leisure by finding that
increasing leisure inequality offsets the welfare effects of consumption and
income. Moreover, studies have analyzed how technological innovations have
shaped how people allocate their leisure time. |/Aguiar et al.| (2021) investigates
the impact of video games on the labor supply of young men and finds that
innovation in leisure technology has reduced the hours worked by young men.
Yet, many studies have ignored that leisure time is perceived differently by people
with different income levels. Along with wealth and technological innovations,
many other factors, such as social status and education, might affect how people
value leisure time. Incorporating these elements into economic models provides

a better perspective for discussing issues of growth and welfare.

Unlike in the past, today, people have the option to benefit from numerous
leisure goods and services. The leisure economy continues to attract people to
engage in leisure activities more through technological innovation, globalization,
ability to travel easily, etc. Nevertheless, to benefit from leisure goods and

services people must pay for them. So, it appears that the rich have the ability



to consume such goods, whereas the poor don’t. As a result, the rich get more
satisfaction from their leisure time, not necessarily because they have more free

time, but because of the way they are spending it.

The increasing gap in hours worked among people of different income levels is
of considerable interest nowadays. Recent data show that there is a link between
income and working hours. Figure 1 shows the link between income and working
hours across countries, whereas Figure 2 shows this link for individuals countries
through time (1950-2017). In both situations, increasing wealth is associated
with a decrease in working hours. Moreover, |Aguiar and Hurst (2006) document
a significant increase in leisure time over the last five decades in the United States
and suggest that higher income implies higher leisure. People in rich countries
such as the United States, the Netherlands, France, Sweden, and Germany earn
a lot while working less. In contrast, people in poor countries such as Cambodia,
Bangladesh, and Nigeria earn less and still work more than ten times as much.
Moreover, if we look at the same countries across time, we observe that as
income has increased, working hours have decreased in developed countries. The
driving factors of this occurrence can be industrialization, technology, and labor
productivity improvement as a country becomes more prosperous. However, it
is also worth considering that the preferences for leisure time among people
of different income levels might be an important factor causing this trend in
working hours. Therefore, taking into account the wealth effect in the utility
obtained from leisure will be able to explain the decreasing trend of hours

worked in countries with high-income levels.

In this thesis, we investigate the relationship between wealth and leisure in-
equality by considering a one-sector optimal growth model with infinitely lived
households where leisure preferences depend on wealth. The focus of including
the wealth in leisure utility brings this thesis close to Kurz| (1968) and Majumdar

and Mitra| (1994) who show that the presence of consumption and physical
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capital in the utility function can generate multiple steady states. De Hek (1998)
considers a setting with consumption and leisure and shows that preferences
play an important role in determining the steady state to which the economy con-
verges. He shows that if consumption and leisure are substitutes, the model can
generate multiple steady states, whereas if they are complements, the optimal
path may turn out to be cyclical. Psarianos (2007) introduces an endogenous
growth model with leisure as a choice variable in the utility function and argues
that although leisure reduces the economy’s growth rate, agents are still willing
to accept a lower rate of growth of income in exchange for more leisure time.
Kamihigashi| (2015) considers the Ramsey model with endogenous labor supply
and shows that the presence of leisure can lead to multiple steady states (when
leisure is not a normal good), a continuum of steady states, or no steady state.
Sorger (2018) shows that period solutions and chaos can emerge due to strong
income effects. Twasa and Sorger (2018) extends the model with elastic labor
supply and show that period solutions may occur only if leisure is not a normal
good. Dufourt et al.| (2015) considers a two-sector Real Business-Cycle model
with productive externalities and Greenwood-Hercovitz-Huffman preferences.
They show that local indeterminacy might emerge through Hopf and flip bi-
furcations for different values of the elasticity of intertemporal substitution in

consumption.

Within the theory of endogenous growth, Uzawa-Lucasl]is one of the first models
to consider the time allocation for economic development. Ladron-de Guevara
et al.| (1999) extends the Uzawa-Lucas model by introducing leisure as a choice
variable and shows that the presence of leisure generates multiple balanced
growth paths. (Candela et al.| (2016) extend the model of Leadron-de-Guevara
and shift the focus to how total time is allocated between work, education, purely

free time, and time spent on leisure services. They focus on time-consuming

1See|Uzawal (1965) and Lucas| (1988)



activities and show that possible multiple balanced growth paths may emerge
where the higher growth is characterized by more time spent on educational

activities.

In this thesis, we prove the existence of the optimal path and characterize the
dynamics and the properties of equilibria. We find that multiple steady states
may emerge for low values of the output elasticity of physical capital, large
values of the intensity of wealth in the utility obtained from leisure, provided
that the labor supply is sufficiently elastic. Moreover, we show that the optimal
path of physical capital is monotonic, provided that the output elasticity of
capital is greater than the parameter accounting for the wealth intensity in the

utility obtained from leisure.

The rest of the thesis is organized as follows: Chapter 2 states the assumptions,
formulates the model, and provides the conditions under which the optimal
path of physical capital stock is monotonic; Chapter 3 provides the conditions
under which the model has unique or multiple steady states and performs a local

analysis around the steady state; Chapter 4 concludes.



CHAPTER 2

THE MODEL

We consider a discrete-time optimal growth model with endogenous labor supply
where the preferences for leisure time depend on the level of wealth. The agent
derives utility from consumption, physical capital, and leisure time. Throughout
this thesis £, ¢;, ¢; and n; will denote the period-t factor inputs of physical capital,
consumption, leisure and labor, respectively. The function f(k;,n;) consists of
the output produced at time ¢ plus the non-depreciated capital. We maintain the

following assumptions for . [T]

Assumption 1 (i) The function f : R, x [0,1] — R, is strictly concave, homo-

geneous of degree 1, and continuously differentiable on R, x (0, 1].

(i) For each n € (0,1], f(k,n) is increasing and strictly concave with respect to

k € R,. Moreover, limy_,o f1(k,n) = +o00 and limy_, f1(k,n) = 0.
(iii) For each k > 0, f(k,n) is increasing and strictly concave with respect to

n € [0, 1]. Moreover; lim,, .o f2(k,n) = 400 and lim,,_,, fo(k,n) = 0.

We assume that the physical capital is accumulated by saving some of the output

produced and investing it to build up new capital stock. The equation for physical

!The partial derivatives will be denoted by subscripts. For example, f;(k,n) is the partial
derivative of f with respect to its first argument, in this case k, at the point (k,n). Similarly,
f2(k, n) is the partial derivative of f with respect to its second argument, in our case n, at the
point (k, n).



capital accumulation is given by

ki1 = f(/fmnt) — G (2.1)

Every agent is endowed with a unit of time that he chooses to spend on leisure
or labor, therefore we have ¢, = 1 — n,, for all t > 0. Henceforth we will consider

a representative agent whose preferences are given by the following functional

U= p(uler) + bk, b)),

where u is the instantaneous utility function of consumption, v is the utility
obtained from leisure — which is augmented by the level of wealth — and,
g € (0,1) is the discount rate. We maintain the following set of assumptions on

v and v:

Assumption 2 The function u : R, — R is strictly concave, increasing and
twice continuously differentiable on R, . Moreover lim. ,ou'(¢c) = +oo and

lim, o u/(c) = 0.

Assumption 3 (i) The function v : R, x [0, 1] — R is strictly concave, increasing

and twice continuously differentiable in R, x (0, 1).

(i) For all k > 0 it holds that v(k,{) is strictly concave and increasing with

respect to ¢ € [0, 1].

(ii)) For all ¢ € [0, 1] it holds that v(k, () is strictly concave and increasing with

respect to k € R,.
(iv) Forall (k,0) € Ry x [0, 1] it holds that vi2(k, () > 0.
The last condition of Assumption 3 will be sufficient in proving that leisure is a

normal good. That condition suggests that the agent’s additional disutility of

working one-hour longer increases with wealth. The latter is associated with the



fact that the disutility of labor — which incorporates the opportunity cost of being
unable to consume - increases with income. In other words, when the agent has
a higher level of wealth, his disutility of working an extra hour is higher since

he is able to benefit from a more luxurious and qualitative leisure time.

Next, we will show that the last condition of Assumption 3 is sufficient for leisure

to be a normal good. Consider the static maximization problem:

max u(c) + p(I)v(l)
“ (S)
st. 0<c, 0<(<1,c+ql <1,

where I denotes the (nonlabor) income and ¢ the price of leisure in terms of
consumption. Note that the function form p(/)v(¢) corresponds to v(/,[). By
taking this form of the utility function we highlight the fact that the parameter
accounting for the importance of leisure, in our case pu, is endogenous and

characterized as a function of wealth. Analogously to Assumption 3, we have:

Assumption 4 (i) The function i : R, — R, is strictly concave, increasing and
twice continuously differentiable in R,. Moreover, for all (I,¢) € R, x [0, 1]

it holds that p(I)v'(¢) > 0.

(i) The function v : [0,1] — R is strictly concave, increasing and twice contin-
uously differentiable in (0, 1). Moreover, for all (I,¢) € R, x [0, 1] it holds
that u/(I)v(¢) > 0.

(iv) Forall (I,¢) € Ry x [0,1] it holds that p/(I)v'(¢) > 0.
For any ¢ > 0 and for any I > 0, the objective function is a strictly concave

function, and the budget constraint is a convex set, hence this problem has a

unique solution (¢*(q, I),¢*(q, I)). Moreover, this unique solution satisfies the



following first order condition

u(e) = (DD (2.2)
q
and the budget constraint
ct+aql =1, (2.3)

which holds with equality in this case.

Definition 1 Leisure is a normal good if ¢*(1, q) is a non-decreasing function of I,

for all ¢ > 0.
Proposition 1 Under Assumption 4, leisure is a normal good.

Proof. By contradiction, assume that leisure is not a normal good. That is, there
exist I and I' with I' > I, such that (*(I', q) < ¢*(I,q), for some q > 0. Note that

from the fourth condition of Assumption 4, it holds that

p(I)W (5 (1, q)) > u()V'(€(1, q))-

Moreover, from our supposition that (*(1',q) < (*(1,q) it holds that v'(¢*(I', q) >

V'(0*(1,q)). The first condition of Assumption 4 gives

p(I)W (I, q)) > () (C(1, q))-

From equation [2.2|we have

ety = ML D | TG _ ey g

From Assumption 2, we get ¢*(I', q) < c¢*(I,q). Then from [2.3]it follows that

I'=c(I'yq) +qt*(I'q) <" (1,q) +qt*(I,q) = 1,



contradicting the fact that I' > 1. Thus, ¢(*(I,q) must be non-decreasing in I,

implying that leisure is a normal good. =

In the next section, we will formalize the social planner’s problem and we will

define the equilibrium path of the economy.

2.1 The Social Planner’s Problem

The social planner’s problem can be formalised as follows:

{Ct’gl’%tzo ; B (uler) + yo(ke, ;)

S.t. kt+1 = f(kt7nt> — G,

et b= 1, (P)

Ct207 ntZOJ thO)VtZ()’

ko > 0, given.

To solve this problem we employ the discrete Hamiltonian approach. The

Hamiltonian function for problem is given by:

%t(kta Ct, gt) = 6t (U(Ct) + 1/1?](]%, gt)) -+ )‘t+1 (f(k't, 1-— gt) — Ct)7

where )\, represents the shadow price of physical capital.

An interior solution is then characterized by the following first order conditions
of optimally:

ﬁtul(ct) = 41, (2.4)

Brpur (ke €r) + N1 f1 (ks ) = A, (2.5)

10



B9vg(ky, €) = A fo(ke,me), (2.6)

and the transversality condition: [

lim ﬁtul(ct)fl(kt,nt)ktﬂ = 0.
k—o0

Plugging|2.4|in [2.5|and [2.6|yields

ul(Ct) = ﬁu/(ct—i-l)fl(kt—i-la Niv1) + BYvr (ke b)), (2.7)
and
wUZ(kta gt) o
u/(ct) = fQ(kt, nt). (2.8)

Definition 2 An equilibrium path consists of an allocation {c*, k*,[*,n*} € {5° x

(% % [0,1]*° x [0,1]*° and an initial capital stock ko > 0 that satisfy the following

equations:
u'(¢r) = Pu'(cipr) frkeg, bir) + BYor (R, s ), (2.9)
¢U2(kt7€t) .
) fa(ke,ny), (2.10)
ki1 = f(kbnt) — G, (2.11)

as well as the transversality condition:

tliglo ﬁtu'(ct)fl(kt, nt)kHl. (212)

2For this transversality condition see Kamihigashi| (2001), Michel (1982) and |Le Van et al.
(2007). See also the transversality condition in|Schumacher (2011]), a one sector optimal growth
with wealth dependent discounting.

11



2.2 Properties of the Value Function and the Bellman Equation

In this section we introduce the indirect utility function and a modified opti-
mization problem which is equivalent to our initial model. Using the modified

problem we will then study the properties of the optimal paths.

Let (k, k') be such that 0 < &’ < f(k,1). The indirect utility function V' : R — R
is given by:

V(k, k') = max u(c) +v(k,0)

st. c+ K < f(k,1-10), (S"
c>0,0</<1.

Consider the following problem:

i
max Viks, k
{ct,le,kt}i>0 ;6 ( ! t+1)

st. 0L kt+1 < f(k't, 1), Vit > O, (Q)

ko > 0, given.

Next, we will analyze the properties of the indirect utility function. We will
later see that the second partial derivatives of the indirect utility function will be

crucial in proving the monotonicity of the optimal paths of the physical capital.

Proposition 2 The indirect utility function V' is strictly concave, increasing with

respect to the first argument and decreasing with respect to the second one.

Proof. Obvious. m

Note that the objective function in|S’|is strictly concave and the constraint set is
convex. Hence, for all (k,y) € R%, there exist a unique (¢, () € Ry x [0, 1] such

that V(k,y) = u(c) +v(k,?).
The following proposition proves that problem || is equivalent to our main

12



model [Pl Moreover, problems |9 and [P|have the same optimal path of capital

stocks.

Proposition 3 (1) If (¢i, {;, k})i>o is a solution to problem ({P), then (k});>q is
a solution to problem (Q).

il +>0 1S a solution to problem , then there exist a sequence of consump-
D) If (kf)e> lution to probl Q)), then th t a seq J)
tion (c});°, and a sequence of leisure time {{;}{°, such that (¢}, (}, k)i>0 is a

solution to problem (P).

Proof. (i) By contradiction, assume that (c;, {;, k})i>o is a solution to problem ({P),
but (k}).>o is not a solution to problem (Q). Then, there exist a sequence (k;);>q
with 0 < ki, < f(k;,1) forall t > 0, such that

+0o0 +oo

> BV (ky k) > Y BV (K k). 2.13)

t=0 t=0

From the property of V and from the fact that c; + k; , < f(k;,1—={;) forall t > 0,

we have V (k{, ki, 1) > u(cf, 67, ky) for all t > 0. Hence, we have

“+o00 “+o00
S OBV k) = ule) kL. (2.14)
t=0 t=0

On the other hand, since 0 < ki, < f(k{,1) for all t > 0, and since problem [S' has

a unique solution, there exists a sequence (c}, (), with ¢, + k; . < f(k;,1 —¢))

t>0

and ¢} € [0, 1] for all t > 0 such that

V(ky, ky ) =u(c, k;, 0,), forallt>0.

13



But then we will have

+oo +oo
Z Btu(cf‘,v ki? 52) = Z Btv(kllfv k£+1)
t=0 t=0

+oo
>y BV(k ki) (from[.13
t=0

“+00
> Blulc ki, 67)  (from[2.14).
t=0

This contradicts the fact that (cj{, O ky is a solution to problem .

)tZO

(i) Assume that (kf);>o is a solution to problem . For any t > 0, since 0 <
ki, < f(ki, 1), and since problem |S'| has a unique solution, there exist a sequence

(¢ € )is0 such that ¢ + kiyy < f(ki,1— ) and V (K}, ki) = u(c, kL 6).

Claim: (c;, ¢}, k}),., is a solution to problem .

t>0

By contradiction, assume that (c}, 0}, k;),.  is not a solution to problem . That

£>0
is, there exists (¢}, £}, k;) ..o with ¢, + ki, < f(k,1—{;) and ¢, € [0,1] for all t >0

such that
—+o00 —+o00
> Blule;, 6 k) <> Blulc), 4, k)
t=0 t=0

Now observe that

+o0 +oo
> Bluld, b, k) >y Bluler, 6, k)
t=0 t=0

“+oo

= BV(k ki)
t=0
+oo

> Z BV (K, ki q) (since (kf)i>o is a solution to[Q))

t=0

+o0
> Blulcl, 6,K) (since ¢, + Kjy < [(K},1 =),
t=0

Contradiction! Thus, (k},c},(;) is a solution to (P). m

14



Note that the value function W:

W(ko) = max{V (ko, k1) + W (k1) | 0 < k1 < f(ko,1)},

which solves the Bellman equation, is the same for the two problems. Moreover

a feasible path {k;}:°, is optimal if and only if

W(k;) = V(K ki) + BW (Kip0),

for any ¢ > 0. This information is useful while performing a numerical analysis

for the value function iteration.

Observe that the Lagrangian for the static optimization problem is given by:

L =u(c) + ok, )+ NF(k,1—0) — c— k) + p(l — 0)

Proposition 4 For all (k, k") € Ry x Ry, V is differentiable at (k, k') and

oV (k, K
% — w1 (k, 0) + M (k, 1= 0),
(2.15)
ov(k,k) Y
ok
Moreover, if
vz S (2.16)
(%) f2
then
0?V (k, k')

Proof. See the Appendix. m

From Amir| (1996), since V is strictly super-modular, the optimal policy function
is increasing. Hence, any optimal path of physical capitals is monotonic. Now

we will show that the optimal path of physical capital does not converge to zero.

15



Consider the following proposition ]

Proposition 5 Let (k;);>o denote the solution to problem (Q). For any initial
condition ko > 0, the optimal path of physical capital starting from k, cannot

converge to zero.

Proof. By contradiction, assume that ky > 0 and (k;);>o is the optimal path of
physical capital, but k; — 0. From the Inada conditions, since limy_.o fi(k,1) > 1
we have f(k,1) > k for sufficiently small k. Then for sufficiently large t we have
0 < kiy1 < f(Kkty1,1). From Proposition 2, there exist sequences (¢;)¢>o and (¢¢)¢>o
for consumption and leisure such that (c;, (s, ki):>o is a solution to problem (P).

Moreover; since ¢; < f(k,1) and f(0,1) = 0, it follows that ¢; — 0.

Let (ﬁ—gn) be a subsequence of (lk"et) such that
n>0 t>0

: ke : ke
1 ~ 1 e 2.18
o DT =t notoo 1 — 4y, (2.18)

Claim: (kt—”

1—ts, )tzo converges to zero.

We can choose (¢, ),>o such that it converges to some ¢ € [0,1]. If ¢ € [0, 1), then it

follows that 15# — 0.

I,

Now consider the case where { = 1. The first order condition in |2.8|implies that

_ ¢U2(kt, lt)

ke, 1—1 ) 2.1
f2( ty t) UI(Ct) ( 9)
Since v5(0,0) = 0, and lim._,o u/(c) = +o0, it follows that
lim fZ(ktna 1— ltn) = 0. (220)

n—-+4o0o

3See|Le Van and Vailakis| (2005))
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Since f is homogeneous of degree one, we have

kt kt kt kt
o A v 1) = pf P 2.21
fZ(ktna ltn) f(l_ltn’ ) 1—Ztnfl(1—ltn’ ) (1_ltn) ( )

ki,
-1,

Denote y;, = Next we show that y;,, is bounded from above. Note that F is an

increasing function. If vy;, were unbounded from above, then that would contradict

Kty

2.20} Thus, y,, is a bounded sequence. This implies that there exists (1_ 7 )m>0

such that

k k
limsup —=— = lim —tm y < +00, (2.22)

N—r400 — etn m—4oo | — gtnm

for some y > 0, since y;,, is bounded. It is left to be shown that y = 0. By
contradiction, assume that y > 0 (y, cannot take negative values). Then from [2.20]

since F' is continuous, it follows that F(y,, ) — F(y) = 0.

From our supposition that y > 0, and from the fact that f is strictly concave we

have

fly, 1) = fy,1) = f(0,1) > yfi(y,1) or f(y,1)—yfi(y,1)=F(y) >0

contradiction! Thus, y = 0. Moreover, since (1 f}’: )n>0 is a non-negative sequence,
. kt,, .
from 2.22|it follows that (= 7 )nZO converges to zero. Furthermore, following the

same argument, from [2.18|we have

— 0. (2.23)

From [2.5lwe have

A vy (ks 1 k
L :fl(kt+1,1—zt+1)+wﬂ—l< Ak ”1)2f1<kt,1—lt>=f1( : ,1>
Aty Aty 1-1

The last equality comes from the fact that f, is homogeneous of degree zero. From
the Inada conditions and it holds that \;/ ;11 > 1/B, for sufficiently large t.

That is, u/(¢;)/u/'(cio1) > 1 for large t, implying that ¢, /¢, > 1 for large n. That
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is, ci11 > ¢, for sufficiently large t, contradicting that fact that ¢; — 0. Therefore,
the optimal sequence of physical capital starting from ky, > 0 does not converge to

zero. m

From the Inada conditions we know that the optimal path of physical capital
stocks is bounded. Moreover, the optimal path of physical capital stock is a
monotonic sequence on a compact set, hence it is convergent. In the next
chapter, we will provide the conditions under which the model has a unique
nontrivial steady state. Since we have shown that the sequence of physical
capital does not converge to zero, we can therefore deduce that the optimal path

of physical capital converges monotonically to the nontrivial steady state.
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CHAPTER 3

THE DYNAMICS

In this chapter, we analyze the dynamics and provide the conditions under which
the model has multiple steady states and a unique steady state. We adopt the

following functional forms for the utility function:

u(c) =Ingc,

(k1) = k7 <¢ _ w) (3.1)

1+n

where 7 > 0 is the inverse of the Frisch elasticity of labor supply, v > 0 is
the intensity of wealth in the utility obtained from leisure, and ¢ > 0 is a
scale parameter ensuring that the function v satisfies all of the conditions in
Assumption 3. We consider a Cobb-Douglas production function with technology
parameter A > 0, and the capital share a € (0, 1). That is, the total amount of

output at period ¢ is f(k;,n;) = Ak&n;~* 4 (1 — 0)ky.

Proposition 6 Under the functional forms in the Hamiltonian function is

I4+n | = 1-°

concave in (c, k, 1) if and only if v > 1, and n(gp = L) > 0

Proof. See the Appendix. m
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Next, we derive the dynamical system in physical capital and consumption. From

equation [2.10{we have
1-a)A 1 ﬁ
(1-1£) = (&—kﬁ—”) e, (3.2)

From this relationship we observe that when v > «, leisure and wealth are
directly proportional, whereas when v < «, leisure and wealth are inversely
proportional. Note that under the functional forms in the condition that
guarantees the monotonicity of the optimal paths of physical capital in Propo-
sition [4| becomes v < «. That is, if the output elasticity of physical capital is
greater than the parameter accounting for the wealth intensity in the utility
obtained from leisure, then the optimal path of physical capital is monotonic.

Moreover, using the functional forms in(3.1|in equations and we get

1 o] _ _ _ (1 — by )1t
— = " (qAR(1 — l—a 4 1 _§) = Ol , W "t .
G (AR (1= b)) ™ + 8) — Bk (90 T+1 (3.3)

koo = A1 — £) + (1 — Ok, — ¢ (3.4)

forallt > 0.

We now plug [3.2] into [3.3| and [3.4] to obtain the dynamic system in physical

capital and consumption. Equations [3.3]and 3.4 become

11—«

o = A <% i 70151) — i+ (1= 0)ky, (3.5)
and
1—a
1 1 1— o)A Lo
t t+1 e
/Bw’y 1 — atn _;JrJ (a,;)w )
_ m w A Ct+1+nkt+1 +n + 5%0’7/?3“1,
respectively.

After rearranging equation we can write the system of dynamic equations as:
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11—«
—_ (a=1)(v+n) 1+
1= p(a— =0y ( Lo BT == 4 80=9)
- 1+n ) t+1 t+1 Ctt1

11—«
a(4n)—(1-a)y a-1

l—a ot 1 a+tn at+n
kt—i—l = S AO‘J”?kt Ct + (]_ - (S)kt —

+ Bk

3.7)

In the next section, we will show the existence of the steady state(s), and analyze

its/their properties.

3.1 Steady State

Several studies that have considered models with endogenous labor supply show

that preferences play an important role in the quality of the dynamics (see

Kamihigashi (2015) and De Hek| (1998)). In this section, we prove the existence

of the steady states, and characterize the conditions under which the model has

multiple steady states or a unique steady state.

Definition 3 A stock of physical capital k > 0, a stock of consumption ¢ > 0, a

level of leisure | € [0, 1] constitute a steady state if the associated stationary path is

optimal, i.e., they are solutions to the following equations:

1—a
k _ (1 :DO[) a+ﬂA%+?7ka(l+72;(nlfa)'y C% (1 _ (5>k _ C’

c 147 (0
(1-1) = (—(1 _J‘)A%k;M) o

Equation [3.8] can be written as

l—«
1l —a\otn 14n eQ+m-(-a)yy a-1
ok = ( Aotn atn cotn — c.

¥

21

1—a
L pa- L) (L) ™ it i 2020
C

(3.8)
+ Byoyk T,

(3.9
(3.10)
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Multiply equation [3.9by ¢ and we have

1 J— 1 — Cl"_T?’; n a—1)(y+n a—
ﬁ(&_ ( 1+O;7)7)( wa) ATRE S R gyt =1 - B(1 - 0).
(3.12)

Next, we use equations|3.11/and [3.12[to come up with an equation in physical

capital. Equation can be written as

l1—a

1— atn a— 1—a)y—a(l+n
(J‘) AT e = (Ok 4 ok am (3.13)

We then then plug it into [3.12|and have

1— a—1)(y+n l1—a)y—a(l+n
B(a_ %)k( (k4 Ok e 4 Bprk e =1 - B(1 - §).
(3.19)

Define
(1—a)y

= —
X 1+n

bl

and observe that x can take both positive and negative value. In fact, y € (—1,1).
We will later see that the sign of y will be crucial for determining the number
of steady states. Note that if a > 0.5, then y is always positive. The parameter
x takes negative values only when the output elasticity of physical capital « is
small, the intensity of wealth in the utility obtained from leisure is large, and

when the labor is sufficiently elastic.

Equation |3.14| can be written as

Bxé(ék +¢) + Bpyk’ e =1— B(1 = 9). (3.15)
Now from equation which can be written as

L= B(L =) = Box = Bx ] + Bk e, (3.16)

we will be able to write consumption in terms of physical capital. From [3.16|we
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see an explicit relationship between consumption and physical capital, given by

C = —¢k
Yk + X
where
¢ = 1—B(1 —0) — Box
: 3 :

(3.17)

After plugging [3.17] into |[3.12] we can finally obtain an equation in physical

capital, given by

oa—

_ ORI N\ Beyek?
0= (EE) T ey

where

1

11—« a;‘;:’ 1+n
5::( > Aotn
(U

(3.18)

We can rearrange equation [3.18 so that we can have an equation where £ is the

only variable.

1-p8(1-6) iy (kT + x| 7 Ypyk?
a0 — gy T ( KT i

To make our analysis simpler we define the followings:

- B(1—5)
LHS :=
5= T8 - 0) — fox

Yy k?
k) = —F——
9(&) P yRY + X

1—a
, —ion (POVRT + x| o
h(k) = Exg ot (W)

We can write as
LHS = g(k) + h(k)

23
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We check that

dg(k) _ vk yx  fi(k) 3.21)
dk (evk  +x)*  verkr+x k '
and
da(k) _1—a fo(k) (Wv%” — (L +n+7) (Wprh” + X))
dk a+n k VevkY + x (3.22)

1—af2(k)( X )
=22 14+ —72 ),
a+n k g VevkY + x

. . o (1-a)y
The number of the steady states will depend on the sign of x = a — *5 - 1. For

this we consider the two cases seprately.

Case 1: x >0

Assume that y = o — (1 a” > 0 i.e. > 11.- Then we have LHS > 1. Note

’1a

that

lim g(k) =0,

k—0t

lim g(k) =1,

k—+o0

and ¢(k) is a monotonically increasing function in & since dg k) > 0, for all & > 0.

Note also that

lim h(k) = +oo,
k—0+
i (k) =0

and h(k) is a monotonically decreasing function in & since dh(k <0, forall £ > 0.

Since h is continuous and monotonically decreasing, there exist unique k,,, ky, €
R, such that A(k,,) = LHS and h(ky) = LHS — 1. The following proposition

will provide the conditions for the existence and uniqueness of a steady-state.
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Proposition 7 (Existence and Uniqueness) Assume that o — % > (0. Then

the followings hold:

() There exists a steady state k** € (k,,, kyr). There is no steady state outside

this region.

(D) If g(ku) < ;*Tf‘?h(kM), then the steady state k*° is unique.

Proof. (i) First of all, note that k,, < kjs since h is a monotonically decreasing
functionand 0 < LHS — 1 < LHS < oo. Moreover, note that g(k,,) + h(k,,) >
LHS, since g(ky,) > 0 and g(kn) + h(ky) = LHS — 1 + h(ky) < LHS, since
h(kar) < 1. Thus, there exists a steady state k*° € (kp,, knr). For all k < ky,
we have g(k) + h(k) > fi(k) > LHS and for k > ky, we have g(k) + h(k) <

(LHS — 1)+ 1= LHS. Thus, there is no steady state outside this region.

(i) Assume that g(kar) < ;75 h(kr). From and , we have

dg(k) dh(k) TX g(k) -« ( X ) h(k)
+ - 1+7+
VevkY + x k

dk dk YevkY+x k a+np
1—a h(k) l1—« YX )1

= — 1 — k) — h(k — | = <0,
0é+77( 0 +<g() o+ ()> (W'yk”rx k

for k < kyy, since for all k < kyy, we have fi(k) < fi(ky) < =2h(ky) < 22h(k).

a-+n a+n

Thus, the right hand side of is a monotonically decreasing function. Thus, the

steady state is unique. ®m

Case 2: y <0

Now assume that y = o — % <0ie., %= < %} Observe that LHS < 1. To

ensure that ¢ > 0 we should have vk + x > 0 (see|3.17)). Hence it holds that
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In this light, we have

lim g(k) = +o0,

k—k*
lim g(k) =1,

k—o0

and

lim A(k) =0,

k—k+

lim A(k) = 0.

k—o00

Moreover g(k) is a monotonically decreasing function. Moreover, g(k) > 1 for

all k > k (since % < (). On the other hand, h(k) < 0 for all £ > k. Define

._ 1 14+
kp 1= <_¢<m 1+ X)

2=

> k, and see that

dh(k) [ <0, for k € (k, k)
dk | >0, for k € (k,, 00)

Note that under this case, we do not need to have a steady state and yet the
following condition on the parameters ensures that there are multiple steady

states.

Let’s define k0, € (kp, +oo] such that h(km..) = LHS — 1. Consider the

following propositions:

Proposition 8 When y < 0 there is no steady state outside of [k, kya. ). Moreover

if h(k,) > LHS — 1, then there exists no steady state.

Proof. For all k > k., we have g(k) + h(k) > g(k) + LHS —1 > LHS (since

g(k) > 1forall k > E). So, there is no steady state in the complement of [k, kq.)-

Now assume that h(k,) > LHS — 1. Then g(k) + h(k) > 1+ h(k) > 1+ h(k,) >
1+ (LHS —1)= LHS. That is, g(k) + h(k) > LHS for all k > k, implying that

there is no steady state. m
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Proposition 9 (Multiple Steady States) If g(k,) + h(k,) < LHS, then there
exist multiple steady states. In particular; there exists a steady state ki, € (k, k,),
unique in this region, and at least one another ky;gn € (kp, kmas). Moreover, if

LHS = g(k,) + h(ky), then kipy = k,

Proof. Assume that g(k,) + h(k,) < LHS. Then g(k) + h(k) will be strictly
increasing in [k, k). Since limy_;,, (g(k) + h(k)) = +oo, from the Intermediate
Value Theorem (IVT), there exists a unique solution in (k, k,)]. Moreover, since
limg 1 00(g + h)(k) = 1 > LHS, from IVT, we conclude that there is as least a

solution in (k,,+o00). Note that when g(k,) + h(k,) = LHS, we have ko, = k,. ®

3.2 Local Stability

We linearize the following dynamical system

-y s i 90— 0)

1 1
C_t = B (Oz ] P t41 Cti1 + 51/190719?-5-1

Ct+1

a(l+n)—(A-—a)y a-—1

kt+1 = gkt atn Cta+n + (1 — 6)kt — Ct

around its steady state(s) to obtain the following linearized system:

dkyyq dky

deggr dey

where 7 is the 2 x 2 Jacobian matrix whose entries are:

1
J11=—( +77)X(£+5>+1_5
a+n \k

(1—a)dk 1+n
a+n ¢ a+n

(I—a)y+nx (& .c 9o
- _ IR _ kY
Jo1 atn 12 + 51{ +¢py(y =1k e

JIQZ_

J12"]21 1
Jog = +
- Jll /BJll
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where

11—«
=an (1 + n)'
Observe that the determinant of the Jacobian matrix is 1/, which is greater
than 1. Thus, we know that if a steady state exists, it can either be saddle path
stable or unstable. Next, we will provide the conditions under which the unique

steady state is saddle-path stable i.e., |[Trace (J) — 1| > Det(7). First, consider

the following lemma.

Lemma 1 IfJn > %, then Jll—f-ﬁ—]_ >

=

Proof. Consider the equation

which can also be written as

xQ—(%—l—l)x—i-%:O.
1

From here it is straightforward to check that when = > 3, we have

x2—<%+1)x+%20,

or equivalently,

Proposition 10 The unique steady state k*° is saddle-path stable, if

all+n) —(I-a)y 1-0
a+n - po
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Proof. To show that the steady state is saddle-path stable it enough to show that
|Trace(J) — 1| > Det(J)

Note that if
al+m)—(A-a)y 1-5

a+n - B
then
1
Jig > B
From Lemma 1, it follows that J,; + ﬁ —1> % We have
Trace(J)—1= Jy + + > Ju+ > — = Det(J),
(7 H Ji BJn U B T8 ()

since 712221 > (. Therefore, the unique steady state level of physical capital is

saddle-path stable. m

3.3 Comparative Statics

In this section, we will illustrate (a) how the elasticity of labor supply and
intensity of wealth in leisure preferences affect the level of physical capital at
the unique steady-state and (b) how the elasticity of labor supply and output
elasticity of physical capital affect the influence that wealth intensity in leisure
preferences has on the steady-state level of physical capital and (c) how wealth
intensity in leisure preferences affects the influence that the elasticity of labor

supply has on the steady-state level of physical capital.

The complicated nature of our model does not allow us to conduct the compara-
tive statics analytically. For this reason, we will conduct our analysis by using

the following plausible values for the parameters:

A=1; =098 ; v=1; 6§=0.12 ; ¢ = 20.
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Moreover, unless otherwise mentioned we will use the following: n =1, v = 0.5,

and o = 0.6.
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Figure 3: Comparative statics

Notes: The first graph shows the relationship between the labor supply elasticity and
the steady-state level of physical capital for different values of the parameter accounting
for the intensity of wealth in the utility obtained from leisure. The second graph shows
the relationships between the intensity of wealth in the utility obtained from leisure
and the steady-state level of physical capital for different values of the labor supply
elasticity. The last graph shows the relationship between the intensity of wealth in the
utility obtained from leisure and the steady-state level of physical capital for different
values of the output elasticity of physical capital.

Recall that 7 is the inverse of the elasticity of labor supply. The graphs above
show that the steady-state level of physical capital increases as the labor supply
becomes more elastic. What’s more, the influence that the elasticity of labor
supply has on the steady-state level of physical capital increases as the intensity

of wealth in the utility from leisure increases.

Moreover, the steady-state level of physical capital increases as the intensity
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of wealth in the utility obtained from leisure increases. The influence that the
intensity of wealth in leisure preferences has on the steady-state level of physical
capital increases as labor supply becomes more elastic. Moreover, the output
elasticity of physical capital increases the influence that the intensity of wealth in

the utility obtained from leisure has on the steady-state level of physical capital.
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CHAPTER 4

CONCLUSION

In this thesis, we have analyzed a one-sector optimal growth model in which
wealth affects the utility obtained from leisure. We have shown the existence of
the optimal path and characterized the dynamics and the properties of equilibria.
We consider that wealth increases the propensity to consume leisure goods and
services and hence affects how the instantaneous utility depends on leisure time.
We have built on the fact that the disutility of labor — which incorporates the
opportunity cost of being unable to consume — increases with wealth. The latter
comes from the fact that as individuals’ wealth raises, so does their ability to

enjoy more luxurious and qualitative leisure time.

We have found that the intensity of wealth in the preferences for leisure time and
the output elasticity of physical capital play an important role in the number of
steady states and in the monotonicity of the optimal path of physical capital. In
particular, we have found that: multiple steady states can emerge for low values
of the output elasticity of physical capital, high values of the intensity of wealth
in the utility obtained from leisure, provided that labor supply is sufficiently
elastic; and the steady state may be unique, provided that the output elasticity
of physical capital is sufficiently high. Furthermore, we have shown that the
optimal path of physical capital is monotonic, provided that the output elasticity
of capital is greater than the parameter accounting for the wealth intensity in

the utility obtained from leisure.
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We have performed a local analysis around the unique steady state, and have
found that the presence of wealth in the utility obtained from leisure increases
the steady state level of physical capital. Moreover, the influence that the
intensity of wealth in the utility obtained from leisure has on the steady state
level of physical capital increases as the labor becomes more elastic. Furthermore,
the influence that the intensity of wealth in the utility obtained from leisure has
on the level of physical capital at its steady state increases as the output elasticity

of physical capital increases.

For future work, we can analyze the multiple steady state case. It can be shown
that under plausible values of the parameters, the steady states are saddle-path
stable. We can investigate the optimal path of physical capital for whether we
have global indeterminacy, and hence threshold dynamics. Moreover, this may
allow us to explain the fact that countries that start from the same initial wealth,
may experience different development paths if they start from different initial
values of consumption and leisure. Other models can also be considered. This
thesis characterizes wealth in the form of physical capital; however, we can also
think of wealth as a non-labor income (e.g., bequest). We can also extend the
model by investigating the effect that investment in leisure goods and services

has on preferences for leisure time.
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APPENDIX

Proof of Proposition

Consider
V(k, k') = max u(c) +v(k,0)
st. c+ Kk < f(k,1-1),
c>0,0</<1.

The Lagrangian is given by:

L=ulc)+ vk, )+ Nf(k,1 =€) —c—Fk)+u(l -1

Kuhn-Tucker first order conditions are:

u(c)—A=0 4.1)
p(1=1)=0,u>0 (4.3)

Af(k,1—0) —c—K)=0,A>0

Note that ¢ = 1 is not optimal for this problem (since f,(k,0) = —o0). So p = 0.

Also A > 0, since u/(c) > 0.
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Kuhn-Tucker first order conditions will become:

u(c)—A=0 4.4)
K — f(k1—0) =0 4.6)

Taking the total derivative of the both sides in each of the equations above gives

UlldC —dA=0 (47)
Ulgdk + Uggdf = )\(flgdk — f22d£> — fgd)\ =0 (48)
de — fidk + fodl =0 (4.9)

Write the last three equations in matrix form:

U11 0 -1 de 0
0 v+ Ao —fo| || = |Af12 —vi2| dk
1 fo 0 dA fi

-

A

Determinant of A is: wuyy f7 + vay + Afae # 0. By Implicit function theorem we
know that c(k, k'), [(k, k") and A(k, k") are continuously differentiable. From the

Envelope Theorem we have:

oV (k k) oL
o = gp =k O+ Mk 1-0),
VIR K) _

ok

. 2V (kk') s s . 2
To find =75, it is enough to find 7.

The inverse of A is:
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f3 —f2 Vg + Afaz
-1 __ 1
AT = u11 fo+vaz+Afa2 _f2 1 f2U11

—vUgg — Afoa —uiifo uin(vag + Afao)

From the Implicit Function Theorem we have:

% f3 —f2 Vo + Afao 0
78 [P R . N
dk u11 f2+vaz+Afaz f2 f2u11 f12 V12
s —Vop — Afag  —urfo uii(vae + Afa) f

Hence, it holds that

0N —un fo(Mi2 — vi2) + win fi(vas + Afao)
ok U f5 + vag + A faor
r ury (= fo(Afra — v12) + fi(vas + M)
B w11 f3 4 vaz 4+ Afao '

From equation we can write A = 2. So, we have

2 u (= vafiz2 + faviz + f1(vas + A fa2))
ok U1 f3 4 Va2 + A fas

Note that u;; and the denominator are both negative. Moreover, fs; < 0, v55 < 0,

and A > 0. So, f1(vea + \f22) is negative. Observe that

PV (k k) O\

T
Now the following holds:
If
then

OV (k k) oA

I THE
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Proof of Proposition [6]

To find the conditions for concavity we check the Hessian matrix of the Hamilto-

nian.

(1 — 1)t

H(e k1) =Inc+ vk o —
ekt =met ot (- S0

) FAAE Q=1+ (1= 6)k —¢)

First note that for the period utility function to be increasing in k£ we must have

1
o———>0
1+n
The Hessian matrix is given by
0 —Py(1 — )k 2 (<p = %) —AMa(l - a)k* 21 -7 YyEYTIA - D)7 — Aa(l — )k 71 - 1) T
0 pyEY "1 — )" — Na(l — )k 1 — )T —npkY (1 =171 — XAa(l — a)k®(1 — 1)~

The sufficient and necessary condition for the hessian to be negative definite
is: Vk € {1,2,3} we must have (—1)*.detH;, > 0, where H,, is the k*" principal

matrix obtained by retaining only the first k£ rows and the first £ columns.
1- Hy =1/c% so —1-DetH; = 1/c* > 0

—1/c? 0

- —m a— —«
0 =Yyl -k 2<¢ - %) — Ma(l — a)k*2(1 — 1)
For v € (0,1), it is clear that DetH; > 0.

2-H2:

3- Observe that H, = H. Above we show that (—1)3- Det H; > 0, or equivalently

Det(H) < 0. Note that

Det(H) = (—1/02)(Hkk ~Hy — Hil) <0

Find the conditions for which Hy; - Hy — H3; > 0. We see that

H%l — ¢272k27—2(1 _ 1)27; _ 21/1’7)\140&(1 _ a)k'y—i-a—Q(l _ l)'r/—a +>\2A2a2(1 _ a)2k2a—2(1 _ l)—Q(x
(4.10)
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and

Hy - Hu = 021 =)k =2(1 = 1) (80 - w)
147

+ (1 =AM Aa(l — a)k* 21— 1)~ (go _ 0= Z)H”)

L+n
+ AMa(l — a)npk® 72 (1 = 1) + N2 A% (a — 1)2k* 72 (1 — 1)

4.11)
From (1) and (2)
7ﬁm?ar—?ﬁl=zka”%1—-D”Kn0-—vxl—-01”(@—-£25££;2)—70
R )

+77—|—27)

For v € (0, 1), second term of the RHS is always positive. The sign of the RHS
depends on the sign of the first term of the RHS, since it should hold even for

small A. It is enough to check the sign of

o == (o- ST

which can be written as:

ey nd=9)
en(l—~)(1—1) EEET R

For it to be positive for all [ € (0, 1) we must have

(o) 1
NP1 +n 1—7
The sufficient and necessary conditions for the Hamiltonian to be concave in

(c,k,l) when v € (0,1) is : T]((p— ﬁ) >
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The Jacobian Matrix

The entries of matrix A are denoted by a;;, where i and j are the row and column
index, respectively. The entries of B matrix are denoted by b;; using the same
notation. We denote the entries of A~! by ai‘jl.

The entries of matrix A are given by:

ain = 17
ayz =0,
-1 (a=1)(y+n) —(1+4n)
as = BE (a= D+ n)Xk’ e e E + By (y — K2,
a+n
Gpy B —ﬁg 14 n k<a7i)4£:7{+n)c Lljnn) 1 ﬁ(l B 5)6_2
a+ 77

Compute the A inverse matrix. The entries of matrix A~! are given by:

an =1,

a12 =0,

(e=l)(y+n) | =(+4m)

|, Slomhlren g B S ey (y - DR

a21 (a—=1)(y+m) 1 ’
2 14n a— @
)
2
1 _C
Qoo =

1_‘_77 (a*1)<7+7l) a—1

55a+n atn cotn 4+ (1 —9)
The entries of matrix B are given by:

a(l+n)—(1—a)y, enatn o

by =& k™ a+ncotn +1 — 6,
a+mn
by = Sa — 1ka(1+"i15,1_ahc_if;’) .
a—+n
b21 = 07
by = —c?
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From the equation [3.1T| we have

a(l+n)—(1-a)y a—1

afn cotn =0k +c (4.12)

Divide both sides by & we have

== % (4.13)

Divide both sides of equation by ¢ and we have

(a(l4n)—(1-a)y —1-p k

or e =6~ 41 (4.14)
C

Divide both sides of equation by ck? and we have

(o=D(y+n) —1-n 1) 1
atn  coatn = & + ﬁ (415)

So using the last three equations the matrices A~! and B can be written as

1 0

Al = %ﬂ,m (fxﬁ,}z) x+oey(y—=1)k7 2

—C

2 ((5+;)mx+15) ﬁ((5+,§) ;j;;xﬂts)

. %7] (6+£)+1-0 g—;})(é§+1)—1

0 —c?

Finally we can obtain the Jacobian matrix 7 = A~!B

D@+ +1-9 e+ -1

2 (7@7&(3”) (ﬁﬂ%z) x+www(7*1>k7’2) (2;}7 (sE41) 71) +1

(a=1)(v+n) c c _ ~N—2 .2
H (04 e ver - i G+ B) S s
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